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Abstract: Characterizations of an(∈, ∈)-neutrosophic ideal are
considered. Any ideal in aBCK/BCI-algebra will be realized as
level neutrosophic ideals of some(∈, ∈)-neutrosophic ideal. The re-
lation between(∈, ∈)-neutrosophic ideal and(∈, ∈)-neutrosophic
subalgebra in aBCK-algebra is discussed. Conditions for an(∈,

∈)-neutrosophic subalgebra to be a(∈, ∈)-neutrosophic ideal are
provided. Using a collection of ideals in aBCK/BCI-algebra, an
(∈, ∈)-neutrosophic ideal is established. Equivalence relations on
the family of all (∈, ∈)-neutrosophic ideals are introduced, and re-
lated properties are investigated.
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1 Introduction

Neutrosophic set (NS) developed by Smarandache [8,9, 10] in-
troduced neutrosophic set (NS) as a more general platform which
extends the concepts of the classic set and fuzzy set, intuitionis-
tic fuzzy set and interval valued intuitionistic fuzzy set. Neutro-
sophic set theory is applied to various part which is refered to the
site

http://fs.gallup.unm.edu/neutrosophy.htm.

Jun et al. studied neutrosophic subalgebras/ideals in
BCK/BCI-algebras based on neutrosophic points (see [1], [5]
and [7]).

In this paper, we characterize an(∈, ∈)-neutrosophic ideal in a
BCK/BCI-algebra. We show that any ideal in aBCK/BCI-
algebra can be realized as level neutrosophic ideals of some
(∈, ∈)-neutrosophic ideal. We investigate the relation between
(∈, ∈)-neutrosophic ideal and(∈, ∈)-neutrosophic subalgebra
in a BCK-algebra. We provide conditions for an(∈, ∈)-
neutrosophic subalgebra to be a(∈, ∈)-neutrosophic ideal. Using
a collection of ideals in aBCK/BCI-algebra, we establish an
(∈, ∈)-neutrosophic ideal. We discuss equivalence relations on
the family of all (∈, ∈)-neutrosophic ideals, and investigate re-
lated properties.

2 Preliminaries

A BCK/BCI-algebra is an important class of logical algebras
introduced by K. Iśeki (see [2] and [3]) and was extensively in-

vestigated by several researchers.
By aBCI-algebra, we mean a setX with a special element0

and a binary operation∗ that satisfies the following conditions:

(I) (∀x, y, z ∈ X) (((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0),

(II) (∀x, y ∈ X) ((x ∗ (x ∗ y)) ∗ y = 0),

(III) (∀x ∈ X) (x ∗ x = 0),

(IV) (∀x, y ∈ X) (x ∗ y = 0, y ∗ x = 0 ⇒ x = y).

If a BCI-algebraX satisfies the following identity:

(V) (∀x ∈ X) (0 ∗ x = 0),

thenX is called aBCK-algebra. Any BCK/BCI-algebraX
satisfies the following conditions:

(∀x ∈ X) (x ∗ 0 = x) , (2.1)

(∀x, y, z ∈ X)
(

x ≤ y ⇒ x ∗ z ≤ y ∗ z
x ≤ y ⇒ z ∗ y ≤ z ∗ x

)
, (2.2)

(∀x, y, z ∈ X) ((x ∗ y) ∗ z = (x ∗ z) ∗ y) , (2.3)

(∀x, y, z ∈ X) ((x ∗ z) ∗ (y ∗ z) ≤ x ∗ y) (2.4)

wherex ≤ y if and only if x ∗ y = 0. A nonempty subsetS of a
BCK/BCI-algebraX is called asubalgebraof X if x ∗ y ∈ S
for all x, y ∈ S. A subsetI of aBCK/BCI-algebraX is called
an idealof X if it satisfies:

0 ∈ I, (2.5)

(∀x ∈ X) (∀y ∈ I) (x ∗ y ∈ I ⇒ x ∈ I) . (2.6)
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We refer the reader to the books [4,6] for further information
regardingBCK/BCI-algebras.

For any family{ai | i ∈ Λ} of real numbers, we define∨
{ai | i ∈ Λ} := sup{ai | i ∈ Λ}

and ∧
{ai | i ∈ Λ} := inf{ai | i ∈ Λ}.

If Λ = {1, 2}, we will also usea1 ∨ a2 anda1 ∧ a2 instead of∨
{ai | i ∈ Λ} and

∧
{ai | i ∈ Λ}, respectively.

Let X be a non-empty set. Aneutrosophic set(NS) in X (see
[9]) is a structure of the form:

A∼ := {〈x;AT (x), AI(x), AF (x)〉 | x ∈ X}

where AT : X → [0, 1] is a truth membership function,
AI : X → [0, 1] is an indeterminate membership function, and
AF : X → [0, 1] is a false membership function. For the sake of
simplicity, we shall use the symbolA∼ = (AT , AI , AF ) for the
neutrosophic set

A∼ := {〈x;AT (x), AI(x), AF (x)〉 | x ∈ X}.

Given a neutrosophic setA∼ = (AT , AI , AF ) in a setX,
α, β ∈ (0, 1] andγ ∈ [0, 1), we consider the following sets:

T∈(A∼;α) := {x ∈ X | AT (x) ≥ α},
I∈(A∼;β) := {x ∈ X | AI(x) ≥ β},
F∈(A∼; γ) := {x ∈ X | AF (x) ≤ γ}.

We sayT∈(A∼;α), I∈(A∼;β) andF∈(A∼; γ) areneutrosophic
∈-subsets.

A neutrosophic setA∼ = (AT , AI , AF ) in a BCK/BCI-
algebraX is called an(∈, ∈)-neutrosophic subalgebraof X (see
[5]) if the following assertions are valid.

(∀x, y ∈ X)


x ∈ T∈(A∼;αx), y ∈ T∈(A∼;αy)

⇒ x ∗ y ∈ T∈(A∼;αx ∧ αy),
x ∈ I∈(A∼;βx), y ∈ I∈(A∼;βy)

⇒ x ∗ y ∈ I∈(A∼;βx ∧ βy),
x ∈ F∈(A∼; γx), y ∈ F∈(A∼; γy)

⇒ x ∗ y ∈ F∈(A∼; γx ∨ γy)

 (2.7)

for all αx, αy, βx, βy ∈ (0, 1] andγx, γy ∈ [0, 1).

A neutrosophic setA∼ = (AT , AI , AF ) in a BCK/BCI-
algebraX is called an(∈, ∈)-neutrosophic idealof X (see [7])
if the following assertions are valid.

(∀x ∈ X)

 x ∈ T∈(A∼;αx) ⇒ 0 ∈ T∈(A∼;αx)
x ∈ I∈(A∼;βx) ⇒ 0 ∈ I∈(A∼;βx)
x ∈ F∈(A∼; γx) ⇒ 0 ∈ F∈(A∼; γx)

 (2.8)

and

(∀x, y ∈ X)


x ∗ y ∈ T∈(A∼;αx), y ∈ T∈(A∼;αy)

⇒ x ∈ T∈(A∼;αx ∧ αy)
x ∗ y ∈ I∈(A∼;βx), y ∈ I∈(A∼;βy)

⇒ x ∈ I∈(A∼;βx ∧ βy)
x ∗ y ∈ F∈(A∼; γx), y ∈ F∈(A∼; γy)

⇒ x ∈ F∈(A∼; γx ∨ γy)


(2.9)

for all αx, αy, βx, βy ∈ (0, 1] andγx, γy ∈ [0, 1).

3 (∈, ∈)-neutrosophic subalgebras and
ideals

We first provide characterizations of an(∈, ∈)-neutrosophic
ideal.

Theorem 3.1. Given a neutrosophic setA∼ = (AT , AI , AF ) in
a BCK/BCI-algebraX, the following assertions are equiva-
lent.

(1) A∼ = (AT , AI , AF ) is an(∈, ∈)-neutrosophic ideal ofX.

(2) A∼ = (AT , AI , AF ) satisfies the following assertions.

(∀x ∈ X)

 AT (0) ≥ AT (x),
AI(0) ≥ AI(x),
AF (0) ≤ AF (x)

 (3.1)

and

(∀x, y ∈ X)

 AT (x) ≥ AT (x ∗ y) ∧AT (y)
AI(x) ≥ AI(x ∗ y) ∧AI(y)
AF (x) ≤ AF (x ∗ y) ∨AF (y)

 (3.2)

Proof. Assume thatA∼ = (AT , AI , AF ) is an (∈, ∈)-
neutrosophic ideal ofX. Suppose there exista, b, c ∈ X be
such thatAT (0) < AT (a), AI(0) < AI(b) and AF (0) >
AF (c). Then a ∈ T∈(A∼;AT (a)), b ∈ I∈(A∼;AI(b)) and
c ∈ F∈(A∼;AF (c)). But

0 /∈ T∈(A∼;AT (a)) ∩ I∈(A∼;AI(b)) ∩ F∈(A∼;AF (c)).

This is a contradiction, and thusAT (0) ≥ AT (x), AI(0) ≥
AI(x) and AF (0) ≤ AF (x) for all x ∈ X. Suppose that
AT (x) < AT (x ∗ y) ∧ AT (y), AI(a) < AI(a ∗ b) ∧ AI(b)
andAF (c) > AF (c ∗ d) ∨ AF (d) for somex, y, a, b, c, d ∈ X.
Takingα := AT (x∗y)∧AT (y), β := AI(a∗b)∧AI(b) andγ :=
AF (c∗d)∨AF (d) imply thatx∗y ∈ T∈(A∼;α), y ∈ T∈(A∼;α),
a ∗ b ∈ I∈(A∼;β), b ∈ I∈(A∼;β), c ∗ d ∈ F∈(A∼; γ) and
d ∈ F∈(A∼; γ). But x /∈ T∈(A∼;α), a /∈ I∈(A∼;β) and
c /∈ F∈(A∼; γ). This is impossible, and so (3.2) is valid.

Conversely, supposeA∼ = (AT , AI , AF ) satisfies two con-
ditions (3.1) and (3.2). For anyx, y, z ∈ X, let α, β ∈ (0, 1]
andγ ∈ [0, 1) be such thatx ∈ T∈(A∼;α), y ∈ I∈(A∼;β) and
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z ∈ F∈(A∼; γ). It follows from (3.1) thatAT (0) ≥ AT (x) ≥ α,
AI(0) ≥ AI(y) ≥ β andAF (0) ≤ AF (z) ≤ γ and so that
0 ∈ T∈(A∼;α)∩I∈(A∼;β)∩F∈(A∼; γ). Leta, b, c, d, x, y ∈ X
be such thata ∗ b ∈ T∈(A∼;αa), b ∈ T∈(A∼;αb), c ∗ d ∈
I∈(A∼;βc), d ∈ I∈(A∼;βd), x ∗ y ∈ F∈(A∼; γx), andy ∈
F∈(A∼; γy) for αa, αb, βc, βd ∈ (0, 1] andγx, γy ∈ [0, 1). Us-
ing (3.2), we have

AT (a) ≥ AT (a ∗ b) ∧AT (b) ≥ αa ∧ αb

AI(c) ≥ AI(c ∗ d) ∧AI(d) ≥ βc ∧ βd

AF (x) ≤ AF (x ∗ y) ∨AF (y) ≤ γx ∨ γy.

Hencea ∈ T∈(A∼;αa ∧ αb), c ∈ I∈(A∼;βc ∧ βd) andx ∈
F∈(A∼; γx ∨ γy). ThereforeA∼ = (AT , AI , AF ) is an(∈, ∈)-
neutrosophic ideal ofX.

Theorem 3.2. Let A∼ = (AT , AI , AF ) be a neutrosophic set
in a BCK/BCI-algebraX. Then the following assertions are
equivalent.

(1) A∼ = (AT , AI , AF ) is an(∈, ∈)-neutrosophic ideal ofX.

(2) The nonempty neutrosophic∈-subsets T∈(A∼;α),
I∈(A∼;β) and F∈(A∼; γ) are ideals of X for all
α, β ∈ (0, 1] andγ ∈ [0, 1).

Proof. Let A∼ = (AT , AI , AF ) be an(∈, ∈)-neutrosophic ideal
of X and assume thatT∈(A∼;α), I∈(A∼;β) andF∈(A∼; γ) are
nonempty forα, β ∈ (0, 1] and γ ∈ [0, 1). Then there exist
x, y, z ∈ X such thatx ∈ T∈(A∼;α), y ∈ I∈(A∼;β) andz ∈
F∈(A∼; γ). It follows from (2.8) that

0 ∈ T∈(A∼;α) ∩ I∈(A∼;β) ∩ F∈(A∼; γ).

Let x, y, a, b, u, v ∈ X be such thatx ∗ y ∈ T∈(A∼;α),
y ∈ T∈(A∼;α), a ∗ b ∈ I∈(A∼;β), b ∈ I∈(A∼;β), u ∗ v ∈
F∈(A∼; γ) andv ∈ F∈(A∼; γ). Then

AT (x) ≥ AT (x ∗ y) ∧AT (y) ≥ α ∧ α = α
AI(a) ≥ AI(a ∗ b) ∧AI(b) ≥ β ∧ β = β
AF (u) ≤ AF (u ∗ v) ∨AF (v) ≤ γ ∨ γ = γ

by (3.2), and sox ∈ T∈(A∼;α), a ∈ I∈(A∼;β) and
u ∈ F∈(A∼; γ). Hence the nonempty neutrosophic∈-subsets
T∈(A∼;α), I∈(A∼;β) and F∈(A∼; γ) are ideals ofX for all
α, β ∈ (0, 1] andγ ∈ [0, 1).

Conversely, letA∼ = (AT , AI , AF ) be a neutrosophic
set in X for which T∈(A∼;α), I∈(A∼;β) and F∈(A∼; γ)
are nonempty and are ideals ofX for all α, β ∈ (0, 1] and
γ ∈ [0, 1). Assume thatAT (0) < AT (x), AI(0) < AI(y)
and AF (0) > AF (z) for some x, y, z ∈ X. Then x ∈
T∈(A∼;AT (x)), y ∈ I∈(A∼;AI(y)) andz ∈ F∈(A∼;AF (z)),
that is, T∈(A∼;α), I∈(A∼;β) and F∈(A∼; γ) are nonempty.
But 0 /∈ T∈(A∼;AT (x)) ∩ I∈(A∼;AI(y)) ∩ F∈(A∼;AF (z)),
which is a contradiction sinceT∈(A∼;AT (x)), I∈(A∼;AI(y))
andF∈(A∼;AF (z)) are ideals ofX. HenceAT (0) ≥ AT (x),
AI(0) ≥ AI(x) andAF (0) ≤ AF (x) for all x ∈ X. Suppose

that

AT (x) < AT (x ∗ y) ∧AT (y),
AI(a) < AI(a ∗ b) ∧AI(b),
AF (u) > AF (u ∗ v) ∨AF (v)

for somex, y, a, b, u, v ∈ X. Takingα := AT (x ∗ y) ∧ AT (y),
β := AI(a ∗ b)∧AI(b) andγ := AF (u ∗ v)∨AF (v) imply that
α, β ∈ (0, 1], γ ∈ [0, 1), x ∗ y ∈ T∈(A∼;α), y ∈ T∈(A∼;α),
a ∗ b ∈ I∈(A∼;β), b ∈ I∈(A∼;β), u ∗ v ∈ F∈(A∼; γ) and
v ∈ F∈(A∼; γ). But x /∈ T∈(A∼;α), a /∈ I∈(A∼;β) andu /∈
F∈(A∼; γ). This is a contradiction sinceT∈(A∼;α), I∈(A∼;β)
andF∈(A∼; γ) are ideals ofX. Thus

AT (x) ≥ AT (x ∗ y) ∧AT (y),
AI(x) ≥ AI(x ∗ y) ∧AI(y),
AF (x) ≤ AF (x ∗ y) ∨AF (y)

for all x, y ∈ X. ThereforeA∼ = (AT , AI , AF ) is an (∈,
∈)-neutrosophic ideal ofX by Theorem3.1.

Proposition 3.3. Every (∈, ∈)-neutrosophic idealA∼ =
(AT , AI , AF ) of a BCK/BCI-algebraX satisfies the follow-
ing assertions.

(∀x, y ∈ X)

x ≤ y ⇒

 AT (x) ≥ AT (y)
AI(x) ≥ AI(y)
AF (x) ≤ AF (y)

 , (3.3)

(∀x, y, z ∈ X)

x ∗ y ≤ z ⇒

 AT (x) ≥ AT (y) ∧AT (z)
AI(x) ≥ AI(y) ∧AI(z)
AF (x) ≤ AF (y) ∨AF (z)

 .

(3.4)

Proof. Let x, y ∈ X be such thatx ≤ y. Thenx ∗ y = 0, and so

AT (x) ≥ AT (x ∗ y) ∧AT (y) = AT (0) ∧AT (y) = AT (y),
AI(x) ≥ AI(x ∗ y) ∧AI(y) = AI(0) ∧AI(y) = AI(y),
AF (x) ≤ AF (x ∗ y) ∨AF (y) = AF (0) ∨AF (y) = AF (y)

by Theorem3.1. Hence (3.3) is valid. Letx, y, z ∈ X be such
thatx ∗ y ≤ z. Then(x ∗ y) ∗ z = 0, and thus

AT (x) ≥ AT (x ∗ y) ∧AT (y)
≥ (AT ((x ∗ y) ∗ z) ∧AT (z)) ∧AT (y)
≥ (AT (0) ∧AT (z)) ∧AT (y)
≥ AT (z) ∧AT (y),

AI(x) ≥ AI(x ∗ y) ∧AI(y)
≥ (AI((x ∗ y) ∗ z) ∧AI(z)) ∧AI(y)
≥ (AI(0) ∧AI(z)) ∧AI(y)
≥ AI(z) ∧AI(y)
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and

AF (x) ≤ AF (x ∗ y) ∨AF (y)
≤ (AF ((x ∗ y) ∗ z) ∨AF (z)) ∨AF (y)
≤ (AF (0) ∨AF (z)) ∨AF (y)
≤ AF (z) ∨AF (y)

by Theorem3.1.

Theorem 3.4. Any ideal of aBCK/BCI-algebraX can be re-
alized as level neutrosophic ideals of some(∈, ∈)-neutrosophic
ideal ofX.

Proof. Let I be an ideal of aBCK/BCI-algebraX and let
A∼ = (AT , AI , AF ) be a neutrosophic set inX given as fol-
lows:

AT : X → [0, 1], x 7→
{

α if x ∈ I,
0 otherwise,

AI : X → [0, 1], x 7→
{

β if x ∈ I,
0 otherwise,

AF : X → [0, 1], x 7→
{

γ if x ∈ I,
1 otherwise

where(α, β, γ) is a fixed ordered triple in(0, 1]× (0, 1]× [0, 1).
Then T∈(A∼;α) = I, I∈(A∼;β) = I and F∈(A∼; γ) = I.
Obviously, AT (0) ≥ AT (x), AI(0) ≥ AI(x) and AF (0) ≤
AF (x) for all x ∈ X. Let x, y ∈ X. If x ∗ y ∈ I andy ∈ I, then
x ∈ I. Hence

AT (x ∗ y) = AT (y) = AT (x) = α,

AI(x ∗ y) = AI(y) = AI(x) = β,

AF (x ∗ y) = AF (y) = AF (x) = γ,

and so

AT (x) ≥ AT (x ∗ y) ∧AT (y),
AI(x) ≥ AI(x ∗ y) ∧AI(y),
AF (x) ≤ AF (x ∗ y) ∨AF (y).

If x ∗ y /∈ I andy /∈ I, then

AT (x ∗ y) = AT (y) = 0,

AI(x ∗ y) = AI(y) = 0,

AF (x ∗ y) = AF (y) = 1.

Thus

AT (x) ≥ AT (x ∗ y) ∧AT (y),
AI(x) ≥ AI(x ∗ y) ∧AI(y),
AF (x) ≤ AF (x ∗ y) ∨AF (y).

If x ∗ y ∈ I andy /∈ I, then

AT (x ∗ y) = α andAT (y) = 0,
AI(x ∗ y) = β andAI(y) = 0,
AF (x ∗ y) = γ andAF (y) = 1,

It follows that

AT (x) ≥ 0 = AT (x ∗ y) ∧AT (y),
AI(x) ≥ 0 = AI(x ∗ y) ∧AI(y),
AF (x) ≤ 1 = AF (x ∗ y) ∨AF (y).

Similarly, if x ∗ y /∈ I andy ∈ I, then

AT (x) ≥ AT (x ∗ y) ∧AT (y),
AI(x) ≥ AI(x ∗ y) ∧AI(y),
AF (x) ≤ AF (x ∗ y) ∨AF (y).

ThereforeA∼ = (AT , AI , AF ) is an(∈, ∈)-neutrosophic ideal
of X by Theorem3.1. This completes the proof.

Lemma 3.5 ([5]). A neutrosophic setA∼ = (AT , AI , AF ) in a
BCK/BCI-algebraX is an(∈, ∈)-neutrosophic subalgebra of
X if and only if it satisfies:

(∀x, y ∈ X)

 AT (x ∗ y) ≥ AT (x) ∧AT (y)
AI(x ∗ y) ≥ AI(x) ∧AI(y)
AF (x ∗ y) ≤ AF (x) ∨AF (y)

 . (3.5)

Theorem 3.6. In a BCK-algebra, every(∈, ∈)-neutrosophic
ideal is an(∈, ∈)-neutrosophic subalgebra.

Proof. Let A∼ = (AT , AI , AF ) be an(∈, ∈)-neutrosophic ideal
of aBCK-algebraX. Sincex∗y ≤ x for all x, y ∈ X, it follows
from Proposition3.3and (3.2) that

AT (x ∗ y) ≥ AT (x) ≥ AT (x ∗ y) ∧AT (y) ≥ AT (x) ∧AT (y),
AI(x ∗ y) ≥ AI(x) ≥ AI(x ∗ y) ∧AI(y) ≥ AI(x) ∧AI(y),
AF (x ∗ y) ≤ AF (x) ≤ AF (x ∗ y) ∨AF (y) ≤ AF (x) ∨AF (y).

ThereforeA∼ = (AT , AI , AF ) is an(∈, ∈)-neutrosophic subal-
gebra ofX by Lemma3.5.

The following example shows that the converse of Theorem
3.6 is not true in general.

Example 3.7. Consider a setX = {0, 1, 2, 3} with the binary
operation∗ which is given in Table1.
Then(X; ∗, 0) is aBCK-algebra (see [6]). LetA∼ = (AT , AI ,
AF ) be a neutrosophic set inX defined by Table2
It is routine to verify thatA∼ = (AT , AI , AF ) is an (∈, ∈)-
neutrosophic subalgebra ofX. We know thatI∈(A∼;β) is an
ideal ofX for all β ∈ (0, 1]. If α ∈ (0.3, 0.7], thenT∈(A∼;α) =
{0, 1, 3} is not an ideal ofX. Also, if γ ∈ [0.2, 0.8), then
F∈(A∼; γ) = {0, 1, 3} is not an ideal ofX. ThereforeA∼ =
(AT , AI , AF ) is not an(∈, ∈)-neutrosophic ideal ofX by The-
orem3.2.
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Table 1: Cayley table for the binary operation “∗”

∗ 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 1 0 2
3 3 3 3 0

Table 2: Tabular representation ofA∼ = (AT , AI , AF )

X AT (x) AI(x) AF (x)
0 0.7 0.9 0.2
1 0.7 0.6 0.2
2 0.3 0.6 0.8
3 0.7 0.4 0.2

We give a condition for an(∈, ∈)-neutrosophic subalgebra to
be an(∈, ∈)-neutrosophic ideal.

Theorem 3.8. Let A∼ = (AT , AI , AF ) be a neutrosophic set
in a BCK-algebraX. If A∼ = (AT , AI , AF ) is an (∈, ∈)-
neutrosophic subalgebra ofX that satisfies the condition(3.4),
then it is an(∈, ∈)-neutrosophic ideal ofX.

Proof. Takingx = y in (3.5) and using (III) induce the condition
(3.1). Sincex∗ (x∗y) ≤ y for all x, y ∈ X, it follows from (3.4)
that

AT (x) ≥ AT (x ∗ y) ∧AT (y),
AI(x) ≥ AI(x ∗ y) ∧AI(y),
AF (x) ≤ AF (x ∗ y) ∨AF (y)

for all x, y ∈ X. ThereforeA∼ = (AT , AI , AF ) is an (∈,
∈)-neutrosophic ideal ofX by Theorem3.1.

Theorem 3.9. Let{Dk | k ∈ ΛT ∪ ΛI ∪ ΛF } be a collection of
ideals of aBCK/BCI-algebraX, whereΛT , ΛI andΛF are
nonempty subsets of[0, 1], such that

X = {Dα | α ∈ ΛT } ∪ {Dβ | β ∈ ΛI} ∪ {Dγ | γ ∈ ΛF },
(3.6)

(∀i, j ∈ ΛT ∪ ΛI ∪ ΛF ) (i > j ⇔ Di ⊂ Dj) . (3.7)

Let A∼ = (AT , AI , AF ) be a neutrosophic set inX defined as
follows:

AT : X → [0, 1], x 7→
∨
{α ∈ ΛT | x ∈ Dα},

AI : X → [0, 1], x 7→
∨
{β ∈ ΛI | x ∈ Dβ},

AF : X → [0, 1], x 7→
∧
{γ ∈ ΛF | x ∈ Dγ}.

(3.8)

ThenA∼ = (AT , AI , AF ) is an(∈, ∈)-neutrosophic ideal ofX.

Proof. Letα, β ∈ (0, 1] andγ ∈ [0, 1) be such thatT∈(A∼;α) 6=
∅, I∈(A∼;β) 6= ∅ andF∈(A∼; γ) 6= ∅. We consider the follow-

ing two cases:

α =
∨
{i ∈ ΛT | i < α} andα 6=

∨
{i ∈ ΛT | i < α}.

First case implies that

x ∈ T∈(A∼;α)⇔ x ∈ Di for all i < α
⇔ x ∈ ∩{Di | i < α}. (3.9)

HenceT∈(A∼;α) = ∩{Di | i < α}, which is an ideal ofX. For
the second case, we claim thatT∈(A∼;α) = ∪{Di | i ≥ α}.
If x ∈ ∪{Di | i ≥ α}, thenx ∈ Di for somei ≥ α. Thus
AT (x) ≥ i ≥ α, and sox ∈ T∈(A∼;α). If x /∈ ∪{Di | i ≥ α},
thenx /∈ Di for all i ≥ α. Sinceα 6=

∨
{i ∈ ΛT | i < α},

there existsε > 0 such that(α− ε, α) ∩ΛT = ∅. Hencex /∈ Di

for all i > α − ε, which means that ifx ∈ Di theni ≤ α − ε.
ThusAT (x) ≤ α − ε < α, and sox /∈ T∈(A∼;α). Therefore
T∈(A∼;α) = ∪{Di | i ≥ α} which is an ideal ofX since{Dk}
forms a chain. Similarly, we can verify thatI∈(A∼;β) is an ideal
of X. Finally, we consider the following two cases:

γ =
∧
{j ∈ ΛF | γ < j} andγ 6=

∧
{j ∈ ΛF | γ < j}.

For the first case, we have

x ∈ F∈(A∼; γ)⇔ x ∈ Dj for all j > γ
⇔ x ∈ ∩{Dj | j > γ}, (3.10)

and thusF∈(A∼; γ) = ∩{Dj | j > γ} which is an ideal ofX.
The second case implies thatF∈(A∼; γ) = ∪{Dj | j ≤ γ}. In
fact, if x ∈ ∪{Dj | j ≤ γ}, thenx ∈ Dj for somej ≤ γ. Thus
AF (x) ≤ j ≤ γ, that is,x ∈ F∈(A∼; γ). Hence∪{Dj | j ≤
γ} ⊆ F∈(A∼; γ). Now if x /∈ ∪{Dj | j ≤ γ}, thenx /∈ Dj for
all j ≤ γ. Sinceγ 6=

∧
{j ∈ ΛF | γ < j}, there existsε > 0

such that(γ, γ+ε)∩ΛF is empty. Hencex /∈ Dj for all j < γ+ε,
and so ifx ∈ Dj , thenj ≥ γ + ε. ThusAF (x) ≥ γ + ε > γ, and
hencex /∈ F∈(A∼; γ). ThusF∈(A∼; γ) ⊆ ∪{Dj | j ≤ γ}, and
thereforeF∈(A∼; γ) = ∪{Dj | j ≤ γ} which is an ideal ofX.
Consequently,A∼ = (AT , AI , AF ) is an(∈, ∈)-neutrosophic
ideal ofX by Theorem3.2.

A mappingf : X → Y of BCK/BCI-algebras is called
a homomorphismif f(x ∗ y) = f(x) ∗ f(y) for all x, y ∈ X.
Note that iff : X → Y is a homomorphism ofBCK/BCI-
algebras, thenf(0) = 0. Given a homomorphismf : X → Y
of BCK/BCI-algebras and a neutrosophic setA∼ = (AT , AI ,

AF ) in Y , we define a neutrosophic setAf
∼ = (Af

T , Af
I , Af

F ) in
X, which is called theinduced neutrosophic set, as follows:

Af
T : X → [0, 1], x 7→ AT (f(x)),

Af
I : X → [0, 1], x 7→ AI(f(x)),

Af
F : X → [0, 1], x 7→ AF (f(x)).

Theorem 3.10. Let f : X → Y be a homomorphism of
BCK/BCI-algebras. If A∼ = (AT , AI , AF ) is an (∈,
∈)-neutrosophic ideal ofY , then the induced neutrosophic set
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Af
∼ = (Af

T , Af
I , Af

F ) in X is an(∈, ∈)-neutrosophic ideal ofX.

Proof. For anyx ∈ X, we have

Af
T (x) = AT (f(x)) ≤ AT (0) = AT (f(0)) = Af

T (0),
Af

I (x) = AI(f(x)) ≤ AI(0) = AI(f(0)) = Af
I (0),

Af
F (x) = AF (f(x)) ≥ AF (0) = AF (f(0)) = Af

F (0).

Let x, y ∈ X. Then

Af
T (x ∗ y) ∧Af

T (y) = AT (f(x ∗ y)) ∧AT (f(y))
= AT (f(x) ∗ f(y)) ∧AT (f(y))

≤ AT (f(x)) = Af
T (x),

Af
I (x ∗ y) ∧Af

I (y) = AI(f(x ∗ y)) ∧AI(f(y))
= AI(f(x) ∗ f(y)) ∧AI(f(y))

≤ AI(f(x)) = Af
I (x),

and

Af
F (x ∗ y) ∨Af

F (y) = AF (f(x ∗ y)) ∨AF (f(y))
= AF (f(x) ∗ f(y)) ∨AF (f(y))

≥ AF (f(x)) = Af
F (x).

ThereforeAf
∼ = (Af

T , Af
I , Af

F ) is an(∈, ∈)-neutrosophic ideal
of X by Theorem3.1.

Theorem 3.11. Let f : X → Y be an onto homomorphism of
BCK/BCI-algebras and letA∼ = (AT , AI , AF ) be a neutro-
sophic set inY . If the induced neutrosophic setAf

∼ = (Af
T , Af

I ,

Af
F ) in X is an(∈, ∈)-neutrosophic ideal ofX, thenA∼ = (AT ,

AI , AF ) is an(∈, ∈)-neutrosophic ideal ofY .

Proof. Assume that the induced neutrosophic setAf
∼ = (Af

T ,

Af
I , Af

F ) in X is an (∈, ∈)-neutrosophic ideal ofX. For any
x ∈ Y , there existsa ∈ X such thatf(a) = x sincef is onto.
Using (3.1), we have

AT (x) = AT (f(a)) = Af
T (a) ≤ Af

T (0) = AT (f(0)) = AT (0),
AI(x) = AI(f(a)) = Af

I (a) ≤ Af
I (0) = AI(f(0)) = AI(0),

AF (x) = AF (f(a)) = Af
F (a) ≥ Af

F (0) = AF (f(0)) = AF (0).

Let x, y ∈ Y . Thenf(a) = x andf(b) = y for somea, b ∈ X.
It follows from (3.2) that

AT (x) = AT (f(a)) = Af
T (a)

≥ Af
T (a ∗ b) ∧Af

T (b)
= AT (f(a ∗ b)) ∧AT (f(b))
= AT (f(a) ∗ f(b)) ∧AT (f(b))
= AT (x ∗ y) ∧AT (y),

AI(x) = AI(f(a)) = Af
I (a)

≥ Af
I (a ∗ b) ∧Af

I (b)
= AI(f(a ∗ b)) ∧AI(f(b))
= AI(f(a) ∗ f(b)) ∧AI(f(b))
= AI(x ∗ y) ∧AI(y),

and

AF (x) = AF (f(a)) = Af
F (a)

≤ Af
F (a ∗ b) ∨Af

F (b)
= AF (f(a ∗ b)) ∨AF (f(b))
= AF (f(a) ∗ f(b)) ∨AF (f(b))
= AF (x ∗ y) ∨AF (y).

ThereforeA∼ = (AT , AI , AF ) is an(∈, ∈)-neutrosophic ideal
of Y by Theorem3.1.

Let N(∈,∈)(X) be the collection of all(∈, ∈)-neutrosophic
ideals ofX and letα, β ∈ (0, 1] andγ ∈ [0, 1). Define binary
relationsRα

T ,Rβ
I andRγ

F onN(∈,∈)(X) as follows:

ATRα
T BT ⇔ T∈(A∼;α) = T∈(B∼;α)

AIRβ
I BI ⇔ I∈(A∼;β) = I∈(B∼;β)

AFRγ
F BF ⇔ F∈(A∼; γ) = F∈(B∼; γ)

(3.11)

for all A∼ = (AT , AI , AF ) and B∼ = (BT , BI , BF ) in
N(∈,∈)(X).

Clearly Rα
T , Rβ

I and Rγ
F are equivalence relations on

N(∈,∈)(X). For anyA∼ = (AT , AI , AF ) ∈ N(∈,∈)(X),
let [A∼]T (resp., [A∼]I and [A∼]F ) denote the equivalence
class ofA∼ = (AT , AI , AF ) in N(∈,∈)(X) underRα

T (resp.,

Rβ
I andRγ

F ). Denote byN(∈,∈)(X)/Rα
T , N(∈,∈)(X)/Rβ

I and
N(∈,∈)(X)/Rγ

F the collection of all equivalence classes under

Rα
T ,Rβ

I andRγ
F , respectively, that is,

N(∈,∈)(X)/Rα
T = {[A∼]T | A∼ = (AT , AI , AF ) ∈ N(∈,∈)(X),

N(∈,∈)(X)/Rβ
I = {[A∼]I | A∼ = (AT , AI , AF ) ∈ N(∈,∈)(X),

N(∈,∈)(X)/Rγ
F = {[A∼]F | A∼ = (AT , AI , AF ) ∈ N(∈,∈)(X).

Now let I(X) denote the family of all ideals ofX. Define
mapsfα, gβ andhγ fromN(∈,∈)(X) to I(X) ∪ {∅} by

fα(A∼) = T∈(A∼;α), gβ(A∼) = I∈(A∼;β) and
hγ(A∼) = F∈(A∼; γ),

respectively, for allA∼ = (AT , AI , AF ) in N(∈,∈)(X). Then
fα, gβ andhγ are clearly well-defined.

Theorem 3.12. For anyα, β ∈ (0, 1] andγ ∈ [0, 1), the maps
fα, gβ andhγ are surjective fromN(∈,∈)(X) to I(X) ∪ {∅}.

Proof. Let 0∼ := (0T , 0I , 1F ) be a neutrosophic set inX where
0T , 0I and 1F are fuzzy sets inX defined by0T (x) = 0,
0I(x) = 0 and 1F (x) = 1 for all x ∈ X. Obviously,
0∼ := (0T , 0I , 1F ) is an (∈, ∈)-neutrosophic ideal ofX.
Also, fα(0∼) = T∈(0∼;α) = ∅, gβ(0∼) = I∈(0∼;β) = ∅
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and hγ(0∼) = F∈(0∼; γ) = ∅. For any idealI of X, let
A∼ = (AT , AI , AF ) be the(∈, ∈)-neutrosophic ideal ofX
in the proof of Theorem3.4. Thenfα(A∼) = T∈(A∼;α) = I,
gβ(A∼) = I∈(A∼;β) = I andhγ(A∼) = F∈(A∼; γ) = I.
Thereforefα, gβ andhγ are surjective.

Theorem 3.13. The quotient sets N(∈,∈)(X)/Rα
T ,

N(∈,∈)(X)/Rβ
I and N(∈,∈)(X)/Rγ

F are equivalent to
I(X) ∪ {∅} for anyα, β ∈ (0, 1] andγ ∈ [0, 1).

Proof. Let A∼ = (AT , AI , AF ) ∈ N(∈,∈)(X). For anyα, β ∈
(0, 1] andγ ∈ [0, 1), define

f∗α : N(∈,∈)(X)/Rα
T → I(X) ∪ {∅}, [A∼]T 7→ fα(A∼),

g∗β : N(∈,∈)(X)/Rβ
I → I(X) ∪ {∅}, [A∼]I 7→ gβ(A∼),

h∗γ : N(∈,∈)(X)/Rγ
F → I(X) ∪ {∅}, [A∼]F 7→ hγ(A∼).

Assume thatfα(A∼) = fα(B∼), gβ(A∼) = gβ(B∼) and
hγ(A∼) = hγ(B∼) for B∼ = (BT , BI , BF ) ∈ N(∈,∈)(X).
ThenT∈(A∼;α) = T∈(B∼;α), I∈(A∼;β) = I∈(B∼;β) and
F∈(A∼; γ) = F∈(B∼; γ) which imply thatATRα

T BT , AIRβ
I BI

and AFRγ
F BF . Hence [A∼]T = [B∼]T , [A∼]I = [B∼]I

and [A∼]F = [B∼]F . Thereforef∗α, g∗β and h∗γ are injec-
tive. Consider the(∈, ∈)-neutrosophic ideal0∼ := (0T , 0I ,
1F ) of X which is given in the proof of Theorem3.12. Then
f∗α([0∼]T ) = fα(0∼) = T∈(0∼;α) = ∅, g∗β([0∼]I) = gβ(0∼) =
I∈(0∼;β) = ∅, andh∗γ([0∼]F ) = hγ(0∼) = F∈(0∼; γ) = ∅.
For any idealI of X, consider the(∈, ∈)-neutrosophic ideal
A∼ = (AT , AI , AF ) of X in the proof of Theorem3.4. Then
f∗α([A∼]T ) = fα(A∼) = T∈(A∼;α) = I, g∗β([A∼]I) =
gβ(A∼) = I∈(A∼;β) = I, and h∗γ([A∼]F ) = hγ(A∼) =
F∈(A∼; γ) = I. Hencef∗α, g∗β andh∗γ are surjective, and the
proof is over.

For anyα, β ∈ [0, 1], we define another relationsRα andRβ

onN(∈,∈)(X) as follows:

(A∼, B∼) ∈ Rα ⇔ T∈(A∼;α) ∩ F∈(A∼;α)
= T∈(B∼;α) ∩ F∈(B∼;α),

(A∼, B∼) ∈ Rβ ⇔ I∈(A∼;β) ∩ F∈(A∼;β)
= I∈(B∼;β) ∩ F∈(B∼;β)

(3.12)

for all A∼ = (AT , AI , AF ) and B∼ = (BT , BI , BF ) in
N(∈,∈)(X). Then the relationsRα andRβ are also equivalence
relations onN(∈,∈)(X).

Theorem 3.14. Givenα, β ∈ (0, 1), we define two maps

ϕα : N(∈,∈)(X) → I(X) ∪ {∅},
A∼ 7→ fα(A∼) ∩ hα(A∼),

ϕβ : N(∈,∈)(X) → I(X) ∪ {∅},
A∼ 7→ gβ(A∼) ∩ hβ(A∼)

(3.13)

for eachA∼ = (AT , AI , AF ) ∈ N(∈,∈)(X). Thenϕα andϕβ

are surjective.

Proof. Consider the(∈, ∈)-neutrosophic ideal0∼ := (0T , 0I ,
1F ) of X which is given in the proof of Theorem3.12. Then

ϕα(0∼) = fα(0∼) ∩ hα(0∼) = T∈(0∼;α) ∩ F∈(0∼;α) = ∅,
ϕβ(0∼) = gβ(0∼) ∩ hβ(0∼) = I∈(0∼;β) ∩ F∈(0∼;β) = ∅.

For any idealI of X, consider the(∈, ∈)-neutrosophic ideal
A∼ = (AT , AI , AF ) of X in the proof of Theorem3.4. Then

ϕα(A∼) = fα(A∼) ∩ hα(A∼)
= T∈(A∼;α) ∩ F∈(A∼;α) = I

and

ϕβ(A∼) = gβ(A∼) ∩ hβ(A∼)
= I∈(A∼;β) ∩ F∈(A∼;β) = I.

Thereforeϕα andϕβ are surjective.

Theorem 3.15. For any α, β ∈ (0, 1), the quotient sets
N(∈,∈)(X)/ϕα andN(∈,∈)(X)/ϕβ are equivalent toI(X) ∪
{∅}.

Proof. Givenα, β ∈ (0, 1), define two mapsϕ∗α andϕ∗β as fol-
lows:

ϕ∗α : N(∈,∈)(X)/ϕα → I(X) ∪ {∅}, [A∼]Rα
7→ ϕα(A∼),

ϕ∗β : N(∈,∈)(X)/ϕβ → I(X) ∪ {∅}, [A∼]Rβ
7→ ϕβ(A∼).

If ϕ∗α ([A∼]Rα
) = ϕ∗α ([B∼]Rα

) and ϕ∗β
(
[A∼]Rβ

)
=

ϕ∗β
(
[B∼]Rβ

)
for all [A∼]Rα

, [B∼]Rα
∈ N(∈,∈)(X)/ϕα and

[A∼]Rβ
, [B∼]Rβ

∈ N(∈,∈)(X)/ϕβ , then

fα(A∼) ∩ hα(A∼) = fα(B∼) ∩ hα(B∼)

and

gβ(A∼) ∩ hβ(A∼) = gβ(B∼) ∩ hβ(B∼),

that is,

T∈(A∼;α) ∩ F∈(A∼;α) = T∈(B∼;α) ∩ F∈(B∼;α)

and

I∈(A∼;β) ∩ F∈(A∼;β) = I∈(B∼;β) ∩ F∈(B∼;β).

Hence(A∼, B∼) ∈ Rα and (A∼, B∼) ∈ Rβ . It follows that
[A∼]Rα

= [B∼]Rα
and [A∼]Rβ

= [B∼]Rβ
. Thusϕ∗α andϕ∗β

are injective. Consider the(∈, ∈)-neutrosophic ideal0∼ := (0T ,
0I , 1F ) of X which is given in the proof of Theorem3.12. Then

ϕ∗α ([0∼]Rα
) = ϕα(0∼) = fα(0∼) ∩ hα(0∼)

= T∈(0∼;α) ∩ F∈(0∼;α) = ∅
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and

ϕ∗β
(
[0∼]Rβ

)
= ϕβ(0∼) = gβ(0∼) ∩ hβ(0∼)

= I∈(0∼;β) ∩ F∈(0∼;β) = ∅.

For any idealI of X, consider the(∈, ∈)-neutrosophic ideal
A∼ = (AT , AI , AF ) of X in the proof of Theorem3.4. Then

ϕ∗α ([A∼]Rα) = ϕα(A∼) = fα(A∼) ∩ hα(A∼)
= T∈(A∼;α) ∩ F∈(A∼;α) = I

and

ϕ∗β
(
[A∼]Rβ

)
= ϕβ(A∼) = gβ(A∼) ∩ hβ(A∼)

= I∈(A∼;β) ∩ F∈(A∼;β) = I.

Thereforeϕ∗α andϕ∗β are surjective. This completes the proof.
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