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Abstract. In this paper, we define the disjunctive sum, difference and Cartesian 
product of two interval valued neutrosophic sets and study their basic properties. 
The notions of the ሺ𝛼, 𝛽, 𝛾ሻ interval cut set of interval valued neutrosophic sets 
and the ሺ𝛼, 𝛽, 𝛾ሻ strong interval cut set of interval valued neutrosophic sets are 
put forward. Some related properties have been established with proof, examples 
and counter examples.  
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1 Introduction 

Many theories have been developed for uncertainties, including the theory of 
probability, the theory of fuzzy sets, the theory of intuitionistic fuzzy sets, the 
theory of rough sets, and so on. Although many new techniques have been 
developed as a result of these theories there are still some difficulties. Major 
difficulties arise due to inadequacy of parameters. In 1999, Smarandache [1,2] 
proposed the concept of the neutrosophic set (NS) by adding an independent 
indeterminacy-membership function, which is a generalization of a classic set, a 
fuzzy set [3], an intuitionistic fuzzy set [4], and so on. In an NS, the 
indeterminacy is quantified explicitly and truth-membership function (T), 
indeterminacy-membership function (I), and false-membership function (F) are 
completely independent and from a scientific or engineering point of view, the 
NS operators need to be specified. Therefore, Wang, et al. [5] defined the single 
valued neutrosophic set (SVNS) and then provided the set-theoretic operations 
and various properties of single valued neutrosophic sets. Wang, et al. [6] 
proposed the set-theoretic operations on an instance of the neutrosophic set, 
called the interval valued neutrosophic set (IVNS), which is more flexible and 
practical than the NS. Works on single valued neutrosophic sets (SVNS) and 
interval valued neutrosophic sets (IVNS) and their hybrid structure in theory 
and applications have progressed rapidly (e.g., [7-23]). Also, neutrosophic sets 
have been extended to neutrosophic models both in theory [24-28] and in 
applications [29-32]. 
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The organization of this paper is as follows. In Section 2, some basic properties 
of neutrosophic sets are redefined. In Section 3, the ሺ𝛼, 𝛽, 𝛾ሻ interval cut sets of 
interval valued neutrosophic sets are defined and some properties of these 
ሺ𝛼, 𝛽, 𝛾ሻ interval cut sets are given. In Section 4, the operations of addition, 
subtraction, multiplication and division over neutrosophic multi-sets are defined 
based on the interval valued neutrosophic set. Finally, the conclusion is given. 

2 Preliminaries 

In this section, we recall some concepts of neutrosophic set theory and interval 
valued neutrosophic set theory. See the refences for more detailed explanations 
related to this subsection and its background. 

Definition 2.1 [4]:  An intuitionistic fuzzy set (IFS) 𝐴 in 𝑋 is: 

 𝐴 ൌ ሼ〈𝑥, 𝜇஺ሺ𝑥ሻ, 𝜈஺ሺ𝑥ሻ  〉: 𝑥 ∈ 𝑋 ሽ , 

where the functions  𝜇஺ሺ𝑥ሻ,  𝜈஺ሺ𝑥ሻ ∶ 𝑋 → ሾ0, 1ሿ  with the condition 0 ൑
𝜇஺ሺ𝑥ሻ ൅  𝜈஺ሺ𝑥ሻ ൑ 1. The numbers 𝜇஺ሺ𝑥ሻ and  𝜈஺ሺ𝑥ሻ represent, respectively, the 
degree of membership and degree of non-membership of the element 𝑥 ∈ 𝑋. 

Definition 2.2 [33]: Let 𝐴 ൌ ሼ〈𝑥, 𝜇஺ሺ𝑥ሻ, 𝜈஺ሺ𝑥ሻ  〉: 𝑥 ∈ 𝑋 ሽ be any intuitionistic 
fuzzy set on the universal set 𝑋. For any ordered pair 〈𝛼, 𝛽〉, where 𝛼 ∈ ሾ0, 1ሿ,
𝛽 ∈ ሾ0, 1ሿ, and 0 ൑ 𝛼 ൅ 𝛽 ൑ 1, let: 

 𝐴〈ఈ,ఉ〉 ൌ ሼ𝑥: 𝜇஺ሺ𝑥ሻ ൒ 𝛼, 𝜈஺ሺ𝑥ሻ ൑ 𝛽 ∶ 𝑥 ∈ 𝑋 ሽ, 

which is called the 〈𝛼, 𝛽〉-cut set (or level set) of intuitionistic fuzzy set 𝐴. 

Definition 2.3 [34]: Let 𝑋 be an universe of discourse with a generic element in 
𝑋, denoted by 𝑥. Then, a neutrosophic (NS) set A is an object with the following 
form:  

 𝐴 ൌ  ሼ〈𝑥: 𝑇஺ሺ𝑥ሻ, 𝐼஺ሺ𝑥ሻ, 𝐹஺ሺ𝑥ሻ〉, 𝑥 ∈ 𝑋ሽ 

A neutrosophic set A in 𝑋 is characterized by truth-membership function TA, 
indeterminacy membership function IA, and falsity-membership function FA. 
𝑇஺ሺ𝑥ሻ, 𝐼஺ሺ𝑥ሻ and 𝐹஺ሺ𝑥ሻ are real standard or non-standard subsets of ]−0, 1+[. 
That is: 

 𝑇஺ሺ𝑥ሻ: 𝑋 →ሿି0, 1ାሾ 

 𝐼஺ሺ𝑥ሻ: 𝑋 →ሿି0, 1ାሾ 

 𝐹஺ሺ𝑥ሻ: 𝑋 →ሿି0, 1ାሾ 

There is no restriction on the sum of 𝑇஺ሺ𝑥ሻ, 𝐼஺ሺ𝑥ሻ and 𝐹஺ሺ𝑥ሻ, so: 
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 0ି ൑ 𝑠𝑢𝑝𝑇஺ሺ𝑥ሻ ൅ 𝑠𝑢𝑝𝐼஺ሺ𝑥ሻ ൅ 𝑠𝑢𝑝𝐹஺ሺ𝑥ሻ ൑ 3ା. 

Instead of ]−0, 1+[, we need to take the interval [0, 1] for technical applications, 
because ]−0, 1+[ will be difficult to apply in real applications, for example in 
scientific and engineering problems. 

For two NS: 

 𝐴ேௌ ൌ ሼ〈𝑥 , T୅ሺxሻ,  I୅ሺxሻ,  F୅ሺxሻ〉 |x ∈ Xሽ  

and 

 𝐵ேௌ ൌ ሼ〈𝑥 , T୆ሺxሻ,  I୆ሺxሻ,  F୆ሺxሻ〉 |x ∈ Xሽ 

the two relations are defined as follows: 

(1) 𝐴ேௌ ⊆  𝐵ேௌ if and only if  

 T୅ሺxሻ ൑ T୆ሺxሻ,   I୅ሺxሻ ൒ I୆ሺxሻ,   F୅ሺxሻ ൒ F୆ሺxሻ 

(2) 𝐴ேௌ ൌ  𝐵ேௌ  if and only if 

T୅ሺxሻ ൌ T୆ሺxሻ,   I୅ሺxሻ ൌ I୆ሺxሻ,    F୅ሺxሻ ൌ F୆ሺxሻ. 

Definition 2.4: [5,34] Let 𝑋 be a space of points (objects) with a generic 
element in 𝑋 denoted by 𝑥. An interval valued neutrosophic set (IVNS) A in 𝑋 
is characterized by truth-membership function TA, indeterminacy-membership 
function IA, and falsity-membership function FA. For each point x ∈ X, 𝑇஺ሺ𝑥ሻ,
𝐼஺ሺ𝑥ሻ, 𝐹஺ሺ𝑥ሻ ⊆ ሾ0, 1ሿ. 

This can be written as:  

  𝐴୍୚୒ୗ ൌ ൜〈
𝑥, ሾinf 𝑇஺ሺ𝑥ሻ , sup 𝑇஺ሺ𝑥ሻሿ, ሾinf 𝐼஺ሺ𝑥ሻ , sup 𝐼஺ሺ𝑥ሻሿ,

ሾinf 𝐹஺ሺ𝑥ሻ , sup 𝐹஺ሺ𝑥ሻሿ
〉 ∶ x ∈ Xൠ 

Definition 2.5 [5]: For two IVNS, 

 𝐴୍୚୒ୗ ൌ ൜〈
𝑥, ሾinf 𝑇஺ሺ𝑥ሻ , sup 𝑇஺ሺ𝑥ሻሿ, ሾinf 𝐼஺ሺ𝑥ሻ , sup 𝐼஺ሺ𝑥ሻሿ,

ሾinf 𝐹஺ሺ𝑥ሻ , sup 𝐹஺ሺ𝑥ሻሿ
〉 ∶ x ∈ Xൠ  

and 

 𝐵୍୚୒ୗ ൌ ൜〈
𝑥, ሾinf 𝑇஻ሺ𝑥ሻ , sup 𝑇஻ሺ𝑥ሻሿ, ሾinf 𝐼஻ሺ𝑥ሻ , sup 𝐼஻ሺ𝑥ሻሿ,

ሾinf 𝐹஻ሺ𝑥ሻ , sup 𝐹஻ሺ𝑥ሻሿ
〉 ∶ x ∈ Xൠ, 

we now present the set-theoretic operators on the interval neutrosophic set. 

1. An interval valued neutrosophic set A is contained in another interval valued 
neutrosophic set B, 𝐴୍୚୒ୗ ⊆  𝐵୍୚୒ୗ, if and only if  
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 inf 𝑇஺ሺ𝑥ሻ ൑ inf 𝑇஻ሺ𝑥ሻ, sup 𝑇஺ሺ𝑥ሻ ൑ sup 𝑇஻ሺ𝑥ሻ, 

 inf 𝐼஺ሺ𝑥ሻ ൒ inf 𝐼஻ሺ𝑥ሻ , sup 𝐼஺ሺ𝑥ሻ ൒ sup 𝐼஻ሺ𝑥ሻ, 

 inf 𝐹஺ሺ𝑥ሻ ൒ inf 𝐹஻ሺ𝑥ሻ , sup 𝐹஺ሺ𝑥ሻ ൒ sup 𝐹஻ሺ𝑥ሻ, 

for all 𝑥 ∈ 𝑋. 

2. Two interval valued neutrosophic sets 𝐴 and 𝐵 are equal, written as 
 𝐴୍୚୒ୗ ൌ  𝐵୍୚୒ୗ, if and only if A ⊆  B and B ⊆  A, i.e. 

 inf 𝑇஺ሺ𝑥ሻ ൌ inf 𝑇஻ሺ𝑥ሻ , sup 𝑇஺ሺ𝑥ሻ ൌ sup 𝑇஻ሺ𝑥ሻ, 

 inf 𝐼஺ሺ𝑥ሻ ൌ inf 𝐼஻ሺ𝑥ሻ , sup 𝐼஺ሺ𝑥ሻ ൌ sup 𝐼஻ሺ𝑥ሻ, 

 inf 𝐹஺ሺ𝑥ሻ ൌ inf 𝐹஻ሺ𝑥ሻ , sup 𝐹஺ሺ𝑥ሻ ൌ sup 𝐹஻ሺ𝑥ሻ, 

for any x ∈ X. 

3. An interval neutrosophic set A is empty if and only if  

 𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ ൌ 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ ൌ 0, 

 𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ ൌ 𝑠𝑢𝑝𝐼஺ሺ𝑥ሻ ൌ 1 and 

 𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ ൌ  𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ ൌ 0,  

for all 𝑥 ∈ 𝑋. 

4. The complement of an interval neutrosophic set 𝐴 is denoted by 𝐴௖ and is 
defined by 

 𝐴୍୚୒ୗ಴ ൌ ቐ
𝑥, ሾinf 𝐹஺ሺ𝑥ሻ , sup 𝐹஺ሺ𝑥ሻሿ,

ሾ1 െ  sup 𝐼஺ሺ𝑥ሻ , 1 െ 𝑖𝑛𝑓𝐼஺ሺ𝑥ሻሿ,
ሾinf 𝑇஺ሺ𝑥ሻ , sup 𝑇஺ሺ𝑥ሻሿ

∶ x ∈ Xቑ, 

for all 𝑥 in 𝑋. 

5. The intersection of two neutrosophic sets 𝐴 and 𝐵 is a neutrosophic set  𝐴 ∩
𝐵, whose truth-membership, indeterminacy-membership and falsity-
membership functions are related to those of 𝐴 and 𝐵 by 

  𝐴ூ௏ேௌ ∩ 𝐵ூ௏ேௌ ൌ ቐ〈
𝑥, ሾinf𝑇஺ሺ𝑥ሻ ∧ inf𝑇஻ሺ𝑥ሻ, sup𝑇஺ሺ𝑥ሻ ∧ sup𝑇஻ሺ𝑥ሻ,

ሾinf𝐼஺ሺ𝑥ሻ ∨ inf𝐼஻ሺ𝑥ሻ, sup𝐼஺ሺ𝑥ሻ ∨ sup𝐼஻ሺ𝑥ሻሿ,
ሾinf𝐹஺ሺ𝑥ሻ ∨ inf𝐹஻ሺ𝑥ሻ, sup𝐹஺ሺ𝑥ሻ ∨ sup𝐹஻ሺ𝑥ሻ

〉 : 𝑥 ∈ Xቑ, 

for all 𝑥 in 𝑋. 

6. The union of two interval neutrosophic sets 𝐴 and 𝐵 is an interval 
neutrosophic set  𝐴୍୚୒ୗ ∪  𝐵୍୚୒ୗ, whose truth-membership, indeterminacy-
membership and false-membership are related to those of 𝐴 and 𝐵 by 
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 𝐴୍୚୒ୗ ∪  𝐵୍୚୒ୗ ൌ ቐ〈
𝑥, ሾinf 𝑇஺ሺ𝑥ሻ ∨ inf 𝑇஻ሺ𝑥ሻ , sup 𝑇஺ሺ𝑥ሻ ∨ sup 𝑇஻ሺ𝑥ሻሿ

ሾinf 𝐼஺ሺ𝑥ሻ ∧  inf 𝐼஻ሺ𝑥ሻ , sup 𝐼஺ሺ𝑥ሻ ∧ sup 𝐼஻ሺ𝑥ሻሿ,
ሾinf 𝐹஺ሺ𝑥ሻ ∧ inf 𝐹஻ሺ𝑥ሻ , sup 𝐹஺ሺ𝑥ሻ ∧ sup 𝐹஻ሺ𝑥ሻሿ

〉 : 𝑥 ∈ 𝑋ቑ  

for all 𝑥 ∈ 𝑋. 

7. The difference of two interval neutrosophic sets 𝐴 and 𝐵 is an interval 
neutrosophic set 𝐴୍୚୒ୗ\ 𝐵୍୚୒ୗ, whose truth-membership, indeterminacy-
membership and falsity-membership functions are related to those of 𝐴 and 
𝐵 by  

𝐴୍୚୒ୗ\𝐵୍୚୒ୗ ൌ 

ቐ〈
𝑥, ሾminሼ𝑖𝑛𝑓𝑇஺ሺ𝑥ሻ, 𝑖𝑛𝑓𝐹஻ሺ𝑥ሻሽ , minሼ𝑠𝑢𝑝𝑇஺ሺ𝑥ሻ, 𝑠𝑢𝑝𝐹஻ሺ𝑥ሻሽሿ,

ሾmax ሺinf 𝐼஺ሺ𝑥ሻ, 1 െ 𝑠𝑢𝑝𝐼஻ሺ𝑥ሻሻ, max ሺsup 𝐼஺ሺ𝑥ሻ, 1 െ inf 𝐼஻ሺ𝑥ሻሻሿ,
ሾ𝑚𝑎𝑥ሺ𝑖𝑛𝑓𝐹஺ሺ𝑥ሻ, 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻሻ, 𝑚𝑎𝑥ሺ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ, 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሻሿ

〉 𝑥 ∈ 𝑋ቑ 

8. The addition of two interval neutrosophic sets A and B is an interval 
neutrosophic set  𝐴୍୚୒ୗ ൅ 𝐵୍୚୒ୗ, whose truth-membership, indeterminacy-
membership and falsity-membership functions are related to those of A and 
B by 

𝐴୍୚୒ୗ ൅ 𝐵୍୚୒ୗ ൌ 

ቐ〈
x, ሾmin ሺinf T୅ሺxሻ ൅ inf T୆ሺxሻ, 1ሻ , min ሺsup T୅ሺxሻ ൅ sup T୆ሺxሻ, 1ሻሿ,

ሾmin ሺinf I୅ሺxሻ ൅ inf I୆ሺxሻ, 1ሻ , min ሺsup I୅ሺxሻ ൅  sup I୆ሺxሻ, 1ሻሿ,
ሾminሺinf F୅ሺxሻ ൅ inf F୆ሺxሻ, 1ሻ , min ሺsup F୅ሺxሻ ൅ sup F୆ሺxሻ, 1ሻሿ

〉 x ∈ Xቑ 

for all 𝑥 ∈ 𝑋. 

9. The scalar multiplication of interval neutrosophic set A is  𝐴୍୚୒ୗ. 𝑎, whose 
truth-membership, indeterminacy-membership and falsity-membership 
functions are related to those of A by 

 𝐴୍୚୒ୗ. 𝑎 ൌ ቐ〈
𝑥, ሾmin ሺinf 𝑇஺ሺ𝑥ሻ. 𝑎 ,1ሻ , min ሺsup 𝑇஺ሺ𝑥ሻ. 𝑎 ,1ሻሿ,

ሾmin ሺinf 𝐼஺ሺ𝑥ሻ. 𝑎 ,1ሻ , min ሺsup 𝐼஺ሺ𝑥ሻ. 𝑎 ,1ሻሿ,
ሾmin ሺinf 𝐹஺ሺ𝑥ሻ. 𝑎 ,1ሻ , min ሺsup 𝐹஺ሺ𝑥ሻ. 𝑎 ,1ሻሿ

〉 : 𝑥 ∈ 𝑋ቑ 

for all 𝑥 ∈ 𝑋, a ∈ R+. 

10. The scalar division of interval neutrosophic set A is  𝐴୍୚୒ୗ/a, whose truth-
membership, indeterminacy-membership and falsity-membership functions 
are related to those of A by 

 𝐴୍୚୒ୗ/𝑎 ൌ ቐ〈
𝑥, ሾmin ሺinf 𝑇஺ሺ𝑥ሻ/𝑎 ,1ሻ , min ሺsup 𝑇஺ሺ𝑥ሻ/𝑎 ,1ሻሿ,
ሾmin ሺinf 𝐼஺ሺ𝑥ሻ/ 𝑎 ,1ሻ , min ሺsup 𝐼஺ሺ𝑥ሻ/ 𝑎 ,1ሻሿ,
ሾminሺinf 𝐹஺ሺ𝑥ሻ/ 𝑎 ,1ሻ , min ሺsup 𝐹஺ሺ𝑥ሻ. 𝑎 ,1ሻሿ

〉 : 𝑥 ∈ 𝑋ቑ 

for all 𝑥 ∈ 𝑋, 𝑎 ∈ 𝑅ା. 
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3 ሺ𝜶, 𝜷, 𝜸) Interval Cut Set of Interval Valued Neutrosophic 
Sets 

Definition 3.1 Let  

  𝐴୍୚୒ୗ ൌ ቐ〈
𝑥, ሾinf 𝑇஺ሺ𝑥ሻ , sup 𝑇஺ሺ𝑥ሻሿ,

ሾinf 𝐼஺ሺ𝑥ሻ , sup 𝐼஺ሺ𝑥ሻሿ,
ሾinf 𝐹஺ሺ𝑥ሻ , sup 𝐹஺ሺ𝑥ሻሿ

〉 : 𝑥 ∈ 𝑋ቑ 

be any interval valued neutrosophic set on 𝑋. For any ordered 𝛼 ൌ ሾ𝛼ଵ, 𝛼ଶሿ,
𝛽 ൌ ሾ𝛽ଵ, 𝛽ଶሿ and 𝛾 ൌ ሾ𝛾ଵ, 𝛾ଶሿ ∈ ሾ0,1ሿ, such that 0 ൑ 𝛼 ൅ 𝛽 ൅ 𝛾 ൑ 3. We define 
the ሺ𝛼, 𝛽, 𝛾ሻ cut of interval valued neutrosophic set 𝐴, denoted by 
𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ: 

 𝐴൫ሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ൣ𝛾భ,𝛾మ൧൯ ൌ ቐ
𝑥: 𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଵ,  𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଶ,

𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ ൑ 𝛽ଵ, 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ ൑  𝛽ଶ,
   𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଵ, 𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଶ;

𝑥 ∈ 𝑋ቑ 

That is, 

𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ

ൌ ቐ〈
𝑥: inf 𝑇஺ሺ𝑥ሻ ∧ 𝛼ଵ ൌ 𝛼ଵ, sup 𝑇஺ሺ𝑥ሻ ∧ 𝛼ଶ ൌ 𝛼ଶ,

inf 𝐼஺ሺ𝑥ሻ ∨ 𝛽ଵ ൌ 𝛽ଵ, sup 𝐼஺ሺ𝑥ሻ ∨ 𝛽ଶ ൌ 𝛽ଶ ,
inf 𝐹஺ሺ𝑥ሻ ∨ 𝛾ଵ ൌ 𝛾ଵ, sup 𝐹஺ሺ𝑥ሻ ∨ 𝛾ଶ ൌ 𝛾ଶ

〉 𝑥 ∈ 𝑋ቑ. 

We define 

𝐴ሺሾఈభ,ఈమሿሻ ൌ ሼ𝑥: inf 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଵ, sup 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଶ; 𝑥 ∈ 𝑋ሽ the 𝛼-cut of the truth 
membership function generated by 𝐴. 

𝐴ሺሾఉభ,ఉమሿሻ ൌ ሼ𝑥: 𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ ൑ 𝛽ଵ,  𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ ൑  𝛽ଶ ; 𝑥 ∈ 𝑋ሽ  the 𝛽-cut of the 
indeterminacy membership function generated by 𝐴 and 

𝐴ሺሾఊభ,ఊమሿሻ ൌ ሼ𝑥: 𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଵ, 𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଶ; 𝑥 ∈ 𝑋ሽ  the 𝛾-cut of the falsity 
membership function generated by A. 

Example 3.2 Let ൌ ሼ𝑥ଵ, 𝑥ଶ, 𝑥ଷሽ. Let us consider an interval valued neutrosophic 
set: 

  𝐴 ൌ ሼ 𝑥ଵ: ሺሾ0.5, 0.6ሿ; ሾ0.3, 0.4ሿ; ሾ0.2,0.3ሿሻ; 

 𝑥ଶ: ሺሾ0.5, 0.8ሿ;  ሾ0.4, 0.6ሿ;  ሾ 0.4, 0.5ሿሻ; 

 𝑥ଷ: ሺሾ0.1, 0.2ሿ;  ሾ0.4, 0.5ሿ;  ሾ0.7, 0.8ሿሻሽ 

Let 𝛼ଵ ൌ 0.3; 𝛽ଵ ൌ 0.4; 𝛾ଵ  ൌ 0.5 ∈ ሾ0,1ሿ and 𝛼ଶ ൌ 0.5; 𝛽ଶ ൌ 0.6; 𝛾ଶ ൌ  0.7 ∈
 ሾ0,1ሿ. 
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Then, 

𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ  ൌ ሼ𝑥ଵ, 𝑥ଶሽ. Here, 𝑥ଷ is not an element of this cut set. 
Moreover, 

 𝐴ሺሾఈభ,ఈమሿሻ ൌ ሼ𝑥ଵ, 𝑥ଶሽ  

 𝐴ሺሾఉభ,ఉమሿሻ ൌ ሼ𝑥ଵ, 𝑥ଶ, 𝑥ଷሽ 

 𝐴ሺሾఊభ,ఊమሿሻ ൌ ሼ𝑥ଵ, 𝑥ଶሽ  

Definition 3.3 Let  𝐴୍୚୒ୗ be any interval valued neutrosophic set on  𝑋. We 
define the ሺ𝛼, 𝛽, 𝛾ሻ strong cut of interval valued neutrosophic set 𝐴, denoted by 
𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻା, where 𝛼 ൌ ሾ𝛼ଵ, 𝛼ଶሿ, 𝛽 ൌ ሾ𝛽ଵ, 𝛽ଶሿ and 𝛾 ൌ ሾ𝛾ଵ, 𝛾ଶሿ  ∈
 ሾ0,1ሿ such that 0 ൑ 𝛼 ൅ 𝛽 ൅ 𝛾 ൑ 3, 

𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻା

ൌ ቐ〈
𝑥: inf 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଵ ൌ 𝛼ଵ, sup 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଶ ൌ 𝛼ଶ,

inf 𝐼஺ሺ𝑥ሻ ൏ 𝛽ଵ ൌ 𝛽ଵ, sup 𝐼஺ሺ𝑥ሻ ൏ 𝛽ଶ ൌ 𝛽ଶ,
inf 𝐹஺ሺ𝑥ሻ ൏ 𝛾ଵ ൌ 𝛾ଵ, sup 𝐹஺ሺ𝑥ሻ ൏ 𝛾ଶ ൌ 𝛾ଶ

〉 ; 𝑥 ∈ 𝑋ቑ 

we define 

1. 𝐴ሺሾఈభ,ఈమሿሻା ൌ ሼ〈𝑥: inf 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଵ, sup 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଶ〉; 𝑥 ∈ 𝑋ሽ the strong 𝛼-
cut of the truth membership function generated by 𝐴, 

2. 𝐴ሺሾఉభ,ఉమሿሻା ൌ ሼ〈𝑥: inf 𝐼஺ሺ𝑥ሻ ൏ 𝛽ଵ, sup 𝐼஺ሺ𝑥ሻ ൏ 𝛽ଶ〉; 𝑥 ∈ 𝑋ሽ the strong 𝛽-cut 
of the indeterminacy membership function generated by 𝐴 and 

3. 𝐴ሺሾఊభ,ఊమሿሻା ൌ ሼ⟨𝑥:  inf 𝐹஺ሺ𝑥ሻ ൏ 𝛾ଵ, sup 𝐹஺ሺ𝑥ሻ ൏ 𝛾ଶ⟩; 𝑥 ∈ 𝑋ሽ the strong 𝛾-cut 
of the falsity membership function generated by 𝐴. 

Example 3.4 Let 𝑋 ൌ ሼ𝑥ଵ, 𝑥ଶ, 𝑥ଷሽ. Consider an interval valued neutrosophic set:  

 𝐴 ൌ  ሼ 𝑥ଵ: ሺሾ0.5, 0.6ሿ; ሾ0.3, 0.4ሿ; ሾ0.2,0.3ሿሻ;    

          𝑥ଶ: ሺሾ0.5, 0.8ሿ;  ሾ0.4, 0.6ሿ;  ሾ 0.4, 0.5ሿሻ; 

          𝑥ଷ: ሺሾ0.1, 0.2ሿ;  ሾ0.4, 0.5ሿ;  ሾ0.7, 0.8ሿሻሽ  

Let   𝛼ଵ ൌ 0.3; 𝛽ଵ ൌ 0.4; 𝛾ଵ  ൌ 0.5 ∈ ሾ0,1ሿ, 

      𝛼ଶ ൌ  0.5; 𝛽ଶ ൌ 0.6; 𝛾ଶ ൌ  0.7 ∈  ሾ0,1ሿ.  

Then, 

 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻା ൌ ሼ𝑥ଵሽ 

 𝐴ሺሾఈభ,ఈమሿሻା ൌ ሼ𝑥ଵ, 𝑥ଶሽ 
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 𝐴ሺሾఉభ,ఉమሿሻା ൌ ሼ𝑥ଵሽ 

 𝐴ሺሾఊభ,ఊమሿሻା ൌ ሼ𝑥ଵ, 𝑥ଶሽ 

Moreover, we can define the cut sets where for any ordered  𝛼 ൌ ሾ𝛼ଵ, 𝛼ଶሿ, 
𝛽 ൌ ሾ𝛽ଵ, 𝛽ଶሿ and 𝛾 ൌ ሾ𝛾ଵ, 𝛾ଶሿ  ∈  ሾ0,1ሿ such that 0 ൑ 𝛼 ൅ 𝛽 ൅ 𝛾 ൑ 3, as: 

𝐴ሺሾఈభ,ఈమሿା,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ ൌ 

ሼ〈𝑥: 𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଵ, 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଶ,  𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ ൑ 𝛽ଵ, 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ ൑
𝛽ଶ, 𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଵ, 𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଶ〉; 𝑥 ∈ 𝑋ሽ is  ሺ𝛼൅, 𝛽, 𝛾ሻ, 

𝐴ሺሾఈభ,ఈమሿା,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ ൌ ቐ〈
𝑥: 𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଵ, 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଶ,

 𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ ൑ 𝛽ଵ, 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ ൑ 𝛽ଶ,
𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଵ, 𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଶ

〉 𝑥 ∈ 𝑋ቑ  

is ሺ𝛼, 𝛽൅, 𝛾ሻ and 

𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿାሻ ൌ ቐ〈
𝑥: 𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଵ, 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଶ,

𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ ൑ 𝛽ଵ, 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ ൑  𝛽ଶ,
𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ ൏ 𝛾ଵ, 𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ ൏ 𝛾ଶ

〉 𝑥 ∈ 𝑋ቑ 

is a ሺ𝛼, 𝛽, 𝛾൅ሻ-cut set of 𝐴, respectively. Similarly, we can define other cut sets 
of  𝐴.  

Proposition 3.5 The cut sets of interval valued neutrosophic sets satisfy the 
following properties: for an interval valued neutrosophic set A on 𝑋, any 
ordered 𝛼 ൌ ሾ𝛼ଵ, 𝛼ଶሿ, 𝛽 ൌ ሾ𝛽ଵ, 𝛽ଶሿ and ൌ ሾ𝛾ଵ, 𝛾ଶሿ ∈  ሾ0,1ሿ, 𝜆 ൌ ሾ𝜆ଵ, 𝜆ଶሿ,  
𝜇 ൌ ሾ𝜇ଵ, 𝜇ଶሿ, 𝛿 ൌ ሾ𝛿ଵ, 𝛿ଶሿ such that 0 ൑ 𝛼 ൅ 𝛽 ൅ 𝛾 ൑ 3, and such that 0 ൑ 𝜆 ൅
 𝜇 ൅ 𝛿 ൑ 3, 

(1) 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ ൌ 𝐴ሺሾఈభ,ఈమሿሻ ∩ 𝐴ሺሾఉభ,ఉమሿሻ ∩ 𝐴ሺሾఊభ,ఊమሿሻ,  

(2) If ሾ𝛼ଵ, 𝛼ଶሿ ൌ ሾ𝛾ଵ, 𝛾ଶሿ,  𝐴௖
ሺሾఈభ,ఈమሿሻ ൌ 𝐴௖

ሺሾఊభ,ఊమሿାሻ, 

(3) 𝐴௖
ሺሾఉభ,ఉమሿሻ ൌ 1 െ 𝐴௖

ሺሾఉభ,ఉమሿାሻ and 𝐴௖
ሺሾఊభ,ఊమሿାሻ ൌ 𝐴௖

ሺሾఈభ,ఈమሿሻ, 

𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻା ⊆ 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ, 

(4) For 𝛼ଵ  ൒  𝜆ଵ and  𝛼ଶ  ൒  𝜆ଶ, 𝛽ଵ ൑  𝜇ଵ and 𝛽ଶ ൑  𝜇ଶ, 𝛾ଵ ൑  𝛿ଵ and 𝛾ଶ ൑  𝛿ଶ, 
𝐴ሺሾఈభ,ఈమሿሻ ⊆ 𝐴ሺሾఒభ,ఒమሿሻ, 𝐴ሺሾఉభ,ఉమሿሻ ⊆ 𝐴ሺሾఓభ,ఓమሿሻ, 𝐴ሺሾఊభ,ఊమሿሻ ⊆ 𝐴ሺሾఋభ,ఋమሿሻ and 
𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ ⊆ 𝐴ሺሾఒభ,ఒమሿ,ሾఓభ,ఓమሿ,ሾఋభ,ఋమሿሻ. 

Proof. Let  𝐴୍୚୒ୗ be any interval valued neutrosophic set on 𝑋 for any 
ordered  𝛼 ൌ ሾ𝛼ଵ, 𝛼ଶሿ, 𝛽 ൌ ሾ𝛽ଵ, 𝛽ଶሿ and 𝛾 ൌ ሾ𝛾ଵ, 𝛾ଶሿ ∈  ሾ0,1ሿ, ൌ ሾ𝜆ଵ, 𝜆ଶሿ , 
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𝜇 ൌ ሾ𝜇ଵ, 𝜇ଶሿ, 𝛿 ൌ ሾ𝛿ଵ, 𝛿ଶሿ  such that 0 ൑ 𝛼 ൅ 𝛽 ൅ 𝛾 ൑ 3, and such that 0 ൑ 𝜆 ൅
 𝜇 ൅ 𝛿 ൑ 3,  

(1) Follows directly from Definition 3.1. 

(2) We know  

 𝐴௖ ൌ ቐ〈
𝑥: ሾ𝑖𝑛𝑓𝐹஺ሺ𝑥ሻ, 𝑠𝑢𝑝𝐹஺ሺ𝑥ሻሿ,

ሾ1 െ 𝑠𝑢𝑝𝐼஺ሺ𝑥ሻ, 1 െ 𝑖𝑛𝑓𝐼஺ሺ𝑥ሻሿ,
ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻሿ

〉 𝑥 ∈ 𝑋ቑ 

so   

 𝐴௖
ሺሾఈభ,ఈమሿሻ ൌ ሼ〈𝑥: inf 𝐹஺ሺ𝑥ሻ ൒ 𝛾ଵ, sup 𝐹஺ሺ𝑥ሻ ൒ 𝛾ଶ〉; 𝑥 ∈ 𝑋ሽ. 

By definition 

 𝐴ሺሾఊభ,ఊమሿሻା ൌ ሼ〈𝑥: inf 𝐹஺ሺ𝑥ሻ ൏ 𝛾ଵ, sup 𝑇஺ሺ𝑥ሻ ൏ 𝛾ଶ〉; 𝑥 ∈ 𝑋ሽ, 

 𝐴௖
ሺሾఊభ,ఊమሿାሻ ൌ ሼ〈𝑥: inf 𝐹஺ሺ𝑥ሻ ൒ 𝛾ଵ, sup 𝐹஺ሺ𝑥ሻ ൒ 𝛾ଶ〉; 𝑥 ∈ 𝑋ሽ. 

Therefore, 𝐴௖
ሺሾఈభ,ఈమሿሻ ൌ 𝐴௖

ሺሾఊభ,ఊమሿାሻ.  
Similarly, 𝐴௖

ሺሾఉభ,ఉమሿሻ ൌ 1 െ 𝐴௖
ሺሾఉభ,ఉమሿାሻ and 𝐴௖

ሺሾఊభ,ఊమሿାሻ ൌ 𝐴௖
ሺሾఈభ,ఈమሿሻ 

can be also proved. 

(3)  𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻା 

ൌ ቐ〈
𝑥: inf 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଵ, sup 𝑇஺ሺ𝑥ሻ ൐ 𝛼ଶ,

inf 𝐼஺ሺ𝑥ሻ ൏ 𝛽ଵ, sup 𝐼஺ሺ𝑥ሻ ൏ 𝛽ଶ,
inf 𝐹஺ሺ𝑥ሻ ൏ 𝛾ଵ, sup 𝐹஺ሺ𝑥ሻ ൏ 𝛾ଶ

〉 𝑥 ∈ 𝑋ቑ 

 ⊆ ቐ〈
𝑥: 𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଵ, 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଶ,

𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ ൑ 𝛽ଵ, 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ ൑  𝛽ଶ,
𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଵ, 𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ ൑ 𝛾ଶ

〉 𝑥 ∈ 𝑋ቑ 

 ൌ 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ 

Hence, 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻା ⊆ 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ. 

(4) By Definition 3.1, for any element x of 𝐴ሺሾఈభ,ఈమሿሻ, 𝛼ଵ ൒  𝜆ଵ and 𝛼ଶ ൒  𝜆ଶ   
inf 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଵ ൒  𝜆ଵ, sup 𝑇஺ሺ𝑥ሻ ൒ 𝛼ଶ ൒  𝜆ଶ imply that 𝐴ሺሾఈభ,ఈమሿሻ ⊆
 𝐴ሺሾఒభ,ఒమሿሻ. 

For any element 𝑥 of 𝐴ሺሾఉభ,ఉమሿሻ, 𝛽ଵ ൑  𝜇ଵ and 𝛽ଶ ൑  𝜇ଶ, inf 𝐼஺ሺ𝑥ሻ ൑ 𝛽ଵ ൑
 𝜇ଵ, sup 𝐼஺ሺ𝑥ሻ  ൑ 𝛽ଶ ൑  𝜇ଶ show that  𝐴ሺሾఉభ,ఉమሿሻ  ⊆ 𝐴ሺሾఓభ,ఓమሿሻ. 
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Similarly, for 𝛾ଵ ൑  𝛿ଵ and  𝛾ଶ ൑  𝛿ଶ, we obtain 𝐴ሺሾఊభ,ఊమሿሻ  ⊆ 𝐴ሺሾఋభ,ఋమሿሻ. 

Therefore, we can say that 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ ⊆ 𝐴ሺሾఒభ,ఒమሿ,ሾఓభ,ఓమሿ,ሾఋభ,ఋమሿሻ. 

Example 3.6: Let us consider set 𝐴 defined in Example 3.2. Let 𝑋 ൌ
ሼ𝑥ଵ, 𝑥ଶ, 𝑥ଷሽ be an interval valued neutrosophic set 

 𝐴 ൌ ቐ〈
𝑥ଵ: ሺሾ0.5,0.6ሿ, ሾ0.3,0.4ሿ, ሾ0.2,0.3ሿሻ,
𝑥ଶ: ሺሾ0.5,0.8ሿ, ሾ0.4,0.6ሿ, ሾ0.4,0.5ሿሻ,
𝑥ଷ: ሺሾ0.1,0.2ሿ, ሾ0.4,0.5ሿ, ሾ0.7,0.8ሿሻ

〉ቑ 

Let   𝛼ଵ ൌ 0.3; 𝛽ଵ ൌ 0.4; 𝛾ଵ  ൌ 0.5 ∈ ሾ0,1ሿ 

        𝛼ଶ ൌ  0.5; 𝛽ଶ ൌ 0.6; 𝛾ଶ ൌ  0.7 ∈  ሾ0,1ሿ. 

Then, 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ ൌ ሼ 𝑥ଵ, 𝑥ଶሽ and 𝐴ሺሾఈభ,ఈమሿሻ ൌ ሼ 𝑥ଵ, 𝑥ଶሽ, 𝐴ሺሾఉభ,ఉమሿሻ ൌ
ሼ 𝑥ଵ, 𝑥ଶ, 𝑥ଷሽ,  𝐴ሺሾఊభ,ఊమሿሻ ൌ ሼ 𝑥ଵ, 𝑥ଶሽ. 

We can realize that 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ ൌ ሼ 𝑥ଵ, 𝑥ଶሽ is actually the intersection 
of 𝐴ሺሾఈభ,ఈమሿሻ, 𝐴ሺሾఉభ,ఉమሿሻ and 𝐴ሺሾఊభ,ఊమሿሻ, i.e. 𝐴ሺሾఈభ,ఈమሿ,ሾఉభ,ఉమሿ,ሾఊభ,ఊమሿሻ ൌ 𝐴ሺሾఈభ,ఈమሿሻ ∩
𝐴ሺሾఉభ,ఉమሿሻ ∩ 𝐴ሺሾఊభ,ఊమሿሻ. 

4 Algebraic Operations over Interval Valued Neutrosophic Sets 

Let 𝐴 and 𝐵 be two interval valued neutrosophic sets on a universal set 𝑋. We 
define algebraic operations such as addition, subtraction, multiplication, 
division and scalar multiplication over the interval neutrosophic sets 𝐴 and 𝐵 as 
follows: 

1. 𝐴 ൅ 𝐵 ൌ ሼ𝑧, max ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ ൅ inf 𝑇஻ሺ𝑥ሻ െ inf 𝑇஺ሺ𝑥ሻ. inf 𝑇஻ሺ𝑥ሻ  
sup 𝑇஺ሺ𝑥ሻ ൅ sup 𝑇஻ሺ𝑥ሻ െ sup 𝑇஺ሺ𝑥ሻ. sup 𝑇஻ሺ𝑥ሻሿ 
min ሾሺ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ. inf 𝐼஻ሺ𝑥ሻ, ሺsup 𝐼஺ሺ𝑥ሻ. sup 𝐼஻ሺ𝑥ሻሿ, 
 min ሾሺ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ. inf 𝐹஻ሺ𝑥ሻ, ሺsup 𝐹஺ሺ𝑥ሻ. sup 𝐹ሺ𝑥ሻሿ 
: 𝑧 ൌ 𝑥 ൅ 𝑦 , ሺ𝑥, 𝑦ሻ ∈ 𝑋 ൈ 𝑌ሽ. 

2. 𝐴 െ 𝐵 ൌ ሼ𝑧, max ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ ൅ 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻ െ 𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ. 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻ , 
𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ ൅ 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻ െ 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ. 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿ, 
min ሾሺ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ. 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻ, ሺ𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ. 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻ ሿ, 
min ሾሺ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ. 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻ, ሺ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ. 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻ ሿ 
: 𝑧 ൌ 𝑥 െ 𝑦 , ሺ𝑥, 𝑦ሻ ∈ 𝑋 ൈ 𝑌}. 

3. 𝐴. 𝐵 ൌ ሼ⟨𝑧, maxሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ. 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ. 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿ, 
𝑚𝑖𝑛ሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ ൅ 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻ െ 𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ. 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻ , 
𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ ൅ 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻ െ   𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ. 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿ, 
𝑚𝑖𝑛ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ ൅ 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻ െ 𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ. 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻ ,  
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𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ ൅ 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻ െ   𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ. 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿ⟩ 
: 𝑧 ൌ 𝑥. 𝑦, ሺ𝑥, 𝑦ሻ ∈ 𝑋 ൈ 𝑌ሽ. 

4. 𝐴/𝐵 ൌ  ሼ𝑧, max ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ. 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ. 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿ , 
min ሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ ൅ 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻ െ 𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ. 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻ ,  
𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻ െ   𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ. 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿ, 
min ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ ൅ 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻ െ 𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ. 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻ,  
𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ ൅ 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻ െ   𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ. 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿ 
: 𝑧 ൌ 𝑥/𝑦, ሺ𝑥, 𝑦ሻ ∈ 𝑋 ൈ 𝑌ሽ, 

5.  𝜆𝐵 ൌ ൛ൻ𝑧, 𝑚𝑎𝑥ൣ1 െ ሺ1 െ 𝑖𝑛𝑓𝑇஻ሺ𝑦ሻሻఒ, 1 െ ሺ1 െ 𝑠𝑢𝑝𝑇஻ሻఒ൧ 
𝑚𝑖𝑛ൣ𝑖𝑛𝑓𝐼஻ሺ𝑦ሻఒ, 𝑠𝑢𝑝𝐼஻ሺ𝑦ሻఒ൧, 
𝑚𝑖𝑛ൣ𝑖𝑛𝑓𝐹஻ሺ𝑦ሻఒ, 𝑖𝑛𝑓𝐹஻ሺ𝑦ሻఒ൧ൿൟ 

where λ is any nonzero real number. 

Example 4.1 Let  

𝐴 ൌ  ሼ3; ሺሾ0.2,0.3ሿ, ሾ0.1,0.4ሿ, ሾ0.2,0.5ሿሻ, 2; ሺሾ0.3,0.5ሿ, ሾ0.2,0.6ሿ, ሾ0.3,0.4ሿሻሽ 

and 

𝐵 ൌ ሼ1; ሺሾ0.1,0.2ሿ, ሾ0.2,0.3ሿ, ሾ0.3,0.5ሿሻ, 5; ሺሾ0.2,0.4ሿ, ሾ0.1,0.3ሿ, ሾ0.2,0.5ሿሻሽ 
be two interval valued neutrosophic sets. 

1. 𝐴 ൅ 𝐵 ൌ ሼ4; ሺሾ0.28,0.44ሿ, ሾ0.02,0.12ሿ, ሾ0.06,0.25ሿሻ,  
8; ሺሾ0.36,0.58ሿ, ሾ0.01,0.12ሿ, ሾ0.04,0.25ሿሻ, 
3; ሺሾ0.37,0.6ሿ, ሾ0.04,0.18ሿ, ሾ0.09,0.2ሿሻ,  
7; ሺሾ0.44,0.7ሿ, ሾ0.02,0.18ሿ, ሾ0.06,0.2ሿሻሽ. 

2. 𝐴 െ 𝐵 ൌ ሼ2; ሺሾ0.28,0.44ሿ, ሾ0.02,0.12ሿ, ሾ0.06,0.25ሿሻ,  
െ2; ሺሾ0.36,0.58ሿ, ሾ0.01,0.12ሿ, ሾ0.04,0.25ሿሻ, 
1; ሺሾ0.37,0.6ሿ, ሾ0.04,0.18ሿ, ሾ0.09,0.2ሿሻ,  
െ3; ሺሾ0.44,0.7ሿ, ሾ0.02,0.18ሿ, ሾ0.06,0.2ሿሻሽ. 

3. 𝐴. 𝐵 ൌ ሼ3; ሺሾ0.02,0.06ሿ, ሾ0.28,0.58ሿ, ሾ0.44,0.7ሿሻ,  
15; ሺሾ0.06,0.2ሿ, ሾ0.19,0.58ሿ, ሾ0.36,0.75ሿሻ,  
2; ሺሾ0.03,0.1ሿ, ሾ0.36,0.72ሿ, ሾ0.51,0.58ሿሻ, 
10; ሺሾ0.06,0.2ሿ, ሾ0.28,0.72ሿ, ሾ0.51,0.7ሿሻሽ. 

4. 𝐴 𝐵⁄ ൌ ሼ3; ሺሾ0.02,0.06ሿ, ሾ0.28,0.58ሿ, ሾ0.44,0.7ሿሻ, 
3/5; ሺሾ0.06,0.2ሿ, ሾ0.19,0.58ሿ, ሾ0.36,0.75ሿሻ, 
2; ሺሾ0.03,0.1ሿ, ሾ0.36,0.72ሿ, ሾ0.51,0.58ሿሻ, 
2/5; ሺሾ0.06,0.2ሿ, ሾ0.28,0.72ሿ, ሾ0.51,0.7ሿሻሽ. 

5. 𝐵 ൌ ሼ3; ሺሾ0.001,0.027ሿ, ሾ0.008,0.065ሿ, ሾ0.097,0.025ሿሻ, 
15; ሺሾ0.008,0.016ሿ, ሾ0.001,0.027ሿ, ሾ0.008,0.025ሿሻሽ. 



114 Mehmet Şahin, et al. 

4.1 New Operations of Interval Valued Neutrosophic Sets 

4.1.1 Disjunctive Sum 

Let 𝐴 and 𝐵 be two interval valued neutrosophic sets on a universal set 𝑋. We 
define the disjunctive sum of two interval valued neutrosophic sets such that 

𝐴 ⊕  𝐵 ൌ  ሺ𝐴 ∩  𝐵஼ሻ ∪ ሺ𝐴஼  ∩  𝐵ሻ where 
𝐴 ൌ ሼ⟨𝑥, ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻሿ, ሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻሿ, 

ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻሿ⟩: 𝑥 ∈ 𝑋ሽ, 

𝐵 ൌ ሼ⟨𝑥, ሾ𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿ, ሾ𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻ, 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿ, 
ሾ𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿ⟩: 𝑥 ∈ 𝑋ሽ, 

𝐴௖ ൌ ሼ⟨𝑥: ሾ𝑖𝑛𝑓𝐹஺ሺ𝑥ሻ, 𝑠𝑢𝑝𝐹஺ሺ𝑥ሻሿ, ሾ1 െ 𝑠𝑢𝑝𝐼஺ሺ𝑥ሻ, 1 െ 𝑖𝑛𝑓𝐼஺ሺ𝑥ሻሿ, 
ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻሿ⟩: 𝑥 ∈ 𝑋ሽ, 

𝐵௖ ൌ ሼ⟨𝑥: ሾ𝑖𝑛𝑓𝐹஻ሺ𝑥ሻ, 𝑠𝑢𝑝𝐹஻ሺ𝑥ሻሿ, ሾ1 െ 𝑠𝑢𝑝𝐼஻ሺ𝑥ሻ, 1 െ 𝑖𝑛𝑓𝐼஻ሺ𝑥ሻሿ, 
ሾ𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿ⟩: 𝑥 ∈ 𝑋ሽ, 

for all 𝑥 in 𝑋. Then, we present the following on the disjunctive sum for the 
truth-membership function, 

𝑇஺∩஻಴  ൌ  ሼ 𝑚𝑖𝑛ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻሿ, 𝑚𝑖𝑛ሾ𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿሽ, 
 𝑇஺಴∩஻ ൌ  ሼ 𝑚𝑖𝑛ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻሿ, 𝑚𝑖𝑛ሾ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿሽ, 
𝑇஺⊕஻ ൌ ሼ𝑚𝑎𝑥ሺ𝑚𝑖𝑛ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻሿ, 𝑚𝑖𝑛ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻሿ,
𝑚𝑎𝑥ሺ𝑚𝑖𝑛ሾ𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿ, 𝑚𝑖𝑛ሾ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿሻሽ, 

Next, for the indeterminacy membership function, 

𝐼஺∩஻೎ ൌ  ሼ 𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 1 െ 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ , 1 െ 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻሿሽ, 
𝐼஺೎∩஻ ൌ  ሼ 𝑚𝑎𝑥ሾ1 െ 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ1 െ 𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿሽ, 
𝐼஺⊕஻ ൌ ሼmin ሺmax ሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 1 െ 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿ, max ሾ1 െ 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻሿሻ, 
𝑚𝑖𝑛ሺ𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ , 1 െ 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ1 െ 𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿሽ, 

Finally, for the falsity-membership function, 

 𝐹஺∩஻೎ ൌ  ሼ 𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿሽ, 
 𝐹஺೎∩஻ ൌ  ሼ 𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿሽ, 
𝐹஺⊕஻ ൌ ሼ𝑚𝑖𝑛ሺ𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻሿሻ, 
           𝑚𝑖𝑛ሺ𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿሻሽ. 

Therefore, we conclude that 

𝐴 ⊕ 𝐵 ൌ ሼ𝑥; ሾmax ሺmin ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻሿ, min ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻሿሻ,  
𝑚𝑎𝑥ሺ𝑚𝑖𝑛ሾ𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿ, 𝑚𝑖𝑛ሾ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿሻሿ, 
  ሾ𝑚𝑖𝑛ሺ𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 1 െ 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ1 െ 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻሿሻ, 
 min ሺmax ሾ𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ , 1 െ 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻሿ, max ሾ1 െ 𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿሻሿ, 
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  ሾ𝑚𝑖𝑛ሺ𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻሿሻ, 
 𝑚𝑖𝑛ሺ𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿሻሿሽ. 

Example 4.2.2.: Let 𝐴 ൌ ሼ 𝑥ଵ; ሺሾ0.2,0.3ሿ, ሾ0.1,0.4ሿ, ሾ0.2,0.5ሿሻሽ and 𝐵 ൌ
ሼ𝑥ଶ; ሺሾ0.1,0.2ሿ, ሾ0.2,0.3ሿ, ሾ0.3,0.5ሿሻሽ be two interval valued neutrosophic sets. 
Then, the disjunctive sum is equal to 

𝐴 ⊕ 𝐵
ൌ ሼ𝑥; ሾ𝑚𝑎𝑥ሺ𝑚𝑖𝑛ሾ0.2,0.3ሿ, 𝑚𝑖𝑛ሾ0.2,0.1ሿሻ, 𝑚𝑎𝑥ሺ𝑚𝑖𝑛ሾ0.3,0.5ሿ, 𝑚𝑖𝑛ሾ0.5,0.2ሿሻሿ, 

ሾ𝑚𝑖𝑛ሺ𝑚𝑎𝑥ሾ0.1,0.7ሿ 𝑚𝑎𝑥ሾ0.6,0.2ሿሻ, 𝑚𝑖𝑛ሺ𝑚𝑎𝑥ሾ0.4,0.8ሿ , 𝑚𝑎𝑥ሾ0.9,0.3ሿሻሿ, 

ሾ𝑚𝑖𝑛ሺ𝑚𝑎𝑥ሾ0.2,0.1ሿ 𝑚𝑎𝑥ሾ0.2,0.3ሿሻ, 𝑚𝑖𝑛 ሺ𝑚𝑎𝑥ሾ0.5,0.2ሿ , 𝑚𝑎𝑥ሾ0.3,0.5ሿሻሿሽ. 

Hence, we obtain from the above equality 

 𝐴 ⊕ 𝐵 ൌ ሼ𝑥; ሺሾ0.2,0.3ሿ, ሾ0.6,0.8ሿ, ሾ0.2,0.5ሿሻሽ. 

4.1.2 Difference of Interval Valued Neutrosophic Sets 

Let 𝐴 and 𝐵 be two interval valued neutrosophic sets on a universal set 𝑋. We 
define the difference of two interval valued neutrosophic sets such that  𝐴 ⊝
𝐵 ൌ  𝐴 ∩ 𝐵௖,  where  

 𝐴 ൌ ൜
𝑥, ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻሿ, ሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻሿ,

ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻሿ: 𝑥 ∈ 𝑋
ൠ, 

 𝐵 ൌ  ൜
𝑥, ሾ𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿ, ሾ𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻ, 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿ,

ሾ𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿ: 𝑥 ∈ 𝑋
ൠ, 

 𝐵௖ ൌ ൜〈
𝑥: ሾ𝑖𝑛𝑓𝐹஻ሺ𝑥ሻ, 𝑠𝑢𝑝𝐹஻ሺ𝑥ሻሿ, ሾ1 െ 𝑠𝑢𝑝𝐼஻ሺ𝑥ሻ, 1 െ 𝑖𝑛𝑓𝐼஻ሺ𝑥ሻሿ,

ሾ𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿ
〉 𝑥 ∈ 𝑋ൠ 

for all 𝑥 in 𝑋. Then, we present the following on the difference for the truth-
membership function, the indeterminacy membership function and the falsity- 
membership function, respectively. 

 𝑇஺∩஻೎ ൌ  ሼ 𝑚𝑖𝑛ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻሿ, 𝑚𝑖𝑛ሾ𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿሽ, 

𝐼஺∩஻೎ ൌ  ሼ 𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 1 െ 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ , 1 െ 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻሿሽ  

and 

𝐹஺∩஻೎ ൌ  ሼ 𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿሽ. 

Hence, we have that 

𝐴 ⊝  𝐵 ൌ  ሼ𝑥; ሺ𝑚𝑖𝑛ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐹஻ሺ𝑥ሻሿ, 𝑚𝑖𝑛ሾ𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஻ሺ𝑥ሻሿሻ, 

ሺmaxሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 1 െ 𝑠𝑢𝑝 𝐼஻ሺ𝑥ሻሿ , maxሾ𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻ , 1 െ 𝑖𝑛𝑓 𝐼஻ሺ𝑥ሻሿሻ,  

ሺ𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑖𝑛𝑓 𝑇஻ሺ𝑥ሻሿ, 𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஻ሺ𝑥ሻሿሻሽ. 
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Example 4.2.4: Using the values of example 4.2.2, we calculate the difference 
values and we obtain the following result: 

𝐴 ⊝ 𝐵 ൌ ൜
𝑥; ሺminሾ0.2,0.3ሿ , minሾ0.3,0.5ሿሻ,

𝑚𝑎𝑥ሾ0.4,0.8ሿሻ, ሺ𝑚𝑎𝑥ሾ0.2,0.1ሿ, 𝑚𝑎𝑥ሾ0.5,0.2ሿሻൠ 

Therefore, 

 𝐴 ⊝ 𝐵 ൌ  ሼ𝑥; ሺሾ0.2,0.3ሿ, ሾ0.7,0.8ሿ, ሾ0.2,0.5ሿሻሽ. 

4.1.3 Cartesian Product of Interval Valued Neutrosophic Sets 

Let A be an interval valued neutrosophic set on a universal set 𝑋. We define the 
power of the interval valued neutrosophic set 𝐴 such that 

 𝐴 ൌ ሼ𝑥, ሾ𝑖𝑛𝑓 𝑇஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺ሺ𝑥ሻሿ, ሾ𝑖𝑛𝑓 𝐼஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐼஺ሺ𝑥ሻሿ, 

ሾ𝑖𝑛𝑓 𝐹஺ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஺ሺ𝑥ሻሿ: 𝑥 ∈ 𝑋ሽ, 

 𝐴ଶ ൌ  ሼ𝑥, ሾ𝑖𝑛𝑓 𝑇஺
ଶሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺

ଶሺ𝑥ሻሿ, ሾ𝑖𝑛𝑓 𝐼஺
ଶሺ𝑥ሻ , 𝑠𝑢𝑝 𝐼஺

ଶሺ𝑥ሻሿ, 

ሾ𝑖𝑛𝑓 𝐹஺
ଶሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஺

ଶሺ𝑥ሻሿ: 𝑥 ∈ 𝑋ሽ, 

where inf 𝑇஺
ଶሺ𝑥ሻ ൌ ሾinf 𝑇஺ሺ𝑥ሻሿଶ, sup 𝑇஺

ଶሺ𝑥ሻ ൌ ሾsup 𝑇஺ሺ𝑥ሻሿଶ and so are the other 
functions. Similarly, the 𝑚௧௛ power of interval valued neutrosophic set 𝐴௠ may 
be computed as 

 𝐴௠ ൌ  ሼ𝑥, ሾ𝑖𝑛𝑓 𝑇஺
௠ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺

௠ሺ𝑥ሻሿ, ሾ𝑖𝑛𝑓 𝐼஺
௠ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐼஺

௠ሺ𝑥ሻሿ, 

ሾinf F୅
୫ሺxሻ , sup F୅

୫ሺxሻሿ: x ∈ Xሽ. 

Denoting 𝑇஺భ
ሺ𝑥ሻ, 𝑇஺మ

ሺ𝑥ሻ, … , 𝑇஺೙
ሺ𝑥ሻ, 𝐼஺భ

ሺ𝑥ሻ, 𝐼஺మ
ሺ𝑥ሻ, … , 𝐼஺೙

ሺ𝑥ሻ and 
𝐹஺భ

ሺ𝑥ሻ, 𝐹஺మ
ሺ𝑥ሻ, … , 𝐹஺೙

ሺ𝑥ሻ as the truth-membership function, indeterminacy 
membership function and falsity membership function, respectively 
𝐴ଵ, 𝐴ଶ, … , 𝐴௡ for all 𝑥ଵ, 𝑥ଶ, … , 𝑥௡ ∈ 𝑋. Then, the probability for n-tuple 
ሺ𝑥ଵ, 𝑥ଶ, … , 𝑥௡ሻ to be involved in a Cartesian product neutrosophic set is 

𝐴ଵ ൈ 𝐴ଶ ൈ … ൈ 𝐴௡ ൌ ሼ𝑥; ሾ𝑚𝑖𝑛ሾ𝑖𝑛𝑓 𝑇஺భ
ሺ𝑥ሻ , 𝑖𝑛𝑓 𝑇஺మ

ሺ𝑥ሻ , … , 𝑖𝑛𝑓 𝑇஺೙
ሺ𝑥ሻሿ, 

𝑚𝑖𝑛ሾ𝑠𝑢𝑝 𝑇஺భ
ሺ𝑥ሻ , 𝑠𝑢𝑝 𝑇஺మ

ሺ𝑥ሻ , … , 𝑠𝑢𝑝 𝑇஺೙
ሺ𝑥ሻሿ ሿ, 

ሾ𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐼஺భ
ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐼஺మ

ሺ𝑥ሻ , … , 𝑖𝑛𝑓 𝐼஺೙
ሺ𝑥ሻሿ, 

𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐼஺భ
ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐼஺మ

ሺ𝑥ሻ , … , 𝑠𝑢𝑝 𝐼஺೙
ሺ𝑥ሻሿ ሿ, 

ሾ 𝑚𝑎𝑥ሾ𝑖𝑛𝑓 𝐹஺భ
ሺ𝑥ሻ , 𝑖𝑛𝑓 𝐹஺మ

ሺ𝑥ሻ , … , 𝑖𝑛𝑓 𝐹஺೙
ሺ𝑥ሻሿ, 

𝑚𝑎𝑥ሾ𝑠𝑢𝑝 𝐹஺భ
ሺ𝑥ሻ , 𝑠𝑢𝑝 𝐹஺మ

ሺ𝑥ሻ , … , 𝑠𝑢𝑝 𝐹஺೙
ሺ𝑥ሻሿ ሿሽ. 

Example 4.2.6: Let 𝐴 ൌ ሼ 𝑥ଵ; ሺሾ0.2,0.3ሿ, ሾ0.1,0.4ሿ, ሾ0.2,0.5ሿሻሽ be an interval 
valued neutrosophic set on  𝑋. Then, the triple Cartesian product for 𝐴 is 
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𝐴ଷ ൌ  𝐴 ൈ 𝐴 ൈ 𝐴 ൌ ሼ𝑥; ൣ𝑚𝑖𝑛ሾ0.2, 0.04, 0.008ሿ, 𝑚𝑖𝑛ሾ0.3, 0.09, 0.027ሿ൧,
ൣ𝑚𝑎𝑥ሾ0.1, 0.01, 0.001ሿ, 𝑚𝑎𝑥ሾ0.4, 0.16, 0.064ሿ൧, 
ൣ𝑚𝑎𝑥ሾ0.2, 0.04, 0.008ሿ, 𝑚𝑎𝑥ሾ0.5, 0.25, 0.125ሿ൧ሽ 

Thus, we can easily see that 

 𝐴ଷ ൌ  ሼ𝑥; ሾ0.008,0.027ሿ, ሾ0.1, 0.4ሿ, ሾ0.2, 0.5ሿሽ. 

What we conclude from the result is that the values of the indeterminacy 
membership function and falsity membership function in the Cartesian product 
are the same with A, whereas the value of the truth membership is decreased 
since the values are between 0 and 1 and the powers are less than themselves. 

5 Conclusion 

In this work, some new concepts have been put forward, such as the disjunctive 
sum, difference ሺ𝛼, 𝛽, 𝛾ሻ-cut interval valued neutrosophic sets and the ሺ𝛼, 𝛽, 𝛾ሻ-
cut strong interval valued neutrosophic sets of interval valued neutrosophic sets. 
Some related properties have been established with examples and counter 
examples. It is hoped that our work will enhance the understanding of interval 
valued neutrosophic sets.  
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