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Abstract. The interval neutrosophic set plays an important role to handle indeterminacy and
inconsistency of information during decision making process. Recently, the interval
neutrosophic vague sets have been proposed as an extension of the neutrosophic sets. Similar
with other sets, this newly proposed set have to fulfill some algebraic operations. This paper
aims to present algebraic operations for the interval neutrosophic vague sets. Some algebraic
operations on interval neutrosophic vague set are introduced. Specifically, algebraic operations
of addition, multiplication, scalar multiplication and power for the interval neutrosophic vague
sets are presented. In addition, several related examples are also presented together with
supporting proofs.

1. Introduction

The uncertain theories such as fuzzy set theory [1], vague set theory [2] and rough set theory [3] are
developed to solve imprecise and uncertain information that arise in decision making process. However,
the problem with all these theories is they do not handle the indeterminate and inconsistent information.
Therefore, Smarandache introduced a new theory namely neutrosophic set (NS in short). The NS is a
new mathematical tool for dealing with problems involving incomplete, indeterminate and inconsistent
information. A neutrosophic set consists of three membership functions which are truth-membership
function (T), indeterminacy-membership (I) function and falsity-membership function (F). All these

memberships lied in 07,17|, the non-standard unit interval [4]. However, this unit interval is difficult

to apply in the real applications. Therefore, single valued neutrosophic set (SVNS) was proposed Wang
et al., [5]. The operations and relations between two SVNSs are defined namely subset, equality,
complement, union and intersection. Meanwhile operations between two SVN-numbers are formulated
by Liu and Wang [6]. These operations including addition, multiplication, scalar multiplication and
power.

Recently, researchers have shown an interest on research and application of a neutrosophic set.
Different sets were rapidly developed and proposed in the literature such as [7-14] etc. These extensions
of neutrosophic set have been used in many areas such as aggregation operators, decision making, image
processing, information measures, graph and algebraic structures [15]. Karaaslan and Hayat [16]
developed the concept of single valued neutrosophic matrices and operations of SVN-matrices were
discussed. Meanwhile, Ali and Smrandache [7] proposed a complex neutrosphic set which is an
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extension of complex fuzzy set. Ali et al., [14] proposed a new notation on interval complex
neutrosophic set (ICNS) since complex neutrosophic set cannot deal with unclear and vague
information. ICNS is defined along with several set theoretic operations and the operational rules. Ye
[17] proposed trapezoidal neutrosophic set based on combination of trapezoidal fuzzy number and a
SVNS. Some operational rules, score and accuracy for this set is defined. In line with these
developments, the purpose of this paper is to define new algebraic operations on newly defined interval
neutrosophic vague set as a novel notation [18]. This study also generalizes the basic properties of these
operations such as commutative law and relevant law. This paper is organized as follows. We first
present the basic definition of neutrosophic set and single value neutrosophic set that are useful for
discussion. We then establish a new concept of interval neutrosophic vague set and define its algebraic
operations with illustrative example. We also present some related properties and supporting proofs.
Finally, we conclude the paper.

2. Preliminaries
In this section, neutrosophic set and INVS are presented.

2.1 Single Valued Neutrosophic Set (SVNS)
Definition 2.1 [5]
Let X be a universe of discourse. Then a neutrosophic set is defined as follows:

A= (T (x )14 (x), Fy(x)):xe X

which is characterized by a truth-membership function, an indeterminacy membership function and
falsity-membership function where 7;7; F : X — b‘,1+[ and 0" <T,(x)+1,(x)+F,(x)<3".

For application in real scientific and engineering areas, Wang et al., proposed the concept of a single
valued neutrosophic set as follows:
Operations between two SVN-numbers are defined by [6]. It is recalled as follows:

Let x= (Tl,ll,Fl) and y=(Ty,1,,F,) be two SVNS, then the operations are defined:

i x@y=(M+L -1 R F).

ii. xQy=(On.L+1,-1,1,,F;+F,-FF,).
iii. sz((l—(l—n)ﬂ,zﬁ,ﬂ’l).

iv. xﬂ=(T1/1,1—(1—1f),1—(1—F{1)).

2.2 Interval Neutrosophic Sets
Definition 2.2 [19]

An interval neutrosophic set (INS) Ain Xis characterized by truth-membership function7,(x),
indeterminacy membership functions 7,(x) and falsity-membership functions F,(x) defined as
follows:

For two IVNS,

s = {x[rh )78 W]l (o)1

Bis = (=i (0 1f )1 ()1
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2.3 Interval Neutrosophic Vague Sets
Definition 2.3 [18]

An interval valued neutrosophic vague set Ay is also known as INVS in the universe of discourse

X . An INVS is characterized by truth membership, indeterminacy membership and falsity-membership
functions defined as:

ey = [TF @ T @I TFO T @[FE @ FY @)1 e x]
7] (x)z[TL ,TL} 7V (x)= [TU TUﬂ, Th(x)= [IL Ve }Tjj(x)z{lu,luﬂand

ﬁ;(x)z[FL,FL*} ,ﬁf(x)z[FU,Fu+} where

) Tt =1-Fl" F*=1-T%",
2) TV =1-FY" FU"=1-1Y",
3) 0<TE +7Y 41t 41V w FL 4 FUT <47,
4y o<Tt 4TVt 4t Ut L PR L FUT <4t

Definition 2.4 [18]
Let @ ;5 be an INVS of the universe X where Vx; € X,

TCDL,NV( ) [11]’ @y —[1,1],
Ig,, (1)=[00].14,  (x)=[00],
Fg, (1)=[00]. 7y (x)=[00].

Therefore, @, is called a unit INVS where 1 <i<n.

Definition 2.5 [18]
Let Oy be an INVS of the universe X where Vx; € X,

TéNV (x)=[00].7; SIIJNV =[0,0],
75L1NV (x) - [1,1], 7§L,/NV ()C) = [1,1],
ﬁ5L1NV (x) - [Ll] ) ﬁglfw (x) = [1,1] )

Therefore, 0y is called a zero INVS where 1<i<n.

3. Operations for Interval Neutrosophic Vague Sets

3.1. Basic Algebraic Operations on Interval Neutrosophic Vague Sets

In this section, we introduce some new algebraic operations on INVS based on the operations of SVNS.
The algebraic operations on INVS such as addition, multiplication, scalar multiplication and power
operations are defined as follows:
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Definition 3.1
Let 4= <{ [TlLiTl“MTlUiTl“]}{[If*,IFHJ]U *,Il’“ﬂ,{[ﬂ“,ﬂ“l[ﬂ“,ﬂw] }> and
B= <{[T2 _’T2L+MT2U_’T2U+] }’{[12_’12““12 ‘,15”]}{[1:2 _:F2L+MF2 _;F2U+] }>be two INVS.

The INVS addition denoted as 4 ® B are defined as follows:

U®B = <{[TlL— AT TR T T _T1L+T2L+HTIU— eV —rU-rY- TV LUt _T1U+T2U+”

{[IIL—IZL—,IIL"'IzL‘F]’ [[1(]—15]—,11(]4'15]4' ]} {[FIL_FZL_,FiL+F2L+ ], [FiU_FZU_,FlU+F2U+ ]}> .
Definition 3.2

Rt e i 41 [ o e 3 | i P

B= <{[T2L‘,T2L+MT2U‘,T2U+]},{[12‘,12“1[12 ‘,15’*]},{[1?2 ‘,Fz“HFz ‘,F2U+]}>be two INVS.

Then, INVS multiplication denoted by 4 ® B is defined as follows:

A®B = <{[T1L‘T2L‘,T1“T2L+ ] [TlU I S o ]k{[]l DR e A b CA e ]
[llU‘ w197 17 Iy v Y - 11‘”15“]}{[171“ + Ff —FF RS RE 4+ B - 171L+F2L+],

[FVIU— +F2U— _FiU_FzU_,FlU+ +F2U+ _F1U+F2U+]}> .
Definition 3.3

e e e g 3 et | G g Gt | g B

B= <{[T2 _,T2L+MT2 ‘,T2U+]},{[12‘,12“M12 ‘,Ig“]},{[FZL‘,FZ“HFZ ‘,F2U+]}> be two INVS.

Then, INVS scalar multiplication denoted by A4 is defined as follows:

A= <{[1 - (1 -T )l,(l —1-T )/l }[1 - (1 _rY- )4’(1 -7t )ﬁ J} {[(IIL_ )/1 , (11L+ )/1 }[(IIU‘ )ﬁ | (11U+ )/1 }}
([l oY [l Y Y Jaeon.asof).

e it 1 g b 11 g g

B= <{[T2 ‘,T2L+],[T2 _,T2U+]},{[12_,I2L+MI2 ‘,I§J+]},{[F2L‘,F2“MF2 ‘,F2U+]}> be two INVS.
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Then, INVS power denoted by 4% is defined as follows:

T R A [ R R e B s R R
{[1—(1—1#‘?,1—(1—5““,[1—(1—5”‘}1,1—(1—5“*“;,1 eR,A >0}.

To illustrate these operations, examples are given and we recall Definition 3.1, 3.2, 3.3 and 3.4.

Example 3.1: Let 4= <{ [0.2,0.5],[0.2,0.3] },{[0.1,0.6],[0.3,0.6] }.{ [0.5,0.8],[0.7,0.8] } : x € X>
and B =({[0.2,0.6],[0.4,0.9]},{[0.5,0.5],[0.3,0.6] },{ [0.4,0.8],[0.1,0.6] } : x € X}, then the INVS

addition operation is given as follows:

By Definition 3.1,
A®B= <{ [0.2402-(02)(0.2),0.5+0.6—(0.5)(0.6) ],[0.2+0.4-(0.2)(0.4),0.3+0.9-(0.3)(0.9) ]},

11(0.1)0.5).(0.6)0.5)}[(0.3)0.3), (0.6 )0.6)] }, {[(0.5)0.4).(0.8)(0.8)}[(0.7)0.1).(0.8 0.6 )]

=({[0.36,0.8],[0.52,0.93] },{[0.05,0.3],[0.09,0.36] },{[0.2,0.64],[0.07,0.48] },

and we check the INVS addition as follows:

From Definition 2.3 we have, T*'=1-F" =08+02=1, FY =1-7L =0.64+036=1,

FU 1=V 20074093 =1and 7Y =1-FY  =0.52+0.48=1.

Using condition 0<TE + 7Y + 117 4+ 1V= 4 FL- 4y FU= <4* , therefore, we have
- Lt ut Lt ut Lt ut +

0.36+0.52+0.05+0.09+0.2+0.07=1.29 and OLZT" +T° 41" +I1° +F" +F~ <47,

therefore, we have 0.8 +0.93+0.3+0.36+0.64+0.48 =3.51.

The calculation for INVS multiplication, scalar and power is calculated similarly as follows.

Example 3.2:
Consider Example 3.1. Then by Definition 3.2, the INVS multiplication between 4and B as follows:

A®B :<{ [(0.2)(0.2),(0.5)(0.6)],[(0.2)(0.4),(0.3)(0.9) ] },{[0.1+0.5—(0.1)(0.5) ],[0.6+0.5-(0.6)(0.5) |
[0.3+0.3-(0.3)(0.3)],[0.6+0.6—(0.6)(0.6) ] }.{[0.7+0.1-(0.7)(0.1),0.8+ 0.6 —(0.8)(0.6) | }>
= ({[0.04,03],[0.08,0.27] },{[0.05,0.8],[0.51,0.84] },{[0.7,0.96],[0.73,0.92] }).

Example 3.3:
Consider Example 3.1. Then by Definition 3.3, if 1 =2 we have

Ad= <{ [1-(1=02) 1= (1-0.5) |, [1=(1-02)"1-(1-03)" [ L{ [(0.1)".(0:6)* || (03)" (06" ] |.{[ (05" (0.8)" ]

(0.7 0.8 ] }>

= ({[0.36,0.75],[0.36,0.51] }{ [0.01,0.36],[0.09,0.36] },{[0.25,0.64],[0.49,0.64] }) .
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Example 3.4:
Consider Example 3.1. Then by definition 3.4, if 1 =2 we have

At = <{[(0.2)2,(o.5)2][(0.2)2,(0.3)2]}{[1 —(1-0.11-(1 —0.6)2][1 -1 —0.3)2][1 -1 —0.6)2]}
{[1 ~(1-0.521-(1 —0.8)2][1 ~(1-0.7P1-(1- 0.8)2]}>
= ({[0.04,0.25][0.04,0.09] },{[0.36,0.84] [0.51,0.84] },{[0.75,0.96][0.91,0.96] ).

Theorem 1
Let 4 and Bbe two INVS and 2.4,,4, > 0. Then

1. A®B=B® 4

i. A®B=B® A
iii. A(4®B)=14® B
iv. MA®A=(4 ® 4, )A

v. AN ®@A4R = 4htR

A
vii A4*®B*=(4®B)
Proof (i), (ii), (iv) and (vi) are obvious; thus we prove the others.

Proof (iii)
By definition 3.1 and definition 3.3, we have

A©B= <{[T1L_ +T - (TIL_ XTZL_)JTIL+ +7y - (T1L+ XT2L+ )]

I e o e e e Tl ) )t Mo )

(L 1y 3 e L [ L ey | e L (G

4@ B)= <{[1 - [1 - (TIL’ + T - (TlL’ XTZL’ ))F 1- [1 - (T1L+ + T - (Tl“ XTz“ ))F }
IR BTl ey P T 39 I
(a1 R R L N e (R e E )

(e et et ¥ e e e

We solve truth membership functions:
[ £
SR S Ea o )

—1- :(1—TIL‘)—(TZL_Xl—Tf_)]/1
=1—:(1—T1L_X1—T2L_)]/1

By similar calculation, therefore we get

daon={[1-forhortFa-lonhon )
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[ (B B e R (g B
L R S U [ S [ R [T )

ved for identity and falsity terms, nce((lf*)(lzb))ﬂ=(11L*)l(1§*)l,

' (’ZL ))(1 (’1 Y(’2 y’((FlLf)(Fsz ))ﬂ = (FlLfﬂFsz )ﬂ and ((FlLf)(Fsz ))ﬂ = (FlLf )ﬂ (Fsz )l-
)

We prove it for truth membership functions

()1l b o)
N N R r+(<1-nL—r)(<l-T;—r)}
S S (S -
e o)

~1-[i-7 Xl -

r, hence we get

N e RS )

oof (v)
By deﬁnition 3.2 and definition 3.4, we have

e ([l Pl o Pl e o P P e )

\g\g

’_‘ l\.)

P—i
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By the similar calculation, hence we get

e —<{[(T1L)“,(Tl“) [y ey )
RN [“Y |
[t b e Pl )
(- fber Pl e “F gl
el e e

%r_/

Now 4™ by using definition 3.4, we have

A11+/12 :<{[T1L7,7-1L+MTIU7,7-1U+:} {[[1&:11“][11[]7:11[”]} :FlL—’FlL+MFlU—,F]U+]}>11+/12
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=qur%ﬁwr%ﬂx P o oot F s ]
1—(1—1{*%”{1 }{ (1~ Rt 1‘31—(1—1%“%”1,
g

|
/\
f_/H
_—
~
T
Y
~
T
|38
=R
h
+
—
5
h
+
|38
I_—I
_—
~
T
~
~
T
[\e]
=
<
+
—
~
<
+
|38
| I
%,—/

e Pt Pl [ o]

S (R BV S SO s B il
{[l (e e T B A B |
[P pflere P P ),

A+
— <{[7'VIL—’711L+1[7'VIU—,TVIU+]},{[II _,11L+],[11 —’Ill]"'D,{[FIL—)F1L+][FIU—,F1U+]}> 1742 )

= A% This completes the proof.

4. Conclusion

In this paper, we defined some new operations on interval neutrosophic vague set under neutrosophic
environment. The basic algebraic operations on interval neutrosophic vague sets namely addition,
multiplication, scalar multiplication and power along with illustrative examples were presented.
Subsequently, the basic properties of these operations such as commutative law and relevant laws are
mathematically proven. This new extension will broaden the fundamental knowledge of existing set
theories and subsequently could be applied to real life experiments where truthness, indeterminacy and
falsity could be dealth with.
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