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Abstract: In this paper, we define the notion of fuzzy nutrosophic soft
HX subring of a HX ring and some of their related properties investigated.
We define the intersection, cartesian product of an fuzzy neutrosophic soft
subset of an fuzzy nutrosophic soft HX ring and we show some results.
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1.Introduction

In 1965 Zadah [10] introduced the conceipt of Fuzzy subset of a set X as
a function from X into the closed interval [0,1] and studied their
properties. The idea of ’Intuitionistic Fuzzy Set” was first introduced by
Atanassov [1]. In 1999 [7] Molodtsov initiated the novel concept of soft
set theory which is a completely new approach for modeling vagueness
and uncertainty. Further P. K. Maji, R. Biswas and A. R. Roy [4]
introduced the concept of fuzzy soft sets in 2001. Also P. K. Maji, R.
Biswas and A. R. Roy [5] defined and clarified the concept of
intuitionistic fuzzy soft set . In 2014, R. Muthuraj and M. Muthuraman
[8] defined the notion of intuitionistic fuzzy HX ring of a HX ring and
investigated some of their related properties with the necessity and
possibility operators of an intuitionistic fuzzy HX ring. The concept of
neutrosophic set (NS) was first introduced by Smarandache [9] which is a
generalization of classical sets, fuzzy set, intuitionistic fuzzy set etc.
Later, Maji[6] has introduced a combined concept neutrosophic soft set
(NSS). In 2016 the concept of neutrosophic soft ring is introduced by
Bera and Mahapatra [2] and some basic properties related to it are
established. In this paper, we introduce the notion of fuzzy neutrosophic
soft HX subring, we discussed some related properties of fuzzy
neutrosophic soft HX subring of a HX ring .

2. Preliminaries: We recall some basic definitions related to neutrosophic
soft ring.
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Definition (2.1) [10]:

A Fuzzy neutrosophic set A on the universe set X is defined as
A={<x,Ty(x),1,(x),Fs(x) >:x € X} whereT,I,F:X - [0,1] and
0 < T, (x)+ I1(x) + F4(x) <3

Definition (2.2) [ 13]:

Let Xbe a universe sets and E be a set of parameters. A pair (F,E) is

called soft set over X if and only if F is a function from E into the sets of
all subsets of X, i.e.:E = P(X), where P(X) is the power set of X .
Definition(2.3)[14]

Let U be the initial universe set and E be a set of parameters and
(FNSS(U)) denote the set of all fuzzy neutrosophic sets of U , then the
fuzzy neutrosophic soft set H over U is a set defined by a set valued
function f; representing a mapping f;: E — (FNSS(U)), where f; is
called approximate function of the neutrosophic soft set H .On the other
words the neutrosophic soft set is a parmetrized family of some elements
of the set (FNSS(U)) and therefor H can be written as a set of ordered
pairs ,

H={(e{<x Trrce) (), Iepey (%), Frpey(x) >:x € U}):e € E}

Definition(2.4)[9]
A neutrosophic set A={< x, T, (x), I4(x), F4(x) >:x € R} over aring

(R,+,.) is called a neutrosophic subring of (R, +,.) if the followings hold

Ty(x +y) = min{T, (x), T,(¥)} Tp(—x) = Ty(x)
) L(x+y) <max{l,(x), ()} , i) { Li(—x) < ,(x)
Fy(x +y) < max{F,(x), F,(¥)} Fp(—x) < Fy(x)

Ta(x.y) =2 min{T, (x), Ta(y)}
i) { Ta(x.y) < max{ly(x), L(»)}
F4(x.y) < max{F,(x), F,(y)}
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forallx,y €R .

Definition(2.5)[9]
AnNNSS H = {(e,{< x, Trre) (%), Ine) (%), Fryey(x) >:1x € U}): e € E}

over aring (R, +,.) is called neutrosophic soft ring if fy.is a
neutrosophic sub ring of (R, +,.) for each e€ E.
Proposition(2.6) [9]

An NSS H = {(e, {< x, Trrce) (), Iepey (%), Frpey(x) >:ix € U}):e €

E} over the ring (R, +,.) is called a neutrosophic soft ring iff following's
hold

{TfH(e) (x —y) = min{T,(x), T,(y)}
i)

Ieyey(x — y) < max{l,(x), [,(¥)}
Frrey(x —y) < max{F,(x), F,(y)}

Trr(ey(xy) = min{T,(x), Ty (y)}
ii){ Irp(ey(xy) < max{l,(x), [,(¥)}
Frucey(xy) < max{F,(x), F4(y)}

foreachx,y €R , e €E
Definition(2.7)[15] Let R be a ring and a non empty set N c 2R — {®} on

two binary operations (+) and (.) , then N is said to be HX ring of R if N is
a ring with respect to the algebraic operations defined by

i) A+B={a+b:a€A, and b € B}, which its null element is

denoted by Q , and the negative element of A is denoted by - A .
ii)A.B={a.b: a€ A ,b € B}

i) A(B+C)=AB+A.C and (B+C).A=B.A+C.A
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3 Fuzzy Neutrosophic Soft HX subring

In this section, we define the concepts of the fuzzy neutrosophic
soft HX set, fuzzy neutrosophic soft HX subring ,anti fuzzy neutrosophic

soft HX subring with some of their properties and results.

Definition(3.1) Let R be aring, (u, E) be fuzzy soft set defined on R and
N c 2R — {®} be aHXring on R . Define fuzzy soft HX set (Af(e)) such

that

A (ey(A) = max{u.(x) : forallx EAcR ,e EE}

Example(3.2)

LetR = (Z5,+,.) bearingand E = {e;,e,} and letu: R — I .Let
(f, E) afuzzy soft set where f: E — I* defined as
Urey)(0) =03 upey(1) =07, upeey(2) = 0.2
Ure(0) = 0.6, uUpe,)(1) =05, upe,y(2) =03

Now, let N = {A4,B,C} where A={0} ,B ={1} ,C = {2} and
(A E) where

A}‘(el)(A) = max{uf(el)(x): Vx € A}, ey = max{uf(EZ)(x): Vx € A}

then

Yen = {(4,03),(B,0.7),(C,0.2)}, 2%, = {(4,0.6), (B,0.5), (C,0.3)}
is a fuzzy soft HX set.

Definition(3.3) Let R be a ring and
H = {(e,{< x, Truey(0), Iy (%), Fr(ey(x) >:1x € U}):e € E} be a
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fuzzy neutrosophic soft set defined on R and N c 2%_{@} be HX ring
on R. Define fuzzy neutrosophic soft HX
set A7 = {< A, Ay o) (A), Aoy (A), Ay (o) (A) >: A € N,and Ay (A) +

An(ey(A) + Ay (A) < 3} on N where:

Afh(ey(A) = max{Try ) (x): for all x € ACS R, e € E}
Af(ey(A) = min{lzy o) (x): for allx € AS R, e € E}
Af(ey(A) = min{Fry ) (x): for all x € ACS R, e € E}

Example(3.4)

LetR = (Z3,+,.) bearing,E = {ey,e;} and H = {(e,{<

%, Trnce) (), Truce) (), Tru(ey (x) >:1x € R}) : e € E}afuzzy
neutrosophic softon R,

fragey = {<0,(0.3,0.4,0.7) >,< 1,(0.5,0.6,0.4) >,< 2,(0.6,0.5,0.4) >}
fa(ey = {<0,(0.6,0.1,0.5) >,< 1,(0.5,0.3,0.9) >,< 2,(0.8,0.5,0.3) >}
then H = {[ey, fucep)) [€2, frce, ]} is @n FNSS over (R, E)

Now let N = {4, B, C} where A = {0},B = {1} ,C ={2}and (A", E)
where Af: E - FNSS(R)

A;H(e) (A) = max{Tsye)(x): forallx E ASR,e € E}

A}H(e)(A) = min{lfy)(x): forallx € A S R,e € E}, )I;H(e)(A) =
min{Fsy)(x): forallx € A S R,e € E}

Men@) =03, Apey(A) =04 Ay (4) =07
Mrep@) = 0.6, Ay y(A) =01, Ay, ) (A) = 0.5

MenB) =05, Apy(e(B) = 0.6 , Ay, (B) = 0.4
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fH(e y(B) =05, /'lfH(e y(B) =03, fH(e y(B) =09

Mrey(©) =06 ,  Apey(€) =05 , A5y, (C) =04
Mhep(© =08, Ay, (©) =0.5,2F,,,(C) =03
Kep = {< A Ay (A Ay (D), Aoy (A) >: forall A€ N},
= {< 4,0.3,0.4,0.7 >,< B,0.5,0.6,0.4 >,< C,0.6,0.5,0.4 >}
Af(e y ={<4,24 H(ez)(A) )LfH(eZ)(A) )LfH(eZ)(A) >:forall A€ N}
={<4,0.6,0.1,05 >, < B,0503,0.9 > <(,08,0.503 >},

then 2 = {[es, 2. )], [e2, Afe,y ]} is fuzzy neutrosophic soft HX subset
of HX ring N.

Definition(3.5) Let H= {< X, TfH(e)(x),IfH(e)(x), FfH(e)(x) >iX €
R, e € E} be a fuzzy neutrosophic soft set (FNSS) over aring R and E be
set of parameters and where T,1,F:R — [0,1] such that 0 < Try)(x) +

Truce) () + Trpey(x) < 3. Let N c 2R — {®} be a HX
ring . A fuzzy neutrosophic soft HX subset
= {< A A0y (A), Aoy (D), Afy (0 (A) >: A € N,and Afoy,(A) +

AfH(e)(A) + H(e)(A) < 3} Of N IS CaIIEd

1) Fuzzy neutrosophic soft HX subring induced by H if the following
condition are satisfied for A, B € Nande € E

1) Afpey(A — B) = min{Afy ) (A), Ay ey (B)}
i) Af11e)(AB) = min{Afy o) (A), Ay ey (B}

i) Afyy(e) (A — B) < max{Agy ey (A), Apyy(e) (B)}
V) Afpr(ey (AB) < max{Ay (o) (A), Appy(ey (B}

V) Af ey (A = B) < max{Afy(e)(A), Afy(e)(B)}

6
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V|) H(e)(AB) < maX{AfH(e)(A) AfH(e)(B)}
where ;H(e)(A) = max{Try()(x): forallx € A S R,e € E}
Af(ey(A) = min{lzy ) (x): for all x € AS R, e € E}
H(e)(A) = min{Fsye)(x): forallx EA S R,e € E}

2) Anti-fuzzy neutrosophic soft subring induced by H and if the following
condition are satisfied for A, B € N ande € E

i) Afp(ey(A — B) < max{Afy ey (A), Aoy (B)}

i) AfH(e)(AB) < max{/ H(e)(A) AfH(e)(B)}

iil) Ay ey (A = B) = min{Ary ) (A), A0y (B)}

V) Aty (e)(AB) = min{Afy ) (A), Aby ) (B)}

V) Aoy (A = B) = min{Afy oy (A), Ay ey (B)}

Vi) Ay (AB) = min{Afy .y (A), Afy ey (B)}

where  Afy () (A) = min{Try ) (x): for allx € AS R, e € E}
A}H(e)(A) = max{ly)(x): forallx E AS R,e €EE}

A]fH(e) (A) = max{Fsy(e)(x): forallx EACSR,e € E}

Example(3.6)

From Example (3.4) we
get fuzzy neutrosophic soft HX subring of a HX ring N.

Remark(3.7)
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1) For any fuzzy neutrosophic soft HX subring of HX ring N .Then for all
A BEN

M@ £ U@ ) Ane)(A) = Apey(@Q) ) Ay (A) 2
A}TH(e)(Q)

2) For any anti fuzzy neutrosophic soft HX subring of HX ring N .Then
forall A,B €N

M)A 2 Uy (@), Ay (D) £ Aye)(Q) 4 Ay (A) <
A}TH(e)(Q)

Theorem(3.8)

1) If H is a fuzzy neutrosophic soft subring of ring R,then the fuzzy
neutrosophic soft subset A7 is a fuzzy neutrosophic soft HX subring of a
HX ring N c 2R — {®}.

2) If H is anti fuzzy neutrosophic soft subring of ring R,then the fuzzy
neutrosophic soft subset A is anti fuzzy neutrosophic soft HX subring of a
HX ring N c 2R — {®}.

Proof : (1) Let H be a fuzzy neutrosophic soft subring of R such that
H= {< X, TfH(e)(x)'IfH(e)(x)rFfH(e)(x) >:x ER,e € E}, then

i) min{Af, .y (A), ALy (B)} = min{max{Tyy ) (x):Vx € A S
R},max{TfH(e)(y): Vy € B € R}

:min{TfH(e) (xO)' TfH(e) (yO)}
< Trhce) (X0 — Yo)

< max{Try)(x —y): V(x —y) EA—B C
R}
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= AMn(ey(A — B)
Hence A}:H(e) (A - B) = mln{/l}"H(e) (A), A}:H(e) (B)}
i) min{A%; ) (4), Ay ey (B)}

= min{max{TfH(e) (x):Vx € AS R}, maX{TfH(e) (y):Vy€EeBc
R}

= min{Try(e) (x0), Trn(e (o)}
< Trr(ey(X0Yo)
< max{Tsy(e)(xy): V(xy) € AB € R}
= A;H(e)(AB )

Hence A7) (AB) = min{Afy ) (4), A (B)}

In the same way we can prove that

iil) Ay ey (A = B) < max{Afy(,)(A), Ay ) (B)}

V) Afp(e)(AB) < max{Afy oy (A), Ay ) (B)}

V) Aoy (A = B) < max{Afy ) (A), Ay (B)}

Vi) A1) (AB) < max{Afy ey (A), Afyy o) (B}

To prove (2) itis clear .

Definition (3.9):

Let (A", E) and (Y, E) be two fuzzy neutrosophic soft HX subsets of
the HX ring N then the intersection of (A7,E) and (Y¢ E) defined as
AT ny9H@A) ={<
A, (Xne) N ¥F6(e) (A (Ao Y ¥ia() A, (Afucey Y ¥io(e))(A) = A€
N ,e €E}.
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Theorem(3.10)

1) Let H and G be any two fuzzy neutrosophic soft sets on R and
AH 26 any two fuzzy neutrosophic soft HX subring of a HX ring N then
their intersection 2 N A% is also a fuzzy neutrosophic soft HX subring of
aHXring N.

2) Let H and G be any two fuzzy neutrosophic soft sets on R and A%,
Y& any two anti fuzzy neutrosophic soft HX subring of a HX ring N ,then
their intersection A7 N Y¢ is also anti fuzzy neutrosophic soft HX subring
of a HX ring N.

Proof : 1) Let H = {< x, Trye)(X), Irn(e) (%), Frue)(x) >:x € R, e € E},
G = {< X, Tge) (X)) IrGe) (%), Frgey(x) >:x ER, e € E}

be any two fuzzy neutrosophic soft sets on a ring R and

M = {< A, Aoy (D), Appy ey (D), Afy ey (A) >: A € N}

YO = {< A Y60 (A, Yfge) (A, Yoy (A) >: A € N}

two fuzzy neutrosphic soft HX subring of a HX ring N

AT NYE)(A) = {< A (Auce) 0 ¥ o)) A (Bfue) Y Yoo ) (A),

(Afrey Y Yfa(e))(A): A € N}

) (Ahee) N YFe(e)) @ — B) = min{Af,y (A = B),Y}g() (4 — B)}
> min{min{A7y,,(A), Ao, (B)}, min{¥F5 (o) (A), Yigo (B }}
=mln{mln{A;H(e) (A), Y’]I;G(e) (A)}, mln{A;H(e) (B), Y’Iwa(e) (B)}}

10
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=min{(Xfs(e) N ¥fa(e)) @A), (Afcey N
Yfee) (B}

Hence (Af4e) N Yrcey) (A — B) = min{(Afy0) N Yra(e)) @A), (Afpey N
Yie(e))(B)}

i) (A4 N Yr(e)) (AB) = min{AL, oy (AB), Y560 (AB)}

:min{min{/lth(e) (A): Y;G(e) (A)}' min{A;H(e) (B); Y;G(e) (B)}}

=min{(Af4ey N YFee)) (A (Afprey N
Y;G (e)) (B)}

Hence  (Af4ee) N Yfe(e)) (AB) = min{(Afy ey N ¥rge)) (A, (Afey N
Y;G(e))(B)}

In the same way we can prove that

i) (o) U Yio(e)) (A — B) < max{(Afn ey U Yig(e9) (A), (Afagey U
Y6(0)) (B))

V) (Afucer Y ¥rae)) (AB) < max{(Aye) U Yio(e)) (A), (Kpacer U
YIfG (e)) (B)}

V) (Afneey Y ¥fa(e)) (A = B) < max{(Afp ey U Yfgey) (D), (Af ey U
Y?G(e))(B)}

Vi) (Afue) U Yia(ey) (AB) < max{(Afy ey U Yigey) (A), (Afacey Y
Yie(e))(B)}

Hence A7 n A% is a fuzzy neutrosophic soft HX subring of a HX ring N.

2) LetH = {< X, TfH(e)(x)'IfH(e)(x)rFfH(e)(x) >:x ER, e € E}

11
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G = {< X, Tﬂ;(e)(x),lﬂ;(e)(x),FfG(e)(x) >:x ER,e € E}
be any two fuzzy neutrosophic soft sets on a ring R
and AH = {< A, A;H(e)(A)’ A]ICH(G)(A)'A}::H(E) (A) >A (S N}
YO = {< A Y760 (A, Yfge) (A, Yoy (A) > A € N}
two anti fuzzy neutrosphic soft HX subring of a HX ring N
AT N YD) (A) = {< A (Hue) N Yioe) A, (Afucey Y Yioe) (A,
(Hner Y ¥fo(e)) (A): A € N}

) (Afuee) N Ye(e)) (A — B) = min{Af, ) (A — B), Yg(o)(4 — B)}

< min{max{A7; oy (4), ) (B)}, max{¥ s oy (A), Yr6(e) (B}

maX{mln{/‘{}TH(e) (A), Y’]I“G(e) (A)}, mln{l}c}_](e) (B), Y;G(E) (B)}}
= max{(Afu(e) N ¥fae)) (A (Afue) N ¥a(e)) (B}

Hence (Af4) N YFa(e)) @ — B) < max{(Afye) N Yra(e)) @A) (Afhey N
Yie(e))(B)}

<
min{maX{A;H(e) (A): A;H(e) (B)} ’ maX{Y}:G(e) (A)» Y;G(e) (B)}}

=max{min{Azy ey (A), Yo (o) (A}, min{Azy o) (B), ¥io(e) (B)}}

12
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=max{(Afne) N Ya(e)) @A), (Afpe) N
Yfee) (B}

Hence (274 N Yrae))(AB) < max{(Afyce) N Yia(e)) (A, (Afuey N
Yio())(B)} -

In the same way we can prove that

i) (Apyey U Yro(ey) (A — B) = min{(Ahy o) U Yhge)) (A), (Ahyyey U
Yice)(B)}

Y}G(e))(B)}
V) (o) Y ¥fae)) (A = B) = min{(Afye) U ¥fo(e)) (A, (Afyey U
Y?G(e))(B)}

Vi) (Afney U Yfa(e)) (AB) = min{(Afyyey U ¥fe)) (), (Afey U
Y}er (e)) (B)}

Hence A7 N Y€ is a fuzzy neutrosophic soft HX subring of a HX ring N .

We will now know the Cartesian product of two fuzzy neutrosophic soft
HX subsets of the HX rings

Definition (3.11):

Let (A, E) and (Y, E) be two fuzzy neutrosophic soft subsets of the HX
rings N; and N,respectively, then the Cartesian product of A¥and Y¢ is

defined as:

M xye ={<

(4, B), (Afuey N YFa(e)) (A B), (Afney Y ¥fo(e)) (A B), (Afey Y
Yfee))(A B) >: (A,B) € N; x N,} forevery (4,B) € N; x N, and for
all e € E, where

13
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(Aree) N YFa(e)) (A B) = min{Af, ) (A), ¥fe) (B)}
(Are) Y ¥ia(e)) (A B) = max{Ary oy (A), Yig(e) (B)}

(Free) Y ¥a(e)) (A B) = max{Afy oy (A), Yfe(o) (B)}

Theorem(3.12)

Let H and G be any two fuzzy neutrosophic soft setson R, , R,
respectively and N; c 2F1 — {®}, N, c 2R2 — {®} any two HX rings . If
AR, Y¢ are any two fuzzy neutrosophic soft HX subring of N; and N,
respectively then 2 x Y¢ is also an fuzzy neutrosophic soft HX subring
of N; X N, .

Proof : Let H = {<x,Trye)(X), Irp(e) (%), Frue)(x) >:x ER,e € E}
G = {< X, Tge) (XD, Ir6e) (%), Frge)(x) >:x ER, e € E}
be two fuzzy neutrosophic soft sets of R; , R, respectively and
M = {< A o)A, Aoy (A), Ay (A) >: A € Ny}
YO = {< A Y60 A Yi(e) (A, Yig(e)(A) > A € Ny}

be two fuzzy neutrosphic soft HX subring of a HX rings N; and N,
respectively

then 27 x Y& = {< (4, B), (Afy(e) N YFe(e)) (A B), (Afy(e) U
Yie)) @A B, (Afpee) YU ¥Fee)) (A B) >: (A,B) € N; X N}

LetA,B € N1 X NZ SUCh that A == (AIJAZ) ,B = (BllBZ)
) (Afne) N ¥io(e)) (A — B) = min{Afy ) (A — B1), ¥fg(e) (A2 — B2)}

> min{min{A]ZH(e) (A0 e (B}, min{y]ZG(e) (A2), Y e (B)}}
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:min{min{{/ljzy(e) (A, Y?G(e) (Az)}’ min{/ljtﬂ(e) (By), Y;G(e) (Bz)}}

:min{(/lth(e) N Y;G(e))(AvAz)' (l]TrH(e) n Y;G(e))(BL B2)}

Hence  (Afuee) N YFaee)) (A= B) =min{ (A1) N Ye(e) @A), (Afuey N
Y;G(e))(B)}

i) (A;H(e) n Y]Zc(e))(AB) = min{/lij(e)(AlBl),Y;G(e)(Asz)}
= min{min{A;H(e) (A1), A;H(e) (31)}, min{Y;G(e) (42, Y,ZG(e) (Bz)}}

= min{min{A}H(e) (A1) YF 6o (42)}, min{z}",,(e) (B1),YFa(e) (B}

=min{(l}1H(e) n Y}wg(e))(AllAZ)' (A;H(e) n
Yfeo(e))(Br B2)}

Hence (A7) N Ya(e)) (AB) Zmin{(Af;c) N Yrge)) (A, (Afacey N
Yie())(B)}

In the same way we can prove that

1) (A1) U ¥ra(e)) (A = B) < max{(A0ey U Y09 (A), (Afgcey U
Yfe(e)) (B)}

V) (A1) Y Yfo(e)) (AB) < max{(Afu(e) U Yig(e)) (A), () U
YIfG (e)) (B)}

V) (Afneey Y ¥fa(e)) (A = B) < max{(Afp ey U Yfgey) (A), (Af ey U
Yiee) (B}

15
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V|) (A}I:H(e) U Y?G(e))(AB) < maX{(/’t]I:H(e) U Y?G(@))(A)’ (A]I:H(e) U
Yiee)(B)}

Theorem(3.13)

Let H and G be any two fuzzy neutrosophic soft sets on R; , R,
respectively,

N, c 2R — {®} and N, c 2Rz — {®} any two HX rings , and A7, Y¢ are
any two fuzzy neutrosophic soft HX subrings of N; and N, respectively
suppose that Q,, Q, are identity elements of N;and N,respectively . If

A x Y6 is a fuzzy neutrosophic soft HX ring of N; x N, , then at least one
of the following statement is hold

) Yiee)(Q2) = Ay Yooy (Q2) < Ayey(A) , Yige)(Q2) <
A?H(e) (4)

i) Ae)(Q0) = Yr6(e)(B)s Apney(Q) < Y(e)(B) s Afpy(e)(Q1) <
Yfo(e)(B)

forall A€ N, and B €N,
Proof : Let H = {< x, Try(e) (%), Irr(e) (X), Fru(ey(x) >:x € R, e € E}
G ={<x, TfG(e)(x),IfG(e)(x),FfG(e)(x) >:x €ER,e EE}
are two fuzzy neutrosophic soft sets of R, , R, respectively and
M = (< A, Xy o) (D), Aoy (A), Af ) (A) >: A € Ny}
YO = {< A, Y o) (A), Yoy (A, Yy (A) >: A € Ny}
two fuzzy neutrosphic soft HX ring of N; and N, respectively,

then ¥ x Y& = {< (4, B), (Afye) N Yfe)) (A B), (Arpy ey U
Yic)) A B, (Afpee) YU YFee)) (A B) >: (A,B) € Ny X N}
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Let (4,B) € N; X N, , suppose that the statements (i) and (ii) are not
holds , then we can find A € N; and B € N, such that

Y760 (@2) < Ay (D) Yrow (Q2) > Aniey(A) Yoy (Q2) >
A?H(e)(A) A;H(e)(Ql) < thg(e)(B) ,A}H(e)(Ql) > Y}G(e)(B) )
AJIZH(e) (Ql) > Y?G(e) (B)

) (Afnce) N ¥fo(e)) (A, B) = minfAfy ) (), ¥re) (B}
> min{Y ey (Q2), Afne)(Q1)}
= min{Afy ) (Q1), Yfo(e) (Q2)}
= (FFne) N ¥e(0)) Q1 Q2)
Hence (Afye) N Y7a(e)) (A B) > (Afney N Yiae)) (@n, Q2)
1) (Afne) U ¥iae)) (A B) = max{Azy ) (A), Yig ey (B}
< max{Y}ae) (Q2) Afpey(Q1)}
= max{Afy () (Q1), Y (o) (@)}
= () Y ¥fo(e)) (@1, Q2)
Hence (A7e) Y ¥fa(e)) (4 B) < (Ao Y ¥o(e)) (@1, Q2)
In the same way we can prove that
(W) Y ¥fa) (A B) < (Afuce) U ¥fae) Q1 Q2)

this a contradiction for A% x Y is a fuzzy neutrosophic soft HX ring of
N; X N, .

Then |) Y?G(e) (QZ) = A?H(e) (A)
Y}G(e) (Qz) < /1]1“1-1(3) (A) ) Y?G(e) (QZ) < A?H(e) (A)
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i) A}:H(e)(Ql) = Y’jI;G(e) (B) !AJI‘H(e) Q1) < Y}G(e) B) ,
A;H(e) Q1) < Y?G(e) (B)

forallAe N, and B €N,

Theorem(3.14)

Let H and G be two fuzzy neutrosophic soft sets on R, , R, respectively

N, c 2R — {®} and N, c 2Rz — {®} any two HX rings and A", Y¢ are
any two fuzzy neutrosophic soft HX sets of N; and N, respectively such
that Yieeey(Q2) = Auey(A)  Yigee)(Q2) < Aniey(A) 4 ¥ig(e)(Q2) <
Afh(e)(A) , Q; being identity elements of N, . If 2 x Y@ is a fuzzy
neutrosophic soft HX ring of N; x N, ,then A is a fuzzy neutrosophic soft
HX ring of N;.

Proof :

Let H = {< x, Trye) (%), Iepe) (%), Frpey(x) >:x ER, e € E}
G = {< X, Trge)(X), g () (%), Frge)(x) >:x ER,e € E}

are two fuzzy neutrosophic soft sets of R, , R, respectively and

AT = {< A Apye) (A, Apyy ) (A), Appy oy (A) >1 A € Ny}

Y ={<4 Y;G(e) (A),Y}wg(e) (A),Y};G(e) (A) >: A € N,}

be two fuzzy neutrosphic soft HX ring of N; and N, respectively , then
AH X YG = {<
(4,B), (e N ¥o(0)) (A B), (Afney Y ¥ra(e)) (A B, (Aacey U
Y]IiG(e))(A; B) >: (A,B) € N; X N, }

Let A,B € N; then (4,Q,),(B,Q;) € N; X N, , we have
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Y?G(e) (QZ) 2 A}:H(e) (A) ' Y}G(e) (QZ) < A}H(e) (A) ' Y?G(e) (QZ) <
Ah(ey(A) forallA € N; .

i) Afpey(A— B) = min{Af, (A = B), Y76 (Qz — Q2)}
= (A;H(e) n Y}wa(e))(A —B,Q, — Q)
= (Fuee) N ¥iaie) (4,Q2) — (B,Q))

> min{(Afucey N ¥fo(e)) (A Q2), (Afey N Yia(e)) (B, Q2)}

= min{min{Afy .y (4), Y76 ey (Q2)}, min{Afy ) (B), Y7 (o) (Q2)1}
= min{Afy; ) (A), Afyy o) (B)}
Hence ATy ) (A — B) = min{Afy ) (A), Ay ) (B)}
ii) A7) (AB) = min{Afy ) (AB), Y s (o) (Q2Q2)}
= (Auee) N Yfo(e))(AB, Q2Q2)
= (Auce) N Ya(e)) (4, Q2)- (B, Q)
> min{(Af ) N Yrae)) A Q2D (Afuce) N YFaey) (B Q2)}
= min{min{A%}; oy (A), Yrs ey (@)} min{ALy o) (B), ¥ e) (@)1}
= min{A} oy (A), Ay (o) (B)}

Hence Afyey(AB) = min{Afy ) (A), Afy ey (B)}
ii)) Ay (A — B) = max{Aryo) (A4 — B), Yig(ey (@1 — Q1))
= (A}H(e) U Y}G(e))(A —B,01 = 01)

= (Afuey Y Yre(e)) ((4,Q2) = (B,Q2)
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< max{(/l}H(e) U Y}G(e))(A’ QZ)' (A}H(e)
U ¥l o)(B,02))

= max{max{A}H(e) (4), Y}G(e) (@Q2)}, maX{A]I‘H(e) (B), Y}G(E) (@)1}
= maX{/l}H(e) (A); AJI‘H(e) (B)}

Hence A%y () (A)(A — B) < max{Afy,)(A), Ay (B)}

iv) A)I‘H(e) (4B) = maX{A}H(e) (AB)'Y}G(e)(QlQl)}
= (M1 Y ¥roe)) (AB, Q1Q1)
= (Muee) Y Yo (4, Q2). (B, Q2))

< max{(Ary(e) U Ya(e)) (A Q2), (A U Yiae)) (B, Q2D

= max{max{Afy . (4), Y () (Q2)} max{Aty o) (B), Yig(ey (@1}
= max{/l}H(e) (4), A}'H(e) (B)}

Hence Afy () (AB) < max{Afy oy (A), Ay () (B)}

In the same way we can prove that

V) A ey (A — B) < max{Afy ey (4), Apyy(e) (B)}

V|) A?H(e)(AB) < maX{A;‘H(e)(A),A;‘H(e) (B)}

Theorem(3.15)

Let H and G be two fuzzy neutrosophic soft sets on R; , R, respectively,
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N, c 2R — {®} and N, c 2Rz — {®} any two HX rings and A*,Y¢ are
any two fuzzy neutrosophic soft HX sets of N, and N, respectively such
that A}WH(e) (Ql) 2 Y}"G(e) (B) ) A}H(e) (Ql) S Y}G(e) (B) ) A?H(e) (Ql) S
Y?G(B) (B), Q, being identity elements of N; . If ¥ x Y¢ is a fuzzy
neutrosophic soft HX ring of N; x N, ,then
Y¢is a fuzzy neutrosophic soft HX ring of N,.

Proof : Let H = {< X, TfH(e)(x)'IfH(e)(x)' FfH(e) G = {<
X, TfG(e)(x)'IfG(e)(x)'FfG(e)(x) >:x ER,e € E}

are two fuzzy neutrosophic soft sets of R, , R, respectively and
A= {< A, A]Z'H(e) (A): A]I‘H(e) (A), A}:H(e) (A) >1A € Nl}
Yo ={<A4, Y;c;(e) (A).sza(e) (A).Y,Z(;(e) (A) >: A € Ny}

be two fuzzy neutrosphic soft HX ring of N, and N, respectively,then
A x YG = {<
(4 B), (Ance) N ¥ra(e)) (A BY, (Afacey Y ¥ra()) (A B), (Afcey U
Y?G(e))(A) B) > (A; B) € N1 X NZ}

Let A,B €N, then(Q,,A),(Q;,B) EN; XN, .

We have A7) (@1) = Yg(e)(B) » Ahaey (@) < Yooy (B,
Ane)(@1) < Yiae)(B)

1) Yic(e)(A — B) = min{Afy ) (Q1 — Q1), Yoy (4 — B)}
= () N ¥f6) (@ — QA= B)
= (Afuee) N ¥a(e)) (@1, A) — (@1, BY)
> min{(Afye) N ¥fo(e)) (@A), (Afey N Ya(e)) Q1 B

= min{min{ﬂ}:ﬂ(e) (Qv, Y’]IZG(e) (4)}, min{l}H(e) (Qv), Y}:G(e) (B)}}
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= min{r Y’]I;G(e) (A); Y}"G(e) (B)}

Hence Y7g(e)(A — B) = min{, Y; () (4), Yre(e) (B)}
i) YF6(e)(AB) = min{AT};() (@101, Y76y (AB)}
= (o) N Ya(e)) (@101, 4B)

= (Mfa(e) N ¥76e)) ((Q1,4). (Q1, B))

> min{(Afz ey N ¥fo(e)) (@A, (Aace) N ¥a(e)) (@ B))
= min{min{A7 ) (Q1), Yfe(e) (A} min{ATy ) (Q1), Yige) (B}
= min{, Y ) (4), Yfe(e) (B}
Hence Y% o) (A — B) = min{, Y% ey (4), Yo (o) (B}
i) Yige) (A — B) = max{Aty ) (Q1 — 1), Yfg(e) (4 — B}
= (At Y ¥fo()) (@1 — Q1 A = B)
= (M) Y Yfo(e))((Q1,4) = (Q1, B))

< max{(A(e) Y ¥ae)) (@ A, (Aface) U ¥i(e)) (@1 B}

max{maX{A}H(e) (Q1); Y}G (e) (A)}, maX{A}H(e) (Ql)' Y}G(e) (B)}}
= max{Y}G(e) (A); Y}G(e) (B)}

Hence Y}G(e) (A — B) < max{, Y}G(e) (A);Y}G(e) (B)}
V) Yig(e)(AB) = max{Aty ) (Q101), Yig(e) (AB)}
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= (A Y Yie(e)) (@101, AB)

= (Muee) Y Yrae)((Q1,4). (@1, B))
< max{(Ax(e) U Yia(e)) (@A) Aoy U Yig(e)) (Qu, B)}

= max{max{Azye)(Q1), Y ey (A} Max{Ay ) (Q1), ¥fg(e) (B}
= max{¥ ey (A), Yfs(e) (B)}
Hence Yiq(.)(AB) < max{Y}; ey (A), Yoy (B)}
In the same way we can prove that
V) Y (A—B) <max{ YA, Yise (B))
Vi) Ya(e)(AB) < max{ Yig(e)(A), Yiae)(B)}
Hence Y¢ is a fuzzy neutrosophic soft HX ring of N,.

Corollary(3.16)

Let H and G be any two fuzzy neutrosophic soft sets on R, , R,
respectively,

N, c 2Rt — {®} and N, c 2Rz — {d} any two HX rings and A", Y¢ are
any two fuzzy neutrosophic soft HX sets of N; and N, respectively . If

AH x Y@ is a fuzzy neutrosophic soft HX ring of N; x N,,then either A7 is
a fuzzy neutrosophic soft HX ring of N; or Y€ is a fuzzy neutrosophic soft
HX ring of N,.
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