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1 Introduction

The neutrosophic representation of information was proposed by Smarandache [11], [12], [13] and it is defined
by the triplet (i, w,v) where u € [0,1] is the degree of truth, w € [0,1] is the degree of indeterminacy while
v € [0,1] is the degree of falsity. The neutrosophic representation is an extension of the intuitionistic fuzzy rep-
resentation proposed by Atanassov [1], [2] and also for the fuzzy representation of information proposed by Za-

deh [16], [17]. We can define other parameters associated to the neutrosophic triplet (¢, w, v):

the net truth 7 € [—1,1], defined by:
T=Uu—v
the bifuzzy definedness § € [—1,1], defined by:

S=u+v-1

(1.1)

(1.2)

On this way, we have two systems representation of neutrosophic information: the primary space (u, w,v) and

the secondary space (t, §, w). In addition we will define the following parameters [7], [8], [9]:

the degree of bifuzzy incompleteness € [0,1] defined by:
m = max(—§,0)
the degree of bifuzzy contradiction k € [0,1] defined by:
x = max(§,0)
Between the parameters u, v, m and k, there exits the following relation [9]:
u+tv+m—k=1

There exists the following transform from the pair (7, §) to the pair (i, v) :

1+6+1
H=f

1+6—1
VT2

For the neutrosophic information x = (u, w,v), it was defined the complement x by:

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

arXiv:1810.00748 DOI:10.13140/RG.2.2.32352.74244



Technical Report, R.C.E.1.T-1.9.18 September 23, 2018

x=w,w,u (1.8)

After presentation of the main parameters that will be used in this approach, the next will have the following
structure: section two presents a new distance for neutrosophic information; section three presents formulae for
evaluating of some feature of neutrosophic information like certainty, score, uncertainty; section four presents
the escort fuzzy information; section five presents the Shannon entropy [10] formula for neutrosophic infor-
mation; section six presents the conclusion while the last is the references section.

This paper is related to my previous work [4], [5].

2 A distance for neutrosophic information

In this section we define a new distance for neutrosophic triplets. For two neutrosophic triplets P; = (uy, wq,v;)
and P, = (u,, wy, v,), We consider the L1 distance d(P;, P,) € [0,3] define by:

d(Py, Py) = |y — pz] + lwg — wy| + [v; — vy (2.1)

The L1 distance [14], [15] is a metric and considering the auxiliary points € = (1,0,1) and U = (0,0,0) there
exists the following two inequalities:

d(P;,C) +d(C,Py) =2 d(Py, Py) (2.2)
And
d(Py,U) +d(U,P,) = d(Py, P,) (2.3)
From (2.2) and (2.3) it results:
max(d(Py, C) + d(C,P,),d(P,,U) +d(U,P,)) = d(P,, P,) (2.4)
We can transform (2.4) into (2.5):
d(Py, P.
12 max(d(Py, C) + d(C(, 1912),261)(131, U) +d(U,P,)) (2:5)
The right term represents the new distance or dissimilarity, namely:
d(Py, P.
(P, P) = max(d(Py, C) + d(C(, PZ),Zd)(Pl, U) +d(U, Py)) (2.6)
From (2.1) it results:
d(P;,C)=2—p —v; + w, 2.7)
d(C,Py) =2 —u; — vy, + wy (2.8)
d(P,U)=u +w+v; (2.9)
dU,Py) = uy + wy + v, (2.10)
From (2.7), (2.8), (2.9), (2.10) and (1.2) it results:
d(P,C)+d(C,P,)=2—-8;— 6, + w, + w, (2.11)
dP,U)+dU,P) =2+ 6, + 8, + w; + w, (2.12)
From (2.11) and (2.12) it results:
max(d(Py,C) + d(C,P,),d(P,,U) + d(U,P,)) = 2 + |8, + 8] + w; + w, (2.13)
From (2.1), (2.13) and (2.6) it results the new distance between two neutrosophic triplets:
D, pry = 1t + 01—l £ 1 = vl 214

2+ |61+ 63| + wy + wy
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From (2.1) and (2.5) it results that D(P,, P,) € [0,1] and we can define the similarity by negation:

|y = pz] + |lwy — wa| + [vy — vyl

S(Py,P)=1- 2.15
(P1, P2) 2416, + 8| + wy + w, (2.15)
For w = 0, it results the particular case for bifuzzy information of the pair x = (u, v), namely:
|y — pzl + vy — vyl
D(P,,P,) = 2.16
( 1 2) 2 + |61 +(52| ( )
- + vy —v
S(PLP) =1— |ty — ol + vy 2 (2.17)

For w = 0 and § < 0, it results the particular case for intuitionistic fuzzy information of the pair x = (u,v),
namely:

|ty — pal + vy — vyl

D(P,,P,) = 2.18

(P1, Pz) 241w+ (2.18)
[y =tz + vy — vyl

S(P,,P,)=1-— 2.19

(P1, P2) 2+m +m, (219)

Forw = 0and § = 0, it results the particular case for paraconsistent fuzzy information of the pair x = (u,v),
namely:

[y — pz| + vy — vyl

D(Py,Pp) = ———— (2.20)
1 2
iy =tz ] + vy — v
S(PyPp) =1 - — (2.21)
1 2

3 The certainty, the score and the uncertainty for neutrosophic information

Starting from the proposed distance defined by (2.14), we will construct some measures for the following three
features of neutrosophic information: the certainty, the score and the uncertainty.

3.1 The neutrosophic certainty

For any neutrosophic triplet x = (u, w,v) we consider its complement ¥ = (v, w, u) and we define the certainty
as dissimilarity between x and X, namely:

g(x) = D(x,x) (3.1)
with its equivalent form:

lw— vl
1+ju+v—-1l+w

g(x) = (3.2)

In the space (u, w,v) we identify the following properties for neutrosophic certainty:

Q) g(1,0,0) = g(0,01) =1
(i) g w,1) = gv,0,v) =0
(i)  gwwv) =g, o
(iv) gy, w1,v1) < g(pa, w2, v2) iF py —vil S lug = ol g +vi =11 =gz +v, —1| , and
W, = W,;.
The property (iv) shows that the neutrosophic certainty increases with |t|, decreases with |§| and decreases with

.
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From (iv) it results that g(u, w,v) € [0,1] because g(u, w,v) = ¢g(0,1,0) and g(u, w,v) < g(1,0,0).

In the space (t, §, w), the neutrosophic certainty formula becomes:

|z]
= 3.3
I =1 5+ w (3:3)
For w = 0, it results the particular case for bifuzzy information of the pair x = (i, v), namely:
() =0 (349
g 1+ '

For w = 0 and § < 0, it results the particular case for intuitionistic fuzzy information of the pair x = (u,v),
namely:

|z
1+m

g(x) = (3.5)

Forw = 0and § > 0, it results the particular case for paraconsistent fuzzy information of the pair x = (u,v),
namely:

|7l
9() =7 (36)
3.2 The neutrosophic score
From (3.2) came the idea to define the neutrosophic score by:
_ Hov
r(x)_1+|,u+v—1|+w (.7
with the equivalent form in the space (7, §, w):
= ‘ 3.8
r(x)_1+|5|+w (3.8)

In the space (u, w, v) the properties for the neutrosophic score derive from the certainty properties, namely:

M r(1,0,0) = 1;r(0,0,1) = -1

(i) r(u,w,u) =r(v,w,v) =0

(iii) r(u,w,v) = —rlv,w, 1)

(iv) (0, V1) ST, w,v) IF 0<py —vi <pp—vy, g +vi =1/ =g +v,—1], and

W, = W,
v) (0, V1) ST, w2, v2) Iy — vy Spp—v, <0, g +vy =1 <|pp+v,—1], and

w; < W,

The properties (iv) and (v) show that the neutrosophic score increases with 7. The property (iv) shows that for
T = 0, the neutrosophic score decreases with |§| and decreases with « while the property (v) shows that the
neutrosophic score increases with |§] and increases with w fort < 0.

From (iv) and (v), it results that r(u, w,v) € [—1,1] because r(u, w,v) = r(0,0,1) and 7(u, w,v) < r(1,0,0).
For example there exists the following inequalities:

7(1,0,0) > r(1,1,0) > r(1,1,1) = r(1,0,1) = r(0,1,0) = r(0,0,0) > r(0,1,1) > 7(0,0,1)
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For w = 0, it results the particular case for bifuzzy information of the pair x = (i, v), namely:

r(x) = (3.9)

14 (5]

For w = 0and § <0, it results the particular case for intuitionistic fuzzy information of the pair x = (i, v),
namely:

r(x) = (3.10)

1+m

Forw = 0and § = 0, it results the particular case for paraconsistent fuzzy information of the pair x = (i, v),
namely:

r(x) = T x (3.11)
3.3 The neutrosophic uncertainty
Finally, we define the neutrosophic uncertainty using the negation of certainty (3.2):
lu— vl
=1- 12
e(®) 1+ju+v—-1l+w (3.12)
with the equivalent form in the space (7, §, w):
e(x) =1- L (3.13)
1+ |6+ w '

In the space (u, w,v) the neutrosophic uncertainty verifies the following conditions:

(i) e(1,0,0) = e(0,0,1) = 0

(i) e(,w,p) =e(v,w,v) =1

(iii) e(u,w,v) =e(v,w, 1)

(iv) e(uy, wy,v1) S e(lip, wy,v2) if |y —vil = |y —vol, g +vi =1 <|p, +v,— 1], and

w; < w;.

The property (iv) shows that the neutrosophic uncertainty decreases with |t|, increases with [§| and increases
with w.

From (iv) it results that e(u, w,v) € [0,1] because e(u, w,v) = e(1,0,0) and e(u, w,v) < e(0,1,0).

For w = 0, it results the particular case for bifuzzy information of the pair x = (u, v), namely:

|7l

e(x)=1—rw

(3.14)
For w = 0 and § < 0, it results the particular case for intuitionistic fuzzy information of the pair x = (u,v),
namely:

|7l

=1-=
e(®) 1+m

(3.15)

Formula (3.15) was obtained in [6] using other method.

Forw = 0and § = 0, it results the particular case for paraconsistent fuzzy information of the pair x = (g, v),
namely:
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|7l

=1-
e(x) 1+k

(3.16)

4 The escort fuzzy information

We will associate to any neutrosophic information x = (u, w,v) a fuzzy one, X = (4, 7) that we will call escort
fuzzy information. The escort fuzzy pair (i, 7) will be determined in order to preserve the score of the neutro-
sophic triplet (4, w, v). It will be obtained by solving the following system:

A+v=1 (4.1)
g—7v=r(uw,v) (4.2)

It results the following values for the escort fuzzy pair ({4, V):

A_1+r 43
p=— (4.3)
A_1—r w
0 =— (4.4)
with the following equivalent forms:
pt T+ ;
f=—" % 4.
P T¥ 5l +w (4.5)
v+n+%
jp=—— & 4.6
VS T1H 5t (4.6)
For w = 0, it results the particular case for bifuzzy information of the pair x = (u, v), namely:
u+m
I =—°F 4.7
A= T575] (4.7)
A vV+T7 48
[Ty (4.8)

Forw =0and § <0, it results the particular case for intuitionistic fuzzy information of the pair x = (u,v),
namely:

. p+m
K =1+n (4.9
. v+m
= (4.10)

Forw =0and § = 0, it results the particular case for paraconsistent fuzzy information of the pair x = (i, v),
namely:

i = 411
=T (411)
b= 412
V_1+K (4-12)

The escort fuzzy pair (i, V) can be used to extend existing results from fuzzy theory [16], [17] to its extensions.
In this paper we will use the escort fuzzy pair for extending the Shannon fuzzy entropy to Shannon neutrosophic
entropy.
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5 The Shannon entropy for neutrosophic information

For any neutrosophic triplet x = (u, w,v), using the escort fuzzy pair x = (i, V) we will define the Shannon
entropy E for neutrosophic information using the following formula:

Eg(x) = es(%)

(5.1)

where eg represents the Shannon fuzzy entropy. For a fuzzy information u, De Luca and Termini [3] extended
the Shannon formula for calculating the fuzzy entropy by:

es(u) = —pln(w) — (1 — w)In(1 — w) (5.2)
From (5.2) it results:
es(®) = —Aln(A) — IIn(H) (5.3)
From (4.5), (4.6), (5.1) and (5.3) it results the Shannon variant for neutrosophic entropy:
ptn+3 [u+m+3\ ven+z [ven+s
ES(x)__1+|6|+wln 1+ 16| +w _1+|6|+wln 1+ 16| +w G4
There are the next three equivalent formulae:
Using (4.3) and (4.4) it results:
Eo(x) = 1+rl <1+r> 1—rl <1—r .
S =T M T 2 "\ 2 -5
Because in (5.5) there exists symmetry between r and —r, it results:
1+ |r| 1+ |r]| 1—|r| 1—|r|
Es(x) = — 5 ln< 5 i In (5.6)
From (3.2), (3.3), (3.7) and (5.6) it results:
_ 1+g 1+g 1—-g <1—g
Es(x) = 5 ln( 5 ) 5 In 5 (5.7)
We notice that:
dg 1
—_— = 5.8
alt] 1+16|+w ©8)
d T
9 __ |zl (5.9)
a|é| 1+ 6] + w)?
dg |7l
i b NE— 1
dw (1 + 6] + w)? (G-10)
=2 _Z —_Z A1
dg 2ln(1+g) 1D
dE; 1 1 1-g
I 12
altl 21+|6|+wln(1+g) (5.12)
JEs 1 |z 1—-g
ot _ 1 in(2=5) 513
a5l - 2 +18l+w)? \1+g (5.13)
0Es 1 || 1—-g
w21+ 18]+ w)? "<1+g> .14

because
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1-9_,
1+g
it results:
I (1 - g) <0 5.15
"1 +g/ (5.15)
From (5.12), (5.13), (5.14) and (5.15) it results:
OFs _ 0 5.16
OEs 0 5.17
%s 5 5.18
aw el ( . )

As conclusion, it results that the Shannon entropy for neutrosophic information defined by (5.4) verifies the con-
dition (iv) from section 3.3, namely it decreases with || , increases with |§| and increases with w.

Also the function E defined by (5.4) verifies the conditions (i) and (iii). In order to verify the condition (ii) it
necessary to multiply by the well-known normalization factor:

1
A= (D) (5.19)
Finally it results the normalized variant for Shannon entropy, namely:
1 u+n+%l ptmT+Z v+n+%l VTt :
E =— 2
O = TR r o ™\ T B v ) TTr R o M\ TF B F o (5:20)
For w = 0, it results the Shannon entropy formula for bifuzzy information of the pair x = (u, v), namely:
Eoy(x) = 1 y+1rl (u+n)+v+nl (v+n> 521
SV = T @ \T+ 181 \1+ 18 T 1+ 18]\ + 5] (>21)

Forw =0 and § <0, it results the Shannon entropy formula for intuitionistic fuzzy information of the pair
x = (u,v), namely:

Eoy(x) = 1 u+nl (u+n>+v+nl (v+n) 522
SN X) = In(2) T+ \U+n) "1+ "Usn (5.22)

Forw =0and § = 0, it results the Shannon entropy formula for paraconsistent fuzzy information of the pair
x = (u,v), namely:

_ 1 u U v 4
Esn(x) = _ln(Z) <1 +K n (1 + K) + 1+k n (1 + K)> (5.23)

6 Conclusions

In this paper, we presented a new formula for calculating the distance and similarity of neutrosophic information.
Then, we constructed measures for information features like score, certainty and uncertainty. Also, a new con-
cept was introduced, namely fuzzy information escort. Then, using the fuzzy information escort, Shannon's for-
mula for neutrosophic information was extended. It should be underlined that Shannon's entropy for neutrosoph-
ic information verifies the four defining conditions of neutrosophic uncertainty. Also, all the obtained results for
the triplet (u, w,v) were particularized for bifuzzy information, intuitionistic fuzzy information and paracon-
sistent fuzzy information of the pair (i, v).
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