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Abstract: The purpose of this paper was to model, with the help of neutrosophic fuzzy numbers,
the optimal financial asset portfolios, offering additional information to those investing in the
capital market. The optimal neutrosophic portfolios are those categories of portfolios consisting of
two or more financial assets, modeled using neutrosophic triangular numbers, that allow for the
determination of financial performance indicators, respectively the neutrosophic average, the
neutrosophic risk, for each financial asset, and the neutrosophic covariance as well as
the determination of the portfolio return, respectively of the portfolio risk. There are two
essential conditions established by rational investors on the capital market to obtain an optimal
financial assets portfolio, respectively by fixing the financial return at the estimated level as
well as minimizing the risk of the financial assets neutrosophic portfolio. These conditions allowed
us to compute the financial assets’ share in the total value of the neutrosophic portfolios, for which
the financial return reaches the level set by investors and the financial risk has the minimum value.
In financial terms, the financial assets’ share answers the legitimate question of rational investors in
the capital market regarding the amount of money they must invest in compliance with the optimal
conditions regarding the neutrosophic return and risk.

Keywords: financial assets; neutrosophic portfolio return; neutrosophic portfolios risk; optimal
portfolios

1. Introduction

The modern portfolio theory developed by H. Markowitz [1] paved the path for
obtaining additional information on the capital market. These categories of information
refer to the identification of correlations between the financial assets’ return and risk, but
also to the possibility of determining the financial asset portfolio’s structure given an
expected (desired) return level and focusing on minimizing the portfolio risk. However,
modern portfolio theory does not provide sufficient information to capital market
investors. Information such as the probability of accomplishment/non-
accomplishment/uncertainty of some investment strategies are not the basis for financial
decision-making. In the absence of this information, investors cannot make appropriate
decisions on the capital market to ensure an effective correlation between the financial
asset portfolios” return and risk.

The importance of the research problem identified above, namely the lack of
information on the probability of carrying out investment strategies in the capital market,
can be solved with the help of fuzzy neutrosophic numbers because they contain three
categories of additional information that can help investors, namely, the degree of
achievement of the performance indicators, the degree of non-achievement of the
performance indicators encountered, especially in the situation of some scenarios of the
investment strategies without perspective of realization as well as the degree of
uncertainty that refers to those investment scenarios with uncertain probability. The
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performance indicators that will be modeled using neutrosophic fuzzy triangular
numbers are the portfolio structure and the portfolio risk. Thus, the importance of this
research resides in the fact that it offers additional information to those investing in the
capital market, with the help of several portfolio performance indicators, which answers
the legitimate question of rational investors in the capital market regarding the amount of
money they must invest in compliance with the optimal conditions regarding the
neutrosophic return and risk.

The innovation in the paper is ensured by the financial asset portfolio performance
indicators, modeled with the use of neutrosophic fuzzy triangular numbers. In this
context, specific neutrosophic performance indicators were obtained: the structure of the
neutrosophic portfolio and its risk. The paper also lays the foundations for optimal
financial asset neutrosophic portfolios such as those categories of financial assets that form
a portfolio for which the portfolio return has a predetermined value (desired by investors)
and the financial assets portfolio risk is minimal. The paper thus provides, through
innovation, an additional information package for capital market investors generated by
the specificity of neutrosophic fuzzy triangular numbers used in modeling.

The theoretical contribution of this research paper is given by the theoretical
substantiation, with the help of neutrosophic fuzzy triangular numbers of the
performance indicators specific to the optimal financial assets’ portfolios, namely,
portfolio structure, portfolio risk as well as portfolio return. These three performance
indicators are specific to the optimal portfolios, respectively to those portfolio categories
for which financial return reaches the level set by investors and the financial risk has the
minimum value.

The fuzzy logic approach offers many advantages over the classic version of
modeling the financial assets or financial asset portfolios” performance indicators, namely:

e  Provides much more flexible calculation methodologies for modeling the financial
assets performance to provide specialized information necessary for investors on the
capital market.

e  The fuzzy logic approach best describes the evolution of the financial assets value
over a period, and as the membership degree specific to fuzzy numbers allows for
the precise classification of the financial assets value by ranges of values assessed
using linguistic terms: small, medium, or large.

e The fuzzy logic approach allows for the grouping of the financial assets values (for
example, the shares value) that are the basis for determining the financial
performance indicators (financial return, financial risk, etc.) in groups of values
assessed using linguistic terms: small, medium, or large.

e  The fuzzy logic approach allows for the determination of the financial performance
indicators above-mentioned on value ranges also appreciated with the help of
linguistic terms. Moreover, using the membership degree, it allows the establishment
of their belonging at the value ranges.

e The fuzzy logic approach allows for additional information to be obtained if
neutrosophic fuzzy numbers are used through the probabilities attached to them,
which ensures the provision of additional information regarding the realization of
the investment strategies on the capital market.

This research paper used neutrosophic fuzzy numbers because they best describe the
investor’s need for information on the likelihood of capital market investment success.
They contain three categories of additional information for any investor, namely, the high
probability of achieving an investment strategy conventionally denoted by (w), the low
probability of achievement denoted by (u), and the uncertainty denoted by (y). All these
three categories of probabilities are specific to neutrosophic fuzzy numbers only, are
attached to, are modeled after rules specific to neutrosophic fuzzy numbers, and provide
investors with additional information on how investment strategies can be achieved.
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Neutrosophic triangular fuzzy numbers best describe the evolution of the values
recorded by financial assets or financial asset portfolios. This is because the financial assets
values, even if they follow an exponential trend, are often represented in the form of a
“sawtooth” graph; in certain moments, they register maximum values and in other
moments minimum values. Neutrosophic triangular fuzzy numbers thus best describe
this type of behavior.

The remainder of the paper is organized as follows. Section 2 presents a literature
review with a focus on the portfolio theory. Section 3 presents the prerequisites for the
proposed approach. Section 4 discusses the optimization of a neutrosophic portfolio
consisting of two financial assets, which is a basis for the discussion related to the optimal
neutrosophic portfolios consisting of N-financial assets presented in Section 5. The paper
ends with concluding remarks and references.

2. Literature Review

The financial assets optimizations were studied since the modern portfolio theory
developed by H. Markowitz in 1952 [1], which opened the way to obtain supplementary
information on the capital market. During the period 1975-2021, 1150 scientific articles
were published on the Web of Science [2] database with this topic of interest. Since the
90s, an increase in interest in this field has been observed in terms of the number of studies
published in ISI indexed journals (Figure 1).

Figure 1. Number of studies published by year in the area of portfolio theory.

Regarding the Web of Science [2] categories, these studies targeted the following
fields: operations research management science (23%), economics (20%), business finance
(17%), mathematics interdisciplinary applications (13%), management (12.3%), computer
science/Al (12%), social science mathematical methods (11%), engineering (11%),
mathematics applied (8%), statistics probability (7.2%), etc. Only 1.6% of the total articles
was aimed toward the mathematics field.

In terms of research areas, the top 10 was composed of business economics (41%),
mathematics (25%), operation research (23%), computer science (21%), engineering (18%),
mathematical methods (11%), automation control systems (4.2%), physics (3.8%),
environmental science (3.2%), and science technology (3.1%). Most of them were
published as articles (885), followed by proceedings papers (298), early access (24), book
chapters (23), and reviews (18).

The financial assets optimizations captured the attention of researchers from all over
the world during this period, but most of the published scientific studies came from China
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(213), the USA (210), India (58), France (48), England (93), Italy (89), Austria (46), and Spain
(33). These scored a h-index of 51 and an average citations per item of 11.21, being cited
12,897 times.

In the following, some of the most cited articles in this field will be discussed. Delage
and Ye [3] proposed a model that describes uncertainty in the distribution form and
moments, demonstrating in a practical example of portfolio selection that, for a wide
range of cost functions, the associated min-max stochastic program can be solved
efficiently.

Cavalcante et al. [4] analyzed the main challenges and open problems in financial
markets by focusing on the scientific studies made on techniques for preprocessing and
clustering of financial data, for forecasting future market movements, and for mining
financial text information, thus contributing to the definition of a systematic procedure
for guiding the task of building an intelligent trading system.

Onnela et al. [5] focused on taxonomy and portfolio analysis by analyzing the
dynamics of market correlations using the minimum spanning tree description of
correlations between stocks. The obtained results showed that the diversification aspect
of portfolio optimization consists of the fact that the assets of the classic Markowitz
portfolio are always located on the outer leaves of the tree. DeMiguel et al. [6] developed
a general framework for finding portfolios that performed well out-of-sample in the
presence of estimation error by using the traditional minimum-variance problem with the
constraint that the norm of the portfolio-weight vector is smaller than a given threshold.
As conclusions, the authors proposed several new portfolio strategies useful for investors
who have a prior belief on portfolio weights rather than on moments of asset returns.

Bandi and Russell [7] developed a model that estimated the daily integrated variance
of financial asset prices with the help of the microstructure noise, realized variance, and
optimal sampling. Steinbach [8] used the mean-variance portfolio analysis to avoid the
penalization of overperformance. The results were used in multiperiod models based on
scenario trees to remove surplus money in future decisions, yielding approximate
downside risk minimization. On the other hand, Tumminello et al. [9] studied several
methods to quantitatively investigate the properties of correlation matrices in portfolio
optimization and in asset price dynamics. Their paper focused on how to define and
obtain hierarchical trees, correlation-based trees, and networks from a correlation matrix.
Moreover, Karatzas [10] studied the existence of the numeraire portfolio under
predictable convex constraints in a general semimartingale model of a financial market.

Varma et al. [11] analyzed the impact of enterprise-wide cross-functional
coordination on enterprise performance, sustainability, and growth prospects. Within
their research, they demonstrated the existence of cross-functional decision-making
dependencies using an enterprise network model, targeting the interactions between
enterprise planning decisions involving project financing, debt-equity balancing, R&D
portfolio selection, risk hedging with real derivative instruments, supply chain asset
creation, and marketing contracts. Papageorgio [12] addressed the decision-making
problem in process industry supply chains, toward the development of optimal
infrastructures and planning. His paper gathered the methodologies used in this field,
offering a critical review from the financial and sustainability point of view.

As for the application of fuzzy logic in portfolio management, several studies in the
literature have been dedicated to this area.

The advantages of using a fuzzy-logic-based asset allocation are underlined by North
[13], while Karpenko et al. [14] showed that the fuzzy sets present some advantages that
can support the assessment of corporate investment decisions in terms of risk and
uncertainty.

Piasecki and Lyczkowska-Hanckowiak [15] proposed some methods for
approximating the ordered fuzzy numbers using trapezoidal ordered fuzzy numbers,
simplifying in this manner the arithmetical operations with direct implications in the
practical applications in the area of financial portfolio management.
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The fuzzy portfolio optimization problem is discussed by Liu [16] in a research
conducted on the Taiwan stock exchange. The author took advantage of the fuzzy data
representation and fuzzy numbers and showed that the greater the amount of risk an
investor is taking, the higher its potential return [16].

Dastkhan et al. [17] proposed models based on fuzzy mathematical programming
and used the data provided by the New York Stock Exchange in order to illustrate their
effectiveness. As a result, the authors state that the fuzzy mathematical approach used in
portfolio management can be useful in providing a solution to the decision maker that
will satisfy their preferences [17].

Using data from the Athens Stock Exchange, Chourmouziadis and Chatzoglou [18]
proposed a short-term fuzzy system able to avoid high losses during bear markets.
According to the authors, the proposed fuzzy model is superior to the returns of the buy
and hold strategy [18].

Portfolio selection in public administration is addressed by Nassif et al. [19] through
the use of fuzzy logic. Despite the usual approach in the portfolio management problem,
focusing mostly on the financial return in the governmental sphere, the authors believe
that the focus should also be put on the public benefits [19]. As a result, several
experiments have been presented, simulated, and analyzed through the use of fuzzy logic.

Trying to overcome the drawback produced by the traditional assets allocation
models, Hui et al. [20] used two fuzzy mathematical programming models in which the
authors included expert adjustments not connected to the information found in the
historical data. As a result, the authors underlined that the provided solution was able to
produce a portfolio as efficient as the traditional allocation models, while minimizing the
information vagueness [20].

Garcia-Crespo et al. [21] combined semantic technologies and fuzzy logic techniques
and proposed a tool able to recommend investments based on both the psychological
aspects of the investor and on the traditional financial indicators. Ferreira et al. [22]
proposed a framework designated for portfolio optimization in private banking that took
the advantages of the fuzzy approach while accounting for the personal features of the
investor and the regulations imposed related to risk exposure.

In this context, the present paper combined the mathematical methods from portfolio
theory with the principles of the neutrosophic theory, the neutrosophic fuzzy triangular
numbers. Neutrosophic theory has been studied since 2000 and focuses on solving real
life problems that involve uncertainty, impreciseness, vagueness, incompleteness,
inconsistent, and indeterminacy [23-25]. The neutrosophic theory now has applications in
various fields such as artificial intelligence, data mining, soft computing, decision making,
information systems, image processing, computational modeling, robotics, medical
diagnosis, biomedical engineering, investment problems, economic forecasting, social
science, etc. [26-28].

The purpose of this research paper was to model, with the help of neutrosophic
triangular fuzzy numbers, the financial performance indicators specific to the optimal
portfolios. Thus, the object of modeling was the financial assets optimal portfolios
characterized by the fact that the financial return is fixed at an estimated level and the
financial asset neutrosophic portfolio’s risk tends to a minimum. Although the global
optimum can give relevant results in the research activity [29,30], however, for the
proposed purpose of the elaborated research paper, the optimal portfolios best meet this
objective.

3. Pre-Requisites

Financial asset portfolios have been the subject of numerous studies in the literature
[31-34]. The conditions regarding the financial asset portfolios’ return and risk are known
as optimal portfolios and are based on setting a certain level for financial return that is
conventionally denoted by (p) and minimizing the risk regarding the investments in the
capital market, which is conventionally denoted by (¢7). These two conditions are known
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in the literature as conditions for optimizing financial asset portfolios, which can be
mathematically written as follows:

{ Rp = p; (1)

02 > min;

The results obtained in the studies carried out for the financial asset optimal
conditions were spectacular. The defining elements of an optimal financial asset portfolio
were established, among which we mention the portfolio structure of the form: X, =
%[(pA —B)Q™IR + (C — Bp)Q~le], with A=eQ e, B = eQ 1RT = RQteT, C = RQ™IRT
and D = AC — B?; and the portfolio risk of the form: 6 = %(Ap2 — 2Bp + C), known as
the Markowitz’s frontier. Within the present paper, the financial asset portfolios were
modeled using fuzzy neutrosophic numbers. In these categories of financial asset
portfolios are included those assets that cumulatively meet the following conditions [35]:

e contain financial assets in their structure, denoted by (4;);i = 2,n, which have as
KPIs: the neutrosophic return (Ef(’R:l.) ;WR,, uR,, yR,) , the neutrosophic risk
(o fAZi ; W8y, UGy, y6,), and the neutrosophic covariance that characterizes the intensity
of the links between the neutrosophic returns of two financial assets
(Cov(Ray, Ry )i WRay URsy YRays WRap By yRyiand

e  allow the calculation of the neutrosophic portfolio return (Rp; wRp, uRp, yRp) and the
neutrosophic portfolio risk (6%; wap, uop, yap) as fundamental variables that define
any neutrosophic portfolio (P; wP,uP, yP).
Thus, any financial asset (4;) modeled using neutrosophic fuzzy numbers has its

defining elements described by the average financial return, financial risk, and covariance,

modeled using neutrosophic fuzzy numbers of the form [35,36]:

(a) The neutrosophic average return (Ef(ﬁgi);wi?;, uR,,yR,) for the neutrosophic
triangular fuzzy number Ry; = ((Ra,; Rap Ray )i WRa uRA YR,), specific for the
financial asset ( 4; ) and component part of the neutrosophic portfolio
(P;wP,uP,yP,), any value of the financial asset return appreciated after the
achievement degree by using the following coefficients: wR, € [0,1] for certain
achievement degree, uR, € [0,1] for indeterminate achievement degree, and yR, €
[0,1] for falsity achievement degree, determined as:

- = 1. _ 2 o
(Ef(Ry); wRy, uRy, yR,) = ((g (Ragy + Ra,y) + §RAM> ;WR,, uR,, yR,) )

The membership function is modeled using neutrosophic fuzzy numbers as
presented in Figure 2.



Mathematics 2021, 9, 1162

7 of 35

“;’g‘a A

pRa

| I -

ﬁanl R~ﬂx ﬁlbl f&lx R71 c1 Ra

Figure 2. The financial assets’ return modeled using neutrosophic fuzzy numbers.

(b) The neutrosophic risk (afAzi ; WGy, UGy, y6,) for the neutrosophic triangular fuzzy
number 6, = ((6A i Oapir Oa Ci); Wéy, Ub,, y6,) determined for the financial asset (4;)
and component part of the neutrosophic portfolio (P; wP,uP, yP,), any value of the
financial asset risk appreciated after the achievement degree by using the following
coefficients: wé, € [0,1] for certain achievement degree, ud, € [0,1] for

indeterminate achievement degree, and yé, € [0,1] for falsity achievement degree,
determined by the calculation formula:

(C’fAzii WGy, UGy, YOys)
1, — — — — _ -
= [(Rap - Rig) + (Rapy — RAm)Z] sWRa, URg, YRA)
2. — — — — —_ - —
+ G [Raqs(Rapy = Ragy) = Racy (Racy = Ray )l wRa uRs YR,

T/ 2 2y — — — 1
+ (RAa1 + RAcl) swRy uRy, yRy) — (5 EF(Ray); wRy, uRy, yRy)

®)

The membership function of the financial assets risk is modeled using neutrosophic
fuzzy numbers, as presented in Figure 3.

voa
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Figure 3. The financial assets risk modeled using neutrosophic fuzzy numbers.
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(c) The neutrosophic covariance (Cov(ﬁzl,ﬁzz);wﬁzl,uﬁzl,yﬁzl; Wﬁzz,uﬁzz,yﬁzz) for
two neutrosophic triangular fuzzy numbers Ry, =
((Ragy Rapyr Rapy )i WRa, uR, YR,) and respectively Ry, =
((Ra g Rapy Rag, )i WRa, uR,,, yR,,) characterizing two financial assets (4,,4,) and
component parts of the neutrosophic portfolio (P;wP,uP,yP,), any value of the
financial asset covariance appreciated after the achievement degree by using the
following coefficients: wR,,,WR,, € [0,1] for certain achievement degree,
UR,,, uRy, € [0,1] for indeterminate achievement degree, and yR,,,yR4, € [0,1] for
falsity achievement degree, determined by the calculation formula:

<COV(R:;1, EZ)’ Wk:;l’ uEl’ y}:\’jq/l; szlumzl yﬁ;z) =

1., — — — — — — _
<<Z [(RAbll - RAall)(RAb21 - RAaZl) + (RAcu - RAbll)(RA621 - RAbZl)]

1., — — — — —
+ 5{[RAa21(RAb11 - RAa11) + RAa11(RAb21 - RAa21)] “4)
— — — — — — 1, - —_ -
- [RAcn(RAcu - RAbZl) + RAc21(RAc11 - RAbll)]} + 2 (RAa11RAa21 + RAc11RAc21)
1 — — - — - _ - —
+ EEf(RAl)Ef(RAZ)> ;WRa A WRy,, uR,y VuR,,, YR, VYR,

These formulas have been demonstrated in [36] and we will not return upon these
demonstrations in the present paper. The specific elements of a financial asset (4;)
modeled using neutrosophic fuzzy numbers were tested using practical applications, their
major advantage being determined by the fact that they allow the characterization of any
financial asset according to the perspective of achieving or not the values obtained for
each category of indicators. Moreover, the research results were extended to a portfolio of
financial assets (P;wP,uP, yP) for which the first fundamental element is the
neutrosophic portfolio return denoted by (Rp; wRp,uRp, yRp), modeled using fuzzy
triangular neutrosophic numbers of the form: IF{’;L. = ((R;ai, Ebi, R;a.); wR,, uR,, yR,),
which is a variable that characterizes the neutrosophic portfolio and is determined by the
formula:

n

o 1, _ 2 o

(Rp; WwRp, uRp, yRp) = Z (x4, (g (Rag; + Rap) + 3R bi) sWRy, uR,, yR,)  (5)
i=1

In addition, for the same portfolio (P;wP,uP, yP) modeled using neutrosophic
triangular fuzzy numbers, the second fundamental element was obtained, which
characterizes the same portfolio, the neutrosophic portfolio risk of the form:
(6%, wap,udp,yap), modeled with the help of neutrosophic fuzzy numbers: Gp; =
((5Am., &Abi,ﬁAci); W6y, UGy, y6,). This is also a fundamental element of the neutrosophic
portfolio that is determined by the formula:
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(6%; wGp, uGp, yGp)

1r,— — — — _ = =
xji (Z [(RAbi - RAai)z + (RAci - RAbi)z] sWRa; uRp;, YR,y

I
.M=

[N

i=
2 — — — — _ = =
+ (§ [Raqi(Rap; = Raqi) = Raci(Rag; — RAbi)]' WR R, YRAy)
1, > _ = =
+ (E g T RAa) wRa;, uRa;, yRa;) — ( Ef (RA ) WR,,, uR,,, yR,,)
n on
(6)
+2 Z Z Xa; xAj < (RAbLI RAall) (RAbjl RAajl) + (RActl RAbl.l) (RAC]l RAbjl)]
i=1j=1
1 — —_ —
+ 5{[ a]l(RAbll - RAaLl) + Ragiy (RAbjl - RRAaafl)]

[RAal (RAcﬂ RAb]l) + RAC]l(RACll RAbll)]} (RAallRAajl + RACLIRACJI)
+ EEf(RAl.)Ef (RA ])> swRy A wR, , uR, vuR, , YRy vy Ry )

As a result, it can be stated that any financial asset neutrosophic portfolio
(P; wP,uP, yP) has two fundamental characteristic variables:

(PywP,uP,yp) = | i WRb WD YRD) )
(65; woD, uap, yop)

The results obtained in the previous studies [35,36] allow for the possibility of

characterizing the financial asset portfolios both from the perspective of the average

portfolio return and from the perspective of the financial portfolio risk, thus bringing an

added value to the literature dealing with the problem of financial assets.
4. Optimization of a Neutrosophic Portfolio Consisting of Two Financial Assets

Theorem 1. Let a neutrosophic portfolio of two financial assets denoted by (A,) and (A,) for
which the neutrosophic average return and the neutrosophic average risk are determined:
Aq: (R:l, G4, ), respectively Ay: (ﬁ;z, Gay)-

This portfolio is an optimal neutrosophic portfolio, if two cumulative basic
conditions are observed, namely:

e The two asset portfolio returns reached a level (Rp;wRp,uRp,yRp)=

(Drp> WPRp» WPRp» YPRp); and
e The portfolio risk tends to a minimum: (63; wop, uap, yop) — min.

For such a portfolio, its structure is determined by the following relations:

2(§A2>[<ﬁRp) + <§A1)] <RA1 + RAZ)[<pRp> + (RAZ)]

Yay = == : , 8
m =t 4Ry, Ry,) — (RA1 + RAz) Wiy N Wiy Uy, VUTgys Xy VY ) ®)
and respectively:
2(R, M{Prp) + (R Ry, +R +(R
s = ( A1>[<pRp) ( Az)] (Ry, Az)[<pRp> ( Al)] Wig A Wiy, U, VU, YEp VY En,) ©)

4Ry Ry,) — (Ra, + Ry,)?

Note 1: X,, represents the asset share (4,) in the total value of the portfolio, while
%,, represents the assets share (4,) in the total value of the portfolio, with the meanings
of the terms as they were presented within the theorem 1 demonstration.

Additionally, the portfolio risk is determined using the following formula:

2(§A2>[<,5Rp> + (ﬁAl)] (RA1 + RAZ)[(pRp> + (RA2>]
4Ry, Ry,) — (Ra, + Ry,)?

(10)

(G5, wap, uap, yap) = ( UAl'WUAl'uUAl'yUA )+



Mathematics 2021, 9, 1162

10 of 35

% <<2(§A1>[<ﬁRp)+(§A2)] (Ray +R ) [(Prp)+(Ray)]

([2<RA1 (pRp) + (RA2>] (ﬁA1 + §A2>[(ﬁRp) + (ﬁAl
4(Ra,Ra,) — (R4, + Ry,)?
+(2 (Z(RA2>[(ﬁRp) + <RA1)] <RA1 + RA2>[(pRp) + (RA2>]>
ARy Ra,) — (Rp, + R, )

NIk L
AZJ WUAz; uaAZI yo-Az) +

— 15 W64 A WGy, UGy VUG, , V04 VY. )
KRy Ra,)—Ray +Ray )2 ) A1A5) W04, A, U0y, 4,0 Y04,VY 04,

Note 2: (6%; wap, udp, yap) represents the neutrosophic portfolio risk modeled using
neutrosophic triangular fuzzy numbers whose relationship allows the determination of
the portfolio risk consisting of two financial assets, for which the return registers a certain
given value and the portfolio risk is minimal.

Demonstration: The financial asset portfolio consisting of two financial assets,
marked with (4;) and (4,), which is characterized by neutrosophic return and risk, is
modeled using neutrosophic triangular fuzzy numbers as follows:

. {RAl = <(RAa1' RAbl’ RAcl); WRAI' URAI' yRA1) 11)
19) ~ SO PO
Gay = ((Baay Oapy Oacy ) WOa,, US4, ¥Ba,)
and
A, {RAZ = ((RAaZ' Rapz RACZ); W'RAZ'uRAz'yRAz> 12)
2] ~ ~ o~ o~ o~
Op, = ((GAaZ:GAbZ: GACZ);WUAZ,UGAZ;YUAZ)

The equations of the neutrosophic portfolio consisting of the two financial assets will
be written as:

((ﬁPiWﬁﬁ’uﬁ’ yRp) = (x4, Ray; W}a;uﬂlr}’}a> + (x4, Ray; W@;u@:y}m>
% (65, wap, udp, yap) = (xflﬁfli Wy, uby,, ¥Ga,) + (xfzﬁfzi WGy, UG, ¥Ga,) +
I (24, %4, 04, 4,3 WOa, A WOy, UGy, VUG, VG4 VYBya,)

t Xa, 20, =1

(13)

The optimal conditions for a financial assets portfolio are determined by reaching a
level {Prp; WPORp, UPRp, YPRp) for the financial asset portfolio return (Rp; wRp, uRp, yRp)
and minimizing the financial asset portfolio risk (6%; wap, ugp, yap) — min. Under these
conditions are obtained the equations of a neutrosophic portfolio with optimization
conditions, respectively:

(Rp; WRp, uRp, yRP) = (Prp; WhRp: UPRp: YPRp)
(6%; wop, uap, yap) - min (14)
xA1 + xAz = 1

The specific equations of a two financial asset neutrosophic portfolio with the
optimization conditions above-mentioned become:

{(xAlﬁAl; Wﬂl,uﬂl.yﬁl) + <xA2§A2; W@'UEZZ')’@) = (ﬁRpi Wp;;,,up;;,,yp};,)
4 (xfl&fl; W5A1;u5A1:ya:A1) + (xfzafz; W5'A2.U5A2.y5]42) + (15)
|

=L ~ = ~ ~ ~ B2\ 1 A
(Xa,%4,00, 4,5 WGa, A WBy,, UGy, VUG, YOy, VYFys,) = Min(G5; wGD, uGD, yap)
XA1+XA2 =1

or
(x4, Ra s WRL , uRy YR, ) + (Xa,Ra,; WR,,, R, YRS, = (Prp; WPRp UPRp: Y Prp)

MIn X, Xa,0a, 4,3 WOa, A WG, Uy, VUBy,, YGy VY Ga,) — min{G3; wop, ucp, yop) (16)
Xa, x4, =1
The optimal problem from above is solved with the help of the Lagrange function for

which the objective function is to minimize the portfolio risk (6%; wop, uap, yap) — min,
under the conditions wherein the portfolio return (Rp;wRp,uRp,yRp) =
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(Prp: WPRp) UPRp» Y Prp) Will reach a level of (fgry; WPgp UPrp, YPrp) and the sum of the
weights of the two financial assets is equal to 1.
In these conditions, we will have:
L= fobjective = 4G — 2,6 (17)
The Lagrange function for obtaining the optimal conditions can be written as follows:
L = min (x4, %4,04, 4,5 WGa, N WOy, UGy, VUG, VG4, VYGy,) (18)
- /’{1(<xA1RA1; WRAl’ uRAl, yRAl) + (xAzRAZ; WRAz’ uRAZ, yRAZ) - pRP) - /12(36‘41 + .xAZ - 1)
The optimal conditions for the Lagrange function are set as:

oL

0x41
L

0%y,
aL
6_11 =
aL
6_12 =

(19)
0

0
The optimal conditions for the neutrosophic portfolio formed by two financial assets
will be rewritten as follows. After performing the calculations, we obtained:

If (X4,04, 4,5 WG, A WGy, UGy, VUG, YO, VYFa,) — A(Ra s WRs , URy YRy ) — A =0

(X4,04,4,5 WG, A WEy,, UGy, VUG, YO, VYFa,) — A(Ra, s WR4,, UR,,, YRy, ) — A5 = 0

L Tt T2 2 T B B (20)
| (xAlRAl; WRAl!uRAlfyRAl) + (xAZRAz; WRAz!uRAZ'yRAZ) - (PRpI WpRplupRpﬂprp> =0
Xa, x4, — 1
The above system of linear equations can be rewritten as follows:

I{ (X4, 04, 4,3 WG4, N WG, UGy, VUG, VG4, VYFa,) = A1<1?A1; wlﬁl,u@,ylﬁ) + 2,
4 (X4, 04, 4,3 WG4, N WG, UGy, VUG, YGa, VYFa,) = A(Ray; WRa,, UR,,, YR, ) + 4, 1)
1{Xa, Ras WRy , UR,, YRA ) + (X4, Rays WRA,, URL,, YR A,) = {DRrp; WPRp) WPRD, Y ORp)
k xAl + .xAZ =1

From the equations above, the values for (x4,) and (x4,) are obtained as functions of
Lagrange parameters (4;) and (4,), as follows:
MRy s WRy,, uR,,, YR,,) + A,

1 =7z . ~ ~ ~ A ~ ~
(G4, 4, WOa, A Wy, UGy, VUG, , VG4, VYEy,)

X4 (22)

respectively:

/11(§A15 W@:uﬁl:yé:l) + 1,

2 = 7= . ~ ~ ~ A ~ ~
(G4, 4, WOa, A Wy, UGy, VUG, , VG4, VYEy,)

(23)

X4

By replacing the expressions for the asset weights (x4,) and (x4,) in the system
equations for the optimal conditions, the following is obtained:

11(§A25WR;:”@:3’R;) + 4,
(Ga, 4, WOa, A WOy, UGy, VUG, T4 VY Gy, )
Al<ﬁA1; WR-le uR-;l' yﬁ;) + AZ
(Ga, 4,3 WOa, A WGy, UGy, VUG, VT4, VYCya,)
= (Prp; WPRp: UPRp» Y PRp)

(Ray; WRy uRy, YR,

(24)

(RapiWRa, uRy,, YR,,)

respectively:
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11(§AZFW@:1”?:2'YRX2) + 4, /11(§A13Wé:1'u§;1'y1€;1) + 4,

(Ga, 4, WO, A WGy, UGy, VUGB, YGa VYBa,)  (Ga,n,s WGa, N Wy, UGy, VUG, Vg, VYEGy,)

=1 (25)
A system of equations with two unknowns of the form (1) and (4,) is formed as
follows:
( 211(§A1i WR;: uﬂl')’é;)(ﬁ,qzi WRZZ: ulé:z,yé;) +
| +4; ((RAl; WR, ,uRy,, )’RA1> + (RAZJ WRy,, uR,,, YRy, )) =
{ = (ﬁRpi W@:”%Jﬁﬁ)(@ﬁz; Wby, A W&Az!u&Alvua'Az'y&AlVy&Az) (26)
| A ((RA1; WRy,, UuR,,, YR, ) + (Ryy; WRAZ;URAZ;yRAZ)) + 21, =
( = (Ga,n,; W, A WO, UGy, VUG, VG, VYGy, )

In the above system, we operated the following notations to simplify the calculations:
(ﬁAlﬁAz) = (ﬁAli WR:V URL: }’R:l)(ﬁ,qzi WR:z: ué:z, )’R:Z) (27)

(RA1 + RAZ) = (ﬁAl; wlﬂ} uﬂl,yﬂl) + <RA2; wlﬁ}ulﬂ;.yﬂ) (28)

(PrpOaya,) = (Prp; WPRp) WPRp» YPRp N Gaya,s WOa, N WG, UGy, VUG, VG4, VYEy,) (29)

(5'A1A2) = (5'A1A2; Wy A W&szuﬁAlvua-szy&AlVy&Az) (30)

The solution of the above equation system results in the values for parameters
(A4,) and (4,) as follows:

{z(ﬁAlﬁAz M+ (ﬁA1 + ﬁAZ Mo = (PrpGa,a,) (31)
(Ra, + R )y + 225 = (G4, 4,)
The solutions are obtained:
(PrpGajay) (ﬁA1 + §A2>
_ (Ga,a,) 2 _ 2{PrpGa,a,) — (Ga,a,{Ra, + Ra,) (32)
Y| 2Ra,Ra,)  (Ray + Ray) 4Ry Ra,) — (Ray + R,
(RA1 + RAz) 2

and

2(Ra,Ra,)  (PrpGaa,)
1= (Ra, + Ra,)  (Gaya,) _ 2(Ry, Ra, MG, ,) — (PrpOaya,Ra, + Ra,) 33)
* | 2RaRa,)  (Ra, +R4,) 4Ry, Ry,) = (Ra, + Ry, )?

(ﬁA1 + ﬁAz) 2

Next, the following notations were operated to simplify the calculations, denoted by:

(Ra,) = (Ra; WRa,, uRs,, YR2,) (34)

(Ra,) = (Ryay; wRa Ry, YRa,) (35)
and the following is obtained:
_ A{Ray; WRy,, URY,, YRy, ) + A
b (G, WOA A WG, UGy VUGB, YGy, VY Oy4,)

2<RA1ﬁA2><?A1{Z> — (ﬁR~p5A1A2~)<ﬁA1 + ﬁAz) (36)
4(Ra,Ra,) — (Ra, + Ry,)?

X4

2<ﬁRp6241A5) — (5'A1~A2><RA~1 + RAZ)
4(Ra,Ra,) — (R4, + Ry,)?

(Ra,) +

(Gaya,)

After performing the calculations, the value for (x4,) is computed, being of the form:
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_ (Ra)[2(Prp) = (Ra, + Ra))] + 2(Ra, Ra,) — (BrpXRa, + Ray)

Xp, = —— = = (37)
h 4Ry, Ry,) — (Ra, + Ry,)?
Or, after rearranging the terms in the expression, (xA 1) is obtained:
2(R Ory) + (R R, +R +(R
’?Al — ( A2>[(pRp) ( Al)] ( Ay AZ)[(pRp> ( Ay )] xA A WxAZ: uxAquxAz,yxAlVyxAz) (38)

4Ry, Ra,) — (Ra, + Ry,)?
To compute the asset weight (x,4,), the above expression is replaced in:
N Al(f?'Al;wile,ulle,yile) +~Az _
(Ga,a,; WO4 A WBs,, Uy, VUG, VB4, VYT, )

2<RA1§A2)<€A1{2> — (ﬁzipﬁAlAi)mAl + ﬁAz) (39)
4Ry, Ra,) — (Ra, + Ra,)?

2<ﬁRpO}11A‘2~) - (5'A1~A2><RA~1 + RAZ) (R, )+
4Ry Ry, — (Ry, + Ry, )? 4

(Gaya,)

After performing the calculations, the value for (x,, ) is obtained:

_ (Ra)[2(Prp) — (Ra, + Ra,)| + 2(Rp, Ra,) — (Prp)(Ra, + Ra,)

X, ——— = = (40)
" 4(Ra,Ra,) — (Ra, + R, )?
Or after rearranging the terms in the expression, (x,,) is obtained:
- 2(Ry ){Prp) + (Ra,)] — (Ra, + Ra){Prp) + (Ra,)
xAz — ( Aq [ Rp Ay ] Aq Ay [ Rp Aq ] xAlAWxAz:uxAlvuxAz'yxAlvyxAz) (41)

4Ry, Ry,) — (Ra, + Ry,)?
Under these conditions, the portfolio return is obtained:
(Rp; wRp, uRp, yRp) = (x4, R4 ; WR,, , uR, , YR, ) + (xa,R4,; WR,,, uR,,, yR,,) (42)

By replacing in the formula of (Rp;wRp,uRp,yRp), the calculation relation is
obtained:

2(§A2)[(ﬁRp> + (RA1>] (RAl + RAZ)[(pRp) + <RA2 )]
4Ry Ry,) — (Ry, + Ry, )?

2<ﬁA1)[<ﬁRp) + <ﬁAz )] (RAl + RA2>[(pRP) + (RA1)] ~
4(ﬁA1ﬁAz) (RA1 + RA2>2 RAZ‘WRAz’uRAz'yRAZ)

(RP; W%!ul?i)' y%) = < RAlﬂ WRAlvuRAll yRA1> +
(43)

+¢

The above relation represents the calculation formula for the portfolio return
consisting of two financial assets for which the return (Rp,;wRp,uRp,yRp) =
(Prp; WPRp» UPRp» YPrp) and the portfolio risk (63; wap, uap, yap) — min. The calculation
relationship for the portfolio risk is established with the formula:

(6-13; W&\f)' u&‘f), yof—\f)) = (xilﬁjl; W5A1' uON-Alﬂ y5A1> + (ij 5—}2; WﬁAz' uON-AZI y5A2> +
. ~ ~ - ~ ~ ~ (44)
H(2X4, %0, 64, 4,5 WG4, N WGy, UGy VUBy,, YBa, VY Eiy,)

By replacing the expressions obtained for the weight of (EA 1) and ()?AZ) , the
calculation relation for the portfolio risk is obtained:

Z(RA2>[<ﬁRp) + (ﬁAl)] (Ry, +Ry,) (pRp> + (R4,
4Ry Ry,) — (Ra, + Ry,)?
" ([Z(RA1>[(ﬁRp) + SRAi)] - (R/il + R@)[(PR;;) + (RA1
4Ry Rp,) — Ry, + Ry, )?
+(2 <2(RA2)[(ﬁRp) + SﬁAi)] (RAl + RA2>[<pRp) + <RA2 )]> (45)
4Ry Ry,) — (Ra, + Ry,)?

o )
(aﬁ;wap,uap,yap)=([ ] G W8y, UGy, yGa,) +

I
Azl WUAZ. UO'AZ; yO'AZ) +

y ((Z(ﬁAl)[(ﬁRp) + (Ra,)] — (Ray + Ra))[(Prp) + (Ra))]

_ 2 G4, 4, W4 AWGy , UGy VUG, , VG4, VYGa,)
4(RA1RA2) (RA1+RA2> ) 142 1 2 1 2 1 2
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(0f5,; W84, UGy, Y5 )
4

+(2
3

The above relation allows us to determine the portfolio risk consisting of two
financial assets, modeled using triangular neutrosophic fuzzy numbers for which
(Rp; wRp, uRp, yRp) = Py WhRp UbRp: YPrp) and portfolio risk is (67; wap, uap, yap) -
min.

Example 1. Let two financial assets (A;,A,) that have specific two neutrosophic triangular
numbers for the return on financial assets of the form:

R,, =((0.30.40.5);0.5,0.2,0.3) for values of R, € [0.3;0.5];

Ry, =((0.20.30.4);0.6,0.3,0.2) for values of R, € [0.2; 0.4];
Knowing that investors aim to achieve a portfolio return (Rp; wRp, uRp, yRp) = 0.3109, it is
required to establish the following:

(a)  The neutrosophic average return for each asset: E;(Ra,) and E;(Ray);

(b)  The neutrosophic risk for each of the two assets: 6ra, and 6;ay;

(c) The covariance between the two financial assets: cov(Ra,, Ray);

(d) The portfolio return: (Rp; WRp, uRp, yRp) knowing that the weights of financial assets are
X4, = 0,4 and x,, = 0,6;

(e) The portfolio risk: (6%; wop, udp, yop); and

(f)  The structure of the neutrosophic portfolio (X,,) and (%4,) for which
(Rp; wRp, uRp, yRp) = 0,4000 and the risk is minimal.

Solution:
Please note that all the computations required in order to solve the proposed example
can be found in Appendix A.

(a) The determination of the neutrosophic average return for each financial asset,
respectively for Ef(Ra,) and E(Ra;) is done using the calculation formula:

e 1. ~ 2 __ o
(Ef(Ry); wRy, uR,, yR,) = <(g (Ragy + Ray) + §RA bl) ;WR,, uR,, yR,)
Thus, the following is obtained:
E¢(Ra,) = (0,398;0.5,0.2,0.3)

Ef(Ra,) = (0,298;0.5,0.2,0.3);

The neutrosophic average return for the two financial assets is determined using the
specific formula depending on its probability of realization, uncertainty, or failure of
realization, according to the specific degrees of achievement of the neutrosophic numbers,
namely: (WR,, uR,, yR,).

(b) The determination of the specific neutrosophic risk is made with the help of the
formula:

[(Raps — Ragr)” + (Rapy — Rayy)’|s wha, uRa, yR2)

— — — — — - - 1, — —_ -
[Raus(Rapy = Ragy) = Ray(Ray — Rayy )]s wRy uRy, yR,) + (E (RA¢211 + RAil) sWRy, uRy, YR )

1,
- (EEf(Ra,-); wR,, uR,, yR,)

Thus, the following are obtained:

G7a; =(0.083;0.5,0.2,0.3)

ra; = (0,288;0.5,0.2,0.3)
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67a, = (0.048;0.6,0.3,0.2)

7a; = (0,219;0.5,0.2,0.3)

The risk of the two financial assets was determined using the specific formula, taking
into account the degree of determination, namely the degree of certainty, uncertainty, and
failure as follows: (WR,, uR,, yR,) . The risk specific to these two assets is Gra, =
(0.288;0.5,0.2,0.3) and 67a, = (0.219;0.6,0.3,0.2).

(c) The covariance between the two financial assets is also determined using the formula:

COV(RTIL Eaz) = (( [(ﬁbu - Eaan)(ﬁabn - Eaan) + (ﬁacn - Eabn)(ﬁacn - Eabu)]
1

+ = {[Ragz1(Rap1y — Ragyq) + Ragyi (Rayy; — Rags))

— — — — — — 1, _ — — —
— [Ra11(Racz1 — Rapz1) + Ragyy (Ragyy — Rayyy)|} + E(RaallRaaZI + Ra, Ra ;)
1 — — — — — — — —
+ EEf(Ral)Ef(Ra2)> ;WRa,n wRa,, uRa,vuRa,, yRa,;vyRa,)

By replacing in the formula, the following is obtained:
cov(Ray, Ra,) = (0.132;0.6,0.2,0.2)

The variance-covariance matrix will be:

O- ((0288; 0.5,0.2,0.3) (0.132;0.6,0.2, 0.2))
(0.132;0.6,0.2,0.2) (0.219;0.6,0.3,0.2)

The covariance between the two financial assets cov(Ra,, Ra,) = (0.132;0.6,0.2,0.2)
has a relatively small and positive value, which means that the connection between the
two financial assets is relatively weak. When the value of one financial asset return
increases, the value of the other financial asset return will also increase, while if the value
of one of the financial asset return decreases, the value of the other financial asset will also
decrease.

(d) The neutrosophic portfolio return consisting of two assets will be determined using
the formula:

n
~ —_ - 1 _ ~ 2 ~ — ~
(Rp; wRp, uRp, yRp) = Z (x4, (E (Rag; + Ra) + §RAbi> ;WRy, uR,, yR,,)
i1

By replacing in the above formula, the following is obtained:
(Rp; WRp, uRp, yRp) = (0,337;0.5,0.2,0.3)

The portfolio risk is determined according to the weight of the two financial assets in
the total portfolio and the neutrosophic average financial return. The average
neutrosophic portfolio return has the value (Rp; wRp, uRp, yRp) = (0,337;0.5,0.2,0.3),
which indicates that the portfolio has a relatively low return value, leading to a relatively
small neutrosophic portfolio risk.

(e) The neutrosophic portfolio risk is determined using the formula:
2. WD UGD. V&
(0,; Wwap, uap,yop)
—(x2 7 WF. UF. VG 2 22 s N
= (x4,0%4,, W04, UG, Y04, ) + (X4,6%,; WO4,, UG 4, Y0 4,)
+ 2xA1xA20'A1AZ; WO'AII\ WGAZ,uO'AlvuO'Az,yaAlvyaAz

By replacing in the above formula, the following is obtained:

(0%; wop, uap,yap) = (0,036;0.6,0.2,0.2)

(0,;wap,uap,yop) = (0.1897;0.6,0.2,0.2)
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The wvalue of the neutrosophic portfolio risk ({o,; wop,uop,ysp) =
(0.1897; 0.6, 0.2, 0.2) obtained using the above formula is proportional to the value of the
average neutrosophic return (Rp; wRp, uRp, yRp) = (0,337;0.5,0.2,0.3), which validates
the theory that a relatively low profitability value corresponds to a relatively low risk
value.

(f) Determining the structure of the portfolio when the value of the return expected by
investors is (Rp; wﬁf), ul?f), yﬁf)) = 0,400, which can be done using formulas
established according to theorem 1, as follows:

2(R,,)[(Prp) + (Ra,)] — (Ra, + Ry,)[(Prp) + (Ray)] Wy A Wi Wy U Y VYEn)
4<TaA1ﬁA2) - <§A1 + ﬁAz)z M Az T Az VX1V Y%z

%A1=<

and

¥ = (2<§A1>[(ﬁRp) + (ﬁAz)] - <kA1 + ﬁAz)[(ﬁRﬁ + (iéAl)]
Az 4Ry, Ry,) — (Ry, + Ry, )?

WEAlA WEAZ,uiAlvquz,yiAlvy')EAz)

By replacing in the formulas, the following will be obtained:
X4, =(1,020;0.5,0.2,0.3)
and
X4, =(0.02;0.5,0.2,0.3)

The first financial asset has a neutrosophic average return rate of Ef(Ra,) =
(0,398; 0.5, 0.2, 0.3) and therefore the share of investment in the first financial asset will be
%4, =(1.020;0.5,0.2,0.3), while the second financial asset has a neutrosophic average
return rate  of Ef(f??lz) =(0,298;0.5,0.2,03) and a weight of X, =
(0.02;0.5,0.2,0.3). Thus, establishing the portfolio return formed with the structure of
those two assets will be:

(Rp; WwRp, uRp, yRp) = (0.4109;0.5,0.2,0.3)

Compared to the proposed return (ﬁp;wﬁ, uﬁf), yﬁfo) = (0.4000; 0.5,0.2,0.3), the
portfolio return was obtained as (Rp; Wﬁf), ul?f), yﬁf)) = (0.4109; 0.5, 0.2, 0.3), respectively
a resulting error: Ae = (0.4109;0.5,0.2,0.3) — (0.4000; 0.5,0.2,0.3), or Ae = 1.09% the
acceptable error rate for the calculation accuracy. Regarding the portfolio risk, it will be
determined as follows:

(6%; w&P, uap, yGp) = 0.0914;0.6,0.2,0.2

(6,;w&P, uap, yGp) = (0.3023;0.6,0.2,0.2)

The portfolio risk (a,; wap, uop, yap) = (0.3023; 0.6, 0.2, 0.2) obtained by modeling
using neutrosophic triangular fuzzy numbers is proportional to the value of the portfolio
return (Rp; WRp, uRp, yRp) = (0.4109;0.5,0.2,0.3), so the mathematical model obtained
for determining the portfolio structure for (%,,) and (%,,) validates the calculations
performed for the optimal neutrosophic portfolios consisting of two financial assets.

5. Optimal Neutrosophic Portfolios Consisting of N-Financial Assets

Theorem 2. Let a neutrosophic portfolio consisting of N-financial assets (A;) for which the
neutrosophic average return and the neutrosophic average risk are determined: A;: (R, o Gap)

This portfolio consisting of N-financial assets is an optimal neutrosophic portfolio if
two basic cumulative conditions are respected, namely:
e The portfolio return reaches a level of (Rp; wRp, uRp, yRp) = (Prps WPRp» UPRp» VPR );
and
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e The portfolio risk tends to a minimum: (63; wop, uap, yop) - min.

For such a portfolio, its structure is determined by the calculation relations:

X = (Bry) (@) = (B)) (071 X B) + ((0) = (Br,)) (B)) (O X &)] s Wi ua, YEa,) (46)

ao =l
(aXy) —(B)
with the following significations:
(a) = (€T x Q1 x &)
BY=(RTxO01xeé)y=(e" x0T xR) 47)
(y)=(RT x Q"' xR)

Note 3: (X; WXy, , uXy,,y%4,) represents the portfolio structure consisting of N-
financial assets, where the portfolio meets the optimal portfolio conditions, namely the
return is fixed to an estimated level and the risk tends to a minimum. The term meanings
involved in the calculation formula are presented in the demonstration of theorem no. 2.
The parameters (a),(f),(y) are used to simplify the calculation methodology for the
portfolio structure.

For such an optimal neutrosophic portfolio, the portfolio risk is computed with the
help of the formula:

1
(58 WGP, uTD, YOB) = ¢z [(@) (B, )* = 2(B) B, ) + (1)] s wTB, uG, D) (49)

Note 4: (6%; wap, udp, yop) represents the calculation formula for the portfolio risk
consisting of N-financial assets, with the known conditions of the optimal portfolio and
with the meanings of the terms presented in demonstration of theorem no.2. The
parameters (@), {{), (y) are parameters used to simplify the calculation methodology for
the portfolio risk.

Note 5: The portfolio risk relationship is also known as the Markowitz frontier
applied to this neutrosophic portfolio category, respectively those portfolios for which the
degree of achievement, uncertainty, or non-realization is known, and represents the base
for the investment decisions on capital market.

Demonstration: In order to establish the structure of an optimal neutrosophic
portfolio consisting of N-financial assets, we started from the neutrosophic portfolio
equations in analytical form, determined by the portfolio return (R,; wRp, uRp, yRp),
portfolio risk (o;;; wop, uap, yop) as well as the relationships between the financial asset
weights in the total portfolio (X,,), according to the equations below:

(Rp; wRp, uRp, yRp) = (xAlﬁAl; WﬁAl!U§A1!y§A1> + (xAzﬁAz; WﬁAZ!U§A2'y§A2> + et
+{(x4,Ra,; WR4,, UR,,, YR,,)

(6'5! W(?ﬁ, UO"TD, y@) = <x1§16/%1; WJ—AI! U&Al' y5A1) + (x,gz aﬁz; WG-AZ! ua’Az' y&A2> +
ot (XF GF S WE UGy, VG ) + (2Xa, X4, 84, 4,5 WOa, A WGy, UGy, VUG, VG4, VYBa,) +
(2%4,%4,04, 443 WOa, A WOy, UGy VUG, Y4, VYGa ) + -+ +
(2x4,%4,, G414, WO, A WEy, , UGy VUG, , YGa VYFGa,) +

(2%4,%n,6a,a,s WG4, N WGy, , UGy, VUG, Y8, VY By, ) + 49)
(2%4,%4, 04,443 WOa, A WOy, UG, VUG, YGa,VYCa,) + -+ +
(ZxAZxAnGAZAn; WGy, A WGy, , UGy, VUG, , VG4, VY04, ) +
(2%4, %4, 00, 4,3 WG4, N WG4, UGy, VUG, YCa VYGa, ) +
(ZxAnxAzc?AnAz; Wéy A W&Az,uc?Anvuc?Az,y&Anvy&Az) + -t
(2x4, %4, Ba,a, s WO, N WEs,_ UGy VUGB, ,, VB4, VYCa, )

(X ; WRa, uR,, YRA) + (Xa,WRy,, uR,,, YRy, ) + -+ (x4, WRy ,uR, ,yR,) = 1

In a restricted form, the neutrosophic portfolio equations in analytical form can be
written as follows:
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(Rp; wRp, uRp, yRp) = (Z fAkﬁAk; WﬁAk'UEAk:yﬁAk>
k=1
n

n
(&% WD, D, YD) = () %4, s whe Ul YR, +2 ) ) Biyiss Wi, udiy, yi) (50)
k=1 k=1 j=1

(Z Xaps WﬁAk' uﬁAk' yﬁA,) =1
=1
The equations of the financial asset neutrosophic portfolio written in a restricted form

must respect the optimal conditions, respectively the neutrosophic portfolio return has to
tend toward a certain value (Rp; wRp, uRp, yRp) = (PR, WRR, URR,, YRR,) and the value
of the portfolio risk is minimal, respectively (6%; wap, udp, yap) — min. Thus, the financial
asset optimal neutrosophic portfolio equations become:

n

(Z ZAkRAk; WRAkIU§Ak'y§Ak) = (ﬁRpi WﬁRp!uﬁRp!yﬁRp)
k=1
n

n
1
J (Ez Z Xy X0y j; Wiy j, uGyj, yOy ) = min (51)

k=1j

:1
(Z Xa; WEAL-:”qu'yﬁAi) =1
=1

The optimal problem formulated with the help of the optimal neutrosophic portfolio
equations is solved using the Lagrange function for which the objective function is to
minimize the portfolio risk (6% wap,udp,yap) —» min, given that the portfolio
return  (Rp; wRp, uRp, yRD) = (Prp; WhRp UPrp, YPRp) ~ Will  reach a  level
of {Brp; WPrp) UPRp» YPrp) and the sum of the two financial assets weights is equal to 1. In
these conditions, we will have:

L = fobjective — 1,C; — 1,C, (52)

The Lagrange function to obtain the optimal conditions can be written as follows:

n n n

o1 o o= - - - 5 - - -

L =min (EZ Z Xay, A]C’Ak] ;W8 j, UGkj, YOkj) — A4 ((Z Xa, Rays WRy, , uRy, YR, ) — (PRp; WRRPvURRp!yRRp)>
k=1j=1 k=1

n (53)
-4 ((Z fAk ; WﬁAkvuﬁAk;yﬁAk) - 1)
k=1
The optimal conditions for the Lagrange function are set as:
aL 0
0x41 -
oL 0
axAk -
oL ) (54)
o,
oL 0
ar,

As a result of performing the calculations, the system of equations is obtained and
can be written with the help of the mathematical operator of the form:
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n

n
Z (%4, Gy 3 W jy Uy YOij) — Ay (Z Ra i WR uRy, , YRy ) — 22(1; WRy, , uR,,, YR, ) = 0

j=1 k=1

n
(Z fAkﬁAk; WﬁAk,uﬁAk,yﬁAk) — (ﬁRp; WﬁRP,uﬁRP,yﬁRP) =0 (55)
k=1

n
(Z fAk ; WﬁAk, uﬁAk,yﬁAk) —-1=0
k=1

The matrix form of the above equations is written as follows:

ON-A11 ON-A12 5A1n X /ﬁl‘h
5) 5 . G X - - - R < = =
(| e T Aan * s Wi, ubij, ¥Gi)) — (A | Ra, | wRy, uRs, YR —
Gapny  Oapy o Oap,/ \En ﬁAn
1
— (o 1 |;wRa uRy, yRs ) =0
2| yWhy , URg, , YRy, ) =
M (56)
RAI
S o - R = = = ~ = = =
((xAlez ---xAn) | "4z |;WRAk'uRAkvyRAk) = (pRp;WRRp’uRRp‘yRRP)
R‘An
1
o - 1 = = =
((XAlez ...xAn) ;WRAk'uRAk'yRAk) =1
1
In the system of equations above, we operated the following notations:
. The variance—covariance matrix is:
6-An1 &Anz e 6-Ann

e The portfolio structure column vector is:

X
£ = x2> (58)
Xn

° The portfolio return column vector is:
(59)

e  The portfolio unit column vector:
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e = (60)
1
With the above notations, the matrix system of equations for the optimal financial
asset neutrosophic portfolio becomes:
(ﬁ x X; Wa-kj:ua'kj;ygkj) - </11§i WﬁAkIUEAk;yﬁAQ — (e WﬁAk;uqu;yﬁAk) =0
(X" X R;wRy,, uRy,, yRs,) = (Pr,,; WRg,, uRg,, yRg,) (61)
(X7 x & wRy,, uRy , yR,,) = 1
In the system of equations above are operated the following notations:
(ﬁ X X) = (ﬁ X X; W&k],uﬁk],yfrk])
(R) =(R; WRAk:uRAkvyRAk)

(&) = (e; Ry, uRy,, YRy, )

~ ~ _ (62)
(ﬁRp) = (ﬁRp;WRRPIURRp'yRRp>
()’{T X ﬁ) = ():(T X RI W;RSARI u?Akiy?Ak)
(XT x &) = (X" X e;wRy,, uR,,, YR, )
Thus, it will result in:
(QxX) = 2,(R) — 2,(e) = 0
(X7 % R) = (pi,) (63)

XTxe)=1

The structure vector of the optimal neutrosophic portfolio (X) is determined from the
first equation of the above system and replaced in the other two equations, so that the
following is obtained:

X=4@O xR + 1,0t x¢é) (64)

and respectively the system of equations of the form:
{(ET X QX R, + (6T x Q"1 x R)A, = (Pr,) 65)
(RTxQ txé), +(€"xQ ' xé)1, =1

The solutions of the system are computed with the unknowns (4,) and (1,) with the
help of Cramer’s rules and results:

(Pr,) &"x Q1'xR
1 (ETxQ1xé)

(Pr,) (€7 x Q1xe)—e"x0 xR

PTHRT x Q1 xR) (BTxQ1xR) (RTXxQ1xRWET x Q-1 x8) —(RT x Q-1 x &)(&T x Q-1 X R) (¢6)
(RTx Q-1xé) (8T xQO-1xé)
Or after rearranging the terms of the equation results:
P )T x O 1xé)—8TxQ 1 xR
i X o x )
(RT x O 1 x R}{eT x Q1 x &) — (RT x Q11 x ¢&)2
Under the same conditions, the following will be obtained:
(R"x Q7' xR) (pg,)
PT « O-1vw 5 RTx QO 1xR)—(p RTxQ1xeé
, (RTx01xé&) 1 ( ) = (Pr, ) ) (68)

- (RTxQ-1xR) (6T x Q-1 xR) - (RT x Q1 x R)(8T x Q1 x &) — (RT x Q-1 x &)(éT x 0~ x R)
(RTx Q-1 x &) (eTxQ"1xé)

Or after rearranging the terms of the equation, we obtain:
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(RTx Q"' xR) — (Pr,) (RT x 01 x &)

=— —~ — S 69
(RTx Q1 x R}eT x Q1 x &) —(RT x Q1 x é&)2 (69)

A2

By replacing the expressions obtained for (4,) and (4;), the optimal neutrosophic
portfolio structure will be obtained in the form:

T =2(Rx Q1) + 1,6 x A1) (70)

X= ! [((~ )(éTxﬁ‘lxé)—éTxﬁ‘lxﬁ)(ﬁ‘lxﬁ)
TIRT X O X R)(ET x 01 x &) — (BT x 01 x &)2 L\ \PRo

+ ((ﬁT x Q1 xR)— (Pr,) (RT x 0 1 x &)t x é))]

1)

To simplify the calculations determined by the optimal neutrosophic portfolio
structure, some additional notations can be used as follows:

(a) = (T x Q71 x &) (72)
BY=(RTxQ1xeé)=(Tx0"1xR) (73)
) =(R" xQ ' xR) (74)

In these conditions, we obtain the structure of the optimal N-financial asset
neutrosophic portfolio:

X = [(Br, ) = (BY) @2 X R) + () = (i, Y (B)) (A7 X &)]s W U V) (75)

1
(a)y) = (B)?

To determine the optimal neutrosophic portfolio risk, we used the matrix writing of
this indicator as follows:

5A11 5A12 5A1n X

(53; wGD, udp, yop) = ((JZAla?AZ JZAn) (Gf.“fl Gf.“fz Ufffn) <x2> s WGy j, UBkj, YO j) (76)
Gapy Oapy = OGapn/ \En

Using the above notation results:

(62; wap,udp, yap) = (X7 x 0 x X; wéyj, ubyj, y6y;) (77)

By replacing in the above formula, the expression of (X) is obtained:

(G3) = <m [(Br,) (@) = (8) @2 X RTY + () — (Br,) (B)) (A2 x €T} x @

(78)
x <m [(Br,) ) = (8) @2 % R) + () = (B, ) B)) (71 x &)
1 ~ ~ ~
) = Ty = (P (@ = () @ X RT) 4 (1) = (i, ) ) (7 x &) )
x[((Br,) (@) = (8Y) (R + () = (Br,) (8)) ()]
L 1
%) = K — @7 2
= ((Br, (@) = (B)) v) + (Br,) (@) = (B)) (V) = (B, ) (B)) (B) (80)

() = ) (8)) ((Bry) (@) = (8)) (B) + (1) = (B, ) ) (@)
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i 1 _ _

() = Ty — e (P (@7 = 2080@) (B, ) + (B (1)
+ ((@X) (Br,) = (@B (Br, )2 = (BYY) + (B (Bir,)) (B)] (81)
+ (@) (Br,) = (BYY) = (@N(B) (B, Y + (B, Y (B)?) (BY + (V)2 = 2(B)¥) (B, + (B, )* (B)? ) (a0}

1

(OF) = Traroy =g (@) B, = 2BH ) Big, ) + YD) + (@YY} (B, ) = (@NBY (i, ) = (B ()
+(BY (Pr,) + (@UBXY) (Br,) = (BYXY) = (@)Y (Pr, ) + (s, ) (B)? + (a)()? = 2a)(B)Y) (P} (82)
+ (@XB)? (i, )?)

L 1 _ )
() = Ty — e P (@) = @BV + (B, ) C4BY = 2B + (BYr) = 28 (1) + @) - (83)

1 ~ \2 _ 2Y _ 9 (R _ 2 _ 2
W(pRP) (@){aXy) = (B)*) = 2 (g, ) (BY(aXy) — (B)*) + (n){a)y) — (B)*) (84)

After solving the calculations in the above formula, the final form is obtained to
determine the risk of the optimal neutrosophic portfolio of the form:

(68) =

1
v |(@) (Pr, ) — 2(B)(Pr,) + (v)|; WGP, uGP, y5P) (85
The optimal neutrosophic portfolio risk equation is also known as the Markowitz's
frontier and measures the N-assets portfolio risk for which the portfolio return reaches a
value of (Rp; wRp, uRp, yRp) = (PR, WRRp) URR,, YRR,) and the portfolio risk tends to a

(67 w&p, udp, yop) = (

minimum (6%; wop, uap, yop) — min.

Example 2. Let there be three financial assets (A1, A,, Az) to which three neutrosophic triangular
numbers are specific for the financial assets’ return, of the form:

Ry, =((0.30.40.5); 0.5,0.2,0.3) for R, € [0.3;0.5];
R,, =((0.20.30.4);0.6,0.3,0.2) for R, € [0,2;0,4];

R,, = ((0.250.35 0.4); 0.4,0.3,0.3) for R, € [0,3; 0,6];

It is required to establish:

(a)  The neutrosophic average returns for each of these three financial assets;

(b) The neutrosophic risk for each of these three financial assets;

(c) The covariance between these financial assets, the variance—covariance matrix (27 and its
inverse (ﬁ_l);

(d) The portfolio structure taking into account that the neutrosophic average return pursued is
(Rp; wﬁf), uﬁf), yl?f)) =(0.3109; 0.5,0.2,0.3) and the risk tends to be minimum
(65;wop, usp, yGp) - min; and

(e)  The optimal portfolio risk for which its structure was determined.

Solution:
Please note that all the computation needed in order to solve this example is provided

in Appendix B.

(a) The determination of the average neutrosophic return is done with the help of the
formula:

- 1, _ 2 P
(Ef(Ry); wRy, uR,, yRy) = ((g (Rag, +Ray) + §RAb1) ;WR,, uR,, yR,)

Thus, we will have:
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Ef(Ra,) = (0,398;0.5,0.2,0.3)
Ef(Ra,) = (0,298;0.5,0.2,0.3);

Ef(Ras) = (0,340;0.5,0.2,0.3);

(b) The determination of the neutrosophic risk for each of the financial assets are made
with the formula:

(Off; W, uGy, yGa)
1 —_— _— 2 _— _— 2 _— _— —_—
= [(RAbl —Rypy) + (Ray — Raypy) ] sWRy, uRy, yR,)
20— — —_ —_ —_ — 1, — _ = —
+ & [Rags(Raps = Ragy) = Racy (Ragy — Ray))l wRa uRe yR:) + 5 (R, + Rary ) s WRa, uRs, yR,)
3 2
1 — —_ = —
- <§ E?(Ra;); wR,, uR,, yR,)
Thus, we will have:
67a, = (0.083;0.5,0.2,0.3)
6fa1 = (0,288;0.5,0.2,0.3)
ﬁfzaz = (0.048;0.6,0.3,0.2)
&faz =(0,219;0.5,0.2,0.3)

&f2a3 = (0.0655;0.6,0.3,0.2)

6raz = (0,255;0.5,0.2,0.3)

(c) To determine the variance-covariance matrix (Q7), the covariance for all three
financial assets is computed as follows:

cov(Ray, Ra,) = (G [(Rap1; — Rag11)(Rapy: — Ragy) + (Racis — Rapyy)(Raca; — Rapy)|
+ 2 (R (Rapns ~ Ragns) + Ragss (R — i)
~ Racss (R — Rtyn) + Races (Ricss — R} + 5 (Ra1sFagas + Ricrs i)
+ 2y (Ra)Ey (REZ)> S WRE, A wRGy, uRa,vuRay, yRayvyRay)
By replacing the values in the formula, the following is obtained:
cov(Ray, Ra,) = (0.132;0.6,0.2,0.2)
cov(Ra,, Ras) = (0.2007;0.5,0.2,0.3)
cov(Ra,, Ras) = (0.1542; 0.6,0.3,0.2)

The variance-covariance matrix will have the following form:

(0.288;0.5,0.2,0.3)  (0.132;0.6,0.2,0.2)  (0.200;0.5,0.2,0.3)
() = (0.132;0.6,0.2,0.2) (0.219;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2)
(0.200;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2) (0.255;0.5,0.2,0.3)

The inverse of the variance-covariance matrix will be established as:
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(0.288;0.5,0.2,0.3) (0.132;0.6,0.2,0.2) (0.200;0.5,0.2,0.3)
det 0 = [(0.132;0.6,0.2,0.2) (0.219;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2)| =
(0.200;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2) (0.255;0.5,0.2,0.3)
=0.00093% 0

It can be observed that the variance-covariance matrix is invertible because det Q# 0.
The Q7 is set as:

(0.288;0.5,0.2,0.3) (0.132;0.6,0.2,0.2) (0.200;0.5,0.2,0.3)
QT ={(0.132;0.6,0.2,0.2) (0.219;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2)
(0.200;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2) (0.255;0.5,0.2,0.3)

The disjoint matrix is set as:

(—0.0048;0.6,0.3,0.2)  (0.0088;0.6,0.2,0.2)  (0.0021; 0.6,0.2,0.2)
Q' = (0.0088; 0.6,0.2,0.2) (—0.0346; 0.5,0.2,0.3) (0.0116; 0.6,0.2,0.2)
(0.0021; 0.6,0.2,0.2)  (0.0116; 0.6,0.2,0.2) (—0.0045; 0.6,0.2,0.2)

Based on the disjoint matrix, the variance-covariance matrix is established according
to the formula:

(—0.0048;0.6,0.3,0.2) (0.0088;0.6,0.2,0.2) (0.0021; 0.6,0.2,0.2)

071 = 5oosoa| (0.0088; 0.6,02,02)  (~0.0346; 0.5,0.2,03)  (0.0116; 06,0.2,0.2)
: (0.0021; 0.6,0.2,0.2)  (0.0116; 0.6,0.2,0.2) (—0.0045; 0.6,0.2,0.2)

The final form of the variance-covariance matrix will be:

(~=5.16; 0.6,0.3,0.2)  (9.46; 0.6,0.2,0.2)  (2.25; 0.6,0.2,0.2)
0 t=( (9.46; 0.6,0.2,0.2) (—37.20; 0.5,0.2,0.3) (12.47;0.6,0.2,0.2)
(2.25; 0.6,0.2,0.2)  12.47; 0.6,0.2,02  (—4.83;0.6,0.2,0.2)

(d) To obtain the portfolio structure in terms of return (Rp;wRp,uRp,yRp)=
(0.3109; 0.5,0.2,0.3) and minimize the portfolio risk (63; wap, uap, yop) » min, the
auxiliary calculations for determining the parameters (@), (), and (y) will be
performed as follows:

(@) = (6T x 01 x &)
(B) = (RT x A~ x &) = (67 x A~ x R)
(y) = (R" x A1 x R)
(a) = (1.17;0.6,0.2,0.2)
(B) = (3.14;0.6,0.2,0.2)

(y) = (1.01;0.6,0.2,0.2)

The other variables that intervene in the calculation formula of the portfolio structure
are determined, namely:

(1.18; 0.6,0.2,0.2)
QO 'x R) = (0.76; 0.6,0.2,0.2)
(1.19; 0.6,0.2,0.2)

(6.55;0.6,0.2,0.2 )
Q1 xé)=|(-15.27;0.6,0.2,0.2)
(9.89; 0.6,0.2,0.2)
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X=(

1

(a)Xy) — (B)?

Under these conditions, the structure of the optimal portfolio will be established
according to the calculation formula:

[(Br, ) @) = (BY) @2 X R) + () = (B, ) (B)) (@7 X &)]s WRa U ¥,

(0.3795; 0.6,0.2,0.2)
X =1 (0.1815; 0.6,0.2,0.2)
(0.3938; 0.6,0.2,0.2)

The interpretation of the results is that in order to achieve a level of return for the
proposed neutrosophic portfolio, respectively a value of (Rp;wRp,uRp,yRp)=
(0.3109; 0.5, 0.2, 0.3), the investors will make an investment of 37.95% in the first financial
asset, 18.15% in the second financial asset, and 39.38% in the third financial asset. These
results can be verified by determining:

(Rp; wRp, uRp, yRp) = (0.3198; 0.6,0.2,0.2)

As a conclusion, the verifications show that by creating a portfolio with the above
structure: %, =37.95% , %,,=1815% , and £X,, =39.38%, a return of
(Rp; WRp, uRp, yRp) = (0.3198; 0.6,0.2,0.2) will be obtained compared to the expected
return of (Rp; wRp, uRp, yRp) = (0.3109; 0.5, 0.2, 0.3). Thus, this verification validates the
research results by a neutrosophic return error rate, calculated using the formula: As =
(0.3109; 0.5,0.2,0.3) — (0,3198; 0.6,0.2,0.2) = 0.8% , an error rate compared to the
proposed neutrosophic return.

(e) The portfolio risk is determined with the specific formula resulted from theorem no.
2, according to which we will have:

1
@) — (B2 [<“) (Pr,)* — 2(B) {Pr,) + ()/)] ; WP, uGp, yop)

(6#; wop, udp, yop) =

(6%; w&p, uGp, yop) = (0.0909; 0.6,0.2,0.2)

{0p; wap, uap, yop) = (0.3016; 0.6,0.2,0.2)

The value of the optimal neutrosophic portfolio risk determined using theorem no.2
{0p; wap,uap, yop) = (0.3016;0.6,0.2,0.2) indicates the proportionality relation that
exists between the desired neutrosophic portfolio return and the portfolio risk. There is a
relationship between return and risk. Moreover, the elaborated theorems were validated
by the practical applications presented in the paper, which allows, in the future, that the
neutrosophic financial asset portfolio structure can be built so that between return and
risk is a correlation required by investment prudence in the capital market.

6. Conclusions

The optimal neutrosophic portfolios are those categories of portfolios consisting of
two or more financial assets, modeled using neutrosophic triangular numbers that allow
for the determination of financial performance indicators, respectively the neutrosophic
average return of the neutrosophic risk for each financial asset and the neutrosophic
covariance as well as the determination of the portfolio return of the portfolio risk.

Moreover, to be considered optimal neutrosophic portfolios, they must meet two
additional conditions, namely: fixing the financial return at an estimated level as well as
minimizing the financial asset neutrosophic portfolio’s risk. For this category of
neutrosophic portfolios within this study, we determined two KPIs, namely: the portfolio
structure that allows for the determination of the financial asset weight in the total value
of the portfolio under optimal portfolio conditions under the conditions of a given value
for return and under the conditions of minimizing the portfolio risk.
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Both the structure of the optimal neutrosophic portfolio and the optimal portfolio
risk were tested, validated, and verified on financial assets portfolios, modeled using
neutrosophic fuzzy triangular numbers consisting of two and N-financial assets. The
results were verified in the paper to certify the calculation formulas related to the portfolio
structure and to the portfolio risk. The use of neutrosophic fuzzy triangular numbers to
model financial asset portfolios has the advantage of introducing a category of additional
information for investors on the capital market, namely the degree of
realization/uncertainty/failure of the KPIs studied in this paper.

The theoretical contribution of this research paper is given by the theoretical
substantiation with the help of neutrosophic fuzzy triangular numbers of the performance
indicators specific to the optimal financial asset portfolios, namely, the portfolio structure,
portfolio risk as well as portfolio return. These three performance indicators are specific
to the optimal portfolios, respectively to those portfolio categories for which financial
return reaches the level set by investors and the financial risk has the minimum value.

The practical implications of the research paper consist of substantiating the
investment decisions on the capital market by using neutrosophic performance indicators,
namely the neutrosophic portfolio structure, the neutrosophic portfolio risk, and the
neutrosophic portfolio return. All the above performance indicators apply to optimal
financial asset portfolios. To test the calculation of these three performance indicators
using neutrosophic triangular fuzzy numbers, two practical calculation examples were
presented that aimed to apply financial performance indicators for a portfolio of two
financial assets as well as for a portfolio of N financial assets.

The limitations of modeling the optimal financial asset portfolios using fuzzy
triangular numbers can be represented by the computation complexity performed, but
nevertheless, the practical applications can be summarized in applying the formulas that
have been demonstrated using the theorems.

The future research directions are the following: the use of other artificial intelligence
techniques to model the optimal financial asset portfolios such as “swarm particles” and
genetic algorithms, but also in extending, with the help of neutrosophic fuzzy numbers,
the modeling of financial asset portfolio performance indicators such as conjugated
neutrosophic portfolios, or the financial assets assessment when the financial asset
portfolio also contains a zero risk financial asset like treasury bonds.
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Appendix A. Numerical Calculation for Example 1

(a)

o 1, — 2 _ —_
(Ef(Ry); wRy, uRy, yRy) = ((g (Rag, +Ray) + gRAM) ;WR,, uR,, yR,)

— 1 2
Ef(Ra,) = ((g (0.3+0.5) + 3 0.4) ;0.5,0.2,0.3)
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_ 1 2
Ef(Ra,) = <(g 08+3 0.4) ;0.5,0.2,0.3)

Ef(Ra,) = (0,398;0.5,0.2,0.3)

. 1 2
Ef(Ra,) = <(g (0.2 +0.4) + 3% 0.3) ;0.6,0.3,0.2)

_ 1 2
E¢(Ra,) = (<€0.6 +3 0.3) ;0.6,0.3,0.2)

Ef(Ra,) = (0.298;0.5,0.2,0.3);
(b)
<0fA2iiW5Avu5A‘y5'A>
1, — _ o
= [(RAm — Rag) + (Ragy - RAm)Z] sWR, uRy, yR,)
20 _ . oy N -
+G [Raqs(Raps = Raqs) = Ray(Ragy = Rayy )l wRa, uRs, yRA) + (5 (RAal + RAcl) sWRy, uRy, YR,)

1 = —_ = =
- <§Ef (Rai); WRA, uRA; yRA)

1 2
6fay = (71(04 - 03)? + (05~ 0.4)%];05,02,03) + (5 (0.3(0.4 — 0.3) — 0.5(0.5 — 0.4)); 0.5,0.2,0.3)

1 1
+ (5032 +0.5%);05,0.2,03) ~ (5 (0.398)% 0.5,0.2,03)

1 2 1 1
67a; = (7(0.01+0.01);05,02,03) + (5 (0.03 = 0,05); 0.5,0.2,03) + (5 0.34;0.5,02,0.3) — (0158, 0.5,0.2,0.3);

GZa; = ((0.005 — 0.013 + 0,17 — 0.079; 0.5,0.2,0.3));
G?a; = (0.083;0.5,0.2,0.3)
&ra; = (0.288;0.5,0.2,0.3)
G?a, = (% [(0.3 —0.2)2 + (0.4 — 0.3)2];0.6,0.3,0.2) + é (0.2(0.3 - 0.2) — 0.4(0.4 — 0.3)); 0.6,0.3,0.2)

1 1
+ (5 (022 + 042);06,0.3,0.2) — (- (0.298)% 0.6,0.3,0.2)
~ 1 2 1 1
67a, = (7 (0.01+0.01);0.6,0.3,0.2) + (5 (0.02 ~ 0.04); 0.6,03,0.2) + (5 0.20; 0.6,0.3,0.2) — (5 0.088; 0.6,03,0.2);
&2a, = ((0.005 — 0.013 + 0,10 — 0.044; 0.6,0.3,0.2))

G2a, = (0.048;0.6,0.3,0.2)

&ra; = (0.219;0.5,0.2,0.3)
(o)
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—_ 1., — — — — — — —
COV(RaLRaz) = (<Z [(Rabll - Raall)(Rab21 - Raa21) + (Racn - Rabll)(Rac21 - Rab21)]
1., — — — — —
+ §{[Raa21(Rab11 - Raan) + Raall(Rab21 - Raa21)]
— — — — — — 1, _ -
- [Racll(Ra021 - RabZI) + Racz1(Rac11 - Rabll)]} + > (Raa11Raa21 + Rac11Racz1)

1 — — — — - — - —
+35 Ef(Ral)Ef(Ra2)> ;WRa, A wRa,, uRa,vuRa,, yRa,vyRa,)

cov(Ray, Ray) = (% [(0.4 —0.3)(0.3 —0.2) + (0.5 — 0.4)(0.4 — 0.3)] + % [0.2(0.4 — 0.3) + 0.3(0.3 — 0.2)]

1 1
~[05(04~0.3) +0.4(0.5 = 0.0)] +5 (03 * 0.2 + 0.5 * 0.4) + 0,398 * 0,298; 0.510.6,0.2v0.3,0.3v0.2)

_ 1 1 1 1
cov(Ray, Ra) = (710.01 +0.01] +[0.02 + 0.03] — [0.05 + 0.04] + 5 (0.06 +0.20) +0.118; 0.6,0.2,0.2)

cov(Ray, Ra,) = (0.021 — 0.013 + 0.065 + 0.059; 0.6, 0.2, 0.2)
cov(Ray, Ray) = (0.132;0.6,0.2,0.2)

Q=<(0288;0.5,O.2,0.3) (0.132;0.6,0.2,0.2))
(0.132;0.6,0.2,0.2) (0.219;0.6,0.3,0.2)

(d)

n
- — - - 1, - 2 . - ~ -
Ry wRD, uRB, YRD) = ) (i, (2 (Ragy + Ragy) + 53 R )i Wha R yRa)
i=1
- — - - 1 2 1 2
(Rp; wRp, uRp, yRp) = (0.4 (E (03 +05) +5x 0.4) :0.5,0.2,0.3) + (0.6 (g (02+04) +5x 0.3) :0.6,0.3,0.2)

- 1 2 1 2
(Rp; wRp, uRp, yRp) = (0.4 (g 0.8 + §0.4) ;0.5,0.2,0.3) + (0.6 (30.6 + §0.3) ;0.6,0.3,0.2)

(Rp; WRp, uRp, yRp) = (0.4 x 0.398;0.5,0.2,0.3) + (0.6 x 0.298;0.5,0.2, 0.3)

(Rp; wRp, uRp, yRp) = (0.159; 0.5,0.2,0.3) + (0.178; 0.5,0.2,0.3) (Rp; wRp, uRp, yRp) = (0.337;0.5,0.2,0.3)
(e)
(0f; wGD, udp, yGD)
= (x3,6%; W6, UGs,, Y6, ) + (X3,6%,; W6, UG, Y5a,)
+ 2x4,X4,04, 4,3 WG4, N WGy, UGy, VUBy,, VG4, VYOG4,
(02, wap,udp, yap) = (0.16 x (0.083;0.5,0.2,0.3)) + (0.36 x (0.048; 0.6,0.3,0.2)) + (2 X 0.4 X 0.6 X (0.132;0.6,0.2,0.2))
(02, wap,udp, yap) = (0.013;0.5,0.2,0.3) + (0.017; 0.6,0.3,0.2) + (0.006; 0.6, 0.2, 0.2)

(62, w&P, uap, yap) = (0.036;0.6,0.2,0.2)

(0,; WGP, udp, yap) = 1/(0.036;0.6,0.2,0.2)

{0,; wop,uap, yop) = (0.1897;0.6,0.2,0.2)
()



Mathematics 2021, 9, 1162 29 of 35

2(Ry,)(Prp) + (Ray)] — (Ra, + Ra)[(Prp) + (Ra,)] w
4Ry, Ra,) — (R4, + Ry,)?

X, = Ta A WXg,, UXg VUKL, YE4, VY X, )

2(Ra,)[(Prp) + (Ra,)] = (Ra, + Ra,)[(Prp) + (Ra,)] ”

——= = = Xg AWXy UKy VUX, VEL VYEQ )
4(Ra,Ra,) — Ry, + Ry, )? ! : ! ? ! :

xA2=<

By replacing in the formulas will be obtained:

. (2 X (0.298)[(0.4000 + 0.398)] — (0.398 + 0.298)[0.4000 + 0.298] . . 3
Xa = 4(0.398 x 0.298) — (0.398 + 0.298)2 e e

_ (0.596)(0.7980) — (0.696)(0.6980)
¥ay = ¢ (0.4744) — (0.4844)

;0.5,0.2,0.3)

_ (0.4756) — (0.4858)
17 40.4744) — (0.4844)

X4 ;0.5,0.2,0.3)

—(0.0102)
~0.0100

%y = ;0.5,0.2,0.3)

%,, = (1,020;0.5,0.2,0.3)

2 % (0.398)[(0.400 + 0.298)] — (0.398 + 0.298)[0.400 + 0.398]
4(0.398 x 0.298) — (0.398 + 0.298)2

xAz =

;0.5,0.2,0.3)

_ (0.796)[(0.698)] — (0.696)[0.7980]
Yo = (0.4744) — (0.4844)

;0.5,0.2,0.3)

_ (0.5556) — (0.5554)
a2 = Y10.4744) — (0.4844)’

0.5,0.2,0.3)

o f00002)
X2 = 00100y U

%4, =(0.02;0.5,0.2,0.3)
(Rp; WRp, uRp, yRp) = (1.020 x 0,398;0.5,0.2,0.3) + (0.02 x 0.298;0.5,0.2,0.3)
(Rp; wRp, uRp, yRp) = (0.405; 0.5,0.2,0.3) + (0.0059;0.5,0.2,0.3)
(Rp; wRp,uRp, yRp) = (0.4109; 0.5, 0.2, 0.3)
(02; wap,udp, yap) = (1.02% x 0.083;0.5,0.2,0.3) + (0.022 x 0.048; 0.6,0.3,0.2) + (2 x 1.02 x 0.02 x 0.13
(02; wap,usp, yap) = (0.086;0.5,0.2,0.3) + (0.0001; 0.6,0.3,0.2) + (0.0053; 0.6,0.2,0.2)

(02, WGP, ugp, yap) = 0.0914;0.6,0.2,0.2

(0,; WGP, uGp, yap) = 4/(0.0914;0.6,0.2,0.2)

(0,; W&, uap, yap) = (0.3023;0.6,0.2,0.2)
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Appendix B. Numerical Calculation for Example 2

(a)

ey 1, — 2 —_
(Ef(Ra); wRy, uRy, yRy) = ((g (Rag, +Ray) + gRAM) ;WR,, uR,, yR,)
— 1 2
Ef(Ray) = <(g (0.3+0.5) + §0.4) ;0.5,0.2,0.3)

— 1 2
Ef(Ra,) = <(g 08+3 0.4) ;0.5,0.2,0.3)
Ef(Ra,) = (0.398;0.5,0.2,0.3)

— 1 2
Ef(Ra,) = ((g (02+04) + 2 x 0.3) ;0.6,0.3,0.2)

_ 1 2
E¢(Ra,) = ((50.6 +3 0.3) ;0.6,0.3,0.2)
Ef(Ra,) = (0.298;0.5,0.2,0.3);

o 2
By(Ras) = (3 (0.25 +0.4) + 5 035);0,6,03,02)

_ 1 2
Ef(Raz) = <(g 0.65 + 0.35) ;0.6,0.3,0.2)

Ef(Ras) = (0.340;0.5,0.2,0.3);
(b)
<0fA2i; WGy, UBy, ¥Gy)
1r,— — — — — -
= <Z [(RAbl - RA«n)2 + (RAc1 - RAb1)2] sWRa, uRy, yR,)
20— — — — — = 1,2 2 — =
+ (§ [RAa1(RAb1 - RAa1) - RAc1(RAc1 - RAb1)]; WRg, URy, YRy) + <E (RAa1 + RAcl) sWRy, uRp, YR,)

1 ., o
— <E E?(Ra;); wR,, uR,, yR,)

1 2
6fa, = (7104 - 03)? + (05~ 0.4)%];05,02,03) + (3 (0.3(0.4 — 0.3) — 0.5(0.5 — 0.4)); 0.5,0.2,0.3)

1 1
+ (5032 +0.5%);05,0.2,03) - (5 (0.398)% 0.5,0.2,0.3)

1 2 1 1
szal = (Z (0.01 4+ 0.01);0.5,0.2,0.3) + (§ (0.03-10,05);0.5,0.2,0.3) + (E 0.34;0.5,0.2,0.3) — (E 0.158;0.5,0.2,0.3)

6/:2111 = ((0.005 - 0.013 + 0,17 — 0.079; 0.5, 0.2, 0.3))
6f2a1 =(0.083;0.5,0.2,0.3)
6ra; =(0.288;0.5,0.2,0.3)

2
670, = (71(03 = 0.2)? + (0.4 = 03)%]; 0.6,03,0.2) + (5 (0.2(03 ~ 0.2) — 0.4(0.4 = 0.3)); 06,0.3,0.2)

N

1 1
+ (5 (022 + 042);06,0.3,0.2) ~ ((0.298)% 0.6,03,0.2)
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1 2 1 1
67, = (7(0.01+0.01);0.6,0.3,0.2) + (5 (0.02 = 0.04); 0.6,03,0.2) + (5 0.20;0.6,0.3,0.2) — (- 0.088; 0.6,0.3,0.2)
§%a, = ((0.005 — 0.013 + 0,10 — 0.044; 0.6,0.3,0.2))
G%a, = (0.048;0.6,0.3,0.2)
&ra, = (0.219;0.5,0.2,0.3)

1 2
67as = (71(035 ~0.25)? + (0.4~ 0.35)2];06,0.3,02) + {3 (0.25(0.35 — 0.25) — 0.4(0.4 — 0.35)); 0.6,0.3,0.2)

1 1
+ (50257 +042);06,03,0.2) ~ (5 (0.340)% 0.6,03,0.2)

1 2 1 1
675 = (7 (0.01+0.02);06,0.3,0.2) + (5 (0.025 — 0.02);06,0.3,0.2) + (5 0.225;0.6,03,0.2) ~ (;0.115;0.6,03,0.2)

c~rf2a3 = ((0.0075 4+ 0.003 + 0,112 — 0.057; 0.6, 0.3,0.2))
6f2a3 = (0.0655;0.6,0.3,0.2)

G:a; = (0.255;0.5,0.2,0.3)
(©)
cov(Ray, Ra,) = (G [(Rap1y — Rag11)(Rapyy — Rags) + (Racys — Rapyy)(Racay — Rapy)|
+ 3 {Rt2s (Rayss — Ritgss) + Rgss (Rapes — R
— [Rac11(Raczy — Rayy1) + Racyi (Ract; — Rapyr)|} + % (Ragi1Ragy; + RagiiRacyy)

1 — — — — — — — —
+5Ef (Ra,)E; (Ra2)> ;WRa, A wRa,, uRa,vuRa,, yRa,vyRa,)

— 1 1
cov(Ray, Ray) = <Z [(0.4 —0.3)(0.3 —0.2) + (0.5 — 0.4)(0.4 — 0.3)] + 3 [0.2(0.4 — 0.3) + 0.3(0.3 — 0.2)]
1 1
—[0.5(0.4 — 0.3) + 0.4(0.5 — 0.4)] + 3 (0.3%0.2+0.5%0.4) + 50.398 % 0.298; 0.5A0.6,0.2v0.3,0.3v0.2)
o 1 1 1 1
cov(Ray, Ray) = <Z [0.01 +0.01] + 3 [0.02 + 0.03] — [0.05 + 0.04] + > (0.06 + 0.20) + 50.118;06,02, 0.2)
cov(Ray, Ray) = (0.021 — 0.013 + 0.065 + 0.059; 0.6,0.2, 0.2)

cov(Ray, Ray) = (0.132;0.6,0.2,0.2)

cov(Ray, Ras) = (% [(0.4 — 0.3)(0.35 — 0.25) + (0.5 — 0.4)(0.4 — 0.35)] + % [0.25(0.4 — 0.35) + 0.3(0.35 — 0.25)]

1 1
~ [0.5(04 = 035) +0.4(0.5 — 0.4)] +5 (03 +0.25 + 0.5 % 0.4) +-0398
% 0.340; 0.50.4,0.2v0.3,0.3v0.3)

_ 1 1 1 1
cov(Ray, Ras) = (7(0.01 + 0.005] +2[0.0125 +0.03] — [0.025 + 0.04] +5(0.075 +0.2) +50.135;05,0.2,03)

cov(Ray, Raz) = (0.00375 — 0.0075 + 0,137 + 0.0675; 0.5,0.2, 0.3)
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cov(Ray, Ras) = (0.2007;0.5,0.2,0.3)

cov(Ray, Ras) = (% [(0.3 = 0.2)(0.35 — 0.25) + (0.4 — 0.3)(0.4 — 0.35)] + % [0.25(0.3 — 0.2) + 0.2(0.35 — 0.25)]

1 1
— [0.4(04 = 0.35) +0.4(04 — 03)] +5 (02 0.25 + 0.4 x 0.4) +-0.298
% 0.340; 0.6A0.4, 0.3v0.3,0.2v0.3)

— 1 1 1 1
cov(Ray, Raz) = (7[0.01 +0.005] +2[0.045 + 0.01] - [0.02 + 0.04] + 5 (0.05 + 0.16) +50.101;0.6,0.3,0.2)
cov(Ra,, Ras) = (0.00375 — 0.005 + 0.105 + 0.0505; 0.6,0.3,0.2)
cov(Ray, Ras) = (0.1542; 0.6,0.3,0.2)

(0.288;0.5,0.2,0.3) (0.132;0.6,0.2,0.2) (0.200;0.5,0.2,0.3)
(@) = (0.132;0.6,0.2,0.2) (0.219;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2)
(0.200;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2) (0.255;0.5,0.2,0.3)

(0.288;0.5,0.2,0.3) (0.132;0.6,0.2,0.2) (0.200;0.5,0.2,0.3)
det 0 = [(0.132;0.6,0.2,0.2) (0,219;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2)| =

(0.200;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2) (0.255;0.5,0.2,0.3)

=0.00003 + 0.0010 + 0.0010 — 0.0006 — 0.0001 — 0.0004 = 0.00093% 0

(0.288;0.5,0.2,0.3) (0.132;0.6,0.2,0.2) (0.200;0.5,0.2,0.3)
Q" =((0.132;0.6,0.2,0.2) (0.219;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2)
(0.200;0.5,0.2,0.3) (0.154; 0.6,0.3,0.2) (0.255;0.5,0.2,0.3)

(—0.0048;0.6,0.3,0.2)  (0.0088;0.6,0.2,0.2)  (0.0021; 0.6,0.2,0.2)
Q= (0.0088; 0.6,0.2,0.2) (—0.0346; 0.5,0.2,0.3) (0.0116; 0.6,0.2,0.2)
(0.0021; 0.6,0.2,0.2)  (0.0116; 0.6,0.2,0.2)  (—0.0045; 0.6,0.2,0.2)

(—0.0048;0.6,0.3,0.2)  (0.0088;0.6,0.2,0.2)  (0.0021; 0.6,0.2,0.2)
[ = 500093 | (0-0088; 0.6,02,02) (-0.0346; 0.5,02,0.3) (0.0116; 0.6,0.2,0.2)
: (0.0021; 0.6,0.2,0.2)  (0.0116; 0.6,0.2,0.2)  (—0.0045; 0.6,0.2,0.2)

(—5,16; 0.6,0.3,0.2)  (9.46; 0.6,0.2,0.2) (2.25; 0.6,0.2,0.2)
O7'=( (9.46; 0.6,0.2,0.2) (—37.20; 0.5,0.2,0.3) (12.47;0.6,0.2,0.2)
(2.25; 0.6,0.2,0.2) 12.47; 0.6,0.2,0.2  (—4.83;0.6,0.2,0.2)

(d)
(a) = (€T x O~1 x &)

(BY=(RTxQ'xé)=("xQ 1 xR)
(¥) =(R"x Q"' xR)
(—5.16; 0.6,0.3,0.2)  (9.46; 0.6,0.2,0.2)  (2.25; 0.6,0.2,0.2) (1)

(@)=(111)| (9.46; 0.6,0.2,0.2) (—37.20; 0.5,0.2,0.3) (12.47;0.6,0.2,0.2) |[ 1
(2.25; 0.6,0.2,0.2)  (12.47; 0.6,0.2,0.2) (—4.83;0.6,0.2,0.2)/ \1

1
(a) = ((6.55; 0.6,0.2,0.2) (—15.27; 0.6,0.2,0.2) (9.89; 0.6, 0.2, 0.2)) (1)
1
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(@) = (1.17;0.6,0.2,0.2)

(=5.16; 0.6,0.3,0.2)  (9.46; 0.6,0.2,0.2)  (2.25; 0.6,0.2,0.2) \ /(0.316;0.5,0.
(B)=(111)| (9.46; 0.6,0.2,0.2) (—37.20; 0.5,0.2,0.3) (12.47;0.6,0.2,0.2) |[ (0.199;0.5,0.
(2.25; 0.6,0.2,0.2)  (12.47; 0.6,0.2,0.2) (—4.83;0.6,0.2,0.2)/ \(0.416; 0.4, 0.

(0.316;0.5,0.2,0.3)
(B) = ((6.55; 0.6,0.2,0.2) (—15.27; 0.6,0.2,0.2) (9.89; 0.6,0.2,0.2)) | (0.199;0.5,0.2,0.3)
(0.416; 0.4,0.3,0.3)

(B) = (2.06;0.6,0.2,0.2) — (3.03; 0.6,0.2,0.2) + (4.11; 0.6,0.2,0.2)

(B) =(3.14;0.6,0.2,0.2)

{y) = ({0.316; 0.5,0.2,0.3)(0.199; 0.5, 0.2, 0.3)(0.416; 0.4, 0.3, 0.3)) X
(=5.16; 0.6,0.3,0.2)  (9.46; 0.6,0.2,0.2)  (2.25; 0.6,0.2,0.2) \ /(0.316;0.5,0.2,
x| (9.46; 0.6,0.2,0.2) (—37.20; 0.5,0.2,0.3) (12.47;0.6,0.2,0.2) |[ (0.199;0.5,0.2,
(2.25; 0.6,0.2,0.2)  (12.47; 0.6,0.2,0.2) (—4.83;0.6,0.2,0.2)/ \(0.416;0.4,0.3,

(0.316;0.5,0.2,0.3)
() = ((1.18; 0.6,0.2,0.2)(0.76; 0.6,0.2,0.2))(1.19; 0.6,0.2,0.2) [ (0.199;0.5,0.2,0.3)
(0.416;0.4,0.3,0.3)

(v) =(1.01;0.6,0.2,0.2)

(=5.16; 0.6,0.3,0.2)  (9.46; 0.6,0.2,0.2)  (2.25; 0.6,0.2,0.2) \ /(0.316;0.5,0.:
(@ 1xR)y=| (946; 0.6,02,0.2) (—37.20; 0.5,0.2,0.3) (12.47;0.6,0.2,0.2) || (0.199;0.5,0.:
(2.25; 0.6,0.2,0.2)  (12.47; 0.6,0.2,0.2) (—4.83;0.6,0.2,0.2) / \ (0.416;0.4,0.:

(1.18; 0.6,0.2,0.2)
Q1 xR)=|((0.76; 0.6,0.2,0.2)
(1.19; 0.6,0.2,0.2)

(=5.16; 0.6,0.3,0.2)  (9.46; 0.6,0.2,0.2)  (2.25; 0.6,0.2,0.2) \ /1
(@ txey=| (9.46; 06,02,02) (—37.20; 0.5,0.2,0.3) (12.47;0.6,0.2,0.2) (1)
(2.25; 0.6,0.2,0.2)  (12.47; 0.6,0.2,0.2) (—4.83;0.6,0.2,0.2)/ \1

(6.55;0.6,0.2,0.2 )
Q1 xé&)=|(-15.27;0.6,0.2,0.2)
(9.89; 0.6,0.2,0.2)

X = [(@Br,) (@) = (B)) @1 x Ry + ((r) = (B, ) (B)) (A7 x &)] s Wy, U, VE

.

{aXy) —(B)?

. (1.18; 0.6,0.2,0.2)

%= ((0.3109)(1.17) — (3.14)) | (0.76; 0.6,0.2,0.2)

(1.17)(1.01) - 3.14% (1.19; 0.6,0.2,0.2)
(6.55;0.6,0.2,0.2)

+ ((1,01) — (3.14)(0.3109)) | (—15.27;0.6,0.2,0.2)
(9.89; 0.6,0.2,0.2)

(1.18; 0.6,0.2,0.2) (6.55;0.6,0.2,0.2 )
X =(=0.11) [(=2.77) [ (0.76; 0.6,0.2,0.2) | — (0.03) | (—15.27;0.6,0.2,0.2)
(1.19; 0.6,0.2,0.2) (9.89; 0.6,0.2,0.2)
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(=3.26; 0.6,0.2,0.2) (0.19; 0.6,0.2,0.2)
X =(-011)|[ (-2.10; 0.6,0.2,0.2) | — [ (—0.45;0.6,0.2,0.2)
(=3.29; 0.6,0.2,0.2) (0.29; 0.6,0.2,0.2)

(—3.45; 0.6,0.2,0.2)
X =(-0.11)| (-1.65; 0.6,0.2,0.2)
(—3.58; 0.6,0.2,0.2)

(0.3795; 0.6,0.2,0.2)
X =1(0.1815; 0.6,0.2,0.2)
{(0.3938; 0.6,0.2,0.2)

(ﬁpiWﬁi' uﬁf), yﬁi))

=(0.316;0.5,0.2,0.3) (0.3795; 0.6,0.2,0.2) + (0.199;0.5,0.2,0.3){0.1815; 0.6, 0.

+ (0.416;0.4,0.3,0.3)(0.3938; 0.6,0.2,0.2)
(Rp; wRp, uRp, yRp) = (0.1199; 0.6,0.2,0.2) + (0.0361; 0.6,0.2,0.2) + (0.1638; 0.6,0.2,0.2)

(Rp; wRp, uRp, yRp) = (0.3198; 0.6,0.2,0.2)
(e)

(38; WGP, usP, y3P) = ( [(@) (Br,)? = 2(8) (Br,) + ()]s w5P, u5D, y5P)

__t
(@)y) = (B)?

52, om0 e ey
(Gp; woP,u0P, YOP) = T Ion i 01y — 3,142

(6%; Wb, uGp, yp) = (—0.11)[{0,1130) — (1.95) + (1.01)]; 0.6, 0.2, 0.2
(6%; WGP, uGp, y6P) = (—0.11)(—0.827); 0.6,0.2,0.2

(62; wap, ucp, yap) = (0.0909; 0.6,0.2,0.2)

(0,; WGP, up, y5P) = /(0.0909; 0.6,0.2,0.2)

(0,; W&, up, yap) = (0.3016;0.6,0.2,0.2)
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