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INTUITIONISTIC BIPOLAR NEUTROSOPHIC SET AND ITS APPLICATION
TO INTUITIONISTIC BIPOLAR NEUTROSOPHIC GRAPHS

S. SATHAM HUSSAIN*, SAID BROUMI, YOUNG BAE JUN AND DURGA NAGARAJAN

ABSTRACT. This manuscript is devoted to study a new concept of intuitionistic bipolar
neutrosophic set with the operations like union, intersection and complement. Also, an
application to intuitionistic bipolar neutrosophic graph with examples are developed. Fur-
ther, we presented the Cartesian product, cross product, lexicographic product and strong
product with suitable examples.

1. INTRODUCTION

The neutrosophic set has three independent parts, namely truth-membership degree,
indeterminacy-membership degree and falsity-membership degree provided the sum of
these values lies between 0 and 3; therefore, it is applied to many different areas, such
as algebra [21} 22] and decision-making problems (see [26] and references therein). Au-
thor Smarandache [25] remarks the difference between neutrosophic set and logic, and
intuitionistic fuzzy set and logic. Interval neutrosophic sets with applications in BCK/BCI-
algebra and KU-algebras are developed in [} 2, [18 22, 24]. Single valued neutrosophic
graphs with their degree, order and size are established in [12,[13]]. Intuitionistic fuzzy set
is initiated by Atanassov as a significant generalization of fuzzy set. Intuitionistic fuzzy
sets are very useful while representing a problem by a linguistic variable, given in terms of
a membership function only, seems too complicated. Recently intuitionistic fuzzy sets have
been applied to many fields such as logic programming, medical diagnosis, decision mak-
ing problems etc. On the other hand, bipolar fuzzy sets are extension of fuzzy sets whose
membership degree ranges from [—1, 1]. The membership degree (0, 1] represents that an
object satisfies a certain property whereas the membership degree [—1,0) represents that
the element satisfies the implicit counter-property. The positive information indicates that
the consideration to be possible and negative information indicates that the consideration
is granted to be impossible. Application to decision making of bipolar neutrosophic sets
and bipolar neutrosophic graph structures are studied in [3} 4], respectively. Neutrosophic
bipolar vague sets and its application to graph theory are analysed in [19} 20]. Similarity
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measures of bipolar neutrosophic sets and its application to decision making are estab-
lished in [26]. In [10} [15]], intuitionistic neutrosophic sets and its relations are discussed.
Furthermore, intuitionistic neutrosophic graph structures are extensively studied in [6} [7]].
Motivated by these works, we established intuitionistic bipolar neutrosophic set and its
application to intuitionistic bipolar neutrosophic graphs.

The major contribution of this work as follows:

e Newly introduced intuitionistic bipolar neutrosophic set with the operations like
union, intersection and complement.

e Its application to Intuitionistic Bipolar Neutrosophic Graph (IBNG) with exam-
ple are developed. Also neutrosophic bipolar vague subgraph, induced subgraph,
strong and complete IBNG are established.

o Further we presented the Cartesian product, cross product, lexicographic product
and strong product with suitable examples. The obtained results give the general-
ization of above mentioned works.

2. PRELIMINARIES

Definition 2.1. [12] Let X be a space of points (objects), with a generic element in X
denoted by x. A Single Valued Neutrosophic Set (SVNS) A in X is characterized by
truth-membership function T4 (x), indeterminacy-membership function 74 (x) and falsity-
membership-function F4 (x). For each point z in X, T4 (x), Fa(x), Ia(z) € [0,1],

A={{x,Ta(z), Fa(z),Is(x)), x € X}and 0 < T (x) + La(z) + Fa(z) < 3.
Definition 2.2. [13]] A neutrosophic graph is defined as a pair G* = (V, E) where (i)
V ={vy,ve,..,vp}suchthat Ty : V — [0,1], Iy : V — [0,1] and F} : V — [0, 1] denote
the degree of truth-membership function, indeterminacy function and falsity-membership
function, respectively and

0 <Ta(u)+ Ia(u) + Fa(u) <3, foru e V.
() ECV xVwhereTy: E— [0,1], I : E — [0,1] and F» : E — [0, 1] are such that
To(wv) < min{Ti(u), T1(v)}, I2(wv) < min{l (u), I (v)},
Fy(uv) < max{Fi(u), F1(v)} and0 < Th(uv) + Ix(uv) + Fa(uv) < 3, Yuv € E.

Definition 2.3. [16] A bipolar neutrosophic set A in X is defined as an object of the form
A= {{z, T (x), I (z), F¥ (), TN (x), IV (z), FN (2)), z € X},

where TP, 17 FP . X — [0,1] and TV, IV, FN : X — [—1,0]. The Positive member-
ship degree 77 (z), I” (), F¥ (x) denote the truth membership, indeterminate member-
ship and false membership of an element © € X corresponding to a bipolar neutrosophic
set A and the negative membership degree T (z), IV (), FN (z) denotes the truth mem-
bership, indeterminate membership and false membership of an element x € X to some
implicit counter-property corresponding to a bipolar neutrosophic set A.

Definition 2.4. [[16] Let X be a non-empty set. Then we call

A= {{a, T"(2), I7(2), F¥ (), TV (2), IV (2), F¥ (2)), = € X}
a bipolar single valued neutrosophic relation on X such that 7% (z,y) € [0,1], I (z,y) €
[07 1]a Ff(iE,y) € [O’ 1] and Tiv(l‘,y) € [_170]5 IIJAV(IJJ) € [—1,0], F,gv(zvy) € [_lv O]
Definition 2.5. 34 Let A = (T{, 1Y, FL, 7Y, 1Y, FY)and B = (TE, 15, FE, T, I, FY)
be bipolar single valued neutrosophic set on X. If B = (T5, I5, FE TY I¥ FY)isa
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bipolar single valued neutrosophic relation on A = (Tf v f , F f , T i\' Vi 114\7 , F Jflv ) then
T (vy) < min(T§ (2), TA (y)), T4 (vy) = max(T4 (x), T4 (),
I (xy) > max(I} (), I3 (y)), 15 (xy) < min(1} (), I} (),
Ff (zy) > max(Fi (), F§ (y),  Fg (zy) < min(F (x), F3 ().
A bipolar single valued neutrosophic relation B on X is called symmetric if T (zy) =

T (y), Ip(xy) = Ij(yr), Fi(wy) = Ff(yz) and T§ (vy) = T§ (y), I (vy) =
I¥ (yx), FY (zy) = FY (yz) forall zy € X.

Definition 2.6. [3/4] A bipolar single-valued neutrosophic graph on a nonempty set X is
a pair G = (C, D), where C'is a bipolar single-valued neutrosophic set on X and D is a
bipolar single-valued neutrosophic relation in X such that

FE(zy) < max()Fg(x

&)
Q
—~

5 S
5:./

forallz,y € X.

Definition 2.7. [10l [15] An element = of X is called significant with respect to neutro-
sophic set A of X if the degree of truth-membership or indeterminacy-membership or
falsity membership value, i.e T4 (z) or T4 (x) or Fs(x) > 0.5. Otherwise, we call it in-
significant. Also, for neutrosophic set the truth-membership, indeterminacy-membership
and falsity- membership all can not be significant.

we define an intuitionistic neutrosophic set by A = (z, Ta(z), Ia(x), Fa(x)), where
min{T4(x), Fa(x)} < 0.5, min{Ta(x),Ia(z)} < 0.5, & min{l4(z), Fa(x)} < 0.5,
for all x € X with the condition 0 < {T'4(x) + Ia(x) + Fa(z)} <2

Definition 2.8. [10, [15] A INS Relation (INSR) is defined as a intuitionistic subset of
X x Y, having the form
R={<(z,y),Tr(x,y), Ir(z,y), Fr(z,y) >z € X,y € Y}

where,

Tr:XxY =01, In: X xY = [0,1,Fg: X x Y — [0,1]
satisfies the conditions
(i) at least one of this Tr(x,y), [r(x,y) and Fr(z,y) is > 0.5 and
(i) 0 < {Ta(x) + Ia(z) + Fa(x)} < 2. The colllection of all INSR on X x Y is denoted
as GR(X xY))

Definition 2.9. [6 7] An intuitionistic neutrosophic graph is a pair G = (A, B) with un-
derlying set V', where T4, Fa, I4 : V — [0, 1] denote the truth, falsity and indeterminacy
membership values of the vertices in V and T, Fg,Ig : E CV x V — [0, 1] denote the
truth, falsity and indeterminacy membership values of the edges k! € E such that
()T (kl) < Ta(k) NTa(l), (k1) < Ia(k) ALa(l), Fp(kl) > Fa(k) A Fa(l)
(’LZ)TB(]{Z) A IB(k‘l) < 0.5, TB(k‘l) AN FB(kl) < 0.5, IB(k‘l) A\ FB(kl) < 0.5,
(#17)0 < Tg(kl) + Ig(kl) + Fp(kl) <2 Vk,l € V.
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3. INTUITIONISTIC BIPOLAR NEUTROSOPHIC SET

Definition 3.1. An element = of X is called significant with respect to neutrosophic set
A of X if the degree of truth-membership or indeterminacy-membership or falsity mem-
bership value, i.e Ta(x) or I4(x) or Fa(xz) > 0.5. Otherwise, we call it insignificant.
Also, for neutrosophic set the truth-membership, indeterminacy-membership and falsity-
membership all can not be significant. we define an intuitionistic bipolar neutrosophic set
by

A= (2, T (), I5 (0), F§ (2), T (2), I} (2), F} ()

where
min{7T%, F¥} < 0.5, max{TY, FY} > —0.5, min{T%, I}} < 0.5,
max{TY, Iy} > —0.5, min{F{, 1§} < 0.5, max{FY, 1Y} > —0.5
TP X = (0,1, TV : X — [-1,0, I : X — [0, 1],
IV : X - [-1,0, FY : X = [0,1], FY : X — [~1,0], with the conditions
0 < T4 (x) + Ix (2) + F4 (x) < 2,-2 > Tx () + I} (¢) + F{ () > 0.

Definition 3.2. A IBNS relation (IBNSR) is defined as a intuitionistic bipolar subset of
X x Y, having the form

R =A{< (2,9), Tk (x,y). 15 (x,y), Fi (x,9), T§ (2,9), I§ (2,y), F§ (v,y) > 2 € X,y € Y}
where,
TE : X xY = [0,1,IF : X xY = [0,1], Ff : X xY — [0,1]
TN X xY = [-1,0,IF : X xY — [-1,0], FY : X x Y — [~1,0]
satisfy the conditions (i) at least one of this T (z,y), IE (z,y) and FE (z,y) is > 0.5 at

least one of this T4 (x,y), IN (z,y) and F§ (z,y) is < —0.5 and
()0 < TF(z) + 15 (z) + FE(2) <2, -2 >TF (z) + If (z) + F{(x) > 0.

Definition 3.3. Let Ay =< z,T% (z), I} (x), F§ (z), T} (x), IY (z), FY (z) > and

Ay =<, Tk (x), 1% (2), F} (), TY (x), I} (z), FY (z) > be two IBNSs. then A; C
A, if any only if

T4, (2) < T4, (@), T4, (2) = T3, ().

Iy, (@) < 1%, (2), I}, () > IK, (2).

FY (z) > F} (z), FY (z) < FY (z).Vz € X.

Definition 3.4. The union of two IBNSs A and B is also IBNS, whose truth membership,
intermediate membership and false membership functions are,

Thop (@) = max{T} (2), T (2))
1B (@) = min{I5 (2), I ()}
Flao (@) = min{Ff (2), F§ (2)},
and
Tliup) (@) = min{T} ( (
Thiup (@) = max{TH (2), T§ (x
Tliup)(2) = max{TH (z), T§ (x)},

forall z € X.
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Example 3.5. Let A = {((21,0.7,0.3,0.4)F(-0.6, —0.4, —0.3)"), ((22,0.5,0.5,0.8)F
(—0.6,—0.5,—0.4)")} and B = {((21,0.4,0.7,0.4)P(—0.4, —0.7, —0.3)), ((22,0.4,0.3,0.9)F
(—0.5,—0.6,—0.2))} be two IBNSs of X. Then by definition of union we get,

AUB = {((21,0.7,0.3,0.3)(=0.6, —0.7, —0.3)™), ((22,0.5,0.3,0.8) " (=0.6, —0.5, —0.2) )}

Definition 3.6. The intersection of two IBNSs A and B is also IBNS, whose truth-membership,
indeterminacy-membership and falsity-membership functions are,

T(imB)(i’?) = min{T} (z),T§ (z)}
I&ﬂB)(x) = max{]i(x), Ig(x)}
Flinp (@) = max{F (2), F§ (x)},

and
Thnp) (%) = max{TH (z), T§ (z)}
Ty (x) = min{TY (x), TS ()}
T(],YmB)(w) = min{TIflV(x),Tg( )t
forall x € X.

Example 3.7. For above example, then by definition of intersection, we obtain
ANB = {((x1,0.4,0.3,0.4)7 (0.4, —0.4, —0.3)"), ((x2,0.4,0.3,0.9)7 (0.5, 0.5, —0.4)V)}

Definition 3.8. The complement of IBNSs
A=<z,T8(2), 1§ (z), F{ (z), TY (z), I¥ (z), FY (z) > for all € X, is defined as

(TP (2)" = F'(2),(I"(2)) =1 =17 (), (F"(2))° = T"(2),
and

(TN (2)) = FN(), IV (2)) = =1 = IV (2), (FN (2))¢ = TN (@),
forall z € X.

4. INTUITIONISTIC BIPOLAR NEUTROSOPHIC GRAPHS

Definition 4.1. An Intuitionistic Bipolar Neutrosophic Graph (IBNG) is defined as a pair
G=(R,S), R= (AP, AN) and S = (B?, BY) where

(i) R = {r1,r2,...,7,} such that, 7% : R — [0,1],1f : R — [0,1,Ff : R —
0,1, 7Y : R — [-1,0],I¥ : R — [-1,0], and F'y : R — [—1,0] denote the
degree of truth-membership, indeterminacy-membership and falsity-membership
functions, respectively,

(ii) S € R x R where TE : RxR—>[O 1,IE :Rx R — [0 1,Ff :Rx R —
[0,1,TY : Rx R — [-1,0],1% : R><R—>[ 1,0], and FY : R><R—> [—1,0]
(i) 7L (rs) < min(T% (r), TA( ), IE(rs) < min(I§ (r), I (s)),
FE(rs) < max(EX (r), F£(s),
(iv) TE(rs) A1E(rs) < 0.5, T (rs) A FE(rs) <0.5,15(rs) A FE(rs) < 0.5.
(v) 0<TE(rs) + 15 (rs) + Fg(rs) <2
40) T (rs) > max(TY (r). T (). I} (rs) = max(1 (r). 1Y ().
)
rs)VFY (rs) > —0.5,15 (rs)vVFY (rs) > —0.5

GO Emln( NS FA(
(v11)T,13V(s\/ N(r )> —0.5,T5 (rs
5 (r )+IB(rs)+FN(rs)> —2.

53T
2

(vii) 0 > TY
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Example 4.2. Consider a IBNGs such that A = {a, b, ¢,d}, B = {ab, bc, cd} by routine
condition we have,
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Figure 1: INTUITIONISTIC BIPOLAR NEUTROSOPHIC GRAPH

Definition 4.3. [3] A graph G' = (R', S") is said to be subgraph of G = (R, S) if
(T)"(r) ST (1), (L) (r) < I5(r), (F)"(r) > FX (1)
(T2)™ (r) 2 T (), (L) (r) 2 TY (), (F)V (r) < FY (r),
forall r € R and
(Tp)" (rs) < TE (rs), (I4)" (rs) < IE(rs), (Fp)" (rs) > FE (rs)
(Tp)N(rs) = T§ (rs), (Ip)~ (rs) = Tg (rs), (Fp)™ (rs) < FE (rs),
forall rs € S
Example 4.4. An IBNG subgraph is represented as Figure 2
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Figure 2: INTUITIONISTIC BIPOLAR NEUTROSOPHIC SUBGRAPH

Definition 4.5. A graph G’ = (R, S') is said to be induced subgraph of G' = (R, ) if
(TW)"(r) = TE (), ()" (r) = TE(r), ()" (r) = F{(r)
(TN (r) = TX (1), (L)Y (1) = TX (), (Fa)™ (r) = FY (r),
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for all r € R and
(T)" (rs) =T (rs), (Iy)" (rs) = If (rs), (Fg)" (rs) = Ff (rs)
(Tp)N (rs) = TH (rs), (Ip)"N (rs) = TH (rs), (F)" (rs) = FJY (rs),
forrs € S

Example 4.6. An IBNG induced subgraph is represented as Figure 3.
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Figure 3: INTUITIONISTIC BIPOLAR NEUTROSOPHIC INDUCED SUBGRAPH

Definition 4.7. A graph G' = (R’, S") is said to be spanning subgraph of G = (R, S) if
(Tp)"(rs) < TE (rs), (1) (rs) < Ip(rs), (Fp)" (rs) > FE (rs)
(Tp)" (rs) 2 TH (rs). (Ip)™ (rs) 2 T§ (rs), (Fp)" (rs) < F§ (rs),
forall rs € S

Definition 4.8. An IBNG G = (R, S) is called strong IBNG if
(Tp)" (rs) = TE (rs), (I4)" (rs) = TE (rs), (Fp)" (rs) = FE (rs)
(Tp) " (rs) = TH (rs), (Ip)" (rs) = T§ (rs), (Fp) " (rs) = F§ (rs),
for all rs € S. S is the set of edges.

Definition 4.9. AnIBNG G = (R, 5) is called complete IBNG if
(Tp)" (rs) = Th (rs), (1) (rs) = Ip (rs), (Fg)" (rs) = FE (rs)
(Tp)N(rs) = TH (rs), (Ip)N (rs) = T (rs), (Fp)" (rs) = F§ (rs),
for all rs € S. R is the set of nodes.
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Definition 4.10. The Cartesian product of two IBNGs G; and G is denoted by the pair
G1 X Go = (R1 X Ry, 51 X S) and defined as

T, xa, (kL) = T4, (k) NTA, (D)
I, a, (KU =I5, (k) AT, (1)
FXn, (k) = F (k) v A, (1)
T3 xa, (K1) = T4, (k) v T4, (1)
I oa, (K1) = I3, (R) V I, (1)

FX n, (K) = Fi (k) A FA (D),
for all kI € R; X Ro. The membership value of the edges in G; X G can be calculated as,
(DT, g, (ks 1) (R, 12) = TR, (k) A TE, (lal2)
TE 5, (k1) (K, 1o) = Th (k) v T, (Iil2),

(2)151 ><Bg (k7 ll)(k’ l2) = Iz{:l (k) /\ Igz (1112)
I8, e, (k1) (K, o) = TY, (k) vV I3, (),

(3)F, i, (k. 1) (k, I2) = F4, (k) V Ff, (lhl2)
FE g, (k1) (K, 1) = F (k) A FE, (i),
forall k € Ry,l1ly € Ss.
(DT, g, (k1 1) (K2, 1) = T4, (1) AT, (ki ko)
TE i, (k1, D)(k2,1) = T4 (1) v TR, (k1 ko),

()G, xp, (k1,0) (Ko, 1) = IH (1) A IE, (K1ks)
I oy (b, D) (Ko, 1) = IY, (D) V IE, (kv ks),

(6)Fp s, (k1,1)(ka, 1) = Fi, (1) V Ffy, (kiks)
FY g, k1, D)(ka, 1) = FY (1) AR (kks),
for all k1ko € S1,1 € Rs.

Example 4.11. Consider G; = (R1,.51) and G2 = (Rq, S2) are two IBNG of G = (R, S)
respectively, as represented in Figure 4, now we get G1 X G as follows Figure 5

Theorem 4.1. The Cartesian product G1 x Gy = (Ry X Ry, S1 X S3) of IBNG of IBNG
G1 and G is an IBNG of G x Gbs.

Proof. We consider:
Case 1: for k € Ry,l1ls € S5
T(p, 5,y (EL)(Klo)) = TX, (k) A TE, (lLil2)
< TH, (k) AN [TA, (1) AT, (I2)]
= [T4, (k) AT, ()] A T4, (k) A T4, (I2)]
= T(ilez)(kv ) A T(I;xlez)(k’ l2)
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I(}jeleQ)((kll)(kb)) = I} (k) AT, (Ial)
< 1Y, (k) A LK, () A TR, (12)]
= [14, (k) ALY, ()] A IR, (R) A T3, (12)]
= I(Iixlez)(kvll) A I(Ijthz)(k‘ab)

F(};lez)((kll)(kZQ)) = Fi (k) vV Fg, ()
< Fi, (k) V [F4, (L) V Fx, (I2)]
= [FX, (k) V FL, (W) V[Fh (k) v F, (I2)]
= F(ileZ)(k:,ll) VFA1><A2 (k,l2)
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for all kly, kls € G1 x Gs.
Case 2: for k € Ro,l1l3 € 51
T(%MBQ)((hk)(bk)) o () NTE (I112)
<T%, (k) (T4, () ATH, (12)]
= [Th, (k) ATY ()] A T4, (k) AT, (I2)]
= Tayxan (k) ANTE ) (L2, k)
I(PleBg)((llk)(l2k)) = I}, (k) AN (Ihls)
< Iy, (k) AR, (L) A TE, (1))
= [I5, (k) AR (W) A IE, (k) AT, (12)]
= I(Iixlez)(llvk) A I(I,DqleQ)(lzyk)
F(Ijeleg)((llk)(@k)) = Ffi (k) V FE (Iil2)
< Fh, (k) V[FY (L) V FY (I2)]
= [Fi, (k) v FL (W] V [FL, (k) v F, (I2)]
= Flaean (k) V FE o,y (2, k),

- —

for all l1k, lok € G1 x Gs.
Similarly, one can prove the result for negative part also.

]

Definition 4.12. The Cross product of two IBNGs (G; and G is denoted by the pair G x

Go = (R; X R9, 57 x S3) and defined as
I5 xa, (kL) =I5 (k) ATY(
FX xa, (k) = FY (k) V F4,(
TR s a, (K1) = TY (k) (
I a, (KD) = fixv (k) v IY(
FA xa, (k1) = FY (k) A FY (D),
forall k,l € Ry X R».

(16)T (5, x By (k1l1) (Kala) = Tf, (kika) A TF, (lhls)
Ip, oy (k1) (kalo) =I5, (k1ka) A T, (Ll2)
Flp, x gy (F1lh) (kala) = Fg, (kika) V F, (Iils)

(i00)T{(p, oy (Rrla) (K2l2) = TF, (k1k2) V T, (Iils)
105,y (kaly) (Kalz) = IF, (k1k) V IR, (L l2)
Flby gy (k1) (kala) = Fg, (kiko) A Fi, (Lila),

for all k1ks € S1,111l5 € Ss.

Example 4.13. Consider G; = (Ry,51) and G2 = (Ry, S3) are two IBNG of G =

(R, S)

respectively, as represented in Figure 4. Now, we get cross product G; x G2 as follows

Figure 6.
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{-0.2,0.1,-0.3) (0.2:03,:07) (0.2,03,06)
G 1 X GQ
Figure 6: CROSS PRODUCT OF INTUITIONISTIC BIPOLAR NEUTROSOPHIC
GRAPH

Theorem 4.2. Cross product G1 x Go = (R; X Ra, 51 X S2) of two IBNG of G and G+

is an IBNG of G x Gbs.

Proof. For all kqlq, kols € G1 X Go
T(p, w5y (krlh) (kalz)) = TF, (kika) AT, (Lil2)
<TH (k1) ATH, (k)] A [Th, (1)) ATX, (12)]

= T4, (k1) AT, ()] A [Th, (k2) A TR, (12)]
= Tlayxcan (k1) AT  ay) (Ko, lo),
I, x By (kaly) (Kalo)) = I, (kiko) AT, (lhlo)
< (I, (ka) A TR (k)] A [T (1) A TR, (I2)]
= [I4, (k) ALK, (L)) A TR, (R2) A TE (1))
= I(I;xlez)(klll) A I(Iixleg)(k‘%lz)v
Flp xpy (k1) (kala)) = Fg, (kika) V F, (Iils)
< [FX (k) V FY (k)] V [FR, (L) V FE, (I2)]
= [F4, (k1) V Fi, ()] V [FX, (k2) V F4, (I2)]
= F(ileg)(klll) A F(I,Jqlez)(k% l2)

Similarly, we can prove the result for negative part also.
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Definition 4.14. The lexicographic product of two IBNGs G; and G5 is denoted by the

pair G; @ Go = (R @ R, 51 @ S3) and defined as
(i )T(AloAg)(kl) ( ) A TAZ( )

(kl) =

(kl) (k)\/FAQ()
T(IXI.AQ)(M) = fovl(k) v TAQ( )

(kD) = I}, (k) v I, ()

(kl) = F, (k) A FR, (1),
forall k,l € R1 X Ry

()T p, e, (kl1)(Kl2) = TY (k) ANTE, (L)
1(1731.32)(1411)(]‘?12) = I} (k) A TR, (lal)
F(PBloBz)(kll)(kl2) = Fi, (k) V F, (1)
T(%, ey (K1) (Kl2) = T (k) V TE, (112
I&I.Bz)(kll)(klz) = I}, (k) v Ig, (lhl2)
F(ijsl.Bz)(kll)(klz) = Fy, (k) A Fg,(lil2)

forall k € Ry, 11l € S.

(i06)T{p, oy (k1l1) (kal2) = Th, (kik2) A Th, (I1ls)
15, ey (k1l) (kala) = IF, (kika) A T, (L)
Flpepyy(kaly) (kals) = Ff, (kika) V Ff, (lhl)
T(h, ey (F1lh) (kala) = TF (k1ka) V T, (Ials)
10,0,y (k1ly) (kalz) = IF, (kika) V I, (hl2)
F(Bepyy(kily) (kalo) = FF (kika) A FE (L),

for all k1ky € Sl,lllg € Ss.

= (R2, S2) shown

Example 4.15. Lexicographic product of IBNG G; = (R1,.51) and G5
in Figure 2 are defined as G; @ Go = (R; @ Ry, 51 @ S3) and is represented in Figure 7.

Theorem 4.3. Lexicographic product G1 @ Gy = (R; e Ry, 51  S3) of two IBNG of G4

and G4 is an IBNG of G1 e G.

Proof. We consider two cases:
Case 1: for k € Ry,l1ls € S

T3, opy) (K1) (Kl2)) = TX, (k
<Th (k

ANTE (Lils)
NTE, (L) AT, (1))

— ~—

= [T4, (k) ATS, ()] A [T5, (k) AT, (12)]

= T&l.Az)(k, 1) A T&I,Az)(k, l)
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Figure7: LEXICOGRAPHIC PRODUCT INTUITIONISTIC BIPOLAR

NEUTROSOPHIC GRAPH

I3, ey (K1) (Kl2)) = IY (k) A T, (lhls)
<IN (k) ALY, (1) ATE, (12)]
= [I5, (k) A TS, ()] A I, (k) AT, (12)]
= Ia,ean) (B ) ANy oy (K, 1)

Flpepy) (kL) (Kl2)) = FX (k) V Fg, (Iils)
< FL (k) VIFL, () V FL (12)]
= [F4, (k) v EY, (L)) V [FY, (k) V FE, (Io)]
= F(IilloAz)(k’ L)V F(ZI.AQ)(kv l2)

for all klq, kls € S x S>.
Case 2: For all k1ko € S, l1l3 € Ss

T(p,ep,) (k1l) (kala)) = TF, (kiks) A T, (Iil2)

< [T, (k1) ATY, (k)] A [T, () AT, (12)]

= T4, (k1) A Tx, ()] A TR, (k2) AT, (I2)]

= T4, eany (k1 1) AT oy (F2y o)
I(5,0my) (k1) (kal2)) = I, (kik) AT, (1)

< U, (k) ATE, (k)] A TR, (1) AT, (12)]

= [, (k) A I, ()] A I, (k) A TE (Io)]

= Ih ey (B, 1) AT i,y (K2, 1)

Flp, sy (ki) (kal2)) = Ff, (kika) V Fi, (L)

for all k114, kolo € Ry  R,. Similarly, we can prove the result for negative part also.

< [F4, (k1) V F3 (k)] V [F4, () V FE, (I)]
= [F4, (k1) V Fh, ()] V [F4, (ko) V F4, (I2)]
= Flh ey (k1,10 V FlL oy (R, o)

133
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Definition 4.16. The strong product of two IBNGs (G; and G5 is denoted by the pair
G1 X Gy = (R1 X Ry, 51 X S5) and defined as

(i)T(ileQ)(kl) = Tfl (k) A Tfi (1),
I{hma,) (K1) = If (k) A TE, (D),
F(IZI&AQ)(]‘?Z) (k‘) \ F/i (1),
TN ay) (kD) = T (k) vV TR, (1),
Ik, may) (K1) = IX, (k) v I, (1),
Flimay) (kD) = FX (k) A FAL (D),

for all k7l € R X Ry

(i )T(BlﬁBz (kly)(kls) = TX (k) NTE, (Iilz),
I(Blng)(kll)(kZQ) =I5 (k) NIE (L),
F(Blg&)(k‘ll)(kb) FAl(k) v F32 (lhly),
T{Bum,) (kh) (kl2) = T4, (k) v T, (o),
15, mpy) (k) (Kl2) = T, (k) v I, (Ihls),
F{gmp,y (Kl (kle) = FA (k) A Fg, (L),
forall k € Ry,l1ly € Ss.
(Z”)TleBQ(kl’l)(@ 1) =Th,(1) NTh, (kik2),
15 p, k1, D (ka, 1) = I, (1) A g, (kuks),
Ff,wp, (k1,0 (k2, 1) = Fy, (1) V Ff, (kik2),
TB@BQ(/CMZ)(/‘?Z ) =Ty (1) v T8, (kiks),
BI®B2<k1>Z)(k2vl) =Ia,()V IgQ(k1k2)7
Flmp, (k1 1) (k2, 1) = FL, (1) A F, (kiks),

for all k1ks € S1,1 € Rs.

(i0)T{(p,mp,) (F1l1) (kala) = TF, (k1k) A T, (Lils)
Ipmpyy (k1) (kolo) = IE, (kiks) A T5, (hl2)
Flpmp,) (ki) (kala) = Ff, (kiks) V F, (lhls)
T{hmp,) (kilh) (kalz) = TF, (kika) v T, (Ll2)
(lal2)

(l1l2)

15,8y (k1ly) (kalo) = I, (kiko) V I3,
Flbgp, (ki) (kala) = Fg, (kik2) A F,
for all k1ks € S1,11l5 € Ss.

Example 4.17. Strong product of IBNG G; = (R1,S1) and Go = (Rg, S2) shown in
Figure 2 is defined as G; X Gy = (R; X Ry, S1 X S5) and is represented in Figure 8.

Theorem 4.4. Strong product G1 X Gy = (R1 K Ry, S1 X Ss) of two IBNG of Gy and G
is an IBNG of G1 X Gbs.
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Figure8: STRONG PRODUCT INTUITIONISTIC BIPOLAR NEUTROSOPHIC
GRAPH
Proof. There are three cases:
Case 1: for k € Rq,l1ls € S
P _ mP
Tlpmp,) (k) (Kla)) = T4 (k) ATE, (lhl2)

)
< Th (k) AT, () AT, (I2))
= [Th, (k) ATY, ()] A[TX, (k) AT, (I)]
= Thman (k1) AT gay) (K, 12)

15,2, (k) (Kl2)) = T4, (k) A I, (Ihls)
< I3 (k) A I () A T (1)
= [I5, (k) AL, ()] A LIS, (k) AT, (12)]
= I&1®A2)(k’ll) AN may) (kL)

Flpmp,) (kL) (kl2)) = FX, (k) V F, (Lil2)
< Fh (k) V [Fi, () V FE, (Io)]
= [FX, (k) vV FL, ()] V [FX (k) V F,(I2)]
= Flaman (k1) V FE sa, (K, 1)

for all ki1, kly € R1 K Rs.

Case 2: for k € Ry, l1l3 € 51
T{p,mp, ((11k)(I2k)) = T4, (k) ATE, (hl2)

< Th, (k) ATX, () ATE, (I2)]

= [Th,(K) ATY ()] A [TH, (k) AT, (I2)]

= T a,) (k) AT gy (2, k)
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Ip,mp,) (1K) (12k)) = T4, (k) A I, (Ihls)
< I5, () A TR () A TR (12)]
= [I5, (k) AR (W) A LIX, (k) AT, (12)]
= I(linﬁAg)(lhk) AN may) (L2, k)
Flp gy (L) (I2k)) = FX, (k) V FE, (Iils)
< Fh, (k) VI[FY (L) V FY (I2)]
= [Fi, (k) v FL (W] V [FL, (k) v FY, (I2)]

= Flimay) (1, k) V Fl g, (2, k)
for all 1k, sk € R1 X Rs. O

Case 3: For all k1ky € S1,l1l5 € So,
T(p,mp,) (k1) (kal2)) = TF, (kika) A Th, (lil2)
< (T4, (k1) ATE, (k)] AT, () AT, (12)]
= [T5, (k1) AT, ()] A [Th, (k2) ATA, (12)]
= T man k1, 10) AT 4,y (k2 l2)

15,23, (k1l1) (k2l2)) = I, (kik2) A 5, (lhl2)

< X, (k) AR (R2)) A TR, (1) AT, (12)]
= (14, (k) A LE, ()] A TS, (R2) A TE, (1))
= I, ma,) (k1 10) A may (k2. 1)

Flp mp,) (ki) (kal2)) = Ff, (kika) V Fi, (L)
<[FF (k) v FX (k)] V [FA, () V F, (12)]
= [F4, (k1) V Fh, ()] V [FX, (ko) V F4, (I2)]
= Flama,) (k1 1) V Fla ma,) (K2, l2)

for all k114, kolo € Ry X R,. Similarly, we can prove the result for negative part also.

Definition 4.18. The composition of two IBNGs G; and G is denoted by the pair G o
Gs = (Ry o Ry, 51 0 S5) and defined as

()T (A0, (k1) = TH, (k) A T4, (1)
I(AloAg)(kl) = IAl(k) ANy, (1)
Fli oy (k1) = (k) Vv FL, ()
Tl oy (K1) = TR (k) V TA, (1)
I(AloAz)(kl) = IA (k) Vv Iy,(1)

F(AloAz)(kl) = FY (k) AFR (D),
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forall k,l € Ry o Ry
(@ )T(%loBg)(kll)(k 2) =T (k) ANTE, (lhla)
I(3y0my) (k) (klo) = I, (k) AT, (L)
Fipopy) (k) (kl2) = F4 (k) V Ff, (Iils)
T{%y 0y (K1) (Kl2) = T, (k) V T, (Lils)
I(B,0m,) (Kl (Kls) = T (k) V IF, (1)
Flbopy) (k) (Kl2) = FX, (k) A F, (Iils),
forall k € Ry,l1ls € Ss.
(i60) T, o g, (k1 1) (kal) = fz(l) NTE,
15 0p, (k1) (kal) =
Fg op, (k1l)(kal) =
T8, o, (k1l) (kal) =
I3 0, (kal) (k2l) = IA2(Z) v Igg
Fiop, (k) (kal) = FA, () A FE (kiks),
for all k1ko € S1,1 € Rs.
(10)T{p, o) (k1l) (kala) = TF, (kik2) A T4, (I1) ATH, (I2)
I3, opy) (k1l) (kala) = If, (kaka) A T4, () AT, (I2)
F{p,opy) (ki) (kalo) = F (kika) V Fi, (1) V F, (Io)

T{b,0p,) (kili) (kalo) = T, (kiks) v T4, (1) V T4, (I2)
15,0, (ki) (kalo) = IF, (kiks) v IX, (L) V I3, (I2)
Flby oy (k1) (kalo) = Fg (kika) A FA, (1) A FA (12),
for all k1ko € S1,11l5 € Sy such that [y # o

Example 4.19. Composition of IBNG G'1 = (Ry,S1) and Go = (Rz2, S3) shown in Figure
2 is defined as G1 o G2 = (R; o Ry, S1 0 S3) and is represented in Figure 9.

Theorem 4.5. Composition G o G = (R1 o Ry, S1 0 S3) of two IBNG of Gy and G5 is
an IBNG of Gy o Go.

Proof. There are three cases:
Case 1: for k € Ry,l1ls € S

T(5, 08, (k1) (Kl2)) = T, (k) A Th, (lhls)
< TR, (k) ATE, (L) A TR, (12)]
= [Th, (k) ATH, (L)) A T4, (k) AT, (Io)]
= T(I,JqloAz)(k’ L) A T(I.leoAz)(kv l2)

— ~—
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Figure9: COMPOSITION INTUITIONISTIC BIPOLAR NEUTROSOPHIC GRAPH

I3 0m,) (K1) (Klo)) =I5 (k) A g, (lhl2)
< I5, (k) ALY, () AT, ()]
= (15, (k) AT, (L)) A I, (k) A T (1))
= IaloAQ)(ka L) A I(}ixloAQ)(kv l2)

Flpopy (k) (Kl2)) = FX (k) V Fg, (I1ls)
< FAl(k) [Fh, (1) V F4, (I2)]
= [F4, (k) vV EY, ()] V [FY (k) V FY, (I2)]

(
= F(I,DqloAQ)(ka )V F(iloAg)(k7 l2)
for all kll, klz € Rl @) RQ.
Case 2: for k € Rg,lllg €95
T(5, 05, (LiF)(I2k)) = T4, (k) A T, (Iils)
< Th, (k) A[T4, () ATY, (I2)]
= [Th, (k) ANTX ()] AT, (k) AT, (I2)]

= T&loAz)(lla k) A T(f)qloAz)(l% k)

15,08, (LK) (I2k)) = I}, (k) AT, (L)
< I, (R) ALY, () A TX (1))
= I}, (k) A I, ()] A [IX, (R) A TY, (I2)]
= I&loAz)(lla k) A I(IjélloAz)(l?? k)
= Fi, (k) V F§ (Lils)
< FL (k) VIFL () V FX (o))
= [Fh,(k) vV FX (W) Vv [Fh, (k) v FY (I2)]
= F(IquoAz)(lh k) v F(iloAQ)(l% k)

Flp,o05,) (i) (12k))
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for all l1k,lok € Ry o Rs.
Case 3: For k1ky € S1,11,12 € Ry such that I # o

Tp o ((kilh) (kala)) = Th, (k1 k2) AT, () AT, (I2)
< [TX, (k1) ATE, (k2)] A [T, () ATE, (1))
= [TX, (k1) ATE, ()] A TR, (k2) ATE, (12)]
= Tlayony (k1) AT o,y (Rals)

I(,0m,) (k1 10) (R, 1)) = I, (K, ko) A TE, (1) AT, (L)
<5 (k) AR (k)] AR, (1) A TR, (1))
= (L4, (kv) A LR, ()] A (L5, (k2) A TR, (1))
= (4 0ny) (k1) A oy (Rals)

Flopy (k1 1) (ka, 12)) = Fh, (k1, k2) V Fh, (1) V Fi, (I2)
< [FX, (k1) V Fx, (k2)] V [F4, () V Fi, (I)]
= [F}, (k) V EX, ()] V [FX, (k2) v EF, (I2)]
= Flioay (k1l)) V F{4 o4,y (Rals)
for all k111, kol € Ry o Ry. Similarly, we can prove the result for negative part also.  [J

5. CONCLUSIONS

In this work, a new concept of intuitionistic bipolar neutrosophic set with the opera-
tions like union, intersection and complement have been developed. Also, an application
to intuitionistic bipolar neutrosophic graph with examples have established. Further, we
presented the Cartesian product, cross product, lexicographic product and strong product
with suitable examples. In future, isomorphic properties will be investigated.
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