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Abstract. In this paper, we define the disjunctive sum, difference and Cartesian
product of two interval valued neutrosophic sets and study their basic properties.
The notions of the (a, B,y) interval cut set of interval valued neutrosophic sets
and the (a, §,y) strong interval cut set of interval valued neutrosophic sets are
put forward. Some related properties have been established with proof, examples
and counter examples.
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1 Introduction

Many theories have been developed for uncertainties, including the theory of
probability, the theory of fuzzy sets, the theory of intuitionistic fuzzy sets, the
theory of rough sets, and so on. Although many new techniques have been
developed as a result of these theories there are still some difficulties. Major
difficulties arise due to inadequacy of parameters. In 1999, Smarandache [1,2]
proposed the concept of the neutrosophic set (NS) by adding an independent
indeterminacy-membership function, which is a generalization of a classic set, a
fuzzy set [3], an intuitionistic fuzzy set [4], and so on. In an NS, the
indeterminacy is quantified explicitly and truth-membership function (T),
indeterminacy-membership function (I), and false-membership function (F) are
completely independent and from a scientific or engineering point of view, the
NS operators need to be specified. Therefore, Wang, et al. [5] defined the single
valued neutrosophic set (SVNS) and then provided the set-theoretic operations
and various properties of single valued neutrosophic sets. Wang, et al. [6]
proposed the set-theoretic operations on an instance of the neutrosophic set,
called the interval valued neutrosophic set (IVNS), which is more flexible and
practical than the NS. Works on single valued neutrosophic sets (SVNS) and
interval valued neutrosophic sets (IVNS) and their hybrid structure in theory
and applications have progressed rapidly (e.g., [7-23]). Also, neutrosophic sets
have been extended to neutrosophic models both in theory [24-28] and in
applications [29-32].
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The organization of this paper is as follows. In Section 2, some basic properties
of neutrosophic sets are redefined. In Section 3, the (a, 5, y) interval cut sets of
interval valued neutrosophic sets are defined and some properties of these
(a,B,v) interval cut sets are given. In Section 4, the operations of addition,
subtraction, multiplication and division over neutrosophic multi-sets are defined
based on the interval valued neutrosophic set. Finally, the conclusion is given.

2 Preliminaries

In this section, we recall some concepts of neutrosophic set theory and interval
valued neutrosophic set theory. See the refences for more detailed explanations
related to this subsection and its background.

Definition 2.1 [4]: An intuitionistic fuzzy set (IFS) 4 in X is:
A ={(x,pa(x),va(x) :x €X},

where the functions pu(x), v4(x) : X — [0,1] with the condition 0 <
Ua(x) + v4(x) < 1. The numbers py(x) and v, (x) represent, respectively, the
degree of membership and degree of non-membership of the element x € X.

Definition 2.2 [33]: Let A = {{x, u4(x),v4(x) Y:x € X } be any intuitionistic
fuzzy set on the universal set X. For any ordered pair {(a, 8), where a € [0, 1],
Bef0,1],and0 < a+ B <1, let:

Agp =) Zanx)<p:xeX}
which is called the {a, )-cut set (or level set) of intuitionistic fuzzy set A.
Definition 2.3 [34]: Let X be an universe of discourse with a generic element in

X, denoted by x. Then, a neutrosophic (NS) set 4 is an object with the following
form:

A = {{(x: Ty(x), [ (x), F4(x)), x € X}

A neutrosophic set 4 in X is characterized by truth-membership function 7,
indeterminacy membership function /,, and falsity-membership function F,.
T4(x), 14(x) and F,(x) are real standard or non-standard subsets of J0, 17.
That is:

Ty(x): X -»]70,1%[
L (x): X -»]70,17[
Fu(x): X »]70,17]

There is no restriction on the sum of T4(x), I4(x) and F,(x), so:
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70 < supT,(x) + suply(x) + supF,(x) < 3*.

Instead of ]°0, 17[, we need to take the interval [0, 1] for technical applications,
because 170, 17 will be difficult to apply in real applications, for example in
scientific and engineering problems.

For two NS:
Ans = {{x, Ty (%), In(x), FA(®) |x € X}
and
Bys = {{x, Tg(x), I5(x), Fg(x)) |x € X}
the two relations are defined as follows:
(1) ANS c BNS if and Only if
Ta(x) < Tg(x), 1a(x) 2 Ip(x), Fa(x) = Fp(x)
(2) ANS = BNS if and Only if
Ta(x) = Tg(x), 14(x) =15(x), Fa(x) = Fp(x).
Definition 2.4: [5,34] Let X be a space of points (objects) with a generic
element in X denoted by x. An interval valued neutrosophic set (IVNS) 4 in X
is characterized by truth-membership function 7, indeterminacy-membership

function /4, and falsity-membership function F,. For each point x € X, T4(x),
I,(x), Fp(x) < [0,1].

This can be written as:

_ (%, [inf Ty (x), sup Ty (x)], [inf I, (x) , sup I, (x)],, .
Ans = {< ! [ianA?x) , sup FA[Ex)] ! )ix€ X}
Definition 2.5 [5]: For two IVNS,
_ (% [inf T4 (x), sup Ty (x)], [inf I, (x) , sup I, (x)],, .
Awns = {< ! [ianA?x) , sup FAféx)] ! )ix€ X}
and
_ (x, [infTg(x),sup Tg(x)], [inf Iz (x), sup Iz (x)],, .
Brvns = {< ’ [ianBBéx) ,sup FBEEx)] ’ )ix€ X}'

we now present the set-theoretic operators on the interval neutrosophic set.

1. An interval valued neutrosophic set 4 is contained in another interval valued
neutrosophic set B, Ajyns € Biyns, if and only if
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inf Ty (x) < infTg(x),sup T4(x) < sup Tz (x),

infl,(x) = infIg(x),sup I,(x) = sup Iz(x),

infF,(x) = inf Fg(x),sup F,(x) = sup Fg(x),
forall x € X.

2. Two interval valued neutrosophic sets A and B are equal, written as
Ayns = Biyns, ifandonlyif A € BandB € A, i.e.

infT4(x) = infTg(x),sup T4 (x) = sup Tz (x),
infly(x) = inflg(x),sup I4(x) = sup Iz(x),
inf F,(x) = inf Fg(x), sup F,(x) = sup Fg(x),

for any x € X.

3. An interval neutrosophic set 4 is empty if and only if

inf Ta(x) = sup Tp(x) = 0,
inf I4(x) = suply(x) =1 and
inf Fy(x) = sup F,(x) =0,

forall x € X.

4. The complement of an interval neutrosophic set A is denoted by A€ and is
defined by

x, [inf F4(x), sup F4(x)],
Aynse =3 [1 = suply(x),1 —infl4(x)], : x € X,
[infT4(x), sup T4 (x)]

for all x in X.

5. The intersection of two neutrosophic sets A and B is a neutrosophic set A N
B, whose truth-membership, indeterminacy-membership and falsity-
membership functions are related to those of 4 and B by

x, [infT4 (x) A infTg(x), supT,(x) A supTg(x),
Apns N Byns =3 [infly(x) V inflg (x), suply(x) V suplg(x)], ):x € X¢,
[infF, (x) V infFg(x), supF,(x) V supFg (x)

for all x in X.

6. The union of two interval neutrosophic sets A and B is an interval
neutrosophic set Apyns U Biyns, Whose truth-membership, indeterminacy-
membership and false-membership are related to those of A and B by
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x, [inf T,(x) Vinf Tg (x), sup T, (x) V sup T (x)]
Ans U Bryns = $( [infI,(x) A inflg(x),suply(x) Asuplz(x)], Y:x €X
[inf F4(x) Ainf Fg(x), sup F,4(x) A sup Fg(x)]

for all x € X.

7. The difference of two interval neutrosophic sets A and B is an interval
neutrosophic set Ajyns\ Brvns, Whose truth-membership, indeterminacy-
membership and falsity-membership functions are related to those of A and
B by

Ans\Biyns =
x, [min{inf T, (x), inf Fg(x)}, min{supT, (x), supFg(x)}],
{([max(inf[A(x), 1 — suplz(x)), max(sup [,(x), 1 —infIz(x))],) x € X}
[max(inf F,(x), inf Tg(x)), max(sup F,(x), sup Tg(x))]

8. The addition of two interval neutrosophic sets 4 and B is an interval
neutrosophic set Apyns + Biyns, Whose truth-membership, indeterminacy-
membership and falsity-membership functions are related to those of 4 and
B by

Apns + Bns =
X, [min(inf Ty (x) + inf Ty (x), 1) , min(sup T4 (x) + sup Tg(x), 1)],
( [min(infl,(x) + inflg(x),1), min(supI(x) + suplg(x),1)], )x €X
[min(inf F5 (x) + infFg(x),1), min(sup F4(x) + sup Fg(x),1)]

forall x € X.

9. The scalar multiplication of interval neutrosophic set 4 is Apyns. @, whose
truth-membership, indeterminacy-membership and falsity-membership
functions are related to those of 4 by

x, [min(inf T, (x).a ,1), min(sup T4 (x).a ,1)],
Ans-a ={{ [min(infl,(x).a,1), min(sup I (x).a,1)], }):x € X
[min(inf F,(x). a,1), min(sup F4(x).a ,1)]

forallx € X,a €R".

10. The scalar division of interval neutrosophic set A is Ajyys/a, whose truth-
membership, indeterminacy-membership and falsity-membership functions
are related to those of 4 by

x, [min(inf T4 (x) /a ,1) , min(sup T4 (x) /a ,1)],
Ans/a =< ( [min(infl,(x)/ a,1), min(sup I,(x)/ a,1)], }:x € X
[min(inf F,(x)/ a,1), min(sup F,4(x).a,1)]

forallx € X,a € R™.
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3 (a, B,y) Interval Cut Set of Interval Valued Neutrosophic
Sets

Definition 3.1 Let
X, [lnfTA (x) , Sup TA (x)]r
Ayns = 1( [infly(x),supL(x)], ):x € X
[inf F, (x) , sup F4(x)]
be any interval valued neutrosophic set on X. For any ordered a = [ay, a5,

B = [B1,B2] and ¥ = [y1,72] € [0,1], such that 0 < a + 8 +y < 3. We define
the (a,B,y) cut of interval valued neutrosophic set A, denoted by

Adlayaz) [B1.B21ly1 72D
x:inf Ty(x) = aq, sup Ty(x) = ay,
AlararBrbollysl) =) () < prsupla(0) < fr, x €X
inf Fy(x) < yp, sup F4(x) < yy;

That is,

Adlar,az1181.821 172D
x:infTy(x) Ay = ag,supTy(x) Aay, = ay,

=4 infly(x) vV By = By, suplu(x) VB, =Bz, )x €EX .
infF4(x) Vy:r =y, sup Fa(x) Vy, = 72
We define
A(la,a,)) = {x:inf Ty (x) = ay,sup Ty (x) = ay; x € X} the a-cut of the truth

membership function generated by A.

A, g, = Lt inf I4(x) < By, suply(x) < B, ;x € X} the f-cut of the
indeterminacy membership function generated by A and

A(ly,y,D) = {x: inf F4(x) < yq, sup F4(x) < y,;x € X} the y-cut of the falsity
membership function generated by 4.

Example 3.2 Let = {x;, x5, x3}. Let us consider an interval valued neutrosophic
set:

A = {x;:([0.5,0.6]; [0.3,0.4]; [0.2,0.3]);

x5:([0.5,0.8]; [0.4,0.6]; [ 0.4,0.5]);

x3:([0.1,0.2]; [0.4,0.5]; [0.7,0.8])}

Leta; =0.3;p8;, =04;y; =05€[0,1] and @, =0.5; 8, =0.6;y, = 0.7 €
[0,1].
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Then,

A(lay,ar) BB ry.]) = (X1, X2}. Here, x5 is not an element of this cut set.
Moreover,

A(lay,a,)) = {x1, %2}
Ap, g, = 1x1, %2, X3}
A([YLYZ]) = {xlixz}

Definition 3.3 Let A;yns be any interval valued neutrosophic set on X. We
define the (a, §,y) strong cut of interval valued neutrosophic set A, denoted by

A(lay @) [BuBalviyaD+> Where a = [aqg, ], B =[B1,B8;] and ¥ = [y1,72] €
[0,1] suchthat0 < a+ B +y <3,

Adlay,a) I8y Iy 2+
x: infTy(x) > a; = ag,supTy(x) > a, = a,,

={( infl,(x) < By =P, suplu(x) <P =p2 );x€X
infFy(x) <y =ynsupFu(x) <y, =y,
we define

1. Aqaya,n+ = {x: infTy(x) > ag,sup To(x) > ay); x € X} the strong a-
cut of the truth membership function generated by A4,

2. Aqp,pn+ = Hxiinf I (x) < By, supIy(x) < B,); x € X} the strong S-cut
of the indeterminacy membership function generated by A and

3. Agyy.n+ = W inf Fy(x) < yq,sup F4(x) < y,); x € X} the strong y-cut

of the falsity membership function generated by A.
Example 3.4 Let X = {x;, x,, x3}. Consider an interval valued neutrosophic set:
A = {x:([0.5,0.6]; [0.3,0.4]; [0.2,0.3]);

x,:([0.5,0.8]; [0.4,0.6]; [ 0.4,0.5]);

x3: ([0.1,0.2]; [0.4,0.5]; [0.7,0.8])}
Let a; =0.3;8, =04;y, =0.5€][0,1],

a, = 0.5:f, = 0.6;7, = 0.7 € [0,1].
Then,
Alay,as) [B1Bo) oD+ = (ad

A(laya])+ = 1x1, %2}
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A+ = T

Allyrya+ = (X1, %2}
Moreover, we can define the cut sets where for any ordered a = [aq, a5],
B =[P, B2l andy = [y1,72] € [0,1] suchthat0 < a+ B +y < 3, as:
A(lay,a)+ (BB lyrva)) =

{(x:inf Ty(x) > aq, sup Ty(x) > @y, inf I;(x) < By, suply(x) <
B2, inf F4(x) < y1,s5up Fy(x) < y,);x € X}is (a+,B,7),

x:inf Ty(x) > ay, sup Ty(x) > a,,
Adlararl+ By = )¢ T LG < By sup () < B, )x € X
inf Fy(x) < vy, sup F4(x) < v,
is (a, f+,y) and
x:inf Ty(x) = aq, sup Ty(x) = ay,
A([0-’1'052]'[51.[32],[)/1,)’2]“') = ( inf IA(x) = 'Bl’sup IA(x) = 'BZ’ )X EX
inf Fy(x) <yp,sup Fy(x) <y,

is a (@, B, y+)-cut set of A, respectively. Similarly, we can define other cut sets
of A.

Proposition 3.5 The cut sets of interval valued neutrosophic sets satisfy the
following properties: for an interval valued neutrosophic set 4 on X, any

ordered a = [ay,a,], B =1[B1,B:] and = [y, v2] € [0,1], A =[A3,4;],
= [uq, 4], 6 =[61,6,] suchthat 0 < @+ B+ y < 3, and such that 0 < 1 +
U+ <3,

(D) Aday,arllB1.8:00yr2D) = Adayasd N AsLED N Ayl

() If [ag, az] = [yi, V2] AC(ayan)) = AC(yiyal+)

() Apupn = 1= A%(p, g1+ A Ay, 1,14) = A% (lay.az));

Alay,a:)[B18:1 v+ S Alay,az) (81821 Iy1r2])
(4) Fora; = Ajand ay, = 1,51 < ppand By < py, 71 < 6 and y, < 6y,
Afara) € Ay AdBus) € Adurnl)> Ay € Asys,n  and
Alar,asl BB 1) S A Aa] k1) [81,82])

Proof. Let Ajyns be any interval valued neutrosophic set on X for any
ordered a = [ay, @3], B =1[B1, 2] and y=[yyv2]€ [01], =[A1,4,],
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= [uq, 4], 6 = [61,6,] suchthat 0 < a + B +y < 3, and such that 0 < 1 +
u+96<3,

(1) Follows directly from Definition 3.1.

(2) We know

x: [inf Fy(x), supFu(x)],
A€ = (1 —suply(x),1 —infl,(x)],)x €X
[inf T4(x), sup Ty (x)]

SO

A ((a, ap]) = x: InfFy(x) = vy, sup Fu(x) = y,); x € X}
By definition

A+ = {xiinf Fy(x) <y, sup Ty (x) <yz);x € X},

A (fy1ya1+) = W inf Fy(x) = yq,sup Fy(x) = v,); x € X3

Therefore, AC([OCLazD = Ac([VLYz]"')'

Similarly, A%, g,1) = 1= A%(1p,,p,1+) A0 A (s 10 = A%(laz D)
can be also proved.

) Alay,asllBrBallyiyaD+

x: infTy(x) > aq,sup T4 (x) > ay,

( infly(x) < By, suply(x) < By, Yx€EX
il’lfFA(X) < ¥1,SuUp FA(X) <V

x:inf Ty(x) = ag, sup Ty(x) = ay,
(infly(x) < By, suply(x) < fp, YXEX
inf Fy(x) < yp,sup F4(x) <y

N

= A(lay,a,11B1.82) [v1v2))
Hence, A([ay,a,)18:.8,1r1v2D+ S Adarar) BBl lviva)):
(4) By Definition 3.1, for any element x of A([q, a,1)» @1 = 41 and a; = 4,
infTA(x) 2 al 2 Alﬂ Sup TA(X) 2 az 2 AZ ln’lply that A([allaz]) c
A(y,25])-

For any element x of Ajg, g,1)» B1 < #1 and B, < wyp, infly(x) <y <
M1, sup [y(x) < By < pp show that Ap, g1y S Auyu,))-
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Similarly, fory; < 6; and y, < &,, we obtain Ay, ,1) S A((5,,8,])

Therefore, we can say that A((q, a,118,,8,1ly1.v.D) S AWAA21 111021 [61,82])-

Example 3.6: Let us consider set A defined in Example 3.2. Let X =
{x1, x5, x5} be an interval valued neutrosophic set

x;: ([0.5,0.6], [0.3,0.4], [0.2,0.3]),
A = {(x,: ([0.5,0.8],[0.4,0.6], [0.4,0.5]),)
x3: ([0.1,0.2], [0.4,0.5], [0.7,0.8])

Let a; =0.3;B, =04;y; =05€][0,1]

Then, A((a,,a,118:.8,)viy.D = { X1, %2} and Aga, 0,1 = { X1, X2}, A(p,p,) =
{ x1, %2, x3}, Ay, = {x1,x2}.

We can realize that A((q, a,1,[8,,8,1lyir2]) = L X1, X2} is actually the intersection

of Afaya,l)> Aprpl) A4 Ay, y,Ds 1€ Adlay,ayllBr81av2D) = Alaraz) N
Ap.:0 N Alysy.D-

4 Algebraic Operations over Interval Valued Neutrosophic Sets

Let A and B be two interval valued neutrosophic sets on a universal set X. We
define algebraic operations such as addition, subtraction, multiplication,
division and scalar multiplication over the interval neutrosophic sets A and B as
follows:

1. A+ B = {z,max[inf T,(x) + inf Tz (x) — inf T, (x). inf T (x)
sup T4 (x) + sup Tg(x) — sup T4 (x).sup Tg(x)]
min[(inf I,(x).infI5(x), (sup I4(x).sup Iz (x)],
min[(inf F,(x).inf Fg(x), (sup F4(x).sup F(x)]
z=x+y,(x,y) EX XY}

2. A —B = {z,max[inf Ty(x) + inf Tg(x) — inf To(x).inf Tg(x),
sup Ty (x) + sup Tg(x) — sup T4(x). sup Tz (x)],
min[(inf I, (x).inf Ig(x), (sup [, (x).sup Ip(x) ],
min[(inf F4(x). inf Fp(x), (sup Fp(x).sup Fg(x) ]
z=x-y,(x,y) EX XY}

3. A.B = {{z, max[inf T,(x).inf Tg(x), sup T4(x).sup Tg(x)],
min[inf I;(x) + inf Ig(x) —inf I;(x).inf I5(x),
sup I,(x) + sup Ig(x) — sup I4(x).sup Iz(x)],
min[inf F;(x) + inf Fg(x) — inf F4(x).inf Fg(x),
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sup F (x) + sup Fg(x) — sup F4(x).sup Fg(x)])
z=x.y,(x,y) EX XY}

4. A/B = {z,max[inf T,(x).inf Tg(x),sup T4(x).sup Tg(x)],
min[inf I,(x) + inf Ig(x) — inf [(x).inf Ig(x),
sup L, (x) sup Ig(x) — sup I, (x). sup Iz (x)],
min[inf Fy(x) + inf Fg(x) — inf F4(x).inf Fg(x),
sup F (x) + sup Fg(x) — sup F4(x).sup Fg(x)]
z=x/y,(x,y) EX XY},

5. 2B = {(zmax[1~ (1 = inf ;)% 1 = (1 = supTy)’]
min[ianB M4, suplg (}’)'1]'
min[inf Fs(»)%, inf Fs (0)*])}

where A is any nonzero real number.

Example 4.1 Let
A = {3;([0.2,0.3],[0.1,0.4],[0.2,0.5]), 2; ([0.3,0.5], [0.2,0.6], [0.3,0.4])}
and

B ={1;(]0.1,0.2],[0.2,0.3],[0.3,0.5]), 5; ([0.2,0.4], [0.1,0.3],[0.2,0.5])}
be two interval valued neutrosophic sets.

1. A+ B = {4;([0.28,0.44],[0.02,0.12],[0.06,0.25]),
8; ([0.36,0.58],[0.01,0.12],[0.04,0.25]),
3; ([0.37,0.6], [0.04,0.18], [0.09,0.2]),
7;([0.44,0.7],[0.02,0.18],[0.06,0.2])}.

2. A—B ={2;([0.28,0.44],[0.02,0.12],[0.06,0.25]),
—2;([0.36,0.58],[0.01,0.12],[0.04,0.25]),
1; ([0.37,0.6], [0.04,0.18], [0.09,0.2]),
—3;([0.44,0.7],[0.02,0.18],[0.06,0.2])}.

3. A.B = {3;(]0.02,0.06],[0.28,0.58], [0.44,0.7]),
15; ([0.06,0.2],[0.19,0.58],[0.36,0.75]),
2; ([0.03,0.1],[0.36,0.72],[0.51,0.58]),
10; ([0.06,0.2],[0.28,0.72],[0.51,0.7])}.

4. A/B = {3;([0.02,0.06],[0.28,0.58],[0.44,0.7]),
3/5; ([0.06,0.2],[0.19,0.58], [0.36,0.75]),
2; ([0.03,0.1],[0.36,0.72],[0.51,0.58]),
2/5; ([0.06,0.2],[0.28,0.72],[0.51,0.7])}.

5. B ={3;([0.001,0.027], [0.008,0.065], [0.097,0.025]),
15; ([0.008,0.016], [0.001,0.027], [0.008,0.025])}.
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4.1  New Operations of Interval Valued Neutrosophic Sets

4.1.1 Disjunctive Sum

Let A and B be two interval valued neutrosophic sets on a universal set X. We
define the disjunctive sum of two interval valued neutrosophic sets such that

A® B = (AnBYYuU (A" n B) where
A = {{x, [inf Ty(x), sup Ty ()], [inf [,(x) , sup 14(x)],
[inf F4(x) , sup Fp(x)]): x € X},

B = {({x, [inf Tg(x), sup Tg (x)], [inf Ig(x), sup Iz (x)],
[inf Fg(x),sup Fg(x)]): x € X},

A¢ = {{x: [inf F4(x), supFa(x)], [1 — supls(x), 1 — infl4(x)],
[inf T4(x), sup Ty(x)]): x € X},

B¢ = {{x: [inf Fg(x), supFp (x)], [1 = suplp(x), 1 — inflp(x)],
linf T (x), sup T (x)]): x € X3,

for all x in X. Then, we present the following on the disjunctive sum for the
truth-membership function,

T ngc = {min[inf Ty(x),inf Fg(x)], min[sup To(x), sup Fg(x)]},
T cng = {minlinf Fy(x), inf Tg(x)], min[sup F,(x), sup Tz (x)]},
Trgp = {max(minlinf T4(x) ,inf Fg(x)], min[inf F,(x) , inf Tg(x)],
max(min[sup Ty (x), sup Fg(x)], min[sup F,4(x), sup Tg(x)])},

Next, for the indeterminacy membership function,

Lynge = {max[inf I,(x),1 — sup Ig(x)], max[sup I,(x), 1 — inf Iz (x)]},

Iyeng = {max[1 —sup l4(x),inf Izg(x)], max[1 — inf I4(x), sup Ig(x)]},

Ligp = {min(max[inf I,(x),1 — sup Iz(x)], max[1 — sup I, (x) , inf Iz (x)]),

min(max[sup I,(x),1 — inf I[g(x)], max[1 — inf I4(x),sup Ig(x)]},

Finally, for the falsity-membership function,

Fange = {max[inf F,(x),inf Tg(x)], max[sup F4(x), sup Tg(x)]},
Facng = {max[inf Ty(x),inf Fg(x)], max[sup T4(x),sup Fg(x)]},

Fygp = {min(max[inf F4(x) , inf Tg(x)], max[inf To(x) ,inf Fg(x)]),

min(max[sup F,(x), sup Tg(x)], max[sup T4(x), sup Fg(x)])}.

Therefore, we conclude that

A @ B = {x; [max(min[inf T,(x),inf Fg(x)], min[inf F4(x),inf Tg(x)]),

max(min[sup T, (x), sup Fg(x)], min[sup F,(x), sup Tg(x)])],
[min(max[inf I,(x),1 — sup Ig(x)], max[1 — sup I;(x) , inf I5(x)]),
min(max[sup I,(x),1 — inf Ig(x)], max[1 — inf I[,(x), sup I (x)])],
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[min(max[inf F4(x),inf Tg(x)], max[inf T4(x), inf Fg(x)]),
min(max[sup F,(x), sup Tg(x)], max[sup T,(x), sup Fg(x)])]}-

Example 4.2.2.: Let A ={x4;([0.2,0.3],[0.1,0.4],[0.2,0.5])} and B =
{x5;([0.1,0.2],[0.2,0.3],[0.3,0.5])} be two interval valued neutrosophic sets.
Then, the disjunctive sum is equal to

AD®B
= {x; [max(min[0.2,0.3], min[0.2,0.1]), max(min[0.3,0.5], min[0.5,0.2])],

[min(max[0.1,0.7] max[0.6,0.2]), min(max[0.4,0.8] , max[0.9,0.3])],
[min(max[0.2,0.1] max[0.2,0.3]), min(max[0.5,0.2] ,max[0.3,0.5])]}.
Hence, we obtain from the above equality

A® B = {x;([0.2,0.3],[0.6,0.8],[0.2,0.5])}.

4.1.2 Difference of Interval Valued Neutrosophic Sets

Let A and B be two interval valued neutrosophic sets on a universal set X. We
define the difference of two interval valued neutrosophic sets such that A ©
B = AN B¢, where

A= {X. linf Ta(x), sup To(x)], [inf I,(x) , sup IA(X)],}
- [inf F4(x),sup Fy(x)]:x € X ’

5= {x, [inf Tg(x), sup Tg(x)], [inf I5(x), sup I (x)],}
linf Fg(x),sup Fg(x)]:x € X ’
B¢ = {(X: [inf Fp (x), supFp(x)], [1 — suplp(x), 1 — infIp(x)]
[inf Tp(x), sup Tp(x)]
for all x in X. Then, we present the following on the difference for the truth-

membership function, the indeterminacy membership function and the falsity-
membership function, respectively.

Nx EX}

Tyange = {min[inf T4(x),inf Fg(x)], min[sup T4(x), sup Fg(x)]},

Iange = {max[inf I,(x),1 — sup Iz(x)], max[sup I,(x), 1 — inf [ (x)]}
and

Fanpe = {max[inf Fy(x), inf Tg(x)], max[sup F4(x) , sup T (x)]}.
Hence, we have that

A © B = {x;(min[inf Ty(x),inf Fg(x)],min[sup T4(x), sup Fg(x)]),
(max[inf I,(x),1 — sup Ig(x)], max[sup I,(x),1 — inf I5(x)]),
(max[inf F4(x), inf Tp(x)], max[sup F4(x) , sup Tg (x)])}.
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Example 4.2.4: Using the values of example 4.2.2, we calculate the difference
values and we obtain the following result:

_ x; (min[0.2,0.3], min[0.3,0.5]),
AOB = {max[0.4,0.8]), (max[O.Z,O.l],max[0.5,0.2])}

Therefore,

A© B = {x;([0.2,0.3],[0.7,0.8],[0.2,0.5])}.

4.1.3 Cartesian Product of Interval Valued Neutrosophic Sets

Let 4 be an interval valued neutrosophic set on a universal set X. We define the
power of the interval valued neutrosophic set A such that
A = {x, [inf Ta(x), sup Ty ()], [inf [y (x), sup 4 (x)],
[inf F4(x),sup Fy(x)]:x € X3},
A% = {x, [inf T (x), sup T ()], [inf I3 (x) , sup IF (x)],
[inf FZ(x),sup F2(x)]: x € X},
where infTZ(x) = [inf T, (x)]?, sup T?(x) = [sup T4(x)]? and so are the other

functions. Similarly, the m* power of interval valued neutrosophic set A™ may
be computed as

A™ = {x, [inf T{* (), sup T (0, linf I} (x), sup I (x)],
[inf F{'(x), sup FR'(x)]: x € X}.

Denoting Ta, (), Ta, (x), oo, Ta, (%), 1, (X), La, (%), oov, Lg, (X) and
Fp (x), F4,(x), ..., Fa, (x) as the truth-membership function, indeterminacy
membership function and falsity membership function, respectively
A, Ay, ..., A, for all xq,%,..,x, €X. Then, the probability for n-tuple
(x4, x5, ..., Xy) to be involved in a Cartesian product neutrosophic set is
Ay X Ay X .. X Ap = {x; [min[inf Ty, (x),inf Ty, (x), ..., inf Ty (x)],

min[sup Ty, (x), sup Ty, (x), ..., sup Ty (x)] ],

[max[inf 1y, (x),inf 14, (x), ..., inf 14 (x)],

max[sup Iy, (x),sup Iy, (x), ..., sup Iy (x)]1,

[ max[inf Fy (x),inf F4,(x), ..., inf F4 (x)],

max[sup Fy (x),sup Fy,(x), ..., sup Fy (x)] ]}.
Example 4.2.6: Let A = {x4; ([0.2,0.3],[0.1,0.4],[0.2,0.5])} be an interval
valued neutrosophic set on X. Then, the triple Cartesian product for 4 is
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A3 = Ax AX A= {x; [min[0.2,0.04,0.008], min[0.3,0.09,0.027]],
[max[0.1,0.01,0.001], max[0.4,0.16,0.064]],
[max[0.2,0.04,0.008], max[0.5,0.25, 0.125]]}

Thus, we can easily see that
A3 = {x; [0.008,0.027],[0.1,0.4],[0.2,0.5]}.

What we conclude from the result is that the values of the indeterminacy
membership function and falsity membership function in the Cartesian product
are the same with A, whereas the value of the truth membership is decreased
since the values are between 0 and 1 and the powers are less than themselves.

5 Conclusion

In this work, some new concepts have been put forward, such as the disjunctive
sum, difference (a, B8, y)-cut interval valued neutrosophic sets and the (a, §,v)-
cut strong interval valued neutrosophic sets of interval valued neutrosophic sets.
Some related properties have been established with examples and counter
examples. It is hoped that our work will enhance the understanding of interval
valued neutrosophic sets.
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