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Abstract

This paper introduces the novel concept of K M-single valued neutro-
sophic metric spaces as an especial generalization of K M-fuzzy metric spaces,
investigates several topological and structural properties and presents some
of its applications. This study also considers the metric spaces and constructs
K M-single valued neutrosophic spaces with respect to any given triangular
norms and triangular conorms. Moreover, we try to extend the concept
of K M-single valued neutrosophic metric spaces to a larger class of K M-
single valued neutrosophic metric spaces such as union of K M-single valued
neutrosophic metric spaces and product of K M-single valued neutrosophic
metric spaces.
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1. Introduction

Classical set theory is a pure concept and without quality or criteria, so it is not
attractive to use in our world, that’s why we use the neutrosophic sets theory as one
of a generalizations of set theory in order to deal with uncertainties, which is a key
action in the contemporary world introduced by Smarandache for the first time in
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1998 and 2005 [11]. This concept is a new mathematical tool for handling problems
involving imprecise, indeterminacy, and inconsistent data. This theory describes
an important role in modeling and controlling unsure hypersystems in nature,
society and industry. In addition, fuzzy topological spaces as a generalization of
topological spaces, have a fundamental role in construction of fuzzy metric spaces
as an extension of the concept of metric spaces. The theory of fuzzy metric spaces
works on finding the distance between two points as non-negative fuzzy numbers,
which have various applications. The structure of fuzzy metric spaces is equipped
with mathematical tools such as triangular norms and fuzzy subsets depending on
time parameter and on other variables. This theory has been proposed by different
researchers with different definitions from several points of views ([1, 2, 3, 7]), and
that this study was applied to the notion of KM-fuzzy metric space introduced in
1975 [2] by Kramosil and Michalek. Further materials regarding the single valued
neutrosophic metric sets and their applications in, graphs, hypergraphs and neutro
algebras are available in the literature too [4, 5, 6].

Regarding these points, we introduce the concept of K M-single valued neutro-
sophic metric spaces as an application of neutrosophic sets. Although we apply
three fuzzy subsets in our definition but it has limited their sum of three fuzzy
subsets in to a fuzzy subset. Also we proved that K M-single valued neutrosophic
metric spaces have both non-increasing fuzzy subsets and non-decreasing fuzzy
subsets. It has tried to construct a larger class of K M-single valued neutrosophic
metric spaces with respect to union and product operations. Metric spaces have
an important role in generating the K M-single valued neutrosophic metric spaces
via any triangular norms and triangular conorms; therefore, we analyzed the rela-
tion between the class of metric spaces and K M-single valued neutrosophic metric
spaces. Moreover, we presented the ball subsets in K M-single valued neutro-
sophic metric spaces and proved that ball subsets are open subsets. Furthermore,
the present study aimed to generate some topologies on the base set of K M-
single valued neutrosophic metric spaces with respect to open balls and it is one
of the main motivations of introducing the K M-single valued neutrosophic metric
spaces. The K M-single valued neutrosophic metric spaces are not necessarily infi-
nite spaces. Thus, another important motivation of this study is the construction of
finite K M-single valued neutrosophic metric spaces. This study also presented an
induced equivalence in relation to K M-single valued neutrosophic metric spaces
such that a quotient of given K M-single valued neutrosophic metric space is a
K M-single valued neutrosophic metric space. This study generated some metrics
on any nonempty sets using the concept of K M-single valued neutrosophic metric
spaces and extended K M-single valued neutrosophic metric spaces to a family of
metric spaces with left-continuous metrics. For the significance of the applicabil-
ity of this argument, we presented an example of application of K M-single valued
neutrosophic metric space on economic and it encouraged us to develop this study.
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2. Preliminaries

This section presented some definitions and results which are used in following
sections.

Definition 2.1. [11] Let V be a universal set. A neutrosophic set (NS) X in V
is an object has the following form X = {(z,Tx (2),Ix(z), Fx(z)) | z € V}, or
X :V —[0,1]x[0,1] x [0, 1] which is characterized by a truth-membership function
Tx, an indeterminacy-membership function Iy and a falsity-membership function
Fx. There is no restriction on the sum of Tx (z),Ix(x) and Fx(z), therefore
0~ <supTx(z)+sup Ix(z) +sup Fx(z) < 3+.

Definition 2.2. [10] A binary operation T : [0,1] x [0,1] — [0,1] is a t-norm if it
for all x,y, z, w € [0,1] satisfies the following:

(1) T(1,2) = ;
(i) T(z,y) = T(y, 2);
(iii) T(T(x,y),2) = T(x,T(y,2));
(#31) f w <2 and y < z then T(w,y) < T(z, 2).
Definition 2.3. [8] A triplet (X, p,T) is called a K M-fuzzy metric space, if X is

an arbitrary non-empty set, T is a left-continuous t-norm and p : X2 xR=% — [0, 1]
is a fuzzy set, such that for each x,y,z,€ X and ¢,s > 0, we have:

(1) plz,y,0) =0,
(i1) p(z,x,t) =1 for all t > 0,
(#it) p(z,y,t) = p(y, z,t)(commutative property),
(i) T(p(z,y,1),p(y, z,5)) < p(z, z,t + s)(triangular inequality),
(vi) p(z,y,—) : RZ% — [0,1] is a left-continuous map,
(vit) p(x,y,t) — 1, when t — oo.
(viit) p(z,y,t) =1,¥ t > 0 implies that x = y.

If (X,p,T) is satisfied in conditions (i)—(vii), then it is called a KM-fuzzy
pseudometric space and p is called a K M-fuzzy pseudometric.
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3. KM-Single Valued Neutrosophic Metric Space

In this section, we introduce the concept of K M-single valued neutrosophic metric
spaces and investigate their properties. In addition, we generate K M-single valued
neutrosophic metric spaces with respect to metric spaces.

Definition 3.1. A triplet (X, p1, p2,ps3,T,S) is called a K M-single valued neu-
trosophic metric space, if X is an arbitrary nonempty set, T is a left-continuous
t-norm, S is a left-continuous t-conorm, and p1, ps, p3 : X2 x RZ% — [0,1] are
fuzzy subsets, such that for each z,y, z,€ X and t,s > 0, we have:

(i) p1(z,y,0) =0 and for all i € {2,3}, p;(z,y,0) =1,
) p1(z,z,t) =1 and for all ¢ € {2,3}, p;(x,x,t) =0, where t > 0,
(#i¢) for all i € {1,2,3}, pi(z,y,t) = p;(y, x,t)(commutative property),
)

T(pl(x’yvt)vpl(ya z, 8)) S Pl(ﬂfa Z>t+ S) and for all 7 S {27 3}a S(pl(xa yvt)a
pi(y,2,8)) > pi(x, z,t + s) (triangular inequality),

(vi) for all i € {1,2,3}, pi(z,y,—) : RZ® — [0,1] are left-continuous maps,
(vid) lim p1((z,y,t)) =1 and for all ¢ € {2,3}, lim p;((z,y,t)) =0,
t—o0 t— o0
3

(viii) for all t € RT and for all z,y € X, we have 0 < Zpi(x, y,t) <1,
i=1

(iz) V't > 0, pi(x,y,t) = 1 implies that x = y and for all ¢ € {2,3}, V ¢ >
0, pi(z,y,t) = 0 implies that = = y.

If (X, p1,p2,p3,T,S) satisfies in conditions (¢)—(viii), then it is called a K M-
single valued neutrosophic pseudometric space and triple (p1, p2, p3) is called a
K M-single valued neutrosophic pseudometric.

The following proposition shows that K M-single valued neutrosophic metrics
are different from K M-fuzzy metrics.

Proposition 3.2. Let (X, p1,p2,p3,T,S5) be a KM-single valued neutrosophic
metric space. Then for all z,y € X andt € RT

(1) pr(z,y,t) + p2(w,y,t) + p3(e,y,t) # 0;

(i) pa(w,y,t) + pa(z,y, 1) # 1;

(ii3) if p2(x,y,t) = ps(x,y,t), then pa(z,y,t) < 5, where t > 0;

(i) pi(x,y,t) =1, if and only if p2(z,y,t) + ps(z,y,t) = 0.

Proof. Tt is immediate by definition. O
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From now on, for all z,y € [0, 1] we consider T}, (x, y) = min{x, y}, T, (x,y) =
xy .
oy, Thy (25 = max(0, 4 gy — 1), Too(s,) = o 555 =58 if (z,y) # (0,0) ,
0 if (z,y) = (0,0)

Cr ={T:[0,1] x [0,1] — [0,1] | T is a left-continuous t-norm}, Sye.(x,y) =
max{z,y}, Spr(z,y) =  +y — 2y, Sw(z,y) = min(l,z + y) and Cg = {5 :
[0,1] x [0,1] = [0,1] | S is a left-continuous t-conorm}.

In what follows, we investigate some properties of the K M-single valued neu-
trosophic metric spaces.

Definition 3.3. Let (X, p1, p2, p3, T, S) be a K M-single valued neutrosophic met-
ric space,let (x,,), be a sequence in X and x € X. We say that

(i) (zn)n converges to x, if for all ¢ € RT we have lim pi(x,,z,t) = 1 and
n—oo
lim po(zp,z,t) = lim p3(z,,z,t) = 0. It means that for all ¢ € R* and
n—r oo n—r oo

for all 0 < € < 1, there exists N € N, such that for alln > N, 1 —¢€ <
pl(xn,ﬁc,t),pg(ﬁﬂn,l’,t) < eand pg(.Tn,IIZ,t) <€

(i1) (wn)n is a Cauchy sequence if and only if for each ¢ € R* and p > 0
lim p1 (2, Tntp,t) =1 and lim po(zp, Tnip, t) = Um p3(Tn, Tntp,t) =0
n— oo n—oo n—roo

In [3], George and Veeramani proved that every GV-fuzzy metric is a non-
decreasing map. In a similar way we have the following Theorem on the K M-single
valued neutrosophic metric spaces.

Theorem 3.4. Let (X, p1, p2,p3,T,S) be a KM -single valued neutrosophic metric
space. Then py(x,y,—) : RZ0 — [0,1] is a non-decreasing map and for all i €
{2,3}, pi(z,y,—) : RZ9 — [0,1] are non-increasing maps.

Proof. Let 0 <t < s. If t =0, then for all ¢ > 0, pa(x,y,0) =1 > pa(x,y,s). But
for all ¢ # s if 02(% Y, t) < pQ(xa Y, S)a then S(pQ(gjv Y, t)a pQ(y7 Y, S*t)) > pQ(.T, Y, S).
By definition, pa(y,y, s—t) = 0, and thus obtain that ps(z,y,t) > pa(z,y, s), which
is a contradiction and it implies that ps(x,y, —) : R=Z% — [0, 1] is a non-increasing
map. In a similar way, p3(z,y,—) : RZ? — [0,1] is a non-increasing map and
p1(z,y,—) : RZ% — [0, 1] is a non-decreasing map. O

In [12], Rodrguez-Lopez and Romaguera, proved that every GV-fuzzy met-
ric is a continuous map. In a similar way, one can see that K M-single valued
neutrosophic metrics are left-continuous maps.

Theorem 3.5. Let (X, p1, p2,p3,T,S) be a KM -single valued neutrosophic metric
space. Then for all i € {1,2,3}, p;’s are left-continuous maps on X? x RZ0.

Proof. Let x,y € X,t € Rt and (2/,,y),,t,), be a sequence in X? x R that
lim (z},,y.,,t,) = (z,y,t). Suppose that ¢/2 > € > 0 be arbitrary. Since
n— o0

(p1(2h,yh,th))n is a sequence in [0,1], there is a subsequence (Zpn,Yn,tn)n Of
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(,,yn,th)n such that pa((Zn,Yn,tn)) converges to some points of [0,1]. Now,
lim t,, = t implies that there is N € N such that for all n > N we have

n—oo

t —e < t,. Hence, for all n > N we have ps(Tpn,Yn,tn) < p2(Tn,yn,t —€) <
S(pQ(Ina 113,6/2), pQ(x7yat_26)7p2<y? Yns E/2)) and P2($7y7t+25) S pQ(x7y7tn+€) S
S(pa(xn, @, €/2), po(Tn, Ynstn), p2(Y, Yns €/2)). Thus im po (L, yn,tn) < S(0, pa(z,

y,t — 2¢),0) = po(z,y,t — 2¢), so by left-continuity of the function p, on R0,
get that lir%( lim po(zn, Yn, tn)) < lirr(l)(pg(x,y,t — 2¢€)) = pa(z,y,t). In addi-
e—0 n—oo €E—
tion, pa(w,y,t + 2¢) > S(0, im pa(n,yn,tn),0) = lim pa(n,yn,ts). Thus
n—oo n—oo
p2(z,y,t + 2€¢) < lim po(@n,Yn,tn) and by left-continuity of the function py on
n—oo

20 hat li li > i = . It fol-

R=2Y get that Egr(l)(ngr;opg(mn,yn,tn)) > ll_rg(l)(pg(m,yﬁ + 2¢)) = pa(x,y,t). It fo

lows that ps is a left-continuous map on X2 x RZ%. In a similar way one can see
that p; and ps3 are left-continuous maps on X? x RZ9. O

Let x1,22,...,2, € [0,1]. Then for all T € Cr and S € Cg, we have T'(z1, x2,
x3) = T(T(x1,x2),x3) and T(x1,29,...,Tpn-1,Tn) = T(T(x1,22,...,Tn-1),Tn).
In a similar way S(x1,z9,23) = S(S(z1,22),23) and S(x1,za,...,Tn_1,Tp)
= S(S(J,’l,xg, N ,l‘nfl),xn)

Lemma 3.6. Let z1,29,...,2, € [0,1], T € Cr and S € Cs. Then

(1) if 0 € {1, 29,...,2n}, then T(x1, 2o, ..., Tpn_1,2,) = 0;

(1) if 1 € {x1,22,...,2n}, then S(x1,22,...,Tn_1,2,) = 1;
(#17) Smae (1, T2, Tp_1,Tn) < S(x1, T2, ..., Tp_1,Tn);
() T(z1,22,, Tn—1,%n) < Tnin(T1, T2y« oy X1, Tn);

(v) T(z1,x2,...,Tp-1,2n) =1 if and only if x1 =290 =... = xp_1 =z, = 1;
(vi) S(x1,22,...,Zp-1,2n) =0 if and only if 1 =290 =... = xp_1 =z, =0;
(vii) for all p € RT, Spmax %,%7...,%7%) = %Smaz(xl,xg,...wn,l,xn)

and Tmin(%, %27..., z”b’l , ‘%") = %Tmin(l'l,x% ey 1, Ty).

Theorem 3.7. If (X, p1, p2, p3, Tmin, Smaz) s a KM -fuzzy metric space, T € Cp
and S € Cg. Then (X, p1,p2,p3,T,S) is a KM -single valued neutrosophic metric
space.

Proof. 1t is clear. O

In the following, we generate the K M-single valued neutrosophic metric spaces
with respect to the metric spaces.
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For all 2,4 € X and for all 0 > p,p’,m,(p,p’ > 3m),t,s € R20, define

0 t=0 md(z,y) .
oot {“’(t) b4 P2t = {p(md(w) ro@) 70 and
o(t) + md(z,y) 1 ift=0

md(, y) ift>0

p3(z,y,t) = {p'(md(w,y) + (1)) , where ¢ : RZ% — R20 is increasing the
1 ift=0

left-continuous map and ¢(t) + md(z,y) # 0 and o(t + s) > ©(t) + ©(s).

Theorem 3.8. Let (X, d) be a metric space. If p’,p > 2, then (X, p1, p2, p3; Trnin,
Smaz) 15 a KM -single valued neutrosophic metric space.

3
Proof. If p,p’ > 2, then for all z,y € X,t € R*, we have 0 < Zpi(m,y,t) <1

Now, we only prove the triangular inequality property. Let Zo:,ly,z € X. For
0 € {t, s} is clear, now for 0 & {t, s} we investigate it. Without loss of generality,
. (1) < ©(s)

p(e(t) + md(z,y)) ~ ple(s) + md(z,y))
Since for all s,t,m € RT, p(t + s) > o(t) + ¢(s), we get that o(t)d(z,z) < @(t +
s)d(z,y) and so

, we get that o(t)d(z,y) < @(s)d(z,y).

Toin ©(t) ©(s) ) ot +s)
" p(e(t) + md(x,y)) ple(s) +md(y, 2))” ~ ple(t+ s) +md(z, z))’
md(z,y) md(z,y)

In a similar way, one can see that Sy,qs , >
Comd(a.y) + #©)’ pimd(z.9) +2(5))

d
md(@, 2) , where i € {2, 3}. It follows that Tpin (p(x, y, 1), p1(y, 2, 3))

p(md(z, z) + (t + 5))
S P1 (ﬂf, 2, t+8)a S"Law(pi(xa Y, t)v P(% 2, 8)) 2 p(xa 2 t+3) and S0 (Xa P1, P2, P3, T77Lin;
Smaz) 1s a K M-single valued neutrosophic metric space. O

By Lemma 3.6 and Theorem 3.8, one can construct a K M-single valued neu-
trosophic metric space with any triangular norms and triangular conorms on any
given metric space as follows.

Corollary 3.9. Let (X,d) be a metric space. Then there exist fuzzy subsets
p1, P2, p3 on X2 x RZ0 such that for each T € Cr and S € Cs, (X, p1, p2,p3, T, S)
18 a K M -single valued neutrosophic metric space.

Example 3.10. Consider X = N and the metric space (X,d), where d(z,y) =

[z =yl
38t
———  ift>0
Define for all T,y € X> P1($>y7t) = (38t + 7d(l‘,y)) ) p2(m7y7t) =
0 ift=0
ft>0 ft>0
20(Td(x,y) +3%) ", and palay,t) = { 31(7d(w.y) + 3

1 ift=0 1 ift=0
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Then (X, p1, p2, p3, T, S) is a K M-single valued neutrosophic metric space, where
T eCprand S €Cg.

3.1. Operations on K M-Single Valued Neutrosophic Metric
Spaces

In this subsection, we extend K M-single valued neutrosophic metric spaces to
union of K M-single valued neutrosophic metric spaces and product of K M-single
valued neutrosophic metric spaces. Let (X, p1, p2, p3, T, S) and (Y, p, ph, 05, T, S)
be K M-single valued neutrosophic metric spaces, (x1,y1), (z2,y2) € X x Y and
t € R=%. For an arbitrary T' € Cr and S € Cg define T(p1, p}), S(p2, ph), S(ps, ph)
(XxY)?xR=% — [0,1] by T(Phpﬁ)((xl,yl)v (332,y2),t) =T (p1(x1,22,t), p1 (Y1, Y2,
t))v S(p2a pl2) ((xl’ yl)v (1‘2, y2)7 t) = S(p2(x1’ L2, t)a pIQ(yla Y2, t)) and

S(pda Pg) ((1’1, y1)> (.’172, y2)7 t) = S(Ps(l'l, X2, t)a Pé(yh Y2, t)) .
So we have the following theorem.

Theorem 3.1. Let (X, p1,p2,p3,T,S) and (Y, py, ph, ph, T, S) be KM -single val-
ued neutrosophic metric spaces. Then (X XY, Tin(p1,01), Smaz (02, 05)s Smaz (03,
05),T,S) is a KM -single valued neutrosophic metric space.

Proof. Let (z1,y1), (x2,2), (x3,y3) € X X Y and t,s € R=0.
(¢) Since for all z1,z0 € X, y1,y2 € Y, p1(x1,22,0) = 0 and po(z1,22,0) =
P3 (I y L2, ) - pQ(ylay270) = pg(ylay270) = ]-a we have Tm,in(phpll)((xlvyl)? (Iz,yz
)s 0) =0, Smaz(p2, p5) ((21,41), (22,92),0) = 1 and Spaz(ps, p5) ((21, 1), (£2,2),0)
(”) Tmin(plapll)((xl7y1)7 ($27y2)7t) = lifand Only ifp1<$17$27t) - pl Y1, Y2, )

= lifand only if (21, y1) = (2,y2). In addition, Sy,qz(p2, pé)((xl, Y1), (T2, y2), t)
0 if and only if po(z1, z2,t) = ph(y1,y2,t) = 0if and only if (z1,11) = (z2,y2). Ina
similar way, Syq. (03, pg)((asl,yl), (:z:g,yg),t) =0 if and only if (z1,y1) = (22, y2).

(i) It is clear that Tpin(p1, 1)s Smaz (P2, P5) and Smaz(ps3, ps) are commuta-
tive maps.

(iv) By Lemma 3.6,

T (Trmin(p1, P1) (21, 91)5 (T2, Y2), 1), Trnin (p1, P1) (22, 42), (23, y3), 8))
= T(Tmin(pr(z1, 2, 1), P (Y1, 92, 1)), Tmin (p1 (2, 3, 5), P’ (Y2, y3, 5)))
< Tonin (T (p1(x1, 22, 1), pr (22,23, 5)), T (01 (1, Y2, 1), P (Y2, 3, 5))))
< Tonin(p1(@1, 23,1 + ), 1 (Y1, Y3, + )

= Tin(p1,p1) (@1, 1), (x3,¥3),t + 5).



Toplogical and Geometric K M-Single Valued Neutrosophic Metric Spaces 9

Also,

S(Smaz (P2, %) ((T1,91), (£2,42), 1), Smaz (P2, p3) (22, Y2), (3, Y3), 5))
= S(Smaz(P2($17m2at)7p/2(ylvy2at))75max(/)2(3327x373)7pl2(y2793>3)))
> Smax(S(p2(x1,22,1), pa(2,23,5)), S(P5 (Y1, ¥2, 1), P (Y2, Y3, 5))))
> Sz (p2(21, 23, + 5), P (Y1, Y3, t + )

= Smax(p2, p2)((x1,91), (£3,y3),t + 5).

In a similar way, one can see that

S(Smaz(p?n Pl3)(($1a y1)7 (.%'27 y2)a t)a Sma:r(p37 Pig)((iﬂ% yz), (ZCSa y3)7 S))
> Smaz(p& Plg)((fﬂla yl)v (353, y3)a t+ S)

(v) Since p1, p2, p3, P, ph, p5 are left-continuous maps, we get that

Tonin (1, 01)s Smaz (P2, P5), Smaz (p3, p5) are left-continuous map.

(vi) Since Thnin and Spq. are left-continuous maps, we get that

lim Tmin(pl(xhx27t)7p/1(y17y27t))
t—o0
= Tmin(tli;rolopl(xly"EQat)atli)rgcp/l(yla y27t)) = Tmin(L 1) =1.

In a similar way,
tliglosmam(p2(mlyx27t)>p/2(y1ay2>t)) =1,
and
tliglosmaz(p?)(mlyx27t)>pé(y1ay27t)) =1
The other cases, clearly obtained, so
(X XY, Tin(p1, 1) Smaz (P25 P5) s Smaz(p3: p5), T, S)

is a K M-single valued neutrosophic metric space. O

Let XNY = (2)7 (Xv P15 P25 P3, T7 S) and (Yv plla pIQ? pé’n T7 S) be KM'Single val-
ued neutrosophic metric spaces, z,y € X UY and t € RZ°. Consider €(z,y,t) =

N (e, u,t)Ap (y,0,1), 0 (2, y,8) = ) (pa(a, u,t)Vph(y, v, 1)) and 6(w, y, 1)
z,ueX z,ueX

y,veY y,veY
= \/ (p3(z,u, 1)V p5(y,v,t))). Define p; Up, paUph, psUph 1 (XUY)2 xR0 —
T, ueX

y,veY
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[Ov 1] by

pl('rvy7t) 1fx7y€X7
(prUp) (@ y,t) = ¢ ph(a,y.t) ifayeY,
e(xz,y,t) fzxe X yey,

pz(l’,y7t) lfx7y€X7

(p2 U po)(x,y,t) = 4 ph(w,y,1) if 2,y €Y,
o(x,y,t) ifzxe X yey,

p3(x,y,t) ifx,ye X,

and (p3 U ps)(z,y,t) = < ph(z,y,t) ifz,y €Y, . So we have the following
o(z,y,t) fzxe X yey,

theorem.

Theorem 3.2. Let (X, p1,p2,p3,T,S) and (Y, py, ph, ph, T, S) be KM -single val-
ued neutrosophic metric spaces. Then (X UY, p1 U py, pa U ph, ps U ps,T,S) is a
K M -single valued neutrosophic metric space, where X NY = ).

Proof. Let z,y,z € XUY and t,s € RZ°. We only prove the triangular inequality
property and other cases are immediate. Let z,y € X(for z,y € Y is similar),
then T((p1 U p)(,y,t), (p1 U p))(y,2,5)) = T(p1(z,y,t),(p1 U p))(y,2,5)). If
z € X, then T((p1 U p})(z,y,t), (p1 U p))(y, 2,8)) = T(p1(z,y,t), p1(y, 2,8)) <
p1(z,z,t +s) = (p1 Upy)(z,z,t +5). If z € Y, then T((p1 U p})(z,y,t), (p1 U
Py, z,8)) =T (p1(z,y,t),€) <e=(p1Up;)(z,z,t+s). Let z € X,y € Y. Then
T((prUph)(z, y,t), (p1Upi)(y, 2, 8)) = T (€, (p1Upy)(y, 2,8)). If 2 € Y, since x € X
and y € Y, we get that (p1 U p)(z,2,t + s) = € and so T'(e, (p1 U p})(y, 2, 8)) =
T(e,p2(y,2,8)) <e=(prUp))(z,2,t+s).Ifz€ X, sincex € X andy €Y, we
get that (py U p})(z, z,t + ) # € and so T(e, (p1 U p})(y,2,5)) = T(e,€) < e <
P1 ($7 z,t+ 3)) = (pl U pll)(xv zZ,t+ S)

Suppose that z,y € X (for z,y € Y is similar), then S((p2 U pb)(z,y,1), (p2 U
o) (Y, 2,5)) = S(pa(x,y,1), (p2Uph)(y, 2, 5)). If z € X, then S((mUpg)(af y,t), (p2U
Pé)(y,Z,S)) = S(pg(w,y,t),pg(y,z,s)) > pg(l‘,Z,t + 5) (p2 U p2)(mvz7t + 5)
If z € Y, then S((p2 U pé)(x,y,t), (/02 U p'z)(y,z,s)) - S(p2(-r7y7t)’0-) 20 =
(p2Uph)(x, 2, t+5). Let € X,y € Y. Then S((p2Uph)(w,y,1), (p2Up)(y, 2,5)) =
S(o,(p2 U py)(y,2,5)). If z € Y, since x € X and y € Y, we get that (pz U
ph)(x,z,t +5) = o and so S(o, (p2 U ph)(y, 2,8)) = S(0,p2(y,2,5)) = 0 = (p2 U
po)(x, z,t+s). If z € X, sincex € X and y € Y, we get that (p2Uph)(z, 2,t+$) # o
and so S(o, (p2Uph)(y, 2,8)) = S(0,0) > 0 > pa(w, 2z, t+5)) = (p2Uph)(z, 2, t+s5).
In common a way, we can prove that for all z,y € X UY, S((pg Ups)(z,y,t), (psU
p5)(Y:2,8)) = (ps U ps)(z, 2,8 +8). (X UY,p1 Upl,paUph,psUps,T,S) is a
K M-single valued neutrosophic metric space, where X NY = (). O
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4. Induced Topology from K M-Single Valued Neu-
trosophic Metric Space

In this section, in K M-single valued neutrosophic metric space (X, p1, p2, p3, T, 5),
we introduce the subsets as balls and show that they are open subsets. Also we
prove that every K M-single valued neutrosophic metrics p1, p2, p3 on X which has
as a base the family of open sets of the form O = {O(z,¢,t) |z € X,0<e< 1,t €
RT}.

Let (X, p1,p2,p3,T,S) be a K M-single valued neutrosophic metric space, t €
R2% 7z € X and 0 < € < 1. Define O, (z,¢6,t) = {y € X | p1(z,y,t) > 1 —
6}’OP2(x7€’t) = {y eX ‘ pQ(xa:%t) < 6}7Op3(x’67t) = {y e X | pg(a:,y,t) < 6}
and O(z,e,t) = {y € X | p1(x,y,t) > 1 —¢,pa(z,y,€) < €, p3(z,y,t) < €} as a ball
with center x, radius €, and at the time t. Clearly O,, (z,€,0) = O,,(z,€,0) =

Opy(x,€,0) = O(z,€,0) = 0.

Theorem 4.1. Let (X, p1, p2, p3,T,S) be a KM -single valued neutrosophic metric
space, t,t1,ta ERZ. x4y € X and 0 < €,€e1,e2 < 1. Then

(1) if t1 < ta, then Op, (2,6, t1) € O, (z,€,t2);

(i1) if e1 < €2, then O, (x,€1,t) C O, (x, €2,1);
(131) if e1 < €2 and t1 < ta, then O, (x,€1,t1) C O,, (x,€2,%2);
(iv) for allt € RY, {z} C O,, (z,€,t) # 0;

(v) if X is finite, t € RT and ¢, = (1 —9) — \/ p1(x,y,t), then O, (x,€e,t) =
z,yeX
{z}, where 0 < § < 1;

(vi) if X is finite and t € R, there exists €min such that O, (2, €min,t) = X.

Proof. (i) Lety € O, (x,€,t1). Then pi(x,y,t1) > 1—¢, so by Theorem 3.4, t; < to
implies that pi(x,y,t2) > p1(z,y,t1) > 1 —€. Thus O, (z,€,t1) C O,, (2, €,t2).
(t3) Let y € O,,(z,€1,t). Then pi(z,y,t) > 1 — €1, 50 €1 < €9 implies that
pi(x,y,t) >1—e1 >1— €. Thus O, (z,¢,t1) C Op, (2, € t2).
(#4i), (4v) It is clear.
(v) Let y € O, (x,€,t). Since p1(z,y,t) < \/ p1(z,y,t), it p1(z,y,t) >
z,yeX
1 — €, we get that p;(z,y,t) =1 and so z = y.
(vi) Consider €;n =146 — /\ p1(z,y,t), where /\ p1(z,y,t) — 6 > 0.
r,yeX z,yeX
Since for all y € X, p1(z,y,t) > €min, we get that X C O,, (z, €min, t). O

In a similar way to Theorem 4.1, we have the following Theorem.
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Theorem 4.2. Let (X, p1, p2, p3,T,S) be a KM -single valued neutrosophic metric
space, t,t1,to € RZY 2 € X and 0 < €,e1,e0 < 1. Then for all i € {2,3}

(1) if t1 < ta, then O, (z,€,t1) C O,,(x,€,t2);
(i1) if €1 < €2, then O, (z,€1,t) C O,,(x,€2,t);
(19) if €1 < €2 and ty < ta, then O, (z,€1,t1) C O, (z, €2,t2);
(iv) for allt € R, {z} C O, (x,€,t) # 0;

(v) if X is finite, t € RT and e, = -0+ /\ p2(z,y,t), then O, (x,€;,t) = {x},
z,yeX
where 0 < 0 < 1;

(vi) if X is finite, t € RY and €, = 0+ \/ p2(x,y,t), then Op, (2, €100, t) =
zAYeEX
X, where 0 < § < 1.

Corollary 4.3. Let (X, p1,p2,p3,T,S) be a KM-single valued neutrosophic met-
ric space, t,t1,to € RZ%, 2 € X and 0 < €,¢e1,e3 < 1. Then

(i

if t1 < ta, then O(x,€,t1) C O(z,€,t2);
(19) if €1 < €a, then O(x,€e1,t) C O(x, €2,1);
(iv) for allt € RT, {z} C O(xz,¢,t) #0;

(v
(vi

Theorem 4.4. Let (X, p1, p2, p3,T,S) be a K M-single valued neutrosophic metric
space, t e RZ0 2,y € X and 0 <r < 1. Then

)
)
(#i1) if €1 < €3 and t; < to, then O(x,e1,t1) C O(x, €2,t2);
)
) if X is finite and t € RT, then O(z, €, t) = O(x, €}, t) = {x};
)

if X is finite and t € RY, then O(z, €min, t) = O(z, €., 1) = X.

(1) z € O(y,€,t) if and only if y € O(z, €, t);

(1) if O(z,e,t) N O(y,€,t) # O then for all 2 < k € N we have O(x, ¢, kt) N
Oy, €, kt) # 0;

Proof. Tt is obvious, by definition. O

In [3], George and Veeramani proved that in any metric space (X, d) (Remark
2.8) the open ball O,, is an open set. In the following theorem we show that the
open ball O is an open set.

Theorem 4.5. Let (X, p1, p2, p3,T,S) be a KM -single valued neutrosophic metric
space, t € RZ0 x € X and 0 <r < 1. Then for all i € {2,3}
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(1) O(z,e,t) = Oy, (x,6,8) N Oy, (x,6,8) N Oy (,€,t);
(17) Opi(x,€,t) is an open set;
(#it) O(x,e€,t) is an open set.

Proof. (i) It is obvious.

(it) Let y € Op;(z,€,t). Then there exists t > o € Rt and € such that
pi(z,y,t0) < € and S(¢,e) < e. Consider B = Op;(y,€',t — ty). For all z €
Op;(y,€,t — to), we have € > S(e, ') > S(pi(z,y,t0), pi(y, 2z, t — to)) > pi(x, 2, t).
It follows that y € B C Op;(x,¢€,t) and so Op;(x,€,t) is an open set.

(#91) It is immediate by (1), (i%) O

Theorem 4.6. Let (X, p1, p2, p3,T,S) be a KM -single valued neutrosophic metric
space, t € RZ%, x € X and 0 <r < 1. Then for alli € {1,2,3}

(i) if X is a finite set and 7 = {O(x,€,0),0(2, €maqz,t) | 2 € X,0< e < 1,t €
RT}, then (X,7) is a topological space;

(it) O ={0p,(z,e,t) | x € X,0<e<1,t € RT} forms a base of a topology T,
m X;

(iti) O ={0p,(x,6,t) |z € X,0<e<1,teR"} forms a base of a topology 7,,
m X;

(iv) O ={0,,(z,6,t) |z € X,0<e<1,t € R"} forms a base of a topology 7,,
in X.

Proof. (i) It is obvious.
(44), (#4i) Let « € X and ¢ € {2,3}. Then by Theorem 4.2, for all 0 < € <
1,t € RT,z € O,,(x,€t) and so X C UOpi(sc,e,t). Let for z,y,2 € X,0 <
€,t
e, < 1,t,t' € RY, we have z € O,,(z,¢,t) N O,,(y,€,t'). Then pa(x,z,t) <
€, p2(y, 2, t") < €,pa(x,2,t) < € and p3(y,z,t') < €. Thus there exists tg € RT
such that ty < ,ty < ¢/, which p;(z,2,tg) < € and p;(y, z,t0) < €. Now consider
0 <€ <1,¢ € R such that Tyin(e,€') > €’ and t”" < Tppin{t — to,t’ — to}.
If m € O,,(z,€",t"), then p;(m,y,t'") < S(pi(m,2,t"), pi(z,y,t0)) < S(”,€) < ¢€
and som € O, (y,€,t'). Analogously, one can see that O,,(z,€",t") C O, (x,€,t).
(iv) Let z € X. Then by Theorem 4.1, forall0 < e < 1,t € Rtz € O,, (z,¢,1)
and so X C UOpl(%e,t). Let for z,y,2z € X,0 < ¢, < 1,t,t' € R", we have
€t
z € Op, (x,6,t) N Oy, (y,€,t'). Then pi(z,2,t) > 1—€ and p1(y,2,t') > 1—¢€.
Thus there exists to € RT such that ¢y < t,tg < t/, which py(z, z,t9) > 1 — € and
p1(y,z,t0) > 1 — €. Now consider 0 < €’ < 1, t” € RT such that Ty,in(e, €) >
€ and t" < Tpin{t — to,t' — to}. If m € O, (z,€',t"), then pi(m,y,t') >
T(pi(m, z,t"), p1(z,y,t0)) > T(1 —€',1—€) >1—¢ and som € O, (y,€,t').
Analogously, one can see that O,, (z,€”,t") C O,, (z,€,t). O
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Corollary 4.7. Let (X, p1,p2,p3,T,S) be a KM -single valued neutrosophic met-
ric space, t € RZ% x € X and 0 <r < 1. Then O = {O(x,e,t) |2 € X,0< e <
1,t € RT} forms a base of a topology Tp, p, ps i X.

5. KM-Single Valued Neutrosophic Metric Spaces
and Metric Spaces

In this section, we present the connection between K M-single valued neutrosophic
metric spaces and metric spaces with respect to induced equivalence relation based
on unite interval values.

Let (X, p1, p2,p3,T,S) be a KM-single valued neutrosophic metric space and

a,B,v € [0,1]. For every time ¢, on X2, define p\™" = {(z,y) | p1(z,y,t) >

ab o™ = {(a.y) | paley.t) < By and o = {(z.) | pslr,y,1) < 7} as
a-part, S-part and «y-part.

Theorem 5.1. Let (X, p1, p2, 03, Tmins Smaz) be a KM -single valued neutrosophic
metric space and o, B,y € [0,1]. Then

(i) ift =0, then pﬁ“’” = Péﬁ’t) = pé”’t) =X?2ifandonlyifa=0and B =~ =1;
(i5) if a =B =~ =0, then p\*" = X2, p{P = i) — A

(iii) ifa =B =v=1, then pga’t) = A,p(zﬁ’t) = pgy’t) = X2

(iv) pga’t),pgﬁ’t) and pg%t) are reflexive and symmetric relations on X (t > 0);

(v) plesBmt) — pga’t) N pgﬁ’t) N pé%t) s a reflexive and symmetric relation on
X(t>0).

Proof. (i) Let t = 0 and «, 8,y € [0,1]. Then p(la’t) = {(z,y) | pi(x,y,0) >
a} = {(z,y) | 0 > a}. Hence pga’t) = X? if and only if @ = 0. In a similar way,
péﬁ’t) = pz(:’t) = X? if and only if 3 =~ = 1.

(44), (#91) Obviously are proved.

(iv) Let o, 3,7 € [0,1], ,y,2 € X and t,s € RZ0. Since py(x,z,t) = 1 >
a, pa(z,z,t) = 0 < B and p3(x,z,t) = 0 < v, we get that pga’t),pgﬁ’t),pg%t) are
reflexive relations. Clearly pga’t), péﬂ 2 pé%t) are symmetric relations.

(v) Tt is similar to item (iv). O

In the following Example, we describe some applications of K M-single valued
neutrosophic metric space. We discuss applications of K M-single valued neu-
trosophic metric space for studying the competition along with algorithms. The
K M-single valued neutrosophic metric space has many utilizations in different
areas, where we connect K M-single valued neutrosophic metric space to other
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sciences such as economics, computer sciences and other engineering sciences. We
present an example of application of K M-single valued neutrosophic metric space
in optimization in economic.

Example 5.2. (Decision in Economic) Let X = {x1,z2,23,24} be a set of
all factories of a town and by Table 1 be metrics. We want to combine the
performances of these factories in a one year course (¢ = 1) to decide on how
they work together. In Table 2, we is extracted a list of energy consumption
of factories by pi1, a list of the profits of production of factories by p; and a
list of losses of producing of factories by p3. For Example, if energy consump-
tion of factories x1,x9 is equal to 60/100, it is denoted by p1(z1,z2,1) = 0.6, if
losses of producing are equal to 30/100, it is denoted by p1(z1,z2,1) = 0.3 and
if profits of producing are equal to 20/100, it is denoted by p1(z1,z2,1) = 0.2.
Clearly (X, p1, p2, p3, Tpr, Smaz) is @ K M-single valued neutrosophic metric space.
So consider a control for energy consumption, profits of producing and losses
of producing with factory cooperation by a-part, S-part and y-part. For a =
0.3,8 =0.2,7 = 0.12, t = 1, we obtain p(la’t) = X2\ {(21,24), (m,xﬂ},péﬁ’ﬂ =

AU {(x1,39), (13, 71), (12, T3), (13, T2), (13, 74), (T4, 73)} = p3T"".

Table 1: Metric space (X, d)

d ‘ X T2 I3 T4
X1 0 1 2 3
o 1 0 1 2
z3 |2 1 0 1

Table 2: Fuzzy metric subsets p1, p2, p3 on X? x RZ0,

P1 ‘11 T2 X3 T4 P2 | L1 T2 T3 T4
T T T T 2 T
S T T T S S S A
) ? 1 3 7 T g 0 35 7 and
S S S | 5 T3 | s £ 0 g
2 i 1 1 ? b} 1 0
Te | g 3 3 S
ps | w1 wmy w3 w4
T 2 3
T 1 0 1 2
2 10 10 15
T 2 1 0 1
3 51 1 10
a3 15 10 U

Clearly p(la’t), pé’g’t) and pgy’t) are not transitive relations and so p(®#7% is not a
transitive relation.
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Let p(a b *)7 Péﬂ " *))a Pw ) and pl@B7:8%) be the transitive closure of p}

péﬁ t))’ gv )

(e,t)

)

and p(®#7t)  respectively (the smallest transitive relation in such
a way that contains pga 't (5 D)y (W’t) and pl@B18) respectively). Then in
the following theorem we show that p *) p(ﬁ /t0)) p(’y’t ) and pleBr:t*) are
regular relations. Define X /p(®8:7:8%) = {p(a’ﬁ b *)(a? y,t) | x,y € X)} as set of

all equivalence class of X on p(®8:7:t:%)

Theorem 5.3. Let (X, p1, p2, p3, Tmin, Smaz) be a KM -single valued neutrosophic
metric space and o, B,y € [0,1]. Then
(i) if t =0, then pi™"*) = p{™", p{*) = piFV) and p{1") = 0

7

(i) fa=B =y =0, then plt™) — plat) J(Bitm) _ (B0 gy prtee) _ i),

)

(at,x) _ (ont)  (Bt,*) (8,1)

(7i1) if o = B =~ =1, then p; = pl@t i) — p0 g p(’v,t*) P:(),%t)'

Proof. (i) Let o, 3,7 € [0,1] and z,y € X. If t = 0, then p{™* € {0, X2}, p{*") €
{0, X2} and ,0(7 s {0, X2}. Thus in any case, pg ) pga’t),pgﬁ’t"*) = pgﬁ’t)
and ol E*) — (% )

Ps3 p3 -

(7i) Let « = =~ = 0. Then by Theorem 5.1, p(la’t) X2 p 5 D= pgy’t) =A

and so p{®@) = pl@t) B0 — S0 ang prt) = prh),
(447) It is similar to item (4i). O

Theorem 5.4. Let (X, p1, p2, P3, Tmins Smaz) be a KM -single valued neutrosophic
metric space and o, B, € [0,1]. Then for all t € RZ° and n € N,

( ) p(a t) C p(Oé nt) and fOT’ all k > n p(Oé nt) C p(a kt)
(i) p C pP) and for all k > n, p*0 C p{PHD
(i) P:(z%t) c ng’nt) and for all k > n,pé”’”t) C pgj*kt),

Proof. (i) Let x,y € X,t € R=%andn € N. If (z,y) € pga’ ), then simple induction
CODCIU'deS that « S Tm’b’ﬂ(pl(m7 Y, t)u pl(y7 Y, t)7 o >P1(y Y, t)) S p1($, Y, nt)7 S50

(n—1)-times
pga b pga ™) and for all k > n p(a ) p(o‘ k),
that pg(a: y, 1) > p2(z, y,nt) pg(as y,t) > p3(y y,nt) and 1t concludes that p(ﬁ e
P(Qﬁmt), P;(), ¥st) C p(’Y nt) and for all k > n P(B nt) C p(ﬂ kt) and p} (v,nt) C p(’Y kt) ]

Theorem 5.5. Let (X, p1, p2, p3, Trmin, Smaz) be a KM -single valued neutrosophic
metric space and «, 3,y € (0,1). Then, for all t > 0, there exists the smallest
n € N, such that
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n
(a &) U (e, kt), where for all k > n, we have pﬁ“”“” = pi"’"“;

) ﬁ b = U (5. kt), where for all k > n, we have p(ﬁ k) = pgﬁ,m);

(#i7) p (V’t’ ) = U P3 ) where for all k > n, we have p(“{ k) = g%nt).
k=1

Proof. Let n € N, 8,7 € (0,1) and z,y € X.
(1) By Theorem 5.4, p1(z,y,t) < p1(x,y,nt). Since tlim p1(z,y,t) =1, we get
— 00

that tlim p1(z,y,nt) = 1. Thus there exists N € N such that for all ¢ > |N/n],
—00

we have 1 — a < p1(z,y,t). Hence A, = {m € N | p1(z,y,m) > a} # 0 and using
well-ordering principle, there exists the smallest n € N such that p;(z,y,nt) > a.

By Theorem 5.4, for all k > n p(o"m) C p(a k0 In addition, since n is the smallest

which p1(z,y,m) > o, we get that p(a kD p(a ™) and so for all k > n,Pga’m) =

pga’kt). Now, if (z,v),(y,2) € p((y ) then, there exists k,k' € N in such a
way that (z,y) € pga *) and (z,y) € pga’k . Theorem 5.4, implies that o <
Tmi’ﬂ(p1<xay7t> pl(y;Z t)) < Tmm(pl(m,y7kt),p1(y7z, kt)) < pl(x?y7 (k + k/)t)

(a,(k+E")t) c Upga,kt) _ (v t,*) (au,t,*)

Thus (z,2) € p; 3 and so p; is a transitive

k=1
relation. Suppose that R be a transitive relation such that p(a 't C R, by induction

we show that p(at *) C R. Tt is clear for n = 1. Assume that it is satisfied
n+1 n+1

for n,if means that U pla kt) C R If (z,y) U plak . since U pga,kt) _
k=1 =1

U p(a ) ,01 at) , by assumption of induction we get that (z,y) U pla ht) -

Pt

(x y) € C R. Tt follows that p(a %) C R and so it is trcmsztwe closure
Of p(a ,t)
In a similar way, one can see that (ii), (i7¢) are proved. O

Corollary 5.6. Let (X, p1,p2, 03, Tmin, Smaz) be a KM-single valued neutro-
sophic metric space and o, B,y € (0,1). Then, for all t > 0, there exists the

smallest n € N, such that pl®F7:t%) = U p(o"ﬁ’%m), where for all k > n, we have
k=1
p(ayﬁmkt) — p(aﬁmnt),

Theorem 5.7. Let (X, p1, p2, p3, Trmin, Smaz) be a KM -single valued neutrosophic

metric space. Then there exists «, 8, € [0,1] such that for allt > 0, plooBvitx) —
(a,8,7:t)
p .
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Proof. Let z,y € X. Then consider a = /\ p1(x,y,t),8 = \/ p1(z,y,t)
r,yeX r,yeX
and v = \/ p1(z,y,t). Since for all z,y € X, p1(x,y,t) > a,pa(z,y,t) < B
z,yeX
and po(x,y,t) < 7, for all t > 0 we ge that p(at )

p(A* %) (7 Tt concludes that there exists a ,B,7 € [0 1] such that for all t>0,
p(aﬁ’yt*)—p(aﬁ’yt) D

Pl Bt (60 g

Example 5.8. Consider the K M-single valued neutrosophic metric space (X, p1, p2
,p3,T,S) in Example 5.2. For o = 0.3,8 = 0.2,y = 0.12, by Corollary 5.6,
we obtain n = 2(we must consider the performances of these factories in two

years course (t = 2)) and get fuzzy subsets p1, p2, p3 in Table 3. Thus pga,%) =

Table 3: Fuzzy metric subsets p1, p2, p3 on X2 x RZ0.

P1 ‘11 Lo T3 L4 P2 | X1 X2 T3 T4
EEEIEEE
xo | L 1 3 T, xo | L 0 3 = and
P 1 1 1 ¢
S I S T I S B G-
|5 1 35 1 4|5 5 g O
P3‘5U1 9612 9513 5534
z1 | 0 55 15 35
N I T A .
2| 15 15 10
N I s B (A
3 P15 1 15
Ta |35 15 15 U

AU {(x1,22)}, p52t p:(3772t) = X2 and so p(@f72) = AU {(z1,22)} is a
transitive relation.

From now on, for all K M-single valued neutrosophic metric space (X, p1, p2, ps3,
T,S), we consider A, B € P*(X) are finite subsets.

Definition 5.9. Let (X, p1, p2, p3, 7T, S) be a K M-single valued neutrosophic met-
ric space, A, B € P*(X),t € RT,x,y € X. Define

(Z) pT(iIf,B,t) = \/ pl(xvyat)vm(xaBat) = /\ p2 X y» and PB(x B t) =

yEB yeB
/\ pg(l’,y,t)
yeB
(i) pi(A,y,t) = \/ pu(e,y.t),53(A,y,t) = N pa(z,y.t) and 75(A,y.t) =
z€A T€EA

/\ p3(x,y,t).

z€A
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(i) pi(A.B.t)=(/\ \ @y ) A (N V oi(@y.t)

€A yEB yeEBxEA

(iv) p2(A, B,t) = \/ /\pg:ry, )\/(\/ /\pg(z,y,t))
r€AyEB yeEBz€A

(v) p3(A,B,t)=(\/ A ps(zu,t) vV (\/ N\ ps(z.0.1)
reAyeB yeBzeA

In [12], Rodrguez-Lopez and Romaguera, proved that in every GV -fuzzy metric
space (X, p1,T), the set of nonempty compact subsets (K*(X)) of (X;7x) con-
struct a fuzzy metric space as Hausdorf fuzzy metric. In a similar way we have
the following Theorem.

Corollary 5.10. Let (X, p1, p2, p3,T,S) be a KM -single valued neutrosophic met-
ric space, A, B,C € K*(X),t € RT. Then (K*(X), p1, p2, 03,1, S) is a KM -single
valued meutrosophic metric space.

Theorem 5.11. Let (X, p1,p2, 3, Tmins Smaz) be a KM-single valued neutro-
sophic metric space and o, 3, € [0,1]. Then, (X/plP74%) 57 57, 75,T,S) is a
K M -single valued neutrosophic metric space.

Proof. The proof is obtained by Corollary 5.10. O

Definition 5.12. Let (X, p1, p2, p3, T, S) and (X', p!, p, p5,T",S") be K M-single
valued neutrosophic metric spaces. A bijection ¢ : X — X' is called an isomor-
phism if for all z,y € X and for all i € {1,2,3}, pi(x,y,t) = pi(p(z), ¢(y),t) and
denoted it by (X, p1, p2, p3, T, S) = (X', pi, p5, 3, T', S").

Corollary 5.13. Let (X, p1, p2, p3, Tmin, Smaz) be a KM-single valued neutro-
sophic metric space and «, 3,7y € [0,1]. Then

(Z> th = 07 then (X/p(a’5ﬁ7t7*)7ma p?ama T7 S) = <X7 plap27p37Ta 5)7
(“) ZfOL = ﬂ == 0’ then (X/p(a’ﬁ}%ty*)amvﬁa P35 Ta S) = (X’ p17p27p37Ta 5)7
(i) if a = B =~ =1, then (X/pl*PV1) 7. 55,73, T, S) = (X, p1, p2, p3, T, S).

Definition 5.14. Let (X, p1, p2, 03, Timins Smaz) be a K M-single valued neutro-
sophic metric space and «, 8,7 € [0,1]. For all z,y € X, define

0 ife=y
d(a7t7*)(x,y) = (073 * « * . b
/o) + [y /oS e Ay
0 ife=y
APt (2, y) = \ o :
/oy o) ifa#y

0 ifxe=y
drt*) z, ,
N (P eI I Ty
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0 ife=y

(o, B,7,t,%) —
e oy {lw/wm’ﬂ+|y/p<a’w*> oy

Theorem 5.15. Let (X, p1,p2, 3, Tmins Smaz) be a KM-single valued neutro-
sophic metric space and 0 < o, 8,7 < 1. Then

(1) (X, d@t*), (X,dBH9), (X, d00%) and (X,d@P70%) are metric spaces.
(i3) d@Brtx) = (dtR)) A (dBE) A (dO0EH),
Proof. 1t is clear that. O

Let A= {(X, p1,p2,p3,T,S) | p1,p2,p3 are fuzzy subsets on X2 x RZ%} and
B = {(X,d) | d is a metric }. Define ¢ : A — B, by (X, p1, p2,p3,T,5)) =
(X, d @87t based Theorem 5.15 and ¢ : B — Aby o((X,d)) = (X, p1, pa, p3, T,
S) based Corollary 3.9.

Corollary 5.16. Let a, 3,y € [0,1]. Then For sets A and B, we have a diagram

i Figure 1.
A : : B

(G

Figure 1: Diagram between K M-single valued neutrosophic metric space and met-
ric space.

5.1. Extended (K M-Single Valued Neutrosophic) Metric

In this subsection, we obtain continuous metrics from K M-single valued neutro-
sophic metric spaces and continuous K M-single valued neutrosophic metric from
metric spaces.

Definition 5.1. Let (X, p1, p2, p3, Tmin, Smaz) be a K M-single valued neutro-
sophic metric space, o, 8,7 € (0,1). For all z,y € X, define do(z,y) = /\{t €
RY | pi(e,y.t) > o Jds(e,y) = \{t € R | po(,y,t) < B} and d,(z,y) =
/\{tL € R* | pg(l’,y,t) <7 }

In what follows, we generate a family of metric spaces from a K M-single valued
neutrosophic metric space.

Theorem 5.2. Let (X, p1, p2, p3, Trmin, Smaz) be a KM -single valued neutrosophic
metric space, o, 3,7 € (0,1). Then (X,da), (X, dg) and (X, d,) are metric spaces.
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Proof. Let z,y,z € X and 8 € (0,1). Then dg(z,z) = /\{t € R | pa(z,z,t) <
g} = /\{t € RT |0 < B} =0. Itis clear that dg(z,y) = ds(y,x). Let
/\{t € RY | pa(z,y,t) < B} = to and /\{t € RT | pa(y, 2,t) < B} = so. Thus
B = Smaz(p2(x,y,t0), p2(y, 2, S0)) = p2(x, 2,0 + so) implies that pa(x, 2,0 +s0) <
B. It follows that (to + so) € /\{t € RY | pa(z,2,t) < B} and so dg(z,y) +

ds(y,z) = \{t € RY | pa(w,y,t) < B} + N\{t € RY | pa(y,2,t) < B} > \{t €
RY | pa(z,2,t) < B} = dg(z,2). In a similar way one can see that (X,d,) and
(X,dy) are metric spaces. O

Theorem 5.3. Let (X, p1, p2, p3, Trmin, Smaz) be a KM -single valued neutrosophic
metric space, o, o', B, 08", v,y € (0,1) and x,y € X. Then

(1) if a <o, then da(z,y) < dor(2,y);

(i7) if B < B, then dg(z,y) < dg(z,y);
(Z”) if7 < '7/; then d’Y’ (.CE, y) < d’Y(xvy)'
Proof. Let z,y,z € X and a,d/,8,8,v,7 € (0,1). If dg(xz,y) = to, then
p2(z,y,t0) < B < " and so ty € /\{t € RY | pa(x,y,t) < B'}. It concludes
that dg/(x,y) < to = dg(x,y). Other items are proved in a similar way. O

Theorem 5.4. Let (X, p1, p2, p3, Trmin, Smaz) be a KM -single valued neutrosophic
metric space, o, 8,7y € (0,1). Then

da7 dﬁa d’y : (X, Pl, p2a P3, Tmina Smar) X (X; ,017 PQ; p37 Tmin7 Smaz) — Rzov
are continuous maps.

Proof. Let (z,,yn)n be a sequence in X x X that converges to (x,y) with respect

to the fuzzy metric (X, p1, p2, P3, Tmin, Smaz)- Thus for alle > 0 and ¢t € RT, there

exists N € N, such that for all n > N, 1 — € < p1((@n, 2,t)), p2((zn, z,t)) < € and

p3((zn,2,t)) < e. Hence for all o, 3,7, € (0,1), {t € RY | p1(zp,x,t) > a} #0,{t €

RT | po(zn,z,t) < B} # 0 and {t € RY | pa(xp,x,t) < v} # (). Hence there exists

N € N, such that for allm > N, and all « < 1 —¢,8 > ¢ and v > ¢,dy(zn, ) <

t,dg(xn,z) <tand dy(z,,z) <tand so lim do(x,, ) =dg(z,, x) =dy(Tn,z) =

n— oo

0. In a similar way, li_)m do(Yn,y) = dg(yn,y) = dy(yn,y) = 0. Since for all,

n € N,do (25, 2) +da(Tn, Yn) +da(Yn, y) = da(z,y), we get that | im do (2, yn) —
n—oo

do(z,y)| < (lim do(zn, )+ lim do(y,yn)) = 0. In asimilar way, lim dg(zn, yn) =
n—oo n—oo n—00

dg(x,y) and li_>m dy(Tn, yn) = dy(z,y). O

Theorem 5.5. Let (X, p1, p2, p3, Tmin, Smaz) be a KM -single valued neutrosophic
metric space, o, o, 3,
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87,7 € (0,1) and x,y € X. Then a sequence (), is a Cauchy sequence in

(Xa P15 P25 P35 Tinin
, Smaz) if and only if it is a Cauchy sequence in (X,da), (X, dg) and (X,d,).

Proof. Suppose (), is a Cauchy sequence in metric spaces (X, d,), (X,dg) and
(X,d,). Fixed € > 0. Since (z,,), is a Cauchy sequence in (X,dg), there exists
N € N such that for all n,m > N,dg(zn,zm) < €. It follows that ¢ty = /\{t €
RY | po(zn,Tm,t) < B} < € and 50 pa(zn, Tm,t) < p2(Tn, Tm,to) < €. In a
similar way, one can see that ps(zy,,zm,,t) < € and p1(z,, Tm,t) > 1 — € and so
sequence (), is a Cauchy sequence in K M-single valued neutrosophic metric

space (X7 P1, P2, P3, Tmin; Smaa:)-

Conversely, let sequence (zy,),, is a Cauchy sequence in (X, p1, p2, p3, Tmins Smaz)
and Fixed ¢ > 0. Thus for all ¢ € RT, there exists N € N such that for any
m,n > N, we have

1—e < p1(@n, 2m,t), p2(Tn, Tm,t) < e and p3(z,, Tm,t) < &.

Hence for all a,, 3,7, € (0,1), {t € RT | p1(xp, Ty, t) > a} # 0, {t € RY | pa(zp, Ty,
t) < B} # 0 and {t € R" | pa(xn,Tm,t) < 7} # 0. So there exists N € N
such that for all n,,m > N and all @« < 1 —¢,8 > ¢ and v > ¢, we have
do(Tn,Tm) <t < e,dg(Tn,m) <t < e and dy(xn,zm) <t <e. Itisconcluded
that the sequence (z,), is a Cauchy sequence in metric spaces (X,d,), (X, dg)
and (X,d,). O

Definition 5.6. Let (X, p1,p2, 03, Timins Smaz) be a KM-single valued neutro-

sophic metric space, a, 8,7 € (0,1). For all z € X and k € N, define dy(z,y) =
kdo(z,y) = kdg(z,y) - kd(z,y)

T kda(e9) PO = Ty Y S T )

Theorem 5.7. Let (X, p1, p2, p3, Trnins Sma ) be a KM -single valued neutrosophic

metric space, o, B, € (0,1). Then (X,dy), (X,dg) and (X,d,) are metric spaces.
Proof. The proof is similar to Theorem 5.2. O

Theorem 5.8. Let (X, p1, p2, 03, Tmins Smaz) be a KM -single valued neutrosophic
metric space, o, 8,y € (0,1). Then

Eavaﬁaa’y : (X7 P15 P2, P3, Tmin7 Smaf) X (Xa P1, P2, P3, Tmin; Sma.r) — Rzoa
are continuous maps.
Proof. The proof is similar to Theorem 5.4. O

Definition 5.9. Let (X, p1, p2, p3, Trmins Smaz) be a K M-single valued neutro-
sophic metric space, o, 8,7 € (0,1) and ) # A C X. For all z € X, define
d(!(va) = /\{da(fﬂ,y) | Yy € A}7d5(x7A) = /\{dﬂ(gjvy) ‘ Y € A}ad’Y(sz) =
/\{dw(my) | y € A}. In a similar way d,(z, A),dg(z, A) and d(x, A) are defined.
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Theorem 5.10. Let (X, p1,p2, 3, Tmins Smaz) be a KM-single valued neutro-
sophic metric space, o, 3,7 € (0,1) and 0 # A C X. Then for all z,y € X
d(x

(i) if z € A, then do(z, A) = dg(z, A) = d, (z, A) =
(i) for all a € A, do(z, A) < da(z, ), ds(z, A) < dﬁ(x a),d-(z, A) < d,(z,a);
(iid) |da(z,A) = da(y, A)| < da(z,y);

) |dg(x, A) — dﬁ(y,A)\ < dg(z,y);
(v) |dy(z, A) = dy(y, A)| < dy(T,y).

),

Proof. (i), (ii) It is clear.

(), (), (v) Let z,y € X. If & = y or z,y € A, then by items (i), (i) it is
straightforward. Suppose that x # y. Without loss of generality x € A and y & A,
implies that |dq(x, A) — do(y, A)| = da(y, A) < do(y,x). If 2,y & A, then there
exists a,a’ € A such that d,(z, A) = do(x,a) and do(y, A) = do(y,a’). Since
do(z,a) < d, ( ,a') and do(y,a’) < do(y,a), we get that |do(z,a) — do(y,a’)] <
|d (z,0") — do(y,a)] < do(z,y). It follows that for all z,y € X, |dy(z, A) —

( )| <d (x,y), ‘dﬁ(x>A) - dﬁ(y>A)| < da(x7y) and |d7(1‘,A) - d’Y(y7A)| <
dy(z,y). O

z,

Corollary 5.11. Let (X, p1, p2, p3, Tmin, S m z) be a KM-single valued neutro-
sophic metric space, 3,y € (0,1) and 0 # A C X. Then for all z,y € X

(i) if x € A, then dyo(z,A) = dg(z, A) = d (2, A) =
(z,A) Vds(x, A) Vd,(x, )gE (x a) Ndg(z,a) Ad(x,a);

(ii) for all a € A, d, )

(iii) |da(z, A) = da(y, A)| < da(@,y).
(iv) |dp(z, A) — dp(y, A)| < ds(,y);
(v) |dy(z, A) = dy(y, A)| < dy(x,).

Theorem 5.12. Let (X, p1,p2, 3, Tmins Smaz) be a KM-single valued neutro-
sophic metric space, a,f, 'y 6 (0,1). Then for all x € X and ) # A C X,
da(maA)vdoz(xaA)ada(xaA) : (Xa p17p27p37Tmin7Smaz)X(X7 p17p27p3aTminvsmax)
— R20 are continuous maps.

Proof. Suppose (x,), is a sequence in X and in such a way that for all ¢t €
R*, lim pa(zy,2,t) = 1 and * € X. Fixed ¢ > 0. Thus there exists N €

n—oo
N such that for all n > N, po(x,,x,t) < e. It follows that for all e < S,
we have /\{t € RY | pa(wn,2,t) < B} # 0 and so dg(w,,r) < t. Hence
li_>rn dg(xn,z) = 0. Using Theorem 5.10, |dg(z, A) — dg(zn, A)| < dg(z,z,).
Consequently, lim dg(x,, A) = dg(z,A). In a similar way, one can see that
n—oo

do(z,A),do(x, A) : (X, p1, p2, P3, Tinins Smaz) X (X, p1, P2, 03, Tmin, Smaz) — R20
are continuous maps. O
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Corollary 5.13. Let (X, p1, p2, p3, Tmin, Smaz) be a KM-single valued neutro-
sophic metric space, aff,y € (0,1). Then for all v € X and § # A C X,
da(xv A)a doz(‘ra A)v da(xa A) : (Xa P15 P25 P35 Tmin» Smaz) X(X, P1, P2, P3, Tmiru Smam)
— R2% gre continuous maps.

Let (X, p1, p2, P3, Trmin, Smaz) be a K M-single valued neutrosophic metric space,
a,B,7 € (0,1). Then for all z € X and ) # A C X, define A = {y | pi(y, A,t) =
1,p2(y, A1) = p3(y, A1) = 0 for all ¢t >0} and A = {y | Ea(yvA) = aﬁ(yaA) =
4, (y, A) = 0},

Corollary 5.14. Let (X, p1,p2, p3; Tmins Smaz) be a KM-single valued neutro-
sophic metric space, o, 3,7 € (0,1). Then for allx € X and D #AC X, x € A if
and only if v € A.

6. Conclusion

The present study has introduced a novel concept fuzzy algebra as K M-single val-
ued neutrosophic metric spaces and has constructed finite or infinite K M-single
valued neutrosophic metric spaces based on induced unit interval values. We can
make a correspondence between metric spaces and K M-single valued neutrosophic
metric spaces, so we show that K M-single valued neutrosophic metric spaces gen-
erate some topological spaces and metric spaces.
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