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Abstract: In this paper, we combined entropy with linguisti neutrosophic cubic numbers and used it
in daily life problems related to a corporation that is going to choose an area supervisor, which is the
main target of our proposed model. For this, we first develop the theory of linguistic neutrosophic
cubic numbers, which explains the indeterminate and incomplete information by truth, indeterminacy
and falsity linguistic variables (LVs) for the past, present, as well as for the future time very effectively.
After giving the definitions, we initiate some basic operations and properties of linguistic neutrosophic
cubic numbers. We also define the linguistic neutrosophic cubic Hamy mean operator and weighted
linguistic neutrosophic cubic Hamy mean (WLNCHM) operator with some properties, which can
handle multi-input agents with respect to the different time frame. Finally, as an application, we give
a numerical example in order to test the applicability of our proposed model.

Keywords: neutrosophic set; neutrosophic cubic set; linguistic neutrosophic cubic numbers;
linguistic neutrosophic cubic weighted averaging operator; entropy of linguistic neutrosophic
cubic numbers; application; multiple attribute decision making problem

1. Introduction

In 1965, Zadeh [1] introduced the notion of fuzzy sets, which became a significant tool of studying
many vague and uncertain concepts. It has a large number of applications in social, medicine and
computer sciences. Atanassov [2] generalized the theme of a fuzzy set (FS) by initiating the idea of
intuitionistic fuzzy sets (IFS) by introducing the idea of non membership of an element in a certain set.
Jun et al. [3] initiated the idea of cubic sets, in which there are two representations: one is used for
the membership/certain value and the other one is used for the non membership/uncertain value.
The membership function is handled in the form of an interval, and the non membership is handled
by the ordinary fuzzy set. Cubic sets have been considered by many authors in other areas of
mathematics, for instance KU subalgebras [4,5], graph theory [6], left almost I'-semihypergroups [7],
LA-semihypergroups [8-11], semigroups [12,13] and Hv-LA-semigroups [14,15]. Smarandache [16,17]
presented the new idea of the neutrosophic set (NS) and neutrosophic logic, which the generalized
fuzzy set and intuitionistic fuzzy set. The neutrosophic set (NS) is defined by truth, indeterminacy
and falsity membership degrees. For applications in physical, technical and different engineering
regions, Wang et al. [18] suggested the concept of a single-valued neutrosophic set (SVNS) in
2010. After this, many researchers used neutrosophic sets in different research directions such
as De and Beg [19] and Gulistan et al. [20]. Jun et al. [21,22] extended the idea of cubic sets to

Symmetry 2018, 10, 428; d0i:10.3390/sym10100428 www.mdpi.com/journal /symmetry


http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0002-5560-5926
http://dx.doi.org/10.3390/sym10100428
http://www.mdpi.com/journal/symmetry

Symmetry 2018, 10, 428 2 of 30

neutrosophic cubic sets and defined different properties of external and internal neutrosophic cubic sets.
Recently, Gulistan et al. [23] combined neutrosophic cubic sets with graphs. In multi-criteria decision
making problems, the application of neutrosophic cubic sets was proposed by Zhan et al. [24]. In [25],
Hashim et al. used neutrosophic bipolar fuzzy sets in the HOPE foundation with different types of
similarity measures. For the aspects of real-life objectives, the human desire of judgment can be
used for linguistic expression rather than numerical expression to better suit the thinking of people.
Therefore, Zadeh [26] introduced the concept of linguistic variable and applied it to fuzzy reasoning.
The idea of aggregation operators was presented by many researchers in decision making problems; see
for example [27-29]. The concept of linguistic intuitionistic fuzzy numbers (LIFN) was introduced by
Chen et al. [30]. After that, some researchers also gave the idea of linguistic intuitionistic multi-criteria
group decision-making problems [31]. The theme of LNNg was initiated by Fang et al. [32]. Besides, a
multi-criteria decision making problem like the linguistic intuitionistic multi-criteria decision-making
problem was also introduced [33]. Ye in 2016 presented the concept of an LNNj and also gave the
idea of different aggregation operators in multiple attribute group decision making problems [34].
Then, the concept of a linguistic neutrosophic number was proposed to solve multiple attribute group
decision making problems by Li et al. in [35]. In [36], Hara et al. proposed some inequalities for certain
bivariate means. A useful tool known as entropy is used to determine the uncertainty in sets, like
the fuzzy set (FS) and intuitionistic fuzzy set (IFS), where LNCSis defined by managing uncertain
information about truth, indeterminacy and falsity membership functions. In 1965, Zadeh [37] first
defined the entropy of FS to determine the ambiguity in a quantitative manner. In the same way, the
non-probabilistic entropy was axiomatized by De Luca-Termini [38]. He also analyzed mathematical
properties of this functional and gave the considerations of and applicability to pattern analysis.
A distance entropy measure was proposed by Kaufmann [39]. A new non-probabilistic entropy
measure was introduced by Kosko [40]. In [41], Majumdar and Samanta introduced the notion of
two single-valued neutrosophic sets, their properties and also defined the distance between these
two sets. They also investigated the measure of entropy of a single-valued neutrosophic set. The
entropy of IFSs was introduced by Szmidt and Kacprzyk [42]. This entropy measure was consistent
with the considerations of fuzzy sets. Afterward, the measurement of fuzziness in terms of distance
between the fuzzy set and its compliment was put forward by Yager [43]; see also [37,44] for more
details. The entropy in terms of neutrosophic sets was discussed by Patrascu in [45]. The of linguistic
neutrosophic numbers (LNNSs) and the linguistic neutrosophic Hamy mean (HM) (LNHM) operator
was investigated by Liu et al., in [46]. Ye discussed linguistic neutrosophic cubic numbers and their
multiple attribute decision making method in [47].

The present study proposes a new notion of linguistic neutrosophic cubic numbers (LNCNs),
where the undetermined LNN; agrees with the truth, indeterminacy and falsity membership. Besides
that, we define the different operations on LNCNSs, the linguistic neutrosophic cubic Hamy mean
operator and the weighted linguistic neutrosophic cubic Hamy mean (WLNCHM) operator with some
properties that can handle multi-input agents with respect to the different time frames. We define
score, accuracy and certain functions of LNCNs. At the end, we use the developed approach in a
decision making problem related to a corporation choosing an area supervisor.

2. Preliminaries

In this section, we give some helpful material from the existing literature.

Definition 1. [35] LNN (linguistic neutrosophic numbers): Let U be a universal set and p = (po, p1,-- -, Pt)
be a linguistic term set (LT). An LNSA in U is specified by the truth, indeterminacy and falsity membershlp
functions & 5, B ; and % ;, where & 5, B 4,54 : U — [0,t], andV u € U, § = (Pip(u) iy () Pia(u ) € Ais
called an LNN of A.
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Remark 1. [35] Let A be the set of LNN, then its complement is represented by A€, which is denoted as
bij=Tpba=t—BpTi=as

Definition 2. [35] Letg° = (f)&, f)ﬁ’ ﬁf’y),g’l = (ﬁ&l,ﬁﬁl,ﬁ% ),gez = (ﬁﬁéz' ﬁﬁz,ﬁ»’yz) be any LNNg and A > 0.
Then (i):

8082 = G By 3) © i Py Pin) = (B iy i P P M

(ii):
§1982 = (Pay, Py, Pay) © (Pays P, Pin) = (sz/Pﬁ cpbib P, mz) @)

(iii):
)‘g = /\(ﬁ&rﬁﬁfﬁ’?) = (ﬁt_t( — iy P (f)’\,ﬁt(?)}\>; 3)

(iv)
c/\:(co o cu))\: o o . o . (4)

& = ParPp Py P Poya— gy Prora=r ) -

Definition 3. [35] Let § = (pa, P % ps) be an LNN. The following are the score and accuracy function of LNN,

s 2t+E— B4
S = 2P ©

A =41 6)

Definition 4. [35] Let §1 = (Pay, Py, Pin) &2 = (Pays Pp, P4,) be LNNs. Then: (1) If 5(§1) < 5(42),
then §1 < $». (2) If S($1) = S($2), (@) and H($1) < H($), then $1 < o, (b) and H($1) = H($),
then gol ~ goz.

Definition 5. [36] Suppose u;(i = 1,2,...,n) is an assortment of non-negative real numbers and parameter
k=1,2,...,n The Hamy mean (HM) is defined as:

B (ﬁ“fi) %

. 1< <. <n \j=1
HMk(xl,xz,...,xn): = lk*nn] (7)
(})
where  (f1,%y,...,%;) navigate all the k-tuple arrangements of (1,2,...,n), (}) is the
binomial ~ coefficient and (}) = 1 The following are some properties of HM:

. . kl(n—k)! ] )
(1) HM®*) (0,0,...,0) =0, HM(k)(u,Lf,...,u) =1u, (2) HM(k)(ul,uZ,. s ) < HM(k)(vl,vz,...,vn),
if uy < v; forall 7, (3) min{u;} < HM(k)(ul,uZ,...,un) < max{u;}.

Definition 6. [17] (Neutrosophic set) Let U be a non-empty set. A neutrosophic set in U is a structure of the
form A := {u; Ay (1), Ajug(u), Apa (1) |u € U}, is characterized by a truth membership Tru, indeterminacy
membership ind and falsity membership Fal, where Atyy, Aspa, Apar - U — [0,1].

Definition 7. [21] ( Neutrosophic cubic set) Let Xbe a non-empty set; an NCSin U is defined in the form of
a pair QO = (A, A) where A = {(x; ATm( % Alnd( ) AFal ) | u € U} is an interval neutrosophic set in U
and A = {(1; Aqpu(uy, Nind(uy Draiy) |4 € U) Y isa neutrosophzc set in U.
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3. Linguistic Neutrosophic Cubic Numbers and Operators

In this section, we define the linguistic neutrosophic cubic numbers and also discuss different
operations and properties related to linguistic neutrosophic cubic numbers. We define the cubic Hamy
mean operator, LNCHM operator and WLNCHM operator and discuss their properties.

Definition 8. LNCNs (linguistic neutrosophic cubic numbers): Let U be a universal set and
p = (Po,p1,--., pt) be a LTS. An LNCN A in U is determined by truth membership function (@4, 84),
an indeterminacy membership function (B 4, B ;) and a falsity membership function (7 4,5 4 ), where & 4, B 4,
Y4 + U — D[0,t] and &A'B/v Ya U — [0,t,Y u € U, and it is denoted by § =

(Plapica)w)r P ) )y P g wy) € A
Remark 2. Suppose A is a set of LNCNG, then its complement is represented by A® and defined as { (& 4, & ;)¢ =
(Yar¥a) (Barba) = (E=pat—=PBa), (T4 7a)" = (Rz,84)}

Definition 9. Let ¢ = (ﬁ(&,&),ﬁ(ﬁg),ﬁ(y,&)) &= (15(&1,&1)/fj(gl,ﬁl)/ﬁ(%%)> ¢
$ = (ﬁ(&z,ﬁcz)/ ﬁ(ﬁzﬁz)’ fi(%%)) be any LNCNs and A > 0. Then, we define:

(i):
§19% = (ﬁ@q,&l)'f’(gl,ﬁl)rﬁmm) S (%z,&z)rﬁ(ﬁz,ﬁ"z)fﬁ(mz>) ®)
- (P<>()P(ww)*’<>) ;
(ii):
§1@8 = (ﬁ(ﬁllf&l)’ﬁ(ﬁlrﬁl)’ﬁ(%,%)) ® (ﬁ(ﬁézr&z)’ﬁ(ﬁz,ﬁz)’ﬁ(%r%)) ©)
- (P(‘“’lf‘zf&lf‘z)’”(51+32,§1+ﬁz)_(ﬁ‘lf‘z,ﬁlfzy”mwzmw)(“7271?2)) /
(iii):
A=A ((ﬁ(&lf&l)’ﬁ(ﬁl,ﬁﬂ’ﬁ(’?h’yl)) @ (ﬁ(&z,&z)’ﬁ(ﬁzﬁz)’ﬁ(“?zﬁ?z))) (10)
= (ptt(lL},l%)A’Pt</§,é>}upt(?,?))\)
(iv):
A
& = ((p(ﬁllf&l)’p(ﬁbﬁl)’ﬂ?lﬁl)) @ (p(ﬁézﬁéz)’p(ﬁzﬁz)’ﬂ%ﬁz))) (11

= ) a a\Ar j = o\ Ay Z . SN A
(pt(t't) pt—t(l—?g_@) ptft(l—%,17%> )
It is clear that these operational result are still LNCNS.

Definition 10. Let ¢ = (ﬁ(&,ﬁc), p( B i) fi(;m)) , be an LNCN that depends on LTS, j. Then, the score function,
accuracy function and certain function of the LNCN, §, are defined as follows:
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(i):
&) =9 (P(&,&)IP(B £) P v))
= o l(4t+ B — g = pr) + (2t + Ba— By — By )], foro(@) € [0,1] (12)
(ii): .
(&) = 3 [(Pa = Py) + (Ba — )] for 2(8) € [-1,1] (13)
(iii): o
() = PP forw(g) € 0,1, (14)

Now, with the help of the above-defined function, we introduce a ranking method for these
function.

Definition 11. Let two LNCNs be §1 = (ﬁ(&pﬁcl)'ﬁ(ﬁl B]),fi(%%)) and

L Ife($) > ¢(§2) then § = &,

2. Ife($) = ¢(&2) and D($1) > D($2), then &1 = &,

3. Ife(s1) = ¢(§2), P(§1) = P(§2) and ¥ (1) > ¥($2), then §1 = &,
4. Ifo(1) = ¢(§2), P(§1) = P(§2) and ¥ ($1) = ¥($2), then &1 ~ &».

Example 1. Let §1 = (ﬁ(ﬁélrﬁél)’ﬁ(ﬁlrﬁl)’fj(“?lﬁ?l)) ;& = (ﬁ(&zl&z)’ﬁ(ﬁz,ﬁz)’ﬁ("?zl"?z)) and g3 =
(ﬁ(&sf&s)'ﬁ(ﬁ3,ﬁ°3)'ﬁ(%,%)> be three LNCN in the linguistic term set ¢ = {¢pg | § € [0,8]} where
& = ([0.2,0.3],]04,0.5],0.3,0.5],(0.1,0.2,0.3)), § = ([0.3,0.4],[0.4,0.5],[0.5,0.6],(0.2,0.4,0.6)),
$3 = ([0.4,0.5],[0.4,0.6],[0.5,0.7],(0.2,0.3,0.5)), then we will find the values of their score, accuracy
and certain function as follows:

(i) Score functions:

0(&) = o5 [(4+ pa — g — p7) + (2t + pi — B3 — P4)), for (&) € [0,1]

. [324+0.240.3—(04+05+0.340.5) +16 4+ 0.1 — (0.2 +0.3)]
¢(&1) = 77

= 0.644

. 32403404 —(04+05+054+0.6)+16+0.2— (0.4 +0.6)]
(&) = 73

= 0.6375

.\ _ [32404405—(04+0.6+05+07)+16402— (0.3+0.5)]
(&) = 75

= (0.638
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(ii) Accuracy functions:

O(8) = 3;1(P — i) + (B — p4)), for B(g) € [-11]
(02403 — (0.3+0.5) 4+ 0.1 —0.3]

O(¢1) = N
= —0.0208
. 034+04—(0540.6)+02—-0.6
@(g) = | L ]
= —0.0333
, 04+05—-(06+0.7)+03—-0.5
(g) = | (06 +07) ]
= —0.0292

(iii) Certain functions:

o\ _ Pat pa :
¥(g) = PP forw(g) € 0,1]

. 02+034+0.1
Y($1) = %
= 0.025
. 03+0440.2
¥(g) - 210202
= 0.0375
. 04+0540.2
¥(8s) = [Da+95+07 7 ]
= 0.0416

Definition 12. Suppose (il;, u;) where i = 1,2,...,n is an assortment of non-negative real numbers and
parameter k =1,2,...,n. Then, the cubic Hamy mean (CHM) is defined as follows:

(M )
Uz, Uz,
b l§f1<.‘.ii(§n j=1 ]j=1 !
CHM (i, u;) = 0 (15)
k

where (11,12, . .., 1) navigate all the k-tuple arrangements of (1,2,...,n.), (}) is the binomial coefficient and

(h = i&!(nniic)!'

Example 2. Let (ii;, u;) = ((#i1,u1), (ilp,up)) i = 1,2 and k = 1, where uy = ([0.2,0.4],(0.6)), up =
([0.3,0.5],(0.7)).
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CHM! (i, uy), (113, u2))
Y (11, w11) (1122, u22)))'

)
_ (11, u11) (1122, 1)))" + (11, 111) (i, u22)))!
)
y (([02,04], ( )) (02,04],(06)) '
(([0:3,0.5],(0.7)) ([0.3,0.5], (0.7)))
(f)
( ((]0.2,0.4], (0.6)) (0.2,0.4], (0.6))) >1
(([0.3,0.5], (0.7)) ([0.3,0.5], (0.7))) 1
+< (([02,04], (0:6)) ([02,04], (06))) )
_ (([0:3,0.5],(0.7)) ([0.3,0.5],(0.7)))
?)

(([0.04,0.16], (0.84)) ([0.09,0.25], (0.91)))
4 (([0.04,0.16], (0.84)) ([0.09,0.25], (0.91)))
- ©)

([0.004,0.04], (0.98))
~ \ +([0.004,0.04], (0.98))
- 6)
_ ([0.008,0.08], (0.96))
6
— ([0.004,0.04], (0.48))

Definition 13. Suppose ($;, §:) where i = 1,2,...,n. is an assortment of linguistic neutrosophic cubic
numbers and parameter k =1,2,...,n. Then, the LNCHM operator is defined as follows:

» (ng I )

LNCHMH (g, g) = VLT (16)
(&)
where (11,1, ..., ;) navigate all the k-tuple arrangements of (1,2,...,n.), (}) is the binomial coefficient and
B = mim
Example 3. Let ($1,8) = ((§1,82),(§2,82)) i = 1,2 and k = 1, where § =

([0.2,0.4],]0.3,0.4],[0.4,0.6], (0.6,0.5,0.8)), §» = ([0.3,0.5],[0.4,0.7],[0.2,0.4], (0.7,0.8,0.6)),
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LNCHM' ((1,82), (32.82))

Y (((§11,811), (822, 822)))"

()
(811, 811) (822, §22)))" ; (((811,811) (822, §22)))"

)
0.2,0.4],[0.3,0.4] , [0.4,0.6],
0.2,0.4],[0.3,0.4], [0.4,0.6],
[ 1.1 ] ]
[ 1.1 ] ]

0.6,0.5,0.8))
0.6,0.5,0.8))
0.7,0.8,0.6))
0.7,0.8,0.6))

X

0.3,0.5],[0.4,0.7],[0.2,0.4],
0.3,0.5],[0.4,0.7],[0.2,0.4],
)
(]0.2,0.4],[0.3,0.4],[0.4,0.6], )
(]0.2,0.4],[0.3,0.4],[0.4,0.6], (0.6,0.5,0.8)
(10.3,0.5],[0.4,0.7],[0.2,0.4], (0.7,0.8,0.6)
(]0.3,0.5], 10 ],(0.7,0.8,0.6)
0.2,0.4],[0.3,0.4],[0.4,0.6], (0.6,0.5,0.8
0.2,0.4],[0.3,0.4],[0.4,0.6], (0.6,0.5,0.8
0.3,0.5],[0.4,0.7],[0.2,0.4],, (0.7,0.8,0.6
0.3,0.5],[0.4,0.7],[0.2,0.4], (0.7,0.8,0.6
6
(]0.04,0.16] , [0.09,0.16] , [0.16,0.36], (0.84,0.75,0.96)
(10.09,0.25], [0.16,0.49] , [0.04,0.16], (0.91,0.96,0.84)
N ( (]0.04,0.16] , [0.09,0.16] , [0.16,0.36] , (0.84,0.75,0.96
( ]

o~ o~ o~ o~

(
(
(
(

0.6,0.5,0.8

04,0.7|,[0.2,0.4

o~~~ o~

)
)
)
)
)
)
)
)

(I )
(I )
(I )
(I )

O — —

]
0.09,0.25], [0.16,0.49], [0.04,0.16] , (0.91,0.96,0.84

) )
)

( (10.004,0.04] , [0.014,0.08] , [0.006,0.06] , (0.98,0.99,0.99)) >

+ (]0.004,0.04], [0.014,0.08], [0.006,0.06] , (0.98,0.99,0.99))
)
(10.008,0.08], [0.03,0.2], [0.012,0.12], (0.96,0.98,0.98))
)
= (]0.004,0.04], [0.02,0.1], [0.006,0.06] , (0.48,0.49,0.49))

Theorem 1. Let (§;,$:) = (ﬁ(&f,&f)'ﬁ(ﬁf B)’ ﬁ(%%)) (1=1,2,...,n) be an arrangement of LNCNs, then
the accumulated value from Definition 13 is obviously an LNCN, and:

LNCHMF (g, 8;) 17)
P : %,P 1\
[ IRV LIP B))®
H&f/' H“I/ t A ) 1- H(l—# 1—%’1)
—t ==t 1< <..ip<n =1
i ik 3
l§11<“,1i(§n
p ;
| IT |- (TI0- %)
1<k <.fp<n =1
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Proof. According to Equations (1)—(4), we have:

9 of 30

k k
<H§fj'l_[§fj>: Py & P s NPk 5
i=1 =1 i’ 7 5 i
= [T T t_q‘[(l_%,l_%) t_fr[@_%,l_%)
=1 = =1 =1
k-1 7 -1
1
F
. . 1
k k k
H A]"HgAj =P k k P 3 %’p 3 i
=1 j=1 - . B 3 7 #.
H"‘fj H“f]- bt H<1—%,1—ﬁ—?> t—t H(l—%;—%)
==t j=1 j=1
kT
. . 1
k k k
HgAj’Hgfj
1<h<.ig<n \j=1  j=1
f] N 1 /ﬁ . 1N/
k k « k BB\ )"
[T TT | | =TT
i=1" j=1 1<y <..ip<n j=1
o I1 Ll B e
1< <..qp<n
p ) 1
k N
1 1
t 1- H(k%,k%)
1< <y <n =1
Then, we obtain:
X . 1
1 k k 2
(T) E ngngf;
K 1i<h<oy<n \j=1  j=1
P I 4 N
2 3 A (%) A . k ()
5 00| || (L)
o IS 1< <. <n j=1
k7 k
1<i <. <n oot
p ok
2 i (7)
i e
t 1- H(k#,k%)
1<11<..ff<<71 j=1
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Therefore,
LNCHM*(§;, &)
p
t—t I 1-
1<h <.qp<n
p
In addition, since:
0<t—t
0<t
1§i1< 1
0<t
Therefore,
p
t—t
p
t
p

isalso an LNCN. O

| |-
1<h<.fp<n j=1

I -5

l§11<..‘zf(§n

e

-
2
A
=
IA
R
-
|
<.
Il o
._\d
—
—
|

ool

Fe

N~
i

e

I~

o

|~

o

|~

o

~

10 of 30

Example 4. Let p = {po, p1, P2, P3, Pa} be an LTS with odd cardinality t +1 and §1 = (p3, P2, p1),§2 =
(Pa, P3, P1, ), be two LNCNsbased on p. Then, we can use the suggested LNCHM operator to aggregate these
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two LNCNs (suppose k = 2) and to produce an inclusive value LNCHM® (81,82) = (ﬁ(&,&)’ p(ﬁ B)’ ﬁ(?ﬁ))
described as follows; where:

.. { (102,03],]0.2,05],[0.2,0.5], (0.9,0.7,09)),
(1&) = (104,05], 03,05, [03,0.5, (0.8,08,0.6))

(i): ) )
1 k(n—kr _212-2)! _
nooon 2t
(ii):
1\ \
k k AR
Hafj H&ij
=1 j=1
t—t 11 1- —, —
= ([0.28,0.39],0.17)
(iii):
I\ &
B BV |
1 1;
t I 1—(]] 1—’,1—’))
1<k <. <n (j_l ( t t
= ([0.3,0.5],0.75)
(iv):
1 1
t H 1_<i<<_;5;f], _’5//1‘]>>i< (%>
1<h <..ip<n =1 t t
= ([0.3,0.5],0.74)

Therefore, we get:

LNCM?*(§1,$2) = (ﬁ(a,&)ﬁ(ﬁ,ﬁ)ﬁ(q,ﬁ))
= (]0.28,0.39],[0.3,0.5], [0.3,0.5], (0.17,0.75,0.74)).

Now, we will study some of the ideal properties of LNCNs.

~>
I
=
N
!
=
N~—
-
=
)
S

Property 1. (Idempotency) If ($1, $:) = (§,§) = (ﬁ(&,&)/ﬁ(ﬁ/ﬁ)fﬁﬁﬁ)) v (

LNCHM(3,8) = (ﬁm,&)r P(55) ﬁ(w) (18)
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Proof. Since (§,8) = (;‘5(&/&), ﬁ(ﬁrﬁ)’ ﬁ("?,"?)) , based on Theorem 1, we have:

LNCHMF (3, $)
i} 1 }' ’ﬁ 1 (}T)’
_ ak gk \ & k - B k>7z i
= t t(1<f1£-[-1 Sn<1 <k tk) )) t(1<flgi;§n(1 <<1 rl t> ))
p N
e
1<i1<..i;<n
— ﬁ n T/f] n %/r] ., %
t—t((l—(%'%))m)(k) t<<1<1f l€>>(k)) ) t<<1_<1_y 1_1»(;;)) 1)

= (%/&wﬁ(ﬁ,ﬁ)fﬁ(w) = (&8
O

Property 2. (Commutativity) Let ($;, $;) forall (1 =1,2,...,n) be an assortment of LNCNs and (g, $}) be
any permutation of (&;, $;), then:

LNCHMFK (g, ¢!) = LNCHMF(g;, &) (19)

Proof. The conclusion is obvious, because Property 2 depends on Definition 13.

Y (ng Hg,]>k

i i 1< <.j<n \j=1i -1
LNCHM (gz'gz> - n
(%)

1

k k k

Y [1s. 118
. 1§f1<...fi{§i’l = ]:1

(i)

= LNCHM*(,, $)
0

Property 3. (Monotonicity) Let
(& &) = (ﬁ(&f,&f),ﬁ(ﬁi’ﬁ“i),ﬁ(%%)) , (flfz) ( P(G:.:)7 P B(s, )> (1=1,2,...,n) be two
collections of LNCNGs; if (&, &) < (G5, 4:), (Bi, B1) < (Fi,13), (73, %:) < (83, 5¢) for all 3, then:
LNCHM!(¢;, &) < LNCHM* (f, ;) (20)

Proof. Since 0 < (&, &) < (§1, q1), (,Bl,ﬁl) (71,11) >0, (91, 71) > (8, 51) > 0, > 0 and according to
Theorem 1, we get:
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1\ \ 75
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Let (3,$) = LNCHMF(g;, &), (f.f) = LNCHMF (fi.f) and ¢(§) and ¥ (f) be the score functions
of ¢ and f. According to the score value in Definition 11 and the above inequality, we can simply have

P(8) < ¥(f). Then, in the following, we argue some cases:

1. Ifp(8) < ¥(f), we can obtain LNCHMF(g;, &) < LNCHMF (fife);

2. ifyg(g) =¥(f), then:

20t—t| I |1-| 5

1<y <...zi<§n

|
o
—
—
0
=
A
o
IA
=
—
—_
|
< N
L=~
/N
—_
|
-
-
|
-
~
N———
—
~
~
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Since 0 < (&;, &) < (43, q1), (Bf,ﬁf) > (7,17) >0, (9, 7:) > (8;,8) > 0,t > 0, we can assume that

|~

1

Eook Nk @
Hafj H&fj
Y
1<h <0< tk =k
<h<..p<n
Ay
T ERNARNY
quj quj
i=1 i=1
—t—t I1 1- | =, =
1<i <.y <n tk tk
Sh<ops
1 -
? ~ o (i)
k Yi; T\ \ g
—t 1— ,7], _
LI (e
_11<...zf{§n j=1
1 1
; ~ 7 [0
k S7. S7. k k
= —t 1-— -1 1-- ,
L)
711<...1f(§n j=1

and based on the accuracy value in Definition 11, then ®(¢) = ®(f). Finally, we get:

LNCHM(§;, $;) < LNCHMF (f, )

Property 4. (Boundedness) Let ($;, $;) = (ﬁ&[,ﬁgi, Psts iy ﬁ.éi’ﬁ%)(i = 1,2,...,n) be the collection of
LNCNs and: l

&' = maX(Pmax(a): Prin(;)r Pmin(7:)7 Pmax(és)r Prmin(g,)7 Pmin(3;) )
& =min($1, &) = (Pmin(a;)r Pmax(B)s Pmax(#;)/

Prmin(&:)7 Pmax(f;)7 Pmax(41))»
then

¢~ < LNCHMN(g;, &) < §* (21)
Proof. Based on Properties 1 and 3, we have:

LNCHMF(g;, &) > LNCHM (g7,¢7) = ¢~

LNCHM (g, ;) < LNCHM* (g, &) = §*.
The proof is completed. [

In addition, we will deliberate about some desirable cases of the LNCHM operator for the
parameter k.
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1.

cubic Hamy averaging) o

2.

perator:

cubic Hamy averaging) operator:

LNCM"(&, &) = 7
(n)
ﬁ 1 o
n n 7 )
Hf‘ff H&fi
i
t—t H 1- ]tn ! i
1§i1<...ff(§n
= f? 1y
, ) w\\
t I 1— <1—@,1—@>
l<f1<..‘ff(§l’l j:1
p g
" R RANYE
\ LI [ {f167e9)
j
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When k = 1, the LNCHM operator in (16) will be reduced to the LNCHA (linguistic neutrosophic

n

X

1§f1<fk§}’l =

:

n
Sijs Hé%’)
1 j=1

(22)

When k = 1, the LNCHM operator in (16) will reduce to the LNCHA (linguistic neutrosophic

1

n

(23)
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P n n 1 P " ) AN
[T 110 | ( ())
=1 =1 -
e = =1
p 1

n

R T
t]1— (1—%,1—#)
j=1

==

1
let (f] = f) = gof" = LNG(gmg%)

Definition 14. Suppose ($;, §:) where i = 1,2,...,n. is an assortment of linguistic neutrosophic cubic
numbers and parameter k=1,2,... nand = (1, 5 . . .,z?)n)T the weight vector of i; with w; € [0,1] and
n

w; = 1, then the WLNCHM operator is defined as:
=1

1

. , 1
k k k
L (T Ty ] Ty
1< <.qp<n \j=1 =1

)

where (11,12, . .., 1) navigate all the k-tuple arrangements of (1,2,...,#), (}) is the binomial coefficient and

WLNCHMF(g;, ;) =

(24)

ny __ n!
(k) = k(n—k)r

Example 5. Let ($,8) = ((§1,81),(§282)) i = 12 and k = 1, where & =
([0.2,04],[0.3,0.4] , [0.4,0.6], (0.6,0.5,0.8)), §» = ([0.3,0.5],[0.4,0.7],[0.2,0.4], (0.7,0.8,0.6)) and b =
(05,0.5):
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WLNCHM' ((31,$2), (32, §2))
Y (1181, i) (0282, W0é2)))"

- ?)
_ (((@11811, D11811), (022822, h22822)))" + ((B11811, Dr1dn), (b8, b22dn)))’
(1)
1
([0-2,0.4],[0.3,0.4], [0.4,0.6], (0.6,0.5,0.8))
05005\ 102,04],[03,0.4] . [0.4,06], (0.6,05,0.8))
L 05 (0 [ (103,05],[04,07],[02,04],(07,08,06))
- 05 ©3) | 103,05, [0.4,0.7] .[0.2,04] (0.7,0.8,06))
B H
1
(0.2,0.4],[0.3,0.4], [0.4,0.6], (0.6,0.5,0.8))
05 ©3) | 10.2.04],[03,04] ,[04,0.]. (0.6,0.5,08))
(10.3,0.5],[0.4,0.7],[0.2,0.4] , (0.7,0.8,0.6))
(05) (05" 103,05, [0.4,0.7]. [0.2,04], (0.7,08,0.6))
([0.2,0.4],[0.3,0.4], [0.4,0.6], (0.6,0.5,0.8))
05)©3) | 102.04],[03,04] .[04,0.6], (0.6,0.5,08))
* 05) (05) [ ([03.05],[04,07],02,04,(07,08,06))
M0 (103,05, [0.4,07], [0.2,04], (0.7,0.8,0.6))

&)
(10.003,0.01], [0.006,0.01] , [0.01,0.023] , (0.3,0.23,0.2))
(10.006,0.02], [0.01,0.034] , [0.03,0.01], (0.32,0.2,0.3))
. ( (10-003,0.01],[0.006,0.01] , [0.01,0.023], (03,0.23,0.2))
(]0.006,0.02], [0.01,0.034], [0.03,0.01], (0.32,0.2,0.3))
¢
(10.00002,0.0002] , [0.00006, 0.00034] , [0.0003,0.0023], (0.52, 0.4, 0.44))
+ (]0.00002, 0.0002] , [0.00006,0.00034] , [0.0003,0.0023], (0.52, 0.4, 0.44))
)
_ ([0.00004,0.0004] , [0.00012,0.0007] , [0.0006,0.005], (0.3,0.2,0.23))
6
= (]0.00002,0.0002] , [0.00006, 0.0004] , [0.0003,0.003] , (0.2,0.1,0.12))

Depending on the operations of LNCNSs that were given in the above Equations (1)—(4), with the help of
Equation (24), we can formulate the following theorem.

Theorem 2. Let (§;,$1) = (ﬁ(&,&),ﬁ(ﬂé),ﬁwﬁ))(i = 1,2,...,n) be the collection of LNCNs, 0 =

(tby, o ..., W,)7T be the weight vector of & with w; € [0,1],7 = 1,2,...,n and Zwl 1. Then, the
accumulated value acquired from the WLNCM operator in Equation (24) is obviously (m LNCN and:
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5y pp¢07?,7?>mﬂp<{a¥
13
]’[a’;;jg“,]
j=1
=P i Pk )
T1(-(-%a-%)") =01 (1- (%
j=1 j=1
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. 1
i i3
[ Tebsi&s
=1
=19 1,P )
k N N g k By g\ Vi
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=1 =1
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(25)
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B (1)
(k)lg <.p<n \j=1

Therefore,

which proves Theorem. [

According to the operating rules of the LNCNs, the WLNCHM operators also have the same
properties in the following:

Property 5. (Commutativity) Let ($;, ;) forall (i =1,2,...,n), be an assortment of LNCNs and (g}, §}) be
any permutation of ($;, $;), then:

WLNCHMF (g}, §1) = LNCHM* (g, ¢) (26)
Based on Definition (13), the conclusion is obvious,

WLNCHM (byig), i)

i

E i
X (H%%yﬂ%%)
j=

1§11<...1f(§n

-
oI
~—

= WLNCHMF (g;, ;)
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Property 6. (Monotonicity) Let ($,8) = (Pa) ﬁ(gﬁ),ﬁ@ﬁ))/(i,ﬂ) = (ﬁ( 5ip)7 o) P (mn))

(Pa
(1=1,2,...,n) be two collections of LNCNS; if & < pr, i < G, 71 < Ty, and & < py, B < qi, 51 < 1; for all
i, then:

WLNCHMF (3, &) < WLNCHM?* (f, ) 27)
Property 7. (Idempotency) If ($1,$:) = (§,¢) = (P& &),ﬁ(B,B),ﬁ(%ﬁ))for all (1=1,2,...,n), then:
WLNCHM (8, §) = (Pl P(p ) Pis) (28)
Property 8. (Boundedness) Let ($;,$:)(i = 1,2,...,n) be an assortment of LNCNs and ¢+ =
max(&;, §1),§ = min(g;, &), then:
& < WLNCHM'(3;, &) < ¢ 29)

Based on Properties 5 and 6, we have,
WLNCHM! (g, &) > WLNCHM(§7,47) = ¢
WLNCHMF (g, &) < WLNCHM* (3", 47) = ¢+

4. Entropy of LNCSs

Entropy is used to control the unpredictability in different sets like the fuzzy set (FS), intuitionistic
fuzzy set (IFS), etc. In 1965, Zadeh [37] first defined the entropy of FS to determine the ambiguity in a
quantitative manner. This notion of fuzziness plays a significant role in system optimization, pattern
classification, control and some other areas. He also gave some points of its effects in system theory.
Recently, the non-probabilistic entropy was axiomatized by Luca et al. [38]. The intuitionistic fuzzy
sets are intuitive and have been widely used in the fuzzy literature. The entropy G of a fuzzy set H
satisfies the following conditions,

1. G(H)=0ifand only if H € 2%;

2. (H) =1lifand only if pu(x) =0.5Vx € X;

3. (H) < G(7) if and only if H is less fuzzy than i, ie., if pug(x) < pi(x) < 0.5,Vx € X or if
pr(x) = pi(x) = 0.5,Vx € X;

4. G(H®) = G(H).

29

Axioms 1-4 were expressed for fuzzy sets (known only by their membership functions), and
they are stated for the intuitionistic fuzzy sets as follows:

1. G(H) =0ifand only if H € 2*; (H non-fuzzy)

2. G(H)=1lifand onlyif uy(x) =vy(x) Vx € X;

3. G(H) < G(7) if and only if H is less than 7, i.e., if up(x) < p;(x) and vy (x) > v;(x) for p;(x) <
vi(x) or if pp (x) > pi(x) and vy (x) < vi(x) for py(x) > vi(x),

4. G(H®) = ( )-

Differences occur in Axiom 2 and 3.

Kaufmann [39] suggested a distance measure of soft entropy. A new non-probabilistic entropy
measure was introduced by Kosko [40]. In [41] Majumdar and Samanta introduced the notion of two
single-valued neutrosophic sets, their properties and also defined the distance between these two sets.
They also investigated the measure of entropy of a single-valued neutrosophic set. The entropy of IFSs
was introduced by Szmidt and Kacprzyk [42]. The fuzziness measure in terms of distance between the
fuzzy set and its compliment was put forward by Yager [43].
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The LNCS was examined by managing undetermined data with the truth, indeterminacy and
falsity membership function. For the neutrosophic entropy, we will trace the Kosko idea for fuzziness
calculation [40]. Kosko proposed to measure this information feature by a similarity function between
the distance to the nearest crisp element and the distance to the farthest crisp element. For neutrosophic
information, we refer the work by Patrascu [45] where he has given the following definition including
from Equation (30) to (33). It states that: the two crisp elements are (1,0,0) and (0,0,1). We consider
the following vector: B = (4 — v,y +v —1,w). For (1,0,0) and (0,0, 1), it results in By, = (1,0,0)
and B, = (—1,0,0) . We will now compute the distances as follows:

D (B,Byn) =l —v—1|+|p+v—1|+w (30)

D(B,Bpy) =|pp—v+1+|p+v—-1+w (31)

The neutrosophic entropy will be defined by the similarity between these two distances.
The similarity E. and neutrosophic entropy V, are defined as follows:

|D (B, Byu) — D (B, Brap) |

E.=1-—
‘ D (B, BTru) +D (B/ BFal)

(32)

|l —vl
Ve=1- 33
¢ U+ p+v—1|+w (33)

Definition 15. Suppose that H = {<X’l‘,;%(&H’&H)(xi),ﬁ(ﬁH,BH)( Y s P(YHAH) (x:) ) | x; € X} is an LNCS;
we define the entropy of LNCS as a function Gy, : k(X) — [0,t], where t is an odd cardinality with t + 1.
The following are some conditions.

1. Gy(H) =0if Hisa crisp set;

2 Gy(H) = [1L1] if and only if 2 = BH) _ 38 _ (05,05] and Gy(H) = 1 if and only if
“Ht(x) — ﬁHt(X) — 'YHt(x) =05,Vx € X ;

3. G,;(H) < Gi(i) if and only if H is less indeterminable than i, ie., if it(x) + %(X) > B‘f(tx) +
_ ( .

fulo  Buc) B Bc@| |pu) | Buc®
t t t t 4 t t

>

)_i_’yH() 2 Kf)#_?i(fq and

We need to consider three factors for the uncertain measure of LNCS; one is the truth membership
and false membership, and the other is the indeterminacy term. We define the entropy measure of G
of an LNCS H, which depends on the following terms:

G(H) =1- LY (EH(X) + EYH(x)) .

n =% t t

Bu(x)  Puc(x)
t t

(34)

Then, we prove that Equation (34) can meet the condition of Definition 15.

Proof. 1.  For a crisp set H, there is no indeterminacy function for any LNCN of H. Hence, G;(H) =
0 is satisfied.

2. If H is such that EH(X) BH(X) iH t( ) — [O 5,0.5], “H( ) BHt(x), '?Ht(x) = 0.5,Vx € X, then

“H( ) 4 'YH( ) _ {1 1} ( ) 4 ’YH(X) —1and .BH(X) 'BHC( x) [05 05] [0.5,0‘5] =0, BHt(x) _
ﬁHC() = 05-05=0,¥x€ X = Gy(H) =1.
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3. His 1e~ss uncer~tain than I; Xve assume —EHt(x) + :‘;Ht(x) > Bitx) + Tilx) &H(x) + THE) > &f(tx) + %Ex)
Bu)  Buc®| o |B® @] |fut By ‘Bl«x) _ b
T 7 - ; R Z ¥ 7

and

|0
—
=
(N

. Depending on the

entropy value in Equation (34), we can obtain G;(H) < Gi(7).
4, HC = {(Xf, ﬁ‘m(w)'ﬁt—BH(x;)’fj&H(Xi)’ﬁ’nYH(xi)’ﬁthH(x;)’ﬁ&H(Xf)) | X; € X} ’

Gu(HE) =1~ } Eex (T2 + {22} | Bucl) — Bul| G o),

Example 6. Let p = {po, p1, P2, P3, Pa} be a linguistic term set with cardinality t +1, $1 = (Ps, P2, 1), 82 =
(Pa, P3, P1, ), be two LNCN s based on p and U be the universal set where:

g4 (01,03],[04,05],(04,0.6],(04,0.6,07)),
1 ([0.1,0.2],[0.2,0.5],[0.1,0.4], (0.4,0.6,0.5))

is an LNCS in U. Then, the entropy of U will be:

(01,03] | [0.406]\ |[0405] 5-[0.405]
G (H)=1- 1 ( 5t ) ' ’ > o )
k 2\ 4 ([0.150.2] I [0.1,0.4]) ' ‘ [0.1,04]  5-[0.1,04]

5 5 5

= [0.89,0.93]

5. The Method for MAGDM Based on the WLNCHM Operator

In this section, we discuss MAGDM, based on the WLNCHM operator with LNCN.

Let U = {U;, Uy, ..., Uy} be the set of alternatives, V = {V1, V;,..., V},;} be the set of attributes
and @ = (i1, Wy, . .., )" be the weight vector. Then, by LNCNs and from the predefined linguistic
term set ¢ = {¢; | j € [0,t]} (where t + 1 is an odd cardinality), the decision makers are invited
to evaluate the alternatives U;(f = 1,2,...,m) over the attributes V](] =1,2,...,n). The DMs can
assign the uncertain LTS to the truth, indeterminacy and falsity linguistic terms and the certain
LTS to the truth, indeterminacy and falsity linguistic terms in each LNCNs, which is based on the
LTS in the evaluation process of the linguistic evaluation of each attribute V]( ji=12,...,n) on

each alternative U;(f = 1,2,...,m). Thus, we obtain the decision matrix § = (sfj)m X1, (g°fl., g’ij) =
(ﬁ&ij';%Bij’ﬁ’%j/ﬁ&ij’ﬁléz‘j' ﬁﬁyij) (f = 1,2, . ,m;j = 1,2, . ,n) asan LNCN.

Based on the above information, the MAGDM on the WLNCM operator is described as follows:

Step 1: Regulate the decision making problem.

Step 2: Calculate g‘}j = WLNCM(s1, Si2, - - -, Sin) to obtain the collective approximation value for
alternatives U; with respect to attribute V;.

Step 3: In this step, we operate the entropy of LNCSs to find out the weight of the elements.

& = (Plaa) P(3,)) Pl

G;‘;(gj)zlfaz " n

| (B T@) (B A
xeX .
@ = Gi($)/ ) Gi(§)) (35)

Step 4: In this step, we calculate the values of the score function ¢(S), accuracy function ®(S)
and certain function ¥ (S) based on Equations (12)—(14).
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Step 5: In this step, we find out the sequence of the alternatives U;( = 1,2, ...,m) . According to
the ranking order of Definition 8, with a greater score function ¢(S), the ranking order of alternatives
Uy is the best. If the score functions are the same, then the accuracy function of alternatives Uy is larger,
and then, the ranking order of alternatives Uj is better. Furthermore, if the score and accuracy function
both are the same, then the certain function of alternatives Uj; is larger, and then, the ranking order of
alternatives Uj is best.

Step 6: End.

6. Numerical Applications

A corporation intends to choose one person to be the area supervisor from five candidates
(Uy — Uy), to be further evaluated according to the three attributes, which are shown as follows:
ideological and moral quality (V7), professional ability (V,) and creative ability (V3). The weights of
the indicators are @ = (0.5,0.3,0.2).

6.1. Procedure

Case 1: If the weights of the element are absolutely unidentified, then we use the suggested
technique to solve the above problem in which the decision making steps are as follows:

Step 1: Let U = {Uy, Uy, ..., Uy} be a set of alternatives and V = {V1, V;, V3 } be a set of attributes.
LetS = (Sf]‘)4><3 be a set of decision matrices. A decision matrix evaluates each alternative based on

the given attributes;

v v Vs
([0.4,0.5], ([0.3,0.5], ([0.2,0.5],
u 0.1,0.2], [0.6,0.7], 0.4,0.7],
! [0.3,0.6], [0.4,0.6], 0.7,0.8],
(0.6,0.3,0.7)) (0.6,0.8,0.7)) (0.6,0.8,0.9))
([0.4,0.7), ([0.4,0.7), ([0.1,0.4],
u 0.7,0.8], [0.7,0.8], 0.1,0.7],
2 [0.4,0.8], [0.1,0.5], 0.7,0.9],
S1 = (0.8,0.9,09)) (0.8,0.9,0.7)) (0.5,0.8,1.0))
([0.2,0.7], ([0.5,0.5], ([0.1,0.5],
u 0.5,0.7], [0.4,0.6], 0.4,09],
3 [0.1,0.8], [0.3,0.8], 0.2,0.8],
(0.8,0.8,09)) (0.6,0.7,0.9)) (0.6,1.0,0.9))
([0.4,0.9], ([0.1,0.3], ([0.2,0.6],
u 0.3,0.7], 0.2,0.7], 0.2,0.7],
4 [0.4,09], [0.7,0.7], 0.1,0.8],
(1.0,0.8,1.1)) (0.4,0.8,0.9)) (0.7,0.8,0.9))
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S3 =

S2

Uy

U,

Us

Uy

Uy

U,

Us

Uy

Vi ;
0.6],
%ﬁb%
maaﬂ,)
7,0.4,0.6)
o
[0.7,0.8],
m@a&,)
8,0.9,1.0)
(%mzﬂAL
[0.5,0.6],
mLaﬂ,)
5,0.7,0.7)
(%maan
[0.3,0.5],
m&o@,)
(0.8,0.6,0.7)

%’ﬂ
0.5],
([g)f,'o.z],
maaﬂ,)
6,0.3,0.7)
o
(0.7,0.9],
maa%,)
6,1.0,1.1)
(%BQﬁbL
0.5,0.8],
mLQﬂ,)
7,0.9,0.8)
(%m&aﬂ,
0.4,0.7],
ma&%,)
(1.1,0.8,1.0)

w4]
0.4],
%ﬁhm
maoq,)
5,0.8,0.7)
o
[0.7,09],
mLQq,)
6,1.0,0.8)
(%DEﬁﬁL
[0.3,0.6],
m&oﬂ,)
7,0.8,0.9)
(%mLoﬂ,
[0.2,0.6],
maaﬂé)
7,0.
(0.5,0.

w4]
0.4],
e
ma&ﬂ,)
5,0.8,0.6)
el
[0.7,0.9],
mLaq,)
7,1.0,0.5)
(%mao@
[0.4,0.6],
m@a&,)
7,0.8,0.9)
(%mimzL
[0.2,0.5],
maoﬂ,)
(0.3,0.6,0.8)

%3}
0.3],
%ﬁh@
mzaa,)
4,0.6,0.9)
o,
[0.1,0.8],
m@a%,)
5,0.9,1.0)
mﬁaLosL
[0.4,0.6],
mzaﬂ,)
4,0.7,0.6)
o
0.2,0.8],
DLQM,)
(0.8,0.9,0.7)

V3
0.4],
([E?.ffo.e],
mzaﬂ,)
5,0.7,1.0)
o)
0.1,0.7],
mza&,)
5,0.8,0.9)
(%BLQQ,
0.4,0.8],
maa&,)
5,0.9,1.0)
(%mzaﬂ,
[0.2,0.4],
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(0.7,0.8,1.0)
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Step 2: Calculate sij = WLN CHM(sp, 812, - - -,Sm) to obtain the overall assessment value for
alternatives U; with respect to attribute V.

5j =

v Vv Vs
(10.110,0.127], (10.101,0.119], (10.078,0.110],
[0.055,0.084], 0.115,0.127], 0.110,0.135],

u 0.095,0.131], 0.110,0.135], [0.146,0.159],
(0.139,0.101, (0.127,0.156, (0.123,0.110,
0.142)) 0.142)) 0.169))
(10.105,0.139), (10.110,0.135], (10.071,0.110],
[0.146,0.159], [0.146,0.162], [0.055,0.149)],
U, 0.119,0.159], [0.055,0.115], 0.142,0.162],
(0.149,0.169, (0.146,0.172, (0.123,0.159,
0.175)) 0.142)) 0.172))
(10.078,0.131], (10.123,0.131], (10.055,0.110],
[0.123,0.146], [0.105,0.135], 0.110,0.153],
Us [0.055,0.135], 0.123,0.153], 0.101,0.110],
(0.142,0.156, (0.142,0.153, (0.123,0.162,
0.156)) 0.165)) 0.159))
([0.105,0.159], ([0.055,0.095), ([0.078,0.135],
0.101,0.139], 0.078,0.135], 0.078,0.139],
Uy [0.115,0.156], 0.139,0.146], [0.055,0.149)],
(0.172,0.149, (0.110,0.146, (0.149,0.159,
0.169)) 0.159)) 0.165))

Step 3: We utilize the entropy of LNCSs to calculate the weight of the attributes, i.e., let

D~ =\, Pra s\, P~ ) bethe LNCN and G;(s;) be the weight of attributes, i.e.,
(P(“/'“/) p(ﬁw/g]) p('V]"V])) L &
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(x) By

&g, Ys.(x) .
Gilsj) = 1—% ) (“S]t(x) + Vs’tx ) ==

t

[0.055,0.084] _ 7-[0.055,0.084]

7 7

0.146,0.159]  7—[0.146,0.159)
: 7

7

0.123,0.146]  7-[0.123,0.146]
: 7 7

[0.101,0.139] _ 7-[0.101,0.139]
: 7

7

0.115,0.127] _ 7-[0.115,.127]

7 7

0.146,0.162] _ 7-[0.146,0.162]

7 7

0.105,0.135]  7—[0.105,0.135]
: 7 7

[0.078,0.135] _ 7—[0.078,0.135]
. 7 7

0.110,0.135]  7—[0.110,0.135]
: 7

7

0.055,0.149]  7-[0.055,0.149)]
: 7 7

[0.110,0.153] _ 7-[0.110,0.153]
: 7 7

[01100.127) |, [0.095,0131]
7 7 :
o+ [01050.139] , [0.119,0159)
G,;(sl) =1- 4 [0.078?0.131] [0.055?0.135]
+ 7 T 7
0.105,0.159 0.115,0.156
+ (! 2 ] 4 | 2 ]
= [0.975,0.976]
0.101,0.119 0.110,0.135
[ 2 ] 4| 2 }> )
o+ [0110,0.135] , [0.055,0.115]
Gi(s2) =1— 1 [0.123?0.131] [0.123?0.153]
+ 7 + 7
0.055,0.095 0.139,0.146
+ (! 2 ] 4 [ 4 ]
= [0.975,0.994]
[0.078,0.110] |, [0.146,0.159]
7 + 7
o+ [0071,0110] , [0142,0.162]
Gi(ss) =1— 4 [0.055?0.110] [0.101?0‘110}
+ 7 + 7
0.078,0.135 0.055,0.149
+ (! 2 ] 4 | 2 ]
= [0.935,0.982]

[0.078,0.139]  7—[0.078,0.139]
' 7

7

@ = Gi((S]‘)/ Z Gf((sj)
j=1

0.957,0.976]

“1 = 12.883,2952]

= [0.338.0.330]
0.973,0.994]

O = —— - -
27 [2.883,2.952]

= [0.337,0.336]
0.935,0.982]

©3 = 12.883,2952

— [0.324,0.332)]

Step 4: By the WLNCHM operator, we calculate the comprehensive evaluation value of each

alternative as:

th
U
Us
Uy

(10.132,0.182], [0.140,0.174], [0.127,0.192], (0.199,0.189, 0.212)
([0.128,0.186], [0.147,0.184], [0.141,0.187], (0.174,0.207,0.199)
(10.093,0.153], [0.117,0.190], [0.147,0.191], ( )
(10.103,0.121], [0.133,0.162], [0.152,0.171], (0.160,0.181, 0.175)

,(0.200,0.195, 0.205

~— — ~— —
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Step 5: We find the values of score function ¢(S) as:
1 o 5 e e 5 e
9(S) = gl (4 +ia—p—7)+ (2t +&—p—7)) foro(S) € 0,1]

1
9(51) = z[20+013+02 - (0.14+02+0.13+02)

+10+0.2 — (0.2 +0.21)]
= 654

1
9(S2) = 1520402402~ (0.15+02+0.14+02)

+104 02— (024 0.2)]
— 0.656

¢(S3) = % 204+ 0.1+ 02— (0.12+ 0.2+ 0.15+0.2)

+1040.2— (0.2+0.21)]
— 0.653

1
@(S4) = 5 [204+0.140.1—(0.1+02+02+0.2)

+10+02—(02+0.2)]
= 0.657

Step 6: According to the value of the score function, the ranking of the candidates can be confirmed,
ie., S4 > So = S1 = S3,50 Sy is the best alternatives.

Case 2: If the DM gives the information about the attributes and weight and the weight vector
isw = (0.1,0.5,0.4), then the score function ¢(S;)(7 = 1,2,3,4) of Case 2 can be obtained as follows;
¢(S1) = 0.451, ¢(S) = 0.435, ¢(S3) = 0.504, ¢(S4) = 0.492. The ranking of these score functions is
S3 > S4 > S1 > Sp. Thu,s due to the diverse weights of attributes, the ranking of Case 2 is different
from that of Case 1.

In the MADM method, the attribute weights can return relative values in the decision method.
However, due to the issues such as data loss, time pressure and incomplete field knowledge of the DMs,
the information about attribute weights is not fully known or completely unknown. Through some
methods, we should derive the weight vector of attributes to get possible alternatives. In Case 2, the
attribute weights are usually determined based on DMs’ opinions or preferences, while Case 1 uses
the entropy concepts to determine weight values of attributes to successfully balance the manipulation
of subjective factors. Therefore, the entropy of LNCS is applied in the decision process to give each
attribute a more objective and reasonable weight.

6.2. Comparison Analysis

From the comparison analysis, one can see that the advanced method is more appropriate
for articulating and handling the indeterminate and inconsistent information in linguistic decision
making problems to overcome the insufficiency of several linguistic decision making methods in the
existing work. In fact, most of the decision making problems based on different linguistic variables
in the literature not only express inconsistent and indeterminate linguistic results, but the linguistic
method suggested in the study is a generalization of existing linguistic methods and can handle
and represent linguistic decision making problems with LNN information. We also see that the
advanced method has much more information than the existing method in [26,32,44]. In addition,
the literature [26,32,44] is the same as the best and worst and different from our methods. The reason
for the difference between the given literature and our method may be the decision thought process.
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Some initial information may be missing during the aggregation process. Moreover, the conclusions
are different. Different aggregation operators may appear [32], and our methods are consistent with
the aggregation operator and receive a different order. However, [32] may have some limitations
because of the attributes. The weight vector is given directly, and the positive and negative ideal
solutions are absolute. Other than this, the ranking in the literature [26,32,44] is different from the
proposed method. The reason for the difference may be uncertainty in LNN membership since the
information is inevitably distorted in LIFN. Our method develops the neutrosophic cubic theory and
decision making method under a linguistic environment and provides a new way for solving linguistic
MAGDM problems with indeterminate and inconsistent information.

7. Conclusions

In this paper, we work out the idea of LNCNs, their operational laws and also some properties
and define the score, accuracy and certain functions of LNCNs5s for ranking LNCNs. Then, we define
the LNCHM and WLNCHM operators. After that, we demonstrate the entropy of LNCNs and relate
it to determine the weights. Next, we develop MAGDM based on WLNCHM operators to solve
multi-attribute group decision making problems with LNCN information. Finally, we provide an
example of the developed method.

Author Contributions: All the authors of this paper contributed equally. They have read and approved the final
version of the paper. In particular: conceptualization, M.G.; supervision, M.G.; communication, M.G.; formatting,
H.A.W.; revisions, H.A.W.; project administration, F.S.; writing the original draft, S.K.; final proof reading, S.I.A.S.

Acknowledgments: We would like to express our sincere thanks to the anonymous referees of this paper for their
interest in our work and also for spending their valuable time in reading this manuscript carefully and giving
their useful comments for improving the earlier version of the paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Zadeh, L.A. Fuzzy sets. Inform. Control 1965, 8, 338-353. [CrossRef]

2. Atanassov, K.T. Intuitionistic fuzzy sets. Fuzzy Sets Syst. 1986, 20, 87-96. [CrossRef]

3. Jun, Y.B; Kim, C.S;; Yang, K.O. Cubic sets. Ann. Fuzzy Math. Inform. 2012, 4, 83-98.

4. Akram, M.; Yaqoob, N.; Gulistan, M. Cubic KU-subalgebras. Int. J. Pure Appl. Math. 2013, 89, 659-665.

[CrossRef]

5. Yaqoob, N.; Mostafa, SM.; Ansari, M.A. On cubic KU-ideals of KU-algebras. ISRN Algebra 2013,
do0i10.1155/2013/935905. [CrossRef]

6. Rashid, S.; Yaqoob, N.; Akram, M.; Gulistan, M. Cubic graphs with application. Int. |. Anal. Appl. 2018, 16,
733-750.

7. Aslam, M.; Aroob, T.; Yaqoob, N. On cubic I'-hyperideals in left almost I'-semihypergroups. Ann. Fuzzy Math.
Inform. 2013, 5, 169-182.

8. Gulistan, M.; Yaqoob, N.; Vougiouklis, T.; Wahab, H.A. Extensions of cubic ideals in weak left almost
semihypergroups. J. Intell. Fuzzy Syst. 2018, 34, 4161-4172. [CrossRef]

9. Gulistan, M.; Khan, M.; Yaqoob, N.; Shahzad, M. Structural properties of cubic sets in regular
LA-semihypergroups. Fuzzy Inf. Eng. 2017, 9, 93-116. [CrossRef]

10. Khan, M.; Gulistan, M.; Yaqoob, N.; Hussain, F. General cubic hyperideals of LA-semihypergroups. Afr. Mat.
2016, 27, 731-751. [CrossRef]

11. Yaqoob, N.; Gulistan, M.; Leoreanu-Fotea, V.; Hila, K. Cubic hyperideals in LA-semihypergroups. J. Intell.
Fuzzy Syst. 2018, 34, 2707-2721. [CrossRef]

12. Khan, M,; Jun, Y.B.; Gulistan, M.; Yaqoob, N. The generalized version of Jun’s cubic sets in semigroups. J.
Intell. Fuzzy Syst. 2015, 28, 947-960.

13. Khan, M.; Gulistan, M.; Yaqoob, N.; Shabir, M. Neutrosophic cubic (&, )-ideals in semigroups with
application. |. Intell. Fuzzy Syst. 2018, 35, 2469-2483. [CrossRef]

14. Ma, X.L.; Zhan, ].; Khan, M.; Gulistan, M.; Yaqoob, N. Generalized cubic relations in Hv-LA-semigroups. J.
Discret. Math. Sci. Cryptgr. 2018, 21, 607-630. [CrossRef]


http://dx.doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/10.1016/S0165-0114(86)80034-3
http://dx.doi.org/10.12732/ijpam.v89i5.2
http://dx.doi.org/10.1155/2013/935905
http://dx.doi.org/10.3233/JIFS-171744
http://dx.doi.org/10.1016/j.fiae.2017.03.005
http://dx.doi.org/10.1007/s13370-015-0367-y
http://dx.doi.org/10.3233/JIFS-17850
http://dx.doi.org/10.3233/JIFS-18112
http://dx.doi.org/10.1080/09720529.2016.1191174

Symmetry 2018, 10, 428 29 of 30

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

35.

36.

37.
38.

39.

40.

41.
42.

Gulistan, M.; Khan, M.; Yaqoob, N.; Shahzad, M.; Ashraf, U. Direct product of generalized cubic sets in
Hv-LA-semigroups. Sci. Int. 2016, 28, 767-779.

Smarandache, F. A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set, Neutrosophic
Probability; American Research Press: Rehoboth, NM, USA, 1999.

Smarandache, F. Neutrosophic set, a generalization of the intuitionistic fuzzy set. Int. |. Pure Appl. Math. 2005,
24,287-297.

Wang, H.; Smarandache, F; Zhang, Q.Y.; Sunderraman, R. Single Valued Neutrosophic Sets; Infinite Study:
New Delhi, India, 2010.

De, S.K.; Beg, I. Triangular dense fuzzy neutrosophic sets. Neutrosophic Sets Syst. 2016, 13, 25-38.

Gulistan, M.; Khan, A.; Abdullah, A.; Yagoob, N. Complex neutrosophic subsemigroups and ideals. Int. |.
Anal. Appl. 2018, 16, 97-116.

Jun, Y.B.; Smarandache, F.; Kim, C.S. Neutrosophic cubic sets. New Math. Nat. Comput. 2017, 13, 41-54.
[CrossRef]

Jun, Y.B.; Smarandache, F.; Kim, C.S. P-union and P-intersection of neutrosophic cubic sets. Anal. Univ.
Ovidius Constanta 2017, 25, 99-115. [CrossRef]

Gulistan, M.; Yaqoob, N.; Rashid, Z.; Smarandache, F.; Wahab, H. A study on neutrosophic cubic graphs with
real life applications in industries. Symmetry 2018, 10, 203. [CrossRef]

Zhan, J.; Khan, M.; Gulistan, M.; Ali, A. Applications of neutrosophic cubic sets in multi-criteria
decision-making. Int. J. Uncertain. Quantif. 2017, 7, 377-394. [CrossRef]

Hashim, R.M.; Gulistan, M.; Smrandache, F. Applications of neutrosophic bipolar fuzzy sets in HOPE
foundation for planning to build a children hospital with different types of similarity measures. Symmetry
2018, 10, 331. [CrossRef]

Zadeh, L.A. The concept of a linguistic variable and its application to approximate reasoning Part I. Inf. Sci.
1975, 8, 199-249. [CrossRef]

Herrera, F.; Herrera-Viedma, E.; Verdegay, L. A model of consensus in group decision making under linguistic
assessments. Fuzzy Sets Syst. 1996, 79, 73-87. [CrossRef]

Herrera, F; Herrera-Viedma, E. linguistic decision analysis: Steps for solving decision problems under
linguistic information. Fuzzy Sets Syst. 2000, 115, 67-82. [CrossRef]

Xu, Z.S. A method based on linguistic aggregation operators for group decision making with linguistic
preference relations. Inf. Sci. 2004, 166, 19-30. [CrossRef]

Chen, Z.C; Liu, PH.; Pei, Z. An approach to multiple attribute group decision making based on linguistic
intuitionistic fuzzy numbers. Int. . Comput. Intell. Syst. 2015, 8, 747-760. [CrossRef]

Zhang, H. Linguistic intuitionistic fuzzy sets and application in MAGDM. |. Appl. Math. 2014. [CrossRef]
Fang, Z.B.; Ye, ]. Multiple attribute group decision-making method based on linguistic neutrosophic numbers.
Symmetry 2017, 9, 111. [CrossRef]

Peng, H.G.; Wang, ].Q.; Cheng, PF. A linguistic intuitionistic multi-criteria decision-making method based
on the Frank Heronian mean operator and its application in evaluating coal mine safety. Int. J. Mach. Learn.
Cybern. 2017, 9, 1053-1068. [CrossRef]

Ye, ]. Aggregation operators of neutrosophic linguistic numbers for multiple attribute group decision making.
SpringerPlus 2016, 5, 1691. [CrossRef] [PubMed]

Li, YY,; Zhang, H.;, Wang, ].Q. Linguistic neutrosophic sets and their application in multicriteria
decision-making problems. Int. J. Uncertain. Quantif. 2017, 7. [CrossRef]

Hara, T.; Uchiyama, M.; Takahasi, S.E. A refinement of various mean inequalities. |. Inequal. Appl. 1998, 4,
932025. [CrossRef]

Zadeh, L.A. Fuzzy sets and systems. Int. ]. Gen. Syst. 1990, 17, 129-138. [CrossRef]

De Luca, A.; Termini, S. A definition of a nonprobabilistic entropy in the setting of fuzzy sets theory. Inf. Control
1972, 20, 301-312. [CrossRef]

Kaufmann, A.; Bonaert, A.P. Introduction to the theory of fuzzy subsets-vol. 1: Fundamental theoretical
elements. IEEE Trans. Syst. Man Cybern. 1977, 7, 495-496. [CrossRef]

Kosoko, B. Fuzzy entropy and conditioning. Inf. Sci. 1986, 40, 165-174. [CrossRef]

Majumdar, P.; Samanta, S.K. Softness of a soft set: Soft set entropy. Ann. Fuzzy Math. Inf. 2013, 6, 59-68.
Szmidt, E.; Kacprzyk, J. Entropy for intuitionistic fuzzy sets. Fuzzy Sets Syst. 2001, 118, 467—477. [CrossRef]


http://dx.doi.org/10.1142/S1793005717500041
http://dx.doi.org/10.1515/auom-2017-0009
http://dx.doi.org/10.3390/sym10060203
http://dx.doi.org/10.1615/Int.J.UncertaintyQuantification.2017020446
http://dx.doi.org/10.3390/sym10080331
http://dx.doi.org/10.1016/0020-0255(75)90036-5
http://dx.doi.org/10.1016/0165-0114(95)00107-7
http://dx.doi.org/10.1016/S0165-0114(99)00024-X
http://dx.doi.org/10.1016/j.ins.2003.10.006
http://dx.doi.org/10.1080/18756891.2015.1061394
http://dx.doi.org/10.1155/2014/432092
http://dx.doi.org/10.3390/sym9070111
http://dx.doi.org/10.1007/s13042-016-0630-z
http://dx.doi.org/10.1186/s40064-016-3247-5
http://www.ncbi.nlm.nih.gov/pubmed/27777845
http://dx.doi.org/10.1615/Int.J.UncertaintyQuantification.2017019627
http://dx.doi.org/10.1155/S1025583498000253
http://dx.doi.org/10.1080/03081079008935104
http://dx.doi.org/10.1016/S0019-9958(72)90199-4
http://dx.doi.org/10.1109/TSMC.1977.4309751
http://dx.doi.org/10.1016/0020-0255(86)90006-X
http://dx.doi.org/10.1016/S0165-0114(98)00402-3

Symmetry 2018, 10, 428 30 of 30

43.

44.

45.
46.

47.

Yager, R.R. On the measure of fuzziness and negation, Part I: Membership in the unit interval. Int. ]. Gen. Syst.
1979, 5, 189-200. [CrossRef]

Ye, ]. An extended TOPSIS method for multiple attribute group decision making based on single valued
neutrosophic linguistic numbers. J. Intell. Fuzzy Syst. 2015, 28, 247-255.

Patrascu, V. The neutrosophic entropy and its five components. Neutrosophic Sets. Syst. 2015, 7, 40—46.

Liu, P; You, X. Some linguistic neutrosophic Hamy mean operators and their application to multi-attribute
group decision making. PLoS ONE 2018, 13, e0193027. [CrossRef] [PubMed]

Ye, J. Linguistic neutrosophic cubic numbers and their multiple attribute decision-making method. Information
2017, 8, 110. [CrossRef]

@ (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses /by /4.0/).


http://dx.doi.org/10.1080/03081077908547452
http://dx.doi.org/10.1371/journal.pone.0193027
http://www.ncbi.nlm.nih.gov/pubmed/29513697
http://dx.doi.org/10.3390/info8030110
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	Linguistic Neutrosophic Cubic Numbers and Operators
	Entropy of LNCSs
	The Method for MAGDM Based on the WLNCHM Operator
	Numerical Applications
	Procedure
	Comparison Analysis

	Conclusions
	References

