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1 Introduction vestigated by several researchers.

By a BC'I-algebra, we mean a s&f with a special elemertt
Neutrosophic set (NS) developed by Smarandachg,[50] in- and a binary operatioathat satisfies the following conditions:
troduced neutrosophic set (NS) as a more general platform which
extends the concepts of the classic set and fuzzy set, intuitionfé: (Vz,y,2 € X) (((z*y) * (xx2)) * (2 y) = 0),
tic fuzzy set and interval valued intuitionistic fuzzy set. NeutrcE“) (Va,y € X) (z * (xxy)) *y = 0),
sophic set theory is applied to various part which is refered to the

site my (Ve e X) (zxx=0),

http://fs.gallup.unm.edu/neutrosophy.htm. (V) (Vz,ye X) (zxy=0,yxx=0 = z=y).
Jun et al studied neutrosophic subalgebras/ideals Ifia BCI-algebraX satisfies the following identity:
aBnC(;I[(/])BiOI-aIgebras based on neutrosophic points (see [1], [(\}) (Ve € X) (02 = 0),

In this paper, we characterize én, €)-neutrosophic ideal in athen X is called aBC K -algebra. Any BC K/BCI-algebraX
BCK/BCI-algebra. We show that any ideal inBC' K/BCI- satisfies the following conditions:
algebra can be realized as level neutrosophic ideals of some

(€, €)-neutrosophic ideal. We investigate the relation between (Vz € X) (z 0 =z), (2.1)
(€, €)-neutrosophic ideal anfe, €)-neutrosophic subalgebra r<y = zxz<y*z -
in a BCK-algebra. We provide conditions for afe, €)- (Vz,y,2 € X) <y = zky<zkz )’ (2.2)
neutrosophic subalgebra to bésg €)-neutrosophic ideal. Using (Va2 € X) (zsy) # 2 = (3%2) +y), 2.3)

a collection of ideals in &8CK/BCI-algebra, we establish an
(€, €)-neutrosophic ideal. We discuss equivalence relations on  (V4, 4,2 € X) ((z % 2) # (y * 2) < w xy) (2.4)

the family of all -neut hic ideals, and i tigate re- . .
Iateeda[;rrl:)};;grtizs(e’ €)-neutrosophic ideals, and investigate rG\}/vhere:zc < yifandonly if z x y = 0. A nonempty subsef of a

BCK/BCI-algebraX is called asubalgebreof X if z xy € S
forall z,y € S. A subsetl ofa BOCK/BC1I-algebraX is called

2 Preliminaries anideal of X if it satisfies:
A BCK/BCI-algebra is an important class of logical algebras 0el, (2.5)
introduced by K. I&ki (see [2] and [3]) and was extensively in- VeeX)Vyel)(zxyel = xzel). (2.6)
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We refer the reader to the books [],for further information
regardingBC K/ BCI-algebras.

For any family{a; | ¢ € A} of real numbers, we define

\/{ai | i€ A} :=sup{a; | i € A}
and

Ndai i€ A} :=inf{a; | i € A},

If A ={1,2}, we will also usez; V as anda; A as instead of
VH{a; | i € A} andA{a; | i € A}, respectively.

Let X be a non-empty set. Aeutrosophic sefNS) in X (see
[9]) is a structure of the form:

Ao = {{2: Ar(2), Ar (), Ap(2)) | « € X}

where Ay : X — [0,1] is a truth membership function
A; : X — [0,1] is an indeterminate membership function, al
Ar : X — [0,1] is a false membership function. For the sake
simplicity, we shall use the symbdl.. = (A, A;, Ar) for the
neutrosophic set

Ao = {{z; Ar(z), Ar(z), Ap(z)) | © € X}.

Given a neutrosophic set.. = (Ar, A;, Ar) in a setX,
a, 8 € (0,1] and~y € [0, 1), we consider the following sets:

Te(Avsa) :i={z € X | Ar(z) > a},
Ie(Av; B) = A{z € X [ As(x) = B},
Fe(Av;y) i ={z e X | Ap(z) <~}

We sayTc(A-; ), Ic(Av; B) and Fe (A~ ;) areneutrosophic
€-subsets.

A neutrosophic setd.. = (Ar,A;, Ar) in a BCK/BCI-
algebraX is called an(e, €)-neutrosophic subalgebraf X (see
[5]) if the following assertions are valid.

€ Te(Avian), y € Te(Avs ay)
= axy € Tc(Av; oz N ay),

v € Ic(Av; Be), y € Ie(A; By)
= xxy € Ic(A; By A By),

T € Fe(Av;va), y € Fe(Avsyy)
= %y € Fe(Av;vz V)

(Va,y € X) 2.7)

forall ag, ay, Bz, By € (0,1] and~y,, v, € [0,1).

A neutrosophic setd.. = (Ar,A;, Ar) in a BCK/BCI-
algebraX is called an(e, €)-neutrosophic ideabf X (see [7])
if the following assertions are valid.

) (2.8)

(VxEX)(

x€Te(Av;az) = 0€ Te(An; )
S IG(A“‘;ﬁm) = 0¢€ IE(AN;ﬂx)
z € Fe(Avive) = 0€ Fe(Av;va)

and

rxy € Te(Avsag), y € Te(An; ay)
= e Te(Av;ag Nay)

v xy € Ie(Av; Ba), y € Ic(An; By)
= x € Ic(Av; Ba N By)

rxy € Fe(Av;va), y € Fe(An;yy)
=z € Fc(Av; vz Vyy)

(Vz,y € X)

2.9)

for all oy, vy, Bz, By € (0,1] @and-y,, vy, € [0,1).

3 (€&, €)-neutrosophic subalgebras and

ideals

We first provide characterizations of g, €)-neutrosophic
ideal.

r']'gheorem 3.1. Given a neutrosophic set.. = (Ar, Ar, Ar)in

BCK/BCTI-algebra X, the following assertions are equiva-

(1) A~ = (Ar, A1, Ar) is an(g, €)-neutrosophic ideal oX .

(2) A. = (Ar, A;, Ar) satisfies the following assertions.
( Ar(0) > Ap(z), )
Ar(0) < Ar(z)

and
( Ar(z) > Ar(z *y) A Ar(y) )
(Vz,y € X) | Ar(z) = Ar(z*y) AN Ar(y) (3.2)
Ap(z) < Ar(zxy) V Ar(y)

Proof. Assume thatA.. (Ap, A1, Ap) is an (g€, €)-
neutrosophic ideal ofX. Suppose there exist b,c € X be
such thatAr(0) < Ar(a), A7(0) < Ar(b) and Ap(0) >
Ap(c). Thena € Tc(Av;Ar(a)), b € Ic(Av; Ar(b)) and
c € Fe(A; Ar(c)). But

0¢ Te(Av; Ar(a)) NIe(Av; Ar(b)) N Fe(An; Ap(c)).

This is a contradiction, and thudr(0) > Ar(x), A;(0) >
Aj(z) and Ap(0) < Ap(z) for all x € X. Suppose that
AT(IL') < AT(IC * y) N AT(y), A[(a) < A[(a * b) N A](b)
andAp(c) > Ap(cxd) vV Ap(d) for somez, y, a,b, ¢,d € X.
Takinga := Ar(zxy)ANAr(y), B := Ar(axb) AAr(b) andy :=
Ap(cxd)V Ap(d) imply thatzxy € Te(Av; ),y € Te(Av; @),
axb € Ic(A;B),b € Ic(Av;B), cxd € Fc(Av;v) and
d € Fe(Av;). Butz ¢ Te(Av;a), a ¢ Ic(A-;B) and
¢ ¢ Fc(A~;~). Thisis impossible, and so (3.2) is valid.
Conversely, supposé.. = (Ar, A;, Ar) satisfies two con-
ditions (3.1) and (3.2). For any,y,z € X, leta, 5 € (0,1]
andy € [0,1) be such that € Te(A-; ),y € Ic(A; 3) and
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z € Fe(A~;7). Itfollows from (3.1) thatdr(0) > Ar(z) > «,

Ar(0) > As(y) > B andAp(0) < Ap(z) < 7 and so that
0eTc(Av;)NIc(Av; B)NFe(Av;y). Leta, b, e, d,z,y € X

be such thatt x b € Tc(Av;a,), b € Te(Av;ap), cxd €

Ie(Av;Be), d € Ie(AviBa), v xy € Fe(Av;v:), andy €

Fe(A~;ny) for aq, o, Be, Ba € (0,1] and~,, v, € [0,1). Us-

ing (3.2), we have

AT( ) > AT(a* b) /\AT(b) > g N\ ap
A[(C)>A[(C*d)/\A[( )Z /\ﬁd
Ap(z) < Ap(zxy) VvV Ap(y )<%\/7y

Hencea € Tc(Av;aq A ), ¢ € Ic(A; B A Bq) andax €
Fe(Av;vz V). Therefored., = (Ap, Ar, Ar) is an(e, €)-
neutrosophic ideal ok . O

Theorem 3.2. Let A,

= (Ar, A;, Ar) be a neutrosophic set

that

AT(.%') < AT(;E * y) A AT(y),
A[(G) < AI(a*b)/\A[(b),
Ap(u) > Ap(uxv)V Ap(v)

for somezx, y,a,b,u,v € X. Takinga := Ar(x xy) A Ar(y),
B :=Ar(a*b) NAr(b) andy := Ap(u=*v) vV Ap(v) imply that
a,f € (0,1],y €[0,1), xxy € Te(Av;a),y € Te(Av; ),
axb € Ic(A;0),b € Ic(Av;8), uxv € Fe(Av;y) and
v € Fe(Av;n). Butz ¢ Te(Av; ), a ¢ Ie(Av; 3) andu ¢
Fc(A-;~). Thisis a contradiction sSinCB- (A ; «), Ic(A~; )
andF¢ (A ;) are ideals ofX. Thus

Ar(z) > Ar(z *y) A Ar(y),
Ar(w) > Ar(z xy) A Ar(y),
Ap(z) < Ap(zxy) V Ap(y)

ina BCK/BC1I-algebraX. Then the following assertions are

equivalent.

(1) A~ = (Ap, A;, Ap)is an(€, €)-neutrosophic ideal ok

(2) The nonempty neutrosophice-subsets Te(A; ),
Ic(A.;B8) and Fc(A.;vy) are ideals of X for all
a,B € (0,1l andy € [0,1).

Proof. Let A = (Ar, A1, Ar) be an(e, €)-neutrosophic ideal
of X and assume th&8t-(A; «), Ic(A~; 8) andFc (A ;) are
nonempty fora, 5 € (0,1] and~ € [0,1). Then there exist
x,y,2z € X suchthatr € Tc(Av;a), y € Ic(A;8) andz €
Fe(A; ). It follows from (2.8) that

0€Te(Av;a) NIe(Av; B) N Fe(Avsy).
Let z,y,a,b,u,v € X be such thatr x y € Tc(A;q),

y € Te(Av;a), axb € Ic(Av;B), b € Ie(Av;B), uxv €
Fc(Av;y)andv € Fc(A;y). Then

Ar(x) > Ar(zxy) NAr(y) > aha =«
Ar(a) > Ar(axb) NA(b) > BAB=0
Ap(u) < Ap(uxv)V Ap(v) <yVy=17y

by (3.2), and sox € Tc(A~;a), a € I(A-;0) a

u € Fe(A~;7). Hence the nonempty neutrosopkﬂesubsets
Tc(Av;a), Ic(Av; B) and Fe(A~; ) are ideals ofX for all
a,f € (0,1] andy € [0,1).

Conversely, letA.. = (Ar, A;, Ar) be a neutrosophic
set in X for which Te(Av;a), Ic(A;B) and Fe(Av;v)
are nonempty and are ideals &f for all a,3 € (0,1] and
v € [0,1). Assume thatdr(0) < Ar(z), Ar(0) < Ar(y)
and Ap(0) > Ap(z) for somez,y,z € X. Thenz €
Te(Av; Ar(2)), y € Ie(Av; Ar(y)) andz € Fe(Av; Ap(2)),
that is, Tc(A; @), Ic(A~; ) and Fc(A.;~) are nonempty.
But0 ¢ Te(Av; Ar(x)) N Ie(Av; Ar(y)) N Fe(Av; Ap(2)),
which is a contradiction sinc&c: (A-; Ar(z)), Ic(Av; Ar(y))
and F¢(A.; Ap(z)) are ideals ofX. HenceAr(0) > Ar(x),
Ar(0) > Aj(xz) andAp(0) < Ap(z) forallz € X. Suppose

for all x,y € X. ThereforeA. = (Ar, A;, Ar) is an (€,
€)-neutrosophic ideal oK by Theorens.1. O

Proposition 3.3. Every (€, €)-neutrosophic idealA.
(Ar, A;, Ar) of a BCK/BC1I-algebra X satisfies the follow-
ing assertions.

(Va,y € X) (mgy:{

(Vz,y,2 € X) (gc*ygz =

(3.3)

Proof. Letx,y € X be such that < y. Thenz * y = 0, and so

Ar(z) > Ar(zxy) N Ar(y) = AT(O)AAT(y)=AT(y)7
Ar(z) = Ar(zxy) A Ar(y) = Ar(0) A Ar(y) = Ar(y),
Ap(z) < Ap(x*y) V Ar(y) = Ar(0) V Ar(y) = Ar(y)

by Theorem3.1. Hence (3.3) is valid. Let,y,z € X be such
thatx * y < z. Then(z x y) * z = 0, and thus

Ar(z) = Ar(z +y) A Ar(y)
> (Ar((z xy) * 2) N Ap(2)) A Ar(y)
> (Ar(0) A Ar(2)) A Ar(y)
> Ar(z) N Ar(y),
Ar(z) > Ar(zxy) AN Ar(y)
1((zxy) = 2) NAr(z)) N Ar(y)
( )N AL(2)) N Ar(y)
z) NAr(y)

’:.;

A

—~

(AVARAVAR VARV

h>

G. Muhiuddin, H. Bordbar, FSmarandache, Y.B. Jun, Further results on &xneutrosophic subalgebras amteals

in BCK/BCI-algebras



Neutrosophic Sets and Systems, Vol. 20, 2018

39

and

Ap(z) < Ap(zxy) V Ar(y)
Ar((z*xy) x2)V Ar(2)) V Ar(y)
A ( )V Ap(2)) V Ar(y)

z)V Ar(y)

—

VAN VAN VAN VAN

{L
A*q

by Theorens.1.

Theorem 3.4. Any ideal of aBC' K/ BCI-algebraX can be re-
alized as level neutrosophic ideals of sofre €)-neutrosophic
ideal of X.

Proof. Let I be an ideal of aBCK/BCI-algebraX and let

A. = (Ar, A;, Ar) be a neutrosophic set iX given as fol-
lows:
a ifzel,
Ar: X —[0,1], 20— { 0 otherwise,
6 ifxel,
Ar: X - [0, { 0 otherwise,
. ~ ifzel,

Ap X =01, { 1 otherwise
where(a, 3, ) is a fixed ordered triple if0, 1] x (0,1] x [0, 1).
ThenTec(Av;a) = I, Ic(Au;B) = 1 andFe(AN,y) = I
Obviously,AT( ) > Ar(z), Ar(0) > Ar(z) and Ap(0) <

t

Ap(x)forallz € X. Letz,y € X. If x xy € I andy € I, then
x € 1. Hence

Ar(z xy) = AT(Z/) Ar(z) = a,
Ar(z xy) = Ar(y) = Ar(z) = 3,
Ap(zxy) = Ap(y) = Ar(z) =7,
and so
Ar(z) > Ar(z *y) A Ar(y),
Ar(x) > Ar(z xy) AN Ar(y),
Ap(r) < Ap(z*y) vV Ar(y).

If z+xy ¢ I andy ¢ I, then

Ar(zxy) =
Ar(z xy) =
Ap(xzxy) =

Ar(y) =
Ar(y) =
Ar(y)

Thus

zxy) A Ar(y),
rxy) AN Ar(y),

(x*xy)V Ap(y).

> Ar
> Aq(
< Ap

If zxy € Iandy ¢ I, then

Ar(xxy) = aandAr(y) =0,
Ar(zxy) = gandA;(y) = 0,
Ap(x*xy) =vyandArp(y) = 1,

It follows that

Ar(z) 20 = Ap(z xy) A Ar(y),
Ar(w) > 0= Ar(z xy) AN Ar(y),
Arp(z) < 1= Ar(z*xy)V Ap(y).

Y

Similarly, if x x y ¢ I andy € I, then

Ar(x) > Ap(z +y) A Ar(y),
A[(.’lﬁ) Z A[(SL’ * y) N A[(y),

ThereforeA.. = (Ar, Ar, Ar) is an(€, €)-neutrosophic ideal
of X by Theorens.1. This completes the proof. O

Lemma 3.5 ([5]). A neutrosophic sefl.. = (Ar, A7, Ar)ina
BCK/BCI-algebraX is an(e, €)-neutrosophic subalgebra of
X ifand only if it satisfies:

) . (3.5)

Theorem 3.6. In a BCK-algebra, every(€, €)-neutrosophic
ideal is an(e, €)-neutrosophic subalgebra.

Ar(z*y) > Ar(z) N Ar(y)
Ar(z*xy) > Ar(z) A Ar(y)

(Va,y € X) (
Ar(zxy) < Ap(x) V Ap(y)

Proof. Let A = (Ar, A, Ar) be an(e€, €)-neutrosophic ideal
ofaBCK-algebraX. Sincerxy < xforall z,y € X, it follows
from Propositior3.3and (3.2) that

Ar(z*y) 2 Ar(z) = Ap(z xy) A Ar(y) = Ar(z) A Ar(y),
Ar(zxy) > Ar(z) > Ar(zxy) ANAr(y) > Ar(z) A Ar(y),
Ap(zxy) < Ap(z) < Ap(zxy) V Ar(y) < Ap(z) V Ar(y).

ThereforeA.. = (Ar, A1, Ar) is an(€, €)-neutrosophic subal-
gebra ofX by Lemma3.5. O

The following example shows that the converse of Theorem

3.6is not true in general.

Example 3.7. Consider a seX = {0,1,2,3} with the binary
operation« which is given in Tablel.
Then(X;«,0) is aBCK-algebra (see [6]). Lefi .
Ar) be a neutrosophic set i defined by Table
It is routine to verify thatd.. = (Ar, Ar, Ar) is an(e, €)-
neutrosophic subalgebra of. We know that/-(A.;3) is an
ideal of X forall 8 € (0,1]. If « € (0.3,0.7], thenT¢ (A~; ) =
{0,1,3} is not an ideal ofX. Also, if v € [0.2,0.8), then
Fc(Ao;v) = {0,1,3} is not an ideal ofX. ThereforeA..
(Ar, A;, Ar) is not an(e, €)-neutrosophic ideal X by The-
orem3.2.

- (AT7 AIv
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. i i t :
Table 1: Cayley table for the binary operation “+” NG tWo cases

N 0 1 B 3 a=\/{ie A" |i<a}anda # \/{i e A" |i<a}.

0 0 0 0 0 ) N

1 1 0 0 1 First case implies that

; § :1,) g (2) x€Tc(Av;a) & x e Dforalli < « (3.9)

@I’EQ{D1|Z<OL}

Hencelc(A.;a) = N{D; | i < a}, whichis an ideal ofX. For
the second case, we claim thHat(A;a) = U{D; | i > a}.

Table 2: Tabular representation.df. = (Ar, A;, A ) )
P (Ar, Ar, Ar) If € U{D; | i > a}, thenz € D, for somei > «. Thus

X Ar(z) Ar(z) Ap(x) Ar(z) >i> a,and s € Te(Av;a). If x ¢ U{D; | i > a},
0 0.7 0.9 0.2 thenz ¢ D, foralli > . Sincea # \/{i € AT | i < a},
1 0.7 0.6 0.2 there existg > 0 such thala — ¢,) N AT = (). Hencer ¢ D;
2 0.3 0.6 0.8 for all i > o« — ¢, which means that it € D, theni < o — «.
3 0.7 0.4 0.2 ThusAr(z) < a —e < o, and sar ¢ Te(A~;«). Therefore

Te(Av; o) = U{D; | i > a} which is an ideal ofX since{Dy,}
forms a chain. Similarly, we can verify that (A ; 3) is an ideal

) N _ of X. Finally, we consider the following two cases:
We give a condition for afie, €)-neutrosophic subalgebra to

be an(e, €)-neutrosophic ideal. = /\{j e A |y < j}andy # /\{j e AF |y <j}.

Theorem 3.8. Let A.. = (Ar, A;, Ar) be a neutrosophic set
ina BCK-algebraX. If A. = (Ap, A7, Ap) is an (g, €)-
neutrosophic subalgebra of that satisfies the conditiog8.4), z € Fe(Av;y) & x e Djforallj >y

then it is an(e, €)-neutrosophic ideal oX . saeeniD,|j > (3.10)

For the first case, we have

Proof. Takingz = y in (3.5) and using (IIl) induce the condition

: : and thusFe (A;v) = N{D, | 7 > ~} which is an ideal ofX.
(3.1). Sincer x (x*xy) < yforallz,y € X, it follows from (3.4) The second case implies tht (A:) = U{D; | j < ~}. In

that fact, if € U{D; | j < v}, thenz € D; for somej < ~. Thus
Ap(z) > Ap(z «y) A Ap(y), Ap(z) < j < v, thatis,z € Fe(A~;v). HenceU{D; | j <
Ar(z) > Ar(z x y) N Ar(y), 7} C Fe(Av;y). Nowif o ¢ U{D; | j < v}, thenz ¢ D; for
Ap(z) < Ap(z+y) V Ar(y) all j < . Sincey # A{j € AT | v < j}, there existg > 0

such thaty, y+)NAT is empty. Hence ¢ D; forall j < y+e,
for all z,y € X. ThereforeA. = (Ar, A;, Ap)is an(e, andsoifr € D;,thenj > vy+e. ThusAp(z) > v+¢ > v, and
€)-neutrosophic ideal ok by Theorens.1. O hencer ¢ Fe(A~;v). ThusFe(Av;y) CU{D; | j <~}, and

) thereforeFc (A;v) = U{D; | j < v} which is an ideal ofX.
Theorem 3.9. Let{D;, | k € AT U AT U AT} be a collection of Consequentlyd.. — (Ar, /Jlu Ap) is an(e, €)-neutrosophic
ideals of aBC'K/BCI-algebra X, whereA”, A" and A" are 4oa of ¥ by Theorens.2. O

nonempty subsets ff, 1], such that

T I F A mappingf : X — Y of BCK/BCI-algebras is called
X={DalacA }U{Ds|[BeA}U{Dy|7vEA (}3’6) a homomorphisnif f(z % y) = f(z)  f(y) for all z,y € X.
: Note that if f : X — Y is a homomorphism oBCK/BC1I-
(Vi,j e A"UANM UAF) (i > 5 & D;C Dy). (3.7) algebras, therf(0) = 0. Given a homomorphisnf : X — Y
of BCK/BC1I-algebras and a neutrosophic get = (Ar, Aj,
LetA. = (A7, A;, Ar) be a neutrosophic set iX defined as Ap)in'Y, we define a neutrosophic séf. = (A%, A{, Aj;) in
follows: X, which is called thénduced neutrosophic set, as follows:
Ar: X = [0,1], z— V{a € AT |z € D,},

Ar: X — 00,1, = \/{Be€ Al |z € Dg}, (3.8)
Ap: X — 0,1, z— AN{y € AF |z € D,}.

Al X —[0,1], z — Ap(f(2)),
AT X —[0,1], z — Af(f(2)),
AL X —[0,1], @ — Ap(f(z)).

Theorem 3.10. Let f : X — Y be a homomorphism of
Proof. Leta, 5 € (0,1]andy € [0,1) besuchthalc (A.; ) # BCK/BCI-algebras. IfA. = (Ar, A1, Ap) is an (€,
0, Ic(A~; B) # 0 andFc(A~;y) # 0. We consider the follow- €)-neutrosophic ideal ot”, then the induced neutrosophic set

ThenA. = (Ar, Ar, Ar) is an(&, €)-neutrosophic ideal oX .
[0,
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Af = (AL A Al)in X is an(e, €)-neutrosophic ideal ok .

Proof. For anyz € X, we have

Al (2) = Ar(f(2)) < Ap(0) = Ar(£(0)) = AL(0),
Al(@)=A <aw<Awn=mum»=Aﬁw
AL(z) = Ap(f(x)) > Ap(0) = Ap(f(0)) = AL(0)

Letx,y € X. Then

and

=Ap(f(z) = f(y) vV Ar(f(y))

> Ap(f(2)) = A% (2)
ThereforeA!, = (Af., A, AL)is an(e, €)-neutrosophic ideal for all A,
of X by TheorenB.1. O

Theorem 3.11.Let f : X — Y be an onto homomorphism o
= (Ar, Ar, Ar) be a neutro-

BCK/BCI-algebras and led.,

sophic set irf”. If the induced neutrosophic sdf, = Af Af

I

A{;) in X is an(e, €)-neutrosophic ideal ok, thenA.. = (AT,
Aj, Ar)is an(eg, €)-neutrosophic ideal of".
Proof. Assume that the induced neutrosophic 8¢t = (A7,

Al ATYin X is an (€, €)-neutrosophic ideal of¢. For any
x €Y, there existss € X such thatf(a) = x sincef is onto.
Using (3.1), we have

Ar(z) = Ar(f(a)) = Al(a) < AL(0) = Ar(£(0)) = Ar(0)
Ar(z) = Ar(f(a)) = Af(a) < AJ(0) = Ar(£(0)) = A;(0),
Ap(z) = Ap(f(a)) = AL(a) > AL(0) = Ap(f(0)) = Ap(0)

Letz,y € Y. Thenf(a) = x and f(b) = y for somea,b € X.
It follows from (3.2) that

and

ThereforeA.. = (Ar, A7, Ar) is an(€, €)-neutrosophic ideal
of Y by Theorens.1. O

Let Vic,e)(X) be the collection of al(€, €)-neutrosophic
ideals of X and leta, 8 € (0,1] and~y € [0,1). Define binary
relationsR§, Rf andR}. on N ¢ (X) as follows:

AIR’?BI & Ic(Av; B) = Ie(B; B)
ArREBr & Fe(Av;y) = Fe(Ba;v)

(3.11)

= (AT, A[, AF) and B. = (BT, By, BF) in
/\/(e,e)(X)-

Clearly R$, RY and R}, are equivalence relations on

(ee X. For anyA. = (Ar, A, Ap) € N o)(X),
~]r (resp., [A.]; and [A.]r) denote the equivalence
class ofA. = (Ar, A1, Ap) in Nic ¢)(X) underR$ (resp.,

R} andR},). Denote byN ¢ ¢)(X)/R%, Nic.c)(X)/R} and
N(e,e)(X)/R}. the collection of all equivalence classes under

R$, RY andR7,, respectively, that is,

Nee)(X)/Rs = {[A-]r | A~
Nie.o)(X)/R] = {[A]1 | Ax
N(e,e)(X)/R} = [AN}F | A

Now let Z(X

= (Ar, A1, Afp) € Me,e)(X)v
= (ATaAvaF) € MG,G)(X)'
= (ATvAIaAF) € -A/(E,E)(X)'

) denote the family of all ideals oX. Define

' mapsf,, g andh,, from N ¢)(X) to Z(X) U {0} by

fa(AL) =Te(Avsa), gp(An) = Ie(Av; B) and

hy(Ax) = Fe(Ax;7),
respectively, for allA. = (Ar, A7, Ar) in N ¢)(X). Then
far g3 andh., are clearly well-defined.

Theorem 3.12. For any«, 5 € (0,1] and~ € [0,1), the maps
far gp @andh., are surjective fromV¢ ¢y (X) to Z(X) U {0}.

Proof. Let0.. := (07, 07, 1r) be a neutrosophic set i where
Or, Oy and 1p are fuzzy sets inX defined byOr(z) = 0,

01( ) = 0andlg(z) = 1 for all z € X. Obviously,
= (0, 07, 1p) is an (€, €)-neutrosophic ideal ofX.
Also fa(0~) = Te(0ns0) = 0, g5(0~) = Ic(0~;8) =
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and h,(0~) = Fe(0~;y) = 0. For any ideall of X, let Proof. Consider thge, €)-neutrosophic ided.. := (07, Oy,
A. = (Ar, A1, Ar) be the(g, €)-neutrosophic ideal o 1) of X which is given in the proof of Theoref12. Then
in the proof of Theoren3.4. Thenf,(A.) = Te(Av; ) = I,

98(A) = Ie(Av;B) = T andhy(A) = Fe(Aw;y) = 1. $al02) = fa(0~) Nha(0) = Te(0~; ) N Fe (005 0) =0,
Thereforef.,, g5 andh., are surjective. O #s(0~) = g5(0~) Nhg(0~) = Ie(0~; B) N Fe(0~; 8) = 0.

. ., For any ideall of X, consider the(c, €)-neutrosophic ideal
Theorem ~ 3.13. The quotient sets N(G’e)_(X)/R " Ao = (Ar, A7, Ap) of X in the proof of Theorens.4. Then
N(e,e)(X)/Rg and N e (X)/R}, are equivalent to
Z(X)U {0} foranya, 8 € (0,1] andy € [0, 1). Val(A) = fa(AL) Nho(AL)

Proof. Let A = (Ap, A, Ap) € Nic,¢)(X). Foranya, 5 € = TelA~ia)nFe(Ania) =1

(0,1) andy € [0,1), define and
fi: Neoy(X) /R — T(X) U {0}, [A]r — fa(AL), (AL) = gs(A) Nha(AL)
95+ Nie.o)(X)/RY = Z(X) U{0}, [A]r = gs(A), - Ziz(AN;ﬂ) ﬁﬁFe(AN;ﬁ) =1

h:: Nie,e)(X)/RE — Z(X) U {0}, [Al]p — hy(AL).

Y

Thereforep, andyg are surjective. O
Assume thatf,(A~) = fa(B~), g8(A~) = gp(B~) and

hy(A~) = hy(B.) for B. = (Br, Br, Br) € Ne)(X).
ThenTe(Av;a) = Te(Bwja), Ie(Av; B) = Ie(Bw; f) and
Fe(An;7) = Fe(B.;~) whichimply thatA; R Br, A;RY By
and AFR’]Y?BF Hence [AN]T = [BN}T, [AN][ = [BN]]
and [A.]r = [B.]r. Thereforef;, g5 and h are injec-
tive. Consider thge, €)-neutrosophic idead.. := (0r, Oy,
1r) of X which is given in the proof of Theore®.12. Then
Fa((0-]7) = fa(02) = Te(0~;a) = 0, g5([0~]1) = gs(0~) = Proof. Givena, 3 € (0,1), define two maps;, andyj as fol-
Ie(0~;8) = 0, andh3([0~]p) = hy(0~) = Fe(0-;7) = 0. lows:
For any ideall of X, consider the(e, €)-neutrosophic ideal .

: %:/\/(e,@(X)/%—J(X)U{ },[ ~IRa H%(A )
oy Ao o et mwomad men 3 e TR Bl

()—I(N;ﬂ)—landh*([])—h(fl) o . _
FG(AN,V) _EI Hencef;, g5 andh* arerurjectlve and thehc o ([Ar.) = @5 ([B~]r,) and @B([AN]RLJ) -

proof is over. O #5 ([B-lr,) for all [Al]z,,[Blr, € Nee)(X)/¢a and
[A ]Rg’ [BN]Rﬁ € '/V.(E,E)(X)/Qoﬁ’ then

Theorem 3.15. For any «,8 € (0,1), the quotient sets
Nie,e)(X)/pa and N ¢)(X)/pp are equivalent taZ(X) U

For anya, 8 € [0, 1], we define another relatiorfs, andR FalA) N ha(A) = fa(Bo) N ho(Bo)
on N ¢y (X) as follows:
(e:€)
and
(Av,B.) € Ry & Te(Av;a) N Fe(An; )
=Te(Bio) N Fe(Buia) (599 98(A~) Nhg(AL) = gs(B~) Nhg(B~),
(Av, Br) € Rp & 1e(Av; B) N Fe(Ax; B) i
= Ic(B~; B) N Fe(B-; 3) thatis,
forall A. = (Ar, A;, Ap) and B = (Br, By, Bp) in Te(Av;o) NFe(Avia) = Te(Basa) N Fe(Brs )

N(e,e)(X). Then the relation®,, andR s are also equivalence
relations onV¢ ¢ (X). and

Theorem 3.14. Givena, 3 € (0, 1), we define two maps Ie(Av; B) N Fe(Ani f) = Ie(B~i B) N Fe(Brs )
Hence(A.,B.) € R, and(A.,B.) € Rgs. It follows that
a M X)u{n B
po: Mee(X ) (f EA {) b ha(AL), [A-lr, = [B.lr, and[AJz, = [B~lr,. Thusy; andyj
o5 Nic o (X ) 7(x) U {0}, (3.13) are injective. Consider thes, €)-neutrosophic idedl .., := (07,
e s g(A) N hg(AL) 07, 1r) of X which is given in the proof of Theoreﬁllz Then
for eachA. = (A7, A1, Ar) € Nic,e)(X). Theny, and g o ([0~]Ro) = Pa(0~) = fa(0~) N ha(0~)
are surjective. =Tc(0o;a) N Fe(0;a) =0
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and

¢ ([0~]r,) = ©5(0~) = ga(0~) N he(0.)
= Ie(O~§ﬁ) N Fe(0; 8) = 0.

For any ideall of X, consider the(e, €)-neutrosophic ideal
A. = (Ar, A;, Ap) of X in the proof of Theoren3.4. Then

Pa ([AN]RQ) = pa(An) = fo(AL) Nha(AL)
=Tc(Av;a)NFe(Av;a)=1

and

o5 ([Ax]r,) = 0p(An) = gs(A) Nhp(AL)

=Ic(Av; )N Fe(Av; B) = I

Thereforep?, andyj; are surjective. This completes the proof.
O
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