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Abstract: In this paper we provide an application of neutrosophic bipolar fuzzy sets in daily
life’s problem related with HOPE foundation that is planning to build a children hospital, which
is the main theme of this paper. For it we first develop the theory of neutrosophic bipolar fuzzy
sets which is a generalization of bipolar fuzzy sets. After giving the definition we introduce some
basic operation of neutrosophic bipolar fuzzy sets and focus on weighted aggregation operators in
terms of neutrosophic bipolar fuzzy sets. We define neutrosophic bipolar fuzzy weighted averaging
NV 5F WA) and neutrosophic bipolar fuzzy ordered weighted averaging (N 5r OWA) operators.
Next we introduce different kinds of similarity measures of neutrosophic bipolar fuzzy sets. Finally
as an application we give an algorithm for the multiple attribute decision making problems under
the neutrosophic bipolar fuzzy environment by using the different kinds of neutrosophic bipolar
fuzzy weighted /fuzzy ordered weighted aggregation operators with a numerical example related
with HOPE foundation.

Keywords: neutrosophic set; bipolar fuzzy set; neutrosophic bipolar fuzzy set; neutrosophic bipolar
fuzzy weighted averaging operator; similarity measure; algorithm; multiple attribute decision
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1. Introduction

Zadeh [1] started the theory of fuzzy set and since then it has been a significant tool in learning logical
subjects. It is applied in many fields, see [2]. There are numbers of over simplifications/generalization of
Zadeh's fuzzy set idea to interval-valued fuzzy notion [3], intuitionistic fuzzy set [4], L-fuzzy notion [5],
probabilistic fuzzy notion [6] and many others. Zhang [7,8], provided the generality of fuzzy sets as
bipolar fuzzy sets. The extensions of fuzzy sets with membership grades from [—1, 1], are the bipolar
fuzzy sets. The membership grade [—1,0) of a section directs in bipolar fuzzy set that the section
fairly fulfils the couched stand-property, the membership grade ]0,1] of a section shows that the
section fairly fulfils the matter and the membership grade 0 of a section resources that the section is
unrelated to the parallel property. While bipolar fuzzy sets and intuitionistic fuzzy sets aspect parallel
to one another, they are really distinct sets (see [3]). When we calculate the place of an objective
in a universe, positive material conveyed for a collection of thinkable spaces and negative material
conveyed for a collection of difficult spaces [9]. Naveed et al. [10-12], discussed theoretical aspects of
bipolar fuzzy sets in detail. Smarandache [13], gave the notion of neutrosophic sets as a generalization
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of intutionistic fuzzy sets. The applications of Neutrosophic set theory are found in many fields
(see http:/ /fs.gallup.unm.edu/neutrosophy.htm). Recently Zhang et al. [14], Majumdar et al. [15],
Liu et al. [16,17], Peng et al. [18] and Sahin et al. [19] have discussed various uses of neutrosophic set
theory in deciding problems. Now a days, neutrosophic sets are very actively used in applications
and MCGM problems. Bausys and Juodagalviene [20], Qun et al. [21], Zavadskas et al. [22], Chan and
Tan [23], Hong and Choi [24], Zhan et al. [25] studied the applications of neutrosophic cubic sets in
multi-criteria decision making in different directions. Anyhow, these approaches use the maximum,
minimum operations to workout the aggregation procedure. This leads to subsequent loss of data and,
therefore, inaccurate last results. How ever this restriction can be dealt by using famous weighted
averaging (WA) operator [26] and the ordered weighted averaging (OWA) operator [27]. Medina
and Ojeda-Aciego [28], gave t-notion lattice as a set of triples related to graded tabular information
explained in a non-commutative fuzzy logic. Medina et al. [28] introduces a new frame work for
the symbolic representation of informations which is called to as signatures and given a very useful
technique in fuzzy modelling. In [29], Nowakovad et al., studied a novel technique for fuzzy medical
image retrieval (FMIR) by vector quantization (VQ) with fuzzy signatures in conjunction with fuzzy
S-trees. In [30] Kumar et al., discussed data clustering technique, Fuzzy C-Mean algorithem and
moreover Artificial Bee Colony (ABC) algorithm. In [31] Scellato et al.,discuss the rush of vehicles in
urban street networks. Recently Gulistan et al. [32], combined neutrosophic cubic sets and graphs and
gave the concept of neutrosophic cubic graphs with practical life applications in different areas. For
more application of neutrosophic sets, we refer the reader to [33-37]. Since, the models presented in
literature have different limitations in different situations. We mainly concern with the following tools:

(1) Neutrosophic sets are the more summed up class by which one can deal with uncertain
informations in a more successful way when contrasted with fuzzy sets and all other versions
of fuzzy sets. Neutrosophic sets have the greater adaptability, accuracy and similarity to the
framework when contrasted with past existing fuzzy models.

(2)  And bipolar fuzzy sets are proved to very affective in uncertain problems which can characterized
not only the positive characteristics but also the negative characteristics of a certain problem.

We try to blend these two concepts together and try to develop a more powerful tool in the form
of neutrosophic bipolar fuzzy sets. In this work we initiate the study of neutrosophic bipolar fuzzy
sets which are the generalization of bipolar fuzzy sets and neutrosophic sets. After introducing the
definition we give some basic operations, properties and applications of neutrosophic bipolar fuzzy
sets. And the rest of the paper is structured as follows; Section 2 provides basic material from the
existing literature to understand our proposal. Section 3 consists of the basic notion and properties of
neutrosophic bipolar fuzzy set. Section 4 gives the role of weighted aggregation operator in terms of
neutrosophic bipolar fuzzy sets. We define neutrosophic bipolar fuzzy weighted averaging operator
(NBFWA) and neutrosophic bipolar fuzzy ordered weighted averaging (N5 FOWA) operators.
Section 5 includes different kinds of similarity measures. In Section 6, an algorithm for the multiple
attribute decision making problems under the neutrosophic bipolar fuzzy environment by using the
different kinds of similarity measures of neutrosophic bipolar fuzzy sets and neutrosophic bipolar
fuzzy weighted /fuzzy ordered weighted aggregation operators is proposed. In Section 7, we provide
a daily life example related with HOPE foundation, which shows the applicability of the algorithm
provided in Section 6. In Section 8, we provide a comparison with the previous existing methods. In
Section 9, we discuss conclusion and some future research directions.
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2. Preliminaries

Here we provide some basic material from the literature for subsequent use.
Definition 1. Let ) be any nonempty set. Then a bipolar fuzzy set [7,8], is an object of the form
B = (u, (u"(u), p~(u) :u € ),

and yt (u) : Y — [0,1) and u= (u) : Y — [—1,0], u*(u) is a positive material and pu~ (u) is a negative
material of u € Y. For simplicity, we donate the bipolar fuzzy set as B = (u*, u~) in its place of B =
(w, (ur(u), p= (W) :u €d).

Definition 2. Let By = (", py ) and By = (uy , yi5 ) be two bipolar fuzzy sets [7,8], on Y. Then we define
the following operations.

(1) B/l ={(1—pf (u),-1—py (u)};
(2)  ByUBy = (max(py (u), puy (u)),min(py (u),py (u)));
(3)  BiNBy = (min(pi (u),py (u)), max(py (1), py (u))).

Definition 3. A neutrosophic set [13], is define as:
L = {(x, Trur(x),Ind;(x),Fal; (x)) : x € X},

where X is a universe of discoveries and L is characterized by a truth-membership function Trup : X —]0~,17],
an indtermency-membership function Indy : X —]0~,17 [ and a falsity-membership function Fal : X —
10~, 17 [ such that 0 < Truy (x) + Indp(x) + Falp(x) < 3.

Definition 4. A single valued neutrosophic set [16], is define as:
L = {(x, Trup(x), Ind;(x), Fal; (x)) : x € X},

where X is a universe of discoveries and L is characterized by a truth-membership function Truy : X — [0,1],
an indtermency-membership function Indy, : X — [0,1] and a falsity-membership function Faly, : X — [0,1]
such that 0 < Trup (x) 4+ Indp(x) + Falp(x) < 3.

Definition 5. Let [16]
L = {(x, Trup(x),Ind;(x),Fal (x)) : x € X},

and
B = {(x, Trup(x), Indp(x), Falg(x)) : x € X},

be two single valued neutrosophic sets. Then

(1) L C Bifandonly if Trup (x) < Trug(x), Indp(x) < Indg(x), Faly(x) > Falp(x).
(2) L= Bifandonly if Trup (x) = Trup(x), Indy (x) = Indg(x),Faly(x) = Falg(x), for any x € X.
(3)  The complement of L is denoted by L® and is defined by

L° = {(x,Fal;(x),1— Indy(x), Tru.(x)) /x € X}.
(4)  The intersection

LN B = {{x,min {Truy (x), Trug(x)}, max {Indy(x), Indg(x)},max {Faly(x), Falg(x)}) : x € X}.
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(5)  The Union

LUB = {(x,max{Trup(x), Trug(x)}, min{Ind(x), Indg(x)},min{Fal(x), Falg(x)}) : x € X}.

Definition 6. Let A; = (Truy, Indy, Faly) and Ay = (Truy, Indy, Fal,) be two single valued neutrosophic
number [16]. Then, the operations for NNs are defined as below:

(1) A= <
(2 A} = (Trul,1— (1 - Ind))",1— (1 - Faly)");

(3) A+ Ay = (Truy + Truy — Truy Truy, Ind, Ind,, Fal Fal,);
(4)  A1Ay = (TruiTruy, Ind, + Ind,_Ind,Indy, Faly + Fal, — Fal Fal,) where A > 0.

1~ (1= Tru ), Indy}, Fal});

Definition 7. Let A; = (Truy, Indy, Faly) be a single valued neutrosophic number [16]. Then, the score
function s(A1),accuracy function L(Ay), and certainty function c(A1), of an NNs are define as under:

(1) s(Ay) = Trutl-Indi 1 Fal))
(2)  L(Ay) = Truy — Faly;
(3) C( ~1

) = Trul.

3. Neutrosophic Bipolar Fuzzy Sets and Operations

In this section we apply bipolarity on neutrosophic sets and initiate the notion of neutrosophic
bipolar fuzzy set with the help of Section 2, which is the generalization of bipolar fuzzy set. We also
study some basic operation on neutrosophic bipolar fuzzy sets.

Definition 8. A neutrosophic bipolar fuzzy set is an object of the form N5 = (NB+, N'B~) where

NBH =, (Trupese, Ind s, Fal sy ) cu €)),
NB- = (u,(Truyrs—, Indys-, Falys-) :u€)),

where Tru s+, Ind s, Fal 51 : Y — [0,1] and Truys-, Ind s, Fal - Y — [—1,0].

Note: In the Definition 8, we see that a neutrosophic bipolar fuzzy sets N8 = (NB+ NB7),
consists of two parts, positive membership functions A5+ and negative membership functions A5~
Where positive membership function A5+ denotes what is desirable and negative membership
function A5~ denotes what is unacceptable. Desirable characteristics are further characterize as:
Tru s+ denotes what is desirable in past, Ind s+ denotes what is desirable in future and Fal 5+
denotes what is desirable in present time. Similarly Tru,s- denotes what is unacceptable in
past, Ind B denotes what is unacceptable in future and Fal NB- denotes what is unacceptable
in present time.

Definition 9. Let NP = (NPT, N57) and NP = (NPT, NE~) be two neutrosophic bipolar fuzzy sets.
Then we define the following operations:

1) NE = {{(1=Truys., 1~ Indyss., —1 — Falyw, and 1= Truyes 1~ Indys, 1 - Falys- ) |;
1 1 1 1 1 1
(2)

NlBU/\/’zB :< max(TruNlm,TruNzg+),max(1ndNF+,Inszm),mln(FalNlm,Falsz), >;

max(Trungf, TmNZB’ ), max(InleB,, Inszg, ), min(Fulng,, F“INZB* )
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(3)

ngﬁNB :< min(TruNlm,Trusz),min(Inlem,Inszm),max(Pal/\/lB+,Fule+), >

min(Trung,, TruNf, ),min(Inleg,, Inszgf),max(Palng,, PalNZB* ).

Definition 10. Let NP = (NBT, NB~) and NB = (NP, N ) be two neutrosophic bipolar fuzzy sets.
Then we define the following operations:

(1)
,/\/’15‘*‘ @_/\/’25“‘ _ < T"”/\/l3+ + Trusz — TruN1B+ . Truszs+,Inleg+ + Inszm — Inles+ . Inszm, >,
—(‘Fulleg+ -’Falsz )
and
/\/'13’ @/\/'ZB* _ < Trung, + TruNzg, — Trung, -TruNzgf,Inlegf +IndN237 — Inlegf -Inszgf, >;
f(‘Fullef‘ . ‘FulNZB,’)
(2)
NBY @NET = <Trung+ . Trusz,Inlem -Inszzs+,Fal/\/15+ +FalN25+ - ()Falj\/lm . ‘Fal/\ém )>,
and
NlB_ ®NZB_ = <Trungf . TruNzgf,Inde;f ~IndN2137,FalN137 +P“1NZB* — ()Falj\/lgf‘ . ‘PulNzgf‘)>;
(3)

./\flngr —./\/‘25Jr = <min(TruN3+,TruNBJr),min(Inde,Inde), max(PulNB+,PalNg+)> ,
1 2 1 2 1 2
and

/\/167 —fo = <min(TruN57,TruNB,),min(Inngf,IndNB,), max(FalNB,,FalN57)>.
1 2 1 2 1 2

Definition 11. Let N'B = (NB*, N'B~) be a neutrosophic bipolar fuzzy set and A > 0. Then,

(1)
ANBEE = (1= (1= Truys )", 1= (1= Indys. ), — [Falygs. ),
ANET = (1 (1= Truys Y1~ (U~ Indygs )~ [Falys 1),
2)
NBH = (Trups. ), (Indyse )Y, =1+ | =1+ Fal s, V),
NB=A = (Trups- )", (Indys-)", —1+ | =1+ Fal s (u)[*).

Theorem 1. Let NB = (NPH,NE™), NP = (WPT,NP7) and NEB = (NET, NE~) be neutrosophic
bipolar fuzzy sets. Then, the following properties hold:

(1) Complementary law: (NEF)e = NP.
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(2)  Idempotent law:

(i) NE UNT
(i) NEn NP

(3)  Commutative law:
(i) NPUNP
(i) NEn NP
(iii) NE o NP
(iv) NP @ N

(4)  Associative law:

(i) WFUNP)UNT
(i) (NENNF)NNF
(iii) (NB o NP) o NE
(iv) NEQNP) o NP

(5)  Distributive law:

(i) NPUWP NN =
(il) N\EN(NFUNF) =
(iii) NEo WPUNE) =
(io) NP o (WP NG =
@ NP @ (NP UNT) =
(0i) NP @ (NP NNF) =

(6)  De Morgan's laws:
(i) (NP UNT)
(ii) (NENNE)
(iii) (NE @ NP)'
(iv) (MEoNF)'

Proof. Straightforward. [

NPUNP)N
NP NAT)U
NE e NP)U
NP aNF)N
NP NP U
NE@NP)N

RN N

NE,

NBUNE,
NBANE,
NP o NE,
NE @ NE.

ng U (NP UN38)/

NE O (M ANF),
NE & (NP anNB),
NE & (NE o NB).

NP UNT),
(NP AT,
(NP aNT),
NP e NF),
(N @ NT),
(NF @ NF).

NE A NEe
NEeuNPe
NEe @ NFe
NE o N

6 of 26

Theorem 2. Let NP = (NBT, N5~ and NP = (NET, NB~) be two neutrosophic bipolar fuzzy sets
and let NP = NEB & NP and NF = ANB (A > 0). Then both NP and NP are also neutrosophic bipolar

fuzzy sets.

Proof. Straightforward. O

Theorem 3. Let NB = (NB+, NB~) and NP = (NB+, NB~) be two neutrosophic bipolar fuzzy sets,

A, A1, Ay > 0. Then, we have:
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(i) ANT @ NY)
(i) MNE @ MNP

Proof. Straightforward. [

7 of 26

ANE @ ANE,
(M ©A)NE.

4. Neutrosophic Bipolar Fuzzy Weighted /Fuzzy Ordered Weighted Aggregation Operators

After defining neutrosophic bipolar fuzzy sets and some basic operations in Section 3. We in
this section as applications point of view we focus on weighted aggregation operator in terms of
neutrosophic bipolar fuzzy sets. We define (VEFWA) and (NBFOWA) operators.

Definition 12. Let /\/']-B = (J\/'].B +, ./\ij ™) be the collection of neutrosophic bipolar fuzzy values. Then we define

NBFWA as a mapping NBFWA : " — Q by

NBFWA, (NF,NB, ...,Nf) = NB @ loNB, ..., ok NE.

ifk= (L1,

NBFA (NB,NZB,...,N,?) =

%) then the N'B FW.A operator is reduced to

% (/\/13 o NBe, .., @Nf) .

Theorem 4. Let /\/]B = (/\/']B +,/\ij ™) be the collection of neutrosophic bipolar fuzzy values. Then

NBFWA, (NFF NEY, L, NE)

NBFWA (N NF=, L NF) =

k.
i
1— I_I;?:l (1 — TruN]_m) ,

ki
1-11, (1 - Ind/\/jm) ,

ki
—H;lzl (Palj\/;3+>
K, (1)
1-— H” (1 Trust
k

1- 11 (1 ~ Indys-

<FalNB_)
]

n
_Hj:l

Proof. Let ./\f]-B = (./\/}B +,./\/;-B ~) be a collection of neutrosophic bipolar fuzzy values. We first prove

the result for n = 2. Since

k k
B 1 1 k
k]NL+ = 1-— (1—TTMN£3+) ,].— (1_IndNB+) ,_( Fﬂl/\[f;+ ) 1_
k k 1
AN = |1- (1—TmNB,) "1- (1—1ndNB,) L Falyn )"

L L

ky k T
B+  _ k
NET = 1= (1= Truge. ) T 1= (1= Indygs. ), —(|Fals. |
k; k 1
NES = 1= (1=Truge )" 1= (1= Indys ), —(|Fals- )
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then
NEBFWA (NE,NE)
NEFWA (NEFNET)
NEFWA, (NF~ NE)

NEFWA (NF* NEY)

NEFWA (NF* NEY)

NEFWA, (NF~,NE)

NEFWA, (NF~,NE)

NEFWA, (NF-,NE)

k]MB D kzNzB,
kl-/\[18+ @ kz-/\[26+;

kNE™ @ kN,

x (11— 1 TruNm

( ,
2-(1- Inde) ((1 Inst+) —(1 (1—1ndNLB+)kl>

1 1-— IndNB+ P
) ( )2

X

’Fale NB+

)i (

)

‘Ful/\ B+ NE+

MNE~ @ kNy ™,

(o)),
2-(1- IndNB) ~ (1~ Ina,, ) (1 (““"’NF*)h)

x(1-— 1 Ind ,
(\FuzNB )y (|Fals- e
1- (1= Truys )kl (1- TruNg) A= (1=tndys )" (1-1nd
(puzNB )i ( |y

So NBFWA, (NLB,NbB) =k NE @ ko NP If result is true for n = k, that is

NBFWA, (N13+,Jv25+,...,/\ff+) = 1-11, (1—1ndN]B+),

=1 <1 TruNg>
k/
B B— r/B— B—
NEFWA (N NE L NET) = | 1-TIE (1 IndN/B,> ,
k/
k
_H]-:1 <Fulj\/']37)

- k -
7
111, (1 - TruNIm) ,

kj

_T1k

k/
=1 (F“l/\/5+>
]

ko

1-11¥

_2 (1 TruNB+>k1 (1 TruNm)kz (1—(1—TruNL5+)kl> |

[ 2— (1 TruNB )kl (1 TruNB )kz—(l—(l—TruNLB,)h) |

—(
s (1 - TruNL[;+)kl (1 TruNm) 1 (1 Inde)kl (1 - Inde+)k2,

ky
o)

8 of 26
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then, when k + 1, we have

B B B B
NEFWA (NFF N, NEY)

NEBFWA (NE- NE, . NE)

Soresult holds forn =k+1. O

9 of 26

kj ki1
1-T1E (1 TruNm) + (1 — Truys; >
k+1
. kj kes1
17H ](l ruNm) 17<17TruN’£+1> ,
kj K11
1-11F, <1—IndNB+> + <1—IndN3+>
k+1
k] K41
1—Ind 1—Ind ,
SRR (Y (S
(Fale)
]

7Hk+]

k:
]
1-11] <1 - TruN5+> ,

k:
7
1—Hk“<1—1nd, > .,

<FﬂlNB+>

§ kj )
171"[ ](l ruNB ) + <1fTruNk5H>

L k/ ki1
—(1- H 1-— 1-—T ,

—1 ( qu/B+> ( TMN’([il >
ki k41
111, (1 - IndNB ) + (1 —Indys- )
k+1

k Kicy1
1—Hk <1—IndN3+ X |11- ( IndjkaE) ),
+

(FﬂlNBf) !
]

1k
j=

k1
]

k;
7
1-114] <1 - TruN_,g,> ,
] k/'
1-11H (1 - IndNB,) ,
]
7Hk+1

k/
—1 <Fﬂl/\/8 )
]

Theorem 5. Let J\/}-B = (/\/].B+,/\/].B_) be the collection of neutrosophic bipolar fuzzy values and k =

(kll k2/ (Y]
the following:

(1) (Idempotency): If all /\/].BN (j =

(2)  (Boundary):

kn)T is the weight vector of/\/'jB G=1,2.,

..., 1) are equal, i.e.,./\/'jB

n), with k; € [0,1] and Zi_1kj = 1. Then we have

= ./\/'].B,for all j, then

NEFWA (NENF, . NE) = NE.

NB™ < NBFWA (NB,NZB,...,N,?> < NB, for every k.

(3)  (Monotonicity) If Tru s+ < Truy p.+ Ind ). < InngJr* and Fal \r5- > FalNB,
j i’ j j j j

NEFWA(NENF, . NE) < NEFWAL (NENE, ., N,

+, for all j, then

ﬁ) , for every k.
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Definition 13. Let N 5= (N B+ N B=Y be the N'B FW.A be a collection of neutrosophic bipolar fuzzy values.

An neutrosophic bzpolar fuzzy OWA(N B FOW.A) operator of dimension is a mapping NEFOWA : Q" —
Q) defined by

NEFOWAL (NEE N NET) = aNE] @ kN5 @,...,@kn/vf(n),
NEFOWA (NEZNE, L NET) = aNEy @ N5y 0, 0k NE

where (0 (1),0(2),...,0(n)) is a permutation of (1,2,...,n) such that ./\/B > ./\/B(].) forall j. Ifk =

(l 1. %) then BEOWA operator is reduced to BFA operator having dimension n.

n’n’-:

Theorem 6. Let N 5= (N B+ N B=Y be the collection of neutrosophic bipolar fuzzy values. Then

k,

]

1-11" <1—Tru B ) ,
=1 Nt

kj
NB.FOWAk <N113+INZB+//NV?+> = 1-— H;’l:l (1 — IndN(i?]))) s 7

ki
Tru, 5+ >
( Niol

/ @)

kj
NBFOWA, (j\/’f*,]\/’zm,...,/\/f*) = | 111, < - I"dN{j,U))) K

where
k = (kllkZI ey kl’l)T 7

is the weight vector of N5 FOWA operator with k; € [0,1] and Xk =1, forallj=1,2,..,n,ie., all
./\/].BN (j =1,2,...,n), are reduced to the following form:

NBFOWA, (NF*,Nf*, ...,/\/,{5*) 1-T1 <1 — Tru N@(ﬁ)))kj ,
NBFOWA (NEZ NF7, . NET) = 1-1m, <1 — TruN(i(j)))ki .
Theorem 7. Let ./\/'].B ~ = (NBf B~ NB~ ) (j =1,2,...,n) be a collection of neutrosophic bipolar fuzzy values and
k= (ki ko, ... k)",
is the weighting vector of N5 FOWA operator with k; € [0,1] and T kj = 1; then we have the following.
(1) Idempotency: If all /\/jB (j=1,2,..,n)areequal, ie., J\ij = NB, for all j, then
NBFOWA, (NB,NZB,...,N,?) = NB.

(2)  Boundary:
NB™ < NBFOWA, (NF,NB, ...,/\/,?) < NB,
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for where k, where J\/]B = (./\/]Bﬂ/\/jg*) be the NBFWA /\/}B+ = (Truys:, Indys,, Fal s )
j j j
(j=1,2,..,n)and J\/].B* = (Trups-, Indys-, Fals-) (j =1,2,...,n) be a collection of neutrosophic
j j j

bipolar fuzzy values

NE = {min (TruNz;) ,min (IndNB) , — max (FalNgﬂ ,
] j ] j ] j

NBT = {max (TruNg+) , max (Inde) , — min (FalNng)} .
] j ] j ] j

(3)  Monotonicity: Let ./\/jB + and J\/].B = (j =1,2,...,n) be a collection of neutrosophic bipolar fuzzy values.
If Tru s+ < Tru s+, Ind s < Inde* and Fal - > FalNg,*,for all j, then
i j i j i j

NEFOWA (NENE, ., NE) < BFWL, (NE,NE, ., NE), for every k.

(4)  Commutativity: Let /\/]B = (/\/jB*,j\/'].B ~) be a collection of neutrosophic bipolar fuzzy values. Then
BFOWL; (N, NF, ., NF) = BEOWLy (NF',NzB ,...,N,?/) ,

for every w, where (./\/B/,NB,, ...,N’f’) is any permutation of (NB, NP, ..., NF).
Theorem 8. Let ./\/jB = (/\/].B+,J\/].B ) be a collection of neutrosophic bipolar fuzzy values
k= (ki ky, .. kn)",
is the weighting vector of N8B FOW.A operator with
ki € [0,1] and 2}1:1’(]‘ =1;
then we have the following:
(1) Ifk=(1,0,..,0)", then

NEFOWA, (./\/'B,NB,...,NHB) = m]ax <./\/}B) .

2)  Ifk=(0,0,..,1)", then

NEFOWAL (NENE, . NF) = min (VP).

(3) Ifk]- =1,k =0,and i # j, then
BFOWA, (/\f1 ~, N} ~,...,N,§~) = NE5,
where Nﬁj) is the largest of NP (i = 1,2, ..., n).

5. Similarity Measures of Neutrosophic Bipolar Fuzzy Sets

In Section 4 we define different aggregation operators with the help of operations defined in
Section 3. Next in this section we are aiming to define some similarity measures which will be used
in the next Section 6. A comparisons of several different fuzzy similarity measures as well as their



Symmetry 2018, 10, 331

aggregations have been studied by Beg and Ashraf [38,39]. Theoretical and computational properties
of the measures was further investigated with the relationships between them [15,40-42]. A review, or
even a listing of all these similarity measures is impossible. Here in this section we define different
kinds of similarity measures of neutrosophic bipolar fuzzy sets.

5.1. Neutrosophic Bipolar Fuzzy Distance Measures

Definition 14. A function E : NBFSs (X) — [0,1] is called an entropy for NBFSs (X),

(1)
(2)

(3)
4)

E (NB) =1 & NBisacrisp set.
ENB) =0«

TruNlm(x) = —Trulef(x),Inlem(x) = —Inlegf (x),Falle;+(x) = —Falngf(x) VxeX

E (NB) = E (N5¢) for each VN'B € BFSs (X).
E (./\/'15) <E (./\/'ZB) if N'B is less than N'B, that is,

TruNlm(x) < Trusz (x) ,Inlem(x) < Inszm(x), PulNlm (x) > Pulsz(x),
Tm/\/f’(x) < TruNzg,(x) /I"dNIB’(x) < Inszg,(x), Falng,(x) > Fal/\/ZB* (x),

for TruN25+ (x) < ’TruNzB_(x)'
or Trule;+ (x) > Trusz;+(x), Inlem (x) > IndN23+(x),

and
B—
Falng, (x) < Pal/\/f’ (x) < N, (x) for TruNlm(x) > Ful/\/f’ (x).

Definition 15. Let X = {x1,x2, ..., X} and N8 = (NBT, N'B~) be an NBFS. The entropy of NBFS is
denoted by E(NB+, N'B~) and given by

N

min((TrungJr’(x) ),min(Inleng’(x)), FulNllg+’(x)

E(NB+) = %Z?:1

N

max((Trung+’(x)),max(Inlem’(x)), FalngJr (x)

N

E(st) = % Yy min((Tm/\ﬁB_’(x))'min(lnd/vf—'(x))f Fﬂlle_’(x)

max((TruN_IB,’(x)),max(lnleg,’(x)), Palng, x)])

and for a neutrosophic bipolar fuzzy number N'B = (N LB TN LB ~), the bipolar fuzzy entropy is given by

4)

min((Tru, 4 (x),min(Ind, + (x)),|Fal +(x)])

E(/\/B+) — 1 1 1
k max(TruLIr (x)’),max(IndLIr (x)), FulL;r’(x) )
E(NLB*) _ min((TruL;’(x),min(IndL; (x)), FulL? x)7)
max(Tru; — (x)),max(Ind, — (x)),|Fal —(x)|)

1 1 1

Definition 16. Let X = {x1, X2, ..., X, }. We define the Hamming distance between N'B and NP belonging to
NBFSs(X) defined as follows:

12 of 26
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(1) The Hamming distance:

d(MB+’NZB+) = %27:1(|TTMNIB+(X])—TruNzl3+(x])|
+|Inleg+ (xj) — Inszm (x7)]
+|Fala. () — Fal e (x))]]
Hamming distance for positive neutrosophic bipolar sets
ANE NE) = LT (Truys () — Truys (x)]
+Ind s (xj) — Indys-(x)))|
+| |Falng, (xj) — Falle;, (x)I[)
Hamming distance for negative neutrosophic bipolar sets

(2)  The normalized Hamming distance:

AN N = 2 S (I Trangs: () — Truygs: (x7)]
—0—\IndN15+ (xj) — Inszm (x))]
Hl[Falys: (x)) — Fal s (x7)|1)
normalized Hamming distance for positive neutrosophic bipolar sets
d(NB-, NE7) =L ?:1(|Trung+(xj) - TruN21;+(xj)|
+|I1’ld_/\/113+ (xj) — Inszm (xj)]
Hl[Falys: (x)) — Fal s (x))|])

normalized Hamming distance for negative neutrosophic bipolar sets

(3)  The Euclidean distance:

L (Trayge- (05) — Treyg (3))
ANPLNTS) = | Iy () = Indygp. ()
+(Fal s (x;) — Fal 5. (x)))?

3 T (Truys- (x)) — Truys- (x7))°
d(NlelNzB*) — —|—(IndN137 (x]') — Ind/\/zBf (xj))z
+(FalN13, (xj) — FalNlB—(xj))z

(4)  The normalized Euclidean distance:

T Z],l(TruNm (xj) — Trusz (x))?
dNEH NP = +(Indygs (%)) = Ind s (x)))?
—i—(FalNlm(x]-) - 1-"011/\/13+(Jc]-))2

% 27:1(T1’u/\/18— (xj) — Tr”NZB— (x]-))2
d(NlB_’NZB_) = +(11’ld/\/15— (X]) —Inszg, (x]))z
+(Fulj\/13* (x]) — Palngf (x]))z

13 of 26
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[ 2 D (Trus (x)) —
+(Indygs (%)) — Ind s (x7))"
+(Falys. (x)

LS (Truys () -
+(Indys- (x) — Ind s (x;))"
+(Falys-(x))

R

Trusz (xi)" ]

— Falys: (x)))"
L
TruNf, (x7))

2=

Falng,(x]-))L

(5)  Based on the geometric distance formula, we have
dNFHNEY) =
dNPNTT) =

(6)  Normalized geometric distance formula:

>~ r 1(TruNB+(x]) TruNm(x DE
d(j\/lBJf,/\/zB*) = (Inlem (x]) Inde (x]))
+(Falys. (%)) — FalNB+( xj))*
- o1
= Z?Zl(TruNB (xj) — TI’MNB (x)E 1°
d(/\/’lBjNZB*) — +(Inleg (x]) Insz; (x]))
—i—(FalNlB (x) — Falng (x))"
where o > 0.
(i)  Ifa =1, then Equations (9) and (10), reduce to Equations (5) and (6).
(ii)  Ifa = 2, then Equations (9) and (10), reduce to Equations (7) and (8).
(iii) ~ We define a weighted distance as follows:
r L
[(Truyga- (x)) = Tratya ()
L
ANTENTT) = |3k |+ [(Indys: (%)) — Indys. (x;)
L
i + (Falle3+(Xj) —Palle;+(xj))
r L
‘(Tru/\/g (xj) — TruNB (x ))‘
_ _ L
ANTTNTT) = |38k |+ [(Indys- (x)) — Ind s (x;)
L
+|(Falys- (xj) — Falys-(x;))
where k = (ky, ko, ..., kn)T is the weight vector ofx]-(j =1,2,..,n),and a > 0.
(i)  Especially, if &« = 1, then Equation (11) is reduced as

ANBHNET) =

AN NFT) =

‘TruNBJr(x]) TruNm(x]))‘
sk |+ | (Ind s (x)) — Indye (x))
I + (Palleg+(xj)—FalN3+( xi))
[ ‘(TrungJr(x]) Tru/\/m(x]))‘
%2;":1 kil + (I"d/\ff+(x1) _I"dNZB’+( %))
_ + | (Falys. (x;) = Falyys- (x;)

7

ETN

R

14 of 26
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Ifk = (3,1 ., T then Equation (11) goes to Equation (10), and Equation (12) goes to

Equation (6).
(ii)  If o = 2, then Equation (11) is reduced to the as:

3 L (Truys (x)) — Truys: (x;))?
d(Ale+,J\leg+) = +(Inleg+ (x]) — IndN23+ (x]))z
—i—(FlllN’]B+ (X]) — Fal/\/]3+ (x]))2

(13)
% 2;1:1 (Trung, (xj) — TruNzgf (xj))2
AWEZNFT) = | iy (3) — Ind (5)?
+(Falys- (x)) — Falys- (x)))?

Ifk= (1,1 ., )T then Equation (13) is reduced to Equation (8).

n’

5.2. Similarity Measures of Neutrosophic Bipolar Fuzzy Set

Definition 17. Let & be a mapping § : Q(X)? — [0,1], then the degree of similarity between NF € Q(X) and
NE € O(X) is defined as §(N P, NP), which satisfies the following properties: [43,44].

(1)
(2)
(3)
4)

0 <SWB NP) <1;

SVENE) = 1FAE = NF

SN, NP = s(WNF, NP);

If$(NE,NP) = 0and 3(NB,NP) = 0, NF € Q(X), then §(NE, NE) = 0. We define a similarity
measure of NP and NF as:

2=

[ %Eyzl(T””Nﬁ(xj) - Trusz(x]»))L |
SWNBT NBHY) =1 t+(Ind,y. (x)) = Ind,ys. (x)*
| F(Falgee () —Falyse (o))" | |
[ i L (Tras- (x) = Truys- (x;))" ] °
SWNB- NF7) =1- +(Indys-(x)) — Indys(x)*
+(Falys-(xj) — Falys-(x))" |

where o > 0, and $(NE, N'P) is the degree of similarity of NP and N'B. Now by considering the weight
of every element we have,

2=

[ ’(Trulea+(xj) - Trusza+(xj))’L _
SINEH NS =1— |38 k| + (Indye (x)) — Ind s (%)) '
I + (Fal/\/lm(xj) —FalNlm(xj)) " I (15)
[ ’(TruN]Bf(x]-) — TruNzB—(xj))’L 1"
ANENET) =1 BTk |+ |y ()~ Indys ()|
_ + | (Falys- (x)) — Falys-(x))) " |
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If we give equal importance to every member then Equation (15) is reduced to Equation (14). Similarly we

may use
@ qa

(| (Truygs () = Truys. (x)))
L
Inlem (x]) — IndNZBJr (x]))

L

+|(
+|(Falys. (x)) — Fal s (x))) "

(

(

SINET, NPT =1-

o

L ‘(Truleg+(xj)—Truszg+(xj)

~ ~—

+ |(Ind s (%)) — Indyys- (x;))
L
_ ’(F“’NB* ) = Falye: () ey (16)
(‘(Trulef(x]‘) - Tru/\/ZB— (%)) ’
+ |(Ind - (xj) = Indys- (%))
L
+ |(Fal \s-(x;) — Fal y5- (x;
s Ay = 1o |l ) Pl T
i 1(‘(TruN57(xj) - Trust(xj))
L
+ | (Ind s (x)) = Ind s (x7)
L
+ ‘(Falngf( X)) fFallef(xj))‘ )
Now by considering the weight of every element we have
) -1
L K| (Tragge (37) = Trauggs ()]
+ (IndNB+( Xj) — Inszszr( xj))
L
s ey — 1 | Eepe ) 7 Pl B))]
7:1k(‘(TruNB+(x]) Tfu/\/8+(xj))
L
+ (InlelH( ])_Indj\/’3+( ]))
L
I +’(PulNlm(xj)—Fﬂl/\/f+(x]))’ ) 1 ‘ (17)

_ Z] lk(‘(TruNB x]) TTuNB (x]))
L

+ (I"d/\ff (%) I”dNZB (x1))
)

(
)=
+ | (Palgs- (x)) — Falgs- (x)))
(
)

o
n

jzlk(’(TruN x]) TruNg (xj))
L

+ (IndNB (x] —IndNB (x]))

L
+ ’(Falle;_( xj) = Falys (x)|

)

If we give equal importance to every member, then Equation (17) is reduced to Equation (16).
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5.3. Similarity Measures Based on the Set-Theoretic Approach

Definition 18. Let NP € Q(X) and NF € Q(X). Then, we define a similarity measure NP and NP from
the point of set-theoretic view as:

L (min(Tra s (x7), Truys. (x;))
—|—min(IndN13+(xj),Inde+(xj))
+min(|Fal s (x;)|, [Fal s (x;)])
L (max(Tru s, (x;), Truys. (x)))
—|—max(IndN13+(x]-),IndN25+(xj))
+max(|Falys. (x;)], [Fal s (x)]))
jo1 (min(Tru s (x7), Truys- ()
—|—min(IndN15,(x]-),Inszgf(xj))
SN AE) = —i—znln(\PulNle(xj)|,|PalN237(x]'))|))

jo1 (max(Truys- (x7), Truys- ()
—|—max(IndN15_(x]-),IndNZB_(xj))
|

SINET NPT =

(18)

)

+ max(|FalN13, (xj)1, \FulNzgf (xj)
Now by considering the weight of every element we have

Y kj(min(TruNm( i), Trusz Xj

( )—l—min(Inlem (xj),
Inszm( ))—|—m1n(|Fulng+(xj|
(

)

)|, [Falys: (x))])

2}1 1k]-(max(TruNB+( Xj), Tru/\/m xj))+maX(1nleg+(x]-),
(\FﬂlNB+(xj)|r\Fﬂl/\fz8+(xj)|))

X kj(min(Treys(x), Trays () + min(Indy s (x),
(), [Falys- (x;)l))

Y k]-(max(Truj\/ngr (xj), TTuNZB+ (xj)) + max(IndN5+ (xj),
Inszz;+(xj)—i—max(\FalNlB,(x]ﬂ \Ful/\/g )|))

SNPE NG =

Ind 5. (x;) + max
e (%) (19)

Ind )5 (x;)) +min(|Fal y5-
SVE NE) = 2 1

If we give equal importance to every member, then Equation (19) is reduced to Equation (18).

5.4. Similarity Measures Based on the Matching Functions

We cover the matching function to agreement through the similarity measure of N'5FSs.

Definition 19. Let NP € Q(X) and NF € Q(X), formerly we explain the degree of similarity of NP and
NE based on the matching function as:

Z,'-’:l((TmNNm(X/>-T"MNB+(XJ)) (Ind B+<x])I"d\/6+(3‘/))+‘1:“1/\;18+(xjﬂ-‘F“INZBJr(x]’)D
max (S (Tris 205 + (Indys: () + (Falys (),
Tk (Tt 2(5) + (Ind s 2(37) + (Fal g ()
by 1((Tru — (%)) T"uNB (x ))+(1"le8 (X;')lnszm(xj))+\FﬂlN157(xj)HFﬂl_Vz&(x;')\)
max( ((TruNB )% (xj) + (Ind/\/lgf)z(xj) + (Fallef )2(x7)),

EI s k(Truye. 5) + (Indgs () + (Fal o ()

SA(J\/'F+,/\/ZB+) _

(20)

SN =
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Now by considering the weight of every element we have

Lty kj(Tru, B+(X/')TWNZM(X;'))-*-(I"lem(xj)-lﬂszm(X]'))HFﬂlNlm(X;)\~\Fﬂlszs+(x;')\)
max( i1 kj ((T"”/\fll?+)2(xj)+(I"d/\/ll3+)2(xj) +(Fal/\/18+)2(xj)),
- 1k((TmNZB+)2(x]) (InszB+)2(xj)+(Fal/vB+)2( xj)))
T 1k<(TV"NB (xj)-Tru, 5 (x;))+(Ind, 5 (Yj)l"sz&(x]'))HFulNlB (X,)HFal ~ (=
max (7 ((TTMNB )2 (x)) + (I"d/le—)2(xj)+(FﬂlNB )Z(X;))
Ty k(T () + (Indys () + (Falys 2(x)))

§(/\f18+,/\/'28+) —

@)
SV =

(1) If we give equal importance to every member, then Equation (21) is reduced to Equation (20).
(2)  Ifthe value of §(NP, NF) is larger then its mean NP and NP are more closer to each other.

6. Application

In this Section 5 after defining some similarity measures we proceed towards the main section
namely application of the developed model. In this section we provide an algorithm for solving
a multiatribute decision making problem related with the HOPE foundation with the help of
neutrosophic bipolar fuzzy aggregation operators, neutrosophic bipolar similarity measures under the
neutrosophic bipolar fuzzy sets. For detail see [13,42].

Definition 20. Let L = {Lq, Lz, <., L } consists of alternatives, and let P = { Py, P,, ..., P, } containing the
attributes and k = (ky, ko, ..., k)T be the weight vector that describe the importance of attributes such that
kj € [0,1] and Z” 1kj = 1. Let us use the neutrosophic bipolar fuzzy sets for L; as under:

L = {(P, (Tru)},(P;), (Ind)},(P;), (Fal);, (]-)>|P]-€P},i—1,2,3,...,m} 2)
Lo = {(P, (Tru)_(P)), (Ind),. )(Ful) (P))|P € P}, i=1,23,..,m [
such that
(Tru)[(P;) € [0,3],(Ind)[;(P}) € [0,3], (Fal)]; (P;) € [0,3],
0 < (Tru)[ (D)), (Ind)}.P;), (Fal)}; (P;)) <3.
(Tru);(P) € [-8,0], (Ind);(P;) € [-3,0], (Fal) ; (P;) € [-3,0],
~3 < (Tru),,(P)), (Ind),P)), (Fal);; (P)) <O0.

Now we define the positive and negative ideal solutions as under:

Lt = (i o i ) b i < ) ) o)
L7 = {(P, (Tru) . (P)), (Ind) . (P}), (Fal) .. (P))|P; € P}} |’
and
L = (G i @ e @il ) on
L™ = {(Py, (Tru),_(P;), (Ind),_(P;), (Fal); _ (P}))|P; € P}}
where
(T () = maxd{(Tr)f(B), (T (P)} = min{ (Tru) (P}, (Tra); (P
= max{(Tru) (), (Tru); (P)} = min{(Tru);(P)) }(Ind) , (P})
= max{(Ind);(P;), (Ind);, (P))} = min{(Ind) ;(P;)} (Ind) . (P))
= max{(Ind)};(P;), (Ind)], (P;)} = min{(Ind)];(P;)}.
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(Fal)f; (P}) = miin{(l-"al)z. (P;), (Fal)[,(Pj)} = miax{ (Fal)f; (P)}.
(Fal);; (P;) = miin{(Fal)Zi (P;), (Fal)[,(Pj)} = miax{ (Fal);; (P;)}.

Now using Equation (15), we find the degree of similarity for LT,L;, and L™, L;, as under:

LY K ((Tr)d, () — (T (e ]
QALY =1 | l(Ind)t (x) — (Indy? (x|
 (Fal) (x) - (Fal); (x) ) I 25
LY K((Tru)y (x7) — (Tra) () ]
QL5 LT) =1— | +|(Ind)g. (x;) — (Ind);, (x|
T [(Fal); () — (Fal)p (x)[")
and i .
LY k(T (x) — (Tr) () ]
SLLY) =1 | l(Ind) (x)— (Ind) (x))
 (Fal) (x) - (Fal); (x) ) I 26
LY k((Tra), (x7) — (Tra) () ] *
§1(L*,Ll.’) =1- +|( Ind),( ) (Ind)[i(x]-)|“

+|(Fal) - (xj) — (Fal);;(x;)[%)
Using Equations (25) and (26), calculate di of L; as under:

+ s1(LT,LY) .
ar = s1(LT,L7)+s1(L-,L7)7 i=12,..,n .
d- = siLTL) 19 27)

L s (L L)+ (L L)) t=1L4.,n

If the value of d; is greater, then the alternative L; is better.
Also using Equations (17), (19) and (21), we find the degree of similarity for LT, Lj,and L™, L;,
as under:

(1) Based on Equation (17), we define the following: We define the following:

2=

k(| (Trgs (x7) = Ty ()
+ (IndL+( ]) IndL+(x]))
L
S(L5 L) —1- +|(Fal: (x)) — Fal + (x;)) i
1k (’(TruL+(x]) TruL+(x]'))
| (ndy () — Indy s (7))
L
: +’(FalL+(xj)fFalL+(xj))‘ ) NS o8
] 1 ](’(TT’”L (x]) T”“L, (xj)) ’
L
+ |(Ind - (x}) — Ind - (x;))
L
(L5 LT) —1- + |(Falp-(xj) — I—"alL (x7)) i
k(| (Trug - () = Truy - (x)
L
+ |(Ind; - (x])—Ind (x)))

+|(Faly(xy) — Fal,_(x)])
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(2) Based on Equation (19), we define the following: We define the following:

NP B Z;’:lk/-(min(TruL+( i), Tru, + (x]))+m1n(1ndL+(~c/)lndL+(x])) min(|Fal | 4 (x ‘)HF“lLi*(xfm)
(LT, L") = T, kj(max(Tru () )Tru (X/))+max(1ndL+(x])IndL+(x]) ax([Fal, () [Fal - (5)))
Z] 1 kj(min(Trup - (x;), TruL (%))
+min(Ind; - (x;), Ind - ( i)
N ~ +min(|Fal ()|, [Fal,(x))])) - (29
2 't Z}le]»(max(TruL ( )’TT‘MLX (x]))
+ max(Ind; - (x ),IndL (x})
+max(|Fal,- (x;)|,|Fal, - (x))]))

(3) Based on Equation (21), we define the following: We define the following:

S Ky (min((Tr) (x7), (Tra)f(x,))
i éunltj) o Eaia
s 14 g4y tmin(|(Fa X; Fal); . (x;
B o (). C5), (T 5
+(max((Ind)7 (x), (Ind) i (x)
+max(|(Fal)?: (x))] [(Fal) () )
T Ky (min((Tra) . (), (T ()
(o b P CAD)
A (T4 T— + min(|(Fal L+ ,|(Fal 1%
B = o e max((Try. (xy), (Tra) (1)
+(max((Ind), (xp), (Ind) ;)
+ max(|(Fal), ()], |(Fal);(xp))

Then use (27).

7. Numerical Example

Now we provide a daily life example which shows the applicability of the algorithm provided in
Section 6.

Example 1. The HOPE foundation is an international organization which provides the financial support to
the health sector of children of many families in round about 22 different countries in southwest Missouri.
This organization provides the support when other organization does not play their role. Every day a child is
diagnosed with a severe illness, sustains a debilitating injury, and a family loses the battle with an illness. With
these emergencies come unexpected expenses. Here we discuss a problem related with HOPE foundation as:

HOPE foundation is planning to build a children hospital and they are planning to fit a suitable air
conditioning system in the hospital. Different companies offers them different systems. Companies offer three
feasible alternatives L; = (i = 1,2,3), by observing the hospital” physical structures. Assume that Py and
Py, are the two attributes which are helpful in the installation of air conditioning system with the weight
vector as k = (0.4,0.6)7 for the attributes. Now using neutrosophic bipolar fuzzy sets for the alternatives
L; = (i = 1,2,3) by examining the different characteristics as under:

Ly ={(P,03,04,0.7),(P,,08,08,0.6)},
Ly ={(P,-03,-02,-0.1),(P,,—0.4,-0.6,-0.8) }.

= {(P,04,0.6,0.2), (P,,0.3,0.9,0.2)},
L, ={(P,—01,-03,-0.4),(P, —0.8,—0.7,—0.1)}.

h
N
\
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Li ={(P,03,05,0.7), (P,,02,030.6)},
Ly ={(P,—05,-0.1,-0.4),(P, —0.3,-0.2,—0.8)}.

where L{ = {(P1,0.3,0.4,0.7), (P,0.8,0.8,0.6) } means that the alternative Ly has the positive preferences
which is desirable: 0.3,0.8 as a truth function for past, 0.4, 0.8 as a indeterminacy function for future and 0.7,0.6
as a falsity function for present time with respect to the attributes P; and P, respectively.

Similarly L; = {(P;,—0.3,-0.2,—0.1), (P,, —0.4, —0.6, —0.8) } means that the alternative L; has
the negative preferences which is unacceptable: —0.3, —0.4 as a truth function for past, —0.2, —0.6 as a
indeterminacy function for future and —0.1, —0.8 as a falsity function for present time with respect to

the attributes P; and P, respectively.

(1) By Equations (23) and (24) we first calculate L™ and L~ of the alternatives L; = (i = 1,2,3), as

LT = {(P,,0.4,0.6,0.7), (P,,0.5,0.9,0.6) },
L= = {(P,03,04,0.2),(P,0.2,0.3,0.2)},
and
LT = {(pP;,—-0.1,-0.1,-0.1), (P,, —0.3,-0.2, —0.1) },

L~ {(P;,—0.5,-0.3,—04), (P, —0.8, 0.7, —0.8) }.

Then by using Equations (25)-(27), (suppose that « = 2 and k = 1), we have

$1(LY, L) = 08267, (LT,Ly) =0.775,5 (LT, L]) = 05152,
$1(LY, L) = —05732,8(L",Ly) = —0.8721,5; (L, Ly ) = —0.7776.
$1(L7, L) = 03876,5(L7,Ly) =05,8(L",L7) = 05417,
$1(L7,Ly) = —0.1038,5 (L7, Ly) = —0.2449,5, (L™, Ly) = —0.1119,
and

(LY, L) = —02609,5 (LT, L) = —0.1157,8(L*,LT) = —0.2439,
$1(LY, L) = —0.1485,5 (L7, Ly ) = —0.075,5; (L, Ly ) = —0.0243.
(L7, L) = —06229,5 (L7, L) = —0.7146,8, (L, L7) = —0.7958,
$(L7,Ly) = 0.6062,8 (L7, Ly ) =0.3636,8(L",L;) = 0.4803.

Now by Equation (27), we have

di =0.7207,d5 = 0.1393,d5 = 0.9093, (1)
Li1>Lp > L3 !
dy = —0.3244,d; = —0.2598,d; = —0.0532, 32)
L3 >11 > 1 !

and
d =0.2813,d;5 = 0.4031,d; = 0.4728, } 33)

Ly > Ly > L,
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dy =0.06184,d, = 0.1190,d; = 0.1942, )
Ly > Ly > L4 '

(2) Now by Equations (28) and (29) (suppose that & = 3), we have

$(LY, L) = 0.9051,8,(L", L)) =0.7283,5,(L", L] ) = 0.6873,
$(LT,Ly) = —198458 (L, Ly) = —2.338,5,(L",L;) = —1.3894.
$(L7, L) = 0.6940,8,(L,Ly) =0.4952,5,(L",L]) = 0.577,
$(L7,L7) = —1.0988,5(L",L;) = —1.0717,5(L",L;) = —1.004,
and
(LY, L) = —06210,5(L", L)) = —0.6086,5,(L",LT) = —0.4944,
$(LT,Ly) = 03714,5 (LT, Ly ) =0.5139,8 (LT, Ly ) = 0.3358.
$(L7, L) = —2.3840,8(L,Ly) = —1.968,5,(L,L]) = —2.2632,
$(L7,L7) = 0.6972,5,(L7,Ly) =0.5752,5 (L7, Ly ) = 0.6691.

Now again using Equation (27), we have

+ + _ +

di” =0.5660,d, = 0.5952,d; = 0.5436, , (35)
Ly >L1L1> L3

dy = 0.6436,d; = 0.6856,d; = 05805, )
Ly >L1 > L3 !

and

di = 0.2066,d} = 0.2362,d5 = 0.179, )
Ly >L1 > L3 !

dy = 0.3475,d; = 0.4719,d; = 0.3341, 38)
Ly >L; > L3

(38)  Thus, by Equations (27), (30) and (31), we have

s3(L*, L) = 0.4285,5(L", L)) =0.5675,5(L", L) = 0.7027,

$3(LY,Ly) = —0.6468,835(L", Ly ) = —0.6486,53(L", L; ) = —0.6316,
and

$3(L7, L) = 04848,53(L, L) =0.1538,535(L", L] ) = 0.6153,

$3(L7,Ly) = —13755(L7,Ly) = —1.0625,5,(L",L;) = —1.4375.

(LY, L) = —02727,5(L", L) = —0.3913,83(L", LT) = —0.3461,
$3(LY, L) = 2.6666,335(L", Ly ) = 2.6666,53(L", Ly ) = 2.5555.
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5(L7, L) = —1.060,83(L", L) = —1.3461,5(L", L) = —1.4000,
(L7, Ly) = 14585,8(L7,L,) =17500,5(L", L) = 5217.

By Equations (30)-(32), we have

di =0.4691,d;5 = 0.7868,d; = 0.5331,

, 39
Ly > L3z > L4 (39)

, 40
Ly >L1>1Ls (40)

and
df = 0.2046,d5 = 0.2252,d; = 0.1982,

Ly >L1> L3

dy =03199,d, = 0.3790,d; = 0.3018, }
}, (41)

dy = 03475,d; = 0.6037,d; = 0.6267, } 42)

Ly >L3> L

From the Equations (35)—(42), we have that the alternative L, (feasible alternative) is the best one
obtained by all the similarity measures. Thus we conclude that air-conditioning system L, is better to
installed in the hospital after considering its negative and the positive preferences for past, future and
present time.

8. Comparison Analysis

There are a lot of different techniques used so for in decision making problems. For example
Chen et al. [23] used fuzzy sets, Atanassov [26] used intutionistic fuzzy sets, Dubios et al. [9], used
bipolar fuzzy sets, Zavadskas et al. [37] used neutrosophic sets, Zhan et al. [25], used neutrosophic
cubic sets, Ali et al. [33] used bipolar neutrosophic soft sets and so many others discuss decision
making problems with respect to the different versions of fuzzy sets. Beg et al., and Xu [38,39,41]
discussed similarity measures for fuzzy sets, intutionistic fuzzy sets respectively. In this paper by
applying bipolarity to neutrosophic sets allow us to distinguish between the negative and the positive
preferences with respect to the past, future and present time which is the unique future of our model.
Negative preferences denote what is unacceptable while positive preferences are less restrictive and
express what is desirable with respect to the past, future and present time. If we consider only one
time frame from the set {past, future and present} one can see our model coincide with bipolar fuzzy
sets in decision making as Dubios et al. [9] and Xu [41].

9. Conclusions

We define neutrosophic bipolar fuzzy sets, aggregation operators for neutrosophic bipolar fuzzy
sets, similarity measures for neutrosophic bipolar fuzzy sets and produce a real life application in
decision making problems. This model can easily used in many directions such as,

(1)  Try to solve traffic optimization in transport networks based on local routing using neutrosophic
bipolar fuzzy sets.

(2)  Ahybrid clustering method based on improved artificial bee colony and fuzzy C-Means algorithm
using neutrosophic bipolar fuzzy sets.

(3) Hybrid multiattribute group decision making based on neutrosophic bipolar fuzzy sets
information and GRA method.

(4) Signatures theory by using neutrosophic bipolar fuzzy sets.

(5)  Risk analysis using neutrosophic bipolar fuzzy sets.



Symmetry 2018, 10, 331 24 of 26

Author Contributions: Conceptualization, M.G.; Methodology, RM.H., M.G. and ES.; Validation, ES., M.G;
Formal Analysis, RM.H. and M.G; Investigation, R M.H. and M.G.; Resources, ES. and M.G.; Data Curation,
ES. and M.G.; Writing—Original Draft Preparation, ES., M.G., and RM.H.; Visualization, M.G. and RM.H,;
Supervision, E.S.; Project Administration, M.G.; Funding Acquisition, ES.

Funding: This research received no external funding.
Conflicts of Interest: The authors declare no conflict of interest.

Acknowledgments: We, the authors of this project are deeply grateful for the valuable suggestions and comments
provided by the respected reviewers to improve the quality and worth or this research. We also acknowledge the
professional and devoted attitude of the editor in chief Jose Carlos and associate editor Sunny Sun for providing
us the opportunity to present our work in this journal.

References

Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338-353.
Zimmermann, H.J. Fuzzy Set Theory and Its Applications, 4th ed.; Kluwer Academic Publishers: Boston, MA,
USA, 2001.

3. Lee, KM. Comparison of interval-valued fuzzy sets, intuitionistic fuzzy sets, and bipolar-valued fuzzy sets.
J. Fuzzy Log. Intell. Syst. 2004, 14, 125-129.

4. Atanassov, K. Intuitionistic fuzzy sets. Fuzzy Sets Syst. 1986, 20, 87-96.

5. Kandel, A.; Byatt, W. Fuzzy sets, Fuzzy algebra and fuzzy statistics. Proc. IEEE 1978, 66, 1619-1639.

6. Meghdadi, A.H.; Akbarzadeh, M. Probabilistic fuzzy logic and probabilistic fuzzy systems. In Proceedings of
the The 10th IEEE International Conference on Fuzzy Systems, Melbourne, Australia, 2-5 December 2001.

7. Zhang, W.R. Bipolar fuzzy sets and relations: A computational framework for cognitive modeling and
multiagent decision analysis. In Proceedings of the First International Joint Conference of The North American
Fuzzy Information Processing Society Biannual Conference, San Antonio, TX, USA, 18-21 December 1994;
pp- 305-309.

8. Zhang, W.R. Bipolar fuzzy sets. In Proceedings of the 1998 IEEE International Conference on Fuzzy Systems,
Anchorage, AK, USA, 4-9 May 1998; pp. 835-840.

9. Dubois, D.; Kaci, S.; Prade, H. Bipolarity in reasoning and decision, an Introduction. Inf. Process. Manag.
Uncertain. IPMU 2004, 4, 959-966.

10. Yaqoob, N.; Aslam, M.; Rehman, I.; Khalaf, M.M. New types of bipolar fuzzy sets in I'-semihypergroups.
Songklanakarin J. Sci. Technol. 2016, 38, 119-127.

11. Yaqoob, N.; Aslam, M.; Davvaz, B.; Ghareeb, A. Structures of bipolar fuzzy I'-hyperideals in
I'-semihypergroups. J. Intell. Fuzzy Syst. 2014, 27, 3015-3032.

12. Yaqoob, N.; Ansari, M.A. Bipolar, (A, 0)-fuzzy ideals in ternary semigroups. Int. J. Math. Anal. 2013, 7,
1775-1782.

13. Smarandache, F. A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set, Neutrosophic
Probability; American Reserch Press: Rehoboth, NM, USA, 1999.

14. Zhang, H.Y.; Wang, ].Q.; Chen, X.H. Interval neutrosophic sets and their application in multicriteria decision
making problems. Sci. World |. 2014, 2014, 645953.

15. Majumdar, P.; Samanta, S.K. On similarity and entropy of neutrosophic sets. J. Intell. Fuzzy Syst. 2014, 26,
1245-1252.

16. Liu, P; Wang, Y. Multiple attribute decision-making method based on single-valued neutrosophic normalized
weighted Bonferroni mean. Neural Comput. Appl. 2014, 25, 2001-2010.

17. Liu, P; Shi, L. The generalized hybrid weighted average operator based on interval neutrosophic hesitant set
and its application to multiple attribute decision making. Neural Comput. Appl. 2015, 26, 457-471.

18. Peng, ].J.; Wang, ].Q.; Wang, ].; Zhang, H.Y.; Chen, X.H. Simplified neutrosophic sets and their applications in
multi-criteria group decision-making problems. Int. J. Syst. Sci. 2015, 47, 2342-2358. [CrossRef]

19. Sahin, R.; Kucuk, A. Subsethood measure for single valued neutrosophic sets. J. Intell. Fuzzy Syst. 2015, 29,
525-530.

20. Bausys, R.; Juodagalviene, B. Garage location selection for residential house by WASPAS-SVNS method. J. Civ.
Eng. Manag. 2017, 23, 421-429.


http://dx.doi.org/10.1080/00207721.2014.994050

Symmetry 2018, 10, 331 25 of 26

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Qun, W,; Peng, W.; Ligang, Z.; Huayou, C.; Xianjun, G. Some new Hamacher aggregation operators under
single-valued neutrosophic 2-tuple linguistic environment and their applications to multi-attribute group
decision making. Comput. Ind. Eng. 2017, 116, 144-162. [CrossRef]

Zavadskas, E.K.; Bausys, R.; Juodagalviene, B. Garnyte-Sapranaviciene I. Model for residential house element
and material selection by neutrosophic MULTIMOORA method. Eng. Appl. Artif. Intell. 2017, 64, 315-324.
Chen, S.M. A new approach to handling fuzzy decision-making problems. IEEE Trans. Syst. Man Cybern.
1988, 18, 1012-1016.

Hung, W.L.; Yang, M.S. Similarity measures of intuitionistic fuzzy sets based on Hausdorff distance.
Pattern Recognit. Lett. 2004, 25, 1603-1611.

Zhan, J.; Khan, M.,; Gulistan, M.; Ali, A. Applications of neutrosophic cubic sets in multi-criteria decision
making. Int. J. Uncertain. Quantif. 2017, 7, 377-394. Quantification.2017020446. [CrossRef]

Atanassov, K.; Pasi, G.; Yager, R. Intuitionistic fuzzy interpretations of multi-criteria multi-person and
multi-measurement tool decision making. Int. . Syst. Sci. 2005, 36, 859-868.

Si, Y.J.; Wei, EJ. Hybrid multi-attribute decision making based on the intuitionistic fuzzy optimum selecting
model. Syst. Eng. Electron. 2009, 31, 2893-2897.

Medina, J.; Ojeda-Aciego, M. Multi-adjoint t-concept lattices. Inf. Sci. 2010, 180, 712-725.

Nowakova, J.; Prilepok, M.; Snasel, V. Medical image retrieval using vector quantization and fuzzy S-tree.
J. Med. Syst. 2017, 41, 1-16.

Kumar, A.; Kumar, D.; Jarial, S.K. A hybrid clustering method based on improved artificial bee colony and
fuzzy C-Means algorithm. Int. ]. Artif. Intell. 2017, 15, 40-60.

Scellato, S.; Fortuna, L.; Frasca, M.; G'omez-Gardenes, J.; Latora, V. Traffic optimization in transport networks
based on local routing. Eur. Phys. ]. B 2010, 73, 303-308.

Gulistan, M.; Yaqoob, N.; Rashid, Z.; Smarandache, F.; Wahab, H.A. A Study on Neutrosophic Cubic Graphs
with Real Life Applications in Industries. Symmetry 2018, 10, 203. [CrossRef]

Ali, M.; Son, L.H.; Delic, L; Tien, N.D. Bipolar neutrosophic soft sets and applications in decision making.
J. Intell. Fuzzy Syst. 2017, 33, 4077-4087.

Deli, 1.; Subas, Y. Bipolar Neutrosophic Refined Sets and Their Applications in Medical Diagnosis.
In Proceedings of the International Conference on Natural Science and Engineering (ICNASE’16), Kilis,
Turkey, 19-20 March 2016.

Deli, I.; Ali, M.; Smarandache, F. Bipolar Neutrosophic Sets and Their Application Based on Multi-Criteria
Decision Making Problems. In Proceedings of the 2015 International Conference on Advanced Mechatronic
Systems, Beijing, China, 22-24 August 2015.

Truck, I. Comparison and links between two 2-tuple linguistic models for decision making. Knowl.-Based Syst.
2015, 87, 61-68. [CrossRef]

Zavadskas, E.K.; Bausys, R.; Kaklauskas, A.; Ubarte, I.; Kuzminske, A.; Gudiene, N. Sustainable market
valuation of buildings by the single-valued neutrosophic MAMVA method. Appl. Soft Comput. 2017, 57,
74-87.

Beg, L.; Ashraf, S. Similarity measures for fuzzy sets. Appl. Comput. Math. 2009, 8, 192-202.

Beg, I.; Rashid, T. Intuitionistic fuzzy similarity measure: Theory and applications. J. Intell. Fuzzy Syst. 2016,
30, 821-829.

Papakostas, G.A.; Hatzimichailidis, A.G.; Kaburlasos, V.G. Distance and similarity measures
between intuitionistic fuzzy sets: A comparative analysis from a pattern recognition point of view.
Pattern Recognit. Lett. 2013, 34, 1609-1622.

Xu, Z. Some similarity measures of intuitionistic fuzzy sets and their applications to multiple attribute
decision making. Fuzzy Optim. Decis. Mak. 2007, 6, 109-121.

Zhang, H.; Zhang, W.; Mei, C. Entropy of interval-valued fuzzy sets based on distance and its relationship
with similarity measure. Knowl.-Based Syst. 2009, 22, 449-454. [CrossRef]


http://dx.doi.org/10.1016/j.cie.2017.12.024
http://dx.doi.org/10.1615/Int.J.Uncertainty Quantification.2017020446
http://dx.doi.org/10.3390/sym10060203
http://dx.doi.org/10.1016/j.knosys.2015.05.030
http://dx.doi.org/10.1016/j.knosys.2009.06.007

Symmetry 2018, 10, 331 26 of 26

43. Xu, Z.; Chen, J. On geometric aggregation over interval valued intuitionistic fuzzy information. In Proceedings
of the 4th International Conference on Fuzzy Systems and Knowledge Discovery (FSKD 07), Haikou, China,
24-27 August 2007; pp. 466—471.

44. Zhang, C.; Fu, H. Similarity measures on three kinds of fuzzy sets. Pattern Recognit. Lett. 2006, 27, 1307-1317.

® (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	Neutrosophic Bipolar Fuzzy Sets and Operations
	Neutrosophic Bipolar Fuzzy Weighted/Fuzzy Ordered Weighted Aggregation Operators
	Similarity Measures of Neutrosophic Bipolar Fuzzy Sets
	Neutrosophic Bipolar Fuzzy Distance Measures
	Similarity Measures of Neutrosophic Bipolar Fuzzy Set
	Similarity Measures Based on the Set-Theoretic Approach
	Similarity Measures Based on the Matching Functions

	Application
	Numerical Example
	Comparison Analysis
	Conclusions
	References

