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PREFACE

In this book authors study special type of subset vertex multi
subgraphs; these multi subgraphs can be directed or otherwise.
Another special feature of these subset vertex multigraphs is
that we are aware of the elements in each vertex set and how it
affects the structure of both subset vertex multisubgraphs and
edge multisubgraphs. It is pertinent to record at this juncture
that certain ego centric directed multistar graphs become empty
on the removal of one edge, there by theorising the importance,
and giving certain postulates how to safely form ego centric
multi networks. Given any subset vertex multigraph we are not
always guaranteed of getting the special subset vertex
multisubgraphs. However, if we have subset vertex multigraphs
which has special subset vertex multisubgraphs then we can
have corresponding to them multinet works, these multi
networks are fault tolerant networks, hence the study of these

special type of multisubgraphs has become mandatory.



Further in this book we introduce a new notion of super special
subset vertex multigraphs which are built using the subset
vertex multigraphs, especially when the subset vertex
multigraph has no special subset vertex multi subgraphs.
However, such super special subset vertex multigraphs
associated with a multigraph are unique; so one cannot enjoy
many options. To over this we build in case of subset vertex
multi graphs which has several special subset vertex
multisubgraphs the super special subset vertex multisubgraphs,
these are not unique, and we can choose the one which is
economic and form the multinetwork.

We see as in case of usual multigraphs these subset vertex
multigraphs when one edge is removed then several edges are
removed in the later case, causing instability of the network.
This mainly happens because we are aware of the vertex which
contributes these multiedges so this would help the researcher to
know the exact multinetwork and act accordingly. These
structures will be boon in multi networks associated with
transportation networks and social information networks.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this
book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this chapter we give some of the basic concepts which
are very essential for the reader. Further we also give a few
concepts or notions which are discussed in this book as they are
vital for the reader to know how these multigraphs are different
from the existing one and the need to pursue them. Recall in

[53-6] subset vertex graphs of two types was introduced.

Basically, they are a powerful tool in the study of social
network. Here we just give the definition of them and describe
them by examples. These subset vertex graphs are built
basically using subsets of a set S as a vertex subset. The vertex
subsets of any subset vertex graph is taken from the set P(S), the

power set of S.

Definition 1.1. Let S be any set and P(S) the powerset of S. Let
Vi, V2, ..., Va be n subsets of P(S) which forms the vertices of the
graph G. We define an edge from v; to v; if and only if i=j and
virw; # @; 1 <i, j <n. Thus, once the vertex subsets vi, ..., v, are

given the edges are uniquely fixed. We define G with vertex
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subsets vi, ..., va and edges defined in this way as the subset

vertex graph of type 1.
The following observations are mandatory.

1) The set S can be anything depending on the problem in
hand.

2) Once the vertex subsets are given the edges are defined in a
unique way. Thus, for a given set of vertex subsets there is
one and only one subset vertex graph associated with it.

3) These vertex subsets graphs are not directed.
We now provide some examples of them.

Example 1.1 Let S = {Z,7} be a set of order 27, S = {ay, a, ...,
ax} =1{0,1,2,3,4,...,26}, where a; =1 (as = 5): 0 <1< 26.
P(S) be the powerset of S. Consider the vertex subsets {vi, v2,
V3, V4, Vs, Ve} < P(S) where vi = {2, 4, 6, §, 10, 16, 20}, v» = {6,
4,17,19,23,7}, va={3,5, 15}, va= {9, 8, 26, 24}, vs= {7, 17,
15,0, 1} and v¢ = {4,2, 5,7, 10, 12}.

Now we show how the edges are fixed according to the
definition of subset vertex graphs of type I. An edge exists

between vi and vj, i # j; if and only if vin vj # ¢.

Now we find the edges of the subset vertex graphs with
vertex subsets vi, va, ..., Ve. Vi N V2 = {6, 4} so there is an edge
between v and v2. Now vin v3 = ¢ so there is no edge between
vi and vi. vi N v4 = {8} so there is an edge between v; and va.
vi N vs = ¢ so there is no edge between v; and vs. We find now
vi N ve = {4, 2, 10}. We find the edge between v, and vs;

v2 N v3 = ¢ so there is no edge between v, and vs. We find
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V2N v4 = ¢ so there is no edge between v, and va. vo N vs = {17}
so there is an edge between v, and vs. Consider vo N ve = {7, 4}
so there is an edge between v, and ve. The edges between vs and
va, vs and ve. v3N v4 = ¢ so no edge exists between vi and va.
We find v3 » vs = {15} so there is an edge between vs and vs.
vi M Ve = {5} so there is an edge between v; and vs. Now we
find the edges incident to v4. va N vs = ¢ and va N v = ¢ so with
both vs and ve there is no edge connecting v4. Finally, vs M ve =

{7} so there is an edge between vs and ve.

Hence for the given set of vertices vi, va, ..., Ve the edges
are unique and are not directed. Let G be the subset vertex graph

with edges vy, va, ..., V¢ given by the following figure.

vi={2,64,
8, 10, 16, 20}

vi={9,8 26,

24)

Figure 1.1: Subset Vertex Graph G
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Next, we give yet another example of a subset vertex star
graph of type L.

Example 1.2. Let S = {Z} be a set and P(S) the power set of
S. Let G be the subset vertex star graph given by the following
figure.

vi=1{246
8 10,1214,
16, 18, 20, 3,
579 11,
13. 151

Figure 1.2: G,Subset Vertex Star Graph

Now we provide an example of a subset vertex circle
graph.
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Example 1.3. Let S = {Z»4} be a set and P(S) the power set of
S, G be the subset vertex circle graph given by the following
figure

\ {18,
19,20, 21}

V6= {16,
17,18, 19}

Figure 1.3

We give yet another example of a complete subset vertex

graph.

11
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Example 1.4. Let S = {Zs4} be a set. P(S) be the power set of S.
Let G be the complete subset vertex graph given by the
following figure.

Vi = {4a 6a 8a \ {4: 6: 35 79
12,14,2,0, 16, 9,11, 13,15,

18,20, 22, 24, 17,19, 21, 23,
26,28 30} 25,27, 29, 31,

ve= {4, 6, 12,

vs= {4, 6, 44,
14, 20, 41}

42,43,41,40}

Figure 1.4

Now consider the chain of vertex subsets which forms a
totally ordered set given in the following.

vi=1{3,4,6} cv2=1{3,4,6,7,9} cvs={3,4,6,7,9, 10}

cva=1{3,4,6,7,9,10,11,12, 14} cvs={3,4,6,7,9, 10, 11,
12,14,16,17,18} cvse={3,4,6,8,7,9, 10, 11, 12, 14, 16, 17,
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18,24} cv,={3,4,6,8,7,9,10, 11, 12, 14, 16, 17 18, 24, 26,
27,28, 29

The subset vertex graph G is as follows.

Figure 1.5

G is clearly a subset vertex graph which is complete.

In fact it is clear every totally ordered subsets of P(S)
forming the subset vertex of any graph G will form a complete
subset vertex graph. However, we cannot say in case of all
complete subset vertex graphs the subset vertex set will form a
totally ordered chain, the Figure 1.4 is an instance of this
situation.

Now we see the usual subset vertex subgraphs of G. If a
subset vertex graph G has n vertices then the number of subset
vertex subgraph of G which are proper including the null subset
vertex subgraph in nC;+nC; + nCs + ... + nCy_1.

13
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Example 1.5. Let S = {Z»} and P(S) be the power set of S. Let
G be the subset vertex graph given by the following figure.

Figure 1.6

G has 7C; + 7C, + 7C; + 7C4 + 7Cs + 7Cs nontrivial
subset vertex subgraphs which includes the null 7 subset vertex
null subgraphs also. We take any one of the proper subset vertex
subgraph say H of G given by the following figure.
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H =
Figure 1.7
Now for this H we take the proper subsets of the vertex
subsets we rename the subsets of vias u, 1 =1, 2, ..., 5, where
Ui & Vi.

Let K be the subset- subset vertex subgraph of H given by
the following figure.

Figure 1.8

We see K| is just an empty subset subset vertex subgraph

of H, whereas H is a complete subset vertex subgraph of G.

15
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Consider K, a subset subset vertex subgraph of G given by the
following figure.

K>

5
R

Figure 1.9

K, the subset-subset vertex subgraph of H is not a
complete subset-subset vertex subgraph of H.

Now we find the local complement of K; and Ko relative
to H.

The local complement P, of K; relative to H is as follows,

which takes the vertex subsets as si=v;\u;; 1<i< 5.
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Py

Sa = va\uy =

(16,2, 12,

1 1M

Figure 1.10

Clearly the local complement Py of K; relative to H is a
subset-subset vertex subgraph of G which is pseudo complete
but K; is an empty subset-subset vertex subgraph of H.

Now we find the local complement P, of K, relative to H
in the following.

Figure 1.11

17
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Clearly K, the subset-subset vertex subgraph of H which
is the local complement of K, relative to H is a disconnected
one whereas K, is a connected subset-subset vertex subgraph of

H, with vertex subsets b;=v;\aj, 1 <i<5.

Consider the subset vertex subgraph S of G given by the

following figure.

\% Ve

Figure 1.12

S is a complete subset vertex subgraph of G.

Infact every subset vertex subgraph of G is also a
complete subset vertex subgraph as G is a complete subset

vertex graph.

We now give the subset subset vertex subgraph M; of S
by the following figure.
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Figure 1.13

We see M the subset - subset vertex subgraph of S is not

complete or pseudo complete. It is only connected.

Now we give the local complement N; of M; relative to S

in the following figure.

Ni

Figure 1.14

Ni the local complement of M; is not a complete or

pseudo complete subset - subset vertex subgraph.

Now the notion of subset - subset vertex subgraph of a

subset vertex graph G is the concept of special subset vertex

19
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subgraphs. So we can call the special subset vertex subgraph of
G also as subset - subset vertex subgraph of G.

Study of these structures have been elaborately dealt in
[53]. Now we proceed onto describe this notion by an example

or two.
Example 1.6. Let S = {Z»7} and P(S) the power set of S.

Let G be the subset vertex graph given by the following

figure.
v = {2, 4,
8, 6,18}
V3 = {2, 6,
glgz ézalgs 10, 26, 15,
s Oy 7 H 19, 20
14, 20} j
L
V2 = {29 49 V4 = {2, 4,
10, 15, 16, 10,3,0, 1
17,19} 61
G= 7,9, 6}
vs=1{2,4, vi=10,1,
9,6, 15, 5,10, 4, 8,
25} 20, 12, 14}
ve = {0, 1,
3,9,10, 21,
24}
Figure 1.15
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Let H; be a special subset vertex subgraph of G given by
the following figure.

Figure 1.16

Clearly H; is a special subset — subset vertex subgraph
which is only pseudo complete whereas G is a complete subset
vertex graph.

Let H> be a special subset - subset subgraph of G given
by the following figure.

21
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H» ‘

Figure 1.17

We see H; is a subset - subset vertex special subgraph of

G which is empty but G is complete.

Let Hs be the special subset - subset vertex subgraph of G
given by the following figure.
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Figure 1.18

Clearly the special subset vertex subgraph H; of G is
disconnected. It has 2 triads which forms the clique of Hj3

however G is connected.

In the following we give the local complements of Hi, H»
and Hj relative to G.

Let P, be the local complement of H; relative to G given
by the following figure.

23
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V4\L14 = {3,
0,1,7,9}

2N

Ve\ug = {3,

Figure 1.19

We see the local complement P; of H; does not enjoy the
same structure as H; for P; is pseudo complete where as P; is

not. Clearly the nodes of Py are vi\u;;i=1,2, ..., 8.

Let P, be the local complement of H, given by the

following figure.
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vs\ag = {6,

vi\a; = {0,
10, 4, 8, 20,

Figure 1.20

H, is an empty special subset vertex subgraph of G
whereas it local complement P, relative to G is a pseudo

complete special subset vertex subgraph of G.

Let P3 be the local complement of Hj relative to G given

by the following figure.

25
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ve/ds = {0,
1,3, 10,
24,21}

Figure 1.21

We see the local complement P; of H; is a pseudo
complete special subset subgraph of G where as H; is
disconnected. This Ps has a clique of order 7 and is a powerful

hyper subgraph of Ps.

These very special features enjoyed by these subset
vertex graphs G and their special subset vertex subgraphs makes
these structures very powerful in general for networks and in

particular in case of social networks.

Study in these directions are open to any interested

researcher in social information networks.



Introduction | 27

Next, we proceed onto to recall the definition of
projective (injective) subset vertex graph. For more about these
notions please refer [53-5].

Definition 1.2. Let S be a set and P(S) the power set of S. Let v,
V2, ..., Vu be n distinct vertex subsets from P(S). We define an
edge from vito v; if and only if vi c v; (i #j) and it is defined as
injective edge if we draw the line from v; to v; and a projective

edge if we draw a line from v; to v,

Projective edges if the line is from

Figure 1.22

So G is defined as a injective (projective) subset vertex graph if
the injective (projective) edges are defined on it. These graphs

are known as subset vertex graphs of type I1.
We will give one or two examples of them.

Example 1.7. Let G be a directed subset vertex graph given by
the following figure. The vertex subsets are from P(S) of the set
S; where S = Z15.

We give both injective subset vertex graph G as well as
projective subset vertex graph H.

27
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Figure 1.23

For the same set of vertices, the projective subset vertices

graphs of G and H are as follows.

Figure 1.24
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We see the directions in G and H are in opposite

directions.

We can get subset vertex subgraphs of G and H in the

following.

Let K; be the subset vertex subgraph of G given by the

following figure.

Figure 1.25

Let H; be the subset vertex subgraph of H given by the
following figure.

Figure 1.26
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Clearly H; is a complete subset vertex subgraph of H.
Infact H; is the subset vertex clique of H.

Next, we give examples of subset - subset vertex
subgraphs of both G and H in the following.

Let P, be the subset - subset vertex subgraph of G given
by the following figure.

&

10, 6, 8

Figure 1.27

Now let P, be the subset - subset vertex subgraph of H
given by the following figure.

Figure 1.28
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We see P, is a disconnected subset - subset vertex
subgraph of H. Clearly H is connected but its subset - subset
vertex subgraph P; is not connected. So the properties in general
is not inherited by its substructures.

Now we study the condition whether G or H can have
special subset vertex subgraphs. The answer is no as both the
subset vertex graphs G and H contain the vertex subset {10}
which is a singleton.

We give one more example of a directed subset vertex
graph which has special subset vertex subgraphs.

The main criteria for the existence of the special subset
vertex subgraph is that no vertex subset of G should be
singleton. It even one of the vertex subset is a singleton then
that subset vertex graph cannot have proper subsets.

Example 1.8. Let G be a subset vertex graph given by the
following figure whose vertex sets are from P(S), the power set
of S= {Z18}.

1,2,4,10,
12,16, 17

Figure 1.29

31
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Now we give the special subset vertex subgraphs of G.

Let H; be the special subset vertex subgraph of G given
by the following figure.

Figure 1.30

We give the local complement B; of H; in G which is

given by the following figure.
Vertex subgraph of G but it is disconnected.

Let H, be another special subset vertex subgraph H, of G
given by the following figure.
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H>=

O
S

Figure 1.31

H, is a special subset vertex subgraph of G which is

disconnected
B =
Figure 1.32
We see the local complement of H; in G is a special
subset.

33
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Now we find the local complement B, of H, in G.

B: is given by the following figure.

B, =

e

Figure 1.33

We see B: is also a disconnected special subset vertex
subgraph of G with two components. Subset vertex subgraphs
can also be obtained by removing edges. This concept is
elaborately dealt in Chapter III of this book.

Now we proceed onto describe subset vertex multigraphs
of type I and type II [53-5].

We define a subset vertex multigraph G with vertex
subsets vy, v, ..., vo € P(S) where P(S) is a power set of the set S
as follows the vertices viand v;j has t edges if (i) vinvj= ¢  (i#
j) (1) If vi m vj = Ajj then there are |Aj| (order of Ajj; the subset
that is number of elements in Aj) number of edges between v;

and v;.
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Thus in case of subset vertex multigraphs of type I also
the number of edges between any two subset vertices is
automatically fixed.

We will provide one example as this concept of special
subset vertex multisubgraphs are elaborately dealt in chapter 11
of this book.

Example 1.9. Let G be the vertex multigraph given by the
following figure. Vertex subsets of G are from the power set
P(S) where S = Zs.

Figure 1.34

Clearly G is a type 1 subset vertex multigraph. The
number of edges is automatically fixed and also the edges are

automatically fixed in G. For more refer [53-5].

However, we have not dealt with type II subset vertex

multigraphs we briefly describe them in the following.

Suppose we have two vertex subsets.

35
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1,2.3, 4, \) >
5 >
Vi
Figure 1.35

This will be defined as injective multigraph with subset vertices,

basically we need vic v».

If we have the relation or directed edges as

> {1,234,
> \ 5
> \.

Vi

Figure 1.36

This sort of relating the edges will be defined as

projective multigraphs of vertex subsets.
In view of all these we have the following definition.
Definition 1.3. Let S be a finite set, P(S) the power set of S.

Let vi, v, ..., va€ P(S) be the vertex set of the directed
subset vectex multigraph G, we say there exist t edges between
vi and v; if vi Cv; (i#]), viis a proper subset of viand |vi| =, I <

t <|S|. This is true for every i, j; 1 <i,j <n.
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We call this subset vertex multigraph as injective or type

II directed subset vertex multigraph.

If on the other hand, we draw t edges from v; to vi (vi< vj;
[vi = t) then we call the resulting subset vertex multigraph as

projective subset vertex multigraph.
We provide examples of them in the following.

Example 1.10. Let G be a directed subset vertex multigraph
with vertex set from P(S) the power set of S where S = Zi3
given by the following figure.

vi=1{1,2,4, X\
15,9, 6, 8,
10,7, 12, 6}

N

Figure 1.37

37
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Finding subset vertex multisubgraphs and subset - subset
vertex multisubgraphs is a matter of routine.
However we provide a few examples of them.

Let H; be a subset vertex multisubgraph of G given by
the following figure.

H,

Figure 1.38

H; is a disconnected subset vertex multisubgraph of G.

Let P; be a subset - subset vertex multisubgraph of G
given by the following figure.
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Figure 1.39

where uic vi,i= 1,2, 3, 6, 5.

Clearly P, is a connected subset - subset vertex
multisubgraph of G.

Now we give one example of a special subset vertex

multisubgraph B, of G given by the following figure.

39
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a; = {2,
15, 8, 10}

Figure 1.40

Here aic u;; 1 <1< 7 are the vertex subset of B.
B is a special subset vertex multisubgraph of G.

We now find the local complement T of B; relative to G.
T, is given b y the following figure.
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Figure 1.41

Clearly T, the local complement of B, is also a special
subset vertex multisubgraph of G. T; will not be defined even if

one pair of vertices vi \ ui = vj\ u;, 1 #j; wic vi and u; C v;j.
Interested reader is requested to refer [53-5].

We now proceed onto explain that in case of directed
special subset vertex multisubgraphs also behave more like
undirected special subset vertex multisubgraphs only the

direction is maintained.

When the study of subset vertex multisubgraphs got by
removing edges is dealt, we see it is very important to note that
when the edges get removed correspondingly the subsets of

41
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these vertex subsets also lose one or more elements. It is
mandatory if an edge from v; to vj is removed where there are
more than one edge from v; to v;j then one element say t € vinvy;
is removed. So it has become a daire necessesity to label the
edges also as in that case there will not ambiguity which edge is
removed. For instance if there are four edges from v; to vj given
by the following figure.

V1= {1, 2,
4,7,9,12,
16, 18, 21}

Figure 1.42

We see if one edge is removed one element from v; and
v, 1s to removed and it should be same in both v; and v»; which
canbe 2 or 9 or 12 or 18.

But which will one remove there are 4 ways this can be
done so the solution or the result one gets may not be unique for
this in turn will also affect the other edges of the mutligraph G
so it is mandatory we should label also the edges of a subset

vertex multigraphs be it of type I or type II.

Example 1.11. Let G be a subset vertex multigraph of type I
given by the following figure for which both edges and vertices
are labeled. G is given by the following figure.
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Figure 1.43

Suppose the edge labeled 4 is to be removed connecting

Vi and Va.

Then the vertex sets of v and vy are {1,3,2,5} =u, =

{5, 6,7, 9} respectively rest of the vertices remain the same.

The resulting subset vertex multisubgraph is as follows.

43
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Figure 1.44

Unlike usual graph removal of one edge may result
automatically by the definition remove more edges. In this case

it has resulted in the removal of four edges.

This study is interesting and is carried out in chapter III
of this book.

Suppose we are interested in removing two edges say
edge with label four from v; to v, and edge with label 9 from v4

to vs.
We find out how many edges in total are removed.

Let K be the subset vertex multisubgraph got from G after

the removal of the above mentioned edges.
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Figure 1.45

4
We see when we remove two edges G\ {
9
@—@ two edges } =K

Figure 1.46

in the resulting subset vertex multisubgraph we see 10 edges are
removed by the very definition of subset vertex multigraphs.

This is not the case with usual graphs.

Now we study the same situation in case of vertex subset

graphs. We realize in that case even more changes may occur.
We first illustrate this situation by some examples.

Example 1.12. Let G be a subset vertex multigraph given by
the following figure.

45
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Figure 1.47

The vertex subsets vi, vz, V3, V4, Vs and ve¢ are from the
power set P(S) where S = Zy.

Suppose the edge from v to v, is removed from G then G
\ {edge vi 2}, the subset vertex subgraph is given by the

following figure.

We see the edge is constructed from v; to v2 as vin vo =
{1, 2, 9, 8} all these elements from both v; and v, is to be

removed.

Let H; be the resulting subset vertex subgraph given by
the following figure.
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Figure 1.48

We see 6 edges are automatically removed when only one
edge is removed in G.

Let H» be the subset vertex subgraph for which edges vi
to v2 and v4 to vs are removed. That is Hy = G\ {vi, v2, v3, va}
is given by the following figure.

w=1{8,1, 12,
16, 18}

ve= {2, 14,
7,9}

Figure 1.49

47
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We see in H» the subset vertex graph all edges except 4

are removed.

Thus removal of all edges makes the subset vertex graph

as one with only 4 edges.

Study of this type is carried out in chapter III of this
book.

It is interesting to note removal of two or more edges may
result even in an empty graph or a disconnected one. Study in
this direction is completely carried out in the chapter III of this
book.

In case of directed subset vertex graphs the procedure is
little different. We will describe this by an example.

Example 1.13. Let G be directed subset vertex graph given by
the following figure.

Figure 1.50
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We find G\ {ﬁ } edge removed. Let H; be the subset
vertex subgraph of G given by the following figure.

This automatically removes {1, 2, 3, 4} that is vi so

H;will have only 4 vertices.

H,

Figure 1.51

H; is disconnected it has 3 edge one edge and a vertex

subset v is lost.

Now consider H» = G \ {v,v,, v,v, } given by the

following figure.

49
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16, 8,
9}: V2
H, =
Figure 1.52
We see H; is not even defined as the node v4 and vs \ vs is
same as vj.

This is an extreme case. However in case when two edges

are removed from G the subset vertex subgraph G \ {v,v,,

VsV, } does not exist.

This is never the case in usual graphs when that graph has

more than 2 edges.

Study in this direction is in fact very challenging.



Chapter Two

SPECIAL SUBSET VERTEX
MULTISUBGRAPHS

In this chapter authors for the first time introduce a new
notion of special subset vertex multisubgraphs of a subset
vertex multigraph. The notion of special subset vertex
subgraphs was introduced in [53]. These special subset vertex
subgraphs can find the best applications in fault tolerant
networks or they can be also precisely defined as fault tolerant
graphs (or subset vertex graphs). These special subset vertex
multisubgraphs can be used in fault tolerant multi-networks; to
be more appropriate they can be also known as fault tolerant

multisubgraphs or fault tolerant subset vertex multisubgraphs.
We will first illustrate this situation by some examples.

Example 2.1. Let S = {Zis} be a set of finite order. P(S) be the
powerset of S. P(S) consists of all subsets of S including the

empty set and the set S itself.
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Let G be an ordinary subset vertex multigraph with vertex
set vi, v, v3, v4 and vs where vi = {0, 1, 3, 5, 7, 11, 12}, vo = {0,
1,11,2,4,6,8}, v3=1{2,4,6,8,9, 11, 12}, va= {0, 1, 3, 6, 9,
10, 12, 14} and vs = {9, 10, 2,4, 11, 7, 0} are subsets from P(S).

The ordinary subset multigraph G is as follows.

2,4,11,7, 0}

Figure 2.1

Clearly G is an ordinary pseudo complete subset vertex

multigraph of type L.

Now we find ordinary special subset vertex

multisubgraphs of type I in the following.

Let H; be a ordinary special subset vertex multisubgraph
of type I given by the following figure.
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Figure 2.2

H, is not pseudo complete, H; is only an ordinary special

subset vertex multisubgraph of type 1.

Consider the ordinary special subset vertex multisubgraph

H, of type I given by the following figure;

Figure 2.3
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Clearly H, the ordinary special subset vertex
multisubgraph of G of type I is also pseudo complete.

However, the number of multi-edges of G and H> are not

the same.

Now we find the local complements of H; and H; relative
to G.

Let K be the local complement of H; relative to G given
by the following figure.

Figure 2.4

We see K; the ordinary special subset vertex
multisubgraph of type I is also not complete or pseudo

complete.

Let K be the local complement of H; relative to G given

by the following figure.



Special Subset Vertex Multisubgraphs | 55

K; =

ps= Va\ty
= {6, 10,
12}

Figure 2.5

K, the special subset vertex multisubgraph of G which is
the local complement of H, and is not pseudo complete;
however, H; is pseudo complete.

Let Hs be a special subset vertex multisubgraph of G
given by the following figure.

Figure 2.6
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Hj; is the ordinary special subset vertex multisubgraph of
G of type 1. Clearly H3 is not pseudo complete.

Now let K3 be the local complement of Hj relative to the

subset vertex multigraph G the figure of which is given below.

Figure 2.7

We see vi \' a1 = v2 \ a, = {0, 1, 11} hence the local
complement does not exist for this Hs, we do not call this even
as empty subset vertex multigraph.

Thus it is important to keep on record that given a subset
vertex multigraph of type I, G for any special subset vertex
multisubgraph H of G we are not always guaranteed in general
of the local complement for any special subset vertex
multisubgraph.

The condition for the same is described by the following

theorem.
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Theorem 2.1. Let S be any set of finite order P(S) the powerset
of S. Let G be any ordinary subset vertex multigraph of type 1
with vy, vs, ..., s as the n-vertex subsets from P(S) . Let H be a
subset special vertex multisubgraph of G with u; c v, i = 1, 2,
..., 0. The local complement of H relative to G exists if and only

ifvilui=vi\u, i #j; 1 <1i,j<n.
Proof is direct and hence left as an exercise to the reader.

We proceed onto provide some more examples of this
situation.

Example 2.2. Let S = {Z»7} be a set of order 27; {ai, a,, ..., ax7}
= S can also represent what we basically need only a set with 27
elements it can be imaginary or complex or indeterminate or
even dual numbers. P(S) be the powerset of S. Let G be a
ordinary subset vertex multigraph of type I given by the
following figure.

V2= {6, 8,
16, 18, 13,
23}

G= va4={3,9,

13, 16, 18}

Figure 2.8
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We see G is a circle subset vertex multigraph (multi circle
graph) of type I. We find some special subset vertex
multigraphs of G.

Let H; be the subset vertex special multisubgraph of G
given by the following figure.

do = {13,

18,16} = v,

di= 19,3}

C V4

H,

ds = {14,
11} c ve

Figure 2.9

Clearly H; is a special subset vertex empty multisubgraph
of G.

Let K be the local complement of H; relative to G given
by the following figure.
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vi\di = {6,
8, 10, 12}

va\ds=
(13, 16, 18}

Figure 2.10

We see K, the special subset vertex multisubgraph of G
which is the local complement of the empty special subset
vertex multisubgraph relative to G is only a disconnected subset
vertex special multisubgraph.

Let H> be the subset vertex special multisubgraph of G
given by the following figure.
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H>

Figure 2.11

H, is a special subset vertex multisubgraph which is the
also a multicircle.

We find the local complement K, of H» relative to G. Let
K, be the special subset vertex multisubgraph, which is the local

complement of Ha.

The figure of K5 is as follows.
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a = Vz\pz
{6, 16, 18}

ar = V1\p1
{4, 6,23}

K, =
a4 = V4\p4

3}

a = V3\p3
{4, 10}

s = V6\p6
(3,11}

Figure 2.12

Clearly K5 is not a circle subset vertex multisubgraph. K»
is only a subset special vertex multisubgraph which is

disconnected.
So we can make the following statements.

Theorem 2.2. Let S be any finite set, P(S) the powerset of S. G
be a subset vertex multigraph. H be a special subset vertex
multisubgraph of G. In general H or the local complement of H

relative to G may not have the same structure as that of G.

The reader can prove this theorem by giving example, so

the proof'is left as an exercise to the reader.
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Next we describe some interesting results about the
universal complement of an ordinary subset vertex multigraphs
of type I by some illustrate examples.

Example 2.3. Let S = {aj, a, a3, a4, ..., a13} be a set of order
18. P(S) the powerset of S.

Let G be an ordinary subset vertex multigraph of type I
given by the following figure.

\A {az, a4,
ae, a1g, as,
ai, a2, a4

V2 = {a3, ae,
g, a2, 415,
a, aig}

v3 = {ay, as,
az, a1, 413,

V4 = {ag, ao,
aro, ai1, a2,
ai3, a4}

Vs = {al, az,
a3, a4, de, as,
37}

Figure 2.13

Clearly G is a not pseudo complete subset vertex
multigraph of type I.
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Now we find the universal complement of G. Let H be
the universal complement of G given by the following figure.

S\Vz = {2111
S\v; = {ay, as, 2, a4, 25 a;
&7, 83, 89, all, a; 31’0 %;13 ’
a3, ais, a7} 314’ 316’ 317’}
9 9
H=
S\vs = {as, as, Stve = {a1, 22,
as, a4,47, as
as, 86,88, 45, OO\ a; ais ;-16 ’
ajo, 412, a14, a’ a’ | ?
17, 418

aie, 417, A18}

S\Vs = {a1, az,

Stvs = {as, as, as, a4, as, A
b ) b 9
aio, a11, 12, a7, a1s. are
b 9 9
a3, a4, ais, a7 a1g}
b

aie, 417, A18}

Figure 2.14

We see the universal complement of G is a subset vertex

multigraph of type I which is pseudo complete.

One of the natural questions would be given a subset
vertex multigraph of type I G do we have the universal

complement for ever such G. The answer is yes.
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Theorem 2.3. Let S be any finite set. P(S) the powerset of S. Let
G be the ordinary subset vertex multigraph of type I with
n-vertices G has a universal complement G however G and G

in general may not enjoy the same number of multiedges.

The proof can be given by examples. The reader is left

with the task of giving some examples.

The existence of G is evident from the fact that if vy, va,
..., Vp are n subset vertices from P(S) then S\v; # S\v;; if i #j as

vi # vj; 1 <1, j <n. Hence the claim.

Thus G€ the global or universal complement of G always

exists for every subset vertex multigraph G of type I.

It is important to note that in case of local complements
of a special subset vertex multisubgraphs H of a subset vertex
multigraph G. We are not always guaranteed of a local
complement. The necessary and sufficient condition for the

local complement to exist is given by the following theorem.

Theorem 2.4. Let S be a finite set P(S) be the powerset of S. G
be any subset vertex multigraph with vertex subsets vi, va, ..., Vn.
Let H be the special subset vertex multisubgraph of G. The local
complement H° of H of G exists if and only if vi\u; # v \u;; i #

ji1<ij<n.

Proof. Given P(S) is the powerset of a set S and G is a subset
vertex multigraph with vertex set vy, ..., vn. Let H be a special
subset vertex subgraph of G with vertex subsets ui, Uy, ..., Un

where u;<vi,1=1,2, ..., n.
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We see if ay, ..., a, be the subset vertices got from v; and
uias a=vi\u; 1=1, 2, ..., n then a subset vertex multigraph K
with vertex subsets ai, az, ..., a, exist if and only if a; # a; (1 #j)

if 1 <1,j <n. Forif a; = a;; i # j then the subset vertex graph K

does not exist. Hence the claim.

Example 2.4. Let S = Z13 and P(S) the powerset of S. Let G be

the subset vertex multigraph given by the following figure.

0,2,4,6,8, 10,
12,14, 16, 3, 9,
17,13, 15,1

Figure 2.15

Clearly G is a uniform subset vertex multigraph of type I;
infact G is a subset vertex multi star graph. The universal

complement of G is given by the following figure.
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Figure 2.16

We see the universal complement is a subset vertex
multigraph which is a wheel where the star multigraph inside
the wheel is uniform and enjoys the same structure as G
however the ring or circle is uniform and there are 12 edges
between any node barring the centre of the multiwheel.

Now for this G we find some special subset vertex

multisubgraphs.

Let H; be special subset vertex multisubgraph of G given
by the following figure.
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2,4, 1,3,
10, 14,

H,
17,15

Figure 2.17

Clearly H; is again a subset vertex multisubgraph which

enjoys the structure as G but has less number of edges.

Now we find the local complements of H; relative to G.

Figure 2.18
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Clearly the local complement is not a star subset vertex

multisubgraph. In fact H{ is disconnected.

In view of all these we put forth the following result.

Theorem 2.5. Let P(S) be the powerset of a set S. Let G be the

subset vertex multigraph with vertex set from P(S).

i) The wuniversal complement of G need not in

general be structure preserving.

ii) Any special subset vertex multisubgraph of G

need not in general be structure preserving.

iii) The local complements of special subset vertex
multisubgraphs need not in general be structure

preserving.
Proof can be given using examples and counter examples.

We provide some more examples of this situation, which

will also be a proof for readers.

Example 2.5. Let S = {7, 8, ..., 15} be a set and P(S) the
powerset of S. G be the vertex subset graph with vertex subset
from P(S) where vi = {15}, vo = {15, 14}, {15, 14, 13} = v3, v4
= {15, 14, 13, 12}, {15, 14, 13, 12, 11} = vs, v = {15, 14, 13,
12, 11, 10} and v7 = {9, 10, 11, 12, 13, 14, 15} is given by the
following figure.
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\\-
A
QO
o/
=
N

W\
W\

/vy
7
,9

Ay
! '-‘lt'i{!‘\#

14, 13, 12,
11, 10, 9}

Figure 2.19

Clearly G is a subset vertex pseudo complete multigraph.
Now we find the universal complement G of G in the

following.
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Figure 2.20

Clearly G® is also a pseudo complete subset vertex
multigraph which is structure preserving. However, number of
edges connecting any two nodes are different. In this case ui =
{7, 8, ..., 15} \vii=1, 2, ..., 7, the universal complement of

each v;.
Now we provide yet another examples.

Example 2.6. Let P(S) be the powerset of S= {2,6,8,9, 11, 12,
13, 15, 16, 18, 27}. Let G be the subset vertex multigraph
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whose vertices form a totally ordered chain given by the

following figure.

A\
9,11,12,13, |
14,15,16} /

9,11, 12, 13,
14}

Figure 2.21

We now find the universal complement of G. The vertex
subsets of the universal complement are given by u; = S\vj; 1=
1,2,...,5where S={2,6,8,9, 11, 12, 13, 14, 15, 16, 18, 27}.
The universal complement is given by the following figure.
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up = {8, 9,
11,12, 13,
15, 14, 16,

// u = {115129
13, 15, 16,

GS=

16, 14, 18,
27}

w = {15, 16,
18,27}

Figure 2.22

We see G© the universal complement of G is also pseudo

complete and is structurally the same.
In view of all these we develop the following result.
Theorem 2.6 Let S be any set and P(S) the powerset of S.

Ifai ca> cas € ... Cayis achain such that if |ai| = r

then |az| = 2r, |as| = 3r, ..., |an| = nrwith |S\ a,| = r; then
i) The subset vertex multigraph G with vertex set
{ai, as, ..., an} is a pseudo complete subset vertex

multigraph.
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ii) The universal complement G of G is again a
pseudo complete multigraph which enjoys the

same structure as that of G.

Proof. Given P(S) is a power set of S. G is a subset vertex

multigraph with subset vertex set forming a chain such that

alC a C ... Cap with |ai| =1, |az| = 2r, ..., |a,] = nr and
|S\a,| =r.

Clearly the subset vertex multigraph G results in a pseudo
complete subset vertex multigraph, with number edges from a;
to every ai, 1 # 1 is r and the number of edges from a to a;; j # 2

and 1 is 2r and so on.

Now let G© denote the universal complement of G; the
vertex subset of G€ is {u; = S\ aj, u» = S\ay, ..., u, = S\a,} and
this also forms a chain of the form u, c u,.1 < ... < u; where

[un| =1, U1 = 21, ..., |ui| = nr with [S\uy| =r.

Thus the universal complement of G also enjoys the same
structure as that of G and G€ is also a pseudo complete subset

vertex multigraph. Hence the theorem.

We give some examples in which if the conditions of the
chain in the theorem are not satisfied then the subset vertex
multigraph G and its universal complement may not enjoy the

same structure.

Example 2.7. Let S = {1, 2, 3, ..., 16} be a set of order 16 and
P(S) the power set of S. Let a; = {2, 4} < {2,4, 6, 8} =a, < {2,
4,6,8,10, 12} =a3 < {2,4,6,8,10,12, 14,3} =as {2, 4, 6,
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8, 10, 12, 14, 3, 5, 7} = as be the vertex subset of the subset
vertex multigraph G given by the following figure.

8, 10, 12, 14,
3,5,7}

6,8, 10,
12, 14,3}

Figure 2.23

Clearly G is a pseudo complete subset vertex multigraph.

We now find the universal complements G© of G.
The vertex subset of G€ is as follows.
u=S\a;=1{1,3,5,7,8,9,10, 11, 12 - 16, 6},
w=S\a=1{1,3,57,8,9,10, 11,12 - 16}
w=S\a=1{1,3,5,7,9, 11, 13 - 16},

w=S\a=1{1,5,7,16,9, 11, 13, 15},
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us = S\as = {1, 9, 11, 13, 15, 16} and is such that us — us
c u3 < w < ui. The subset vertex multigraph with vertex set ui,
Uz, ..., Us is as follows.

Ug = {1, 3,
5,6,7,9,
11,13, 16}

u = {la 3a 5a
7,8,9, 10,
11-16}

Figure 2.24

Clearly G¢ is again a pseudo complete subset vertex
multigraph but both G and G© have different structures.

In view of all these we have the following result.

Theorem 2.7. Let P(S) be the powerset of S. Let T be a chain of

subsets of P(S) given by a; ca> < ... < a, where a; € P(S); 1<
<n.
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If |ai| is very arbitrary then the subset vertex multigraph
G is pseudo complete such that its universal complement G°

and G do not in general enjoy the same structure.
Proof is left as an exercise to the reader.
We give a few examples for the reader.

Example 2.8. Let S={1,0,2,4,7,8,6,9, 10, 11, 15, 16, 18, 5}
be the finite set. P(S) be the power set of S. Let G be the vertex
subset multigraph given by the following figure.

Figure 2.25

The universal complement G© of G is as follows
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Figure 2.26

We see both G and G€ are pseudo complete subset vertex
multigraphs but they are structurally different.

Now we analyse the vertex subsets which forms the chain
both in case of G and G€.

The vertex subset chain of G.

vi={18,2,7,11,4} cva=1{2,4,7,11, 18,5} c vi = {18, 2,4,
5,7,11,10,9,6} cva={2,4,5,7,11, 18, 10,9, 6, 16} c vs =
{2,4,5,11,10,9,6,8,0, 16, 15, 18, 7}; we see |[vi| =5, |[v2| = 6,
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[vi| =9, [v4) = 10 and |vs} = 13. Clearly the difference [vo — vi| =

1, |V3*V2| = 3, ‘V4*V3| =1 and |V5*V4| =3,

Now the pseudo complete subset vertex multigraph’s

universal complement has the associated chain follows.

Us = {1} cus = {0: 1, 15} cu= {0: 1, 85 15’ 16} c = {15 0’
8,6,9,10,15,16} cui={1,0,8,6,9,5,10, 15, 16}

us—wy =2, s —ws| =2, [us—w| =3, . —w|=1.

This obviously gives different number of multiedges

between any two nodes.

Thus if the chain has different orders for vertex subsets
not uniformly increasing (constant increase) then the structure
of the subset vertex multigraphs and its universal complement
would be different.

Interested reader can work in this direction. Every chain

produces a pseudo complete subset vertex mutligraph.

It is left as a open problem for the readers to find the

following.

Problem 2.1. Let S be a set of order n and P(S) the powerset of

1) Find all maximal chains in P(S).

i) Prove there exists subset vertex mutigraph which
is complete and the vertex subsets do not form a

chain? Justify.
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i) Find all maximal chain of the Boolean algebra
formed by P(S) which results in subset vertex
multigraphs G so that G and G° enjoy the same
structure.

Now we proceed onto describe the subset vertex
multigraphs which are trees by some examples.

Example 2.9. Let S = 7,7 and P(S) the powerset of S.

The subset vertex multigraph G which is a tree is as
follows.

v=1{2,4,6,8, 10,
12, 14, 16, 18, 20,

(20, 22,
24,26, 1}

=1t

Figure 2.27
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We find the universal complement of G in the following.

Ve =11,0,3,5,7,
9,11, 13,15, 17,
19, 21, 23, 25, 26}

wf ={0, 1,
4,11,6,7,
13-26}

s¢ = {0-13,
15, 17, 20-
22, 24-26}

s¢ = {0-16,
18, 20, 22,
24-6}

we = {1-4,6,
7,8, 10, 11,
12, 14, 16-26}

s¢ = {0-16,
18, 19, 20,
22-26}

uS = {0, 2-
10, 12-26}

wS =1{0-12,
14, 16-26}

Figure 2.28

From the vertex subsets we see G of G is a pseudo
complete multigraph. Thus the multitree’s complement is a

pseudo complete multigraph.
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Study in this direction is interesting.

Example 2.10. Let S = {1, 2, ..., 12} be a set and P(S) the

powerset of S.

Let G be the subset vertex multitree given by the

following figure.

Figure 2.29

Now we give the universal complement G© of G in the

following.
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us={1-5,7-12}
GC=
us = {1-3, 5-9, u;={1,3-7,9-
11, 12} 12}
us={1-5,7, 8 us=il,2,6,8-
10, 12} 12}
o u = {29 49 69 8’
W = {3 - 11} ). \ 10}
Figure 2.30

The task of completing the pseudo complete subset vertex

multigraph G© is left as an exercise to the reader.

Now in view of all these we suggest the following

problems.

Problem 2.2. Let P(S) be the power set of S. Let G a subset
vertex multitree with vertex subset from P(S). Is G® the
universal complement of G a pseudo complete subset vertex

multigraph?
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Problem 2.3. Is it ever possible for a subset vertex multitree to
have its universal complement also to be a subset vertex
multitree?

Consider the following example.
Example 2.11. Let S={1,2,3,4,...,9} be a set of order 9.

Let G be a subset vertex multitree given by the following
figure.

Figure 2.31

Letui=S\vi;i=1, ..,9; and G° be the universal

complement of G.



84 |

Special Subset Vertex Multisubgraphs for Multi Networks

Figure 2.32

We have not completed the universal complement subset
vertex multigraph G¢ of G and leave this task for the reader.

However, from the subset vertex we see the multigraph is

a pseudo complete subset vertex multigraph.

But G is only a tree which has no multiedges but G€ the
universal complement of G is a pseudo complete subset
multigraph which has at least 4 edges between any two subset

vertices.
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Next, we proceed onto discuss about the universal
complements of circle or ring subset vertex multigraphs using

examples.

Example 2.12. LetS = {1, 2, ..., 12} be a set of order 12 and
P(S) the powerset of S. Let G be the subset vertex multigraph

which is a circle (ring) given by the following figure.

Figure 2.33

Clearly G is a uniform subset vertex multicircle. Now we

find the universal complement of G.

Let G¢ be the universal complement of G given by the

following figure.



86 | Special Subset Vertex Multisubgraphs for Multi Networks

ug 1=2{5- w =11,
} 2,7-12)
GC — N
ue = {3- T 7777 AN ll3:{1—4,
610; N\F ama 7 \gg 9-12)
us = {1- us = {1-6,
8} 11,12}
Figure 2.34

Hereyy=S\vy;i=1,2,...,6.

Clearly G® is a pseudo complete subset vertex

multigraph.

Example 2.13. Let S= {1, 2, ..., 6} be a set of order 6 and P(S)
be the powerset of S.

Let G be a subset vertex multigraph given by the

following figure.
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Figure 2.35

G€ the universal complement of a is as follows

u = {3, 4, uw = {1, 4,
5,6} 5,6}
G¢= _
_ uz = {1,2,
U64§%’3’ X H—\_ 5.6}
11,2,3,
4; =us w={1,2,
3,6}

Figure 2.36
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Clearly G® is a pseudo complete subset vertex
multigraph. The outer circle is a uniform subset vertex

multigraph.
Now we propose the following problem.

Problem 2.4. Prove or disprove that subset vertex multicircle
(ring) G has its universal complement to be a pseudo complete

subset vertex multigraph.

Example 2.14. Let S — {1,2,3,4,5,6,7, 8, 9} be a set of order
nine and P(S) the powerset of S. Let G be the subset vertex

multicircle given by the following figure.

\
L,

Figure 2.37

Clearly G is not a uniform subset vertex multicircle.

Let G© denote the universal complement of G given by

the following figure.
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Figure 2.38

u=S\vyi1i=1,2,3,4,5.

We see the subset vertex multicircles (multirings) will
have their universal complement to be pseudo complete subset

vertex multigraphs.

Now we want to study the universal complements of

subset vertex multigraphs which are wheels by some examples.

Example 2.15. Let S = {1, 2, ..., 18} be a set of order 18 and
P(S) be the powerset of S. Let G be the subset vertex

multiwheel given by the following figure.

Clearly G is a subset vertex multiwheel. We now find the

universal complement G€ of G in the following;
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Here ui= S\u;; i =1, 2, ..., 6. However G is a pseudo complete
subset vertex multigraph. The reader is left with te task of

completing the multigraph diagram.

So the conclusion drawn from this example is that the
universal complement of a subset vertex multiwheel is also a

pseudo complete subset vertex multigraph.
We provide yet another example of this situation.

Example 2.16. Let S = {1, 2, ..., 12} be a set of order 12. P(S)
be the powerset of S. Let G be the subset vertex multiwheel
given by the following figure.

68,9, 10, 11}

Figure 2.41
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We now give the universal complement G¢ of G where u;
S\vi;i=1, 2, ..., 7 by the following figure.

Figure 2.42

The reader is left with the task of connecting u; with u; i #

j; 2<1,j <7. Itis easily verified that G€ is a pseudo complete

subset vertex multigraph.
In view of all these we propose the following problem.

Problem 2.5. Let S be any set of order n. P(S) the powerset of
S.

Let G be a subset vertex multiwheel, then prove or
disprove the universal complement G¢ of G is a pseudo
complete subset vertex multigraph.
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Next we proceed onto study, the universal complements
of pseudo complete subset vertex multigraphs by some

examples.

Example 2.17. Let S = {1, 2, 3, ..., 15} be a set of order fifteen.
P(S) the powerset of S. Let G be a pseudo complete subset
vertex multigraph given by the following figure.

Figure 2.43

Now we find the universal complement G© of G. Clearly

G is a pseudo complete subset vertex multigraph.
Letui=S\v;1=1,2,3,4,5.

The universal complement G€ of G is as follows.
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ur={4, 6,8,
10, 11, 12
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w=1{1,3,5,
6,9, 11,12,
14, 15}

Figure 2.44

G€ is again a pseudo complete subset vertex multigraph.
However structure is not preserved in this case.

Example 2.18. Let P(S) be the powerset of S= {1, 2, 3,4, ...,
9}.

Let G be the pseudo complete subset vertex multigraph

given by the following figure.
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Figure 2.45

The universal complement G€ of G is as follows where u;
=S\vi;i=1,2,3,4,5.

Figure 2.46

GC
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Clearly G° the universal complement of G is not pseudo
complete hence structure is not preserved.

In view of this example we have the following result.

Theorem 2.8. Let P(S) be the powerset of S. G be a pseudo
complete subset vertex multigraph with vertex set from P(S).
The universal complement G of G in general is not a pseudo
complete subset vertex multigraph, that is structure in general is
not preserved.

Proof follows from the above example.

We provide yet another example of pseudo complete
subset vertex multigraphs and their universal complement in the
following.

Example 2.19. Let S = {1, 2, 3, ..., 16} be the set of order 16
and P(S) the powerset of S. Let G be a pseudo complete subset
vertex multigraph given by the following figure.

v2={1,7,3,
9,11,5, 14,

15, 14, 10,
7,6,5,3}

Figure 2.47
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Letui=S\vi;i=1,2,...,5. The universal complement
GC of G has vertex subsets uy, uy, ..., us given by the following

figure.

Figure 2.48

Clearly though structure is not preserved by G, but G€ is

also a subset vertex multigraph which is pseudo complete.

Thus from these two examples we see the universal
complement may or may not be again a pseudo complete subset

vertex multigraph.

We provide some more examples of subset vertex

multiraphs and their universal complements.

Example 2.20. Let S = {1, 2, ..., 12} be a set of order 12. P(S)
the power set of S. Let G be the subset vertex multigraph with
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vertex subsets vi, v, ..., v7 from P(S) given by the following

figure.

Figure 2.49

Clearly G is not pseudo complete subset vertex
multigraph.

Now we give in the following figure the universal

complement of G.
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Figure 2.50

Hereyy=S\vy;i=1,2,...,7.

It is easily verified by the reader after completing G the
universal complement of G the resulting graph is pseudo
complete subset vertex multigraph.

Thus non pseudo complete subset vertex multigraph G
can yield pseudo complete subset vertex multigraph as universal
complement of G.

Characterize such graphs using the subset vertices
happens to be a challenging open problem in the theory of
subset vertex multigraphs.

Now we propose yet another problem.
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Problem 2.6. Let G be a subset vertex mutligraph with vertex
subsets from P(S). If G is a complete subset vertex multigraph
when will G© the universal complement of G be a complete or a
pseudo complete subset vertex multigraph?

Example 2.21. Let S = {1, 2, ..., 9}, P(S) the powerset of S. Let
G be the subset vertex multigraph given by the following figure

which is clearly a disconnected subset vertex multigraph.

Figure 2.51

Clearly G is disconnected it has two triad components.

Now we find out whether the universal complements are
connected or disconnected.

The figure of G¢ of G given below here ui =S\ vi;i=1 to
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u = {19 89 107 W= {2’ 3’ 4’
11,12, 13, 14, 5,6,7,9, 10,
15,16,17,18 12,13, 14, 15,
19} 16,17}
u={1,4,5, w=1{1,2,3,
6,7,8,11,12, 4,5,6,7,9,
Gt = 13, 14, 16, 17, 10, 14, 15, 16,
18, 19} 18}
us={1,4,5, us = {2, 3, 4,
6,7,8,10,11, 5,6,7,9, 10,
12,13, 15,17, 12, 14, 15, 16,
18, 19} 17,18, 19}
Figure 2.52

The reader is left with the task of completing the
complement G of the multigraph G and prove G© is a pseudo
complete subset vertex multigraph though G is a disconnected

subset vertex multigraph.

Our next study is to test whether we can have disconnecte
subset vertex multigraphs whose universal complements are

also disconnected. To this effect we try to find some examples.
We give a few examples of this situation in the following.

Example 2.22. Let S = {1, 2,3, 4..., 10} be a set of order 10
and P(S) the powerset of S.
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Let G be the subset vertex multigraph which is

disconnected is given below.

Figure 2.53

Clearly G is a disconnected subset vertex multigraph.

Let G€ be the universal complement of G given by the

following figure.

u1:{6,7, u2:{152535
8,9,10} 4,5,9,10}
GC=
u={I1,2,3, {5,6,7,8,
4,5.6.7.8} 9,10}=uy
Us = {1, 2, 3,
5.8.9.10%
Figure 2.54
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Letui=S\vi;i=1,2,3,4.

Let G be the universal complement of G which is given
by the following figure.

Figure 2.55

We see G€is the same as G that is they are identical so G = G.
We call such subset vertex multigraph as full subset vertex
multigraphs as G = G each of the vertex subset in G and G are

the same except for the labeling.

Example 2.23. Let S={1,2,3,4,5,6,7, 8,9} be a set of order
9. P(S) the powerset of S. Let G be a subset vertex multigraph
given by the following figure.

vs=16,7,8,9}

Figure 2.56
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Let the universal complement G¢ of G be given by the

following figure.

GC

Figure 2.57

Clearly G€ is not a pseudo complete subset vertex

multigraph.
Clearly G and G© enjoy different structures.
We give get another example.

Example 2.24. Let S = {1, 2, ..., 10} be a set of order 10. P(S)
be the powerset of S. Let G be a subset vertex multigraph given
by the following figure.
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Figure 2.58

The universal complement G of G is given in the

following figure, u;=S\vi;i=1,2, ..., 6.

Figure 2.59




106 |

Special Subset Vertex Multisubgraphs for Multi Networks

We see the subset vertex multigraph G© of G is identical with G.

We say two graphs G and H are identical if they have

same set of vertices and same set of edges.
In view of this we have the following.

Theorem 2.9. Let P(S) be the powerset of a set S. G be a subset
vertex multigraph with vertex sets V = {vj, ..., va,} such that for
every v; there is a unique v; in V such that vi N v; = ¢ and vi Uv;
=S8;i#j; 1 <ij<2n (2<n).

Then the G the universal complement of G and G are
identical; that is G = G€.

Proof. Follows from the fact that as each vi € V has its
complement v; to be in V the vertex subsets of G and G are the

same.

Further by the definition of these subset vertex
multigraphs the edges are unique once the vertex subsets of the

multigraph G is given. Hence the claim.

Example 2.25. Let S= {1, 2, 3,4, 5, 6} be a set of order six and
P(S) be the powerset of S. Let G be the subset vertex multigraph
with 8 vertices given by the following figure.
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Figure 2.60

It is left as an exercise for the reader to prove G = G° that
is the universal complement G¢ of G is G. We call such

multigraphs as self complemented vertex subset multigraphs.

It is interesting to find the largest such subset vertex
multigraph G such that G = G©.
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Example 2.26. Let S = {1, 2, 3} and P(S) the powerset of S.

Let V.= {{1}, {2, 3}, {2}, {3, 1}, {3}, {1, 2}, {¢}, {1, 2,
3}} be the subset vertex of G given by the following figure.

Figure 2.61

Gi = Giso G is a subset vertex self complemented

multigraph.

In fact G, is the largest subset vertex self complemented
multigraph.
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Let G, be a subset vertex mutligraph given by the

following figure.

Figure 2.62

We have 3 self complemented vertex subset multigraphs

with 4 vertex subsets.

Consider the subset vertex multigraph given by G,

Figure 2.63
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Gs = G; so G; is also a self complemented subset vertex

multigraph.

Consider G4 given by the following figure.

W

Figure 2.64

Clearly Gs = G so Gy is also a self complemented subset

multigraph. We give some examples of disconnected subset

vertex multigraph and their universal complement.

Example 2.27. Let S = {1, 2, 3, ..., 19} be a set P(S) be the
power set of S. Let G be the disconnected subset vertex
multigraph.
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vs = {18, 19,
13,12, 1}

Figure 2.65

Now we find the universal complement G¢ of G and it is

given by the following figure; here ui=S\v;;i=1,2, ..., 5.

A
w={1,5,7, \ w={2,3,4,
8,11,12,13, YW 3 6,7,8,9, 10,

14, 15, 16,
17, 18, 19}

11, 16, 17,

15,14, 11,
10,9, 8,7, 6,
5,4,3,2}

14, 15, 16,
17,19}

Figure 2.66
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The reader is left with the task of completing the graph
GC and it is easily verified G is pseudo complete however G is

a disconnected subset vertex multigraph.

Hence there are possibilities in general that a
disconnected subset vertex multigraph has its universal

complement to be a pseudo complete one and vice versa.
Thus we have the following result.

Theorem 2.10. Let S be any set. P(S) the powerset of S. Let G
be a subset vertex multigraph which is disconnected. The
universal complement G of G need not in general be

disconnected subset vertex multigraph.

Proof'is left as an exercise to the reader. This is evident from the

above example.
Now we propose some problems for the reader.
Problems

1. What are the important features enjoyed by special subset
vertex multisubgraphs of a subset vertex multigraph?

2. Given P(S) is the powerset of S = {1, 2, ..., 18}. Let G be
the subset vertex multigraph given by the following
figure.
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vi={l,3,5,
7,9, 11, 13,
G= 15
77 7 A {3’ 9’
vo=1{3,5,7, YF£ | 10, 2, 16,
2,14, 8} 14}
ve={1,2,3,
4,5,6,7,8,
9}
%719 10, IR R
12} Ja \ 10,2,17,9}
Figure 2.67
1) Complete the subset vertex multigraph G.
i) Find all special subset vertex multisubgraphs of
G.
i) Find the universal complement of G.
v) Is the universal complement of G enjoy the same
structure as that of G?
V) How many special subset vertex multisubgraphs
of G are multihypergraphs?
vi) Enumerate  all  special subset  vertex

multisubgraphs of G which do not have local
complements.
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vii)

viii)

iX)

Can this G have special subset vertex
multisubgraph which is a tree?

Find all special subset vertex multisubgraphs of
G which are empty.

Find the local complements of these empty
multisubgraphs.

a) Are they defined?

b) Can they be also empty multigraphs? Justify

your claim.

Let S = Z4o be a set and P(S) the powerset of S. Let H be
a subset vertex multigraph with vertex subset vi, va, v3,
..., Ve where vi = {2, 4, 6, 8, 10, 12, 14, 18}, v, = {3, 6, 9,
12, 15, 18, 21, 24,27}, v = {2, 4, 6,27, 15}, va = {2, 27,
15,11, 7,13, 19, 23}, vs = {2, 15, 29, 31, 33, 38} and vs
= {38, 7,9, 10, 39} given by the following figure.

Figure 2.68

Study question (i) to (ix) of problem 2 for this H.



Special Subset Vertex Multisubgraphs | 115

Obtain a necessary condition for a special subset vertex
multisubgraph of G to contain local complements.

Can there be subset vertex multigraphs G whose subset
vertex multisubgraphs and their local complements have
same structure?

Let S ={1, 2, ..., 18} be a set of order 18. P(S) be the

powerset of S.

a) Prove the largest subset vertex multigraph
which is self complemented has |[P(S)| vertices
that is it has 2'® vertices.

b) How many self-complemented subset vertex
multigraphs can be contributed using this P(S)?

c) Hence or otherwise give the total number of
subset vertex multigraphs which are self
complemented using this P(S) from which

vertices are taken where [S| =n.
LetS={1,2,3,...,27} be a set. P(S) the powerset of S.
Study questions (a), (b) and (c¢) of problem 6 for this P(S).

Let S = {aj, a, ..., ass} be a set and P(S) be the power set
of S. Let G be a self complemented largest subset vertex

multigraph.

Prove / disprove G has no nontrivial special subset vertex
multisubgraph.
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10.

Let S = {{Zi» U I)} be a set and P(S) be the power set of
S.

1) Prove both the subsets P(B) = P(Z12) and P(C) =
P(Z1»l) contribute to same number of subset
vertex multigraphs using vertex sets P(B) and

P(C) respectively.

i) Obtain all special features associated with
subset vertex multigraphs using vertex subsets
from P(S).

i) How many subset vertex multigraphs using
P(S) will not contain special subset vertex
multisubgraphs?

v) How many subset vertex multigraphs using
P(S) contain hyper multisubgraphs?

v) Is [P((AUB)) = [(P(A)  P(B))[?

Let S = {aj, ..., a7} be a set of order 27. P(S) the power
set of S.

1) How many star subset vertex multigraphs can
be constructed using P(S)?

i) How many circle subset vertex multigraphs can
be constructed using P(S)?

1ii) How many complete subset vertex multigraphs

can be constructed using P(S)?

v) How many pseudo complete subset vertex

multigraphs are there using P(S)?
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V) Find the number of star subset vertex
multigraphs ~ which  has its  universal
complement also to be a star subset vertex
multigraph.

vi) Find all special subset vertex multisubgraphs of
a star subset vertex multigraph whose local
complement is also a star subset vertex
multisubgraph.

Let S = {(Zis v g)} be the given set of multidual
numbers. P(S) its power set.

a) Study questions (i) to (vi) of problem (10) for
this S.
b) Derive any other special feature enjoyed by the

subset vertex multigraphs using this P(S).

Let S = {1, 2, ...., 15} be a set of order 15. P(S) the
powerset of S.

Let G be the star subset vertex multigraph given by the
following figure.

vi={1,2} va=1{3,4}
G: V6:{19293545
5,6,7,8,9, 14}
vs=1{9, 14} vi= 13,6}
V4 = {7, 8,
10}
Figure 2.69
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a)
b)

d)

Find the universal complement of G.

How many special subset vertex
multisubgraphs of G exist which are star subset
vertex multisubgraphs?

Find the local complements of these subset
vertex multisubgraphs which are also star
subset vertex multisubgraphs?

What is the structure enjoyed by G, the

universal complement of G?

13. Let S = {1, 2, ..., 18} be a set of order 18. P(S) the
powerset of S. Let G be the circle subset vertex
multigraph given by the following figure.

G

Figure 2.70
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Find the universal complement G€ of G.

Is G€ a circle subset vertex multigraph?

Find all special subset vertex multisubgraphs of
G.

Find the local complements of these special
subset vertex multisubgraphs of G.

How many of these local complements of
special subset vertex multisubgraphs of G are
circle multisubgraphs?

Can G have hyper special subset vertex

multisubgraphs?

Let S = {ai, ..., a4} be a set. P(S) the powerset of S. Find

the subset vertex multigraph G using the vertex subsets

which is a chain given below.

vi = {aio} < {aio, a1, a2, &} = V2 < vz = {ay, as, a0, ai1,

a6, a7, as§ < {2, as, A¢, a7, Al6, As, A10, A11} = V4 C {a2, as,

as, a7, 16, a8, a11, 410, 17, 820, 24} = V5.

a)
b)

c)

d)

Is G a complete subset vertex multigraph?

Can G have complete special subset vertex
multisubgraphs?

What is the structure enjoyed by the universal
complement G€ of G?

Is G° a pseudo complete subset vertex
multigraph?

Find all special subset vertex multisubgraphs of
G?
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15.

16.

f) Prove there is no local complement for any

special subset vertex multisubgraph of G.

Let S = {1, 2, 3, ..., 27} be a set of order 27. P(S) the

powerset of S.

Let G; be the subset vertex multigraph with subset
vertices vi = {3, 5,7, 8, 10}, v» = {1,2,7, 8, 12, 16}, vs =
{10, 11, 12, 13, 14, 16, 17, 18, 19}, va = {3, 4, 5,6, 7, 8,
20, 21, 22, 23,24}, vs = {1,2,3,5,9, 10, 12, 18, 25, 26,
27} and ve={1,2,3,6,8,9, 15, 16, 18, 27, 25}.

1) Draw the subset vertex multigraph G; using the
vertex subsets {vi, v, ..., Vé}.

i) Is Gi a pseudo complete subset vertex
multigraph?

i) Study questions (a), (b), (¢), (d), (e) and (f) of
problem (14) for this Gj.

iv) Compare the subset vertex multigraph G of

problem (14) with this G;.

Let S= {1, 2, ..., 36} be a set of order 36. P(S) the power
set of S.

a) Find all self-complemented subset vertex
multigraphs that can be got using P(S).

b) Give the total number of vertices of the largest
subset vertex multigraph.

c) For the given set of subset vertices draw the
subset vertex multigraph G. v; = {2, 6, 8, 10,
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d)
e)

g)

h)
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12, 14, 16, 18}, vo = {14, 16, 18, 20, 22}, v3 =
{20, 22, 24, 26, 28}, v4 = {28, 30, 32}, vs =
{32, 34,36} and v¢ = {32, 2, 6, 8, 10}.

Is G a circle subset vertex multigraph?

Find the universal complement G¢ of G?

Is G° a pseudo complete subset vertex
multigraph?

Find all special subset vertex multisubgraphs of
G.

Can G contain a hyper special subset vertex

multisubgraph?

Let S = {1, 2, ..., 45} be a set of order 45. P(S) a

powerset of S.

a)

Draw the subset vertex multigraph using the
vertex subsets given in the following v; = {1, 2,
3, va=1{4,5,6,7},v3=1{8,9,10, 11, 12}, v4 =
{13, 14, 15, 16, 17, 18}, vs = {19, 20, 21, 22,
23, 24, 25}, ve = {26, 27, 28, 29, 30, 31, 32,
33}, vo = {34, 35, 36, 37, 38, 39, 40, 41, 42}
and vio = {1 to 43}.

Is G a pseudo complete subset vertex
multigraph?

Is G a star subset vertex multigraph?

Find the universal complement G€ of G.

What is the structure enjoyed by G¢?

Find all special subset vertex multisubgraphs of
G and G*?
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18.

2) How many hyper multigraphs are there in G
and G©?

h) Study any other special feature associated with
this G.

1) Compare this G with G, of problem 15.

Show these special subset vertex multigraphs can be best
suited for fault tolerant multinetworks.



Chapter Three

EDGE MULTISUBGRAPHS (SUBGRAPHS OBTAINED
BY REMOVING EDGES OF MULTIGRAPHS)

In this chapter we proceed onto define the notion of edge
subgraphs of a graph G. Edge subgraphs are those subgraphs of
G for which one or more number of edges are removed akin to
our classical subgraphs of a graph G for which one or more

vertices are removed.
We first illustrate this situation by some examples.

Example 3.1 Let G be a graph given by the following figure.

() O
G= 0 4~0

Figure 3.1
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Now the edge is denoted by v; v; if v; and v; has an edge

connecting them.

If edge v,v, is removed the resulting edge subgraph H;

of G is given by the following figure.

©
G——O\
©

=
I

Figure 3.2

Let H> be the edge subgraph H, got by removing edge

v,Vs is as follows.

H,

o
O

Figure 3.3
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If edge v,v, is removed from the graph G the resulting

edge subgraph Hs is as follows.

e () )

Figure 3.4

Let Hy4 be the edge subgraph of the graph G which is got

by the removing v,v, which is given by the following figure.

Figure 3.5
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If edge v,v, is removed from G the resulting edge

subgraph Hs is as follows.

Figure 3.6

If the edge v,v, is removed the resulting edge subgraph

H;s is as follows.

He =

Figure 3.7
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Let He be the edge subgraph got by removing the edge

v,v, from G; which is given by the following figure.

Hy

Figure 3.8

If the edge v,v, is removed from G let the edge subgraph
Hy7 be given by the following figure.

me () ()

Figure 3.9
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We see in this particular graph G all edge subgraphs got
by removing one edge is connected and the vertices remain as

seven or Six.

Now we have 8 edges removal of two edges can by done
in 8C, ways that is there are 28 edge subgraphs of G.

We give a few edge subgraph of G after removing 2
edges in the following.

Let K; be the edge subgraph of G given by the following
figure.

Edges vi v2 and v; v are removed and the resulting edge
subgraph is as follows. This K; has only 6 vertices.

Figure 3.10

Let K, be the edge subgraph of G got by removing the
edges vave and va4 vs. The resulting edge subgraph has only 5
vertices given by the following figure.
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Figure 3.11

Let K3 be the edge subgraph which is got by removing the

edges viv7 and v7v,; which is given by the following figure.

Figure 3.12

Only one vertex v7 is removed.

Now we give a few examples in which 3 edges are

removed from G.
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Let L; be the edge subgraph of G in which edges vavi,
v2 v4 and vpv7 are removed, which is given by the following
figure.

Figure 3.13

L; is connected edge subgraph and only one vertex v; is

removed.

Let L, be a edge subgraph of G in which edges vivs, v3vy,

v3v4 and viv; is removed. The figure of L, is as follows.
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L,

Figure 3.14

v3 are removed by the moral of these edges.

following figure.

Still the edge subgraph is connected and 2 vertices v; and

Now let L be the edge subgraph of G for which the edges

Viva, Vava, Vavy and vsvy4 are removed. L3 is given by the

Ls

O

O
)

Figure 3.15
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Clearly Ls is a disconnected graph with 4 edges and only

6 vertices. The vertices v, alone is removed.

Thus we see it needs a minimum of four edges to be
removed in G so that the resulting edge subgraph is not
connected. However, for this graph G removal of any edges

does not make the resulting edge subgraph to be disconnected.

Further we cannot always says in case of this G, removal
of four edges will make the edge subgraph a disconnected one.
For L4 be the edge subgraph of G got by removing the edges
V4V, V4v3, Vave and v4vs. The resulting edge subgraph of G is

given by the following figure.

L4

V2 V4

Figure 3.16

We see Ly is a circle or a ring edge subgraph with four
vertices and 4 edges and 3 vertices are automatically removed
from G.

So we cannot say removal of 4 edges will result in a edge
subgraph which is a ring.

Thus we see it is very difficult disconnected a graph by
removing edges.
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This study is vital for this is nothing but the edge cut
method used in social information multi networks to get the
resulting dendrogram.

Thus this study will be helpful in any other form of
communication network for everything can continue to work
even if some of the connections of relational ties are removed.
Thus this edge subgraph can be a boon to fault tolerant multi
networks also. In case of social information multi network we
can get the overall nodes remaining the same even if some

edges are removed.

Thus the introduction and a systematic development of
edge subgraphs will be a boon to multi networks
communications of all form.

We saw in the example this G could remain connected
without even loosing the nodes of vertices up to the removal of

3 edges maximum.

Now we will proceed onto describe by some more
examples the notion of edge subgraphs of a graph G before. We
make the abstract definition of it.

Example 3.2. Let G be a graph given by the following figure.

G=0 O O O O O O
Vi V2 V3 V4 Vs V6 A%
Figure 3.17

Removal of any edge other than v;v, and vev7 results in a
disconnected edge subgraph of G given by the following figure.



134 | Special Subset Vertex Multisubgraphs for Multi Networks

K,.O—0 O0—O0—0—0—o
Vi \'%) V3 V4 Vs Ve \'%
K, O—0—0 O0—0—0 o
27 vy A\ V3 V4 Vs Ve A\
KO—O—0—0  O0—O0—20
Vi V2 V3 V4 Vs V6 A%
O O O O O O——o0
Vi V2 V3 V4 Vs V6 A%
Figure 3.18

There are 4 disconnected edge subgraphs of G given by
K, K, K3 and K4 with 7 nodes. The number of nodes / vertices
remain the same for G and all these four edge subgraphs.

Let L; and L, be the edge subgraphs of G got by

removing the edge viv2 and vevs respectively given by the
following figures.

L= O O O O O O
\) V3 V4 Vs Ve \'%
L= O O O O O O
Vi \'%) V3 A2 Vs Ve

Figure 3.19
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Both L, and L, are connected the number of vertices in
both of them is only 6.

Now we give edge subgraphs of G for which we have
removed 2 edges.

Let D; be the edge subgraph of G where edges viv, and
vovs are removed given by the following figure.

D= O O O O O
V3 Vi Va4 A V7
Figure 3.20

This has only 5 vertices.

Let D» be the edge subgraph of G obtained by removing
the edges vevs and vevs.

D, is given by the following figure.

D, = O O O O o
A% V2 \&} V4 Vs
Figure 3.21

We see in case of Dy and v, when two edges are removed
automatically two vertices are also removed.

Let D3 be the edge subgraph of G got by removing the

edges v2vs and vsve.
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D;=0——0 O O o O0—=O
Vi V2 V3 Vi Vs V6 V7
Figure 3.22

D; is a edge subgraph of G which is disconnected and has

3 components.

Let D4 be the edge subgraph of G got by removing the
edges vovs and vivs from G; which is given by the following

figure.

D; = O0——O O O O O
Vi A% V4 Vs Ve \&

Figure 3.23

This edge subgraph D4 has only two component and is

disconnected. However, G has 6 vertices.

We cannot always say the edge subgraphs will have 6
vertices after removal of 2 edges it can have also 5 vertices.

For remove the edges viv, and v,vs in G we get Ds as the
resulting edge subgraph of G given by the following figure.

Ds= O O O O O
V3 V4 Vs Ve \4
Figure 3.24

The vertices v; and v, are removed.
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Similarly, if edges vsve and vev; are removed from the
graph G the resulting edge subgraph of G is as follows.

Di = O O O oO——o0
Vi A% V3 V4 Vs

Figure 3.25

Dg is connected by has only 5 vertices.

Now we will just give one or two examples in which 3

edges from G are removed.

Let D7 be the edge subgraph of G given by the following

figure where edges viv2, vovs and v3vs are removed.

O O O O= D,
V4 Vs Ve V7
Figure 3.26

Clearly D7 has only 4 vertices.

Let Dg be the edge subgraph of G given by the following

figure after removal of the edges v,vs, vsve and vevs from G.

Ds = o——>O0 o—=O
Vi V2 V4 Vs
Figure 3.27

Example 3.3. Let G be circle graph given by the following
figure.
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oo ()

Figure 3.28

Clearly G is a circle graph with 8 edges.

Removal of any one edge from G results in a connected

edge - subgraph but it is not a circle with 8 vertices.

We see removal of two edges from G can result in a
connected edge subgraph with 7 vertices or a disconnected edge

subgraph with 8 vertices given by the following figures.

Figure 3.29
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Edges vivs and vgv; are removed from G so E; remains to

be connected edge subgraph of G.

Figure 3.30

es]
S
Il

E: is a edge subgraph of G for which the edges vgv; and
vivy are removed. We see E; is disconnected but has 8 vertices.

When 3 edges are removed from G we can have
connected edge subgraph with 6 vertices or disconnected edge
subgraph with two components seven vertices or disconnected
edge subgraph with 3 components with 8 vertices all these 3
types of edge subgraphs of G are described by the following

figures.
Ll = Q

Figure 3.31




140 | Special Subset Vertex Multisubgraphs for Multi Networks

The edges vivs, vsv7 and v7ve are removed.

L is a edge subgraph of G which is connected but has

only 6 vertices.

Now let L, be the edge subgraph of G for which the edges
vivs, vgv7 and vavs are removed from G. The resultant edge

subgraph L, of G is as follows.

Figure 3.32

We see L, is a edge subgraph of G where it is
disconnected with two complements and has only 7 vertices.

Let L3 be the edge subgraph of G got by removing the

edges vi vg, v4vs and vav; given by the following figure.
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L;=

Figure 3.33

We see Ls is a disconnected edge subgraph of G has 3
components and has 8 vertices.

None of the edge subgraphs of G are circle graphs.

In view of all these we now proceed onto define the edge

subgraph of a graph.

Definition 3.1. Let G = (p, q) be a graph with p vertices and q
edges. We call H an edge subgraph of G if one or more edges
from G are removed, while removing the edges the connected

vertices at times may also be removed.

The edge subgraph H is a (v, s) subgraph where 0 <r <p

and 0 <s <gq.
We will provide some more examples of them.

Example 3.4. Let G be a star graph given by the following

figure.
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. YO
©

Figure 3.34

Suppose any edge vivj is removed (j # 1, 2 < j < 8) then
the resulting edge subgraph H; is a star graph with one vertex

also removed when the edge vivs is removed.

Figure 3.35
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Suppose two edges of the star graph is removed then the
resulting edge subgraph H, is only a star graph given by the

following figure.

() ()

Figure 3.36

We see in H; there are only six vertices. Thus in a star
graph G if t edges are removed in the resultant edge subgraph

will have t vertices removed automatically.

Example 3.5. Let G be a complete graph with 7 vertices.

\'%
1 V2

\% V3

V6 V4

Vs
Figure 3.37
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Any edge subgraph of G got by removing one edge is
connected. In fact all edge subgraphs of G for which less than or
equal to 5 edges are removed will remain to be connected and it

will have all the 7 vertices to be intact.
We given in the following some edge subgraphs of G.

Let H; be the edge subgraph for which the edges viva,

v2v3, Va3v4 and v4vs are removed.

Hi=

Figure 3.38

Let H, be the edge subgraph of G got by removing the
edges viva, Vavs, Vavs, vavs and vsve. The graph of H» is given in
the following.

H;=

Figure 3.39
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Clearly H, is also connected but has all the seven
vertices.

Let H; be the edge subgraph of G got by removing the
edges viva, Vavs, ViVa, VaVs, VsVe Vevz and vsvi given by the

following figure.

Figure 3.40

Though seven edges have been removed from G the

resulting edge subgraph is connected with seven vertices.

If instead the edges ViVa, V1V3, ViVa, V1Vs, V1Ve, V1V7 and

vavs3 is removed the resulting edge subgraph Hy is as follows.
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- XA

s/

Figure 3.41

Clearly Hy4 is connected still it has only six vertices and

Ha is not a complete graph.

Thus we can make the following comments in view of all

these examples.

Theorem 3.1. Let G be a star graph with (n + 1) vertices. All
edge subgraphs of G are star subgraphs with (n + 1 — t) vertices

if t edges are removed, 1 <t<n + 1.

Proof. Given G is a star graph with (n + 1) vertices. Clearly if
one edge is removed from G say, vivi where v; is the vertex
which is adjacent with all other vertices we see the edge
subgraph is a star graph with n vertices as vertex i is removed.

Likewise, for any t number of edges say vjvi; 2 <j<n+1.
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Removal of edges or cut edge graphs find applications in
several fields. As our main concern is only the study of edge
removal in case of subset vertex multigraphs and subset vertex
graphs. It is important to note that in both these cases the
removal of one edge may result in the removal of more edges
and sometimes more vertices and the resulting subgraph may

not be defined or may be disconnected and may also be empty.
We will illustrate these situations by some examples.

Example 3.6. Let G be a subset vertex graph given by the

following figure.

Figure 3.42
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where vi € P(S) the power set of S; S=Z16, 1 <1< 7.

In this case if one edge is removed from G automatically

one edge and one vertex are removed in G.

For if edge v; to v is removed from G. Let G\ {v; v3} =

Hi. H, is given by the following figure.

Figure 3.43

As in case of usual star graphs in case of star vertex
subset graphs also when one edge is removed one vertex subset
is removed.
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So the theorem for star graphs holds good in case of

subset vertex star graphs also.

Now we test directed subset vertex star graphs how many
edges get dismantled if only one edge is removed by the

following examples.

Example 3.7. Let G be a directed subset vertex star graph given
by the following figure.

vi={1,2,3,
4,5,6,7,9,
10, 11, 17,
12, 13, 14,
16, 15, 18}

Figure 3.44

Suppose edge v,v, is removed from G; let H = G \

{vyv, 1.
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The vertex subsets of G are from P(S) where S = Z9. The
subset vertex subgraph H; = G \ {E } is given by the

following figure.

w=1{5,6,7,8,
9,10, 11, 12,
13, 14, 15, 16,
17, 18}

vs = {10,

4,17, 16}

Figure 3.45

H; is only a empty subset vertex graph all edges of G are
removed when the edge E is removed from G. As none of the

vertex subsets vic u;;1=2,3,...8 asu;=vi\ {1, 2, 3, 4}.

Consider the directed star subset vertex graph which is

projective given by the following figure.
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Vg = {1,

5,6,7,9, 10,
11, 12, 13, 14,
15, 16, 17, 18}

Figure 3.46

Vg = {1, 5,
6,14}

u =15,6,7,
9,10, 11, 12,
13, 14, 15, 16,
17 1R}

V5 = {4,
10, 16,

as
e

Figure 3.47
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We remove the edge v—lvd9 from B. Let P; be the resulting

edge subset vertex subgraph of B; Py =B\ {V—IV: } given by the
Figure 3.47.

P; is also an empty subset vertex subgraph. Thus the star

graph when an edge v,v, is removes becomes empty. This is a

very special feature associated with edge subset vertex

subgraphs of a star subset vertex graph which is directed.

Suppose for the same star subset vertex graph (directed)
B the edge m is removed. We find P, = B\ m , which is

given by the following figure.

P, =

w = {17, 14, 15,
18,1,3,4,5,6,
7,9, 10, 11}

Figure 3.48
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P, is disconnected but has one connected component
which is a star subset vertex directed subgraph. Thus from this
example it is clear that removal of an edge in a directed subset
vertex subgraphs need not always result in an empty subset

vertex subgraph.
Thus we give the following theorem.

Theorem 3.2. Let G be a star directed subset vertex graph
which has vertex set {vi, v, ..., v} from a power set P(S) of a set

S, with v, the central element of the star graph.

The edge subset vertex subgraph of G is an empty subset
vertex subgraph if and only if there exist an edge V_IV—; ( V—tvd1 )

whose vertex set v, is such that vi Nv; # @, t #j or I and for all 2

<j < nis removed.

Proof. Suppose we have G to be a directed subset vertex star
graph with vertex set vi, v, ..., vi, from a power set P(S) of a set

S with v; as the ego centric element (or central element) of G.
Suppose v: is a vertex subset such that if v,v, (or v,v,)t=11is

removed is a empty subset vertex subgraph, then we have to

prove vinvj# ¢ forall j=#t;2<j<n.

If on the contrary vi N vj=¢ for some j# t and j # 1 then
we will have v; € v; as it is given G is a star graph and we have

an edge from v,v, (v,v,), so the resulting subset vertex

subgraph is not empty contradiction. Hence the claim.

Suppose if there is a vertex vg; t # 1 such that v N vi # ¢

for all j #t, 2 < j < n then we have to prove the edge V—IV—;
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(V—tV:) if removed from G then G \ V—IV—; (or G \V—tV:) is a

empty subset vertex multisubgraph of G.

To this end we have to prove P1 = G\ W (G\ ﬁ ) is

a empty subset vertex subgraph of G.

By definition of directed vertex subset graphs we know if

vy, (V_JV; ) is to be an edge then vj < v; but this is not true as

when the edge v,v, (v,v,) isremoved no longer vj Z vi as vy

vi # ¢ and there is an element in vj which is not in {v; \ v}

which now forms the center so there will be no edge in the

subset vertex subgraph G\ {V—IV—; or f\z }. Hence the claim.

In fact it is pertinent to keep on record that not all
directed subset vertex star graphs will enjoy this property. This
property will be enjoyed only by those subset vertex star graphs
in which there is one vertex which is such that it has some
common elements with all other vertices. Thus such star graphs
can easily dismantle the ego centric networks. Hence in this
case always the central ego character faces a threat by such
strategic vertex. This can be applied in political scenario or in
even marketing etc. For such star graphs or ego centric graphs
will be termed in social network language as weak ego centric
structures. Not all star subset vertex graphs are weak ego centric

1n nature.

Only those satisfying the conditions of the theorem are so

in their structure.

Now we provide yet another example.
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Example 3.8. Let G be a directed star subset vertex graph given
by the following figure whose vertex subset is from P(S) where
S="27Z.

vi=1{3,1,5,
6,9, 12, 15,
8, 13, 18, 20,
21, 10, 11,
24,25}

\ {3,
15, 20, 25,
13, 18}

Figure 3.49

Any edge is removed from G we get only an empty

subset vertex subgraph.

For instance remove the edge v,v,; let Hi =G\ {v,v, }.

The resulting figure is given below.
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H, =
u = {13, 24,
11,21, 1,9,
12, 15, 8, 20}
V7= {3,
15, 20, 25,
13, 18}
Figure 3.50

H; is a empty subset vertex subgraph of G.

This is true whatever the edge removed from G. Further it

1S observed.

8

(vi = 3.

i=1
In view of this we have the following theorem.

Theorem 3.3. Let S be a set and P(S); the power set of S. G be a

directed subset vertex star graph with vertex set vi, Vs, ..., Va

such that any edge subset vertex subgraph of G \ { W or E }
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is just a empty subset vertex subgraph of G, (2 <t <n) if and

only z'fﬁvi ={st ¢ e P(S).

Proof. Given G is a star directed vertex subset graph with

vertex subsets {vi, va, .., vo} With vi as the central (ego centric

element). If a removal of any one of the edges v,v, (or v,v,)

results in empty subset vertex subgraph; that is G\{ ij } is an

empty graph to prove
(v, = s} #0.
i=1

Clearly vi N vj = {t} = vjand vj € vi; 2 <j < n as there is an

edge v,v, (or v,v)).

Now as G \{v,v, or vy, } is an empty graph we see

none of the v; is contained in vi \ vj; j; fixed 1 #j; 2 <1 < n; so

we see removal of a single vertex set results in non-containment
n

relation which in turn implies ﬂvi = {s} as this situation is
i=1

valid for any vertex v, p # 1; 2 < p < n. Hence the claim.

On the contrary if ﬂvi = {s} then we have to prove B =

i=1
G\ {v,v, or v,v, } is a empty subset vertex subgraph of G (for
j# 1,2 <j<n). We know ﬂvi = {s} so {s} is contained in
i=1

vi N v; so if there v; elements are removed from v; then that will
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include the elements also resulting in non-containment of every

vp in vi. Hence B will be a empty subset vertex subgraph.

Thus it is very important to note while forming the ego
centric star graph the central person should be very cautions to
see that no common feature from these concepts are enjoyed by
every other person or that no other vertex shares properties with
every other vertex if the central person should continue to

function in the same way.

This will be applicable in a political scenario, in union
leaders or any other relevant situations. For ego centric

networks are directed ones.

If this property is taken carefully one can avoid the

unnecessary collapsing of the ego centric network.

Next, we provide a few examples of directed subset

vertex graphs which are rings or complete ones.
Example 3.9. Let S = 7,7 and P(S) the power of S.

Let G be a directed subset vertex graph which is a ring
given by the following figure with vertex subsets from P(S).
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Ve = {105
12,15, 20}

Figure 3.51

Suppose the edge V_1V‘7. is removed from G; H; = G\VTV:

is given by the following figure.
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H,

Figure 3.52

Hi is not defined as vs = u7 so when one edge is removed
the subset vertex subgraph becomes undefined.

So a removal of an edge can dismantle and leave no
reminiscence by making the very network undefined or is
annihilated and the network becomes a nonexistence thing.

So only in case of subset vertex graphs which are directed
we may get removal of an edge can make nonexistence of the
graph. This will not occur in case of usual graphs.

Thus certain ring directed subset vertex graph by the
removing an edge may become undefined as two vertices
become equal.

Now we give an example of a complete directed subset
vertex graph G in the following.

Example 3.10. Let G be a directed subset vertex multigraph
with vertex subsets from the power set P(S) where S = Z»7.
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O
va=1{3,4,5,8,7,9,
2,12}

Figure 3.53

Now we find the subset vertex subgraph G \ v,v, = H;

Figure 3.54

We see H the directed subset vertex subgraph of G has
four vertices and only 3 edges it is disconnected with two
components one a complete triad and other just a vertex subset.

Suppose from G two edges are removed G \ {v,v,

E + =K, the figure of K is as follows.
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Figure 3.55

K is a disconnected subset vertex subgraph which just has

two components directed dyad and subset vertex vi.

In view of this we propose the following problem for

researchers.

Problem 3.1. Let S be any set, P(S) the power set of S. G be a
directed complete subset vertex graph with n vertices {vi, v2,

v Vol (ViCV2C V3T ... C Vn)

i)

If the edge v,v, or v_,v  is removed then the

resulting subset vertex subgraph H; = G \ {viv, /
i=1orn— 1} is a complete directed subset
vertex subgraph which has (n — 2) vertices
together with the subset vertex (vo \ vi =uj; 1 =1
or n — 1) so H; is disconnected with two
components.

If any edge V—I\TJ is removed from G, j#n, 1 <1

< n — 2 then the subset vertex subgraph P = G \

V;v; is a connected subset vertex subgraph with

a clique of order n — 2.

Proof is direct and hence left as an exercise to the reader.
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Example 3.11. Let G be a directed complete subset vertex graph
with vertex subsets vi, vz, ..., vg from P(S) where S = Z36 given
by the following figure.

vs={1,2,3,4,
8, 14, 16, 17, 19,
22,24, 25, 26,
27, 28, 29, 30,

V7= {1a2a 3a 49
8,12,16, 17,

Y 19, 22, 24, 25,

“l 26,27, 28, 29,

\" 30,31, 32, 9}
)

{

\

4\\ V6 = {1,2, 3a
NY 48,12, 16,

" 17. 19, 22, 24,

25, 26,27, 28,
29, 30, 31}

V4 = {1, 2, 3,
4,8,12, 16,
17,19, 22,
24}

Vs = {1, 2, 3,
4,8, 12, 16,
17,19, 22,
24,25, 26,
27}

Figure 3.56
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We find Hi = G\ v,v, the subset vertex subgraph. H; is

given by the following figure with vertex subsets {vi, v2, v3, va,

Vs, Ve, V3}.

Figure 3.57

H: is a directed subset vertex subgraph which is
disconnected has two components one is just a complete subset
vertex subgraph of order six and other is just a vertex subset ug
= {18, 14}.

Now we find H, = G \ {m } given by the following

figure.
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us = {4, 8, 16,
17, 19, 22, 24,
25,26, 27, 28,
29,30, 31, 32,
34,9, 18, 14}

Figure 3.58

H, is a disconnected subset vertex subgraph with two
components one is the complete directed subset vertex subgraph

of order six other is just the vertex subset us.

Let H3 \ {m } be the edge subset vertex subgraph given
by the following figure.

Figure 3.59
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P; is a connected subset vertex multisubgraph of G which

has a clique subset vertex subgraph of order 6.

Let P1 = G\ {v,vy, v,v, } be the edge subset vertex

subgraph given by the following figure.

Figure 3.60

We see P; is also a disconnected subset vertex subgraph
of G with two components a vertex subset subgraph and a
vertex subset ug = {18, 19}. However, the big component has a

clique of order four.

Let P, be the subset vertex subgraph; P, = G \ {R ,

vV, } is given by the following figure.
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P>

Figure 3.61

Clearly P is a connected subset a vertex subgraph with a

clique of order four.

Next we proceed onto study edge subset vertex
multisubgraphs, that is subset vertex multisubgraphs when one

or more edge is removed first by examples.

Example 3.12. Let G be a subset vertex multigraph for which
both edges and vertex subsets are labeled. G is given by the

following figure. The vertex subsets are from P(Z1)).
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Figure 3.62

Suppose the edge with labeled 2 is removed from vivs the
resulting figure H; is given by the following figure.



Edge Multisubgraphs | 169

Figure 3.63

Though only one edge is removed several edges are

removed from G in H;.
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Suppose K be the subset vertex multigraph where the
edge of labeled 6 from vov4 and edge labeled 9 from edge vive

are removed K is given by the following figure.

Figure 3.64

K got from removing 2 edges v,v4 and v3ve labelled 6 and

9 respectively has lost many more edges.

Thus in case of subset vertex multigraphs G we cannot
say a removal of one edge from G will not result in the edge
vertex subset multisubgraph for which only one edge removed

from G. Those subset vertex vi and vj is removed.

Suppose the edge viv; with label n is removed then the

element n will be removed from v; and v; and all those edges
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which are labeled n that are incident to vi and v; will also be
removed.

If there is only one edge labeled n which are incident to
both v; and vj and no edge labeled n is incident with either v; or
vj then the number of edges removed will be only one from G in

other cases the number of edges will be more.
This situation is described by the following example.

Example 3.13. Let G be a subset vertex multigraph given by the
following figure with vertex subsets from the power set P(S)
where S = Zis.

V2= 12,8,
6,12, 16,

Figure 3.65

Hi= G\ viv, the edge labeled 2 is removed.
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We see H; is a subset vertex multisubgraph of G got from
G by removing the edge labeled 2 and all other edges and nodes

remain intact.

Thus we see the element 2 is present only in v; and v2 so
there is no edge with label 2 incident to v; and v» other than

one edge from v to va.

Suppose the edge labeled 6 is removed from vs to vs let
H, = G \ edge labeled 6 from v; to vs is removed. The resulting

subset vertex multisubgraph is described below.

Figure 3.66

We see if one edge labeled 6 is removed from vs3 to vs
from G then automatically 7 edges are removed from G in the
resulting subset multisubgraph H» which clearly shows the other

extreme case.
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For G is a quasi complete subset vertex graph.
In view of all these are prove the following theorem.

Theorem 3.4. Let S be a set P(S) the power set of S. Let G be a
quasi complete subset vertex multigraph with vertex and edge

labeled and vertex subsets v, va, ..., vn € P(S).

i) The 1 edge subset vertex multisubgraph H of G is
such that one edge is removed from G if and only
if that edge say viv; and labeled as t then t & vi
forany 1 <k <n, k #ior k #j.

ii) If the 1 edge subset vertex multisubgraph K of G
is such that K in G in which 2n — 3 edges are lost
then each v; has the element s where edge from v;
to v; is labeled by s which is removed and

conversely.

Proof: Given P(S) is the power set of the set S. G is a subset
vertex multigraph with vertex subsets vi, va, ..., va € P(S).
Recall if two vertex subsets v; and v; have xi, X2, ..., X; as
common elements then there are t edges from vi to vj or
equivalently vj to vi as G is not a directed multigraph labeled as

X1y X2y o0y Xt

Proof of (i) Let G be the subset vertex multigraph and viv;
be that subset vertex of G such that there is an edge labeled t
from v; to vj and t is not in any of the other subset vertices of G.
Let H = G \ {edge labeled t from v; to vj}; that is the edge
labeled t connecting viv;j is removed from G.
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Now resulting 1 edge subset vertex multisubgraph H of G
is different from G, only by the edge labeled t.

Suppose K be a 1 edge subset vertex multisubgraph of G
got by removing one edge labelled m from v, to vs and G and K
are different from each other only by the edge labeled m from v,
to vs (p # s). To show none of the other vertices vi; 1 # p1, | #s;

1 £1< n has the element m in the vertex subsets vi.

On the contrary if there is a vertex subset v,, T # p; T # S
such that m € v: then by the definition of subset vertex
multigraphs the subset vertex multigraph G must have an edge
labeled m from v; to v, and another edge labeled m from v; to v..
When the edge labeled m is removed from v,vs automatically
the edges labeled m from vpv; and vsv; will be removed
amounting to the removal of at least 3 edges from G a
contradiction to our assumption. Hence the claim.

Proof of (ii)) Given G is a subset vertex quasi complete
multigraph with n vertices K is a 1 edge subset vertex
multisubgraph of G in which any one edge from G is removed
then this multisubgraph K is different from G and in K = G \
{2n — 3) edges.

So removal of one edge in G results in a multisubgraph of
G which looses 2n — 3 edges.

To prove that there is one common element in all vi’s; 1 <
1 <n. We see if the element labeled say q is present in all
vertices then we have an edge labeled q incident to all vertices
so if that edge is removed say from v; and v; that is q labeled
edge vivjis removed we see v i\ q = u; and v;\ q = y; and rest of
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the vertices remain the same however from the vertex set v; and
vj there are (n — 1) edges labeled q incident to both of them so
when q is removed from v;v; all the 2n — 3 edges are removed
from G. Hence the claim.

Conversely if an element is in every vi that is q € N v;
then we see if the edge with label q is removed from G and that
G \ vivj (i # j) then all other 2n — 3 edges labeled q are

automatically removed from G hence the claim.

Note: As the very labeling of edges in subset vertex
multigraphs are done according to the elements present in the
vertex subsets of P(S), power set of the set S.

However we wish to record that removing edges from the
directed subset vertex multigraphs happens to be entirely
different.

We will illustrate this situation by an example or two.

First we work for a subset vertex graph.

Example 3.14. Let G be a directed subset vertex graph with
vertex subsets vi, vz, ..., V6 € P(S). P(S) the power set of S =
Zy9 given by the following figure.
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V2 = {2, 4, 9,
1,10, 12, 16,

3=142,4,9,
10, 13, 15,
16, 18,7, 3}

Figure 3.67

Suppose the edge Wz is removed from G, let H; = G\

E be the subset vertex subgraph given by the following

figure.

V2 = {1, 2,
9,4,10, 12,
16, 17}

V4= {2, 4, 9,
10,7, 8, 13}

Figure 3.68
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H; is a disconnected directed subset vertex subgraph with
two components and has only three edges and 5 subset vertices.

Now let H = G\ {@ } given by the following figure.

us = {10, 13,

15, 16, 18, 7,
3

Figure 3.69

Clearly H is a connected directed subset vertex subgraph
with 5 vertex subsets.

Suppose Ki = G \{v—lvd3 V,Vs } be the subset vertex

subgraph given by the figure.
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us = {13,

15, 16, 18,
7,3}

us= {1, 17,3,
41,5,6,7, 16,
15,8, 11, 12,
14, 13}

Ky

V3 = {2, 4, 9,
10, 13, 16,15,
18,7, 3}

Figure 3.70

Clearly K, is a empty subset vertex subgraph of G with 4
vertex subsets. So even a removal of two edges in a directed
subset vertex graph may make the subset vertex subgraph which

is empty.

Study in the direction of directed multigraphs is
interesting and innovative which will be described for the same
directed subset vertex graph as directed subset vertex
multigraph.
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The G described in figure as a directed subset vertex

multigraph M is as follows.

vi=1{2,4,9,
10, 13, 15,
16, 18,7, 3}

vs=1{2,1,3,4,
53 63 73 83 9’
10, 11, 12, 13,
14, 15, 16, 17,
j

Figure 3.71

Here we just recall directed edges from v; to vj exists if
vi c v;j and if |vi| = t we have t such edges from v; to v; and the

edges are accordingly labeled.

Let K; = G\ {edge labeled 2 from E }, K is given by
the following figure.



180 |

Special Subset Vertex Multisubgraphs for Multi Networks

v3=1{2,4,9,

10, 13, 15,
16,3,7, 18}

Figure 3.72

6 edges will be removed from G. Other labeled edges
remain the same.

Suppose 2 labelled two edges are removed from v; to v
and v; to vs then we leave it as an exercise for the reader to find

out the number of edges removed in the edge subset vertex

multisubgraph P =G\ {R and E labeled 2}.

We give another example of a directed subset vertex
multigraphs given in the following.

Example 3.15. Let G be a directed multigraph given by the
following figure.
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vi=1{3,4,5,
6,7,8,12,
16, 15, 18,

20, 24, 12}

Figure 3.73

Suppose the v,v; labelled 3 is removed from G. We get H

=G \R given by the following figure.

The edge directed subset vertex multisubgraph is as

follows.
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V7= {8,
20, 16, 24,

H=G\v,v, 51

Vl = {4’ 5’ 6’ 7’
8,12, 16, 24,
15, 18, 20}

Vs = {16,
20, 18, 15,
3}

Figure 3.74

Clearly H is a 1-edge disconnected directed subset vertex
multisubgraph of G it has four components 5 are just vertex
subsets and one of them is a directed subset vertex

multisubgraph and the remaining four are just vertex subsets.

We now proceed onto describe the those subset vertex
multigraphs directed which are trees and the structure enjoyed

by these edge subset vertex multisubgraphs by some examples.
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vi={l, 2,
3,4,5,6,7,
8}

Figure 3.75

Let H be a edge subset vertex multisubgraph of G from
which all edges labeled 6, 8 and 8 are removed. The figure of H
is follows.
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Figure 3.76

Clearly H is disconnected and has two components the

big component is a tree whereas the other is just a subset vertex.

Let K be the edge subset vertex multisubgraph got from
G by removing all the edges labeled 1, 2, 4, 6 and 8. K is given
by the following figure.
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{undefined}

Figure 3.77

So K is not defined as the vertex subset difference cannot

be put as ¢.

So we see only under certain conditions the edge - subset

vertex multisubgraph will exist.
We will some examples we substantiate this situation.

Example 3.16. Let S = Z36 and P(S) the power set of S. G be a

subset vertex multigraph given by the following figure.
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V2 = {2, 5,
12,16, 17,

9,15,5, 35,
33,30, 32}

Figure 3.78

Let K be the edge subset vertex multisubgraph for which
all edges labeled 5 are removed from G. K is given by the
following figure.
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w=1{2,12, 16,
17, 19, 20}

Figure 3.79

We see both G and K are pseudo complete edge subset
vertex multisubgraph. We see this K can also be realized as

special subset vertex multisubgraph of G.

Suppose multigraph for which all the edges labeled 2 and
5 are removed, is given by the following figure.
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u = {12,
16,17, 19,
20}

us = {18,
14, 12, 10,

us = {18,
14,11, 10,
15}

Figure 3.80

Clearly H is not pseudo complete subset vertex

multisubgraph of G.
One of the natural conjectures is given in the following.

Conjecture 3.1. Let S = {Z,}; 2 <n < o be a set of order n (Zn
is used mainly to avoid suffixes) or any set of order n. P(S) be
the power set of S. Let G be a subset vertex edge labeled and
vertex labeled multigraph with m subset vertices which is

complete or pseudo complete.

1) What is the minimal number of labeled edges that
should be removed from G so that G is an empty
multigraph?
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i) What is the minimum number of labeled edges
removed so that the multigraph loses its capacity
to be complete or pseudo complete.

i) The maximum number of labeled edges that can
be removed and still it will remain to be complete

or pseudo complete?

It is important and interesting to record that subset vertex
multigraphs which are not directed but both edge and vertex
labeled happens to give edge subset vertex multisubgraphs most
of which are special subset vertex multisubgraphs provided
there are several multiedges. Study in this direction is

innovative interesting and also difficult.

Further these multigraph can have their edges labeled as
triples in case they are entries from Single Valued Neutrosophic
Sets(SVNS), quads in case of Fuzzy Complex Neutrosophic
valued sets and soon [ ].

Will these multiedges also transform the structure into

multistructures or multigraphs.

Study in this direction is made in the final chapter of this
book.

Finally, we see in case of directed subset vertex

multigraphs the situation works in an entirely different way.

Many a times removal of certain multiedges makes the

multisubgraphs empty.
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When we work with directed labeled subset vertex
multigraphs the removal of one edge may affect the entire

structure of the multigraph.
To this effect we have provided several examples.

Example 3.17. Let G be a labeled subset vertex multigraph of
type II given by the following figure.

Figure 3.81

Let G=K\ {Rwith edge labeled 6 is removed} The

edge directed subset vertex multisubgraph K of G is given by
the following figure.
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Figure 3.82

We see K is a disconnected directed subset vertex

multisubgraph with four components.

Example 3.18. Let G be a directed subset vertex multigraph
given by the following figure.
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Figure 3.83

The edge labeled 1 fromv,v, is removed from G, let K

be the resulting multigraph given by the following figure.

Vg = {1,
4, 8}

Figure 3.84
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Clearly just by a removal of one edge the resulting edge

directed subset vertex multisubgraph becomes empty.

Now if we take the same vertex subset draw the
multigraph of type I and remove only one edge we see the
configuration is different the same G; the vertex subset

multigraph with vertex set vi, va, ..., Vo is as follows.

Figure 3.85

H =G\ {viv4} the edge subset vertex multigraph is as follows.
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Figure 3.86

We have not completed both G and K multigraphs with 9
and 8 vertices respectively structure is preserved. The reader is

assigned the task of completing them.

We suggest the following problems so that the reader

becomes familiar with this new concept.
Problems

L. Bring out the difference between the edge-subset vertex
subgraphs and just subset vertex subgraphs.

2. What are the conditions on the vertex subsets under
which in a edge subset vertex subgraph H of G when

one edge is removed several edges are removed?
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Find for the following subset vertex graph G, all edge
subset vertex subgraphs.

(17, 18,
16} = v,

Figure 3.87

There vi, va, ... vs€ P(S) where S = Z»7. For the subset
vertex graph given in problem 3 find all subset vertex
subgraphs which are neither edge subset vertex

subgraphs nor vertex subset vertex subgraphs.

How is a directed vertex subset graphs behave when
edges are removed?

Is it like type I subset vertex graphs?

Compare the edge subset vertex subgraphs in case of
directed subset vertex graphs with just subset vertex
graphs. Illustrate by an example.
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Let G be a subset vertex graph with vertex set vi, v2, vs,
va, vs and vg of type L.

Let H be the directed subset vertex graph using the

same set of vertices vi, va, ..., Ve € P(Z27); the power

set of Z»7 given by the following figures.

Figure 3.88
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VZ = {3’ 6’ 9’
12, 15, 18,

vs= {8, 4,
16, 12, 24}

Figure 3.89

We see though both the subset vertex graphs have same
set of vertices yet they have different structures for G is a
complete subset vertex graphs however H is not a complete

directed subset vertex graph.

1) Find the edge subset vertex subgraphs G \ viv»
and H\ E .

i) How many edge subset vertex subgraphs of G are
empty?

i) Find all edge subset vertex directed subgraphs of
H which are empty?

v) Find K; = G\ {vevs, vov3} and compare it with P,

=H\ {v,v, }.
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8. Does there exist any subset vertex graph G with vertex set
Vi,..., vo and H the directed subset vertex graph with

same set of vertices vi, va, ..., Vn?
Justify your claim or characterize your claim!

9. If we have a star subset vertex graph show it will not in

general be a directed star subset vertex graph.

10. Let G be a subset vertex ring graph give by the following
figure.

G= vs =16, 8,
12,9, 20}

ve = {30,
32, 36, 35}

V4= {18,
20,21, 24}

Figure 3.90
1) If we try to get the directed subset vertex graph
using vi, V2, ..., V7 as vertex subsets. What is its
structure?
i) Find the following edge subset vertex subgraphs.

a) G\ {Vl Vz}



11.

12.

13.

14.
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b) G\ {vivs, Vevs}
C) G \ {V4V3, V5V4}

d) G\ {v3vs, vavs, Vsve}.

Compare these four edges subset vertex subgraphs with
each other.

Find conditions on the vertex subsets of the ring vertex
subset graph G so that the directed vertex subset graph
with the same set of vertices is also a ring directed subset
vertex graph.

When will a complete subset vertex graph also be a

directed complete subset vertex graph?

Let G be a subset vertex graph with the vertex subset v; =
1,2}, voa=1{1,2,3,4},vs={1,3,4,2,5,6},va={1,2,3,
4,5,6,7,8},vs=1{1,2,3,4,5,6,7,8,9, 10} and v
{1,2, ..., 12}.

If H is the directed subset vertex graph will H be

complete? Justify your claim.

Let G be a subset vertex multigraph with labeled edge

and vertex given by the following figure.
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Figure 3.91

vi € P(Z1g), 1 £i<6.

Find the edge subset vertex multisubgraph K; =
G\ {vi v»} with only labeled edge 5 is removed.
Find K, = G \ {vsv; the edge labeled 12} is
removed?

Compare K, with K;.

Characterize all those 1-edge subset vertex
multisubgraphs.

Find the directed subset vertex multigraph H
using the vertices v to v¢ of G it with H and

compare.
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15. For the following subset vertex multigraph G which is
both edge and vertex labeled is given by the following
figure.

Figure 3.92

a) Find the following edge - subset vertex sub
multigraphs
1) G\ {viv, with edge label 2}
i) G\ {v2v3 and v3vs with edge label 2}
i) G \ {vvs and vsvs with label 2 and 14
respectively}
v) G\ {viv, with label 2 and v,v4 with label 7}
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Compare these edges subset vertex multisubgraphs with

each other.

b) What are the labeled edges that should be removed so
that the edge subset multisubgraph becomes a empty
multisubgraph?

16. Let S = Z4s be a set with 45 elements labeled from 0 to
44. P(S) the power set of S.

Let Gi, Gz, Gs and Gy be four directed subset vertex
multigraphs which are both edge and vertex labeled given

by the following figure.

Figure 3.93
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6

vi={1,2,3,4,
5,6,7,3, 36,
18,27, 8, 9, 10,

Figure 3.95
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vi={1,2,4,
18,7,6,8,9}

Figure 3.96




Edge Multisubgraphs | 205

1) Find corresponding to the directed labeled subset
vertex multigraphs Gi, G2, Gs and G4 find H;, Ho,
H; and Hs subset vertex edge labeled
multisubgraphs  respectively  taking  the
corresponding vertex subsets.

i) Find K; = G; {TV; labeled 2} the edge subset
vertex directed multi subgraph of Gi.

i) Draw Py = H; \ {vi v, labelled 2}, the edge subset
vertex multisubgraph of H;.

v) Compare K; with P; in (ii) and (iii).

V) Find K; = G2 \{ R the edge labeled 1} the edge
directed subset vertex multisubgraph of Go.

vi) Find P, = H, \{v: v; the edge labeled 1}, the edge
subset vertex multisubgraph of H.

vii) Compare K, and P; in (v) and (vi) respectively.

viii)  Find K3 = G3 \{ ﬁ labeled 1} the edge directed
subset vertex multisubgraph.

iX) Find Ps = H3 \ {viv, labelled 1} the edge subset
vertex multisubgraph.

X) Compare K; with P; in (viii) and (ix)
respectively.

xi)  Find Ka = G4 \ {v,v, with label 2} the edge
subset vertex directed multisubgraph of Ga.

Xii) Find P4 = Hs \ {viv2 the edge labeled 2} the edge
subset vertex directed multisubgraph of Hy

xiii)  Compare P; and K4 of xi and xii and find the
number of edges in them.
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17.  Let G be the subset vertex multigraph with vertex subsets
from P(S) where S = {Z,7} given by the following figure.

Figure 3.97

1) How many edges (minimum) must be removed
so that the multigraph G becomes disconnected?
and label the edges of G.



18.

19.

20.

21.

22.
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i) Find the minimum number of edges that must be

removed so that G looses the pseudo

completeness.
i) Does the directed subset multigraphs exists with
the same set of subset vertices vi, va, ..., Ve.

v) Which labeled edge gives the connection to all
nodes?

V) Find all edge subset vertex multisubgraph of G.

vi) Find the number in (v).

Find some suitable applications of subset vertex

multigraphs.

Can subset vertex multigraphs be used in social

networking?

List out the differences between directed subset vertex

multigraphs and subset vertex multigraphs.

Can one claim subset vertex multigraphs of type I will be
more powerful for easy retrieval of the multinetwork than

directed subset vertex multigraphs?

Can one prove if directed subset vertex multigraphs are

used in social multinetworks then it is mandatory that a

relational map (edges of v,v; exists only when one

subset is fully contained in another v; C v;.

i)  What are the advantages of using them?

i)  What are the limitations?

iiil) Compare type I and type II subset vertex
multigraphs.
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23.

24.

25.

26.

27.

28.

Give an example of a subset vertex multigraph of type I
which is complete and uniform. What is its structure

when they are converted to type 11?7

Give an example of an uniform directed subset vertex
multigraph which is a uniform star graph with n vertex

subsets.

a)  What will be its structure if same vertex subsets are

used for the type [ multigraph?

b)  Will it continue to be a uniform star subset vertex

multigraph of type 1? Justify.

Give an example of a subset vertex multigraph G of type
II which is a ring / circle multigraph with vertex subset

Vi, V2, ..., Vn.

a)  Using the same set of vertices vi, va, ..., Va draw the
subset vertex multigraph R of type 1.

b) Is R a circle subset vertex multigraph?

¢) Find the conditions under which both G and R will
be subset vertex circle multigraphs.

For what set of subset vertices will both the type I and
type II multigraphs will be identical?

If problem (26) is true give one example.

Let G be a subset vertex multigraph of type II given by
the following figure.
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Figure 3.98

29.

30.

1)  Show H the subset vertex multigraph of type I with
vertex subsets v; to vip of G, then H is identical
with G except for directed lines.

i) If in G vy is changed to {9, 6} and vs to {5, 2}
prove G is a multistar graph of type II but H the

type I subset vertex multigraph is not a star graph.

Give an example of a subset vertex multigraph of type I

which is wheel.

Does there exists a subset vertex multigraph of type II

which is a wheel?
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31.

32.

Let G be a vertex subset multigraph of type II which is a
line what will be type I subset vertex multigraph H using
the same vertex subset of G?

Let G be the subset vertex multigraph of type Il given by
the following figure.

V4= {115 15 8}

Figure 3.99

1) Find H (with vertex subsets vi, vz, v3 and vy4) the
subset vertex multigraph of type L.

i) Is H a pseudo complete subset vertex multigraph
of type L.



Chapter Four

SPECIAL SUPER - SUBSET VERTEX MULTIGRAPH
FOR MULTINETWORK

Study of subset vertex multigraphs happens to be a very
new notion. The concept of subset vertex graphs have been
introduced in 2018 [53]. Further the notion of multigraphs are
well-know from [55-6] however, the notion of subset vertex

multigraphs and their applications are given in this chapter.

As in case of multinetworks using multigraphs subset
vertex multigraphs can be used for multinetworks. One of the
special features about them is that once the vertex subsets are
provided the resulting subset vertex multigraph is unique. This
property enables the resulting multiedges to be unique and these

multiedges are not arbitrarily fixed.

Further the concept of special subset vertex
multisubgraphs happens to be a big boon in fault tolerant
multinetworks as when they are used it will save both money
and time. That too when we use the hyper multisubgraphs
which are special subset vertex multisubgraphs it will still be

very useful.
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Here we use these special type of hyper-multisubgraphs
for fault tolerant multi-networks.

To this end we also introduce the new notion of super
special subset vertex multigraphs. We will describe this
situation by some examples.

Example 4.1. Let S= {1, 2, ..., 20} be a set and P(S) the power
set of S.

Let G be the subset vertex multigraph given by the
following figures.

Figure 4.1

We see the subset vertex multigraph G can serve as the
network for some multi network. By observation of the subset

vertices we find all the 5 subset vertices have the elements {3,
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4, 6} to be common may be they are vital ones in this multi
networks and it may so happen failure of any of these nodes in
any of these subset vertices may give problem or make the multi

network nonfunctional in this multi network.

Further the multi network is a pseudo complete subset
vertex multigraph. So how to save this multi network in time of
one or two or all of the nodes in {3, 4, 6} fail to function. To
over come this problem we build a super special subset vertex
multigraph which is built using G. In this example we add a
triple {9, 19, 20} to each of the vertex subsets which are
replacement in time of need of full {3, 4, 6} or one of {3, 4, 6}
or two of {3, 4, 6}.

We can assume the role of 9 would be exactly as that of 3
that of the functions of 4 would be done by 19 and that of 6
would be done exactly by 20.

We will have the multinetwork which will be called as
super multinetwork or subset vertex super-multigraph or super

subset vertex multigraph.

Let wi, w2, ..., ws denote the new set of vertices of the
super subset vertex multigraph and let S(G) denote this super
subset vertex multigraph of G which is given by the following
figure.
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6,9, 19, 20,
11,12,7, 17,
18}

6,9, 19, 20,
11, 12,7, 17,
18}

Figure 4.2

In S(G) we can mark the 3 edges or need not mark it in
time of emergency they will be so appropriately constructed
they automatically fix themselves. For instance, if node 3 fails
in the unit v; that is in the subset vertex set vi then 3 node of v,
cannot connect to v, v3, v4 and vs however v, vi, va and vs will
function on node {3}. Now if 3 node in v, is replaced by node
{9} then it is mandatory {3} in nodes of vz, v3, v4 and vs are
muted and {9} starts to connect itself automatically that is the

way the multi network functions.

Thus use of these super subset vertex multigraphs can be
very helpful it can save the multi network in time of need. These
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connections can also be termed as special neutral connections
and need not be explicitly shown by edges but they exist in
S(G) and in time of emergency; that is failure of any of the vital
node or nodes they will take their appropriate role and keep the
multi network to function as original one.

Suppose we have an instance say the node {3} has failed
in vi and node {4} has failed in vs then how to switch on to the
super special subset vertex multigraph. It is mandatory both
nodes 3 and 4 are replaced by 9 and 19 respectively in all the
five nodes. Similarly, 6 by 20 in all nodes in time of need. So
the multinetwork failure is taken care of these vital nodes.

We can also represent S(G) as the edge labeled multigraph
which is as follows.

S(G) =

69 99 b b
8,7,5,9, 12,
11}

11,12,7, 17,
18}

Figure 4.3
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We see only the nodes {3, 4, 6} contribute to the
multigraph or equivalently multinetwork.

Other nodes even if they fail may not totally dismantle
the multi network. So the role of supersubset special vertex
multigraphs is to preserve the network at times of failure. Thus
every multi network if it has vital nodes (vital nodes in the multi
network are those nodes if when fails to function, the multi
network will be paralyzed) they are replaced in every vertex by
special nodes when these vital nodes fail they automatically
switch onto these replaced nodes their by saving cost, time and
above all the repugnance of such parallelization of the multi
network.

We now give yet another example before we proceed
onto define super special subset vertex multigraphs.

Example 4.2. Let G be a subset vertex multigraph given by the
following figure.

V3= {18,
13,11, 10,
12}

Figure 4.4
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Now we see if the edge labeled 1 is removed that is the
node 1 becomes nonfunctional then the very vertex v; will
become disconnected from the multi network G so in the super
special subset vertex multigraph we include in vy, v, v4 and vz a
term 17 to replace 1 in time of need. Similarly if the edge
labeled 13 becomes nonfunctional the vertex vi will become
disconnected in the multi network so we include 14 to replace
13 in times of need.

Thus the super special subset vertex multigraph S(G) of
G is as follows.

10, 11, 12,
13, 14}

13, 15, 14}

W4 = {1,
13, 16, 14,
17}

Figure 4.5
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However the super special subset vertex multigraph
S(G) also will have the same number of labeled edges as that of

the original subset vertex multigraph G.

We provide yet another example of the subset vertex

multigraph G by the following figure.

Example 4.3: Let G be a subset vertex multigraph given by the
following figure. The vertex subsets v; € P(S) where S = {1, 2,
w37 1 <18,

Ve = {18,
9,22,24,
26}

V3 = {4,
11,10, 12,
13, 14,

V4=
(6,12, 19,
18}

Figure 4.6
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We see this G is a subset vertex multigraph for which
we cannot build any super special subset vertex multigraph S(G)
for we do not have any special elements in vertex subset which
when becomes non functional the multinetwork will become
paralyzed or some vertex subsets becomes disconnected. So we
cannot in general make a statement that every subset vertex
multigraph G has the super special subset vertex multigraph

S(G).

Now we proceed onto give the abstract definition of the

same.

Definition 4.1. Let S = {1, 2, ..., n} be any finite set. P(S) the
power set of S. G be a subset vertex multigraph with m vertices
VI, V2, e, Vi, Vi € P(S) 1 <i < m which is edge and vertex

labeled.

Suppose G is a pseudo complete subset vertex
multigraph and it has certain edges to be vital then we add
elements or nodes to those vertex subsets and remame the
vertices as wy, ..., Wm where vi cwi; 1 <i <n; in case there are
elements or nodes added in w; then the containment will be

proper otherwise it is not so.

Then we define the multigraph with vertex subsets wi,

W, ..., Wn as the super special subset vertex multigraph S(G) of
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G which will have only the same number of multiedges as that

of G.

We call the multigraph G as multinetwork.

In case vital edge/edges becomes nonfunctional then in
S(G) the replaced ones in wi automatically starts to keep the
multi network to function normally (1< 1 < n) as they are in each
vertex subset interconnected for replacement in times of

nonfunctioning.

These multi networks are fault tolerant multi networks.

Theorem 4.1. Let S be a finite set, S = {1, 2, ..., n}; P(S) the
power set of S. G be a labeled subset vertex multigraph; S(G)
the super special subset vertex multigraph exists if and only if G

has vital edges.

Proof is direct hence left as an exercise to the reader.

It is important to note that every subset vertex
multigraph need not have super special subset vertex multigraph

associated with it.

These multigraphs will find its place in the fault tolerant

multinetworks.
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We give yet another example in case the multinetworks
are disconnected how to work for the super special subset vertex

multigraphs of them.

Example 4.4. Let G be a vertex and edge labeled subset vertex
multigraph with vertex subsets from P(S) where S = {1, 2, ...,
36} given by the following figure.

19, 23, 24, 19, 27, 28,
213 30}

Figure 4.7

We see G is a disconnected subset vertex multigraph

which are edge labeled.
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The vital elements are {6, 8, 9} and {18, 19} of G. We
now give the super special subset vertex multigraph S(G) of G
given by the following figure.

W4 = {6, 8,
9, 14, 15, 16,
17, 30, 31,
32}

We = {189
19, 23, 24,
21, 36, 35}

W5 = {18,
19, 29, 21,
22, 36,37}

Figure 4.8

For the other 3 vertex subsets ws, weg and w7 we include
the set {36, 35} as replaceable for {18, 19} respectively.
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This is yet another type of multi networks for which we
can construct a super special subset vertex multigraphs or super

special multinetworks.

As in case of special subset vertex multisubgraphs of a

subset vertex multigraph G in general is not always defined.

Similarly, in case of subset vertex multigraphs also we
are not always guaranteed of super special subset vertex

multigraphs.

Both these types of multigraphs will be useful in fault
tolerant multinetworks.

It is still interesting to find and characterize those subset vertex
multigraphs G which has both special subset vertex
multisubgraphs H and that of the super special subset vertex
multigraphs S(G) thus H ¢ G < S(G).

The reader is left with the task of finding H, G and S(G)

for suitable subset vertex multigraph G.
We will describe a few examples to this effect.

Example 4.5. Let S= {1, 2, ..., 45} P(S) the power set of S. Let
G be the edge and vertex labeled subset vertex multigraph given
by the following figure.
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11, 13, 14,
15, 8}

Figure 4.9

The super special subset vertex multigraph S(G) of G is
got by including in the vertex subset which contains 2 the
element 27. In all vertex subsets which contains 3 include the
element 18. In all vertex subsets which contains 11 and 12 we
include the element 33 and 22 respectively. The resulting super
special subset vertex multigraph S(G) of the subset vertex
multigraph G is given by the following figure.
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9,10, 11,
12,22, 33,

12,2, 5, 19,
22,33,27}

Figure 4.10

Clearly vi c wi; i =1, 2, ..., 6. The edges are taken as

the same as in case of G for S(G) also.

Now we provide an example of a special subset vertex

multisubgraph H of G.
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Figure 4.11

Clearly H is a special subset vertex multisubgraph of G.

It is pertinent to keep on record that there can be more
than one special subset vertex multisubgraph of G however the

super special subset vertex multigraph S(G) of G is only one.

In case of disconnected subset vertex multigraphs

interested reader can study them.
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However in [53-5] we have clearly given condition for
the existence of the special subset vertex multisubgraphs.
Further it is interesting to note that in case we want to use the
special subset vertex multisubgraph we can use it for retrieval of
the network. If we want the multinetworks to function, in times
when vital nodes affected, we can use the notion of super
special subset vertex multigraphs for fault tolerant
multinetworks which has the capacity to switch or replace vital

nodes in time of need.

Interested researcher is advised to develop real world
models in case of computer multinetworks and other

multinetworks which has several vital nodes.

Next some authors felt why not build super special
subset vertex multisubgraphs using the special subset vertex
multisubgraph itself. To this end we do built super special
subset vertex multisubgraphs using special subset vertex
multisubgraphs which is explained by an example. Using
Example 4.5 and for the H given we find S(H) which is as
follows. We use vertex subsets a; where yyc a;i=1,2, ..., 5

the multisubgraph S(H) is as follows.
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12,2, 5,
27,22,33}

11, 12, 27,
22,33, 18}

Figure 4.12

The following observations are vital.

We have now multigraphs G and S(G) and
multisubgraphs H and S(H).

vicw,acwi,cwianduicacw,1<i< 5.

Edges with labels which correspond to vital nodes are
always preserved in G, S(G), H and S(H). However, S(H) or the
super special subset vertex multisubgraph happens to be the

most economic one. Further for every H the special subset
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vertex multisubgraph we can always built a super special subset

vertex multisubgraphs, so we have more choices unlike S(G).

We suggest the following problems.

Problems

1. Does every subset vertex multigraph has a super special

subset vertex multigraph? Justify your claim.

2. Compare a super special subset vertex multigraph with,

a special subset vertex multigraph.

3. Let G be a subset vertex multigraph given by the

following figure.

Figure 4.13

Vi, V2, V3, V4, Vs € P(S) where S = {1, 2, 3, ..., 18}.
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vi)

vii)

Edge label the subset vertex multigraph G.
Find all the special subset vertex multisubgraphs of G.
Find the super special subset vertex multigraph of G.

Let G be a subset vertex multigraph with vertex set v; €
P(S) where S = {1, 2, ..., 36}; 1 <1 <9; given in the

following.

vi=1{2,4,6,8,9,12},v.=1{9,12,7,1,3}
v3=1{9,12,8, 1,5, 11}, va={9,12, 13, 14, 16}
vs=1{9,12,1,5,21,23,24} v¢= {9, 12, 5, 24, 26, 27}
vi=19,5,29,30,31}, vs={1, 12, 13, 17} and
vo=1{9,12,1,5,7,2,6}.

Draw the subset vertex multigraph G with vertex

subsets {vi, v2, ..., Vo} given above.

Label the edges of G.

Which are the vital nodes of G?

Find all special subset vertex multisubgraphs of G.

Construct the corresponding super special subset vertex

multisubgraphs.

Which of the super special subset vertex multisubgraph

1S most economical?

Which of the super special subset vertex multisubgraph
is most powerful? (Powerful in the sense that it is

capable of replacing the original multinetwork).
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viii))  Find the super special subset vertex multigraph S(G) of
G and compare it with S(H) of any H.

iX) Is G a pseudo complete subset vertex multigraph?

5. Give an example of a subset vertex multigraph G which
has no special subset vertex multisubgraph or a super
special subset vertex multigraph.

6. Does there exist a subset vertex multigraph G which has
no super special subset vertex multigraph but has

several special subset vertex multisubgraphs?

7. Give an example of a subset vertex multigraph which

has only one special subset vertex multisubgraph.

8. Show that subset vertex multigraphs can be used in the
study of HITS in the context of web page ranking.

9. Illustrate the use of subset vertex multigraphs in social

information multinetwork.

10. Discuss the role of super special subset vertex
multigraphs in the social information multinetworks if
the researcher is keen on retrieving the dead or dying
social customs.

1. For the subset vertex multigraph G given by the
following figure can we have a super special vertex
subset multigraph. The vertex subsets are from P(S)
where S= {1, 2, ..., 54};
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vi= {2,4,6,8,
10, 12, 14, 16}

V4 = {12,
14, 16, 21,
22,24}

53.49.48
, 47}

Figure 4.14
1) Does this multigraph G has super special subset
vertex multigraph?
i) Does there exist for this G a special subset vertex
multisubgraphs?
iii) Obtain all other special properties associated with

this type of multigraph G.
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12.  Can we generalize and say subset vertex multitrees
cannot have super subset vertex multigraphs?

13.  Can a subset vertex multiring contain super special subset
vertex multigraph?

14. Let G be a subset vertex multigraph given by the
following figure.

Vg = {40,
37, 46, 45}

\ {20,
49, 41, 42}

4,6,8,9,10,
14, 15, 16, 17,
40, 37, 18, 19

{
34,35, 36}

vs= {15, 16
29,30, 31}

{
17, 32, 33}

Figure 4.15

where vi € P(S); S = {1, 2, ...,49} 1 <1 <9. Study
questions (i) to (iii) of problem 11 for this G.

15. Characterize those types of subset vertex multigraphs

which has no super special subset vertex multigraphs.
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16.

17.

18.

19.

20.

Can a subset vertex multigraph which is a multiring have
special subset vertex multisubgraphs?

Does a subset vertex multitree contain special subset
vertex multisubgraphs?

Does a subset vertex multistar graph contain a special
subset vertex multisubgraph?

Obtain any special feature enjoyed by super special
subset vertex multigraph S(G) of a subset vertex
multigraph G.

Let G be a subset vertex multigraph given by the

following figure.
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va= {1, 11,
10, 14, 19}

V7= {21,
24, 40,41}

Figure 4.16

where vie P(S), with S={1,2,...,49}; 1 <i<7.

1) Find all special subset vertex multisubgraphs of G.

i)  How many will be eligible to be constructed as super
special subset vertex multisubgraphs? Justify your
answer!

iiil)  Find the super special subset vertex multigraph S(G) of
G.

iv)  Which of the nodes / elements in the vertex subsets are

vital? (that is mention also the vital edges of G)
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21. Find a suitable and appropriate application of super

special subset vertex multigraph S(G) of G.

22.  Test whether it is possible to replace the super special
subset vertex multigraph S(G) of G by a super special
subset vertex multisubgraph of G.

23.  Suppose G is a subset vertex multiwheel given by the
following figure with vertex subsets from P(S) where S =
{1,2,...,63}

va= {5,7,8,
36, 39, 49,
37, 46, 42}

Vs = {18:
28,29, 19,

vi= {1,2,3,4,
5,6,7,8,9, 10,
11, 12, 13, 14,

vs= {9, 10, 11,
12, 53, 54, 50,
51,42, 49}

vi= {15, 16,
17, 63, 62, 60,

ve= {50, 51,
54,53, 13, 14,
63, 62,61}

Figure 4.17

1) How many special subset vertex multisubgraphs
of G are there?
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25.

26.

27.

28.

29.

30.

31.

Special Super Subset Vertex Multigraph ... | 237

i) Can G have the concept of super special subset
vertex multigraph?

i) Can G contain super special subset vertex
multisubgraphs?

iv) Find any other special feature enjoyed by subset
vertex multiwheel.

Can subset vertex multigraphs G which are multiwheels
have super special subset vertex multigraphs? Justify
your claim.

List those subset vertex multigraphs which cannot have
super special subset vertex multigraphs or super special
subset vertex multisubgraphs. Prove your claim for
general such structures.

Give applications of subset vertex multigraphs in social
media multinetworks.

Can it be established that by using subset vertex
multigraph the bias of marking relations or edges be
minimized?

Enumerate the advantages and disadvantages in using
subset vertex multigraphs as multinetworks.

Enumerate all special features enjoyed by subset vertex
multigraphs as multinetworks.

Prove / disprove in general subset vertex multigraphs G
which has both super special subset vertex
multisubgraphs and super special subset vertex
multigraphs S(G) then it is advantages to use super
special subset vertex multisubgraphs.

Let G be a subset vertex multigraph which is complete.

1)Can G have super special subset vertex multigraph?
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32.

33.

34.

35.

36.

37.

i) Can G have super special subset vertex
multisubgraphs?
iii) Can G have special subset vertex
multisubgraphs?

Study questions (i) to (iii) of problem (31) in case of
subset vertex multigraphs which are quasi / pseudo
complete.
Let G be a disconnected subset vertex multigraph.
1) Can G have vital nodes?
ii) Prove / disprove your claim by examples.
Can we prove if the subset vertex multigraph G has vital
nodes in more than two vertex subsets then G has super
special subset vertex multigraphs and super special vertex
subset multisubgraphs?
Let G be a subset vertex multigraph which is uniform
pseudo complete.
i)  Does the super special subset vertex multigraph
S(G) of G exist?
i) Does G contain special subset vertex
multisubgraphs H of G?
iii) Does the super special subset vertex
multisubgraph S(H) of H of G exist?

Can subset vertex multigraphs be used in fuzzy cognitive
multi maps models? Justify your claim!
Prove the notion of super special subset vertex
multisubgraphs of any special vertex multigraph can find
its applications in the study of Link Analysis Techniques
in behaviour of HITS in the context of web page ranking?
(Mainly in the analysis of near - zero authority score,

strong authority score etc).
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39.

40.
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Can the notion of subset vertex multibipartite graphs be
used in the study of Artificial Neural Networks?

Can subset vertex n-partite multigraph find their
applications in Deep Neural Networks?

Let G be a subset vertex multi 3 partite graph given by
the following figure.

W1 = {31,
33,50, 52,
40, 43,47}

5,17, 15,
10, 11, 12}

20, 22, 24, 26,
28}

28, 15, 17, 45,
46, 47}

Figure 4.18

1) Can G have a super special vertex multigraph

S(G)?
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41.

42.

43.

44,

45.

i) Can G have special subset vertex
multisubgraphs?

i) Can G be used in DNN?

v) Obtain any other special feature associated with
G.

V) What is the hidden layer of the DNN if G is used

as a multinetwork?

Can the concept of subset vertex multibipartite graphs be
used in depicting the dynamical system of Fuzzy
Relational Maps or Neutrosophic Relational Maps?

Give an example of a subset vertex multigraphs which

has weighted edges.

Use the concept of subset vertex multigraphs in real

world problem.

Build a mathematical model which adopts the concept of
subset vertex multigraphs G and super special subset
vertex multigraph S(G) of G.

Obtain any other special property of subset vertex
multigraphs so that they function better than the other
multigraphs in multinetworks.
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Subset vertex directed multigraph of type II, 35-45
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Uniform subset vertex multicircle, 85-9
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