
 

 



 



 

Rn(I)

Rn(I) ∑ PiIi
n
i=0  a0 + a1I + ⋯ + anIn: ai ∈ Pi  Pi

 Pi Rn(I)

 Rn(I)  
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Rn a0 + a1I + ⋯ + anIn ;  ai ∈ R

𝑅𝑛

∑ xiIi + ∑ yiIi = ∑ (xi + yi)Ii ,
n
i=0 ∑ xiIi × ∑ yiIi = ∑ (xi × yj)IiIj

n
i,j=0

n
i=0

n
i=0

n
i=0

n
i=0

𝐼𝑖𝐼𝑗 = 𝐼min (𝑖,𝑗)

𝑅𝑛 ∑ 𝑃𝑖𝐼𝑖
𝑛
𝑖=0  𝑎0 + 𝑎1𝐼 + ⋯ + 𝑎𝑛𝐼𝑛: 𝑎𝑖 ∈ 𝑃𝑖

𝑃𝑖 𝑅𝑛

𝑅𝑛

× 𝐼𝑘; 1 ≤ 𝑘 ≤ 𝑛 𝑅𝑛 𝑎0 +

𝑎1𝐼 + ⋯ + 𝑎𝑛𝐼𝑛 ;  𝑎𝑖 ∈ 𝑅

𝑅(𝐼1, 𝐼2)

𝑅𝑛

∑ xiIi + ∑ yiIi = ∑ (xi + yi)Ii ,
n
i=0 ∑ xiIi × ∑ yiIi = ∑ (xi × yj)IiIj

n
i,j=0

n
i=0

n
i=0

n
i=0

n
i=0

𝑅𝑛

𝑅𝑛 𝑥𝑦 = 𝑦𝑥

∈ 𝑅𝑛 ∈ 𝑅𝑛 1. 𝑥 =  𝑥. 1 = 𝑥,

𝑅𝑛 𝑅𝑛

𝑅𝑛 𝑅𝑛 ∑ 𝑅𝐼𝑖
𝑛
𝑖=0 ∑ 𝑥𝑖𝐼𝑖 ∶ 𝑥𝑖

𝑛
𝑖=0 ∈ 𝑅

𝑅𝑛 ∑ 𝑃𝑖𝐼𝑖
𝑛
𝑖=0  𝑎0 + 𝑎1𝐼 + ⋯ +

𝑎𝑛𝐼𝑛: 𝑎𝑖 ∈ 𝑃𝑖 𝑃𝑖 𝑃𝑖 𝑖,



𝑃𝑖 = 𝑃𝑗 𝑖 , 𝑗  𝑃𝑖

𝑖 𝑃𝑖 = 𝑃𝑗 𝑖 , 𝑗

𝑃𝑖 = 𝑅 𝑜𝑟 𝑃𝑖 = {0}

𝑅𝑛 ∑ 𝑃𝑖𝐼𝑖
𝑛
𝑖=0

∑ (𝑅 𝑃𝑖⁄ )𝐼𝑖
𝑛
𝑖=0 = ∑ (𝑥𝑖 + 𝑃𝑖)𝐼𝑖

𝑛
𝑖=0 ; 𝑥𝑖 ∈ 𝑅

𝑅𝑛 ∑ 𝑃𝑖𝐼𝑖
𝑛
𝑖=0 𝑅𝑛

∑ (xi + Pi)Ii
n
i=0 + ∑ (yi + Pi)Ii

n
i=0 =  ∑ (xi + yi + Pi)Ii

n
i=0

∑ (xi + Pi)Ii
n
i=0 × ∑ (yi + Pi)Ii

n
i=0 =  ∑ (xi × yi + Pi)Ii

n
i=0

𝑅𝑛 𝑇𝑛 𝑓𝑅: 𝑅 → 𝑇

  𝑓 𝑅𝑛 → 𝑇𝑛

𝑓(∑ 𝑥𝑖𝐼𝑖
𝑛
𝑖=0 ) = ∑ 𝑓𝑅(𝑥𝑖)𝐼𝑖

𝑛
𝑖=0 𝑓 

∑ 𝐾𝑒𝑟(𝑓𝑅)𝐼𝑖
𝑛
𝑖=0 ∑ 𝑥𝑖𝐼𝑖

𝑛
𝑖=0 ;  𝑥𝑖 ∈ 𝐾𝑒𝑟 𝑓𝑅}

𝑅𝑛 𝑎0 + 𝑎1𝐼 + ⋯ + 𝑎𝑛𝐼𝑛 ;  𝑎𝑖 ∈ 𝑅

∑ 𝑃𝑖𝐼𝑖
𝑛
𝑖=0  𝑎0 + 𝑎1𝐼 + ⋯ + 𝑎𝑛𝐼𝑛: 𝑎𝑖 ∈ 𝑃𝑖 𝑅𝑛 𝑃𝑖

𝑅𝑛  𝑃𝑖 𝑃0 ≤ 𝑃𝑘 ≤ 𝑃𝑘−1. 0 <

𝑘 ≤ 𝑛.

𝑃𝑖

𝑅𝑛 𝑟 = 𝑟0 + 𝑟1𝐼1 + ⋯ + 𝑟𝑛𝐼𝑛

𝑅𝑛 𝑥 = 𝑥0 + 𝑥1𝐼1 + ⋯ + 𝑥𝑛𝐼𝑛  𝑥𝑖 ∈ 𝑃𝑖

𝑛 = 0 𝑟. 𝑥 ∈ 𝑃 𝑛 = 𝑘

𝑘 + 1

r. x = (r0 + r1I1 + ⋯ + rkIk + rk+1Ik+1)(x0 + x1I1 + ⋯ + xkIk + xk+1Ik+1) =

(r0 + r1I1 + ⋯ + rkIk)(x0 + x1I1 + ⋯ xkIk) + rk+1Ik+1(x0 + ⋯ + xk+1Ik+1) + (r0 + ⋯ rkIk)xk+1Ik+1

(r0 + r1I1 + ⋯ + rkIk)(x0 + x1I1 + ⋯ xkIk) ∈ P0 + P1I1 + ⋯ + PkIk 

rk+1Ik+1(x0 + ⋯ + xk+1Ik+1) = (rk+1x0 + rk+1xk+1)Ik+1 + rk+1x1I1 + ⋯ + rk+1xkIk.
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𝑃𝑖 𝑃0 ≤ 𝑃𝑘+1 𝑟𝑘+1𝑥𝑖 ∈ 𝑃𝑖  𝑎𝑛𝑑 𝑟𝑘+1𝑥0 + 𝑟𝑘+1𝑥𝑘+1 ∈ 𝑃𝑘+1

𝑟𝑘+1𝐼𝑘+1(𝑥0 + ⋯ + 𝑥𝑘+1𝐼𝑘+1) ∈ 𝑃. (𝑟0 + ⋯ 𝑟𝑘𝐼𝑘)𝑥𝑘+1𝐼𝑘+1 = 𝑟0𝑥𝑘+1𝐼𝑘+1 + 𝑟1𝑥𝑘+1𝐼1 + ⋯ + 𝑟𝑘𝑥𝑘+1𝐼𝑘

𝑟0𝑥𝑘+1 ∈ 𝑃𝑘+1 and 𝑟𝑖𝑥𝑘+1 ∈ 𝑃𝑘+1 ≤ 𝑃𝑖 .

1 ≤ 𝑖 ≤ 𝑘

𝑅𝑛(𝐼)

𝑃 = 𝑃0 + ⋯ + 𝑃𝑛𝐼𝑛 (𝑅𝑛(𝐼), +) 𝑃𝑖

1 ≤ 𝑖 ≤ 𝑛 𝐼𝑖 𝑥0

𝑝0 𝑥0 ∈ 𝑃 𝑥0𝐼𝑖 ∈ 𝑃

𝑥0 ∈ 𝑃𝑖 𝑃0 ≤ 𝑃𝑖  for all 1 ≤ 𝑖 ≤ 𝑛

𝑥𝑖 ∈ 𝑃𝑖 𝑥𝑖𝐼𝑖 ∈ 𝑃 𝑥𝑖𝐼𝑖𝐼𝑖−1 = 𝑥𝑖𝐼𝑖−1 ∈ 𝑃 𝑥𝑖 ∈ 𝑃𝑖−1 𝑃𝑖 ≤

𝑃𝑖−1

𝑍3(𝐼) = {𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 𝑑𝐼3; 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑍}

P =< 16 > +< 2 > I1+< 4 > I2+< 8 > I3 = {16x + 2yI1 + 4zI2 + 8tI3; x, y, z, t ∈ Z} 

is an ideal of Z3(I), that is because < 16 >≤< 8 >≤< 4 >≤< 2 >

𝑅𝑛(𝐼)

𝑅𝑛 𝑎0 + 𝑎1𝐼 + ⋯ + 𝑎𝑛𝐼𝑛 ;  𝑎𝑖 ∈ 𝑅

∑ 𝑃𝑖𝐼𝑖
𝑛
𝑖=0  𝑎0 + 𝑎1𝐼 + ⋯ + 𝑎𝑛𝐼𝑛: 𝑎𝑖 ∈ 𝑃𝑖 𝑅𝑛

 𝑅𝑛 𝑃0 + 𝑅𝐼1 + ⋯ + 𝑅𝐼𝑛 𝑃0

 𝑅𝑛 𝑃1𝐼1 𝑃1

𝑅𝑛

𝑀 (𝑀0 + 𝑀1𝐼1 + ⋯ + 𝑀𝑛𝐼𝑛) 𝑃 ≤ 𝑀 ≤ 𝑅𝑛 𝑅𝑛

𝑀𝑖 = 𝑅 𝑀𝑖 = 𝑃𝑖 𝑃0 𝑃0 ≤ 𝑃𝑘 ≤ 𝑃𝑘−1.

0 < 𝑘 ≤ 𝑛 𝑃𝑖 ∈ {𝑃0, 𝑅} 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑛 𝑃𝑗 = 𝑃0

𝑃0 + ⋯ + 𝑃𝑗𝐼𝑗 + ⋯ 𝑅𝐼𝑛 ≤ 𝑃0 + 𝑅𝐼1 + ⋯ + 𝑅𝐼𝑗+. . +𝑅𝐼𝑛

𝑃0 + 𝑅𝐼1 + ⋯ + 𝑅𝐼𝑛 𝑃0

𝑃0 is maximal in 𝑅 and 𝑃𝑖 = 𝑅. 1 ≤ 𝑖 ≤ 𝑛 𝑀 (𝑀0 +

𝑀1𝐼1 + ⋯ + 𝑀𝑛𝐼𝑛) 𝑅𝑛 𝑃 ≤ 𝑀 ≤ 𝑅𝑛 𝑃𝑖 ≤ 𝑀𝑖 ≤ 𝑅

𝑃0 = 𝑀0 𝑜𝑟 𝑀0 = 𝑅 𝑃0

𝑀0 ≤ 𝑀𝑖 ≤ 𝑀𝑖−1 𝑀0 = 𝑅 𝑀𝑖 = 𝑅 𝑅𝑛



𝑀0 = 𝑃0 𝑀 = 𝑃

𝑃1 𝑅 𝑃1𝐼1 𝑅𝑛(𝐼)

𝑃0 + 𝑃1𝐼1 + ⋯ + 𝑃𝑛𝐼𝑛  𝑅𝑛(𝐼) (𝑀0 + 𝑀1𝐼1 +

⋯ + 𝑀𝑛𝐼𝑛) 𝑅𝑛(𝐼) 𝑀 ≤ 𝑃 𝑀 = {0} 𝑜𝑟 𝑀 = 𝑃 𝑀1 =

𝑃1 𝑜𝑟 𝑀1 = {0}.  𝑃1

𝑀0 ≤ 𝑀𝑘 ≤ 𝑀𝑘−1 ≠ 1

𝑃𝑗 ≠ {0} 𝑃𝑗𝐼𝑗 ≤ 𝑃0 + 𝑃1𝐼1 + ⋯ + 𝑃𝑛𝐼𝑛 .

𝑃1𝐼1 𝑃1

𝑍𝑛(𝐼) = {𝑎0 + 𝑎1𝐼1 + ⋯ + 𝑎𝑛𝐼𝑛;  𝑎𝑖 ∈ 𝑍}

𝑃 =< 2 > +𝑍𝐼1 + ⋯ + 𝑍𝐼𝑛

𝑍𝑛(𝐼)

𝑍12 𝑍12𝑛
(𝐼)

𝑃 =< 6 > 𝐼1 = {0,6𝐼1}

𝑄 =< 2 > +𝑍12𝐼1 + ⋯ + 𝑍12𝐼𝑛

2𝑍2(𝐼) = {(2𝑎 + 2𝑏𝐼1 + 2𝑐𝐼2); 𝑎, 𝑏, 𝑐 ∈ 𝑍} 

𝑃 = (2𝑍 + 4𝑍𝐼1 + 4𝑍𝐼2) = {(2𝑎 + 4𝑏𝐼1 + 4𝑐𝐼2); 𝑎, 𝑏, 𝑐 ∈ 𝑍}

2𝑍2(𝐼) 𝑥 = (2𝑚 + 4𝑛𝐼1 + 4𝑡𝐼2)

𝑟 = (2𝑎 + 2𝑏𝐼1 + 2𝑐𝐼2) 2𝑍2(𝐼) 𝑟𝑥 = (4𝑎𝑚, +[8𝑎𝑛 + 4𝑏𝑚 +

8𝑏𝑛 + 8𝑏𝑡 + 8𝑐𝑛] + 𝐼2[8𝑎𝑡 + 8𝑐𝑡 + 4𝑐𝑚]) ∈ 𝑃
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