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(Fuzzy) rough sets are closely related to (fuzzy) topologies. Neutrosophic rough sets and neutrosophic topologies are extensions of
(fuzzy) rough sets and (fuzzy) topologies, respectively. In this paper, a new type of neutrosophic rough sets is presented, and the
basic properties and the relationships to neutrosophic topology are discussed. The main results include the following: (1) For a
single-valued neutrosophic approximation space (U, R), a pair of approximation operators called the upper and lower ordinary
single-valued neutrosophic approximation operators are defined and their properties are discussed. Then the further properties of
the proposed approximation operators corresponding to reflexive (transitive) single-valued neutrosophic approximation space
are explored. (2) It is verified that the single-valued neutrosophic approximation spaces and the ordinary single-valued neu-
trosophic topological spaces can be interrelated to each other through our defined lower approximation operator. Particularly,
there is a one-to-one correspondence between reflexive, transitive single-valued neutrosophic approximation spaces and

quasidiscrete ordinary single-valued neutrosophic topological spaces.

1. Introduction

The original notion of neutrosophic set was proposed by
Smarandache [1]. For the convenience of application,
Wang et al. [2] investigated the single-valued neutrosophic
set (Svns). In Svns, three independent membership
functions (truth, indeterminacy, and falsity) are consid-
ered; hence, it can be regarded as extensions of fuzzy set [3]
and intuitionistic fuzzy set [4]. There are many works on
the theory and application of Svns (see Abdel-Basset [5],
Ye [6, 7], Samant [8], Yang [9, 10], Zhang [11-13],
Zavadskas [14], and Xu [15] as well as Peng’s review paper
(16]).

The fusion of neutrosophic sets with rough sets theory
[17] is an important research direction. According to Li’s
review paper [18], there exists two fundamental combina-
tions of rough sets and neutrosophic sets: Broumi’s rough
neutrosophic sets [19] and Sweety’s neutrosophic rough sets
[20]. Many other models can be regarded as their extensions
(12, 21-24].

(i) Broumi’s rough neutrosophic sets [19]: let R be an
equivalent relation (can be easily extended for an
arbitrary binary relation) on U. Then, for each
neutrosophic set A on U, a pair of neutrosophic sets
R(A) and R(A) on U are defined as the lower and
upper approximations of A w.r.t. (U, R).

(ii) Sweety’s neutrosophic rough sets [20]: let R be a
neutrosophic relation on U. Then, for each neu-
trosophic set A on U, a pair of neutrosophic sets
R(A) and R(A) on U are defined as the lower and
upper approximations of A w.r.t. (U, R). Yang [10]
defined a similar model by considering the single-
valued neutrosophic relation and single-valued
neutrosophic set on U.

In this paper, we shall introduce a new model of rough
sets fusion with neutrosophic sets under the framework of
single-valued neutrosophic approximation space (U, R) (i.e.,
anonempty set U together with a single-valued neutrosophic
relation R on U). For each ordinary subset A of U, we shall
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define a pair of single-valued neutrosophic sets R(A) and
R(A) onU as the lower and upper approximations of A with
respect to (U, R). Obviously, our model is different from
Broumi-Sweety-Yang’s models, since, in our model, the
original sets are ordinary subsets of U and their approxi-
mations are single-valued neutrosophic sets, but, in Brou-
mi-Sweety-Yang’s models, the original sets and their
approximations are all (single-valued) neutrosophic sets.
Hence, our rough sets will be called ordinary single-valued
neutrosophic rough sets.

(Fuzzy) rough sets are closely related to (fuzzy) topology
[25-42]. The well-known result may be that there is a one-to-
one correspondence between reflexive and transitive (fuzzy)
approximation spaces and quasidiscrete (fuzzy) topological
spaces [26, 37, 38]. Under the framework of single-valued
neutrosophic sets, two kinds of neutrosophic topological
spaces are discussed (for more general neutrosophic to-
pology, refer to Al-Omeri [43] and Lupianez [44]).

(i) Yang’s single-valued neutrosophic topological
spaces [45]: for a nonempty set U, Yang defined the
single-valued neutrosophic topology on U as a subset
7 of Svns(U) (the set of all single-valued neu-
trosophic sets on U) with some conditions. Yang’s
space can be regarded as an extension of Lowen’s
fuzzy topological space [46]. Yang also proved that
there is a one-to-one correspondence between re-
flexive and transitive single-valued neutrosophic
approximation spaces and his single-valued neu-
trosophic rough topological spaces.

(ii) Kim’s ordinary single-valued neutrosophic topo-
logical spaces [47]: for a nonempty set U, Kim de-
fined the ordinary single-valued neutrosophic
topology on U as a neutrosophic set 7 on P (U) (the
power set of U) with some conditions. Kim’s space
can be regarded as an extension of Sostak’s fuzzy
topology [48] (or Ying’s fuzzifying topology [49]).

In this paper, we shall prove that there are close re-
lationships between our ordinary single-valued neu-
trosophic rough sets and Kim’s ordinary single-valued
neutrosophic topological spaces. The close relationships
exhibit that it is meaningful to investigate the new rough
sets model.

The method of this paper and the comparison with
related literature can be summarized in Table 1.

The remainder of this paper is organized as follows. In
Section 2, we will recall some knowledge about neu-
trosophic sets and rough sets. In Section 3, we shall give the
notion of ordinary single-valued neutrosophic upper and
lower approximation operators and discuss their prop-
erties. Then we will explore the further properties of the
proposed approximations corresponding to reflexive
(transitive) single-valued neutrosophic approximation
space. In Section 4, we will prove that each single-valued
neutrosophic approximation space induces an ordinary
single valued neutrosophic topological space via our de-
fined lower approximation. In Section 5, we shall verify

Journal of Mathematics

that each ordinary single-valued neutrosophic topological
space induces a single-valued neutrosophic approximation
space. In Section 6, we will show that there is a one-to-one
correspondence between reflexive and transitive single-
valued neutrosophic approximation spaces and quasidis-
crete ordinary single-valued neutrosophic topological
spaces.

2. Preliminaries

In this section, we recall some knowledge about neu-
trosophic rough sets and neutrosophic topologies used in
this paper.

Unless otherwise stated, we always assume that U is a
nonempty infinite set. We denote P (U) as the power set of U
and define A°=U - A for A € P(U).

Definition 1 (see [2]). An Svns A = (A, A;, Ap) on U is
defined as three membership functions
Ap, AL Ap: U — [0,1], which are interpreted as truth-
membership function, indeterminacy-membership func-
tion, and falsity-membership function, respectively. All
Svnss are denoted by Svns(U).

Each a = (), ay, ;) € [0,1]° is called a single-valued
neutrosophic number, and its complement is defined as
a = (a3,1 —a,, ). We denote the single-valued neu-
trosophic numbers T = (1,0,0) and L = (0,1,1). Obvi-
ously, T= L and 1°=T.

Remark 1. Pythagorean fuzzy set [50] is also an important
extension of intuitionistic fuzzy set. We can observe that
when  restricting 0< (Ap (%)) + (Ap (x))*’<1  and
A (x) = \/1 - (Ar (x))? - (Ap (x))?, an Svns becomes a
Pythagorean fuzzy set.

For A€ P(U), we define T, € Svns(U) as follows:
VxeU, Ty(x)=TifxeAand To(x) =L if x ¢ A.

Definition 2 (see [2, 6, 10]). Let A, B, Aj(j € J) € Svns(U).

(1) We denote ALB if, for any x € U, Ay (x)<Br(x),
A;(x)=B;(x), and Ap(x)=Bp(x). By A=B, we
mean ACB and BCA

(2) We  define A°eSvns(U) as VxeU,A"
(%) = (A(x)" = (Ap(x), 1 = A;(x), Ap (x))
(3) We define Lji;A;, My A;j € Svns(U) by Vx € U,

(Wier A7) () = (Ve (4 (0. Ajer (A7), (0 Ay (A7) ()
(M7 A7) () = (Ajer (A)) (0 Vg (4)), (0 Vg (4)) ().
(1)

Definition 3 (see [10]). An Svns R on U x U is referred to a
single-valued neutrosophic relation (Svnr) on U. Then the
pair (U, R) is said to be a single-valued neutrosophic ap-
proximation space (Svnas). Furthermore, R is called
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TaBLE 1: Method and comparison.

Rough set R A R(A),R(A) Topology 73 Bijection

Rough neutrosophic sets [19] - + + Yang’s topology [45] X

Neutrosophic rough sets [10, 20] + + + Yang’s topology [45] v

Our neutrosophic rough sets + - + Kim’s topology [47] v

Notes: “+” represents that the set is a single-valued neutrosophic set, and “~” represents that it is not; “4/” represents that there is a bijection between the
considered rough sets and topologies, and “x” represents that there is no bijection.

(i) Reflexive if  VxeU, R(x,x)=T, ie.,
Ry (x,x) =1,R;(x,x) =0,Rp(x,x) =0

(ii) Transitive if Ry, R}, R} are all transitive fuzzy rela-
tions, that is, Vx, y,z e U

Ry (%, y)ARy (3, 2) <Ry (x,2), Ry (%, y)VR; (,2) 2 R; (%, 2), R (x, y)VRE (¥, 2) = Ry (%, 2). (2)

Definition 4 (see Definition 3.1 in [10]). Let (U, R) be an
Svnas. For A € Svns(U), the upper and lower approxima-
tions of A, denoted by YR(A),YR (A) € Svns(U), are de-
fined as follows: Vx € U,

YR(A)p(x) = y\e{](RT (x, Y)N AL (1)),

YR(A), (x) = y/}] (R, (x, y)VA; (),

YR(A)p (x) = y{}](RF (x, y)VA (),

(3)
YR (A);(x) = y/}] (Re (%, y)VAL (),

YR (A); (x) = X,((l — Ry (x, )AL (1)),
YR (A)p(x) = y\E{J(RT (x, Y)NAE (1))

The pair (YR(A),YR (A)) is referred to the single-
valued neutrosophic rough sets of A. YR and YR are said to
be the single-valued neutrosophic upper and lower ap-
proximation operators, respectively.

Definition 5 (see Definition 8 in [47]). An Svns 7 on P (U),
that is, 7= (vp, 1}, 7p) with 7p, 7, 750 P(U) — [0, 1], is
referred to an ordinary single-valued neutrosophic topology
(OSvnt) on U if 7 fulfills the following conditions:
(OSvnt)t (@) =7(U) =T,
(OSvnt2)Forany A, B € P(U),
Tp (AN B) = 10 (A)ATp (B),
7 (ANB) <7, (A)vr, (B),
7 (ANB) <7, (AW, (B),
(OSvnt3)For any A]-(j e]) e P(U),

7r(Ujer4) 2 N\ jrr(4)),
(U jg4;) < Vigmi(4)),

15( U A)) < VjE,TF(Aj).

(4)

The pair (U, 1) is said to be an ordinary single-valued
neutrosophic topological space (OSvnts).

For examples and more results about OSvnts, refer to
[47].

The following lemma can be easily observed. We will use
it without mentioning again.

Lemma 1. Let o, € [0, 1]. Then the following conditions are
equivalent:

(1) a<p

(2) For all y € [0,1), y<a=y<f
(3) Forally € [0,1), y<a=y<f
(4) For all y € (0,1], y<a=y<f
(5) For all y € (0,1], y>fB=>y=«a

3. Ordinary Single-Valued Neutrosophic Rough
Sets for Svnas

In this section, we present the notions and properties of
ordinary single-valued neutrosophic upper and lower ap-
proximation operators.

Definition 6. Let (U,R) be an Svnas. For A € P(U), the
upper and lower approximations of A, denoted by
R(A),R(A) € Svns(U), are defined as follows: Vx € U,

R(A);(x) = V Ry (x,y),
yeA
R(A), (x) = A\ R (x, y),
yEA
R(A):(x) = A\ Ry (x, y),
yeA
(5)
R(A)r(x) = /\ Re(x,y),
yeA
R(A),(x)= V (1-R/(x,9),
yeA

R(A)p(x)= V Rp(x,y).
y¢EA



The pair (R(A), R(A)) is referred to the ordinary single-
valued neutrosophic rough sets of A. R and R are said to be
the ordinary single-valued neutrosophic upper and lower
approximation operators, respectively.

Remark 2

(1) The definition of R(A);(x) is an interpretation of
the fact that “the join of Ry (x) and A is not empty,”
and the definition of R (A) (x) is an interpretation
of the fact that “R;(x) is contained in A (or
equivalent, A° is contained in R (x)).”

(2) For a fuzzy relation r on U, it is easily observed that r
induces an Svnr R, on U defined as follows:
V(x,y) eUxU, (R)r(x,y) =r(x ), (R);(x,)
=0, (R)p(x,y)=1-r(x,y). For AeP(U), we
have R, (A); = J,EAr(x y)=7(A),R, (A)r = Viea
(1- r(x y)) =r(A), where 7 (A), r(A) are the fuzzy
approximations of ordinary subset w.r.t. fuzzy re-
lation in the work of Yao [51]. Therefore, the single-
valued neutrosophic approximations in this paper
are a generalization of Yao’s fuzzy approximations.

(3) Obviously, the single-valued neutrosophic approxi-
mation operators in this paper are different from the
single-valued neutrosophic approximation operators
in the work of Yang [10], since our operators are
defined from P (U) to Svns (U) and Yang’s operators
are defined from Svns(U) to Svns (U).

Example 1. Let (U, R) be an Svnas with U =
let R be defined as in Table 2.

{x1, x5, x5} and

Taking A = {x,,x,}, we have

R (A)r(x1) = Rp (x1,x3) = 0.4,
R (A);(x)) =1 =R (x,x3) = 1,
R (A)p(x1) = Ry (x1,x3) = 1,

R (A)r(x;) = Rp (x3,3) = 1,

R (A)(x;) =1 - Ry (x5 x3) =

R (A)p (x,) = Ry (x5, x3) = 0.6,
R (A)r(x3) = Rp (x3,x3) = 0,

R (A);(x3) = 1 = R; (x3,3) = 1,
R (A)p(x1) = Ry (x3,%3) = 1,
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R(A)r(x1) = Ry (x4, %,)VRy (x1,x,) = 0v0.3 = 0.3,
R(A); (x;) = R; (1, x,)AR; (x,x,) = 0A0.1 = 0,
R(A)p(x;) = Rp(x1, % )ARg (x1, x,) = 170.6 = 0.6,
R(A)r(x;) = Ry (x5, %1 )VRy (x5, x,) = 0V0.6 = 0.6,
R(A); (x,) = Ry (x5, %, )AR; (x5, x,) = 0.2A0.5 = 0.2,
R(A)r(x,) = R (x5, %1 )ARE (x5, x,) = 0.4A1 = 0.4,
R(A)r(x3) = Ry (x5, % )VRy (x5, %) = vl = 1,
R(A); (x3) = Ry (x3,x,)AR; (x5, x,) = 0A0.5 = 0,
R(A)p(x3) = R (x5, % )ARg (x5, x,) = 1Al = 1.

(6)
Hence, we obtain R(A) and R(A) as in Table 3.

Theorem 1. Let (U,R) be an Svnas. Then we have the
following:
(1) RU) =Ty R(@)=T
(2) If ACB, then R(A)E R(B) and R(A)CR (B)
(3) For all A; (je])eP(U), R(ﬂ]qA ) = ]EIR(A )
and R( UJqA )= JejR(A )
(4) For AeP(U), R(A) =
R(A) = (R(AY))"

(R(A9))" and

Proof. For (1)-(3), we prove only the results for lower
approximation. The proofs for upper approximation are
similar and hence are omitted.

(1) For any x €U, we have R (U)p(x) = Nyeu Rp

(x>)/) =1, B (U)I (X) = vyeU(1 _Rl(xay)) = 0>B
(U)p(x) = VyQURT(x’ y) = 0. Hence, R(U) =

(2) For any x € U and ACB, we obtain

R(A); (x) = A\ Rp(x,9) < A\ Ri(x, ) = R (B); (),
yEA y¢B

R (A)I (x)

R (A)F (x)

=M(1—Rl<x,y>)z M\/B(l—RI(x,y)) = R (B); (x), (7)

= y\é/ART (x,9)= y\¢/BRT(x’ ¥) = R (B)g (x).
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Hence, R(A)C R(B). (3) For any x € U,

(Mo R(4)), 0= AR (4)), 0
=\ N\ Ru(x,y) = /\ Ry (x) = R(N joA; ), (%),

JGIJ’¢A JI j

(Mir(4)) 0= VR(4),0

(8)
= J\G{y\m/‘\ (1 - Ry (x, }’)) \J//A,-(l -R; (x’)/)) = B(ﬂjg]Aj)I(x)>
<|_|]€,R( )) (x) = VR( )
- ,\4% Rp(x,y) = \]{]  Rex) = R(NjgA;), ().
Hence, R( ﬂjE]Aj) = I‘Iqu(Aj). (4) For any x € U,
(R(A))7 () = (R(A))p (0 = V, Ry (3,7) = R(A)y (x),
(RO () = 1= READ); 00 = 1= V(1= Ry (50 ) = ARy (52) = R(A) ), ©)
(R(AY); () = (R(A)r () = I\ Ry (3, ) = R(A) ().
Hence, R(A) = (R(A))°. That is, R(A) = (R(A9))* (3) TAER(A) for each A € P(U)
can be proved similarly.
The following theorem gives a characterization on the
approximation operators generated by reflexive Svnas. [ Proof. (1) = (2). If x € A, then
- (U.R) be an S Then the fol X Ry (A)(x) < (Ty)p(x) =1,
eorem 2. Let (U, R) be an Svnas. Then the following three _
are equivalent: R;(A)(x) > (T4);(x) =0, (10)
(1) R is reflexive R (A)(x) 2 (T 4)p(x) = 0.
(2) R(A)ET 4 for each A € P(U) If x ¢ A, then
Ry (A) () = /N Re (3, 9) <Ry (6,0) 2 0 = (T ) (),
Ri(A)() = V(1= R (67) 21 = R0 1-0=1=(T,) (), (11)

Ry (A)(x) = y\¢/A(RT (%)) 2 Ry (%, %) 2 1= (T )5 (x).

Hence, R(A)CT ,.
(2) = (1). For any x € U, by (2), we have
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TABLE 2: Svnas.
R X, X, X3
X, (0, 0, 1) (0.3, 0.1, 0.6) @, 0, 0.4)
X, (0, 0.2, 0.4) (0.6, 0.5, 1) (0.6, 0,1)
X3 (1,0,1) (1,05, 1) (1,0, 0)

TaBLE 3: The upper and lower approximation.

R(A) R(A)
X 04,1, 1) (0.3, 0, 0.6)
X a, 1, 0.6) (0.6, 0.2, 0.4)
X3 (0,1, 1) 1,0, 1)

R 5 = V R 5
r (%, x) et (%)

= R (U ~{x})p (%) 2 (Tygq ), (0) = 1,
1-R;(x,x)= V (1-R;(x,9))

y¢U-x}
=R (U —{x});(x) 2 (TUM)I(x) -1 (12
=R;(x,x) =0,

Re(o,x)= /\ Rp(x,
F(x x) JEU) F(x y)

=R (U= {x}); () <(Ty ), () = 0.

Hence, R is reflexive.

(2) © (3). It can be concluded from Theorem 1 (4).

The following theorem presents a characterization on the
approximation operators generated by transitive Svnas. [

Theorem 3. Let (U, R) be an Svnas. Then the following three
are equivalent:

(1) R is transitive.
(2) For each A € P(U) and x € U,

R (A)r () = BV<B BN\ /\RB); (y)),

CA

R (A); (x) = B/\<R (B), <x>scale190%vy\e{33 (B); ( y)),

CA

R(A),(x)=/N\ <g (B); (x)scale190%v \{9 R (B); () )
ye

BcA

(13)

(3) For each A € P(U) and x € U,

cB

R(A)p (x) = A/\ (R(B)T (x)scale190%V y\éE(B)T ( y)),

R(A); (x) = A\/<ﬁ (B); )\ \R(B), <y>),

CcB

R(A) (x) = }/<ﬁ (B DN\ /NRB) (y)).

cB

(14)

Journal of Mathematics

Proof. (1) = (2). Let A€ P(U) and x e U.

(i) For any BCA, we have R (B);(x) < R (A)y(x) and
)

B\C/A<R (B)r (x)/\y/é}}ﬂ (B)r (y)) < B\Q/A(B (B)y (x))

=R (A) ().
(15)
Conversely, leta = R (A)r (x) = VyeaRp (x, y); then
Rp(x,y)>a for any y ¢ A. Take B, ={z e U|
Rp(x,z) <a}; then B, CA. It follows that
R(B)r(x) = N\ Ri(x,y)za
y ¢ B,

(16)
NRBLG) =\ N\ Re(p2)

Note that, for any ye€B,,z¢ B, we have
Rp(x,y) <&, Rp(x,2) > a. Since R is transitive, we
have  Rp(x, ¥)VRp(y,2) 2Rp(x,z) >, which
means that Ry (y,z) > a. So,

NRBRG) =\ N Re(p2za (7)

and then

V(R (B)r (0)/\ QsB (B)r (y))

BcA
2 R (B)r ()N /\ R(B)r(n)za =R (A (0.
(18)

Hence,

\/(R (B)r (0)/\ y/;B (B); (y)) =R (A); ().

BcA

(19)
(ii) Forany BCA, wehaveR (B);(x) = R (A);(x) and so

B/Q\A (g (B); (x)scale190%V ye\{; R (B),( y)) o)

> A\ (R (B () = R (4); (x).

Conversely, let a« =R (A);(x) = Vyga (1-R; (x
y)); then 1 — R;(x, y) <a for any y ¢ A. Take B, =
{z € U|1 = R;(x, z) > a}; then B,CA. It follows that

R (B,);(x) = y\/BX (1-Ry(x,9)<a,

(21)
VRBYLG=V V (1-R(2)
Note that, for any ye€B,,z¢ B,, we have

1-R;(x,y)>a,1—-R;(x,2z)<a. Since R is transi-
tive, we have (1-R;(x, y)A
(1-R;(3,2))< (1 -R;(x,2))<a, which means
that 1 — R; (y,2) <a. So,
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N RBLG) =NV (1-ROD)se ()

and then
JAN (3 (B )V VR (B), (y))

SR(B)V VR (B ()< =R (A)(x).
(23)

Hence,

B/\A(g B); 0V VR (B), (y)) =R (A)(x). (29)
< Y€B

(iii) For any BCA, we have R (B)g(x) > R (A)p(x) and
SO

B/C><R (B)F(x)Vy\E/BB (B)g (y)) > B/;&(B (B)g (x))

=R (A)p (x).
(25)
Conversely, let a =R (A)p(x) = VyeaRr (x,); then

Ry (x,y)<aforany y ¢ A. Take B, = {z € U|R; (x,2) >a};
then B,CA. It follows that

R (B,)p(x) = V Rr(x,y)<a,
y ¢ By
V R (B,)r(y) = V VvV Ry (y,2).
y€B, z ¢ B,

y€B,

(26)

Note that, for any yeB,,z¢B, we have
Ry (x,y)>a,Rp(x,z)<a. Since R is transitive, we have
Ry (%, y)ARr (y,2) <Rp(x,z)<a, which means that
R (y,z) <a. So,

V R (B)r(y) = V V Ry (y,2)<aq, (27)

z¢ B,

and then

/\<B(B>F<x>vy\ég( (y)><R( )i ( x)VVR( B.)r(»)

BcA
<a=R (A)p(x).
(28)

Hence,
Q(B (B)g (x)Vy\E{;B (B)p (y)) “R(A)p(x). (29

(2) = (). Let x, y,z € U.
(i) Note that

Ry (x,2) = R (U —{z})r(x)

2 N (R@r@V VR@A)w)

ACUz)
Ry (x,y) =R (U ~{y}5 (x)
2 A (Rer@VVE®®).

BU-{y}
Ry (y,2) =R (U —{z})p (y)
@
2 A (RE»V VRO W)

Take any ACU — {z}; then y € Aor y ¢ A.
Case 1: if y € A, then
R(A)r 0V VR () ()

> \43 (A)p(u),byy € A

=R(A);(MV VR (A); (). by AU -z}
> N (RE©:(»V VRO W)

> N (R®r@VVRG),:0)

BeU-{y}

AN (RO:0V VRO W)

(31)
Case 2: if y ¢ A, then ACU — {y} and so

R (A)p(0)V VR (A); (u), by AU ~{y}

- A (g (B)F(x)VV\E/BB(Bmw)

BUHy}
(32)

> A (r (B)F(x)VV\e/BB(B)F(v))

BQU—{y}

AN /\( OV VR(C )

CcUHz}

By a combination of Cases 1 and 2, we obtain

N (R@: 0V VR )

AcU-z}

2 N (B®@VVR®,0) e

BCU y

/\CQ{]\M(B ©(nV VR ©) (w)),

that is, Ry (x,2) = Ry (x, y)ARr (¥, 2), as desired.

(ii) Note that



1 -R;(x,2) = R (U —{z}); (x)

@ <B (A); (x)scale190%Vv V R (A); (”)>’
AcU-z} ued

1-R;(x,) =R U -{y}); (x)
@ A

B<U-{y}
1-R;(y,2) =R (U —~{z}); (»)
@ A (g (C); (scale190%v VR (©); (w)).

CcUHz}

(g (B); (x)scale190%V \Gé R (B); (V)),

(34)

Similar to (i), we can prove that
1-R;(x,2)2 (1 - R;(x, y))A(1 - R;(y,2)); that is,
R; (x,2) <Ry (x, y)VR; (¥, 2), as desired.

(iii) Note that

R (x,2) = R (U ~{z}); ()
2V (R @ANR @), W)

AcUHz}
Re(x,9) = R (U {7} (x)
2V (R®OANAR®®)., O

B<U-{y}

Rp(y,2) =R (U —{z})r (»)

@
2V (ROANARCLW),

Take any ACU — {z}; then y ¢ Aor y ¢ A.
Case 1: if y € A, then

R (A)y ()N /\R (A) (1)
< AR (A); (u).byy € A
= R (A)r (NN /\R (A)y (w),by AU {2}

N

V (ROWAAR©);w)

T ccUHz)

< V

BQU—{y}

scale190%V Cg}}/ﬁ}(g ©: WA /AR ©) (w)>.

(R®DANAR®);M)

(36)
Case 2: if y ¢ A, then ACU - {y} and so

R (A)r (/N /\R (A)r (w), by AU ~{y}
< V

B<U-{y}

< V

BQU—{y}

(R@®rAAR®); )
(R @B OAAR B, )

scale190%V cQMz}@ ©r WA /AR ©) (w)).

(37)
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By a combination of Cases 1 and 2, we obtain

V (Rr@AAR @), W)

AcUH{z}
< ngy}(g (B); (x)/\V/E\BB (B)r (v))

scale190%v CQ\U42}<B ©rWANR©; (w)),
(38)
that is, Ry (x,2) < Rp (x, ¥)VR (y,2), as desired.

From (i)-(iii), we know that R is transitive.

(2) © (3). It can be concluded from Theorem 1 (4). [

4. Ordinary Single-Valued Neutrosophic
Topological Space Induced by Single-Valued
Neutrosophic Approximation Space

In this section, we shall consider the OSvnt induced by
Svnas through the ordinary single-valued neutrosophic
lower approximation operator.

At first, we fix a subclass of ordinary single-valued
neutrosophic topological spaces.

Definition 7. An OSvnts (U, 7) is said to be quasidiscrete if
it fulfills the following:
(OSvnt2s)for any A€ PU)(je)),
(0 jerA;) 2 Ajer7r(4),
(0 je4;) < VigTi(4)),
(N jerA) <VjerTe(4))-

It is not difficult to see that quasidiscrete OSvnts is an
extension of quasidiscrete topological space [10].

(39)

Theorem 4. Let (U, R) be an Svnas. Then the Svns 1, on
P(U) is defined as follows: for any A € P(U),

(tr)r(A) = X/G}{B (A)r (x),
(1), (A) = x\E{AB (A); (x), (40)
() (A) = V R (A); (),

is a quasidiscrete OSvnt on U.

Proof. OSvntl: it follows that
() (@) = AR (@) (x) = 1,
(m):() = V R (2);(x) = 0,
(1) (@) = V R (@) (x) = 0,
xed (41)
(t)r () = AR U);(x) = 1,
(7)1 () = V R (U); (x) =0,

(t0)r () = V R (U) (x) = 0.
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OSvnt2s: let Aj e P(U)(j €]). Then
AYCOCHETAWARICHNCH

j€J x;€A

<N\ N B(Aj)T(x),byTheorem1(3)

J€J xen jA;

- /\ g(nje,Aj)T(x) = (t)r( N jer4)),

V ((4) =V, V. 2(4),(s)

>V V B(Aj)l(x),byTheoreml(3)

J€J xeN je A
" e n\]{,AJ R(NjeA;), () = (7)1 N s 4))-

(42)

Similarly, we can prove that V., (7)p(4;)2
(TR)E(N s A)).
OSvnt3: let A; € P(U)(j€]). Then it follows by
Theorem 1 (2) that

Aj)y())

]/5( )T( 1):/\/\

]EIx €A

<A R(0,04), ()

= xeu/]\ijB( UjgAs)p () = (1r)r( U jor 4))

Y i(a) =V V. R(4), () w

= J\e/,xj\eﬁjﬂ( Ujerd;)i())

= RV, 0 = ()4
Similarly, we can prove that
Vi (T (A)) = ()5 (U o A)). -

Remark 3. The definition of 7 (A) is an interpretation of the
fact that “A is contained in its lower approximation.”

5. Single-Valued Neutrosophic Approximation
Space Induced by Ordinary Single-Valued
Neutrosophic Topological Space

In this section, we shall consider the Svnas induced by
OSvnt.

Theorem 5. Let (U, 1) be an OSvnts. Then the Svnr R, on U
is defined as follows: for any (x,y) e UxU,

(R)y(x, y) = )/; T (A),
(R); (x,y) = (x,y)\ééw (1-7,(4), (44)
R)p(ey)= M o (4)

is reﬂexive and transitive.

Proof. Reflexivity: it follows that

R)p(ex) = N

1 (A) =1,
(x,x)eAxAC F( )

R)yex)= NV (1-1(4)=0,  (5)
(RT)F('X’ x) = (x,x)\e{AXAC Tr (A) =

Transitivity: let x, y,z € U.
(i) Note that

Ry = N\ 104,

(x,y)eAxAC
(Ro)r(y,2) = (y’z)/g}gXB[ 7z (B), (46)
(R, (x,2) = (x,z)/e}w[ 1 (D).

Take any D € P(U) with (x,z) € D x D then
yeDoryeD".
Case 1: if y € D, then (y,z) € D x D. So,

(RT)T (x> )/)/\ (RT)T ()’, Z)
< (RT)T(y’ z) = /\

(y,2)eBxB°

t(B)<tp(D). 47

Case 2: if y € D¢, then (x, y) € D x D“. So,
(RT)T(x’ y)/\ (RT)T (y> Z)
<Ry = N

,y)EAXAC

75 (A) <1 (D). (48)

By a combination of Cases 1 and 2, we obtain that

(RT)T (X, )/)/\ (RT)T (y’ Z)

< N D)= R)(x2) (49)
(if) Note that
Ry = NV (1-54),
R (2= NARIEEAC)) (50)
(R,);(x,2) = (x’z)\lwc (1-1,(D)).

Take any D € P(U) with (x,z) € D x D% then
ye€DoryeD".
Case 1: if y € D, then (y,z) € D x D. So,

(RT)I (x’ y)V (RT)I ()’> Z)
> (R,);(y,2) = (y,z)\ém(l - 1;(B)) (51)
> (1-1;(D)).

Case 2: if y € D¢, then (x, y) € D x D“. So,

(R);(x, »V(R,);(y,2)
>(R) ()= V

(x,y)eAxA°

> (1 - TI(D))-

(1 -1 (A)) (52)
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By a combination of Cases 1 and 2, we obtain that

(RT)I (x’ y)V (RT)I (y’ Z)
>V (1-70) (3

(x,2)eDxD¢
= (R,);(x,2).
(iii) Similar to (i), one can prove that
(R)p(x, )V (R)p (3, 2) 2 (R )p(x, 2). o

Remark 4. Note that neither of the topological conditions

(OSvntl)-

(OSvnt3) is used in the above theorem. Hence, it

can be extended to any single-valued neutrosophic relation

on P(U).

6. One-to-One Correspondence between
Reflexive and Transitive Single-Valued
Neutrosophic Approximation Spaces and
Quasidiscrete Ordinary Single-Valued
Neutrosophic Topological Spaces

In this section, we prove that there is a one-to-one corre-
spondence between reflexive and transitive Svnas and
quasidiscrete OSvnts.

Theorem 6. Let (U, R) be an Svnas. Then R, IR, and R, =
R if R is reflexive and transitive.

Proof. (1) For x,y e U,

(x,y)€AXAC (z,w)€AxA®

>
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R;(z,w),takingz = x,w =y

N Ry (x,¥) = Ry (x, 9),

- (x,y)eAxAC

(Re), o) = V.

X,y)EAXA® (1-(r);(A)

V. (1-Vrw,)

B (x,y)eAxA°

(x,y)€AXAC (z,w)eAXA®

<

(x,y)eAxAC

V (1—V V (1—R,(z,w))>

zeAw¢ A

vV A

R;(z,w),takingz = x,w = y

V' R(x) =R (x,9)

- (x,y)eAxAC

(RTR)F(x’ y) = ( v

(tr)r(A)

x,y)€AxXAC

V AR (2)

(x,y)€AXAC zeA™

V. A AR (zw)

(x,y)eAxAc zeAw ¢ A

V A\ Rp(z,w),takingz = x,w =y

(x,y)€AXA® (z,w)e AxA®

8 (x,)eAxAC Ry (%.7) = Rp (% 7).
A (54)
R X, Y) = T A
( TR)T( )/) (x,y)€AXAC ( R)F( ) Hence, R. IR,
TR=
AN VB (A)(2) (2) Let R be reflexive and transitive and x, y € U.
(x,y)€AXAC z€eA
i) Note that
- A VVR@w ®
(x,y)eAxAc zeAw ¢ A
(RTR)T(x, ¥)SRy(x, y)eVa € [0,1), a< (RTR)T(x, y) implies a < Ry (x, ). (55)

We assume that there is an «; € [0, 1) such that
a, < (RTR)T(x, y) but a;>Rp(x,y). Putting
Ay = {z € U|R} (x,2) > ay}, by reflexivity of R,
we have Ry (x,x) =1>a,, so x € Ay, and by
oy >Ry (x,y) we have y € (A))". This means
that (x,y) € Ay x (A4,)". From

@ <(RTR)T(x, y) = ( A\ V Ry (z,w),

X,y)€AXAC (z,w)eAXAC
(56)

we know that there exists (z,w) € A, x (4,)°
such that Ry (z,w) > ap; that is, Ry (x,2) >«
and Ry (x, w) < a. It follows by the transitivity
that

&y < Ry (x, 2)ARy (2, w) < Ry (x, w) < o, (57)
a contradiction! Therefore, a < (RTR)T(x, y) al-

ways implies that a<R;(x,y). Hence,
(RTR)T (.X, J/) < RT (-x) J/)

(ii) Note that

(RTR)I(x, y)=2R;(x, y)eVa € (0,1], a<R;(x,y)impliesa < (RTR)I(x, ¥). (58)
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We assume that there is an & € (0, 1] such that
ay<R;(x,y) but ap> (RTR)I(x, y). Putting
Ay = {z € U|R; (x,2) < &y}, by reflexivity of R,
we have R;(x,x) =0<a, so x € A;, and by
oy <R, (x,y) we have y € (A,)". This means
that (x, y) € Ay X (A,)". From

@ >(RTR)1(X’ y) = V N R; (z,w),

(x,y)€AXAC (z,w)eAXA®
(59)

we know that there exists (z,w) € Ay X (A,)°
such that R; (z, w) < a; that is, R; (x, z) < &y and
R; (x,w) > ;. It follows by the transitivity that

&y > R; (x,2)VR; (z,w) = R} (x, w) =, (60)

a contradiction! Therefore, a <R;(x, y) always
implies that a< (R, ) (x,y). Hence,

(R )1 (%, ) 2R, (x, ).
(iii) Similar to (ii)), we can prove that

(R )p(x, ) 2 Rp (x, y).
(i)-(iii) show that R3IR,, and so R, =R by (1).

(3) If R, = R, then it follows by Theorems 4 and 5 that R

is reflexive and transitive. O

Theorem 7. Let (U, R) be an OSvnts. Then 1 7, and T _=
T if T is quasidiscrete.

Proof

11

(1) Let A € P(U). Then
(7e)r () = AR, (4); ()
=NAN (R)p(x)

X€A yeAc

= N V 77 (B), taking B = A
(x,y)€AXAC (x,y)eBxB¢

N\ 1.(4) = 1, (4),

(x,y)eAxA°
(), (4= YR (49
=V V (1-(R),(x )

Xx€A yeA

(x)y)\4w<1 - (x,y}é/Bch (1-1, (B)))

-V AR B),takingB = A
(x,y)€AxAC (x,y)eBxB¢ I( ) J

v

IN

A) =1;(A).
(x,y)€AxA° TI( ) 1 ( )

(61)

Similarly, we can prove that (73 ) (A) <75 (A).
(2) Let A € P(U).

(i) Note that

(12 ) (A <t (A)eVa e [0,1),  a<(r ), (A)impliesa< 7y (A). (62)

We assume that

a<(r) (=N V7B (63

(x,y)eAxA° (x,y)eBxB°
Then, for any (x,y) € AxAS, there is
B, € P(U) such that (x, y) € B, x (Bxy)c and
a<tr(By,). Putting B, = U,4B,, by
(OSvnt3), we have
17(B,) = 77( UyeaBs, ) 2 x/6§ (B, )za  (64)

Note that A = N 4B, (indeed, if z € A, then,

for any ye€ASzeB,CcB, and so

zZ € N By hence, ACN 4B sif z ¢ A, then,
for any x € A, we have (x,z) € A x A, and then
z¢B,, so z¢B, which means that
z ¢ N e4eBy; hence, N 4B ,CA); then it fol-
lows by OSvnt2s that

77 (A) = TT( ﬂyeAcBy)Z y/g}c TT(By)Z(X. (65)
Therefore, (TR,)T(A) <7 (A).

(ii) Note that

(1r,),(A) 27 (A)eVae (0,1], a>(1g),(A) impliesa> 1, (A). (66)

We assume that

(TRT)I(A) = 7;(B) <. (67)

(x,y)€AxAC (x,y)eBxB°

Then, for any (x,y)€ AxA°, there is
B,, € P(U) such that (x, y) € B, x (B,,) and
a>1;(B,,). Putting B, = U 4B, by OSvnt3,

X}/ >
we have
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7/(B,) = 71( UgeaBy, ) < x\eé (B, )<a  (68)

Note that A= N 4B
OSvnt2s that

7;(A) = T,( ﬂyeAcBy)s yXC TI(By) <a (69)

y5 then it follows by

Therefore, (TR,)I (A) =1, (A).
(iii) Similar to (i), we can

(tr )p(A) 27 (A).

(i)—(iii) show that TR BT, and so TR =T by (1).

prove that

(3) If 7= 7, then it follows by Theorems 4 and 5 that 7
is quasidiscrete.

From Theorems 6 and 7, we obtain the following
corollary. O

Corollary 1. There is a one-to-one correspondence between
reflexive and transitive Svnas and quasidiscrete OSvnts with
the same underlying set.

Remark 5. We can give a similar discussion on Svnas and
ordinary single-valued neutrosophic cotopology in [47] via
the ordinary single-valued neutrosophic upper approxi-
mation operator.

7. Conclusions

In this paper, we presented a new model of neutrosophic
rough sets. The difference between this model and the
existing models is that, in our model, the original sets are
ordinary subsets of U and their approximations are single-
valued neutrosophic sets; however, in the existing models,
the original sets and their approximations are all (single-
valued) neutrosophic sets. We also discussed the basic
properties of the proposed rough sets and gave their rela-
tionships with Kim’s ordinary single-valued neutrosophic
topology. Particularly, we proved by our lower approxi-
mation operator that there is a one-to-one correspondence
between reflexive and transitive single-valued neutrosophic
approximation spaces and quasidiscrete ordinary single-
valued neutrosophic topological spaces. In the future work,
we shall present a more general single-valued neutrosophic
topology such that it can be regarded as an extension of
bifuzzy topology in [49]. We will also consider the corre-
sponding single-valued neutrosophic rough sets related to
the new single-valued neutrosophic topology. Furthermore,
from Remark 1, we know that when restricting single-valued
neutrosophic sets to Pythagorean fuzzy sets, we can define a
model of Pythagorean fuzzy rough sets. It is well known that
Pythagorean fuzzy sets and (fuzzy) rough sets have been
applied in many fields, particularly in multiple attribute
decision-making [9, 16, 52-55]. Therefore, in the future, we
will also consider the potential application of Pythagorean
fuzzy rough sets.
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