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ABSTRACT. Neutrosophic theory has many applications in graph theory,
bipolar single valued neutrosophic graphs (BSVNGs) is the generalization
of fuzzy graphs and intuitionistic fuzzy graphs, SVNGs. In this paper we
introduce some types of BSVNGs, such as subdivision BSVNGs, middle
BSVNGs, total BSVNGs and bipolar single valued neutrosophic line graphs
(BSVNLGS), also investigate the isomorphism, co weak isomorphism and
weak isomorphism properties of subdivision BSVNGs, middle BSVNGs,
total BSVNGs and BSVNLGs.
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1. INTRODUCTION

Neutrosophic set theory (NS) is a part of neutrosophy which was introduced
by Smarandache [43] from philosophical point of view by incorporating the degree
of indeterminacy or neutrality as independent component for dealing problems with
indeterminate and inconsistent information. The concept of neutrosophic set the-
ory is a generalization of the theory of fuzzy set [50], intuitionistic fuzzy sets [5],
interval-valued fuzzy sets [17] interval-valued intuitionistic fuzzy sets [6]. The con-
cept of neutrosophic set is characterized by a truth-membership degree (T), an
indeterminacy-membership degree (I) and a falsity-membership degree (f) indepen-
dently, which are within the real standard or nonstandard unit interval |~0,17].
Therefore, if their range is restrained within the real standard unit interval [0,1] :
Nevertheless, NSs are hard to be apply in practical problems since the values of the
functions of truth, indeterminacy and falsity lie in 70, 17[. The single valued neu-
trosophic set was introduced for the first time by Smarandache [43]. The concept
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of single valued neutrosophic sets is a subclass of neutrosophic sets in which the
value of truth-membership, indeterminacy membership and falsity-membership de-
grees are intervals of numbers instead of the real numbers. Later on, Wang et al. [19]
studied some properties related to single valued neutrosophic sets. The concept of
neutrosophic sets and its extensions such as single valued neutrosophic sets, interval
neutrosophic sets, bipolar neutrosophic sets and so on have been applied in a wide
variety of fields including computer science, engineering, mathematics, medicine and
economic and can be found in [9, 15, 16, 30, 31, 32, 33, 34, 35, 36, 37, 51]. Graphs
are the most powerful tool used in representing information involving relationship
between objects and concepts. In a crisp graphs two vertices are either related or
not related to each other, mathematically, the degree of relationship is either 0 or 1.
While in fuzzy graphs, the degree of relationship takes values from [0, 1]. Atanassov
[42] defined the concept of intuitionistic fuzzy graphs (IFGs) using five types of
Cartesian products. Theconcept fuzzy graphs, intuitionistic fuzzy graphs and their
extensions such interval valued fuzzy graphs, bipolar fuzzy graph, bipolar intuition-
itsic fuzzy graphs, interval valued intuitionitic fuzzy graphs, hesitancy fuzzy graphs,
vague graphs and so on, have been studied deeply by several researchers in the liter-
ature. When description of the object or their relations or both is indeterminate and
inconsistent, it cannot be handled by fuzzy intuitionistic fuzzy, bipolar fuzzy, vague
and interval valued fuzzy graphs. So, for this purpose, Smaranadache [15] proposed
the concept of neutrosophic graphs based on literal indeterminacy (I) to deal with
such situations. Later on, Smarandache [11] gave another definition for neutrosphic
graph theory using the neutrosophic truth-values (T, I, F) without and constructed
three structures of neutrosophic graphs: neutrosophic edge graphs, neutrosophic
vertex graphs and neutrosophic vertex-edge graphs. Recently, Smarandache [16]
proposed new version of neutrosophic graphs such as neutrosophic offgraph, neutro-
sophic bipolar/tripola/multipolar graph. Recently several researchers have studied
deeply the concept of neutrosophic vertex-edge graphs and presented several exten-
sions neutrosophic graphs. In [1, 2, 3]. Akram et al. introduced the concept of
single valued neutrosophic hypergraphs, single valued neutrosophic planar graphs,
neutrosophic soft graphs and intuitionstic neutrosophic soft graphs. Then, followed

the work of Broumi et al. [7, 8, 9, 10, 11, 12, 13, 14, 15], Malik and Hassan [38]
defined the concept of single valued neutrosophic trees and studied some of their
properties. Later on, Hassan et Malik [17] introduced some classes of bipolar single

valued neutrosophic graphs and studied some of their properties, also the authors
generalized the concept of single valued neutrosophic hypergraphs and bipolar sin-
gle valued neutrosophic hypergraphs in [19, 20]. In [23, 24] Hassan et Malik gave
the important types of single (interval) valued neutrosophic graphs, another impor-
tant classes of single valued neutrosophic graphs have been presented in [22] and in
[25] Hassan et Malik introduced the concept of m-Polar single valued neutrosophic
graphs and its classes. Hassan et al. [18, 21] studied the concept on regularity and
total regularity of single valued neutrosophic hypergraphs and bipolar single valued
neutrosophic hypergraphs. Hassan et al. [20, 27, 28] discussed the isomorphism
properties on SVNHGs, BSVNHGs and IVNHGs. Nasir et al. [40] introduced a new
type of graph called neutrosophic soft graphs and established a link between graphs
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and neutrosophic soft sets. The authors also studeied some basic operations of neu-
trosophic soft graphs such as union, intersection and complement. Nasir and Broumi
[11] studied the concept of irregular neutrosophic graphs and investigated some of
their related properties. Ashraf et al. [1], proposed some novels concepts of edge reg-
ular, partially edge regular and full edge regular single valued neutrosophic graphs
and investigated some of their properties. Also the authors, introduced the notion
of single valued neutrosophic digraphs (SVNDGs) and presented an application of
SVNDG in multi-attribute decision making. Mehra and Singh [39] introduced a
new concept of neutrosophic graph named single valued neutrosophic Signed graphs
(SVNSGs) and examined the properties of this concept with suitable illustration.
Ulucay et al. [48] proposed a new extension of neutrosophic graphs called neu-
trosophic soft expert graphs (NSEGs) and have established a link between graphs
and neutrosophic soft expert sets and studies some basic operations of neutrosophic
soft experts graphs such as union, intersection and complement. The neutrosophic
graphs have many applications in path problems, networks and computer science.
Strong BSVNG and complete BSVNG are the types of BSVNG. In this paper, we
introduce others types of BSVNGs such as subdivision BSVNGs, middle BSVNGs,
total BSVNGs and BSVNLGs and these are all the strong BSVNGs, also we discuss
their relations based on isomorphism, co weak isomorphism and weak isomorphism.

2. PRELIMINARIES

In this section we recall some basic concepts on BSVNG. Let G denotes BSVNG
and G* = (V, E) denotes its underlying crisp graph.

Definition 2.1 ([10]). Let X be a crisp set, the single valued neutrosophic set
(SVNS) Z is characterized by three membership functions 7%z (z), Iz(x) and Fz(z)
which are truth, indeterminacy and falsity membership functions, Vo € X

Tz(l'), Iz(x), Fz(l‘) S [O, 1]
Definition 2.2 ([10]). Let X be a crisp set, the bipolar single valued neutrosophic
set (BSVNS) Z is characterized by membership functions T (z), I} (z), F} (),
T, (z), I;(x), and F, (z). That is Vo € X
T (x), 1} (x), F; (x) € [0,1],
Ty (x),1;(x), Fy (z) € [-1,0].

Definition 2.3 ([10]). A bipolar single valued neutrosophic graph (BSVNG) is a
pair G = (Y, Z) of G*, where Y is BSVNS on V and Z is BSVNS on E such that

T (By) < min(Ty (8), Ty (7)), 17 (Bv) = max(I5 (B), I (7)),
I;(Bv) < min(Iy (8), I (7)), Fz (By) <min(Fy (8), Fy (7)),
F7(By) > max(Fyf (B), ByF (7)), Tz (By) > max(Ty (8), Ty (7)),
where
0 < Ty (By)+15(87) + Fy(By) <3
3T, (BY)+17(By)+Fy(By) <0

VB,yeV.
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In this case, D is bipolar single valued neutrosophic relation (BSVNR) on C. The
BSVNG G = (Y, Z) is complete (strong) BSVNG, if

T; (By) = min(Ty (8), Ty (7)), 1% (B7) = max(Iy(8), Iy (7)),
17 (By) = min(Iy (8), Iy (v)), Fz (By) = min(Fy (8), Fy (7)),

Fz (By) = max(Fy (8), 1 (7)), Tz (By) = max(Ty (8), Ty (7)),

YV 8,7 € V(V By € E). The order of BSVNG G = (A, B) of G*, denoted by O(G), is
defined by

O(G) = (07(G), 0F (G), O£(G), 07 (G), 07 (G), OR (@),
where

07(G) =) Ti(a), Of (G) =) Iji(a), OL(G) =) Fi(w),

acV acV acgV

O7(G)=> Ty(e), 07 (G)=>_I;(a), Op(G)= > Fj(a).

acV acV acV
The size of BSVNG G = (A4, B) of G*, denoted by S(G), is defined by

S(G) = (S7(G), S1(G), S1:(G), S7.(G), 81 (G), Sy (G)),

where

SH(G) = Y TH(BY), S7(G)= > T5(B),

ByEE ByEE

SH@G) = > TEBY), S7(G) =D I5(Bv),

BYEE ByYEE
SHG) = D" FE(BY), Sp(G) = > F5(Bv).
BrEE BYEE

The degree of a vertex § in BSVNG G = (A, B) of G*,, denoted by dg(8), is
defined by

dg(8) = (dF.(8), df (B), df(B), dr(B), d7 (B), d(8)),
where

drB) = TH(BY), dr(B) =D T5(B),

ByeEE ByeEE

df(B)= > I5(Bv), df (B) = Y _ I5(B7),

BrEE BrEE
dh(B) = Y FE(Bv), dp(B)= > F5(Bv).
ByeEE ByeE
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3. TyPEs oF BSVNGs

In this section we introduce the special types of BSVNGs such as subdivision,
middle and total and intersection BSVNGs, for this first we give the basic definitions
of homomorphism, isomorphism, weak isomorphism and co weak isomorphism of
BSVNGs which are very useful to understand the relations among the types of
BSVNGs.

Definition 3.1. Let G; = (C1, D) and Gy = (Cs, D3) be two BSVNGs of Gf =
(V1, E1) and G35 = (Va, Es), respectively. Then the homomorphism x : G; — Gs is
a mapping x : V3 — Vo which satisfies the following conditions:

Té (p) < T (x(p), 15, (p) = I8, (x(p), Fg (p) > F& (x(p)),

Te, (p) 2 T, (x(p), 1o, (p) < I, (x(p), Fg,(p) < Fg, (x(p)),

Vpel,
TS, (pg) < TS, (x(P)x(9), Tp, (p9) > T, (x(p)x(9));
15, (pa) > 15, (x(0)x()), Ip, (pg) < Ip,(x(p)x(2)),
Fp . (pg) > Fp, (x(p)x(9)), Fp,(pg) < Fp, (x(p)x(9)),
V pq € Ey.

Definition 3.2. Let G; = (C1,D;) and Gy = (Cs, D2) be two BSVNGs of Gf =
(V1, Eq) and G5 = (Va, Es), respectively. Then the weak isomorphism v : G; — Go
is a bijective mapping v : V7, — V5 which satisfies following conditions:

v is a homomorphism such that

TS (p) = T, (v(p), 1f, (p) = 1, (v(p)), FE (p) = FZ, (v(p)),

Te, (p) = Tg, (v(p), I, (p) = Ig, (v(p)), Fg,(p) = Fg, (v(p),
Vpe V.
Remark 3.3. The weak isomorphism between two BSVNGs preserves the orders.
Remark 3.4. The weak isomorphism between BSVNGs is a partial order relation.

Definition 3.5. Let G; = (C1, D) and Gy = (C3, D2) be two BSVNGs of Gf =
(Vi, E1) and G5 = (Va, Es), respectively. Then the co-weak isomorphism k : G; —
G- is a bijective mapping  : V3 — V5 which satisfies following conditions:

K is a homomorphism such that

T, (pa) = T, (k(p)k(a)), Tp, (pa) = T, (k(p)k(q)),
1}, (pa) = I, (k(p)s(@)), Ip,(pa) = Ip, (k(p)K(a)),
FJ5 (pq) = F55 (k(p)k(q)), Fp,(pq) = Fp, (k(p)k(q)),
V pq € E.
Remark 3.6. The co-weak isomorphism between two BSVNGs preserves the sizes.

Remark 3.7. The co-weak isomorphism between BSVNGs is a partial order rela-
tion.
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TABLE 1. BSVNSs of BSVNG.

T Iy Ff Ty Iy Fy
02 0.1 04 -03 -0.1 -0.4
03 0.2 05 -0.5 -04 -0.6
04 0.7 06 -02 -0.6 -0.2
T I FY T, I Fg
02 04 05 -02 -0.5 -0.6
0.3 0.8 06 -01 -0.7 -0.8
0.1 0.7 09 -01 -0.8 -0.5

=3 b:](": S

Definition 3.8. Let G; = (C1, D) and Gy = (C3, D3) be two BSVNGs of Gf =
(Vi, E1) and G5 = (Va, E»), respectively. Then the isomorphism ¢ : G; — G2 is a
bijective mapping v : V3 — Vo which satisfies the following conditions:

T¢, (p) = Td, ($(p)), 1, (p) = 12, (¥(p), FE,(p) = F¢, (¥ (p)),
To,(p) = Te, (W (), e, (p) = 1, (b(p), Fe,(p) = Fo,((p)),

Vpe,
TS (pg) = T, () (), Tp, (pg) = T, (¥ (p)1(q)),
15 (pq) = I, (W ()¢ (9)), Ip, (pa) = Ip, (% (p)¥(q)),
Fjy (pg) = Fpb, (0(p)¥(q)), Fp,(pq) = Fp, (@ (p)¥(q)),
V pq € E.

Remark 3.9. The isomorphism between two BSVNGs is an equivalence relation.

Remark 3.10. The isomorphism between two BSVNGs preserves the orders and
sizes.

Remark 3.11. The isomorphism between two BSVNGs preserves the degrees of
their vertices.

Definition 3.12. The subdivision SVNG be sd(G) = (C, D) of G = (A, B), where
Cis a BSVNS on VU E and D is a BSVNR on C such that
(i)C=AonVandC=BonkE,
(ii) if v € V lie on edge e € E, then
Ty (ve) = min(T; (v), T (e)), I (ve) = max(I}(v), If(e))
I (ve) = min(I; (v), I (€)), Fp(ve) =min(Fy (v), Fi(e))
Fii(ve) = max(F} (v), Fj5 (e), Tp (ve) = max(T; (v), T (e))
else
D(ve) = O = (0,0,0,0,0,0).
Example 3.13. Consider the BSVNG G = (A, B) of a G* = (V, E), where V =
{a,b,c} and E = {p = ab,q = be,r = ac}, the crisp graph of G is shown in Fig.
1. The BSVNSs A and B are defined on V and E respectively which are defined
in Table 1. The SDBSVNG sd(G) = (C, D) of a BSVNG G, the underlying crisp

graph of sd(QG) is given in Fig. 2. The BSVNSs C and D are defined in Table 2.
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Ficure 1. Crisp Graph of BSVNG.

@
-]

FI1GURE 2. Crisp Graph of SDBSVNG.

TABLE 2. BSVNSs of SDBSVNG.

TS 1L FL T, I F;
a 02 01 04 -03 -0.1 -04
p 02 04 05 -02 -05 -0.6
b 03 02 05 -05 -04 -0.6
g 03 08 06 -01 -0.7 -0.8
C
T
D

04 07 0.6 -0.2 -0.6 -0.2
0.1 0.7 09 -01 -0.8 -0.5
TS Iy F5 T, I, Fp
ap 0.2 04 05 -02 -0.5 -0.6
pb 02 04 05 -02 -05 -0.6
bg 03 0.8 0.6 -0.1 -0.7 -0.8
ge 03 08 0.6 -0.1 -0.7 -0.8
er 0.1 07 09 -01 -0.8 -05
ra 0.1 07 09 -0.1 -0.8 -05

Proposition 3.14. Let G be a BSVNG and sd(G) be the SDBSVNG of a BSVNG
G, then O(sd(G)) = O(G) + S(G) and S(sd(G)) = 25(G).

Remark 3.15. Let G be a complete BSVNG, then sd(G) need not to be complete
BSVNG.
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b q

FiGURE 3. Crisp Graph of TSVNG.

Definition 3.16. The total bipolar single valued neutrosophic graph (TBSVNG) is
T(G) = (C,D) of G = (A, B), where C' is a BSVNS on VU E and D is a BSVNR
on C such that

i)C=AonVand C=BonkE,

(ii) if v € V lie on edge e € E, then

Tp (ve) = min(T (v), T (), I (ve) = max(I}(v), I} (e))
I (ve) = min(I; (v), Ig(e)), Fp(ve) = min(Fy (v), Fi5 (e))
Fii(ve) = max(F} (v), Fj5 (e), Tp (ve) = max(Ty (v), T (e))
e D(ve) = O = (0,0,0,0,0,0),
(iii) if @8 € E, then
Ty (af) = Tx(ap), I (af) = I (aB), Ff(aB) = Fj(ap)
Tp(aB) =Ty (aB), Ip(af) =1Ig(aB), Fp(af) = Fg(aB),
(iv) if e, f € E have a common vertex, then
T (ef) = min(Ty (), Tf (f)), Ip(ef) = max(If(e), I5(f))
Ip(ef) =min(Ig(e), I5(f)), Fp(ef) =min(Fg(e), F5 (f))

F(ef) = max(Fg (e), F (f)), Tp(ef) = max(T (e), T5 (f))
else
D(ef) =0 =(0,0,0,0,0,0).

Example 3.17. Consider the Example 3.13 the TBSVNG T(G) = (C, D) of under-
lying crisp graph as shown in Fig. 3. The BSVNS C is given in Example 3.13. The
BSVNS D is given in Table 3.

Proposition 3.18. Let G be a BSVNG and T(G) be the TBSVNG of a BSVNG
G, then O(T(G)) = O(G) + S(G) = O(sd(G)) and S(sd(G)) = 25(G).

Proposition 3.19. Let G be a BSVNG, then sd(G) is weak isomorphic to T(G).
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TABLE 3. BSVNS of TBSVNG.

D TH 1Y FL T, I, Fp
ab 02 04 05 -02 -05 -0.6
be 03 08 0.6 -01 -0.7 -0.8
ca 01 07 09 -01 -0.8 -0.5
pg 02 08 06 -0.1 -0.7 -0.8
gr 01 08 09 -01 -08 -08
rp 0.1 0.7 09 -0.1 -0.8 -0.6
ap 02 04 05 -02 -05 -0.6
pb 02 04 05 -02 -05 -0.6
bg 03 08 0.6 -01 -0.7 -0.8
gc 03 08 06 -01 -0.7 -08
er 01 0.7 09 -01 -0.8 -05
ra 0.1 0.7 09 -0.1 -08 -05

Definition 3.20. The middle bipolar single valued neutrosophic graph (MBSVNG)
M(G) = (C,D) of G, where C'is a BSVNS on VUEFE and D is a BSVNR on C such
that

(i)C=AonVand C=Bon E, else C =0 =(0,0,0,0,0,0),

(ii) if v € V lie on edge e € E, then

Tj (ve) = T (e), Ijh(ve) = I (e), Fp(ve) = Fj (e)
Ty (ve) =Ty (e), Ip(ve) =Ig(e), Fp(ve) = Fiz(e)
else
D(ve) = O = (0,0,0,0,0,0),
(iii) if w,v € V, then
D(uv) = O = (0,0,0,0,0,0),
(iv) if e, f € F and e and f are adjacent in G, then
Tp(ef) = Tg (uv), Ip(ef) = I (w), Fj(ef) = Fp (uv)
Tp(ef) =Ty (w), Ip(ef) = Ig(w), Fy(ef) = Fg(uv).

Example 3.21. Consider the BSVNG G = (A, B) of a G*, where V = {a, b, ¢} and
E = {p = ab,q = be} the underlaying crisp graph is shown in Fig. 4. The BSVNSs
A and B are defined in Table 4. The crisp graph of MBSVNG M(G) = (C, D) is
shown in Fig. 5. The BSVNSs C and D are given in Table 5.

Remark 3.22. Let G be a BSVNG and M (G) be the MBSVNG of a BSVNG G,
then O(M(G)) = O(G) + S(G).

Remark 3.23. Let G be a BSVNG, then M(G) is a strong BSVNG.

Remark 3.24. Let G be complete BSVNG, then M(G) need not to be complete
BSVNG.

Proposition 3.25. Let G be a BSVNG, then sd(G) is weak isomorphic with M (G).
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Ficure 4. Crisp Graph of BSVNG.
TABLE 4. BSVNSs of BSVNG.

T Iy Ff Ty Iy Fy
03 04 05 -02 -01 -0.3
0.7 06 03 -03 -0.3 -0.2
09 0.7 02 -05 -04 -0.6
% I} Ff T, I Fg
02 06 06 -01 -04 -0.3
04 08 0.7 -03 -05 -0.6

TABLE 5. BSVNSs of MBSVNG.

’Q’EDJQ@Q,L

c TY 1N FL T, 15 Fg
a 03 04 05 -02 -01 -03
b
c

0.7 06 03 -03 -0.3 -0.2

0.9 07 02 -05 -04 -0.6
et 02 06 06 -01 -04 -0.3
es 04 08 0.7 -03 -05 -0.6
D TF I Fy T, I, F,
pg 02 08 0.7 -01 -05 -0.6
ap 02 0.6 0.6 -0.1 -04 -0.3
bp 02 0.6 0.6 -0.1 -04 -0.3
bg 02 0.6 06 -03 -05 -0.6
cg 04 08 07 -03 -05 -0.6

a b C

6

p
Fi1GURE 5. Crisp Graph of MBSVNG.
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Proposition 3.26. Let G be a BSVNG, then M (G) is weak isomorphic with T'(G).
Proposition 3.27. Let G be a BSVNG, then T(G) is isomorphic with G U M(G).

Definition 3.28. Let P(X) = (X,Y) be the intersection graph of a G*, let C; and
D; be BSVNSs on V' and FE, respectively and Cy and Dy be BSVNSs on X and Y
respectively. Then bipolar single valued neutrosophic intersection graph (BSVNIG)
of a BSVNG G = (C1, D) is a BSVNG P(G) = (C4q, D3) such that,

Tg, (Xi) = T¢, (vi), 1¢,(Xi) = 1¢, (ve), F¢,(Xi) = F¢, (i)
Te,(Xi) =T, (vi), 1e,(Xi) = Ig, (vi), Fg,(Xi) = Fg, (vi)
2 (XX ) =Tp ( v5), D2( Xj) = Tp, (vivy),
15, (X X;) = 131 (vivy), Ip,(XiX;) = I (vivy),
Fgg(XiX )= Fgl(vw]), F_Q( J):FD_l(Uivj)
VX, X;€X and X;X; €Y.
Proposition 3.29. Let G = (A1, B1) be a BSVNG of G* = (V, E), and let P(G) =

(Ag, Bs) be a BSVNIG of P(S). Then BSVNIG is a also BSVNG and BSVNG is
always isomorphic to BSVNIG.

Proof. By the definition of BSVNIG, we have

T5 (SiS;) = Tg (vwy) <min(Ty (v:), T4 (v;)) = min(T4 (S:), T4, (S5)),
I5,(S:8;) = If (vivy) = max(I} (vi), I} (v;)) = max(I3 (S:), I4,(S;)),
Fj (8iS;) = Ff (vivy) > max(F} (vi), F (v;)) = max(Fj (Si), F4, (55)),
Ty, (SiS;) Ty, (vivy) > max(Ty (vi), Ty, (vj)) = max(Ty,(S:), Ty, (S;)),
Iy, (8:55) I, (vivy) < min(Iy (vi), Iy, (v5)) = min(Iy, (5:), L4, (55)),
Fp (8:S5) = Fpg (vivj) <min(Fy (v;), Fy, (v;)) = min(Fy, (i), F, (S5))-

This shows that BSVNIG is a BSVNG.
Next define f : V — S by f(v;) = S; for i = 1,2,3,...,n clearly f is bijective.

Now v;v; € E if and only if S;S; € T and T' = {f(v;) f(v ) viv; € E}. Also
T4, (f(vi)) = T4, (8i) = Ty, (vi), I}, (f(vi)) = I4,(Si) = IAl(Ul)
Fu,(f(0)) = Fu,(S) = Fi, (i), Ta,(f(vi)) = Ty, (8i) = Ty, (vi),
Iy, (F(ui)) = I, (Si) = Iy, (vi), Fy, (f(vi)) = Fy,(Si) = FA1 (vi),
Vv €V,
T3, (f(vi) f(v))) = T§,(SiS;) = T, (vivy),
I (f (i) fvg) = I3, (8iS5) = I (vivy),
Fg, (f(0i) f(v;)) = Fg,(8:S;) = Fg, (vivy),
Ty, (f(vi) f(vg)) = Tg,(5:iS;) = Tg, (vivy),
I, (f(vi) f(vj)) = 1, (SiS;) = I, (viv;),
Fp, (f(0i)f(v;)) = Fp,(5:S;) = Fg, (vivy),
Vv € B O
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TABLE 6. BSVNSs of BSVNG.

Ay T;(l Ij{l F;; T, I, Fy
a; 02 05 05 -01 -04 -05
as 04 03 03 -02 -0.3 -0.2
as 04 05 05 -03 -02 -0.6
as 03 02 02 -04 -0.1 -0.3
By Ty Ijy Fj Ty Ip  Fg
z1 0.1 06 0.7 -01 -04 -05
zs 03 06 07 -02 -03 -06
zs 02 07 08 -03 -02 -06
zs 01 07 08 -01 -04 -05

Definition 3.30. Let G* = (V,E) and L(G*) = (X,Y) be its line graph, where
Ay and B; be BSVNSs on V and F, respectively. Let Ay and Bs be BSVNSs on X
and Y, respectively. The bipolar single valued neutrosophic line graph (BSVNLG)
of BSVNG G = (A1, By) is BSVNG L(G) = (A, B) such that,

TA: (52) = Tgl () = T]Jarl (ugve), IXQ (Sz) = Igl () = Igl (ugva),
I4,(S2) = I, (x) = I, (uva), Fy,(S2) = Fi, (z) = Fp, (ugv2),

F3 (Se) = F (2) = F (ug0y), Ty, (S2) = Tg, (x) = T, (uas),
V Sz, 5y € X and
Té’; (825y) = min(Tgl (x)ngl (¥)), IEQ(SwSy) = max(lgl (x),fgl (y
15,(5:8,) = min(I5, (0), I5, (1)), Fg,(S+5,) = min(Fg, (x), F3, (y
Fé:(SzSy) = max(FJé"1 (z), Fgl (v)), T, (Sz5y) = maX(Tg1 (z), Ty, (v)),
vV S8, €Y.
Remark 3.31. Every BSVNLG is a strong BSVNG.

Remark 3.32. The L(G) = (A3, B2) is a BSVNLG corresponding to BSVNG G =
(A1, By).

Example 3.33. Counsider the G* = (V, E) where V = {a1,a3,a3,a4} and E =
{1 = aqan,x9 = asas, r3 = agay, x4 = agar} and G = (41, By) is BSVNG of
G* = (V, E) which is defined in Table 6. Consider the L(G*) = (X,Y’) such that
X ={T4,, T4y, Tay, Ty} and ¥ = {T4, Ty TouTas s Tau Ty, T Ty ). Let Az and By
be BSVNSs of X and Y respectively, then BSVNLG L(G) is given in Table 7.

Proposition 3.34. The L(G) = (Az,B3) is a BSVNLG of some BSVNG G =
(A1, By) if and only if

T5,(8:Sy) = min(T, (S2), T, (Sy));
Tg,(52Sy) = max(Ty, (S2), Ty, (Sy)),
If,(S2Sy) = max(I, (S.), I3, (Sy)),
F_2 (Swsy) = min(F_2 (Sz), ng (Sy))a
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TABLE 7. BSVNSs of BSVNLG.
Ay TR Th FL Ty Iy Fy
r,, 01 06 07 -01 -04 -0.5
I, 03 06 07 -02 -03 -0.6
| S 02 07 08 -03 -0.2 -0.6
Iz, 0.1 07 08 -01 -04 -0
Bl Tgl gl Fgl Tgl Igl FB?I
r,,r., 01 06 07 -01 -04 -0.6
r.,r., 02 07 08 -02 -03 -0.6
r,.,r., o1 07 08 -01 -04 -0.6
r,I,, o1 07 08 -01 -04 -0.5
I, (8:Sy) = min(Iy, (Sz), Iy, (Sy)),
Fg,(S28y) = max(F}, (S:), F4,(Sy)),
vV 5.5, €Y.
Proof. Assume that,
T5,(828,) = min(T4, (S2), T4, (Sy)),
Tg,(S:Sy) = max(Ty, (Sx), T, (Sy)),
I, (82Sy) = max(I3, (S:), I}, (Sy)),
F§2 (S2Sy) = mm(FXQ (S2)s FXQ (Sy)),
I, (525y) = min(I, (S2), I, (Sy)),
Fg,(S28y) = max(FJ, (S:), F4,(Sy)),
V 538y, €Y. Define
T3 (x) = T4, (Se), If, () = I},(S2), Fi,(z) = Fj4,(Sa),
Ty, (x) =Ty, (Sz), Iy, (x) = I, (Sz), Fy,(x) = Fy,(S2)
V x € E. Then
IE,(8:8y) = max(I}, (S.), I4,(Sy)) = max(I}, (x), I1, (1)),
I, (82Sy) = min(Iy, (Sz), Iy, (Sy)) = min(Ly, (), I, (y)),
T3, (5.8,) = min(T%, (S.), T%,(S,)) = min(T%, (2), T%, ().
T5,(5.5,) = max(Ty, (5,), T, (S,)) = max(Ts, (@), Tr, (1)),
Fp,(528y) = min(F (S2), i, (Sy)) = min(Fy (z), Fy, (y)),
FF,(825,) = max(F1, (S.), F, (S,)) = max(F3, (), F1, ().

A BSVNS A; that yields the property

T§1 (xy) < min(T;{1 (m),T;{I (y)), Igl (xy) > rnaX(IX1 (x),]Xl (y))
)

I, (wy) < min(ly (), Iy, ()

Fgl (xy) > max(F:{l (m),Fj{l (y)), Tg, (zy) > maX(TX1 (2),

will suffice. Converse is straight forward.
67
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Proposition 3.35. If L(G) be a BSVNLG of BSVNG G, then L(G*) = (X,Y) is
the crisp line graph of G*.

Proof. Since L(G) is a BSVNLG,
T4, (S2) = Tf, (v), I3,(S:) = I}, (2), F4,(S.) = Fg, (2),
Ty, (Se) = Tg, (x), I,,(S:) = Ip, (x), Fy,(S:) = Fg, ()
Ve eFE, S, € Xifand only if z € E, also
Ty, (S:Sy) = min(T, (), Ty, (y)), If,(SeS,) = max(I} (), I3, (y))
I, (5:8y) = min(Ig (x), I (y), Fp,(S:Sy) = min(Fg (z), Fjg, (y))
Ff,(828y) = max(Fg, (x), 5, (v)), Tg,(5.S,) = max(Tg, (), Tg, (v)),
V SpSy €Y. Then Y = {5,S,: 5, NS, #¢,x,y € E,x #y}. O

Proposition 3.36. The L(G) = (Az, B2) be a BSVNLG of BSVNG G if and only
if L(G*) = (X,Y) is the line graph and

T3, (wy) = min(Ty, (2), T4, (), If, (vy) = max(I}, (x), I}, (1)),
I, (xy) = min(Iy (x), Iy, (y)), Fg,(vy) = min(Fy, (), Fy,(y)),

F§2 (zy) = max(FX2 (), FXQ (y)), Ty, (zy) = maX(Tg2 (z), Ty, (y)),
Vayey.

)
3

Proof. Tt follows from propositions 3.34 and 3.35. d
Proposition 3.37. Let G be a BSVNG, then M(G) is isomorphic with sd(G)UL(G).

Theorem 3.38. Let L(G) = (Aa, Bs) be BSVNLG corresponding to BSVNG G =
(A1, By).

(1) If G is weak isomorphic onto L(G) if and only if Vv € V, x € E and G* to
be a cycle, such that

T, (v) = Tg, (), Iy, (v) = Tg, (), Fj, (v) =Tg, (),

Ty, () =Ty (2), Iy, (v) = Tp,(x), Fy (v) =Tp, ().
(2) If G is weak isomorphic onto L(G), then G and L(G) are isomorphic.

Proof. By hypothesis, G* is a cycle. Let V' = {vy,v9,v3,...,0,} and E = {z; =

V1V, Ty = VU3, ..., L, = UpU1}, where P : vjuavs... v, is a cycle, characterize a
BSVNS Al by Al(vi) = (piathhpivqwri) and Bl by Bl(mz) = (ai7bivciaaiabivci)
fori=1,2,3,...,n and v,11 = v1. Then for pp11 = p1, g1 = @1, Tnp1 =11,

a; < min(p;, pit1), b > max(g;, ¢i+1), ¢ > max(r;, rit1),

a'; 2 max(p;,p;H), b; S min(q;,q;H), C; S min(r;,r;H),
fori=1,2,3,...,n.
Now let X = {T;,,Tsy,..., o, tand Y = {4, Ty, Ty Tusy ..., T, Ty b Then
for a,+1 = a1, we obtain

’

Ay(Ts,) = Bi(wi) = (as, by, iy ay, by, ¢;)
68
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and By(I'z, Tz, ) = (min(a;, a;41), max(b;, biy1),max(c;, cHl),max(a;, a;_H), min(b;, b;_H),

min(c;, C;+1)) fori=1,2,3,...,n and v,41 = v1. Since f preserves adjacency, it in-
duce permutation 7 of {1,2,3,...,n},
Fi) =T vng i
and
vvig1r = f(vi) f(vig1) =T
fort=1,2,3,...,n — 1. Thus

pi=T4 (v;) <Ty (f(vi)) =T4, (T

Uw(z‘)”w(iwrlFvw(i+1)vw(i+1)+17
—_ 7t . . _ .
vayonc+1) = Ly (Vn()Vn(i)+1) = Gr(i)-

SimilarIYa p; > a;(i)’ G 2 bﬂ'(i)? ri > Cr(i)s Q; < b;r(z)’ T; < C;.(i) and

a; = Tgl(viviﬂ)<T+2(f(vi)f(vi+1))
= r

( “w( )Vm (i >+1F’fw(z+1>”w<z+1>+1)
= mm( By (Vn()Un(i)+1)5 Tgl (Vr(i+1)Vn(it1)+1))
= min(ar@y, Gr(i)41)-
Similarly, b; > max(bz(;y, br(i)+1), ¢i = Max(Cr(s), Cr(i)+1); a; > max(a;(i),a;r(.)H)
b; < min(b;(i),b;(i)ﬂ) and c; < min(c;r(i), c;r(i)_H) for i =1,2,3,...,n. Therefore

Pi S Ar(i), @i 2 br(iy, Ti 2 Cr(iys i 2 Qr(yys € < brgys T3 < Cry

and
a; < min(an(iy, Gn(iy+1)s @ = MaX(Ar(s)s Qr(i)41),
bi > max(br (i), br(iy+1), b; < min(by sy, brgiyp1)s
Ci 2 max(c'fr(i)acﬂ(i)+l)v ¢ < min(c;r(i)vc;r(i)+1)
thus
@i < Ar(iy, bi 2 briy, Ci 2 Ca(iys @ 2 Qrgyys by S brgy, € < ey
and so

aw(z‘) < aw(w(i))a br(i) 2 br(n(i))) Cr(i) = Cr(x(3)
(i) 2 Unn(iy)s On(s) S V(i) Cnti) S Cnm(i)
Vi=1,2,3,...,n. Next to extend,

i < n(i) S oo S Qi) S Gy G5 2 ) > A > A
biwa(i)Z >b‘n'J()>b’La b;<b ~-§b;rj(i)§b;
> Cnliy > e > Ciiy > Ciy € < c ()g...gc;j(i)gc;

where 7711 identity. Hence

i = an(iys bi = bagiy, € = Cagiys ;= a;(i), b, = b,ﬂ(i)a = C;r(i)
Vi=1,2,3,...,n. Thus we conclude that

a; < Ar(ip1) = Git1, bi 2 br(iz1) = bit1, G 2 Cr(iv1) = Cita
A; 2 Qr(ip1) = Qi1 b < b7r(i+1) =bip1, ¢ < Criiqr) = Cina
69
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which together with

’ ’ ’

’ ! 7
Opy1 = A1, bpt1 = b1, Cry1 = cu, Aptq = A1, bn+1 = by, Cnt1 = C

which implies that

’ / /

’ ’ ’
a;=a1, bj=b1, ci=c1, a;=ay, b=b, ¢;=¢;

Vi=1,2,3,...,n. Thus we have

g =a=...=a,=p1=pa=...=Dpy
Gm=ay=...=a,=p =py=...=p,
by=by=...=b,=q1=q=...=qp
by=by=...=b,=q =q=...=q,
Cl=C=...=Cp=r1=To=...=ry
R S S

Therefore (a) and (b) holds, since converse of result (a) is straight forward. O

4. CONCLUSION

The neutrosophic graphs have many applications in path problems, networks and
computer science. Strong BSVNG and complete BSVNG are the types of BSVNG. In
this paper, we discussed the special types of BSVNGs, subdivision BSVNGs, middle
BSVNGs, total BSVNGs and BSVNLGs of the given BSVNGs. We investigated
isomorphism properties of subdivision BSVNGs, middle BSVNGs, total BSVNGs
and BSVNLGs.
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