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Abstract. The main aim of this paper is to premise bipolar neutrosophic soft metric space (BNSMS) in terms of bipolar neu-
trosophic soft points. In addition, we define convergence of sequence, Cauchy sequence and completeness in BNSMS with ap-
propriate examples. Further, we represent bipolar neutrosophic soft mappings using a Cartesian product with relations on bipolar
neutrosophic soft sets and developed a fixed point theorem for self maps with contractive conditions using BNS mappings.

INTRODUCTION

In 1965, Zadeh [19] originated fuzzy set theory which deals with uncertainities and it is represented by a membership
degree with range in the unit interval [0, 1]. In 1999, soft set theory was initiated by Molodtsov [11] for modeling
vagueness. Moreover, Beaula et al. [2, 3] and Yazar et al.[18, 7, 16, 17] developed the the concept of soft normed
spaces and soft metric spaces using the idea of soft sets. In order to generalize intuitionistic fuzzy set, Smarandache
[13, 14] introduced Neutrosophic set. Later, Maji [10] established *Neutrosophic soft set’ by combining neutrosophic
set with soft set theory. For further details on single valued neutrosophic sets, the reader may refer to [12, 15].

In recent years, Bosc and Pivert [5] conveyed bipolarity which furnishes the human mind to recognize deci-
sions based on positive and negative effects. To employ this idea, Lee [9, 8] extrapolate bipolar fuzzy sets which
generalizes fuzzy sets. After Deli et al. [6] proposed bipolar neutrosophic sets and studied applications in decicion
making. Furthermore, Mumtaz Ali et al. [1] propound the concept of bipolar neutrosophic soft set which is a hybrid
structure of bipolar neutrosophic set and soft set.

In this article, we construct the concepts of convergence, Cauchy sequence and completeness in bipolar neutro-
sophic soft metric space and prove fixed point theorem for self maps with certain contractive conditions. An example
is given to frame up the developed approach.

Preliminaries

In this section, we give some basic definitions of neutrosophic soft set and bipolar neutrosophic soft set that are useful
for subsequent discussions.

Definition 1. [4] Let U be an initial universe set and E be a set of parameters. Let NS (U) denote the set of all NSs
of U. Then, a neutrosophic soft set N over U is a set defined by a set valued function fy representing a mapping fy :
E — NS (U) where fy is called approximate function of the neutrosophic soft set N. In other words, the neutrosophic
soft set is a parameterized family of some elements of the set NS (U) and therefore it can be written as a set of ordered
pairs,

N = {(e, {< X, TfN(e)(x), IfN(e)(x), FfN(e)(x) > X € U}) . ec E}
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where T g 0)(X), L1y 0) (%), Fpye)(x) € [0,1], respectively called the truth-membership, indeterminacy-membership,
Jalsity-membership function of fy(e). Since supremum of each T, 1, F is I so the inequality 0 < T )(X) + Lfye)(x) +
Fye)(x) < 3 is obvious.

Definition 2. [1] Let U be a universe. A bipolar neutrosophic soft set B in U is defined as
B={(e,{<u, T"(w), I'(w), F*(u), T"(w), I (), F-(u) > ucU}): ecE}

where T*,I",F* — [0,1]l and T~,1",F~ — [—1,0]. The positive membership degree T*(u), I*(u), F*(u) denotes
the truth membership, indeterminate membership and false membership of an element corresponding to a bipo-
lar neutrosophic soft set B and the negative membership degree T (u), I-(u), F~(u) denotes the truth member-
ship, indeterminate membership and false membership of an element u € U to some implicit counter-property corre-
sponding to a bipolar neutrosophic soft set B.

Definition 3. [1] Let B; = {(e,{(u, T, (w), I w), F} (u), T; (), I; (), F;(u)) : u € U}) : e € E} fori = 1,2 be
two bipolar neutrosophic soft sets over U. Then By is bipolar neutrosophic soft subset of B, is denoted by By C By, if
T(u) < Ty, IT(w) 2 I; (w), F{(w) = Fy W), T, (w) =2 T W), I (w) < I; (u) and F{ (u) < F5(u) for all (e,u) € EXU.

Definition 4. [1] Let B be a bipolar neutrosophic soft set over U. Then, the complement of a bipolar neutrosophic soft
set B, is denoted by B¢, is defined as:

B ={(e,{u, F*(u),1 = I"(w), T* (), F(u), =1 =TI (u), T (w)) :uecU)):eckE).

Definition 5. [1] Let B; = {(e, {(u, T; (w), I (w), 7 (w), T; (W), I7(w), F7(w)) : u € U}) : e € E} fori = 1,2 be two
bipolar neutrosophic soft sets over U. Then the union of By and B, is denoted by By U By, is defined as:

By U By = {(e, {(u, max{T; (w)}, min{L; (w)}, min{F; ()}, min{T; (u)},
max{I; (w)}, max{F; w)}): ueU}):ec E,andi=1,2}.

Definition 6. [1] Let B; = {(e, {(u, T;(w), I (w), F (w), T; (w), I-(u), F7(w)) : u € U}) : e € E} fori = 1,2 be two
bipolar neutrosophic soft sets over U. Then the intersection of By and B, is denoted by By N Bo, is defined as:

By N By = {(e, {(u, min{T;" (W)}, max{I; W)}, max{F; W)}, max{T; w)},
mindl; (w)}, mind{F; (w)}) : ue U)}):e€ E,andi=1,2}.
Definition 7. [1] An empty bipolar neutrosopohic soft set B® in U is defined as:
B = {(e,{(1,0,0,1,-1,0,0)) : u € U}) : e € E}.
Definition 8. [1] An absolute bipolar neutrosopohic soft set BY in U is defined as:

BY ={(e,{(1,1,1,0,0,-1,-1)) : u € U}) : e € E}.

Bipolar neutrosophic soft points

In this main section, we discuss the notion of bipolar neutrosophic soft metric spaces using bipolar neutrosophic soft
points.

Definition 9. A bipolar neutrosophic soft point in an bipolar neutrosophic soft set B is defined as an element
(e, f3(€)) of B, for e € E and is denoted by ep, if fz(e) ¢ B® and fz(e’) € B, V ¢’ € E — {e}.

Definition 10. The complement of a bipolar neutrosophic soft point e is a bipolar neutrosophic soft point e}, such

that fr(e) = (fp(e))".

Definition 11. A bipolar neutrosophic soft point eg € M, M being an bipolar neutrosophic soft set if fore € E, fg(e) <
fu(e) ie.,

Tho@) S TF (0, T (X) 2 IE (0, Fp (%) 2 Ff (%),

T 2 Tp (05 Ly () (0) S L (%), Flp)(0) < Fp (%)
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Example 1. Let U = {x,y,z} and E = {e1, e2}. Then,

eip =1{<x,0.8,0.7,0.7,-0.3,-0.5,-0.3) >, < y,0.6,0.8,0.5, -0.5, -0.3, =0.3) >,
<z0.7,0.6,0.6,-0.3,-0.4,-0.7) >}

is a bipolar neutrosophic soft point. Its complement is given by:

eip =1<x,0.7,0.3,0.8,-0.3,-0.5,-0.3) >, < y,0.5,0.2,0.6, -0.3,-0.7, =0.5) >,
<2,0.6,0.4,0.7,-0.7,-0.6, -0.3) >}

For another bipolar neutrosophic soft set M defined on same (U, E), let

Juler) = {<x,0.8,0.6,0.6,-0.4,-0.2,-0.1) >, < y,0.7,0.6,0.4, -0.6, -0.2, -0.1) >,
<z,009,05,0.3,-0.4,-0.2,-0.5) >}

Then fg(e1) < fu(ey) i.e., ejp € M.

Definition 12. Let BNS(Ug) be the collection of all bipolar neutrosophic soft points over (U, E). Then the bipo-
lar neutrosophic soft metric interms of bipolar neutrosophic soft points is defined by a mapping d : BNS (Ug) X
BNS (Ug) — [0, 6] satisfying the following conditions:

BNS M1 - d(eB, eM) >0,V ep, ey € BNS(UE)

BNSM?2 : d(eB,eM) =0 ep =¢ey.

BNS M3 : d(eB, EM) = d(eM, EB).

BNS M4 : d(ep,ey) < d(ep,ep) +d(ep, en), Y em,ep, ep € BNS(Ug).

Then BNS(Ug) is said to form an BNSMS with respect to the BNSMS ’'d’ over (U,E) and is denoted by
(BNS (Ug),d). Here ey = eg means that,

T, (x) =T, (x), I, (x) = I (x;), F,, (x;) = F, (x),

> Ley
T, (x) =T, (x), I, (x;) =1, (x), F,, (x))=F, (x;), Yx; € U.
Example 2. Define
d(ep, en) = min, (IT; (x;) = T, ()l + |17, (xi) = I, (el + |, (xi) = F, (xp)l+
IT;,(xi) = T,, (ol + 1, (xi) = I, (x)l + |F,, (xi) — F,, (x)l}

Clearly, d(ep, ey) > 0 and d(ep,en) = 0 & ep = ey. Also d(ep, ey) = d(ey, ep). To verify the final condition, we use
the triangle inequality

ey

d(ep, en) = min, {|T; (x;) = T, (el + 15 (x) = I, (xp)l + |, (xi) = F,, (xp)|+

7., (xi) =T, (x)l + |1, (x;) = 1, (xpl + |F,, (xi) — F, (x)l}

= min{|T;,(x;) = T, (xi) + T, (xi) = T, (el + 1, (x) = I (x)+
I (xi) = I, Gl + |[F, () = F (i) + Fy (x) = Fp (x)l+
T, (xi) =T, (x0) + T, (xi) = T, (x)l + 1, (x0) = I, (xi)+
1, (xi) = 1o, (x| + |F o (xi) = F, (x) + F, (xi) = F, (x)l}

< miny{|Tg,(x;) = T (el + 11, () = I Gl + |F, () = Fy ()l +
T, (xi) = T (xo)l + L, (xi) = 1, (xo)l + |F,, (xi) = F, (x)l}+
min AT, (xi) = T, (el + 117 (xi) = I, Gl + |F, (i) = Fy (x)l+
IT,, (xi) = T, (el + 1, (x0) = I, (xp)l + |F, (xi) = F (xi)l}

=d(ep,e,) +d(e,, en).

Thus d defined above is called a bipolar neutrosophic soft metric over (U, E).
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Definition 13. A sequence of bipolar neutrosophic soft points {e,g} in an BNSMS (BNS (Ug), d) is said to converge in
(BNS (Ug),d) if there exists a bipolar neutrosophic soft point eg € BNS (Ug) such that d(e,p,ep) — 0 asn — oo or
e,p — ep as n — oo. Analytically for every € > (O there exists a natural number ngy such that d(e,p, ep) < €, ¥ n > ny.

Example 3. Let E = N be the parametric set and U = Z be the universal set. Define a mapping fg : N — NS (Z)
where, for anyn € N and x € Z,

() = 0, ifx is odd

X

fl‘(") n+1, if x is even

) —, if x is odd
X) =

o) 0, if x is even

N 1- n, if x is odd
(n)(x) =
0, ifx is even

_ if x is odd
Thm(®) = { /

—, if x is even

_ =L ifxis odd
I () = {3n if

0, if x is even

, ifxisodd
F7 () = n
fB(")( ) { 0, ifx is even

Notice that, {e,g} — (0,0, 1,0,0,—1) for odd integers and {e,g} — (0,0,0,0,0,0) for even integers. Hence, {e,p} is
divergent bipolar neutrosophic soft sequence over (Z,N).

Definition 14. A sequence {e,p} of bipolar neutrosophic soft point in an BNSMS (BNS (Ug), d) is said to be a Cauchy
sequence if for every € > 0 there exists an ny € N such that d(e,;p,en) < €,Ym,n > ng i.e., d(e,p,e,p) — 0 as
m,n — oo,

Example 4. Let E = N be the parametric set and U = Z be the universal set. Define a mapping fg : N — NS(Z)
where, for anyn € N and x € Z,

1
T ) = (%) = Flm) =

_ -1 1
Thyn®) = == L) = 20 Fry(0) =

Define the distance function as

d(emp, enp) = min {|T,;  (x:) = T, ()l + 11, (x) = I el + [F, (xi) = Fy(x;)]
+IT,,,(x) =T, ()l + I, (xi) =1, (xp)l + |F, ,(xi) = F, (xpl}

=17,,,(0) =T, Ol +1I; () = I; (Ol +|F, (x) = F (0)]+

7., =T, + I, ,(x) = 1, (O + |F, (x) = F, (x)]

€mB

- 1 1 |+|1 1|+|1 1|+
T m+1l n+1 2m  2n 3m  3n
| -1 N 1 |+|_1+1|+|_1+1|
m+2 n+2 dm  4n 6m 6n

— 0 as m,n — oo
Hence {e,p} is a Cauchy sequence.

Definition 15. An BNSMS (BNS (Ug),d) is said to be complete if every Cauchy sequence converges to a bipolar
neutrosophic soft point of BNS (Ug).
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Definition 16. Ler By and B, be two bipolar neutrosophic soft sets over a common universe (U, E). Then their Carte-
sian product is By X By = Bz where fp,(a,b) = fp (a) X fp,(b) for all (a,b) € E X E. Analytically,

F5,(@0) = { < 03, T}y o) Ty a0 Fy @) T (5,
IJZBS(a,b)(x,y), F_B3(a’b)(x, y) >: (x,y) € U X U} with

T, any5y) = mindT5 (), Tg 4,0}

I}, oy 6) = max{iy (), If (0}

Fly ap(Xy) = max{Fp (0, Fj ;)

Ty a6 Y) = maxtTp (0, T ()}
Ly a5 y) = mindl e, (x), Tp, 0, (1)}

Fry any(6y) = minlF g (0, Fp )0}

Example 5. Let U = {x,y} and E = {ey, e3}. Define bipolar neutrosophic soft sets By and B, as follows:

= {eip,, €2}
= {{< x,(0.7,0.8,0.2,-0.5,-0.9,-0.3) >, < ¥,(0.8,0.8,0.7,-0.5,-0.7,-0.2) >},
{< x,(0.1,0.2,0.7,-0.4,-0.3,-0.4) >, < y,(0.4,0.8,0.7,-0.4,-0.6, -0.2 >}}.
= {e1s,, €2,}
{{< x,(0.7,0.2,0.6,-0.2,-0.3,-0.5) >, < y,(0.1,0.2,0.6,-0.8, -0.2, -0.5) >},
{< x,(0.7,0.6,0.1,-0.4,-0.7,-0.3) >, < y,(0.4,0.9,0.7,-0.5, -0.7, -0.2) >}}.

Then fp,(a,b) = fp,(a) X fp,(b) where (a,b) € E X E is calculated as

‘ fB3(a’b) H (el’el) H (61’62) ‘
(x, %) (0.7,0.8,0.6,-0.2,-0.9,-0.5) || (0.7,0.8,0.2,—0.4,-0.9,-0.3)
(x,y) (0.1,0.8,0.6,-0.5,-0.9,-0.5) || (0.4,0.9,0.7,-0.5,-0.9,-0.3)
v, x) 0.7,0.8,0.7,-0.2,-0.7,-0.5) || (0.7,0.8,0.7,-0.4,-0.7,-0.3)

(.y) (0.1,0.8,0.7,-0.5,-0.7,-0.5) || (0.4,0.9,0.7,-0.1,-0.9, —0.4)
| fa,(a,b) || (e2.€1) | (e2,€2)

(x, x) 0.1,0.2,0.7,-0.2,-0.3,-0.5) || (0.1,0.6,0.7,-0.4,-0.7,-0.4)
(x,y) 0.1,0.2,0.7,-0.4,-0.3,-0.5) || (0.1,0.9,0.7,-0.4,-0.7,-0.4)
(¥, x) (0.4,0.8,0.7,-0.2,-0.6,—0.5) || (0.4,0.8,0.7,-0.4,-0.7, -0.3)
,) (0.1,0.8,0.7,-0.4, —0.6,-0.5) || (0.4,0.9,0.7,-0.4,-0.7,-0.2)

Definition 17. Let B, and B; be bipolar neutrosophic soft sets over a common universe (U, E). A bipolar neutrosophic
soft set R is said to be an bipolar neutrosophic soft relation(BNS) from By to B, if fg : E — BNS (Ug) where E C EXE.

Example 6. Let By and B, be bipolar neutrosophic soft sets in Example 5. Then R = {fp,(e1) X fp,(e2), fp,(€2) X
Ia,(e1), fp,(e2) X fp,(e2)} is a bipolar neutrosophic soft relation from B\ to B, which itself is an BNS set with
{(e1,e2), (e2,e1), (€2,€2)} as a set of parameters.

Definition 18. Let By and B, be bipolar neutrosophic soft sets in BNS (Ug). A BNS-relation from B to B, is said to
be an BNS-mapping from B| to B, symbolized by f : B — B, if these properties are satisfied:

e  Forevery element ep, € B, there exists only one element ep, € By such that f(ep,) = ep,.
e For each empty BNS element 0, € By, f(0,) is an empty BNS element for B,.
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Definition 19. Let B; and B, be bipolar neutrosophic soft sets in BNS(Ug) and f : By — B, be an BNS-mapping. The
image of C C By under BNS-mapping ' " is the bipolar neutrosophic soft set f(C) defined by f(C) = {U,, . f(ep,) :
e € E}. It is obvious that f(0,) = 0, for every BNS mapping ' f’.

Definition 20. Let B| and B, be bipolar neutrosophic soft sets in BNS(Ug) and f : B — By be an BNS-mapping. The
inverse image of D C B, under BNS-mapping ' ' is the bipolar neutrosophic soft set f~'(D) defined by f~'(D) =
{{Ueg,es, ep, e € E}: f(ep) € D foreach e € E}.

Example 7. Let By and B, be given in Example 5. Define ' " as f(ep,) = ép, for each e € E, where ég, is the greatest
bipolar neutrosophic soft element for every parameter e € E i.e., if ep, is an arbitrary bipolar neutrosophic soft
element in B, then ep, C ép,. Then

fleip) = éip,
={< x,(0.7,0.2,0.6,-0.2,-0.3,-0.5) >, < y,(0.1,0.2,0.6, 0.8, —0.2, —=0.5) >}

forall e g, € By. Similarly

fleap,) = é2p,
={< x,(0.7,0.6,0.1,-0.4,-0.7,-0.3) >, < y,(0.4,0.9,0.7,-0.5,-0.7, -0.2) >}

forall ey, € By. The image of ' f' can be obtained as follows:

J(C) ={Ue, . f(ep,) : e € E}
= {Ueyy e fe18)} Ve o f(e28,)}}

={éip,, é2p,} = B>.
For D = By, the inverse image of ' f’ can be obtained as follows:

()= {Uep s, €8, 1 € € E} t flep,) € D for each e € E}
(Uergyon, €180 Uesy o €2, ))
e1p,» €25} = Bi.

={
={

Definition 21. Let (BNS (Ug),d) be an BNSMS. Let f : BNS(Ug) — BNS (Ug) be a function from a metric space
(BNS (Ug), d) into itself. A bipolar neutrosophic soft point eg € BNS (Ug) is called a fixed point of ' f’ if f(ep) = ep
ie.,

T o) = To (%), T, (0 = [, (X), Ff, (X) = F, (%),
T;(eﬁ)(x) = T;R(x)’ I;(eﬁ)(x) = I;B(X), F}(eR)(x) = F;B(x)~
Example 8. Let BNS (Ug) = {e1p, €25, e3p} where

e1p ={< x,(0.5,0.6,0.3,-0.2, -0.4, -0.8) >, < y,(0.8,0.3,0.5,-0.3, 0.7, =0.6) >,
<2,(0.6,0.4,0.8,-0.5,-0.6, —0.5) >}

e ={< x,(0.4,0.6,0.3,-0.3, -0.5,-0.1) >, < y,(0.5,0.1,0.4, 0.2, 0.3, -0.3) >,
<2(,0.5,0.3,0.1,-0.6,-0.4, -0.1) >}

e3p ={< x,(0.5,0.4,0.1,-0.6,-0.5,-0.1) >, < y,(0.8,0.4,0.6,-0.4,-0.5,-0.7) >,
<2,(0.5,0.1,0.7,-0.2, -0.1,-0.5) >}.

Let f : BNS(Ug) = BNS (Ug) be defined as follows:

Flew) = {e"B’ fori=1 P

ei-np, Otherwise
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Then we obtain,

flers) = e1p ={< x,(0.5,0.6,0.3,-0.2, 0.4, —0.8) >, < y,(0.8,0.3,0.5, 0.3, —0.7, =0.6) >,
<2,(0.6,0.4,0.8,-0.5, 0.6, -0.5) >}

flean) = e1p ={< x,(0.5,0.6,0.3,-0.2, 0.4, —0.8) >, < y,(0.8,0.3,0.5, 0.3, 0.7, =0.6) >,
<2,(0.6,0.4,0.8,-0.5,-0.6, -0.5) >}

fless) = exn ={< x,(0.4,0.6,0.3,-0.3, -0.5,-0.1) >, < y,(0.5,0.1,0.4, 0.2, 0.3, -0.3) >,
<2(,0.5,0.3,0.1,-0.6,-0.4, -0.2) >}.

Hence eyp is the fixed point of ' f.

Definition 22. Let (BNS (Ug),d) be an BNSMS. A contraction mapping on a metric space (BNS (Ug), d) is a function
from BNS (Ug) to itself, with the property that there is some non-negative real number O < a < 1 such that for all

ep,e, € BNS(Up),
d(f(ep), f(ep)) < ad(ep,ep).

Theorem 1. If (BNS (Ug),d) is a complete BNSMS and T : BNS(Ug) — BNS (Ug) is a contractive mapping, then
there exists a unique fixed bipolar neutrosophic soft point in BNS (Uk).

Proof. Choose an element egp € BNS(Ug) and set egiyp = Tepp = ... = T"legp,n = 1,2, . ... For convenience,
by k we denote the element d(e, ¢pp) in [0, 6].

d(em+1)> enp) = d(Tenp Tew-1)p) < ad(ens, e-1))
2
< a”d(eu-1)B, €n-2)B)

3

< a"'d(e1p, eop)

= a"k.
For n + 1 > m, it follows that

d(e+1)B> emp) < d(€+1)> €np) + d(enp, €mp)

< d(em+1)Bs en) + d(e,p, €-1yB) + d(€(u-1)B> €mB)

< d(eu+1)B» €n) + d(enp, €n-1)8) + . . . + d(€(n+1)B> €mB)
<a'k+a" 'k+...a"k
" 1—g"™
=a k[—l . ]
. 1

<" 1]

— 0 (as m — ).
Therefore {e,p} is a Cauchy sequence. By the completeness of (BNS (Ug), d), for every € > 0 there exists a natural
number ny and an element eg € BNS (Ug) such that d(e, g, ep) < €,Yn > ny.

0<d(Tep,ep) <d(Tep,Te,) +d(Te,p,ep)
< ad(ep,eup) + d(eu+1)B, €B)

— 0 asn — oo.
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Therefore d(Tep, eg) = 0 which implies Tep = ep i.e., ep is a fixed point of 7. Now suppose that e;;(# ep) is another
fixed point of 7. Since,

0 <d(ep,ey) =d(Tep,Tey)

< ad(ep,ey) < d(ep, ey), which is impossible.

Hence d(ep, ey) = 0 and ep = ey, which implies that the fixed point is unique. O

Example 9. Consider an BNSMS (BNS (Ug), d) with respect to the distance function’d’ defined in (1) and the function
'’ defined in (2) where BNS (Ug) = {e1s, eap, e3p} are given as follows:

e = {< x,(0.4,0.6,0.7,-0.2,-0.9, -0.3) >, < y, (0.4,0.8,0.7, =0.6, =0.7, —=0.1) >}

exs = (< x,(0.3,0.6,0.8, 0.4, 0.8, -0.5) >, < y,(0.7,0.6,0.1, 0.3, =0.9, —0.4) >}
e3s = {< x,(0.1,0.8,0.7,-0.9, 0.2, —0.1) >, < v, (0.6,0.2,0.6, 0.9, —0.1, —0.8) >}

Here we see that d(f(e;p), f(ejp)) < ad(e;p,ejp) for all eip,ejp € BNS(Ug) and i, j = 1,2,3 with a = % Hence by
the above theorem ' f' has a unique fixed bipolar neutrosophic soft point in BNS(Ug) which is e\ p.
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