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A NEW VIEW ON NEUTROSOPHIC MATRIX

BANU PAZAR VAROL, VILDAN CETKIN AND HALIS AYGUN

ABSTRACT. In the present paper, we define a new kind of matrix
called by a neutrosophic matrix, whose entries are all single-valued
neutrosophic sets. So, we aim to be introduce a convenient tool for
the problems, have uncertain inputs. We first give the definition of a
neutrosophic matrix with its basic operations. Then we investigate
the properties of the given operations and also prove that the family
of all neutrosophic matrices is a vector space over a classical field.
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1. INTRODUCTION

Neutrosopy was introduced by Smarandache to handle the indeter-
minate information. In the neutrosophic set, a truth-membership, an
indeterminacy- membership and a falsity-membership are represented
independently. Then Wang et al. [19] specified the definition of neu-
trosophic set which is called single valued neutrosophic set. The single
valued neutrosophic set is a generalization of classical set, fuzzy set, in-
tuitionistic fuzzy set etc. Single valued neutrosophic set is applied to
algebraic and topological structures (see [3, 4, 5, 12, 14, 15]). Cetkin
and Aygiin [7] proposed the definitions of neutrosophic subgroups [7]
and neutrosophic subrings [7] of a given classical group and classical
ring, respectively. Also, Cetkin et al. [0] defined the neutrosophic sub-
modules based on single valued neutrosophic sets and discussed their
elementary properties.
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In this paper, we introduce neutrosophic matrix in a completely dif-
ferent direction from Dhar et al. [8] and give some algebraic operations
of it. Then, we prove that the neutrosophic matrix forms a vector space
under component wise addition, multiplication and scalar multiplication.

This paper is organized as follows: Section 2 gives a brief summary of
neutrosophic sets and operations on these sets. In section 3, we give the
definition of neutrosophic matrix and investigate some of its algebraic
operations. In section 4, we showed that neutrosophic matrix multi-
plication is associative and distributive. In addition, we proved that
the set of all neutrosophic matrixes of order n X n is an algebra and
form a vector space under complement wise addition, complement wise
multiplication and scalar multiplication.

2. PRELIMINARIES

In this chapter, we give some preliminaries about single valued neu-
trosophic sets and set operations, which will be called neutrosophic sets,
for simplicity.

Definition 2.1 [16] A neutrosophic set A on the universe of X is
defined as A = {< z,ta(x),ia(x), fa(z) >, € X} where ta,ia, fa :
X —]70,1"[and 0 < ta(x) +ia(z) + fa(z) < 37.

From philosophical point of view, the neutrosophic set takes the value
from real standard or non standard subsets of |70, 17[. But in real life
applications in scientific and engineering problems it is difficult to use
neutrosophic set with value from real standard or non-standard subset
of |70,1%[. Hence throughout this work, the following specified defini-
tion of a neutrosophic set known as single valued neutrosophic set is
considered.

Definition 2.2[19] Let X be a space of points (objects), with a
generic element in X denoted by x. A single valued neutrosophic set
(SVNS) A on X is characterized by truth-membership function t4,
indeterminacy-membership function i 4 and falsity-membership function
fa. For each point x in X, ta(x),ia(x), fa(z) € [0,1].

A neutrosophic set A can be written as

A= zn: < t(xz),z(xz),f(xl) > /.%'i, T; € X.
=1

Example 2.3[19] Assume that X = {z1, 29, z3}, 21 is capability, x5 is
trustworthiness and x3 is price. The values of 1, x2 and 3 are in [0, 1].
They are obtained from the questionnaire of some domain experts, their
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option could be a degree of ”good service”, a degree of indeterminacy
and a degree of ”poor service”. A is a single valued neutrosophic set of
X defined by

A=<0.3,04,0.5> /x14+ < 0.5,0.2,0.3 > /zo+ < 0.7,0.2,0.2 > /x3.

Since the membership functions ta,i4, f4 are defined from X into
the unit interval [0,1] as ta,i4, fa : X — [0,1], a (single valued) neu-
trosophic set A will be denoted by a mapping defined as A : X —
[0,1] x [0,1] x [0,1] and A(z) = (ta(z),ia(z), fa(x)), for simplicity.

Definition 2.4 [11, 19] Let A and B be two neutrosophic sets on X.
Then

(1) Ais contained in B, denoted as A C B, if and only if A(z) < B(x).
This means that t4(z) < tp(x),ia(z) <ip(z) and fa(z) > fp(x). Two
sets A and B is called equal, i.e., A= B if AC B and B C A.

(2) the union of A and B is denoted by C' = AU B and defined
as C(x) = A(x) V B(x) where A(z) V B(x) = (ta(x) V tp(z),ia(z) V
ip(z), fa(x)Afp(x)), for each x € X. This means that tc(z) = max{ta(x),tp(x)},
ic(x) = max{ia(z),ip(z)} and fo(x) = min{fa(z), fp(z)}.

(3) the intersection of A and B is denoted by C' = AN B and defined
as C(r) = A(z) A B(z) where A(z) A B(x) = (ta(z) Atp(x),ialx) A
ip(x), fa(x)VfB(x)), for each x € X. This means that tc(z) = min{ta(z),tp(x)},
o(x) = min{ia(z),ip(x)} and fo(r) = max{fa(z), fB(2)}.

(4) the complement of A is denoted by A¢ and defined as

A¢(x) = (fa(z),1 —ia(x),ta(x)), for each x € X. Here (A°)° = A.

Proposition 2.5[19] Let A, B and C be the neutrosophic sets on the
common universe X. Then the following properties are valid.

(1) AUB=BUA,ANB=BNA.

(2) AU(BUC)=(AUB)UC,ANn(BNC)=(AnB)nC.

(3) Au(BNC) = (AUB)N (AUC) Aﬂ(BUC’) (ANB)U(ANC).

4) AND=0,AU0= AAUX X,ANX = A, where

tg=15= f—landt =1,fz=0.

(5) (AU B)¢ = A°N B¢, (AmB)C:ACUBC.

Definition 2.6 [] Let A and B be two neutrosophic sets on X and Y,
respectively. Then the cartesian product of A and B which is denoted by
A X B is a neutrosophic set on X x Y and it is defined as (A x B)(z,y) =
A(z) x B(y) where A(z) x B(y) = (taxs(z,y),iaxB (2, 1), faxB(z,y)),
ie.,

taxp(z,y) = ta(x)Atp(y), iaxp(z,y) = ia(z)Nip(y) and faxp(z,y) =
fa(@) Vv fB(y).

~
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3. NEUTROSOPHIC MATRIX

In this section, we introduce neutrosophic matrix and give some alge-
braic operations of it.

Deﬁnition 3.1 A neutrosophic matrix (NSM) of order m xn is defined
as A = [< al; i le,a” >| where aj;, af], af; are called truth- membership,
indeterminacy-membership, falsity- membershlp Values of the ij- th ele-

ment in A satisfying the condition 0 < a + a + a . < 3 for all i,j

For simplicity, we write A = [a;j]mxn Where agj —< a%, ZIJ, aj; >.
Let F,,x, denotes the set of all NSMs of order m x n. In particular
F,, denotes the set of all NSMs of order n.
Example 3.2 We would represent the Example 2.3 in matrix form
of order 3 x 1 as
(0.3,0.4,0.5)
(0.5,0.2,0.3)
(0.7,0.2,0.2)

Definition 3 3 Let a and b be two elements of a NSM such that
a =< aw,afj, a;; >, b=< bj;, bZIJ7 bf; >, then complement wise addition
and multlphcatlon is defined as

a+b= <max{aj, Z]} ma,x{aj, U} mm{agv 2j}>

aeb=< mm{a”, l]} mm{aw, Z]} max{a”, Z]} >
We say maw{aw, bz; = a,L-j + sz and mm{a”, z]} = CLU bT

Definition 3.4 Some algebralc operaitons of NSMS
Let A and B be two NSMs such that A = [ai;lmxn, B = [bijlmxn-
1) Matrix addition and subtraction are given by

A+ B =< mam{a”, ”} mam{am, Z]} mm{aw, U} > and
T I I3
A—Bf<a 5 — bijs Z]—bw, U—b > where
T T
T Wi if a ;2> by
K 0, otherw1se
I I T
)i if a;; > b;j;
" 0, othervvlse
F F
IRV LT if af; 5 < bjj;
K 0, otherw1se

2) Component wise matrix multiplicaiton is given by
Ao B =< mm{aj, ZJ} mm{aj, zJ} maa:{aj, U} >
3) Let A and B be two NSMs of order m x n and n X p, respectively.
Then the matrix product AB is defined by
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p p p
E T T § I I | | F 1 F

AB =< aik'bkj7 aik.bkj, azkbkj > € Fan.
k=1 k=1 k=1

We can also write
AB = [max{min{al, bf;}}, mac{min{al, b, }), min{maz{af, b} }}]

where k =1,n,i=1,m, j =1,p.

The product AB is defined if and only the number of columns of A
is the same as the number of rows of B. We say that A and B are
comfortable for multiplication.

4) Transpose of A is given by

AT =< a};,ajl-i,afi >,

5) complement of A

A=< af;-, 1-— a{j,ag; >.

Definition 3.5 Let A be a m X n neutrosophic matrix. If all of its
entries are < 0,0,1 >, then A is called zero neutrosophic matrix and
denoted by O.

If all of its entries are < 1,1,0 >, then A is called universal neutro-

sophic matrix and denoted by J.

The n x n identity matrix I, is defined by < )\27;, )\Z-Ij, )\f; > such that
A=A =1, A\ =0,if i =j and

A=A =0, M =1,if i # .

Definition 3.6 Let A = [< af},af;,af; >] € Fruxpn and k € F. Then
the neutrosophic scalar multiplication is defined as

kA =[< min{k,a%’;},min{kz, a;-’j},maw{l —k, af;-} >].

For the universal matrix J,

kJ = [< min{k, 1}, min{k, 1}, maz{l — k,0} >] = [< k, k, 1 — k >].

Under component wise multiplication ,

kJe A=[< min{k:,ag;-},min{l;, a%},n;a:c{l — k, af;} ?} :1 k:f;
Fruxn, then we write A < B if, a;fg < bg;, ain < bin, af;- > bf; for all i,j.
Example 3.8 0 < A < J.

4. MAIN RESULTS

In this section, we see that matrix multiplicaiton is associative and
distributive. We prove that the neutrosophic matrix forms a vector space
under component wise addition, multiplication and scalar multiplication
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Theorem 4.1 For any NSMs A € Fiun, B € Fuxp, C € Fpxy,
(AB)C = A(BC).

Proof (AB)C and A(BC) are defined and are type of m X q.

Let A = [< az;,afj,ag >, B = [< b]Tk,b]Ik,bjk >] and C = [<
c{l,cil,cfl >| such that the ranges of the suffixes i = 1,m, j = 1,n,
k=1,p,l=1,q.

(i,k)-th element of the product

Zaw ﬂwZ% Jk’Haw bak >].

The (i,1)- th element in the product (AB)C is the sum of products
of the corresponding elements in the i-th row of AB, first column of C
with k common. Hence, (i,1)-th element of

p n P n P n
7,7 | T I Y F | 3 F F
E E aij-bin | Cas E E aij-bin | Cras H H a;; + bji | + e >

(AB)C =
kl J'l kl j=1 k=1 \j=1
= ZZ% akckleZ% chklvl_ll_l“ + b, + k) >]-
k=1 j=1 k=1 j=1 k=1j=1

(j,1)-th element of the product
P

Zbkcklazblk CklaH K+ bk) >

Now, the (1 1) th element of the product A(BC) is the sum of products
of the corresponding elements in the i-th row of A and first column of
BC.

(i,1)-th element of

A(BC) = Zaz] (ijk Ckl) 7202 (Z ik ckl) Ham + (H gk‘tcfz)) >]
- ZZ% chkl’zzaw chklvHHa +bk+ck1) >].

k=1 j=1 k=1 j=1 k=1j=1

Thus, (AB)C = A(BC).

Theorem 4.2 Let A € Fyuxn, B € Fuxp and C € F,x,. Then
A(B+C)=AB + AC.

Proof Let A = [< ag;,az-[j,afj >, B = [< ijTk,I)]I,C,l)f,f >| and C:
[< cﬁj§k,cﬂ >] such that the ranges of the suffixes i = 1,m, j = 1,n,
k=1,p.

(j,k)-th element of
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B+C = [< W;ax{bzk, ng} max{FJk, gk} mzn{b]k, ]k} >
= [< bjk + c]k’ bj ]k’ jk c]k >]

(i,k)-th element in the product of A and B + C, that is of A(B + C)
is the sum of the products of the corresponging elements in the i-th row
A and k-th column of B 4+ C

n n
A(B+C) =[< Za ]k+cfk),2afj(b§k ,H a; +ka cjk >
7j=1 7j=1 7=1
(i,k)-th element of (AB + AC)
n n n
AB+AC = Za” ]k,Zaw Jk,H a]—i‘bf];) > —i—Za;’Fkka,ZaJIkcgk,H(aZ-i-cﬁ) >]
]7?1 n n =t
= [< Z( bjk + ag c]Tk),Z( bIk + am cjlk) H aj; + b H
j=1 j=1 j=1 j=1
n n n
<Y al i+ cfi), Y ali(bh + i), [ (af; + bfcfi) >1.
j j=1 j=1

=1
This completes the g)roof.
Theorem 4.3 Let A, B € Fy,xy,. If A < B, then for any C' € F,,«p,
AC < BC and for any D € prm, DA < DB.
Proof Let A < B. Then azk < bT, < bzk, b for i = 1,m,
k=1,n.
By fuzzy multiplicaiton alk ck] < bT ck], alk ck] < bI ck] and alk c,fj >

’L

bzk Ckg for j =1, p.

By fuzzy addition Z - % < Z bL. ck],
k=1 k=1

Zalk Cj < Z bl ckj and Zazk Chj > szk Chj-

Hence AC < BC

Slmllarly, we can see DA < DB.

Theorem 4.4 The set F,,«,, is a commutative semiring with identity
0 and J.

Proof We have A+ 0=A and AeJ = A for all A € F,,«,. So, we
say that zero neutrosophic matix 0 is the aditive identitiy and universal

neutrosophic matrix J is the multiplicative identity.
A+J=Jand Ae0=0.

Let A, B,C € F,;,xn, such that A = [ Z;;azljaaf; >,
B = [< B bt >), € = [< el cf >
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A+(B+C) = [< aw, ZI],aUT>] Erl— [< max{bw,lw} max{bm, ZJ} mzn{bw, ”} >
q = [< ma:v{a”,b”, 'Lj} ma:v{a”,b”, 'Lj} ’I?’LZ?’L{GU, i 'Lj} >]
an
(A+B)+C = [< max{ajz,szz} mam{aw, ?} mm{aw, l]} >+ [< CZ;, ZIJ, f; >|

= [< maz{a;;, by, ZJ} max{a;;, ZI], ZJ} mzn{a”,bg, Z} >].

Hence, A+ (B + C) = (A+ B) + C. Similarly, we can show that
Ae(Be(C)=(AeDB)e(.

So, we obtain associativity law under 4+ and e.

Now, we show that A + (A B) Ae(A+ B).

A + (A.B) = [< azg’ 1]70“7,] >] + [< mZTL{CLU, 2]} mln{az]’ z]} mal‘{a}?]’ 2]} >]
= [< max{aa,mm{az], ZJ} max{azj,mm{am, zJ} mm{aw,ma:v{am, zJ} >]
= [« az;, fj,aw >]

Similarly, we see A e (A+ B) = A. Hence, absorption is satisfied.
Now, we prove Ae (B+C) = (AeB)+ (Ae ().
Suppose that A < B, C.

Ae(B+C) = [< mm{am,mal‘{bm, } mm{am,mazr{bl], ”} mam{am,min{bg, Z} >]
= [< ag;, {j,alj >]

(AeB)+ (Ae(C) = .[< mzn{a], Z]} mzn{aj, U} max{a], Z]} >

+[< mzn{aw, Zj} mzn{aw, ZJ} ma:v{aw, Z]} >
= [< max{min{af;, b}, min{a];, cL}} >], max{min{af;, b];}, min{a];, c};}},

mZn{maw{az]: z]} max{az]? z]}}

[< a’zy’ ZI]’a’zg >]

So, we obtained the desired equality.

If A> B,C, then we have two cases.

If A> B > C, then we obtain Ae (B+C) = (AeB)+ (Ae() from
the above equalities, and if A > C > B, similarly we see Ae (B +C) =
(Ae B)+ (Ae (). Hence, distributivity law is hold.

Theorem 4.5 The set F},«x, is a vector space under the operations
neutrosophic matrix addition and scalar multiplication.

Proof Let A, B,C € Fy,xn. Wehave A+B = B+A and A+(B+C) =
(A+ B) 4+ C. Commutative law and associative low hold in F,,x,.

For all A € F,,,«xn, there exist an element 0 € F,,,«,, such that

A+0=A.
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For k € F, by Definition 3.6 and Theorem 4.4, we obtain
k(A+B) = kJe(A+ B)
= kJeA+ kJeB.
= kA+ kB
Again, for ky, ke € F,
(kl + kg)A (kl + kg).] o A
= (kF1J+kaJ)e A.
= kiJeA+kJeA
= kiA+ kA
Hence, F},xn is a vector space over F'.

5. CONCLUSION

It is well-known that matrices play an important role in computer
science and technology. However, the classical matrix theory sometimes
fails to solve the problems involving uncertainties, occurring in an im-
precise environment Thomas [18] introduce fuzzy matrices to represent
fuzzy relation in a system based on fuzzy set theory. According to this
idea, we introduce the notion of a neutrosophic matrix to handle the
computer science problems involving neutrosophic inputs which is an
extension of the intuitionistic fuzzy matrix [17].
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