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As a generalization of both single-valued neutrosophic element and hesitant fuzzy element, single-valued neutrosophic hesitant
fuzzy element (SVNHFE) is an efficient tool for describing uncertain and imprecise information. Thus, it is of great significance to
deal with single-valued neutrosophic hesitant fuzzy information for many practical problems. In this paper, we study the ag-
gregation of SVNHFEs based on some normalized operations from geometric viewpoint. Firstly, two normalized operations are
defined for processing SVNHFEs. Then, a series of normalized aggregation operators which fulfill some basic conditions of a valid
aggregation operator are proposed. Additionally, a decision-making method is developed for resolving multiattribute decision-
making problems based on the proposed operators. Finally, a numerical example is provided to illustrate the feasibility and

effectiveness of the method.

1. Introduction

Being different from the fuzzy set which assigns one value
from [0, 1] for the membership degree of an element, the
neutrosophic set [1, 2] is composed of three independent
functions, i.e., truth-membership function, indeterminacy-
membership function, and falsity-membership function.
Neutrosophic set can describe the indeterminacy of in-
formation data independently which conforms to human
beings’ recognition mode better actually. Therefore, many
scholars focused their attention to promote its development.
Wang et al. [3] presented the single-valued neutrosophic set
(SVNS) in which all the three membership degrees belong to
unit interval [0, 1] which brings about convenience to adopt
neutrosophic theory in many real-life situations. Combining
the single-valued neutrosophic set with the rough set, Yang
et al. [4] introduced the single-valued neutrosophic rough
set. Furthermore, Bao et al. [5] studied the characterization
of the single-valued neutrosophic rough set from logic point
of view. Besides, Bao et al. [6] put forward the single-valued

neutrosophic refined rough set model. By means of the
single-valued refined neutrosophic set, Vasantha et al. [7]
did some meaningful research on imaginative play of
children. In addition, the single-valued neutrosophic set
contributes a lot to decision-making problems due to its
flexibility and practicability. In particular, Ye [8] introduced
cross-entropy in single-valued neutrosophic environment
for solving decision-making problems. Liu and Wang [9]
developed the decision-making method under the single-
valued neutrosophic framework by using normalized
weighted Bonferroni mean operator. Subsequently, Ye [10]
also explored the single-valued neutrosophic decision-
making method based on the correlation coefficient. Biswas
et al. [11] studied the single-valued neutrosophic TOPSIS
method for multiattribute group decision-making. Yang
et al. [12] analyzed triangular single-valued neutrosophic
data envelopment and applied it to hospital performance
measurement.

In an era of information explosion, people find it difficult
to determine the specific membership degree of an element
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to a set due to various reasons. To solve this problem, Torra
[13] proposed the hesitant fuzzy set (HES) in which the
membership degree of an element to a set can be some
different values rather than a single one. Furthermore, Xia
and Xu [14] characterized the hesitant fuzzy set through
a mathematical symbol and defined some basic operations
on it. Since presented, the hesitant fuzzy set has contributed
a lot to decision-making problems by combining with ag-
gregation operators. Firstly, Xia and Xu [14] put forward
a number of hesitant fuzzy aggregation operators from
arithmetic and geometric viewpoint, respectively. In addi-
tion, Xia et al. [15] also came up with some aggregation
operators for hesitant fuzzy information based on quasi-
arithmetic means. Meanwhile, Wei [16] developed hesitant
tuzzy prioritized operators and applied them to resolve
multiple attribute decision-making problems. Zhu et al. [17]
put forward hesitant fuzzy geometric Bonferroni means
which take full advantage of geometric as well as the
Bonferroni aggregation operator. Later, Zhang [18] in-
troduced power aggregation in hesitant fuzzy framework
and proposed the hesitant fuzzy power aggregation operator.
Wang et al. [19] gave some aggregation operators under dual
hesitant fuzzy set environment and explored their appli-
cation to multiple attribute decision-making.

As described above, both SVNS and HFS have con-
tributed a lot to decision-making problems. Nevertheless,
there is only one truth-membership hesitant function in the
hesitant fuzzy set which cannot describe indeterminacy-
membership degree and falsity-membership degree effec-
tively. On the contrary, an SVNS cannot describe the three
membership degrees with different values, which maybe
usual in real life due to hesitancy of decision makers.
Therefore, Ye [20] first introduced the single-valued neu-
trosophic hesitant fuzzy set and developed a series of ag-
gregation operators of single-valued neutrosophic hesitant
fuzzy elements. Then, $ahin and Liu [21] explored corre-
lation coefficient of the single-valued neutrosophic hesitant
fuzzy set as well as its applications to decision-making.
Additionally, Liu and Zhang [22] investigated neutrosophic
hesitant fuzzy elements aggregation by the aid of Heronian
mean aggregation operators. Liu and Luo [23] presented
ordered weighted arithmetic and hybrid weighted arithmetic
operator under single-valued neutrosophic hesitant fuzzy
environment. However, Mishra and Kumar [24] identified
the problem that the aggregation operators proposed in [23]
do not satisfty monotonicity actually. Wang and Bao [25] also
pointed out that the aggregation operators in [23] do not
fulfill idempotency either. In fact, all the existing aggregation
operators concerned with SVNHFEs do not satisfy the basic
properties of a valid aggregation operator such as idem-
potency and monotonicity. Hence, it is necessary to give
some novel aggregation operators to improve earlier results.
In this paper, we focus on defining some normalized op-
erations for SVNHFEs and developing a series of normalized
geometric single-valued neutrosophic hesitant fuzzy geo-
metric aggregation operators to provide theoretical foun-
dation for decision-making problems.

To achieve the above goal, we design the rest of paper as
follows. In Section 2, some basic concepts about the hesitant
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fuzzy set, single-valued neutrosophic hesitant fuzzy set, and
several existing single-valued neutrosophic hesitant fuzzy
aggregation operators are provided. In Section 3, we put
forward a number of normalized single-valued neutrosophic
hesitant fuzzy aggregation operators and explore some basic
properties. In Section 4, a method is developed for solving
multiattribute decision-making problems. Additionally,
a numerical example demonstrates specific process of the
method. Finally, we draw a conclusion in Section 5.

2. Preliminaries

In this section, we mainly recall some basic notions and
operations of the hesitant fuzzy set and single-valued
neutrosophic hesitant fuzzy set which are necessary for
understanding the article.

Definition 1 (see [13]). Let U be a fixed set, and a hesitant
fuzzy set A on U is defined in terms of function h, that
returns a set of several values in [0, 1] when applied to U.

For convenience and directness, Xia and Xu [14]
characterized the hesitant tuzzy set as
A ={{x,h,(x))|x € U}, where h,(x) is a point subset of
unit interval [0, 1], representing the possible membership
degrees of the element x € U to A. For any x € U, h, (x) is
termed as a hesitant fuzzy element, and the set of all hesitant
fuzzy elements is denoted by H.

Definition 2 (see [14]). For a hesitant fuzzy element (HFE) h,
s(h) = (Zyghylé(h)) is termed as the score of h, where §(h)
is the number of elements in . For any two HFEs, h; and h,,
if s(hy) >s(h,), then h; > h,; if s(h;) = s(h,), then h, = h,.

Let HFEs h, = {0.5,0.4}and h, = {{0.1,0.8}, and it is
obvious that s(hy) = s(h,) = 0.45, which implies h; = h,.
However, from the data itself we can find that h; is much
more stable than h,; thus, it is not reasonable enough to
judge the order between HFEs only by the score of element.
In the following, we introduce a novel comparison rule to
improve Definition 2. First, we need to introduce a creative
method to extend an HFE to a fixed length. For convenience,
given two HFEs, h, and h,, and 6 (h,) = n, <n, = 8 (h,), Xia
and Xu [14] suggested h; should be extended by adding the
minimum value in it until it reaches the same length with h,.
Zhang [18] pointed out the selection of the appended value
depends primarily on the decision makers’ risk preferences.
Optimists would append the maximum value, while pessi-
mists would append the minimum value. However, both of
the methods cannot guarantee the steady of data. In fact, the
best choice to extend an HFE is the closest number to the
given data, and it is merited to add the score of the HFE
repeatedly until it reaches the fixed length. In the present
paper, we adopt this method to extend an HFE to a fixed
length if without other explanation.

Example 1. Let hy ={0.2,0.5}and h, = {0.1,0.3,0.7,0.8}; in
order to extend A, to reach the same length with /,, we need
to calculate s(h;) = 0.35; then, h; should be extended as
hy =1{0.2,0.5,0.35,0.35}.



Complexity

Definition 3. For an HFE h, we define s(h) = (Zyehy/é(h))
as the score of h, a (h) = max ({yly € h}) - min({y|y € h}) as
the amplitude of h, and v(h) = (Zyeh(y —s(h)*/8(h)) as
the variance of h.

Definition 4. For any two HFEs, h; and h,, the order relation
is defined as follows:

(1) If s(h;) <s(h,), then hy is smaller than h,, denoted
by h,<h,

(2) It s(h;) = s(h,) and a(h,) > a(h,), then h, is smaller
than h,, denoted by h,<h,

(3) If s(hy) =s(hy),a(h)) =a(h,) and v(h;)>v(h,),
then h, is smaller than h,, denoted by h,<h,

(4) If s(hy) =s(hy),a(h;) =a(h,) and v(h,) =v(h,),
then h, is equivalent to h,, denoted by h, ~ h,

(5) If {y,ly, € hy} = {y,ly, € h,}, then h, is equal to h,,
denoted by h, = h,

(6) Suppose h; = {yijlj =1,2,... ,ni} (i=1,2) with
my <1y, i Yig(j) <Vao(jy (G =1,2,...,m,), then hy is
strictly smaller than h,, denoted by h,<h,, where
Yie(j) is the j th largest element of h;, and it should be
pointed that there are n, — n; elements s (h,) inserted
in h, to ensure the lengths of h, and h, are the same
in the process of comparison

Example 2. Let hy =1{0.1,0.5,0.6}, h, = {0.3,0.5},
hy ={0.1,0.5,0.6}, h, = {0.2,0.3,0.4},and hs = {0.2,0.3,0.7};
then, we can obtain that

s(h,) = 0.4000,
s(h,) = 0.4000,

hy) = 0.4000,
s(hy) = 0.3000,
s(hs) = 0.4000,
a(hy) = 0.5000,

(
(
(
(
(
a(hy,) = 0.2000,
(
(
(
(
(

N

(1)

h
a(h;) = 0.5000,
hs) = 0.5000,
v(hy) = 0.0467,
hy) = 0.0467,
v(hs) = 0.0467,

a

v

which indicates h,<h, = hy; ~ hs<h, and h,<h,.

For any three hesitant fuzzy elements, h, b, and h,, Torra
[13] and Xia and Xu [14] gave the operations between them
as follows:

(i) b= U,a{l -y}

(i) hyUhy = Uy e ypen,max{y1, ¥z}
(ifii) By Nhy = Uy, ey, en,min{yp, v, }
(iv) B = Uyay'}A>0

W) A= Uy {1- 1-p'}a>0

(vi) h@hy = U, yoen V1 +¥2 = Y172}

(Vii) hl ®h2 = Uylehl,yzehz{)/lyz}

When defining some new operation rules, people always
expect they are convenient to implement and satisfy some
basic properties, such as distributive law and associative law.
Whereas, in the aforementioned definition, we can find out

that some desirable properties do not hold. For instance, let
an HFE h = {0.2,0.3}; then,

hoh ={0.2 + 0.2 - 0.2 x0.2,0.2 + 0.3 — 0.2 X 0.3,0.3 + 0.2
~0.3x0.2,0.3+0.3 0.3 x 0.3} (2)
=10.36,0.44, 0.4, 0.51},

whereas 2k ={1-10.8%,1-0.7*} = {0.36,0.51},  which
means that héh+2h. In addition, h®h = {0.2 x 0.2, 0.2x
0.3,0.3 % 0.2,0.3 x 0.3} = {0.04, 0.06,0.06,0.09} and h?*=
{0.2%,0.3%} = {0.04,0.09}, and it is obvious that h® h# h*.

In what follows, we give some new normalized opera-
tions which turn out to satisfy a number of basic desirable
properties.

Definition 5. Given HFEs h; = U {{;} and h, = U2 {5;}
with n; <n,, normalized sum @, and normalized product
® y are defined as follows:

(1) heyh, = U?Q{fo(z’) T o) ~ fu(i)ﬂa(i)}

(2) hy® yh, = U:lzzl{fa(i)ﬂo(i)}
where &, is the ith largest element of hy, 7, is the ith
largest element of h,, and there are n, — n; elements s(h,)

inserted in h; such that the lengths of two HHEs are the
same.

Proposition 1. Let h,h;, andh, be three HFEs and
M AL A, >0; then, the following operation rules hold:

(1) hy®yh, = hy®yhy, hy @ yh, = hy, ® yhy

(2) (heyh))onh, = hey (heyh,), (h® yh)® yh, =

h® y (h, ® yh,)

(3) A(hy@yh,) = Ah@yAh,

(4) (A + A)h = A heyA,h

(5) (hy® yhy)* = K} \H)

(6) h/\1+/\2 — h)tl ®Nh/\2

Proof. (1) and
(2) can be quickly proved by Definition 5. Next, we
detail the rest. Suppose
hy= U {&hhy = U2 {n}m <m,h= UL {yh
then, we have

(3) hyoyh, = U?ﬁl{fa(z’) T o) ~ 5a(z’)’7a(i)}’

n, A
A(h@yh,) = igl{l —(1 =&oi) ~ Moty + 50(1‘)’70(:’)) }

- -@1{1 -(1- %(i))A(l - ””(i))k}'

1

(3)



On the
Ay = U2,

contrary, A, = UM {1-(1- &),

1- (1-71)",
Wty = G -(1= ) +1-(1- 1)’
—<1_(1_£o‘(i))l)<1 _(1_’70(1‘))/\”’
=Gl 60) (1-m)'}
(4)

Therefore, (3) is proved.
(@) (A + )= U, {1 - (1—y)Wz} Mh =
u71{1— (1—%)1 A h=Uur 1- (1—%) 2},

1-(1- Ya(i)) tei-(1- Va(i))lz
~(1- Vo(i))M)(l ~(1- Va(i))M)}
(1~ Yo(i))kl(l - Vo(i))lz}

1= (1- )"

A heyAoh =

f—*——~

i= 1

/
—

—_

[
T
’_C:
——
—

Il
I'C =

(5)

(5) hy @th_u g, 0 lo L (h ®yh) = Uk
{(f UL z))} Ui 512(1 oty >

ey = 8 {atey U lnl} = 0{&omel  ©

(6) WM+t = ur 1{7’?]”2}’ and Y = U?:l{)’?l}’mz
U”1{Vz } then,

Wi = 0 fygriia) = 0 i) @
O

Definition 6 (see [20]). Let X be a fixed set; then, a single-
valued neutrosophic hesitant fuzzy set (SVNHES) N on X is
defined as follows:

={¢x @), i), f (D Ix € X}, (8)

in which 7(x),7(x), and f (x) are three point subsets of
[0,1], denoting the possible truth hesitant membership
degree, indeterminacy hesitant membership degree, and
falsity hesitant membership degree of the element x to N,
respectively, with the condition 0<y,8,7<1 and
0<y* +8" +n+<3, whereye T(x),0 €i(x),n € f(x),y"
max (7 (x)), 8" = max (i(x)), nt = max(f(x)) For each
x € X, the triplet n(x) = (f(x),1(x), f(x)) is termed as
a single-valued neutrosophic hesitant fuzzy element
(SVNHEFE), which can be denoted by the simplified symbol
n= (i, f ), and the set of all SVNHFE:s is represented by Q.
It should be pointed out that the single-valued neu-
trosophic hesitant fuzzy is the same with the hesitant
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neutrosophic set essentially in literature [26]. In order to
compare SVNHEFEs, we give the following concept.

Definition 7. For an SVNHFE n = (Z, 1, f) we define s(n) =
(1/3) 2 +s(®) - s(@) - s(f)) as the score of n,
a(n) = (1/3)(a(f) + a(z) + a(f)) as the amplitude of #, and
vin) = (13)(v(E) +v() + v(f)) as the variance of n.

Definition 8. For any two SVNHFEs n; = (£,,1;, f,) and
n, = (15, f,), the order relation is defined as follows:

1) If s(ny) <s(n,), then ny is smaller than #n,, denoted
by n,<n,

(2) If s(n;) = s(ny) and a(n,) > a(n,), then n, is smaller
than n,, denoted by n,<n,

(3) If s(ny) =s(ny),a(ny) =a(n,) and v(n;)>v(ny),
then n, is smaller than n,, denoted by n,<n,

(4) If s(ny) =s(n,),a(n;) =a(n,) and v(n,) =v(n,),
then n, is equivalent to n,, denoted by n, ~ n,

(5) If, =17, =, and f,
denoted by n, =n,

= f, then n, is equal to n,,

(6) Iff,<.I,,1,<i, and ?2<5?1, then n, is strictly smaller
than n,, denoted by n,<n,

Example 3. Suppose SVNHFEs n; = ({0.1,0.4,0.5},
{0.1,0.3,0.5},{0.2,0.3,0.4}), n, = ({0.1,0.5},{0.2, 0.3,0.7}
,{0.3,0.5,0.6}), n; = ({0.1,0.4,0.5},{0.2, 0.3,0.4}, {0.2,0.3,
0.4}), and n, = ({0.3,0.5},{0.1,0.3,0.7}, {0.2,0.3, 0.4} ); then,
we can calculate that s (n;) = 0.5778,s(n,) = 0.4778, s(n;) =
0.5778, and s (ny) = 0.5778 which indicates n,<n;,n,<
n,, andn,<n;. In addition, a(n;)=0.2667< 0.3333 =
a(n)) =a(ny) means n,<nyandn,<n;. Furthermore,
v(n;) = 0.02963 and v(n,) = 0.0263 imply that n,<n,.
Therefore, n,<n, <n,<n,.
For any two single-valued neutrosophic hesitant fuzzy
elements n, = (£,,7,, f,) and n, = (£,,1,, f,), some opera-
tions between them are given as follows [20]:

(i) m@n, = (1,81, 1, ®1y [, ® f,) =
U yi€k,, 8,6, mel ({r1 + 2 = 11y2h {8181 {mma)
Y2€6y, 0,605, 1€ f
(i) n, ®n, = (t, 01,1, 6312,f1®f2 =U
’1”’/1€f1)’2€t2’5 €i,,
’72€f2 P1v2h {01 + 6, -

(iii) An, = (Atl, f )=
Uyletl 515i1 Wlefl({l S _Y1) } {5){}’{’7?})’/\>0

(iv) n1 = (LA A f)) = SGme
AL - a-s) } {1— A4 haso
For the aforementioned operations, we can find out that

some desirable properties do not hold. For instance, let an
SVNHFE be n = ({0.2,0.3},{0.2}, {0.3}); then,

V1€t1,6,€

5152}’ {’71 +1; - ’71’72})
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non=({0.2+0.2-0.2x0.2,0.2+0.3-0.2x0.3,
0.3+0.2 -0.3x0.2,0.3+ 0.3 - 0.3 x 0.3},

9)
{0.2 % 0.2}, {0.3 x 0.3})
— ({0.36,0.44, 0.4, 0.51}, {0.04}, {0.09}).
On the contrary, 2n= ({1-0.8%1-0.72}, {0.2%},

{03%}) = ({0.36,0.51},{0.04},{0.09}), which means that
n®n # 2n. In addition,

nen=({0.2x0.2,0.2 x0.3,0.3 x0.2,0.3 x 0.3},
{0.2+0.2-0.2%0.2},{0.3 + 0.3 — 0.3 x 0.3})
= ({0.04, 0.06, 0.06, 0.09}, {0.36}, {0.51}),
=({o.2%,03%}, {1 - 08}, {1-07°})
= ({0.04, 0.09}, {0.36}, {0.51}),
(10)
and it is obvious that n®n+n?.
In what follows, we introduce two normalized single-

valued neutrosophic hesitant fuzzy operations which obvi-
ously satisfy a number of basic operational rules.

5
Definition 9. Given ~ SVNHFEs  n, = (i, f,) =
(yuli=12,..., SEL{0,li=1,2,. 5(1’1)}, {nyli =

2,..,8(f)}) and ny= (tz,zz,f2 ({yali=12,...,
SE)h{0,li = 1,2, ., 8 (i)} {myli = 1,2, ..., 8(f,)}) with

I = max(3.(7,), 6 (1,)}, p = max{d (i), 6 ()},
q= max{é(fl), 0(f,){> then normalized sum @, and
normalized product ® 5 are defined as follows:

1) meyn, = (F,@Nt,, i ® iy, 1Oy f5) = (Ul=1{l’1a(i)+
Yaot) ~Yiet) Y2ob uf, 810y Osyh Ui 19{my
U(ilﬂzg(i)})

2) meyn, = (f; @y, L@y, f1eyf,) = (UL
{Yw(i Vm(i)}» UL, 016t + 020~ O10()O20(i)h>
U i—1{)’71a(i + M20()~ Mo ()20 ()})

Vjo( is the ith largest element of £; and there are I — & (%))
element s(t_z) inserted in 7;. Similarly, 8, ; is the ith largest
element of 1. F and there are p — 8(1 ) elements s(z ) inserted
ini; and Mjq (i) 18 the i th largest elements of f; i and there are
q- 6(f]) elements s(fj) inserted in fJ

Example 4. Given two SVNHFEs n; = ({0.1,0.4,
0.5},{0.3}, {0.2,0.3,0.4}) andn, = ({0.1,0.5},{0.2,0.3,0.7},
{0.3,0.5,0.6}), then

méyn, = ({0.5+0.5-0.5%x0.5,0.3+0.4-0.3x0.4,0.1 +0.1 - 0.1 x0.1},{0.3 x 0.7,0.3 x 0.3,0.3 x 0.2},

{04 x0.6,0.3 % 0.5,0.2 x 0.3})

= ({0.75,0.58,0.19}, {0.21,0.09, 0.06}, {0.24, 0.15, 0.06}),
n,® yn, = ({0.5% 0.5,0.3 x 0.4,0.1 x 0.1},{0.3 + 0.2 — 0.3 X 0.2,0.3 + 0.3 — 0.3 X 0.3,0.3 + 0.7 — 0.3 x 0.7},
{0.2+0.3-0.2x0.3,0.3+0.5-0.3x0.5,0.4 + 0.6 — 0.4 x 0.6})
= ({0.01,0.12,0.15},{0.44, 0.51, 0.79}, {0.44, 0.65, 0.76}).

Proposition 2. Let n,n,, andn, be three SVNHFEs and
M AL A, > 0; then, the following properties hold:

(1) my®yn, = n,®yny, Ny @ g1, = 1, @ y1y

(2) (neyn)®yn, = ndy (n,&yn,), (n® yn,)® yn, =n
®y (n, ®\n,)

(3) A(m@yn,) = An@yin,

(4 (A +A)n = A ndyA,n

(5) (ny ®N”2)A = nl®N”%

(6) M+ = yh ®an2

Proof. Suppose  n; = (i f1)sny = (B, f,), andn =

(%7, f); then, we have
1) meyn, = (Foyt,, L ®Niy f1®yfy) = (tz@th
LONi, [LONf1) = meyn, m®ym = ([,®y b,
l1‘91\112>J(1€Bz\1f2 X th’z@Nlpfz@NfJ = m
(2) mdyn)eyn, = (Hoyt) eyl (i ® yiy) ® v,
(fenfoenfr) = (tey(font,), i@y (i ®yi,),

(11)

Fon(fionf) = ney (meym,), (noyn)ey
n, = ((Fent) @b, (KBNII)@NIZ’ (f®Nf )®Nf2
FoyEeyh),  ioyeyh) foy(fionf,) =
ne® N (1, ® yn,)

(3) A(m@ymy) = A(EonTy T ®yhy, fLonf) = AE
oyh,), (o L), (Fren],)) = Wheylh, fiey
B fienT) = 067 ey 06,5 ) = dney
An,

@) (4, +)n= (A, + LR, Fhe
i 7 ®Nz/l,f ®nf ) = hndyn

(5) (m,® yny)' = ((F ® yE) S A G oni) A (Fr@n fa)

(6) i = (@1, (), +/\)z, A +M)F) = e e
MidyA,i A, fend, f) = nhieyn® EI

) = Aty A,

Definition 10 (see [14]). For a collection of HFEs
h;(j=1,2,...,n), some hesitant fuzzy aggregation opera-
tors are defined as follows:



(1) The hesitant fuzzy weighted geometric operator
HFWG:

HEWG iy 1) = 01 () = y.gh{ﬂﬁ" }
77 j:]
(12)

where w = (w), w,,...,w,)" is the weight vector of
(hy, hy, ..., h,) with w; € [0,1](j=1,2,...,n) and
by jwj =1

(2) The hesitant fuzzy ordered weighted geometric op-
erator HFOWG:

HFOWG (hy, hy, .., hy) = @ (o))"

U
Yo(j)€ha()) j=1

BN

(Ya<j>)wj }

(13)
where h,; is the jth largest element of
hi(i=1,2,...,n) and w = (0}, w,,...,w,) is the
aggregation-associated vector such that
w; € [0,1](j=1,2,...,n) and Z;’zl w; =1

(3) The hesitant fuzzy hybrid geometric operator HFHG:

NSVNHEG (n,,n,, . . .

Deﬁnztwn 12. For a  collection of SVNHEFEs
(t],zj,fj)eQ(]—l 2,...,k) and
= (W, Wy, ..., wy)" Wthh is the weight vector of

(nl,nz,...,nk) with w; € [0,1], Z ;w; =1, a normalized

) =(@5xm;) - <( 8 nt;)

Complexity

HFHG (hy, hy, . h,) = ©' (hy ()"

. (14)
{ (Vo)™ }
jo1

N

= U
Vot €hacy
where P.zU(A) is the jth largest element of
hy =K (i=1,2,... ,n)w= (w,w,...,w,) is the
weight vector of (hy,h,,...,h,) with w; € [0, 1]
(j=12,...,n) andz L w;=landw= (wl,wz,...,w )t

is the aggregatlon assoc1ated vector such that w; € [0,1](j =
L,2,. n)andzjlw—l

3. Normalized Single-Valued Neutrosophic
Hesitant Fuzzy Geometric
Aggregation Operators

In this part, we propose some normalized aggregation op-
erators based on the normalized product operation.

Deﬁnztzon 11. For a  collection of SVNHEFEs

(t i f )€Q(j=12,...,k), a normalized single-
Valued neutrosophlc hesitant fuzzy geometric mean aggre-
gation operator NSVNHFG:QF — Q is defined as

(15)

single-valued neutrosophic hesitant fuzzy wel§hted geo-
metric aggregation operator NSVNHFWG: QFf — Q is
a mapping such that

NSVNHFWG (n;, 1y, .. .,m) = @' yn” =( @' (T, @ ywii, &) w, ;). (16)

It can be observed that if w = ((1/k), (1/k), ..., (1/k))T, Theorem 1. Let (t],z f] {yﬂ i=12,. l]}
then the operator NSVNHFWG reduces to the operator {5ﬁli =1,2,.. ,p]}, {ﬂ]lll =1,2 ..,q]}) (j=12,. k) be
NSVNHFG. collection  of SVNHFEs 1f the weight vector is
w = (w;,w,y,...,w,)", then the aggregated result by operator

NSVNHEWG (1,1, . . ., 1) = <

NSVNHFWG can be expressed as

ﬁ( ~Miay) }) (17)

=1

f__\
-



Complexity 7

whfre Yjotiy Ojo(iys and s are the ith largest element of ~ Proof. We prove the result by mathematical induction on k.
toi and f j, respectzvely, I=max; (), First, we demonstrate (17) holds for k = 2. Since

Lok(p)and g=max;, ,(q).

.....

Tw, = Iy L 1 b n o !
ny" z(tl ,w111,w1f1) = (igl{)’lli; }’,31{1 - (1-0,)" }’igl{l ~(1-m)” })’

(18)

w, W, ~ ~ 2 w, )23 ) 55) )
i = To) =080, - 0-00") B -0 - )
then

NSVNHFWG (n,1,) = ny" ® yny>

max(l lz) max (Pl’Pz) w, w, wy w2
:< U {yla I)VZ(T(I } 4U1 {1 _(1_810(1')) +1_(1_620(i)) _(1 —(1—810(1-)) )(1 _(1_820(i)) )}’

i=1 i=

max(ll,lz) 2 w max(pl,pz) w, w, max (ql,qz) w, w,
= ( igl {HY}'UJU) ]” 1.';'1 {1 —(1 - 510(1')) (1 - 5za(i)) }’ I.L:Jl {1 _(1 - ’110(1‘)) (1 - ’120(;‘)) })

j=1
max(ll,lz) 2 w max(p,,pz) 2 w, max(ql 92 2 w
:< Y {Hhaju)]” Y {1—H(1—5ja<i)) j]’ { H( ) J})
J= = J=

(19)
If (17) holds for k = m, that is,
pr m qr m
NSVNHFWG (1,1, .. ., 1,,) = ( 1<|Hng(l } «| ~T1(1=6;00)" }’H‘l 1-T1(1 1500 J],> (20)
j=1

where Ir=max,_, (L), pr =max._, . (p), and  [,.,), p = max(p!, p,..1)> and g = max(q/, g,,,1), by Prop-
q! = max,_; . (q), then when k = m + L Tet [ = max(l/,  osition 2, we have

,,,,,
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NSVNHFWG (n, 1, . . .,

e

m
" },iﬁl{ 1- l_[ (1 - 5]'0(1'))% +1 —(1 - ‘S(mﬂ)a(i))wm+1

(1 (1 - ’1(m+1)a(i))wm+l)}’

m+1 m+1 w. q m+1 w.
( {HYJ‘T(I)} { H(l_aﬂ(’)) J}’iul{l_ .1( _’1ja(i)) J})
J= J=

(21)

That is to say, (17) holds for k =m + 1.
Therefore, (17) holds for all k € N, which completes the
proof. O

Theorem 2. Let n;(j=1,2,...,k) be a collection of
SVNHFEs; then, for the proposed aggregation operator
NSVNHFWG, the following properties always hold:

(1) Idempotency: if all n;(j =1,2,...
n; = n(j=12,...,k); then,

NSVNHFWG (1,7, . ..

,k) are equal, i.e.,

M) = 1. (22)

(2) Boundary: if there is a pair of SVNHFEs n, and ny

such  that  n<mn;(j=12,....k j#c) and
<my(j=12,...,k j#d), then
< NSVNHFWG (1, n,,...,1m)<ny. (23)
(3) Monotonicity: if there are a collection of SVNHFEs
n;‘ (j=1,2,...,k) such that 1< n , then
NSVNHFWG (n;,n,, . .., n )< NSVNHFWG (24)
- (n],ny,. . mp).

Proof.

koo koo ok H k 7
NSVNHFOWG (1,15, ..., 1) = ® 5, (5) = < ®j=1Ntoéj),eaj=1ijza(j),Eszleij(j)),

(1) It is not difficult to achieve the above results from
Definition 9, herein we omit it.

(2) Suppose n = (1., f.) and ny = (1, f4). Since
n.<n; J ],f]<nd for any j#c,d, we have

tc<st]<std, 1d<sz]<szc, andfd<5fj Sfc, furthermore,
f.< ®] th <L ig<, ®] IN%j < andfd<s®J:

k
N fj <. f.» where w;

k7Y gk
Hence, n.<,(®7_yt;", &} yw

is the welght of n;.

i EBJ le]f])< g

On the contrary, NSVNHFWG(nl,nZ, coom) =
(®FnT; @) INFwTj, @ vw,; f ).
Therefore, n,.< NSVNHFWG (n,,n,, ..., nk)< ng.

(3) Suppose n; = (;, ],f]) and nj = = (f; ,z] ]~(,) (j=

L,2,. k). n<n; 1mp11es t<st j<ij» and

]<Sfj;hence, (®k th ] INWji ],®’]?:1ijfj)<s
(®] 1N(t‘ ), & le]z],eB’]‘ 1Nw]f ). Therefore,
NSVNHFWG (ny,ny, ..., m)< NSVNHFWG (n],
Mys o s ).

]’l

O

Definition 13. Let n;= (f;,i,, f;) € Q(j=1,2,...,k) be
a collection of SVNHFEs, and a normalized single-valued
neutrosophic hesitant fuzzy ordered weighted geometric
operator NSVNHFOWG is defined as

(25)



Complexity

where n, ;) = (fg(j),fa(j), i,(j)) is the jth lar Igest element of
n; (j =1,2,...,k) and w = (w;, w,,...,w;)" is the aggre-
gat10n assoc1ated vector such that w; € [0,1](j=1,2,.
k) andz_lw] =1

Espec1a11y, if w= ((1/k), (1/k), ..., (1/k))T, then by the
commutativity of ® y, the operator NSVNHFOWG is also
reduced to operator NSVNHFG. Similar to Theorem 1, we

can give the following result.

NSVNHFOWG (n,, 1y, . . ., 1) = (,L_Jl

where VY, (j)q (i 80(10(1), and 1, (j)q(i) are the ith largest ele-
ment f t Loyl and  fo(j,  respectively, and

0(] = (i by fg(]))(] =1,2,...,k) is a permutation of
ny= (i, f)(j=12...,k such that Mg (j-1) Mg (-
Proof. It can be proved similar to Theorem 1, herein we omit
it. O

NSVNHFOWG (n;,n,,15)

3
<§J HVU]]U(I) ’ 1‘1—[(1‘50(1)0(1))% §J

j=1

p = max;_,
gated result by opemtor NSVNHFOWG can be expressed as

k w; P
[ Tvethow U9l
j=1

The(?rem 3. Let n;= (t], o f)={rili=12.. 1}
{oai=12 phinli=12.",q;H(G=12.. .k be
a collectzon of SVNHFES, zf the aggregatzon assoczated vector
is W= (W, wy... 0,)" and
k(pj) and q = max;_,

.....

,,,,,,,,,,

T b0pe)” b O 1= 1T

j=1 j=1

)" )

(26)

Example 5. For three SVNHFEs n; = ({0.1,0.4},{0.3},
{0.2,0.6}), n, = ({0.6},{0.5},{0.3,0.5}), and n, = ({0.2,0.3},
{0.6},{0.7}) with aggregation-associated vector w =
(0.3,0.2,0.5)",  then  s(n,) = 0.5167,5(n,) = 0.5667,
ands(n;) = 0.3167, which means n,>n,>n;, e,
Ne(1) = Ny My = Ny, and ng 5y = ny; thus,

3
TT0 = nema)” )

-~ (27)

= ({0.60'30.40'20.30'5, 0.60'30.10'20.20'5}, {1 —(1-0.5)"%(1-0.3)"%(1- 0.6)0'5},

{1-1-05*01-06"1-07"1-1-03)"(1

-0.2)"%(1- 0.7)0‘5})

= ({0.3912, 0.2421}, {0.5217}, {0.6296, 0.5293}).

Theorem 4. Let n;(j=1,2,...,k) be a collection of
SVNHEFESs; then, for the aggregation operator NSVNHFOWG

with aggregatzon -associated weight vector
w = (0}, wy,...,0,)", and the following properties always
hold.

(1) Idempotency: if all n;(j =1,2,...,k) are equal, i.e.,

n; =n(j=12,...,k), then

NSVNHFOWG (n,n,,. .., 1) = n. (28)

(2) Boundary: if there are a pair of SVNHFEs n, and ny

such  that  n<n;(j=12,...,k j#c) and
<My (j=12,...,k j#d), then
n.<,NSVNHFOWG (n,,n,, ..., n)<,ny. (29)

(3) Monotonicity: if there are a collection of SVNHFEs
n;‘ (j=12,...,k) such that nj<sn;f, then

NSVNHFOWG (1), 15, . . ., )< ,NSVNHFOWG (1], 7}, . . ., 7).

(30)

Proof. It can be proved similar to Theorem 2, herein we omit
it.

In what follows, we develop a sort of hybrid aggregation
operator which weights the given arguments as well as their
ordered positions simultaneously. O

Definition 14. Let n; € Q(j=1,2,...,k) be a collection of
SVNHEFEs; then, a normalized single-valued neutrosophic
hesitant fuzzy hybrid weighted geometric operator
NSVNHFHWG which has an aggregation-associated vector
0= (W, Wy ..., w0)" withw; € [0,1], Zk w; = 1is defined
as
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ko ok 5 k 7
NSVNHFHWG (n,,n,,...,m) = ®] anO'(]) (®j:1NtUJ(j),$j:1ijzo(j),GajlewjfU(j)), (31)
where 7i,(; is the jth largest element of n;= nf ’ operator NSVNHFG. Put it another way, the hybrid oper-
(=1,2,...,k),w= (w,wy,...,w)" is the welght vector  ator NSVNHFHG is a generalization of aggregation oper-
ofn (j= 1 2 ., k) such that w; € [0, 1], Z w; =1, and ators NSVNHFG, NSVNHFWG, and NSVNHFOWG.

k is the balancmg coeficient.

Especially, if w = (W, @, - .y w0)T = ((1/K), (1/k), .
(1/k))", then the aggregation operator NSVNHFHWG can
be reduced to operator NSVNHFWG. On the contrary, if
w= (w,w,,... ,wk)T = ((1/k), (1/k), ..., (1/k))T, then the
aggregation operator NSVNHFHWG can be reduced to
operator NSVNHFOWG. Furthermore, if (w,w,,...,
w)' = (0, Wy, w)" = ((1/k), (1/k), ..., (1/k))", then
the aggregation operator NSVNHFHWG can be reduced to

k
1 LW P
NSVNHFHWG(nl,nZ,...,nk):<igl [Ti2t00 > 971
=1

where Y, ()0 ,80(10(1), and 1, (jq(i) are the ith largest ele-
ment 0 ?J(]) <y and  fo(, respectively, and
Ay ug o0 ’j,guﬁ So) U= 1,2, ,k) is a permutation of

nj = n] = (tJ kw]z],kw]fj)(] =1,2,...,k) such that
o (j-1)> v(j)'

Proof. It can be proved similar to Theorem 1, herein we
omit it. O

Example 6. Suppose SVNHFEs n; = ({0.1, 0.4}, {0.3},
{0.2,0.6}),n, = ({0.6},{0.5},{0.3,0.5}), and n; = ({0.2,0.3},
{0.6}, {0.7}) with the weight vector w = (0.1,0.3,0. 6)7; then,
their aggregated result by operator NSVNHFHG with ag-
gregation-associated vector @ = (0.7,0.2,0.1)" can be cal-
culated through the following process:

) i, =% = ({0.1,0.4},{0.3},{0.2,0.6)*’ = ({0.5012,
0.7597},  {0.1015},{0.0648,0.2403}), 1, =n3*"* =
({0.6}, {0.5},{0.3,0.5)*° = ({0.6314},{0.4641},

{0.2746,0.4641}), 1, =n3"¢ = ({0.2,0.3},
{0.7)"® = ({0.0552,0. 1145} {0.8078},{0.8855})
(2) s(1;) = 0.7921, s (1) = 0.5993, 5 (11;,) = 0.1305

(3) g1y = 11, figa) = Ty Mg (3) = 113

(4) NSVNHFHWG (n,,n,,n;) = (U, li]_[] 1)’0 U(l}
{ 1_[]1(1 ‘S 0(1)/}’ Uz 1{ HJ 1 ( 170(])0(1) / )
= ({0.7597070.6314020.114501 0.5012°70.6314°2
0.05521}, {1 - (1-0.1015)"7 (1 - 0.4641)** (1~
0.8078)"1}, {1 — (1-0.2403)"7(1 - 0.4641)** (1-
0.8855)%!,1 — (1 - 0.0648)%7 (1 -0.2746)"2

(1-0.8855)"'}) = ({0.6059,0.4210}, {0.3055},
{0.4137,0.2795})

{0.6},

Theorem 5. Let n; = (t ,? _7 ({y] li = 1,2,...,lj},
[8uli= 12 (i =12 DG = 1,2 K e
a  collection  of SVNHFES with  weight  vector

—(wl,wz,...,w) andl =max;_; (), p=max;

(p]) and q = max;_; . (q;); then, the aggregated result by

using operator NSVNHFHWG with aggregation-associated
vector w = (w,, Wy, ..., w,)" can be expressed as

ﬁ( Bopo)” ’,tqjl ﬁ( = Mo (o) )

j=1 j=1
(32)

Remark 1. From Theorems 2 and 4, we can conclude that the
aggregation operator NSVNHFHWG also satisfy idempo-
tency, boundary, and monotonicity.

4. Decision-Making Method Based on
Normalized Single-Valued Neutrosophic
Hesitant Fuzzy Geometric
Aggregation Operators

4.1. Decision-Making Method. Assume there are m alter-
natives A;(i =1,2,...,m) under consideration for a de-
cision-making problem, and they are estimated in terms of
attributes C;(j=1,2,...,k) which possess weight vector

w = (w,, wz,...,wk) suchthatw €[0,1]1(j=1,2,...,k)
and ) i-ywj=1. Some dec131on makers provide their
evaluation values for alternative A; with respect to attribute
C; which is characterized by a single-valued neutrosophic
hesitant ~ fuzzy  element ;= (7 ],11 p»fij)»  where
7 7» i j» and f;; represent the truth degree, uncertain degree,
and falsity degree of alternative of A; satisfying attribute C;.
It should be noticed that if two decision makers give the
same evaluation value on one alternative, then the values
cannot be merged in n;; since it will affect the score of
a hesitant fuzzy element actually. Next, take operator
NSVNHFHWG  with  aggregation-associated  vector
w= (w,wy...,w)" as an example, and we demonstrate
the following decision-making process in detail:

Step 1. Collect evaluation values from all decision
makers and construct SVNHFEs information matrix
N = (nij)mxk‘

Step 2. For any i=1,2,...
(j=12,...,k).

kw;
»m, calculate 7;; =n;;



Complexity

Step 3. Forany i =1,2,...,m, rank r;; (j = 1,2,...,k)
according to the score, amphtude or Varlance of 7, ( ] =
1,2,...,k) and obtain #;

({)’ia } {00 b tion -

io(j) — (tw(] ‘ io (j)? fw =

n, = NSVNHEHWG (1, 1,5, . . . » 1)

k

l k LW .
= <¢91 H Viehat ’}2 =TT = bigroe)” 3
i

Jj=1

where l= max(%a(] ) p = max(éw(]) q =.max
(;710(])) Vie(jory is the tth largest element of t,(, ()
610(1)0( pn is the tth largest element of 7 big(j)> A0 g (jyo 1)

is the tth largest element of f io (j)-

Step 5. Rank n;(i =1,2,...,m) based on the score,
amplitude, and variance of n, (i = 1,2,...,m).

Step 6. Rank the alternatives A; (i = 1,2,...,m) based
on the order of (i = 1,2,...,m) and obtain optimal
alternative.

4.2. Numerical Example and Analysis. An example from [27]
is utilized to illustrate the applicability and validity of the
proposed MADM method. An example from [27] is utilized to
illustrate the applicability and validity of the proposed MADM
method. Now, there are four alternatives A;(i =1,2,3,4)
which were considered with respect to twelve attributes: C;:
functionality, C,: reliability, C;:usability, C,: efficiency, Cs:
maintainability, C,: portability, C,: acquisition, Cg: custom-
ization, Cy: training, C,,: operation, C,;: maintenance, and
C,,: standards, which possess weight vector w = (0.1,0.12,
0.2,0.05, 0.06, 0.04, 0.08, 0.05, 0.1, 0.08,0.02,0.1)". Some de-
cision makers estimate these alternatives and provide their
evaluation information adequately that is listed in Table 1.
Meanwhile, the weighted vector w = (0.08,0.12,0.1,
0.06, 0.02, 0.06, 0.06, 0.04, 0.06,0.1,0.2,0.1)" of the operator
NSVNHFHWG is given. We perform the following steps.

Step 1. Collect evaluation values from all decision
makers and construct SVNHFEs information matrix
N = (1;j)4x1> (see Table 1).

Step 2. Utilize weight vector w = (0.1,0.12,0.2,
0.05,0.06,0.04, 0.08, 0.05,0.1,0.08, 0.02,0.1)" to obtain

" = ni1 jzwj. Take 7,, as an example:
1y, = ({0.5},{0.1}, {0.4})' !

=({0.5}"%,1.2{0.1}, 1.2{0.4})

=({o.51'2}, {1 —(1- 0.1)1'2}, {1 —(1- 0.4)1'2})

= ({0.4353}, {0.1188}, {0.4583}).

(34)

Further details are shown in Table 2.

11

Step 4. For any i = 1,2, ...,m, aggregate the collection
n;(j=12,....,k) by  aggregation  operator
NSVNHFHWG and denote the result as #;, that is,

(33)

u C=

L TT (1= o) >

Jj=1

Step 3. We utilize function to figure out the order
relationship of 73;; (j = 1,2, .. ., 12). Take the alternative
A, as an example: according to the score, amplitude, or
variance of 1, ;, we obtain

s(ry;) = 0.6194,
s(ry,) = 0.6697,
s(ry3) = 0.6412,
s(ry4) = 0.5175,
s(ry5) = 0.5854,
s (ryg) = 0.5647,
s(,;) = 0.5625,
s (ripg) = 0.6179,
s (riy9) = 0.7203,
s(riy0) = 0.5617,
s(ryy,) = 0.4223,

s(ry1,) = 0.7779.

We rank the order as 11,1y >Hy 15>

Ty > Py > Hgs > M >y > 10> My >Hyy,.  Similarly, we

obtain

N3 >M19 > 1y 1 >Ny >y 1o > 17 > 1y 15 > 1y 4 > 16 > 1 g > 1

N3y >N39> M3y > N3g N33 > 1310 > 13y >3y >H37 > M35 > 135> 131,

Ny > Nyyp > Ny3 >y > Ngg > Mys > Nyg > Myg > 1y g > Mgz > Mgy > My -
(36)

Step 4. Utilize one aggregation operator to aggregate
n;; (j=1,2,...,12) and obtain n;, and we take operator
NSVNHFHWG as an example:
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TaBLE 1: Single-valued neutrosophic hesitant fuzzy information.
G G G Gy
A, ({0.4},{0.2},{0.1,0.3}) ({0.3,0.4},{0.2},{0.1,0.3}) ({0.6}, {0.3},{0.2}) ({0.5},{0.3},{0.2})
A, ({0.5},{0.1},{0.4}) ({0.2,0.4},{0.2,0.3},{0.1}) ({0.3},{0.2},{0.4}) ({0.2},{0.1},{0.4})
A, ({{0.3,0.5},{0.2}, {0.3}) ({0.6},{0.3},{0.2}) ({0.4}, {0.1}, {0.2}) ({0.5}, {0.2}, {0.3})
A, ({0.2},{0.1},{0.1}) ({0.6},{0.1},{0.3}) ({0.3,0.5},{0.2},{0.3}) ({0.3},{0.1}, {0.4})
Cs Cs & Cy
A, ({0.3},{0.2},{0.1,0.2}) ({0.3,0.4}, {0.1},{0.3}) ({0.6}, {0.4}, {0.3}) ({0.4},{0.2,0.3},{0.2})
A, ({0.2,0.3},{0.1},{0.3}) ({0.5},{0.2},{0.3}) ({0.4},{0.2},{0.5}) ({0.3},{0.1},{0.2})
A ({0.6}, {0.3}, {0.4}) ({0.2,0.4},{0.2},{0.1}) ({0.3},{0.1}, {0.4}) ({0.6}, {0.2}, {0.1})
A, ({0.6}, {0.2}, {0.4}) ({0.6},{0.3},{0.2}) ({0.3},{0.2}, {0.4}) ({0.4},{0.1},{0.3})
Cy Cio Cy Ci
A, ({0.73,{0.3}, {0.4}) ({0.6},{0.4},{0.2}) ({0.3},{0.2},{0.1}) ({0.5},{0.3},{0.2})
A, ({0.6}, {0.2}, {0.3}) ({0.2},{0.3},{0.2}) ({0.3},{0.2}, {0.4}) ({0.6},{0.2}, {0.1})
A, ({0.4},{0.1},{0.2}) ({0.5},{0.2},{0.3}) ({0.3},{0.2},{0.1}) ({0.4},{0.1},{0.2})
A, ({0.5},{0.2},10.3,0.4}) ({0.4},{0.1,0.3}, {0.5}) ({0.5},{0.3},{0.4}) ({0.4},{0.1},{0.2})
TaBLE 2: Weighted single-valued neutrosophic hesitant fuzzy information.
C, G
A ({0.3330}, {0.2349}, {0.1188, 0.3482}) ({0.1766, 0.2673}, {0.2748}, {0.1408, 0.4017})
A, ({0.4353}, {0.1188}, {0.4583}) ({0.0985,0.2673}, {0.2748, 0.4017}, {0.1408})
A, ({0.2358, 0.4353}, {0.2349}, {0.3482}) ({0.4792}, {0.4017}, {0.2748})
A, ({0.1450}, {0.1188}, {0.1188}) ({0.4792}, {0.1408}, {0.4017})
Cs G,
A ({0.2935}, {0.5752}, {0.4146}) ({0.6598}, {0.1927}, {0.1253})
A, ({0.0556}, {0.4146}, {0.7065}) ({0.3807}, {0.0613}, {0.2640})
A, ({0.1109}, {0.2234}, {0.4146}) ({0.6598}, {0.1253}, {0.1927})
A, (10.0556,0.1895}, {0.4146}, {0.5752}) ({0.4856}, {0.06131, {0.2640})
Cs Cs
A ({0.4203}, {0.1484}, {0.0731, 0.1484}) ({0.5611, 0.6442}, {0.0493}, {0.1574})
A, ({0.3139,0.4203}, {0.0731}, {0.2265}) ({0.7170}, {0.1016}, {0.1574})
A, (10.6923}, {0.2265}, {0.3077}) ({0.4618, 0.6442}, {0.1016}, {0.0493})
A, ({0.6923}, {0.1484}, {0.3077}) ({0.7826}, {0.1574}, {0.1016})
& Cs
A, ({0.6124}, {0.38761, {0.2899}) ({0.5771}, {0.1253,0.1927}, {0.1253})
A, ({0.4149}, {0.1928}, {0.4859}) ({0.4856}, {0.0613}, {0.1253})
A, ({0.3148}, {0.0962}, {0.3876}) ({0.7360}, {0.1253}, {0.0613})
A, ({0.3148}, {0.1928}, {0.3876}) ({0.5771}, {0.0613}, {0.1927})
Cy Cio
A, ({0.6518}, {0.3482}, {0.4583}) ({0.6124}, {0.38761, {0.1928})
A, ({0.5417}, {0.2349}, {0.3482}) ({0.2133}, {0.2899}, {0.1928})
A, ({0.3330}, {0.1188}, {0.2349}) ({0.5141}, {0.1928}, {0.2899})
A, ({0.4353},{0.2349}, {0.3482, 0.4583}) ({0.4149}, {0.0962, 0.2899}, {0.4859})
Cu Cp
A, ({0.7490}, {0.0521}, {0.0250}) ({0.4353}, {0.3482}, {0.2349})
A, ({0.7490}, {0.0521}, {0.1154}) ({0.5417}, {0.2349}, {0.1188})
A, ({0.7490}, {0.0521}, {0.0250}) ({0.3330}, {0.1188}, {0.2349})

({0.8467}, {0.0820}, {0.1154})

({0.3330}, {0.1188}, {0.2349})




Complexity

13

ny = NSVNHFHWG (151, 15, 133, My45 15 Mo M7 Mg 1129 105 a1 Ma12)

12

12 12
= <§1 H ).};);(j)g(t) ’tél 1- H (1 - 8zg(j)a(t))wj ’tLle 1- H (1 - ﬁza(j)a(t))wj >
j=

j=1

j=1

= ({0.54170‘080.54170'120.26730‘10.05560'060.43530'020.48560'060.42030'060.71700'040.41490'060.21330'1

0.3807%20.7490%", 0.5417%%%0.5417%'%0.0985"10.0556"°°0.4353%%%0.4856"*0.4203"°0.7170***

0.41490'060.21330‘10.38070'20.74900'1}, {1 —(1 - 0.1450)"% (1 - 0.1450)*2 (1 - 0.1766)*!

(1-0.0210)"% (1 - 0.1188)*%* (1 — 0.2512)*% (1 - 0.1905)*°® (1 — 0.4618)*%* (1 - 0.2133)*%¢ (37)

(1-0.3148)"" (1 - 0.2512)** (1 - 0.6796)*', 1 — (1 - 0.1450)** (1 — 0.1450)*** (1 - 0.0985)*"

(1-0.0210)"% (1 - 0.1188)*%* (1 — 0.2512)*% (1 - 0.1905)*% (1 — 0.4618)*%* (1 - 0.2133)*%¢

(1-0.3148)"" (1 - 0.2512)**(1 - 0.6796)0'1}, {1 —(1-0.0631)"% (1 - 0.2358)"'* (1 - 0.0363)"!

(1-0.1109)"% (1 - 0.4583)*%* (1 - 0.3807)*% (1 - 0.4203)*°® (1 — 0.5611)*%* (1 - 0.5141)*¢

(1-0.2133)"' (1 - 0.5771)** (1 - 0.8026)"'})

= ({0.3329, 0.3744},{0.2769, 0.2834}, {0.4268}).

Similarly, we can get n;,n;, andn, as follows:

12
2 o 2 . o | 2
" <tL—Jl Hha(j)g(t) ’zL:Jl L= 1_[ (1 - 61”(j)”(t)) ’tgl
=

j=1

= ({0.4975,0.5171},{0.3519, 0.3755}, {0.3326, 0.3550}),

12

, |2
— )
m=| YU oo
Jj=1

-1

= ({0.4682,0.5022}, {0.3253}, {0.3492}),

12

=1

12
_ 2 LW 2 P w; 2
" <f91 Hyw(j)o(t) ’tgl - H <1 - Slﬂ(j)”([)) ’tgl
=
=({

> 1 _1_[<1_810(j)0(1)>wj > 1_1—[(1 _ﬁla(j)a(l))w

12 )
j=1 > (38)

0.3655,0.4131}, {0.2738, 0.2851}, {0.4451, 0.4466}).

Step 5. Based on the score function of SVNHFEs,
we get s(n;) =0.5999, s(n,) = 0.5489, s(n3) = 0.6036,
and s(n,) = 0.5547.

Step 6. Since s(n3) > s(n;) >s(n,)>s(n,), the ranking
order of all the alternatives is A;>A;>A,>A, and the
most desirable one is A;.

Comparing to the decision result A, >A;>A,>A, in [23],
we can observe that there exist a little difference from the
result of the present paper A;>A,>A,>A,. As Mishra and
Kumar asserted in [24], it does not make any sense to apply
the aggregation operator in [23] to solve decision-making
problems since the aggregation operators do not fulfill

monotonicity and idempotency. However, the aggregation
operator proposed in the present paper definitely satisfies
monotonicity and idempotency, and the normalized sum
operation is completely available which means the decision-
making result is convincing absolutely. Besides, the com-
putation is less than the earlier method since we avoid
crossover operation. Therefore, it is wise to apply the method
to many other decision-making problems.

5. Conclusion

In this paper, we have defined two normalized single-valued
neutrosophic hesitant fuzzy operations which are indeed
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meaningful for the processing of single-valued neutrosophic
hesitant fuzzy elements, since it turned out that the oper-
ations satisfy some basic desirable operation rules such as
associative law and distributive law. Moreover, a series of
normalized geometric aggregation operators possessing all
the basic properties of a valid aggregation operator such as
indempotency, boundary, and monotonicity are proposed
from the geometric point of view. Furthermore, a decision-
making method based on the aggregation operators is de-
veloped to resolve multiattribute group decision-making
problems, and its feasibility and validity have been illustrated
with the help of a practical example. However, the in-
formation to be aggregated is mutually connected sometimes
and the weight vector can be affected by other evaluation
values. Thus, how to handle the relationship between single-
valued neutrosophic hesitant fuzzy elements is a critical
problem, and it is a research direction we will focus on in the
future.

Data Availability

The data used to support the findings of this study are in-
cluded within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work was sponsored by Natural Science Foundation of
Xinjiang Uygur Autonomous Region (no. 2019D01C053).

References

[1] F. Smarandache, Neutrosophy: Neutrosophic Probability, Set
and Logic, American Research Press, Rehoboth, DE, USA,
1998.

[2] F. Smarandache, A Unifying Field in Logics. Neutrosophy:
Neutrosophic Probability, Set and Logic, American Research
Press, Rehoboth, DE, USA, 1999.

[3] H. B. Wang, F. Smarandache, Y. Q. Zhang, and
R. Sunderraman, “Single-valued neutrosophic sets,” Multi-
space Multistruct, vol. 4, pp. 410-413, 2010.

[4] H.-L. Yang, C.-L. Zhang, Z.-L. Guo, Y.-L. Liu, and X. Liao, “A
hybrid model of single valued neutrosophic sets and rough
sets: single valued neutrosophic rough set model,” Soft
Computing, vol. 21, no. 21, pp. 6253-6267, 2017.

[5] Y.-L.Bao, H.-L. Yang, and S.-G. Li, “On characterization of $$
(\mathcal {I}, {\mathcal {N}}) $$ (I, N) -single valued neu-
trosophic rough approximation operators,” Soft Computing,
vol. 23, no. 15, pp. 6065-6084, 2019.

[6] Y.-L. Bao, H.-L. Yang, and Z. L. Guo, “On single valued
neutrosophic refined rough set model and its application,”
Journal of Intelligent ¢ Fuzzy Systems, vol. 33, no. 2,
pp. 1235-1248, 2017.

[7] W. B. Vasantha, I. Kandasamy, F. Smarandache, V. Devvrat,
and S. Ghildiyal, “Study of imaginative play in children using

Complexity

single-valued refined neutrosophic sets,” Symmetry, vol. 12,
2020.

[8] J. Ye, “Single valued neutrosophic cross-entropy for multi-
criteria decision making problems,” Applied Mathematical
Modelling, vol. 38, no. 3, pp. 1170-1175, 2014.

[9] P. Liu and Y. Wang, “Multiple attribute decision-making
method based on single-valued neutrosophic normalized
weighted Bonferroni mean,” Neural Computing and Appli-
cations, vol. 25, no. 7-8, pp. 2001-2010, 2014.

[10] J. Ye, “Multicriteria decision-making method using the cor-
relation coefficient under single-valued neutrosophic envi-
ronment,” International Journal of General Systems, vol. 42,
no. 4, pp. 386-394, 2013.

[11] P. Biswas, S. Pramanik, and B. C. Giri, “TOPSIS method for
multi-attribute group decision-making under single-valued
neutrosophic environment,” Neural Computing and Appli-
cations, vol. 27, no. 3, pp. 727-737, 2016.

[12] W. Yang, L. Cai, S. A. Edalatpanah, and F. Smarandache,
“Triangular single valued neutrosophic data envelopment
analysis: application to hospital performance measurement,”
Symmetry, vol. 12, no. 4, p. 588, 2020.

[13] V. Torra, “Hesitant fuzzy sets,” International Journal of
Computational Intelligence Systems, vol. 25, pp. 529-539,
2010.

[14] M. Xia and Z. Xu, “Hesitant fuzzy information aggregation in
decision making,” International Journal of Approximate
Reasoning, vol. 52, no. 3, pp. 395-407, 2011.

[15] M. Xia, Z. Xu, and N. Chen, “Some hesitant fuzzy aggregation
operators with their application in group decision making,”
Group Decision and Negotiation, vol. 22, no. 2, pp. 259-279,
2013.

[16] G. Wei, “Hesitant fuzzy prioritized operators and their ap-
plication to multiple attribute decision making,” Knowledge-
Based Systems, vol. 31, pp. 176-182, 2012.

[17] B. Zhu, Z. Xu, and M. Xia, “Hesitant fuzzy geometric Bon-
ferroni means,” Information Sciences, vol. 205, pp. 72-85,
2012.

[18] Z. Zhang, “Hesitant fuzzy power aggregation operators and
their application to multiple attribute group decision mak-
ing,” Information Sciences, vol. 234, pp. 150-181, 2013.

[19] H. Wang, X. Zhao, and G. Wei, “Dual hesitant fuzzy ag-
gregation operators in multiple attribute decision making,”
Journal of Intelligent ¢ Fuzzy Systems, vol. 26, no. 5,
pp. 2281-2290, 2014.

[20] J. Ye, “Multiple-attribute decision-making method under
a single-valued neutrosophic hesitant fuzzy environment,”
International Journal of Intelligent Systems, vol. 24, pp. 23-36,
2014.

[21] R. Sahin and P. D. Liu, “Correlation coefficient of single-
valued neutrosophic hesitant fuzzy sets and its applications in
decision making,” Neural Computing and Applications,
vol. 28, pp. 1387-1395, 2017.

[22] P. Liu and L. Zhang, “Multiple criteria decision making
method based on neutrosophic hesitant fuzzy Heronian mean
aggregation operators,” Journal of Intelligent & Fuzzy Systems,
vol. 32, no. 1, pp. 303-319, 2017.

[23] C.-F.Liuand Y.-S. Luo, “New aggregation operators of single-
valued neutrosophic hesitant fuzzy set and their application in
multi-attribute decision making,” Pattern Analysis and Ap-
plications, vol. 22, no. 2, pp. 417-427, 2019.



Complexity

[24] A.Mishra and A. Kumar, “Commentary on “New aggregation
operators of single-valued neutrosophic hesitant fuzzy set and
their application in multi-attribute decision making,” Pattern
Analysis and Applications, vol. 22, no. 3, pp. 1207-1209, 2019.
L. Wang and Y.-L. Bao, “A note on “New aggregation op-
erators of single-valued neutrosophic hesitant fuzzy set and
their application in multi-attribute decision making,” Pattern
Analysis and Applications, vol. 2020, 2020.

H. Zhao and H.-Y. Zhang, “On hesitant neutrosophic rough
set over two universes and its application,” Artificial In-
telligence Review, vol. 53, no. 6, pp. 4387-4406, 2020.

B. Farhadinia, “Information measures for hesitant fuzzy sets
and interval-valued hesitant fuzzy sets,” Information Sciences,
vol. 240, pp. 129-144, 2013.

(25

(26

(27

15



