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§1. Introduction and preliminaries

Number Theory is one of the oldest of mathematical disciplines. Problems are often easy
to state, but extremely difficult to solve, which is the origin of much of their charm. People have
always been interested in the ”purity” of the integers. Divisibility is the backbone of number
theory, which has a close relationship with prime factorizations, therefore the values of number
theoretic functions can often be computed by formulas based on the prime factorization. For
example: The Euler phi function ®(n) is the number of integers m, where 1 < m < n and m
and n are relatively prime. Sum of divisors function o(n) is the sum of all the positive divisors
of n.

In the 1970 ’s, Florentin Smarandache created a new function in number theory. Let S(n),
for n € NT denote the Smarandache function, then S(n) is defined as the smallest m € N7,
with n | m!. The consequences of this simple definition encompass many areas of mathe-
matics. This paper is a survey on Smarandache divisor product sequences, Smarandache sieve
sequences, integer part sequences, LCM ratio sequences, Smarandache pseudo-odd, pseudo-even
and pseudo-multiples sequences, simple sequences, primitive numbers, Smarandache kn-digital

sequences.
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§2. Smarandache divisor product sequences

F.Smarandache introduced the function Py(n) := [] d in Problem 2511, For example,
d|n
Py(1) =1,P4(2) =2,P4(3) =3 Py(4) =8,--- , Py(p) = p,---. qa(n) denotes the product of all

proper divisors of n. That is, g4(n) = Hd‘n7d<n d. For example, qq4(1) = 1,¢4(2) = 1,¢4(3) =
1,q4(4) = 2,--- . In problem 25 and 26 of [1], Professor F. Smarandache asked people to study
the properties of the sequences {ps(n)} and {gqs(n)}. F. Liang studied the properties of the
sequences of {ps(n)} and {ga(n)} for k -th divisor sum function and gave two more general
results.

F. Liang [28] Let n = p®,p be a prime and « be a positive integer. Then for any fized

positive integer k, we have the inequality

where o(n) =3 4, d* is the k -th divisor sum function.

A similar function Psg(n) denotes the product of all square-free divisors of n, i.e.,

Pyy(n) := H d.

d|n
n(d)#0

Y. Han [15] We have the asymptotic formula

Z log Psg(n) = Ayzlog? z + Aszlogx + Asz + O (x% exp (—D(log x)% (loglog x)_%)

n<zx

where Ay, Aa, A3 are constants, D > 0 is an absolute constant.
Let 1 <1 < ¢ be fixed integers. Define a function Py(n) := I d.
d|n
d=l( mod q)
X. Ma [46] For any real number x > 1, we have

-1
zlogz + cx + O((qilx)%“),

Z log Pyy(n) = ixlog2 z4 1
n<w 2q
where ¢ is a constant which depends on q and l, v is the Euler constant, € is a fixed small
positive constant.
For any positive integer n > 1, the Smarandache Superior Prime Part P,(n) is defined as
the smallest prime number greater than or equal to n. For example, the first few values of P,(n)
are Pp(1) = 2,P,(2) = 2,P,(3) = 3,P,(4) = 5,P,(5) = 5,P,(6) = 7,P,(7) = 7,Pp(8) =11
P,(9) = 11, P,(10) = 11, P,(11) = 11, P,(12) = 13, P,(13) = 13, P,(14) = 17, P,(15) = 17 ---
For any positive integer n > 2, define the Smarandache Inferior Prime Part p,(n) as the largest
prime number less than or equal to n. Its first few values are p,(2) = 2 p,(3) = 3,p,(4) =
3,pp(5) = 5,pp(6) = 5,pp(7) = 7,pp(8) = 7,pp(9) = 7,pp(10) = 7 p,(11) = 11,---. There is
a close relationship between the Smarandache prime part and the prime distribution problem.

Define
In = A{pp(2) + pp(3) + -+ pp(n)} /n,
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and
Sy =A{Py(2) + P,(3) +--- + Py(n)} /n.

There are two problems in problem 10 of reference [22]:

(A). If lim (S, — I,,) converges or diverges. If it converges, find the limit.
n—oo

(B). If lim % converges or diverges. If it converges, find the limit.
n—oo

The problem (A) is still open. But for the problem (B), X. Yan got asymptotic properties

of il, and gave a shaper asymptotic formula for it.

X. Yan [65] For any positive integer n > 1, we have the asymptotic formula

%:14—0(71_%).

n

From this theorem it can be deduced that the limit S,,/I,, converges as n — oo, and

lim — =1.
oo I,
This solved the problem B of reference [22].
For any positive integer n, a new additive function F(n) is defined as F(0) = 0 and
F(n) = aap1 +aapa + - -+ + agpy, for n = pips? - 'sz‘
S. Gou [10] Let N be a positive integer. Then for any fized real number x > 1, we have

N x2 22
F (Py(n)) = di-——+0 )
% (Pa(n)) ; In*z (thHx)
where dy,--- ,dy) are computable constants and u, = %1 And we also have
N x2 x2
7% (ga(n)) ; In* <lnN+1x)
where hq,--- ,hn) are computable constants and hy = ’77—; — 7{—;

T. Zhang [82] For any real number x > 1, we have the asymptotic formula

1 1
ZlnPd(n) = §xln2x+ (C—-1zlnz—(C-1xz+0 (Jﬂ lnm) )

n<x

where C' is the Euler constant.

For any real number x > 1, we have the asymptotic formula

Zlnqd(n) =zln’z+ (C —2)zlnz — (C—2)z+ 0O <x% lnx) .

n<z

W. Zhu [84] For any real number x > 1, we have the asumptotic formula

1 1
; Paln) Inlnz+C; +0O <Ina:> ,
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where C1 is a constant. And we also have

Z L 7(z) + (Inlnz)?> + Blnlnz + Cy + O Inlnz ,
qq(n) Inz

n<x

where w(x) is the number of all primes < z, B and Cs are constants.
H. Liu and W. Zhang gave the following results.

H. Liu [33] For any positive integer n, we have the inequality

7 (& (Pa(n))) 2 3 Paln),

where ¢(k) is the Euler’s function and o(k) is the divisor sum function. And we also have the

inequality
7 (6 (aa(m))) = Snulr).

M. Le gave a formulae of Py(n).
M. Le [27] Letn = pi'...p." be the factorization of n and let

(n) 1/2(ri+1)...(rg + 1) if n is not a square,
r(n) =
1/2((ri+1)...(re +1) = 1) if n is a square.

Then we have Py(n) = n"(").

§3. Smarandache sieve sequences

The definition of Smarandache irrational root sieve is: from the set of natural numbers
(except 0 and 1 ): take off all powers of 2% k > 2; take off all powers of 3% k > 2; take off
all powers of 5% k > 2: take off all powers of 6%,k > 2; take off all powers of 7%,k > 2; take
off all powers of 10¥, k > 2,--- (take off all k -powers, k > 2 ). For example: 2,3,5,6,7, 10,
11,12,13,14,15,17,18,19 - - - are all irrational root sieve sequence. Let A denotes the set of all
the irrational root sieve. X. Zhang studied the mean value of the irrational root sieve sequence
and gave an interesting asymptotic formula for it.

X. Zhang and Y. Lou [78] Let d(n) denote the divisor function. Then for any real

mumber x > 1, we have the asymptotic formula

3

E d(n) = (:C—“ﬁlnx—l—Alméln2m+A2x§lnx—|—A3x§+A4\/§)lnx
T

neA

+(2y = Dz + Asv/z + Agas + O (:r%“) ,

where € denotes any fixed positive number, v is the Fuler constant, Ay, As, Az Ay, As, Ag are
the computable constants.

Let A denote the set of all numbers in the k -th power free sieve sequence.
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J. Su [61] Let k > 2 be a fixed positive integer, A denotes the set of all power k sieve

sequence. Then for any real x > 1, we have the asymptotic formula

Zl:c(k)-x+0(x%>’

where c(k) = [I;", (1 — %) is a constant, and ¢(2) = ;. For any real number z > 1, from the
Prime Number Theorem we know that there are at most O (ﬁ) primes in the interval [1,z],
so from the theorem above one can get that there are an infinity of numbers of the power k
sieve sequence which are not prime. Therefore, there is an infinity of numbers of the power k&
sieve sequence which are not prime.

J. Guo and X. Zhao studied the convergent property of some infinite series involving this
sequence and gave some interesting identities.

J. Guo and X. Zhao [14] 1. Let k > 2 be any positive integer. For any real number

a > 1, we have the identity:
$ 1 o)
c~ ne ((ka)’

neA

where ((s) denotes the Riemann-zeta function. Moreover, let B be the set of all numbers in the

square free sieve seaquence C be the set of all numbers in the cubic free sieve sequence. Then

=1 15 =1 315
E — = — d E —_ =
— 2 oz c~n?  2mt
S_B nec

2. Let k > 2 be any positive integer. For any real number o > 1, we have the identity:

= dln) _ C(a) Ee 1)
2 ‘<<ka>1;[<1‘p<k+1>w>'

neA

X. Pan and B. Liu [48] Let A denote the set of all elements of the irrational root sieve

sequence. Then for any real number x > 1, we have the asymptotic formula

The odd sieve sequence is the sequence which is composed of all odd number that are not
equal to the difference of two primes. For example: 7,11,19,23,25,---. Let A denote the set
of the odd sieve numbers. W. Yao used analytic method to study the mean value properties of
this sequence and gave two interesting asymptotic formulae.

W. Yao [63] 1. For any positive number x > 1, we have the asymptotic formula

1‘2 x2 .’132
LY
;n 4 21nx+ (11123;‘)

neA
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2. For any positive number x > 1, we have the asymptotic formula

Z— flnf—lnln(x-i-Q) ;'y A—l—B—&-O(llm)

n<xz

ncA

where A, B are computable constants, -y is the Euler’s constant.

R. Xie [61] Let ¢ be Euler function. For any positive number x > 1, we have the

Z o(n) = % +0 (x%“) ,

n<x

neA

asymptotic formula

where € is any fized positive number.
L. Qian [50] Let o(n) denote the sum of positive factor of n: o(n) = 3_,,, d. Then for

any real number x > 1 we have

3" u(n) = gla+ gla+ 1) +0 (23+°),

n<lz

neA

where g(a) = [[(1+ (p—1)p~* + (1 —p)p*~2"), ((s) is Riemann zeta- function and ¢ is a fived
P
positive number.

Let p be a prime, e,(n) denote the largest exponent of power p which is included n. L.
Qi studied the mean value properties of e,(n) acting on the irrational root sieve sequences and
gave an asymptotic formula.

L. Qi [49] Let A denote the set of all elements of the irrational root sieve sequence. For

any real number x > 1, we have

1 2 1 3 1 1
= — 3 _ 3 O( §+5)_
zg;ep(n) p—lx p—lx p—lx +0(z

neA

84. The Inferior and Superior parts of integers sequences

For any positive integer n, the Smarandache Superior m-th power part sequence SSMP (n)
is defined as the smallest m -th power greater than or equal to n. The Smarandache Inferior
m -th power part sequence SIMP(n) is defined as the largest m -th power less than or equal to
n. For example, if m = 2, then the first few terms of SIMP(n) are: 0,1,1,1,4,4,4,4,4,9,---.
The first few terms of SSMP(n) are 1,4,4,4,9,9,9,9,9,.16,16,---. Now we let

S, = (SSMP(1) + SSMP(2) + - - - + SSMP(n))/n
I, = (SIMP(1) + SIMP(2) + - - - + SIMP(n))/n

K, = {/SSMP(1) + SSMP(2) + - - - + SSMP(n)
I, = {/SIMP(1) + SIMP(2) + - - - + SIMP(n).

3

3
\
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Y. Wang [58] 1. Let m > 2 be an integer, then for any real number x > 1, we have the

asymptotic formula
3 SSMP(n) —+0(2"”)

n<x

3" SIMP(n) = —+O( )

n<z

and

2. For any fized positive integer m > 2 and any positive integer n we have the asymptotic
formula

S, — I, = Mnki +0 (nk%) ’
2m —1

%zl—i—O(n*%),

n 1
=1 -.
i)

Y. Yu [74] For any positive integer n we have

and

=

lim S, —I,, = .
n—oo

Let n be a positive integer, ug(n) be the largest hexagon number less than or equal to n
and vg(n) be the smallest hexagn number less than n, a(n) and b(n) are complement numbers
of ug(n) and vg(n) respectively. Define

S(m) = la(1) + a(2) +a(3) + - +a(m)]/m= 3" a
Ig(m) = [b(1) +b(2) +b(3) + -+~ + b(m)]/m = 7 5L, b(i

K6< >= 7 a<1>+ <2>+a(3>+-~-+a< ) = (X, a(i)™
— R/B(1) + (2) + b(3) + -+ b(m) = (X, b(0))™ .

W. Huang and Y. Ma [19] 1. For any positive integer n we have

f:((;b)) ~1+0 (n—%), lim 26 _ g

n—+oo Ig (n)
2. For any positive integer n we have

Kg(n)
Lg(n)

3. For any positive integer n we have

(@),
)

- —L . Kg(n) _ . .
- 1—|—O(n ),ngrfm Lo = b Jim (o(n) = Lo(m) =0.

Se(n) — Ig(n) =4+ v2n"2 + O(1),
lim,, s 100 (Ig(n) — Sg(n)) = 4,lim, 4 (Is(n) — Se(n))

<
|
—_
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Let n be a positive integer, a(n) be the smallest m factorial number greater than or
equal to n, and b(n) be the largest m factorial number less than or equal to n. for example:
a(4) = 3L a(5) = 31,a(6) = 3L, a(7) = 4!,--- . b(1) = 11,b(2) = 21,b(3) = 2!,b(4) = 21,b(5) =
21,b(6) = 3!,--- . Define

Su(m) = > log(a(n)), Tn(n) = 1> log(b(n)).

i=1

n

Kn(n) = (3 log(a(m)®, Ln(n) = (3_log(b(n)) .

=1

W. Huang [20] 1. For any real number x > 1 we have

Zlog(a(n)) _ $10g$—|— 19 (xlogm»logloglogw) ,

loglog x

5 cs l0g(b(n) = wloga + O (ZloEgloglosloss ).

2. For any positive integer n we have

Sn(m) _ Lo <1°g"1'01g‘f0§i10g”>1, lim ) g

logn - logloglogn

:1+O< )n’ lim 2 () =1, lim (Kn(n) = La(n)) =0,

n—oo L, n) n—o00

loglogn

Sp(n) —I,(n) = % (m*(m — 1)!loglogn 4+ O(loglogm)) , li_>m Sp(n) — I,(n) = 0.

Define uz(n) = max{w tn o> W, m € Nt} u3(n) = max{@ in <
w, m € N1}, let ug(n) denote the partial sequence of the largest triangular numbers less
than or equal to n and v3(n) denote the partial sequence of the smallest triangular numbers
greater than or equal to n.

W. Huang [21] 1. For any real number x > 1 we have

[N

Y onca Us(n) = 122+ 0 (a: ) ,
anx vz(n) = %aﬂ + O (x ) .

e

2. For any positive number n we have

S3(n) ~1 im S3(n)

o —1+0(n74), 1im O
Ks(n) = —a im K3(n) = im n)— n)) =
T~ LH0(07%)  Jim P20 =1l (Ka(n) = La(m) =0,

S3(n) — Is(n) = 2v/2nz + O(1),
lim f)=S:() _ 2v/2, lim (I3(n) — S3(n))% =1.
n—r oo

T
n—oo n?2
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For any positive integer n, the Smarandache Superior Square Part SP(n) is the smallest
square greater than or equal to n, the Smarandache Inferior Square Part IP(n) is the largest
square less than or equal to n. Define

Sy = (SP(1)+SP(2)+---+ SP(n))/n;

I, = (IP(1)+ IP(2) +---+ IP(n))/n;
= {/SP(1)+ SP(2) +---SP(n); L, = {/IP(1)+IP(2)+---IP(n)

M. Yang [67] 1. For any real number x > 1, we have
> QIP(n)) =2xnlnz + Cx+ O (li) 7
nx
n<lx

where Q) is the function of the number of prime factors.

2. For any real number x > 1, we have

> Q(SP(n)) =2zInlnz + Cx+ O (1 x) ;

n<z

where Q) is the function of the number of prime factors.

F. Li [30] 1. For any real number x > 2, we have

ZSP(n):%Q—i—O(x%);ZIP(n):%Q—i—O(x%).

2. For any integer n, we have

Sn 1 Sn
=10 (nt), w2t =
K, 1 n .
=140 (0¥, lim 2 =1, T (K, — Ly) =0
Ln n—o00 n n—00

Let m and k are two fixed positive integers with k > 2. For any positive integer n, define
arithmetical function b,,(n) as the integer part of the m-th root of n. That is, b,,(n) = {n% ,
where [z] denotes the greatest integer < x. For example, bo(1) = 1,b2(2) = 1,b02(3) = 1,b2(4) =
2,b9(5) = 2,b2(6) = 2,b2(7) = 2,b2(8) = 2,b2(9) = 3,---. Let Ay denote the set of all k -th
power free numbers. Z. Li used the elementary methods to study the mean value properties of
b (n) over the set Ay.

Z. Li [37] 1. Let m and k are two fized positive integers with k > 2. Then for any real
number x > 1, we have the asymptotic formula

Z b (n) = ﬁmiﬂx%ﬂ + O(x),

nEAy

where ((k) is the Riemann zeta-function.

2. For any real number x > 1, we have the asymptotic formula

> ba(n) —fc2—|—0 ) and > bs(n) —x P+ 0(a).

n<z n<z
nE.A2 ne.A2
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3. For any real number x > 1, we have the asymptotic formula

Z by(n —xi +O(z) and Z bs(n

n<x n<a
nEAy nEAy

:Eo—i—O( ).

Let n is a positive integer. It is clear that there exists an integer k£ such that
Et<n<(k+1)™M

Define b,,(n) = k™. That is, b, (n) is the largest m -th power not exceeding n. In problems
40 and 41 of reference [1], Professor F.Smarandache asked people to study the properties of
the sequences {bs(n)} and {bs(n)}. D. Liu and J. Li studied the convergent properties of the
Dirichlet series f(s) = > oo, Tl(n)'

D. Liu and J. Li [39] Let m be a fized positive integer. Then for any real number s > 1,
the Dirichlet series f(s) is convergent and f(s) = CL((ms—m+1)+C2((ms—m+2)+- -+
Cm=1¢(ms — 1) + ((ms) where CT, =

Taking m = 2 and s = 3/2 or m = s = 2 in the above theorem, then

> oo

A= and ((s) is the Riemann zeta-function.

2 7.(.4

f-i-C ) and Zb2 = )—l—%

l\?\w

Taking m = 3 and s =2 or m = 2 and s = 3 in the above theorem, then

1 4 6 & 1 ’7TG

™ ™
2o~ 30 +3((5) + 5= and nz::l ) 20) + 5

For any positive integer n, the inferior factorial part denoted by a(n) is the largest factorial
less than or equal to n. It is the sequence: 1,2,2,2,2,6,6,6,6,6,6,6,6,6,---, On the other
hand, the superior factorial part denoted by b(n) is the smallest factorial greater than or equal
to n. It is the sequence as follows: 1,2,6,6,6,6,24,24,24,24,24,24,24,24 - - . J,Li studied two
infinite series involving a(n) and b(n) as follows:

=1 =1
- . S=
;a n) 7Z:Ibo‘(n)

and gave some sufficient conditions of the convergent property of them.

J. Li [37] Let a be any positive real number. Then the infinite series I and S are
convergent if a > 1, divergent if « < 1. Especially, when a = 2, we have the following

Corollary. We have the identity
>
2
= a*(n

X. Zhang [81] Let x > 1, Then we have the asymptotic formula

> 1 In?z InzInlnlnz
> = ~+0 — )
“~ a(n) 2(Inlnz) (Inlnx)

a(n)<z

10
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For any positive integer n, inferior prime part function p,(n) is defined as the largest
prime number less than or equal to n, and Superior prime part function P,(n) is denoted as
the smallest prime number greater than or equal to n. Y. Lou studied the mean value of p,(n)
and P,(n), and gave two sharp asymptotic formulae.

Y. Lou [44] 1. For any real number x > 1, we have

2

> pp(n) = % 40 (x—+) ,

n<lx

where € is any fized positive number.

2. For any real number x > 1, we have

S Py(n) = %2 +0 (x*+) .

n<zx

Let n,k > 1 are two positive integers. m > 0 is another fixed integer. The general
[(n—m)/k]
Smarandache Sum mands function S(n,m, k) is defined by S(n,m,k) = > (n — ki).
i=0
F. Li [29] Let k> 1,m > 0 be fized integers. Then for any integer x > 1 we have

1 3 1 1 3 &k m  m?
S k)= —a3 — — =) 2? e — = R(x, k
; (n,m. k) = gra” + <4k 4)”J * (k 1Tty 2k)x+ (@, k),
where |R(z, k)| < 35k* + $km.
Let n > 2 be a positive integer, a(n) denote the integral part of the k -th root sequence.
In paper [2], Jozsef Sandor defined the following analogue of the Smarandache function:

Si(z) =min{m € N : 2 <m!},z € (1, 00),

which is defined on a subset of real numbers. W. Yao studied the mean value properties of
the additive analogue Smarandache function acting on the floor of the k -th root sequence, and
obtained two interesting asymptotic formulae.

W. Yao [63] 1. For any real number x > 2 and integer k > 2, we have the asymptotic

formula

zlogz z(log x) (log log log 3:%>

S Sila(n) =

= T 2
n<w kloglog x* <log log x%)

2. For any real number x > 2, we have the estimate

log? loglog1
) = 292 (1o (i)
= loglog x loglog x

where d(n) be the divisor function.
Define Q(n) and w(n) as Q(n) = a1 +as + ...+ ap,w(n) =7, if n = p*p3? - - p@* be the

factorization of n into prime powers.

11
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M. Yang and H. Li [66] For any real number x > 1, we have the asymptotic formula

anww(a(n)) =zlnlnz+ (A —Ink)xz + O (IL) ,

nzxT

don<eMa(n)) =zlnlnz + (B —Ink)z + O (&),

n

8

where
1 1 1
A—nt <ln<1—>+>,B—A+ L
! zp: p) P zp:p(p—l)

are two constants. Taking k = 3 on the above, one can immediately obtain that

Yoncpwla(n)) =znlnz + (A-In3)z+ 0 (),
>on<eUa(n)) =zlnlnz + (B —mn3)z+ O (&%) .

X. He and J. Guo [16] 1. Let n be a positive integer, and a(n) = [\/n], then

Za(n) = Z[\/ﬁ] = g:r% +§x+0<xé>.

n<x n<x

2. Let n be a positive integer, and a(n) = [n%} , then

S o) = Y1Vl = %;ﬁ + 208 4 0().

n<x n<lx

X. He and J. Guo [17] 1. Let n be a positive integer,and a(n) = [\/n],d(n) be divisor
function,then

o

Z d(a(n)) = Z d([v/n]) = %xlogm + (20 - ;) ) (a:

n<x n<x

Where ¢ is Euler’s constant.

2. Let n be a positive integer, and a(n) = [n%} ,d(n) be divisor function, then

Zd(a(n)) = Zd([n%D = éxlogw—l— (20— ;)) z+ 0 (ac%>,

n<z n<z

Where ¢ is Fuler’s constant.

12
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3. Let n be a positive integer, and a(n) = [nﬂ ,d(n) be divisor function, then

Zd(a(n)) = Z d ([n%D = %xlogw—i— O(x).

n<lx n<x

W. Yao [68] Letn be a positive integer, and a(n) = [n%] For any real number x > 1

we have

%x%ﬂjm(x‘”’;”) if a > 0;
Lrlogz + O(x) if a=0;

Z oola(n)) = kte—1 .
g(2)x+0(x g ) if a=—1;

C(l—a)x—I—O(xH?I) if a <0 and a # —1.

n<z

where o,(n) = de d* be the divisor function, ((n) be the Riemann Zeta function, 8 =
max{l, a},d = max{0,1+ a} and € > 0 be an arbitrary real number.
X. He and J. Guo [17] 1. Let n be a positive integer, and a(n) = [v/n], p(n) be Euler

totient function, then

> elatn) = 3 @l([vii) = ot +O(rloga)

n<x n<x

2. Let n be a positive integer,and a(n) = [nﬂ ,o(n) be Euler totient function, then

S elaim) =3¢ ([n1]) = 5ot + Owloga)

n<x n<x

3. Let n be a positive integer, and a(n) = [nﬂ ,o(n) be Euler totient function, then

> wela) =Y ¢ ([nt]) = ﬁf +O(zlog ).

n<x n<x

Q. Feng and J. Guo [6] 1. Let n be a positive integer, a(n) = [n%] , we have

Za(n)% = gx% + Za:% +C (a:%> )

n<zx

n<x

3. Let n,k be positive integers, a(n) = {nﬂ , then we have

S a(n)? = 2k 2o (x;) .



14 Y. Qi No. 1

4. Let n, k be positive integers, a(n) = {nﬂ, then we have

2k
D’ = gy O ().

k<z

5. Let n, k be positive integers, a(n) = {n%} , we have

1 3k 3k+1 2+1
I;a(”)k’wﬂz o ().

6. Let n, k be positive integers, a(n) = [nﬂ , we have

| k2 k2 k2—ls 1
Y(at)t = e +0< )

kx

For any fixed positive integer k > 1 and any positive integer n, let ax(n) and by (n) denote
the inferior and superior k -power part of n respectively. That is, ax(n) denotes the largest k
power less than or equal to n, and b (n) denotes the smallest k -power greater than or equal to n
For example, let k = 2, then as(1) = a2(2) = a2(3) = 1,a2(4) = a2(5) = a2(6) = az(7) =4...,
ba(1) = 1,02(2) = b2(3) = b2(4) = 4,b2(5) = b2(6) = b2(7) = b2(8) =8, -~

F. Li [31] 1. For any complex number s with Res > 2, we have

i o lar(m) _ ki Ci¢(ks —i)C(ks —k —i) [ | {1 +p—<’“"’>p_pk]
= () " p 1-p ]’

where ((s) denotes the Rieman zeta-function, and o(n) denotes the Dirichlet divisor function.

2. For any complex number s with Res > 2, we have

S

= o (bi(n —1 i i _S_i_k
;W: (=)= C(ks — )¢ (ks — k —i H{ (k )pl_l;]

p

3
=
=

»
<
I
=}

3. For any complex number s with Res > 2, we have

oocp ag(n)) . Clks—k —1)
§< o))" ZC’“ Foit 1)

where o(n) denotes the Euler function.

4. For any complex number s with Res > 2, we have

X o be(n) SR i C(ks—k—i)
DI o o P D A e e 11

1=0

X. Du [4] Let ay,(n) = n%] Let m be a fized positive integer. Then for any real number

s > 1, the Dirichlet series f(s) = ", ((:1(3:) is convergent and
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where ((s) is the Riemann zeta-function.

Taking s = 2 and s = 3 in the Theorem respectively, then we have the identities

= = 1y s
712::1 a%(n) B _E and Z a%l(n) = _14(3)

n=1

Let n be a positive integer. It is clear that there exists one and only one integer k£ such
that
Em<n<(k+1)".
Define b, (n) = k™.
X. Du [4] Letm be a fized positive integer. Then for any real number s > %, the Dirichlet

series gm(s) =Y ooy é;l(; is convergent and

>t = () o

For any positive integer s and m > 2, we have

n

1 & (D
bs,(n _;bgl(n

For any positive integer m, let a(m) denotes the integer part of the k -th root of m. That

M8

~—
~—

1

3
Il

is, a(m) = [ml/k]. T. Zhang studied the asymptotic properties of

o-a(f(a(m))),

where 0 < a <1 be a fixed real number, o_q(n) =3, &, f(x) be a polynomial with integer
coefficients.
T. Zhang and Y. Ma [83] Let 0 < a <1 be a fized real number, f(x) be a polynomial

with integer coefficients. Then for any real number x > 1, we have the asymptotic formula
> o-alfla(m) = Crla)a+ O (a'=2/k),
m<z

where

7alm) =Y Cpla) = > Py By(d) = 3 |

f(n)=0( mod d),0<n<d

ln

and € denotes any fized positive number.
H. Yang and R. Fu [69] Let sp(n) denote the integer part of k -th root of n. For any
real number x > 1, we have the asymptotic formula

x
,;Q(Sk(n)) =zInlnz + (A —logk)z + O (@) ,

where Q(n) denotes the total number of prime divisors of n, A is a constant.

15
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R. Fu and H. Yang [7] 1. For any real number x > 1 and any fixed positive integer
k > 1, we have the asymptotic formula

Z 90(5]67(1”)) _5. ) (Ilfife) 7

= s(n) w2

where € is any real number.
2. For any real number x > 1 and any fized positive integer k > 1, we have the asymptotic
formula

1 kG(2)CB) 11 1-2
D o o | HATO( e),

oo 2 oo 2
where A=~ ", ff@((:?) — Xni %

H. Yang and R. Fu [69] Let m be a fized positive integer and o(n) be the Euler totient

function, then for any real number x > 1, we have the asymptotic formula

n<z

> @((sk(n),m)) = h(m)z + (k + 1)h(m) + O (xlfﬁ%) ’

n<z

where (sk(n), m) denotes the greatest common divisor of si(n) and m, h(m) = @ [Lpejm (1 +a— %) ,
and € is any positive number.

For any positive integer n, let my(n) = {n%}

N. Gao [9] m is any fized positive integer, « is a real number. For any real number
x > 1, we have the asymptotic formula

(2k — D)o1—a(m)

> T ((mg(n),m)) =

n<x

r+ 0O (xl_%’”’e) ,

where oa(n) =3y, d*, € is any fived positive number.

For any positive integer n, let Sg(n) denotes the smallest square greater than or equal to
n. For example, Sg(1) = 1,S5¢(2) = 4,S5¢9(3) = 4,Sg(4) = 4 Sg(5) = 9,5¢9(6) = 9,S¢9(7) =
9,---,59(9) =9,59(10) = 16--- Let Sk(n) denote the smallest power k greater than or equal
to n, and Gk(n) = Sk(n) — n.

L. Ding [1] Let z > 1, we have the asymptotic formula

k2 2k—1 2k—2
ZGk(n):mx 7 +O(z e )

n<zx
From this theorem. When k = 2,3, it follows that

S (Sg(n) —n) = %x +0(@).

n<zx

Let © > 1 and S.(n) denotes the smallest cube greater than or equal to n, then

Z(Sc(n) —n)= %x% +0 (x%) .

16
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For a fixed positive integer k > 1, and any positive integer n, let a(n) denote the largest
k-th power less than or equal to n,b(n) denote the smallest k -th power greater than or equal
to n.

H. Zhang [78] 1. For any real number x > 1, we have

k—1

6

Zd kk' (N) A0$1Hk$+A1$lnk*1x+~-~+Ak,1xlnx+Akx+O (:1:1_2%@"'5)7
i

n<x
where AgAp, - - - Ai, are constants, especially when k equals to 2, Ag = 1;d(n) denotes the Dirich-
let divisor function, € is any fized positive number.

2. For any real number x > 1, we have the asymptotic formula

k—1
> dn) = g (ki?> AgrIn® o+ Ay e A yr i+ A +0 (21734

n<zx

§5. LCM ratio sequences

Let (z1,x9,...,x;) and [x1,x9,..., x| denote the greatest common divisor and the least
common multiple of any positive integers =1, o, ..., z; respectively. Let r be a positive integer
with r > 1. For any positive integer n, let
[n,n+1,...,n+7r—1]

1,2,...,7]

T(Ta n) =

then the sequences SLR(r) = T(r,n) is called the F.Samarandache LC'M ratio sequences of
degree r. M. Le [26] proved that

T(3,n) = % (n+1)(n+2), if nis odd
Hn(n+1)(n+2), if nis even

T(4,n) = g1n(n +1)(n+2)(n+3), if n # 0(mod3)
% (n+1)(n+2)(n+3), if n = 0(mod3)

Furthermore, Wang Ting [57] computing the value of T'(5,n):
on(n+ 1) (n+2)(n+3)(n+4), if n=0,8(mod12)
(n+2)(n+3)(n+4), if n=1,7(mod12)
(n+2)(n+3)(n+4), if n=2,6(mod12)
(n+2)(n+3)(n+4), if n=23,59,11(mod12),
nn+1)(n+2)(n+3)(n+4), if n =4(mod12)

571 ( +1)(n+2)(n+3)(n+4), if n =10(mod12)
R. Ma studied the recurrence relations between T'(r + 1,n) and T'(r,n), and got three

recurrence formulas for it.

R. Ma [46] 1. For any natural number n and r, we have the recurrence formula:

n4+r ([1,2,...,r],r+1)

T 1 = .
(r+1n) r+1 (n,n+1,....n+r—1],n+7r)

-T(r,n)

17



18 Y. Qi No.

Especially, if both r +1 and n + r are primes, then we can get a simple formula

n—+r

-T .
()

T(r+1,n)=

2. For each natural number n and r, we also have another recurrence formula:

n+r (ny[n+1,....,n+7]) T(r,n)
n (lnyn+1,....n+r—1],n+7)

T(r,n+1)=

Especially, if both n and n + r are primes with v < n, then we can also get a simple formula

n+r

T(r,n+1) = -T(r,n).

If both n and n + r are primes with r > n, then we have
T(r,n+1)=(n+r) -T(r,n).

3. For each natural number n and r, we have
n+r n+r+1 (1,2,...,7],7+1)

n r+1 (ln+1,...;n+rl,n+r+1)
. (ny[n+1,....,n+7])
([nyn+1,....n4+r—1],n+r)

Tr+1l,n+1)=

-T(r,n).

T. Wang [56] 1. If n = 0,15 mod 20, then

SLR(6) = ﬁn(n +1)(n+2)(n+3)(n+4)(n+5).

Ifn=1,2,6,9,13,14,17,18 mod 20, then

SLR(6) = %n(n +1)(n+2)(n+3)(n+4)(n+5).

If n=5,10 mod 20, then

SLR(6) ﬁn(n 1)+ 2)(n +3)(n + ) (n +5).

If n=3,4,7,8,11,12,16, 19 mod 20, then
1
SLR(6) = @n(n +1)(n+2)(n+3)(n+4)(n+5).
2. For any positive integer n, we have the following If n = 0,24, 30,54 mod 60 , then

n(n+1)(n+2)(n+3)(n+4)(n+5)(n+6).

1
"~ 302400
If n=1,13,17,37,41,53 mod 60 , then

SLR(7)

SLR(7) = ﬁn(n 1) (n+2)(n +3)(n +4)(n +5)(n +6).

Ifn=2,8,16,22, 26,28, 32, 38,46, 52, 56, 58 mod 60, then

SLR(T) nn+1)(n+2)(n+3)(n+4)(n+5)(n+06).

~ 20160

18
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If n=3,27,51 mod 60, then

SLR(7) n(n+1)(n+2)(n+3)(n+4)(n+5)(n +6).

~ 30240
If n = 4,10, 14, 20, 34, 40, 44, 50 mod 60, then

SLR(7) nn+1)(n+2)(n+3)(n+4)(n+5)(n+6).

1
100800
If n=5,25,29,49 mod 60 , then

SLR(7)

= 550" (0 + D(n+2)(n +3)(n +4)(n +5)(n + 6).

If n=6,12,18,36,42,48 mod 60, then

SLR(7)

= Goigon(n +1)(n+2)(n+3)(n+4)(n+5)(n+6).

If n=17,11,23,31,43,47 mod 60, then

SLR(7) n(n+1)(n+2)(n+3)(n+4)(n+5)(n +6).

~ 10080
If n=9,45 mod 60, then

SLR(7) n(n+1)(n+2)(n+3)(n+4)(n+5)(n+6).

~ 75600
If n =15,39 mod 60 , then

1
= n
151200

If n=19,55,59,35 mod 60 , then

SLR(7)

(n+1)(n+2)(n+3)(n+4)(n+5)(n+6).

SLR(7) nn+1)(n+2)(n+3)(n+4)(n+5)(n+6).

~ 50400
If n = 21,33,57 mod 60, then

SLR(T) n(n+1)(n+2)(n+3)(n+4)(n+5)(n + 6).

~ 15120

The Smarandache LCM ratio function of the second typeis defined as:

[n,n—1,n—2,...,n—r+1]

SL(n,r) = [1,2,3,...,7]

,r <n;n,r € N.

A. A. K. Majumdar [24] 1. For any n > 1,SL(n,1) =n. For anyn > 2,SL(n,2) =
n(n—1
( : )
2. For anyn > 3,

- W if n is odd ,
n,3) =<
w if n is even.

19
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3. For anyn > 4,

n(n—1)(n—2)(n—3) . o
SL(n,4) = % if 3 divides n,

% if 3 does not divide n.

4. For anyn > 5,

n= D=2 n=8)n=4) ey — 12m, 12m + 4

1440
n(nfl)(n7122)(()n73)(n74) ifn=12m+1,12m+3,12m + 7,12m + 9
360 ifn=12m+5,12m + 11
n(nfl)(nfjgénfzs)(nﬂ;) ifn = 12m + 6.12m + 10
n(n—l)(n—ii(()n—?))(n—él) ifn=12m+8

S. M. Khairnar, A. W.Vyawahare and J. N. Salunke [23]
SL(n,r)—SL(n—1,r)=SL(n—1,r—1),r <n,

SLn,r+1) mn-—r

SL(n,r)  r+1’

1 1 B n+1
SLinr) | SLmr+1)  (r+1)-SLimr+1)’
n?-n—1)2% (n—-2)%2-(n—3)%.----- (n—r—l—l)z-(n—r).

SL(n,7)-SL(n,r+1) =

rle(r+1)!
X. Pan [48] For any fized positive integer n, we have

1, or —¢(Inn):
T(n,n)» = +O< p((lnlnn) ))7

where ¢ is a positive constant and exp(y) = Y.
Y. Li [38] For any fized positive integer n, we have

al=| o

n+2)(n+3)(n+4) n #0(mod2),n # 0(mod3),n # 0(mod4),n + 1 # 0(mod3)
asn(n+1)(n+2)(n+3)(n+4) n=0(mod2),n # 0(mod3),n # 0(mod4),n + 1 # 0(mod3)
n = 0(mod2),n # 0(mod?2)
n # 0(mod2),n # 0(mod3),n # 0(mod4),n + 1 # 0(mod3)
T(5,n) = ssn(n+1)(n+2)(n+3)(n+4),n # 0(mod3),n = 0(mod4),n + 1 # 0(mod3)
n = 0(mod2),n # 0(mod3),n # 0(mod4),n + 1 = 0(mod3)
n = 0(mod2),n = 0(mod3),n # 0(mod4)

n = 0(mod3),n = 0(mod4)

n # 0(mod3),n + 1 = 0(mod3),n = 0(mod4)

g
3
£
+
=

sean(n+1)(n+2)(n+3)(n+4) {

=5n(n+1)(n+2)(n+3)(n+4) {

Tapn(n +1)(n+2)(n + 3)(n +4) {

20
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§6. Smarandache pseudo-odd, pseudo-even and pseudo-

multiples sequences

A number is called pseudo-even number if some permutation of its digits is an even number,
including the identity permutation. For example: 0,2,4,6,8, 10,12,14,16,18,20,21,--- are
pseudo-even numbers. Let A denote the set of all the pseudo-even numbers. Similarly, we
can define the pseudo-odd number. That is, a number is called pseudo-odd number if some
permutation of its digits is an odd number, such as 1,3,5,7,9,10,11,12,13,--- are pseudo-odd
numbers. Let B denote the set of all the pseudo-odd numbers.

X. Zhang and Y. Lou [80] 1. For any real number x > 1, we have the asymptotic

> )= X s +0 (21225 ).

n€A n<ax
n<xz -

where M = maxy«n<z{|f(n)|}.
2. For any real number x > 1, we have

Zf(n) = Zf(n)—i—O(Mx%)_

nEB n<x
n<x =

formula

Y. Lou [43] 1. For any real number x > 1, we have the asymptotic formula

In(z — Z 1) 5 Inz + O(1).

neA
n<x

2. For any real number x > 1, we have the asymptotic formula

Inb
In(z— Y 1) = g e +00).

neB
n<wx

X. Liu and J. Guo [41] 1. For any real number x > 1, we have the asymptotic formula

5268 o

neB
n<w

where ¢(x) is Euler function.
2. For any real number x > 1, we have the asymptotic formula
6 n
Z d(n) = —z(In 2)? +ar(lnz)? +brlnz +clne + O(:cllnil%“),
T

neB
n<x

where d(x) is the Dirichlet divisor function and a,b,c are constants.

A number is called the second Smarandache pseudo-odd number if it is an even number, and
some permutation of its digits is an odd number. For example: 10, 12,14, 16, 18,30, 32, 34, 36,
38,50,52,--- are the second Smarandache pseudo-odd numbers. Let A denote the set of all

21



22 Y. Qi No. 1

the second Smarandache pseudo-odd numbers. Similarly, we can define the second Smaran-
dache pseudo-even number. That is, a number is called the second Smarandache pseudo-even
number if it is an odd number, and some permutation of its digits is an even number, such as
21,23,25,27,29,41,43,45,47,49, - - - are the second Smarandache pseudo-even numbers. Let B
denote the set of all the second Smarandache pseudo-even numbers. Y. Liu studied the mean
value properties of these two sequences.

Y. Liu [42] 1. For any real number x > 1, we have the asymptotic formulae

1 ns 1 n5
Zl:§x+0(wﬁ) and ;1=§x+0(l‘ﬁ)-

neA
n<z n<z

2. For any real number x > 1, let d(n) denote the Dirichlet divisor function. then we have

the asymptotic formulae

and

1 1 In2 1 n
D d(n) = gzlnz + (ﬂ* 5 4) 240 (e707°)

neB
n<x

where vy is the Fuler constant, € is any fired positive integer.
A positive integer is called pseudo-multiple of 5 if some permutation of its digits is a
multiple of 5. Let C' denote the set of pseudo-multiple of 5 numbers.
X. Wang and J. Guo [54] For any real number x > 1, we have the asymptotic formula
n 6lnx
2 0BT on),

n? ™

neX

where p(n) is FEuler function.
Y. Lou [43] For any real number x > 1, we have the asymptotic formula

In8
| — 1)=——1 1).
n(x ; ) m10 nz+ O(1)

n<x

X. Wang [56] For any real number x > 1, we have the asymptotic formula

> fm)=>Y_f(n)+0 (Mg;l%%) ,

neC n<z
n<x -

where M = maxi<n<{|f(n)|}. Taking f(n) = d(n),Q(n) as the Dirichlet divisor function and
the function of the number of prime factors respectively, then we have the following: For any

real number x > 1, we have

Zd(n) :xlnx+(2'y—1)x+0(;p1lﬁ% —|—e),

neC
n<x

22
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where «y is the Euler constant, € is any fized positive number. And

Z Q(n) =xInlnz+ Bx 4+ O (%),

neC
nx

where B is a computable constant.
C. Wu and Q. Yuan [55] 1. Let A denote the set of pseudo-multiple of 10 numbers.
For any real number x > 1, we have
)

Sneat =Inz+y-C+0 (ahit-
ZnEB % = 19—01111'4» ?—g +D+O (z%:i'ig*l) )

2

1
In 10

where C, D are constants.

2. Let A denote the set of pseudo-multiple of 10 numbers. For any real number x > 1, we

> fm) =Y fm) +0 (M)

neA n<x

have

where M = max{|f(n)|}.

For any real number 2 > 1, let [x] denote the expansion in base 10 of the integer part of
2: [2] = am10™ + ayy—110m L 4+ +a110 + ag, where 0 < a; < 9(i = 0,1,--- ,m) are positive
integer and a,, # 0. Let k = max{i:a; =0,i=0,1,--- ,m}.

C. Wu and Q. Yuan [55] 1. For the pseudo-multiple of 10 numbers, we have
(1) If 0 < k < m, we have ZZZ‘. l=[z]—2(9m—1)— >t (@i — 1) 9%
(2) If k does not exist, we hcwe\zneA =[] -20@m-1)-Y";(a; —1)9° - 1.

2. For the second pseudo-multiple of 10 numbers, we have
(1) If0 < k <m and ap =0, then

9 m ) m .
Zl:[x]—g(Qm—l)—.Z (ai—l)QZ—ZailOl 1.
ne€B i=k+1 =1

n<x

If0 <k <m and ag # 0, then

m

21:[93172(9”171)* >

neB i=k+1

n<e

(a;i —1)9" = a;10"
1=1

(2) If k does not exist, we have Z7L€<B 1= [x]f% 9™ —1)=>"(a; —1)9"=>"" a; 101 —1.
N. Wu [59] Let A be a set of Smarandache pseudo-even number.
(1) If 0 < k < m, then

m

e I
el =k
o m - il i m— - i— a0
;1:[;3]—1(5 —1)—2[2}5—5“0 1—5;(%—1)10 -
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(2) If k does not exist , we have

Si=l -2 -n-Y [4]5 -1
nea i=0
5 . e - m i_ w0
;1:[‘x]_1(5 _1)_§[2}5—5X10 1—5;((11_1)10 1_[?]_2

n<xz

Let A(n) denote the sum of all the digits of the base 10 digits of n. That is,

k
A(n) = Z a;,
i=0

if n = ap10% + ap_110*"1 + - + a110 + ao.
Z. Li [35] 1. For any integer number x > 1, we have the asymptotic formula

n; A™(n) =z (2 log x>m +0 (z(logx)™ 1)

2. Let B denote the set of all Smarandache Pseudo-even numbers. For any integer number

x > 1, we have the asymptotic formula

> AMn) == (Z logm)m + 0 (z(logz)™1).

neB
n<z

3. Let C denote the set of all Smarandache Pseudo-odd numbers. For any integer number

x > 1, we have the asymptotic formula

S AT(n) = (g log a:)m 10 (a(logx)™ ).

nec
n<x

A positive integer is called the second class pseudo-multiple of 5 if it is not a multiple of
5, but its some permutation of its digits is a multiple of 5. For convenience, let B denote the

set of all second class pseudo-multiple of 5 sequences.
N. Gao [9] For any real number x > 1, we have the asymptotic formula

]. l n
Z d(n) = £m (lnx+2'y 1+ 1;5> +0 <gglln180+5) ,

neB
n<x

where d(n) is the Dirichlet divisor function, 7y is the Euler constant, and € denotes any fized
positive number.
X. Wang and J. Guo [54] For any real number x > 1, we have the asymptotic formula

o(n) 144lnz
n2  25m2

+0(1),

neB

where @(n) is the FEuler function.
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J. Li [36] 1. For any real number x > 1, we have the asymptotic formula

1 4 4 Inb n
> =gt T e O,

neB
n<xz

where ¢ is a constant.
2. Let A denote the set of all the second Smarandache Pseudo-even numbers. For any real

number x > 1, we have the asymptotic formula

where ¢ is a constant.
3. Let D denote the set of all the second Smarandache Pseudo-odd numbers. For any real

number x > 1, we have the asymptotic formula

1 1 v+4+1n2 —In2
ZE:§IH$+ 9 _C+O(x )7

nec
n<x

where ¢ is a constant.

§7. Simple sequences

A number n is called simple number if the product of its proper divisors is less than or
equal to n. For example: 2,3,4,5,6,7,8,9,10,11,13,14,15,17,19,21,---. In problem 23 of [1],
Professor F.Smarandach asked us to study the properties of the sequence of the simple numbers.
Let A is a set of simple numbers, that is, A = {2,3,4,5,6,7,8,9,10,11,13,14,15,17,19,21, - - - }.
In this paper, we use the elementary methods to study the properties of this sequence, and give
several interesting asymptotic formulae. That is, we shall prove the following;:

H. Liu and Wenpeng Zhang [32] 1. For any positive number x > 1, we have the

asymptotic formula

Inz

1 Inl
3 = = (nlnz)’* + Bylnla+ By + O ( 2 nx),
n

neA
n<z

where By, By are the constants.

2. For any positive number x > 1, we have the asymptotic formula

1 Inl
Z e (Inlnz)* + CyInlnz + Cy + O ( - na:>’

Inx
neA

n<x

where C1,Cy are the constants, ¢(n) is Euler function.

3. For any positive number x > 1, we have the asymptotic formula

1 Inl
Y —— = (Inlnz)*+ Dy Inlnw + Dy + O ( - ”) ,
~ o(n) Inx

n<z
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where Dy, Dy are the constants, o(n) is divisor function.
For n > 1, let n = p{"p5? ---pp* denote the factorization of n into prime powers. If one
of the divisor d of n satisfying 7(d) < 4 (where 7(n) denotes the numbers of all divisors of n ),

then we call d as a simple number divisor. Define

Top(n) = 1,
g

which we called the simple function.
Q. Yang [70] For any real number x > 1, we have the asymptotic formula

1 b+ A
ZTSP z(loglog x)? +2(a+1):vloglogx+(—;+B+C)x+0(

n<x

xloglogx
log = ’

where a and b are two computable constants, A = v + Zp(log(l —1/p) 4+ 1/p),~ is the Euler
constant, B =3 1% and C'= 3%, p%

Let A denote the set of all the simple numbers. Generally speaking, n has the form: n =
p, or p?, or p?, or pg, where p and ¢ are distinct primes. In [2], Jason Earls defined sop fr(n)
as a new Smarandache sequence as following: Let sopf r(n) denote the sum of primes dividing

n (with repetition). That is,
sopf r( Z p.

For example:
n 1 2 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18

sopfr(n) 0 2 3 4 5 5 7 6 6 7 11 7 13 9 8 8 17 8
X. Zhang and M. Yang [78] For any real number x > 1, we have

22 22 22
Zsopfr(n)zAlf-i-A +O( >7
Inz In?

In®z

where A1, As are computable constants.

Let Sp(z) = min{m € NT : p* < m!l} and S}(z) = min{m € N* : m!! < p”} where
mil=2x4x---xmif misaneven and m!! =1x3 x---xm if mis an odd. Then S,(x) and
S, (z) are called the additive analogue of Smarandache simple function.

M. Zhu [85] 1. For any real number x > 1, we have

Z d(Sp(n)) =2z(Inz — 2Inlnz) + O(zlnp).
n<x

2. For any real number x > 1, we have

Z d(S,(n)) = 2z(Inz — 2Inlnz) + O(zInp).

n<z

Let Sdf(n) = min{m € N* : n | m!!} and ay(n) = [n*].
M. Zhu [86] For any real number x > 1, we have

eI o
Sdf ( o .
nz<;r lax(m 12(k+1) Inz - (IHQI)
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§8. The primitive numbers

Let p be a prime, n be any positive integer, S,(n) denotes the smallest integer such that
Sp(n)! is divisible by p™. For example, S3(1) = 3,55(2) = 6,53(3) =9,53(4) =9,---.
Y. Yi and F. Liang [72] For any real number x > 2, let p be a prime and n be any

positive integer. Then we have the asymptotic formula

1 1 1 Inx
S 218y (ansn) = Syl =t (1-1 ) + 0 (1)),
n<w p p p

where Oy denotes the O -constant depending only on parameter k.
L. Ding [3] 1. Let p be an odd prime, m; be positive integer. Then we have the triangle

inequality

i=1

k k

2. There are infinite integers m;(i = 1,2, -

k k

) satisfying

W. Zhang and D. Liu [77] For any fized prime p and any positive integer n, we have

the asymptotic formula

Sy(n) = (p—D)n+0 (mpp ~1nn> .

M. Liu [40] For any fized positive integer k > 1 and any positive integer n, we have the
asymptotic formula

where k = p'pg? - - - O be the factorization of k into prime powers, and a(p—1) = maxi<i<, { (pi—

1)}

Z. Xu [62] For any prime p and complex number s, we have the identity:

_ <)

i 1
— Sy(n)  p -1

where ((s) is the Riemann zeta-function.
Specially, taking s = 2,4 and p = 2, 3,5, we have

Y mm T T = Let 500 = 1
n=1 S2(n) ~ 187 n=1 SZ(n) ~ 48> n=1 SZ(n) ~ 144>
4
s us

ZOO 1 _ 7r4 . ZOO 1 . ZOO _
n=1 S%(n) ~ 1350’ n=1 Si(n) — 7200’ n=1 S}(n) ~ 56160°

Z. Xu [62] Let p be any fized prime. Then for any real number x > 1, we have the

asymptotic formula:

1 1 plnp _1y
-— (1 e
Sp(n) p—1<nx+7+p—1>+0(x J )
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where «y is the Euler constant, ¢ denotes any fixed positive number.
Z. Xu [62] Let k be any positive integer. Then for any prime p and real number x > 1,

we have the asymptotic formula:

S sk = T Lo (skhi)
2o PTG anpo1) O\ '

sp(n)<z

W. Zhu [87] For any prime p, we have the calculating formulas
(1) S Sold) = por(n), if 1 < 1 < py
(2) 2ajn Sp(d) = po(n) — (n — L)p, if p <n < 2p, where o(n) denotes the summation over all
divisors of n.

W. Zhu [88] Let p be a prime. Then for any positive integers n and k with 1 < n <p
and 1 < k < p, we have the identities:

Sp(kn) = kSp(n), if 1 < kn < p,

Sp(kn) = kSp(n) —p [k:} ,ifp < kn < p?,

where [x] denotes the integer part of x.
Y. Yi [72] For any real number x > 2, let p be a prime and n be any positive integer.

Then we have the asymptotic formula

;Z|Sp(n+1)5’p(n)|x<1;>+0<1§l;>.

n<x

L. Ding [2] For any real number x > 2, let n be any positive integer. Then we have the

asymptotic formula

g B na? il Ny T2 0 nx?
DS = 5=+ D o, + O ()

< = log log

where a,,(m=1,2,--+ ,k — 1) are computable constants.

89. The Smarandache kn-digital sequences

For any positive integer n and any fixed positive integer £ > 2, the Smarandache kn
-digital subsequence {Sk(n)} is defined as the numbers Si(n), which can be partitioned in-
to two groups such that the second is k times bigger than the first. For example, The
Smarandache 4n -digital subsequence are: Sy(1) = 14,54(2) = 28,54(3) = 312 S4(4) =
416, S4(5) = 520,.54(6) = 624, S4(7) = 728, 54(8) = 832,54(9) = 936, 54(10) = 1040 S4(11) =
1144, S, (12) = 1248, S4(13) = 1352, S4(14) = 1456, 8,(15) = 1560, --. The Smarandache
5n -digital subsequence are: S5(1) = 15,55(2) = 210,55(3) = 315, S5(4) = 420,S55(5) =
525, S5(6) = 630, S5(7) = 735, S5(8) = 840, S5(9) = 945, S5(10) = 1050 S5(11) = 1155, S5(12) =
1260, S5(13) = 1365, S5(14) = 1470, S5(15) = 1575, - -.
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C. Zhang and Y. Liu [75] Let z be a real number. If z > %, then the infinite series

+oo

flz k)=

is convergent. If z < %, then the infinite series is divergent. In these Smarandache kn -digital

subsequences, it is very hard to find a complete square number.

For any positive integer n, the Smarandache Prime- Digital Subsequence (SPDS) is defined
as follows:
A positive integer n is an element of SPDS, if it satisfies the following properties:
a) m is a prime.
b) All of the digits of m are prime, i.e, they are all elements of the set {2,3,5,7}.
For example, the first few values of SPDS are: 2,3,5,7,23,53,73,223,227,233,257,277,377,-- - .

S. Shang and J. Su [52] Let SPDSN(n) denote the number of all elements of SPDS
that are less than or equal to n, and w(n) denote the number of all primes not exceeding n.
Then we have the limit

SPDSN(n)

lim ——— —
nooo  7(n)

H. Le studied the hybrid mean value properties of the Smarandache kn -digital sequence
with SL(n) function and divisor function d(n), where SL(n) is defined as the smallest positive
integer k such that n | [1,2,...,k], that is SL(n) = min{k : k € N,n | [1,2,...,k]}. And
obtained the following results:

H. Le [25] 1. Let1 < k <9, then for any real number x > 1, we have the asymptotic

formula
SL(n)  3x?
2 Sen) ~ koap e+ OQ).

n<z

2.Let 1 < k <9, then for any real number x > 1, we have the asymptotic formula

d(n)-SL(n mt
o & )sk<n>( ) o i+ 0Q).

n<zx

S. Gou [10] Letk € N. If either 2 < k <5 or 6 < k < 9. For any positive number x, we
have

n 9
2 Se() ~ B 10 1o nE O

1<n<Lz

S. Gou [12] 1. Let k be an integer and 1 < k <9, for any positive number xz, we have

on) 32
2 Se(n) ~ k20 10 BT OWM)

n<x

2. Let p be a prime, k be an integer and 1 < k < 9, for any positive number x, we have

-Inlnz 4+ O(1).

Y=
2 Sip) k10 10
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J. Hu, Y. He and H. Bai [18] For any positive integer N > 1, we have

n 3
2 N+
XN:S;;(n) om0 BNV +OW)
nj

For any positive integer n. the famous Smarandache 3n -digital sequence is defined as
{an} = {13,26,39,412,515,618,721,824,--- , }. That is, the numbers that can be partitioned
into two groups such that the second is three times bigger than the first. For example, a1g =
1030,a21 = 2163,a32 = 3296,a199 = 100300, --- . Professor Zhang Wenpeng proposed the
following conjecture: There does not exist any complete square number in the Smarandache
3n— digital sequence {a,}. That is, the equation a,, = m? has no positive integer solution.
N. Wu studied this problem, and prove that the Zhang’s conjecture is correct for some special
positive integers.

N. Wu [59] 1. If positive integer n is a square-free number (That is, for any prime p, if
p | n, then p?>tn ), then a, is not a complete square number.

2. If positive integer n is a complete square number, then a, is not a complete square

number. If a, be a complete square number, then we must have
n = 220(1 . 32&2 . 52&3 . 112&4 . nl,

where (ny,330) = 1.
S. Gou [13] For any positive integer N > 1, we have

Z Ina, =2N1In N + O(N).
n<N
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§1. the Pseudo-Smarandache-Squarefree function

For any positive integer n, the Pseudo-Smarandache-Squarefree function Zw(n) is defined

as the smallest integer m such that m™ is divisible by n. That is,
Zw(n) =min{m :n|m",me N},
where N denotes the set of all positive integers.

In reference [28], Felice Russo studied the properties of Zw(n), and proposed some new
problems and conjectures. Many scholars have studied these issues, have made great achieve-
ments, and have solved some of them.

M. Le [17]. 1. Ifn > 1, then Zw(n) = p1 pa ... px, where py ps ... py are distinct prime
divisors of n.

2. The difference |Zw(n + 1) — Zw(n)| is unbounded.

3. Zw(n) is not a Lipschitz function.

4 P=MZi 700y =0

5. For any positive number a,

S(a):z a€R,a>0)

n=1

1
Zalm)e

is divergence.
6. The following three equations have no positive integer solutions n.

Zw(n) = Zw(n+1) - Zw(n + 2);
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Zw(n) - Zw(n+1) = Zw(n + 2);
Zwn) - Zwn+1)=Zwn+2) - Zw(n + 3).

7. The equation Zw(mn) = mF Zw(n) has infinitely many positive integer solutions (m,n, k).

Moreover, every solution (m,n, k) of the equation can be expressed as
m=pip2..pr, n=tk=1,

where py pa ... pr are distinct primes, t is a positive integer with ged(m,t) = 1.
8. The equation

(Zwn))* = k- Zw(kn), k,n € NJE > 1,n > 1

has infinitely many solutions (n,k). Moreover, every solution (n,k) of the equation can be
expressed as
n=2", k=2reN.

9. The equation
(Zwm)F 4+ (Zw®n)* " + ...+ Zw(n) =n, k,n e Nk > 1

has no isolutions (n, k).
H. Liu and J. Gao [25]. 1. For any real numbers o, s with s —a > 1 and a > 0, we

have

iZwa(n) :C(S)C(S—Q)H{l_ 1 }
— n ¢(25 — 2a) . ps+po|’
where ((s) is the Riemann zeta function, Hp denotes the product over all prime numbers.
2. For any real numbers a > 0 and x > 1, we have
C(a+ 1)zt [ 1 ] 1
Zw*(n) = 20— 1———— | +0 (2*T2%9).
7t =y L ) 0 ()

n<z

Noting that )
have the limit

ZwO(n) = x4+ 0(1) and lim,_,o+ al(a+1) =1, so from 2 we immediately

n<x

Jn (- g ) =<

J. Li [22]. For any positive integer k > 1, we have the asymptotic formula

Zw(k) Zw(k) o( 1 )

0(k) %, n(Zw(n)) In k

B. Cheng [1]. 1. Let k > 1 be an integer, then for any positive integer my ms ... my,, we

(1)

have the inequality

k k
< EnZem) g, (Hmz—) ,
i=1
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and the equality holds if and only all mi ms ... mg have the same prime divisors.

2. For any positive integer k > 1, the equation
k k
ZZw(mi) = Zw <Z mi>
i=1 i=1

has infinity positive integer solutions (myms ... my).
W. Xiong [35]. For any positive integer n > 1, we have the asymptotic formula

Noting that from this theorem we immediately have the limit

The above scholars studied the mean value of Zw(n), and gave a few asymptotic formulae.
Then some scholars used the elementary and analytic method to study the hybrid mean value
involving the Pseudo-Smarandache-Squarefree function and other number theory functions, and

give interesting asymptotic formulae.
Definition 1. For any positive integer n, the famous Smarandache function S(n) is defined by
S(n) =min{k: k€ N,n|k!}.
W. Guan [9]. 1.The following three equations have no positive integer solution.
Zw(n) =Zwn+1) - Zw(n +2)

_|_
Zwn) - Zwn+1) = Zw(n +2)
Zwn) - Zwn+1) = Zw(n + 2) - Zw(n + 3).

2
2

3
)

2. There ezist infinite positive integers n such that the equation S(n) = Zw(n).
X. Fan [3]. 1. Let k > 2 be any fized positive integer. Then for any real number x > 2,

we have the asymptotic formula

w2 g2 k ci - x? x?
E A -0 2+ E . v
— w(S(n)) 12 Inxzx + P In* x 0 <lnk+1 x) ’

where ¢; (i =1,2,...,k) are computable constants.
2. Let k > 2 be any fized positive integer. Then for any real numbers x > 2, we have the

asymptotic formula

C2)¢B) LY 2 e «?
ZZw(n)-S(n) O 3¢(4) H(l_p+p3> .m—i_z In’ o <1nk+1$),

n<x P =2

where ((s) is the Riemann zeta function, Hp denotes the product over all prime numbers,

e; (1=1,2,...,k) are computable constants.

37



38 7. Liu No. 1

Second, we define a new Pseudo-Smarandache function K (n) =m = w +k, where k is

the smallest natural number such that n|m. Then Y. Wang studied the mean value properties

of the new composite function Zw (K(n) - w .

Y. Wang [31]. For any real number © > 1, we have the asymptotic formula

> o (100 - M52 - ST (1555 #0607

n<z

where Hp denotes the product over all prime numbers, € is any fived positive number.

Definition 2. For any positive integer n, the least prime divisor function and the greatest

prime diwisor function V(n), U(n) are defined as:

(1) V(1)=U(1)=1;

(2) n = pl*ps?..p8% is the standard decomposition of n, when n > 1. Then

V(n) = 11%12.12T{alp1a a2P2, ..., a?“pr}7

U(n) = fg%mlplv Q2P2; ooy ApPr )

X. Zhao, J. Guo, X. Mu and T. He [37]. 1. Let k > 2 be any fized positive integer.

Then for any real number x > 2, we have the asymptotic formula

k 2

Vi) -Um) _ a® < a v
Z Zw(n) _7.;1&1‘ +O(lnk+1x) ’

n<z

where a; = (i — 1)\
2. Let k > 2 be any fized positive integer. Then for any real numbers x > 2, we have the
asymptotic formula

where a; = (i — 1)1

Definition 3. For any positive integer n, a new Pseudo-Smarandache function Z(n) is defined
as the smallest positive integer m such that n\w That 1is,

Z(n) = min{m : n| w

X. Wang, L. Gao, G. Li and Y. Xue (HS) [29]. Let k > 2 be any fized positive
integer. Then for any real number x > 2, we have the asymptotic formula

C(2)¢(3 1 z3 k d; -z z3
ZZw(n)-Z(n)—gg(i)) .H<1p+p3) -m+z +O<1nk+1x)’

,m € N}

7
n<w P i In'w
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where ((s) is the Riemann zeta function, Hp denotes the product over all prime numbers,
d; (i=1,2,....k) are computable constants.

X. Fan and C. Tian [4]. For any real number x > 2, we have the asymptotic formula

ZZw(Z(n)) = (14—1;[ <1+p(p21— 1))> . 47;? 2240 (J:%>,

n<z

where Hp denotes the product over all prime numbers.

Last, some scholars studied the hybrid mean value involving the Pseudo-Smarandache-
Squarefree function and common number theory functions.
X. Fan and H. Zhou [5]. 1. Let k > 2 be any fixed integer, then for any real numbers

x > 2 we have the asymptotic formula

k

Y p(n) - Zwn) =23 o (lnklex> :

%
n<x i=1 In"

where b; (i = 1,2,...,k) are computable constants with by = % and p(n) represents the smallest
prime factor.

2. Let k > 2 be any fixed integer, then for any real numbers x > 2 we have the asymptotic
formula

2

ZA(n)-Zw(n):inZi;mic_ilm—i—O( e )

&
e In"z

) ) 1 Inp, if pis prime,
where ¢; (i = 1,2, ..., k) are computable constants with c; = 5 and A(n) =
0, otherwise.

X. Wang, L. Gao, G. Li and Y. Xue (JYU) [30]. For any real number x > 1,m € N,

we have the asymptotic formula

Gxmtl

> Zofn) - 9(n™) = H (1 + 11:2) 40 (),

n<z

where ¢ is any fized positive number.

§2. the Smarandache dual function

Definition 4. For any positive integer n, the famous Smarandache function S(n) is defined as

the smallest positive integer m such that n|m!. That is,
S(n) = min{m : n|ml!}.

Similarly, we introduce another function as following which have close relationship with
the Smarandache function S(n). It is the Smarandache dual function S*(n) which denotes the

greatest positive integer m such that m!|n, where n denotes any positive integer. That is,

S*(n) = mazx{m : m!|n}.

39
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J. Li [22]. For any real number oo < 1, the infinite series
oo
n=1
is divergent, it is convergent if « > 1, and

=((a)- Z (nl

n=1 n=1

*

where ((s) is the Riemann zeta-function.

S. Xue [33]. 1. For any real number s > 1, we have the identities

> OOn—n—l
> G g o

*

n=1 n=1
and
> o >
— S*(n)~ns ( = n(n+1)( +1)!)S>
where ((s) = Y7 | - is the Riemann zeta-function.

2. For any real number x > 1, we have the asymptotic formula

> S%(n) e—1)x+o((lfié)2).

n<lz

F. Li [18]. For any real number x > 1, we have the asymptotic formula

s In*+! 2
Z( feo Z (m+1)! <(ln1nx)k+1>'

n<z 1

M. Liu [27]. For any positive integer n, we have the identity about the sum of Smaran-
dache dual function 3, S*(d)
(a1 + D(ag +1)...(ax + 1), if n = ptps?..pek,pi is odd prime;
> 8%(d) = { (2a + 1)(ar + 1)(az + 1)...(ax + 1), if n=2%p" p3*..ppt p1 # 3
dfn 2a+14+ a1 +3a0)(ag+1)..(p +1), ifn=2%""p3* . p*p1=3,a=12.

where p; are different odd primes; «, «; are positive integers.

Next we introduce another Smarandache dual function S**(n).

Definition 5. For any positive integer n, the new Smarandache dual function S**(n) is defined
as the greatest positive integer 2m — 1 such that (2m — 1)!!|n, if n is an odd number. S**(n)

is the greatest positive integer 2m such that (2m)!!'|n, if n is an even number. That is,

max{2m :m € N*, (2m)!l| n}, if 2| n;

S** n —
") maz{2m —1:m e N*, (2m — ) |n}, if2¢tn.
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S. Gou and X. Du [10]. For any real number s > 1, the infinite series

is

n=1

ok

is convergent, and

OOS**TL o]
2:31 ng): )<1_)<+Z (2m +1u >+< Z Qmu

1

where ((s) is the Riemann zeta-function.
Q. Zhao and Y. Wang [39]. For any real number s > 1, we have the identity

= S**(n)Q_ 1 1) & = 8m—4
SO -+ (1) X i+ 3 e |

m:l

where ((s) is the Riemann zeta-function.

From this theorem we immediately deduce the following limit formula:

, 2. §**(n)? 13
e (§567) -2

n=1

Then we introduce the Smarandache LCM function SL(n).

Definition 6. For any positive integer n, the Smarandache LCM function SL(n) is defined
as the smallest positive integer k such that n|[1,2,...,k], where [1,2,....,k] denotes the least

common multiple of 1,2, .... k. That is,
SL(n) =min{k:keN,n|[l1,2,...,k]}.

Similarly, we introduce another function as following which have close relationship with the
Smarandache LCM function SL(n). It is the Smarandache LCM dual function SL*(n) which
denotes the greatest positive integer k such that [1,2,...,k] |n, where n denotes any positive
integer. That is,

SL*(n) = max{k : k € N,[1,2,...,k] | n}.

J. Zhao and W. Duan [38].  For any real number x > 2, we have the asymptotic

formula
L In”
Syt ho ("),
n x x
n<x
where ¢ =307 Y, (paf; ) —1 s a constant.

Last, we define the Smarandache double factorial function Sdf (n).

Definition 7. For any positive integer n, Sdf (n) is defined as the smallest positive integer m
such that n|mll. That is,

Sdf (n) = min{m : m € N,n|mll}.
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L. Huan [15]. 1. For n = p1ps...p; s a square-free number, we have the identity

2k72 2k71

[15@=p1-p3-..-03_ -pi
d|n

k

2. Forn = p1 ps ... pi 18 a square-free number or n = p" is a power of prime, we have the

identity
k—2 k—1 .
1 D3 Di_q DE , ifn=pip2..Dk;

HSL(d) = k(k41)
dn Pz, if n=p".

3. Forn = py pa...p is a square-free number or n = p* is a power of prime, we have the
identity
k—1 k—2 k—3 .
. Pt P5  P3 et Dhy Dk, M =Pipa..Di;
H SL (d) = k(k+1) i &
d|n p =, ZfTL =p-.

4. Forn = pips...pr is a square-free odd number or n = 2p1 ps ... pr 1S a square-free even
number, we have the identity
k—2 k—1 .
PLDy e Dhg PR s A= Ppipa i

k 2 k .
2% - pi-ps 'p323'---'pi, ifn=2p1ps... Pk-

[ 1 sdf(a) =
d|n

k

5. Form = p1 ps ... pi 18 a square-free number or n = p" is a power of prime, we have the

identity

k-1 .
)2, ifn=pip2..p;

k

(P1p2 - P
[ 2w(a) = ' .
din P, if n=p".

F. Zhang and J. Li [40]. Let n be any positive integer. Then for any real number

x > 1, we have the asymptotic formula

zlnz zlnz
Z Sdf(n) = minz © ((ln lnx)2>

n<z

§3. the other related Smarandache functions
In this part, we will introduce some new functions which are generalizations of the famous

Smarandache function S(n). Many scholars studied the elementary properties of the functions.

Definition 8. Let p be a prime, n be any positive integer, Sp(n) denotes the smallest integer

m such that m! is divisible by p™. That is,

Sp(n) =min{m :m e N,p" | m!}.
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F. Liang and Y. Yi [24]. For any real number x > 2, let p be a prime and n be any

positive integer. Then we have the asymptotic formula

1
Y 1=Z40 (1“) _
n<z p np
Sp(n+1)=5,(n)

R. Fu [6]. Let p be a prime and n be any positive integer, then the equation

Sp(1x2)+8p(2x3)+... + Sp(nx (n+1)) =S, (W)

has finite solutions.
1. If p=2,3,7, the equation has only one solution n = 1;
2. If p=>5,11, the equation has solutions n =1,2,3;
3. If p > 13, the equation has finite positive integer solutions n =1,2,...,n,, where n, > 1

is a positive integer and

3/ 3p 92 1 3/ 3p 92 1
= —_ _ _— —_—— =1
"' \/2 W TtV VT T ’

where [x] denotes the greatest integer not exceeding x.

Definition 9. For any positive integer n, the functions Z.(n) and Z(n) will be defined as

Z«(n) = max{m:m e N, < n}

and 3
Z(n) =min{m :m € N,n < m(mﬁ—i—}
J. Gao [8]. 1. For any complex number s, the infinite series
S
2z
and

n=1
are convergent if s > 0, and divergent if s < 0.
2. For any complexr number s with Re s > 2, we have the identities

Zmzds—l)ﬂ(s),

n=1

and

= 1
Z (Z(TL))S = C(S - 1)a

n=1
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where ((s) is the Riemann zeta-function.

3. For any positive integer n and complex number s with Re s > 1, we have

= (-1)" 2 1
Z(é*(n)))s = EC(S) - 275((5)7

n=1

and

,i o = (1720 5 (s5),

where ((s,a) is the Hurwitz zeta-function.

Definition 10. Define the arithmetic function D(n) by

D(n) = 1, ifn=1,

Ien ap®™l, ifn > 1.

K. Liu [26]. There exists an absolute constant ¢ > 0, such that the asymptotic formula
Z LI cx+0 (x%efc‘s(“"))
= D(n)

is ture, where

and

é(z) = log? z(log log x)_%.

Definition 11. For any positive integer n, we define a new Smarandache function G(n) as the
smallest positive integer m such that T}, ¢(k) is divisible by n. That is,

G(n) =min{m:m e N,n| [] ¢(k)},
k=1

where ¢(k) is the Fuler function.

J. Fu and Y. Wang [7]. 1. For any prime p, we have the calculating formulae

G(n) = min{p* q(p,1)};
G(p*) =aq(p,2), if a(p.2) < p* G®?) =p? if a(p,1) < p* < q(p,2);
G(p*) =q(p,1), if p* < q(p,1) < 2p* and G(p*) = 2p?, if q(p,1) > 2p?,

where q(p, 1) is the i-th prime in the arithmetical series {np + 1}.
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2. G(n) is a Smarandache multiplicative function, and moreover, the Dirichlet series
S G s divergent.

n=1 n?2

3. Let k > 2 be a fized positive integer, then for any positive integer group (my, ma, ...,my),
we have the inequality

G(mima...mg) < G(my)G(ms)...G(my).

Definition 12. For any positive integer n > 3, we define a arithmetic function C(n) as the

greatest positive integer m < mn — 2 such that n|C)* = #Lm), That is,
C(n)=maz{m:m <n—-2n|C"},

and define C(1) = C(2) = 1.

F. Li [19]. 1. Let k > 2 be a fized positive integer, then there exists positive integer n
such that

n—C(n) > k.
2. For any positive integer n > 4, we have the asymptotic formula
c1-Inn
C(n) = 0] —_—
(n) =n+ <exp ( Inlnn >) ’

where exp(y) = €Y, ¢1 > 0 is a constant.

3. For any real number N > 4, we have the asymptotic formula

ZC(n):%-NQJrO(N-lnN).

n<N

Definition 13. For any positive integer n, we define the function P(n) as the smallest prime

p such that n|p!. That is,
P(n) = min{p : n|p!, where pbe a prime}

H. Li [23]. 1. For any real number x > 1, we have the asymptotic formula
1, 19
ZP(n) =5 +0 (:L'12).
n<z

2. For any real number x > 1, we also have the mean value formula

_ o, 2 3\ B z3
Z(P(n) —P(n))” = 3'<<2) ‘Inz +0 (1112x> ’

n<zx

where P(n) denotes the largest prime divisor of n, and ((s) is the Riemann zeta-function.
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Definition 14. For any positive integer n, the Smarandache reciprocal function S.(n) is defined

as the largest positive integer m such that y|n! for all integers 1 <y < m, and m+1+tnl. That

18,

Se(n) = max{m : y|nlforalll <y <m,andm+1¢tnl}

L. Ding [2]. 1. For any real number x > 1, we have the asymptotic formula

3 Su(n x+o(%)

n<x
2. For any real number x > 1, we have the low bound estimate

1
- _ 2 - 5 In?x
- (Se(n) —n)* > 3 ‘In?z+0 (x ) .

Then F. Li studied the solvability of an equation involving S.(n) and P(n), and give a new
critical method for twin primes. That is, we shall have the following;:

F. Li [20]. For any positive integer n > 3, n and n + 2 are twin primes if and only if n
satisfy the equation

Definition 15. For any positive integer n, the Smarandache prime addictive function SPAC(n)
is defined as the smallest non-negative integer k such that n + k is prime.

Y. Guo and Y. Lu [11]. For any positive integer n, we have the estimation

1 & 1
:EZSPAC(a)zi-Inn—&—O(l).

a=1
Y. Guo and G. Ren [12]. For any real number x > 1, we have the asymptotic formula

3 (n+ SPAC(n)) = ; z +O<x12).

n<z

In section 2 we defined the least prime divisor function and the greatest prime divisor

function V(n), U(n), now W. Huang, Y. He and Q. Qi gave many asymptotic formula of the
functions.

Y. He [13]. For any real number x, we have the asymptotic formula

ZV(n)~U(n):3§-Zlaf +O( ,fix)

n<x i=1

where a; = (i — 1)! is computable constant.
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Y. He and Q. Qi [14]. For any real number x, we have the asymptotic formula

> V(n)-pn =g§: : < ,fix>

n<lx

where p(n) represents the smallest prime factor, and a; = (i — 1)! is computable constant.

W. Huang [16]. 1. Let r be any fized positive integer, for any real number x > 1, we

22
ln :c In"*ttg /)’

2
1
2. Let r,m be any fized positive integer, for any real number x > 1, we have the asymptotic

have the asymptotic formula

S =3

n<zx

where f;(i=1,2,3,...,r) are computable constants and f; =

formula

1 "L a Mt
Vm(n) = ——a™ . — +0 (> ,
; (n) m+1 ;mlx In" g

where a;(t =1,2,3,...,1) are computable constants.

Definition 16. For any positive integer n, a new addictive function G(n) is defined as follows:
(1) G(1) =0
(2) if n > 1 and n = p"py?...pp* denotes the prime power factorization of n, then G(n) =
S+ o2+ ok

Now we define the Smarandache divisor product sequences {ps(n)} and {qq(n)} as follows:
pa(n) denotes the product of all positive divisors of n; qa(n) denotes the product of all positive
divisors of n but n. That is,

dend(;’qd H d—n27’

d|n d|n,d<n
where d(n) denotes the Dirichlet divisor function.

W. Yao and T. Cao [36]. 1. For any real number © > 1, we have the asymptotic

formula

> G(pa(n)) =B -z -z +(2y-B—D-B) 2+0 (Vrlnlnz),

n<x
where B =3 % =>, 1;—5, v is the Buler constant, and )_  denotes the summation over
all primes.

2. For any real number x > 1, we have the asymptotic formula

> G(ga(n)) =B-z-nz+(2y-B-D-2B)-z+0 (Vrhnlnz),

n<x

where B and D are defined as same as in 1.
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Definition 17. For any positive integer n and two fixed positive integer m and k(k > 1), a

generalized power-sum Smarandache function P(n,m,k) is defined as

[(Inm+Inn)/Ink] ‘
P(n,m, k) = > (n — k).
i=0
Y. Wang and L. Hua [32]. Let m and k(k > 1) be any fized positive integer, for any

real number x > 1, we have the asymptotic formula

1
Z P(n,m, k) = STk - 2% - In(mx) + R(n,m, k),

where |R(n,m7k)| < (i + M) 22 4oz 4 2$1n(m$)+2§;1£(m$)+zmk-
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81. Introduction and preliminaries

Spectral theory has a key important role in the modern functional analysis and its applica-
tions in various fields. Basically, it is incorporated with specific inverse operators, their common
properties and their dealings with the original operators. Such inverse operators play a major
role in solving systems of linear algebraic equations, differential and Sylvester equations.

Throughout this paper, H denotes an infinite dimensional complex Hilbert space with inner
product (-,-) and B(H) denotes the algebra of all bounded linear operators acting on H. The
kernel, the range, the spectrum, point spectrum of an operator T" will be denoted by ker T,
ran(T), o(T), o,(T), respectively. For any operator T € B(H), set, as usual |T| = (T*T)'/? ,
and consider the following standard definitions: normal if T*T = TT* and T is hyponormal if
|T*|? < |T|?. An operator T' € B(#H) is said to be p — (a, 8)-normal operator (0 < a <1< j3)
for0<p<1if

Q2(T*T)P < (TT*)? < BA(T*T)P.



52 Ahmed Bachir, T. Prasad and Nawal Ali Sayyaf No. 1

When p = 1, the operator T is said («, §)-normal operator.

S.S. Dragomir and M.S. Moslehian [9] has given various inequalities between the operator
norm and the numerical radius of (o, §)-normal operator.

An operator is said to be
(i) p-hyponormal [1] for 0 < p < 1 if (TT*)? < (T*T)P;
(ii) dominant if ran(7 — AI) C ran(T — AI)* for all A € C, or equivalently

AMy € C: (T — M) z|| < My||(T — M)z for each x € H;

(iii) M-hyponormal if there exists a constant M such that My < M for all A € C.

The weighted shift defined by We; = ea, Weg = 2e3 and We; = e; 41 for i > 2 is an exam-
ple of M-hyponormal [25], is not an p-(«, §)-normal, which is either normal nor hyponormal.
It is proved in [19] that every p-(a, 8)-normal operator is M-hyponormal.

So, we conclude that the class p-(«, )-normal lies between hyponormal and M-hyponormal
operators, and we have the following classes inclusion

Normal C Hyponormal C (a, ) — normal C p — (a, ) — normal

N

M — hyponormal C Dominant

The familiar Fuglede-Putnam theorem asserts that if T € B(H) and S € B(*H) are normal
operators and TX = XS for some X € B(H), then T*X = XS* (see [17]). Many authors
extended this theorem for several nonnormal classes of operators (see [4-6,12,14,16,18,22,24]).
Following [26], we say that an operator T' € B(H) is finite if

1= (TX - XT)|[ =1

holds for all X € B(H). The above inequality is the starting point of the study of commutator
approximations, a topic with roots in quantum theory [27]. Let B denote a Banach algebra.
Recall that b € B is said to be Brikhoff orthogonal to a € B, written as b L a, if the inequality

lall <lla + ubl|

holds for all 4 € C. The above definition of orthogonality has natural geometric meaning,
namely, b 1 a if and only if the line {a + ub : u € C} is tangent to the ball of center zero and
radius ||al|. If B =M, then the orthogonality means usual sense (a,b) = 0.

The generalized derivation dgr : B(H) — B(H) for S,T € B(H) is defined by dg 7 (X) =
SX — XT for X € B(H), and we set d7 7 = dr. If the following inequality

1S = (TX = XT)|| = ||S]

holds for all S € ker §r and for all X € B(H), then we say that the range of dr is orthogonal
to the kernel of 67 .
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Let T € B(H) and let {e,} be an orthonormal basis of a Hilbert space H. The Hilbert-

Schmidt norm is given by

T2 = (Z ||T6n2> :
n=1

An operator T is said to be a Hilbert-Schmidt operator if ||T||2 < oo (see [3] for details). Co(H)
denotes a set of all Hilbert-Schmidt operators. For S, T € B(H), the operator I'g v defined as
Tgr: Ca(H) > X — SXT € Co(H) has been studied in [2]. It is known that |T'| < ||S]|||T||
and (Tgr)*X = S*XT* =Tg» r+»X. T > 0and S > 0, then I'r g > 0. For more information
see [2].

The organization of the paper is as follows; in Section 2, we give some properties for
p — (a, B)-normal operators and totally p — («, 8)-normal operators needed in the sequel. In

Section 3, we prove the following assertions:

1. if T is p — (e, B)-normal operator, S is an invertible operator and X is a Hilbert-Schmidt
operator such that TX = XS, then T*X = X5*, and

2. if T is totally p — («, 8)-normal operator, then the range of generalized derivation dr :
B(H)> X - TX — XT € B(H) is orthogonal to its kernel.

§2. Some properties of p — (o, §)-normal operators

In this section we give several preliminary results which will be used in the sequel.
Definition 2.1. An operator T € B(H) is called p — (o, §)-normal operator 0 < p <
L (0<ag1<p8)if

Q2(T*T)P < (TT*)? < BA(T*T)P.

Lemma 2.2. [6] Ewvery invertible operator A is p — (e, 8)-normal operator.
Theorem 2.3. [19] IfT € B(H) is an p — («, B)-normal, then the following hold:
() If Tz = Az, A\ #0, then T*z = .
(i) 03,(T) — {0} = o (T) - {0}.
(iil) If Tx = Az and Ty = py with X # p, then v L y.
Definition 2.4. An operator T is called totally p— (a, B)-normal, if the translation T — A
is p — (a0, B)-normal for all A € C.

83. Main Results

Given nonzero operators T, S € B(H), let T ® S denote the tensor products on the tensor
product space H®H. The operation of taking tensor products T'® .S preserves many properties
of T,S € B(H). T ® S is hyponormal if and only if T and S are hyponormal [11]. Now we
obtain an analogous result for p — («, 8)-normal operators.

Lemma 3.1. [21] Let Ay, As € B(H),B1,B2 € B(H) be non-negative operators. If A;

and B are non-zero, then the following assertions are equivalent
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(i) A1 ® By < A2 ® By
(ii) There exists ¢ > 0 for which Ay < Ay and By < ¢! Bs.

Theorem 3.2. IfT € B(H) is p— (a1, f1)-normal operator and S € B(H) is p— (a, B2)-
normal operator, then T ® S is p — (a1, B182)-normal operator.

Proof. Note that 0 < ajas <1 < 182 and by Lemma 3.1, we have

AT (TSP = o2a3(T*T ® S*S)P
3a3(T*T)P @ (S*S)P
af (TT*)" @ a3(SS™)”
(TT*)P @ (SS™)P

(T o S)(T®S) P.

VAN [

Similarly,
(T®S)T®S)P< BBI(T®S)(T®S)P.
O

In the following, we show that if X is a Hilbert-Schmidt operator, T' is p — («, )-normal
operator and S is an invertible operator such that TX = XS, then T* X = X.S*.

Lemma 3.3. Let T,S € B(H). If T is p — («, B8)-normal and S* is p — (¢, B')-normal,
then the operator I'r s defined on Co(H) by Iy s(X) =TXS is p—(ad’, B8")-normal operator.

Proof. The unitary operator U : Co(H) — H ® H by a map z @ y* — = ® y induces the
s-isomorphism ¥ : B(Ca(H)) — B(H @ H) by a map X — UXU*. Then we can obtain
U(I'rs) =T ® S* [8]. The complete proof comes from Theorem 3.2. O

Theorem 3.4. Let T be an p — («, 8)-normal operator and S* be an invertible operator.
IfTX = XS for some X € Co(H), then T*X = X S*.

Proof. Let T be defined on Cy(H) by I'(Y) = TY S~!. The operator S is invertible, then S is
p — (a, f)-normal operator by Lemma 2.1.

Since T and S are p— («, 3)-normal operators, we observe that I is also p— (2, 3?)-normal
operator by Lemma 3.3. Moreover, I'(X) = TXS™! = X because of TX = XS. Hence X is
an eigenvector of I'. By Theorem 2.3, we have I'*(X) = T*X (S~ 1)* = X, that is, T* X = X S*
as desired. O

Theorem 3.5. LetT € B(H) be a p—(«, 5)-normal operator and M C H be an invariant
subspace of T', then the restriction T'|aq is also p — (a, B)-normal.

Proof. Let P be the orthogonal projection on M and Let A = T'|pq, then TP = PTP=A®0
on H =M & M. Since T is p — (a, 8)-normal

Q?P(T*T)PP < P(TT*)PP
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and so
(AP ©0) < P(TT*)PP

From Hansen’s inequality

?|APP < (PTT*P)?
< (PTPT*P)?
< [(A@0)(A*®0))P
= (AA*)P

Similarly, we prove that

(AA")P < B*(A"A)P
This means that the restriction A is p — («, 8)-normal. O

Lemma 3.6. IfT isp— («a,8)-normal for some 0 < p <1, then T is ¢ — (a, 8)-normal
for every 0 < g < p.

Proof. The result follows from the Lowner-Heinz’s inequality. O

A complex number ) is said to be in the joint spectrum of 7" if there exist a joint eigenvector
x of T and T* such that Tx = Az and T*2 = Az. The following result of totally p—(c, )-normal
operators are finite has been obtained in [19].
Theorem 3.7. [19] If T is totally p — (o, B)-normal operator, then T is finite.
Lemma 3.8. IfT € B(H) is totally p— («, B)-normal and if S is a normal operator such
that TS = ST, then
1§ = (TX = XT)|| = |l

for all p € 0,(S) and for all X € B(H).
Proof. Let M,, be the eigenspace associated to u € o,(S). Since S is normal, the Fuglede-

Putnam theorem ensures T'S = ST implies S*T" = T'S*. Hence M, reduces both S and T
Now we write matrix representations of 7,5 and X as

A S0 X1 Xy
T = , S= , and X = )
0 T2 0 SQ XB X4

onH=M,® Mj Hence we have

- (X, - X1Th) P
s_(rx-xr) = | *~OX =X :
Q R
for some operators P, @ and R and hence
1S = (TX = XT)|| = [|p — (T2 X1 = X1 Th))| (1)
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Since T is totally p— (a, 3)-normal operator and M, is a reducing subspace of T', the restriction
Ty =T |pm, is totally p — (a, )-normal by Theorem 3.5. Since T} is finite by Theorem 3.7, we

have

X X
(T X0 — XiT1) — ] > ||H(T1; - ;Tl) - 1H >l @

From (1) and (2), we have
1§ = (TX = XT)|| = |pl

for all X € B(H). O

The following result due to S.K. Berberian [7] is well known.

Proposition 3.9. [7] [Berberian technique] Let H be a complex Hilbert space. Then there
exist a Hilbert space KK D H and ¢ : B(H) — B(K) such that v is an x-isometric isomorphism
preserving the order satisfying

(1) 9(T*) = $(T), B(In) = L, (aT + BS) = a(T) + BU(S), W(TS) = H(T)H(S),
lo(D)| = ITl, v(T) < (S) if T < S for all T, S € B(H) and for all a, 8 € C.

(i) o(T) = o(¥(T)),0a(T) = 0o (Y(T)) = 0,(¥(T)), where o,(T) is the point spectrum of
T.

Now, we prove that the range of d7 ¢ is orthogonal to the null space of ér g when T is
totally p — («, 8)-normal and S is a normal operator.

Theorem 3.10. Let T € B(H) be totally p—(«, B)-normal and let S be a normal operator
such that TS = ST. Then

ISl <115 = (TX = XT)]

for all X € B(H).

Proof. By Proposition 3.9, it follows that ¥(T') is p — (o, §)-normal, ¥ (S) is normal and
Y(T)Y(S) = Y(9)Y(T). Since (T) is finite by Theorem 3.7, we have for all p € 0,(S) =
oa(¥(S)) = 04(S) = 0 (9),

lul < [[9(S) = (T)(X) = p(X)P(T)| = IS = (TX = XT)|
for all X € B(H) by Lemma 3.8. Hence

18]l =7r(S) = sup |u[<|S—(TX—XT)].
pea(S)
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Introduction and preliminaries

Let -
f(31752) = Z Am,n e()\MSIJr#"SQ)v (Sj =o0jtitj, j= 1’2) (0'1)

m,n=1

be a Dirichlet series of two complex variables s; and sy and a,,.,'s € C. Also A\p's, pn's € R

satisfying
O< A< XA<...< )\, —>00asm— o0
and 0<puy <po<...<pp — 00 asmn — oo.
If log(m + n)
) og(m +n
limsup ———F=Q < 0.2
m+n—>£)o Am + Hn Q ( )
and log | |
lim sup 08 1amnl _ (0.3)

m4+n—o00 >\m + ,Ufn
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Then from [1], the series (0.1) represents an entire function. Let Y be the set of all entire
functions and I' denotes the set of those Entire Dirichlet series in two variables for which

((m + n)e)AmFhn)e dmn | is bounded.
Qm,n

The norm in I' is defined as follows

Am,n

IF = sup ((m+n)e)rntrn)e

m,n>1

(0.4)

Qmn

Uptil now a lot of research has been done in the field of dirichlet series which can be seen
in [1]- [2]. Luh in [4] and [5] studied various results on primitive I'-rings. Kumar and Manocha
in [7] worked on the generalized weighted norm for a Dirichlet series of one variable and proved
results on continuous linear functional. Then in [6] the series is considered and proved that
it fails to form divison algebra and conditions for topological zero divisor has been obtained.
In the present paper we consider the set of all Entire Dirichlet series which forms a I'-ring
and obtain various results on commutativity conditions and the equivalence among primitivity,
primeness and simplicity for this set Y. The purpose of this paper is to establish a link between
analysis and algebra.

§2. Basic Results

In the sequel following definitions are required to prove the main results. For all notions
relevant to ring theory, refer [3] and [10].

Definition 0.1. Let N and I' be two additive abelian groups. If there exists a mapping N X T'
X N — N such that for all x,y,z € N and o, 8 € T the conditions

(l.a) (z + y)az = zaz + yaz,

(1.b) z(a + B)z = zaz + 2Pz,

(L.e) za(y + 2) = zay + zaz,

(L.d) (zay)Bz = za(yh2)

are satisfied then N is a I'-ring.

An additive subgroup J of N is a left (right) ideal of N if NU'J C J (JUN C J). If J is both
a left and a right ideal of N then J is a two- sided ideal or simply an ideal of N. For all other
concepts refer [8] and [9].

Definition 0.2. Let N be a I'-ring. If for any non-zero elementn of N, there exists an element
v (depending on n) in T such that nyn # 0, we say N is semi-simple.

Definition 0.3. If for any non-zero elements m and n of N, there exists v (depending on m
and n) in T such that nym # 0, we say N is simple.

Definition 0.4. Let N be a I'-ring. An ideal Q of N is prime if for all pairs of ideals G and
H of N, GTH C @ implies G CQ or HC Q. AT ring N is prime if the zero ideal is prime.

Definition 0.5. An ideal P of M is semi-prime if for any ideal V, VI'V C P implies V C P.

AT ring N is semi-prime if the zero ideal is semi-prime.
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Definition 0.6. A I'-ring Y is left primitive if

(1) The left operator ring of Y is a left primitive ring.

(2) y(s1,82).I.Y = 0 implies y(s1,s2) = 0.

Y is a two-sided primitive I'-ring if it is both left and right primitive.

Now let x(s1, s2),y(s1,52) € Y and S(s1,s2) € T' such that

o0 o0
2(s1,82) = Y mp €O sy 5o) = N by ePmitins2) B(g)sy)
m,n=1 m,n=1
[ee]
= Z ﬂm,7te(>\MS1+#nS2) (05)
m,n=1

The binary operations that is addition and multiplication in Y X I' X Y is defined as

o0

x(sl’ 52) + /8(51a 32) + y(817 52) = Z (amm + /Bm,n + bm,n)e()\MS1+“nS2)7

m,n=1

o0

z(s1,52).8(s1,52) y(51,52) = D (@mn-Bonn-bm,n) ePmorHms2),

m,n=1

Clearly the set Y forms a I'-ring. Now for any non-zero elements x(sy,s2) and y(s1, s2)
of Y there exists an element (3(s1,s2) (depending on x(si,s2) and y(s1,s2)) in I' such that
A -Bmon-Gm,n 7 0 and Gy n.Bmn-bm,n 7 0. Thus Y is semi-simple and simple respectively.
Let K be a free abelian group generated by the set of all ordered pairs {x(s1, s2),8(s1,$2)}
where x(s1,s2) € Y and B(s1,s2) € T
Let F be a subgroup of elements Zmi{xi(sl, s2), Bi(s1,82)} € K where m; are integers such

K2

that

> milwi(s1, 52).Bi(s1, 52).a(s1, 52)] = 0 for all a(sy, s) € V.
Denote by L the factor group K/F and by [z(s1, $2), (81, $2)] the coset F+{x(s1, $2), B(s1, $2) }-
Clearly every element in L can be expressed as a finite sum Z[mi(sl, s2), Bi(s1,82)].
Also for all z(s1,s2),y(s1,52) € Y and a(s1, s2), B(s1,52) € I‘i
[2(s1,52), als1, $2)] + [w(s1, 82), B(s1, 52)] = (51, 82), 81, 82) + B(s1, 52)]
[2(s1,82), B(s1, 82)] + [Y(s1, 52), B(s1, 82)] = [w(51, 52) + y(s1, 52), B(s1, 52)]

Define multiplication in L as

D lwils1,s2), Bilsr, s2)] Y lyi(s1,82),a5(s1,2)] = D [wils1,52)-Bi(s1, 52)-; (51, 52), j (51, 52)]

i J 4,3

Then L forms a ring. Furthermore Y is a left L-module with the definition

Z[xi(sl,52),&(51,52)].&(51,52) = Z[zi(sl,52).51-(51,52).(1(51,52)] for all a(s1,s2) €Y.

% %
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We call the ring L the left operator ring of Y. Similarly we can define the right operator ring
RofY.

It is known that every one-sided primitive I'-ring having minimal one sided ideals is a two-sided
primitive ['-ring. Since no left primitive I'-ring has non-zero strongly nilpotent one-sided ideals,

every minimal left ideal of a primitive I'-ring Y is of the form Y.e(sy, s2).e(s1, s2) where

oo oo
e(s1,82) = E em et tins) € T e(sy,80) = E € permertins2) e 7
m,n=1 m,n=1

and

Emn-€mn-Cmmn = Emn-

§2. Main Results

Theorem 2.1. Commautativity conditions on a I'-ring Y -
AT -ringY is commutative if for every element x(s1,s2) € Y we have x(s1, $2).77(s1, $2).2(s1, 52) =
x(s1, 82) for v(s1,82) €T (fized).

Proof. Suppose

{z(s1,52) +y(s1,52)}7(s1,52) {51, 82) + y(s1,52)} = 251, 52) +y(s1,52).

This implies
x(s1, 82).7(s1, $2).y(s1, 82) = —y(s1, $2).77(51, $2).2(51, $2).

Now
x(s1, $2).-v(s1, $2){x(s1, $2)-7(51, 52).y(s1, $2) } = ® (81, 82). (81, 52){—y (51, $2).-7(51, $2)-x (51, $2)}
further implies

x(s1,82).7(s1, 82).y(s1, 82) = —x(s1, $2).7(s1, 52){y(s1, $2). (81, $2).2(s1, 82)}
Similarly

x(s1, 82).-7v(s1, 82){y(s1, 82).7(81, 82).x(81, 82) } = —y(s1, s2).v(s1, $2).2(s1, $2)

Thus
I(Su 52)-7(81, 82)-y(51, 82) = y(517 82)4’(817 82)-3?(817 52)

Clearly Y is a commutative I'-ring. Hence the theorem. O

Equivalence of Primeness, Primitivity and Simplicity of a I'-ring Y-

Theorem 2.2. IfY is a simple I'-ring then Y is prime.
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Proof. Suppose that Y is not prime and we have UT'V = 0 where U and V are non-zero ideals
of Y. Since Y is simple implies U = V =Y which further implies

YTY = 0.

This contradicts the simplicity of Y. Thus Y is prime which completes the proof of the theorem.
O

Theorem 2.3. IfY is a left primitive I'-ring then Y is prime.

Proof. Given Y is a left primitive I'-ring. Thus L be the left operator ring of Y. Let N be
the faithful irreducible left L-module. Let us suppose that Y is not prime. Let U and V be
two non-zero ideals of Y and UT'V = 0. We claim that [V,T]N = N. If [V,T|N = 0 implies
[V,T] = 0 which implies VI'Y = 0. Since Y is primitive implies V' = 0 which is a contradiction.
Thus [V,T]N = N. Similarly [U,T|N = N.

Consider
0 = [UTV,T|N
= [UTI]V.TIN
= [UT]N
= N
which contradicts the assumption which implies that Y is a prime I'-ring. O

Theorem 2.4. IfY is a I'-ring having minimal left ideals then Y is primitive if and only

if Y is prime.

Proof. By above Theorem, primitivity implies primeness. Let us assume that Y is prime and
J be the minimal left ideal of Y. Clearly J is an irreducible left L-module. JT'J # 0, J =

o0
Y.v(s1, s2)-€(51,52) and € nYm,nem,n = €m,n where e(s1,s2) = E em,ne()‘msl"’“”s?).

m,n=1

Suppose Z[mi(sl, 82),7i(s1,82)]J = 0. This implies

K2

Z x;(s1, 82).7i(s1, 82).Y.I.Y.v(s1, $2).€(s1, 82) C Z[xi(sl, s2),7i(s1,82)]J

7 7

which implies
Z x;(s1,82).7i(s1,82).Y I'".Y.y(s1, s2).e(s1, s2) = 0.

Therefore Zl‘i(Sl,SQ).’Yi(Sl,SQ).Y = 0 or simply Z[mi(sl,SQ),%(sl,32)] = 0. Thus, J is a

i i
faithful irreducible left L-module and L is a left primitive ring. Moreover, if z(s1,s2).I.Y =0
implies x(s1, s2).I.Y.I".2(s1, $2) = 0. Since Y is prime one gets x(s1,82) = 0. Therefore Y is a

primitive I'-ring. Hence the theorem. O
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Theorem 2.5. IfY is a primitive I'-ring with minimum condition on left ideals then
Y =Y.y1(s1, 82).€1(81, 52) + Yoya(s1, 82).€2(s1, 82) + ... + Yyi(s1, 82).€x(81, 82) (direct sum)

where e, Yy, e, = ex, and ey, .Yk;.ex; = 0if i > j where Y.y;(s1,52).ei(s1,52) are minimal left
ideals of Y .

Proof. Let J; = Y.y1(s1, 82).€1(81, $2) be a minimal left ideal of Y where ey, .vk, .k, = ex, and
let Y1 = {y(s1,52) € Y : y(s1,82).71(81,82).€1(s1, s2) = 0}. Each a(s1,s2) € Y has the form

a(s1,82) = a(s1,82).71(s1, 52).€1(81, 82) + {a(s1,82) — a(s1,82).71(s1, 52).€1(81,82)}.

This implies
Y =Yyi(s1, s2).€1(81,82) + Y1 (direct sum)

If Y7 # 0, then by the minimum condition, Y] contains a minimal left ideal Y.v2(s1, s2).€2(s1, $2)

of Y where ey, . vk, .€x, = €, and ey, .7k, ., = 0. This implies
Y =Y.yi(s1, 82).e1(s1,82) + Yiya(s).ea(s1, s2) + Ya (direct sum)

where Yo = {y(s1,52) € Y1 : 2(s1,82).72(s1, 52).€2(s1, 52) = 0}. Continuing this process we find

that Y, = 0 for some positive integer k. Thus,
Y =Y.y1(s1, 82).€1(s1,52) + Yoya(s1, 2).€2(s1, 82) + . .. + Yoyr(s1, 82).ex(s1, s2) (direct sum).
O

Theorem 2.6. Let Y be a left primitive I'-ring and let J be a non-zero left ideal of
Y. If e(s1,52).v(s1,52).€(s1,82) = e(s1,82) # 0 where e(s1,52) € Y and v(s1,52) € T then
e(s1, $2).v(s1, 82).J # 0.

Proof. Let N be a faithful irreducible left L-module where L is the left operator ring of Y. By
the primitivity of Y, we have [J,I']N = N. Now, suppose on the contrary e(s1, $2).7v(s1, $2).J =
0. Then

[6(51752),'}/(81,52)]N = [6(51752)37(51752)][1],1—‘”\7
= [e(s1,82).7(s1,82).J, TIN
= 0.

Since N is faithful implies [e(s1, s2),v(s1, $2)] = 0. Now,
e(s1,82) = e(s1, $2).7v(s1, $2).€(s1, 82) = [e(s1, $2), (81, 82)]e(s1,82) =0

which is a contradiction therefore e(s1, s2).v(s1, s2).J # 0.
O

Theorem 2.7. IfY is a primitive I'-ring with minimum condition on left ideals then Y

is simple.
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Proof. We know that,
Y =Y.y1(s1, 82).e1(s1, 82) + Yiya(s1, $2)-€2(s1, 82) + . . . + Yoy (s1, 82).ex(s1, $2) (direct sum)

where er, Yk, .€r, = ex, and eg,.k;.ex; = 0if i > j where Y.v;(s1,52).€;(s1,52) are minimal
left ideals of Y. Let J be a non-zero ideal of Y. Each x(s1, s2) € J has the form

x(s1,82) = x1(s1, 82).71 (51, $2).€1(s1, 82) + Ta(s1, 52).72(51, $2)-€2(51, S2) + - ..

+xp(s1,52) Yk (51, 52).€x(s1, 52)

where z;(s1,52) € Y (i =1,2,3,...., k). Assume that
xp(s1,82)Yp(S1, 52)-€p(s1, 82) + ... + (51, 52) Y6 (51, 52).€x (51, 52) € J where 1 < p < k.

Then {zp(s1,52).vp(s1, 52).€p(51,52)+. . . +xK (51, 52). 7k (51, 52).€x (51, 52) }Yp (51, 52).€p(51, 52) €
J which implies

Zp(81,82)Yp(s1, 82)-€p(51,82) € J.
Again
Tp+1(81, $2) Yp+1(81, $2).€pr1(51,82) + ... + T (51, 52) .Yk (51, 52)-€k (51, 82) € J.
Hence, by induction z,(s1, s2).vp(s1, 52).€p(s1,82) € J (p=1,2,..... k). But
xp(s1,82)Yp(s1, 82).€p(s1,82) = {mp(s1,52).7p(s1,82).€p(51,82) }-vp(51,82)-€p(51, 52)
€ Jp(s1,s2).ep(s1,52).

This implies
J C Jyi(s1,82).€1(s1, 52)+J.72(s1, 82).€2(s1, S2)+Jv3(s1, 52).€3(s1, 82)+. . .+ vp(s1, 52).€p(51, 52).
Since, J is a two-sided ideal of Y implies J.y,(s1, s2).€p(s1,52) C J. Hence
J = Jy1(s1,82).€1(51, s2)+J.72(81, 82).€2(s1, $2)+Jv3(s1, 52).€3(81, 82)+. . .+ Jvp(51, 52)-€p (51, S2).
We now assert that J.y,(s1,52).ep(s1,52) # 0 for all p. For otherwise

{ep(s1,52)p(s1,82). T} {ep(s1, 52).p(51,82).J}

= ep(s1,52)Vp(s1,52).{J T €p(s1,52)}yp(s1,52).J
= 0

while from above, e,(s1, 52).7p(81,82).J # 0. Thus, e,(s1, s2).7p(51, s2).J is a non-zero strongly
nilpotent right ideal of Y which is a contradiction to the fact that a primitive I'-ring has no
non-zero strongly nilpotent one-sided ideal. This implies

Jp(s1,82).ep(s1,82) = Yoyp(s1, 52).€p(s1, 52)
which further implies
J =Y.y1(s1,82).e1(81,82) + Yoya(s1, s2).ea(s1,82) + ... + Yoyr(s1, s2).ex(s1,82) = Y.

Thus Y is simple. Hence the theorem.
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Theorem 2.8. For a I'-ring Y with minimum condition on left ideals the conditions
(1) Y is prime.
(2) Y is primitive.
(3) Y is simple.

are equivalent.
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Abstract If bila; for every i € {1,2,---,s}, then the integer d = [];_, pli is called an
exponential divisor of n = [[;_, pi* > 1. The number of exponential divisors of n is denoted
by 7(¢)(n). Similarly to the generalization of dx(n) from d(n), 7(¥)(n) can be extended to

Tlge)(n)A In this paper, we shall establish a short interval result for the function (Tée)(n))fr.
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§1. Introduction and preliminaries

Let n > 1 be an integer. If b;|a; for every i € {1,2,--- , s}, then the integer d = Hlep?i
is called an exponential divisor of n = [[}_, p{* > 1, notation: d|.n. By convention 1|.1.

The number of exponential divisors of n is denoted by 7(¢)(n). The function 7(¢) is called
the exponential divisor function.

Wu [4] got the following result:
ZT(S)(H) = Az + Ba? +O(x% log z), (1)
n<zx

where

A:H(l—i—zd(a)_i(a[_l))’
a=2

» p

p3

B:H(1+§:d(a)—d(a—l)—d(a_2)+d(a_3)).

For any positive integers r, Subbarao [2] proved the following result:

Z(T(e)(n))r ~ Bz, 2)

n<z

where
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For this result, Téth [3] improved it and proved a more precise asymptotic formula for the
function (7(¢)(n))":

> (@) = Byw+ 2t Prr_sy(loga) + O™ ), (3)
n<z
where Pyr_o(t) is a polynomial of degree 2" — 2 of ¢, u, = %

Let r > 1 be a fixed integer. Zheng [5] proved that the asymptotic formula for the function

() m)

N
D ()" = D+ alog” "3 dj(r)log ™ w+ Oflog ™ ) (4)
n<z 7=0
holds for any fixed integer N > 1, where do(r),d1(r), - ,dn(r) are computable constants, and
o~ (1(a) " = (r(a—1))"
D=1+ - )
o2, =

Similarly to the generalization of dj(n) from d(n), 7(¢)(n) can be extended to T,ie)(n). We

established the following definition:

7= I dila).k =2 (5)

pi%i|ln

Obviously if k = 2, then 7. (n) = 7(¢)(n). 75 (n) is obviously a multiplicative function.
The aim of this paper is to study the short interval case of (7'3(6)(71))7T and prove the

following.
Theorem. If 2572 < y <z, then
S ()T = A+ Oa ¥ bt (6)
rz<n<z+y

(e) -r
where A, = Res,—1G(s) and G(s) = > .2, %
Throughout this paper, € always denotes a fixed but sufficiently small positive constant.
Suppose that 1 < a < b are fixed integers, the divisor function d(a, b; k) is defined by

d(a,b; k) = Z 1. )

—nanb
k=n{ng

The estimate d(a, b; k) < k=" will be used freely.

§2. Some lemmas

In order to prove theorem, we need the following lemmas.

Lemma 1. Support s = ¢ + it is a complex number, then we have

2 (9 (n) " -
ST AE L = ()¢ T (28)¢ T (45)G (), (8)

n
n=1

where ¢, = 3;2r + 32— 67" > 0 and the Dirichlet series G(s) = >.o° 90) s absolutely

n=1 ns
convergent for Jts > %
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Proof. By Euler’s product formula, we can get

o (€ —r () (p))—r (€) (2\)—r (€) (,,3\)—r () (ayy—r
3 (7 m) =H<1+(T?’ )N G ) IO G 1 200) N 20 +>

— ns - ps p25 p35 p4s
ds(1))~" ds(2))~" ds3(3))~" ds(4))~" ds(5))~"
—H(1+(3(ps) +<3]<92>S> +<3]<)3‘>§> +<3]<)41> +(3;51) +>
p
1 37 37" 6" 37T
:H 1+7S+ 25+ 35+ 4s+ 53+“'
- prop* Pt p
37711 67T -3
:C(S)H<1+ - —+ )
p p
_ 1 - 377—-1 67"-37T"
oo el o (1 T )

where ¢, = 37;T + % — 67" and the Dirichlet series G(s) := > 7, gf:f) is absolutely convergent

for Rs > % O
Lemma 2. Let k > 2 be a fized integer, 1 < y < x be large real numbers and

B(x,y; k,e) := Z 1.

a:<nmk§m+y
m>x®

Then we have B(z,y; k,e) < yx~¢ + xﬁlogx.
Proof. This Lemma is a result of k-free number [1]. O

Let a(n),b(n),c(n) be arithmetic functions defined by the following Dirichlet series for
Rs > 1.

> _ o), (10)
S U ), )
n=1

> e, (12)

Lemma 3. Let a(n) be an arithmetic function defined by (10), then we have

Y a(n) = Aye + O(xF+9),

n<lx

where A1 = Ress—1((s)G(s).
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Proof. Using Lemma 1, we have

> lg(n)] < 25+

n<x

Therefore from the definition of g(n) and (10), it follows that

el = 3 gla) =3 gla) 30 1= 3 gl +O0() = Az + O ),

n<z mn<z n<z m< & n<z

and A; = Ress—1((s)G(s). O

§3. Proof of the Theorem

From Lemma 3 and the definition of a(n), b(n), c(n), we get
@)= 3 alm)bm)e(ns),
n:nlngng
and
a(n) < nez, b(n) < nez, c(n) < nez,
so we have

S () =Y () = Y abmaens) = S +03 .+,

n<x+y n<z z<ninini<z+y 1 2 3
(13)
where

Yo=Y blnoelns) DY alm),

Zi%; a<mSiah
d = > la(n1)b(nz2)c(ns)l,
2 m<n1n§n§§m+y
ng >x°
S Y fatm)bn)e(ns)
3 x<n1n§n§§m+y

nz>z°

In view of Lemma 3

Z ) Z et {Alngyﬂé - O((n;ﬁ)éﬁ)}

no<z®
n3z<z®
b(n2) c(ns) 1 b(n2) c(ns)
= Ay +0(y Z 2 Z A ) +O0(x57* Z 2 0: Z Ewwp)
ne>xs 2 mg>zes 3 na<ze Mo nz<zes N3
= Ay +O0(yz~ %)+ O(x5+7%)
= Ay +O(ya™ 5 + 25+ %), (14)

where A, = Ress—1((s)¢®  ~1(25)(~% (4s)G(s). For Y, we have by Lemma 2 that
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PIE DY

(ﬂ1n2n3)82

2 z<n1n§n§§z+y

ng >

< 25 3 1

m<n1n§n§§x+y
no >

< 2% B(x,y;2,¢)

< {E262 (yx—a

+ w%+alogas)

Lyr 5 4astT,

ife < %.
Similarly we have

> <y
3

From (13)-(16), the theorem is proved.
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§1. Introduction

Generalized open sets are used in solving various problems in many areas of mathematics as
well as in topology. Further,the concepts of minimal open sets and maximal closed sets in

topological spaces are introduced by Nakaoka and Oda in [8,9].

The theory of texture spaces is an alternative setting for fuzzy sets and therefore, many
properties of Hutton algebras (known as fuzzy lattices) can be discussed in terms of textures
[1-3]. Ditopologies (dichotomous topologies) on textures unify the fuzzy topologies, topologies
and bitopologies in a non-complemented setting by means of duality in the textural concepts
[4,5]. In the last 10 years, some generalizations of open sets as well as some other mathematical
concepts in ditopological spaces have been studied [6,7]. In this paper we present a discussion

on minimal/maximal open and closed sets on ditopological texture spaces.

In the next section, we shall briefly the basic motivation and its study for texture spaces

and ditopologies. For more details, we refer to [1-5].

§2. Texture spaces and Ditopology

Definition 2.1. Let U be a set. A texturing U of U is a subset of P(U) which is a point-
separating, complete, completely distributive lattice containing U and (), and for which meet
coincides with intersection and finite joins with union. The pair (U,U) is then called a texture

space, or shortly texture.

For u € U, the p-sets and the ¢-sets are defined by

P, = ﬂ{A ceUlue A}, Q.= \/{A eU|ué¢ A}, respectively.
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In a texture, arbitrary joins need not coincide with unions, and clearly this will be so if and
only if U is closed under arbitrary unions. In this case (U, U) is said to be plain. Equivalently,
a texture (U, U) is plain if and only if P, € Q., Yu € U.

We note in particular that A> = {s € S | A € Q,} is called the core of A € 8.

In general a texturing of U need not be closed under set complementation, but it may be
that there exists a mapping ¢ : U — U satisfying o(0(4)) = A, VA € Uand A C B =
o(B) Co(A),¥YA,B € U. In this case o is called a complementation on (U,U), and (U, U, o) is

said to be a complemented texture.

Examples 2.2. (1) For any set U, (U, P(U),n), 7n(A) = U\ A for A C U, is the complemented
discrete texture representing the usual set structure of U. Clearly, P, = {u}, Q, = U \ {u} for
allueU.

(2) Let L = (0,1], £ = {(0,7] | » € [0,1]} and A((0,7]) = (0,1 —r], » € [0,1]. Then (L, L, ) is
complemented texture space. Here P, = @, = (0,r] for all r € L.
(3) For I = [0,1] define I = {[0,¢] | t € [0,1]} U {[0,¢t) | t € [0,1]}, ¢([0,¢]) = [0,1 — ¢) and
1([0,t)) = 10,1 —¢], t € [0,1]. (I,7,¢) is a complemented texture, which we will refer to as the
unit interval texture. Here P, = [0,t] and Q¢ = [0,t) for all t € I.

(4) Let U = {a,b,c}. Then U = {U, {b}, {b, c}, 0} is a texturing on U. Here, P, = U, P, = {b},
P.={b,c} and Q, = {b,c}, P, =0, Q. = {b}. The mapping o : U — U defined by o(U) = 0,
o) =U, o({b}) = {b,c}, o({b,c}) = {b} is a complementation on (U, U).

Definition 2.3. A ditopology on a texture (U, U) is a pair (7, k) of subsets of U where the set
of open sets 7 and the set of closed sets k satisfy

U, 0er, U ber
Gl,GQET:>G1mG2€T, Kl,KQEH:>K1UKQEK
Gieriel = \/Gier, Kienicl = (K €r.

iel el

Hence a ditopology is essentially a ”topology” for which there is no a priorirelation between
the open and closed sets. If (7, ) is a ditopology on (U, U) then (5, 8, 7, ) is called ditopological
texture space or shortly, ditopological space.

Examples 2.4. (1) For any texture (U,U) a ditopology (7, ) with 7 = U is called discrete,
and one with x = U is called codiscrete.

(2) For any texture (U, U) a ditopology (7, ) with 7 = {0, U} is called indiscrete, and one with
k= {0,U} is called co-indiscrete.

3) For any topology T on X, (T7,7¢), 7¢ ={X \ G | G € T}, is a complemented ditopology on

(
(X,x,’]TX).

4) m={0,7)]0<r <1}U{T}, kr = {[0,7] | 0 < r < 1} U{D} defines a complemented
ditopology, called the natural ditopology on (I,7,1¢).
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Note that there is no relation between open and closed sets of a ditopology. However, if o is
a complementation on (U,U) and k = o(7), then we say (7, k) a complemented ditopology on
(U, U,o0).

For A € U we define the closure and the interior of A under (7, k) by the equalities
int(A)=\/{GeT|GC A}, dA)=({Ker|ACK}
Definition 2.5. Let (7, ) be a ditopology on (U, U).

(i) If uw € U’, a neighbourhood(nhds) of u is a set N € U for which there exists G €
satisfying P, C G C N € Q..

(ii) If w € U, a coneighbourhood(conhds) of u is a set M € U for which there exists K € k

satisfying P, ¢ M C K C Q.

We denote the set of nhds (conhds) of u by n(u) (p(u)), respectively. We will also refer to
(n(u), w(u)), u € U” as the dinhd system of (1, ).

Finally, we also recall from [6,7] the some classes of ditopological texture spaces: For a ditopo-

logical texture space (U, U, T, K):
1. A € U is called pre-open (semi-open) if A C intclA (A C clintA).

2. B € § is called pre-closed (semi-closed) if clintB C B (intclB C B).

§3. Minimal and Maximal Open Sets in Ditopological Spaces
Definition 3.1. Let (U, U, 7, k) be a ditopological texture space.

(1) A set Ae 7\ {0} is called minimal open if G C A, then G =0, or G = A for all G € 7.

(2) Aset B e 7\{U} is called maximal open if B C H, then H =U, or H = Bforall H € 7.

We denote by MNO(U, U, 7, k), or when there can be no confusion by MNO(U) or even just
MNO, the set of minimal open sets in U. Likewise, MXO(U, U, 7, k), MXO(S) or MXO will

denote the set of maximal open sets.

Lemma 3.2. Let (U, U, 1, k) be a ditopological texture space. Then:

(i) If A€ MNO and B € 1, then ANB=0 or AC B.
(i) If A,B € MNO, then ANB =1 or A= B.
(ii5) If A€ MXO and B € 7, then AUB=U or BC A.

(i) If A, B € MXO, then AUB=U or A= B.
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Proof. (i) Suppose that AN B # (). Since A is minimal open set and AN B € 7 and ANB C A,
we have AN B = A, and so A C B.

(i) Let ANB #0. Then A C B and B C A by (i), and so A = B.

(iii) Suppose that AUB # U. Since A is maximal open set and A C AU B, we have AUB = A.
Therefore B C A.

(iv) Let AUB #U. Then A C B and B C A by (iii), and so A = B. O

Note that the set of open (closed) nbhd of u will denote by n,(u) (1. (w) ).
Proposition 3.3. Let A€ MNO. If AZ Q, and N € n,(u), then A is proper subset of N.

Proof. Suppose that N € n,(u), but A ¢ N. Then ANN € 7 and AN N is proper subset of A

and AN N # (. This is a contradiction, since A is minimial open set. O

Now we consider any topological space (U,T). Then the pair (T,T¢) is a complemented
ditopology on the discrete texture (U, P(U), ) (see Examples 2.2 (3)). For AC U and v € U,
we have:

A(A) € Qu<= ANN#0, VN en(u).
by the closure definition.

Note that we will consider (U, P(U), T, T¢) ditopological space throughout this subsection.

Proposition 3.4. Let A € T. The following are equivalent.

(i) A eMNO.
(i) A C cl(B) for every B € P(U)\ {0} and B C A.
(i11) cl(A) = cl(B) for every B € P(U)\ {0} and B C A.

Proof. (i) = (ii) Let B € P(U) \ {0} and B C A. Suppose that A ¢ Cl(B). Then there exist
u € U such that A ¢ Q, and P, € cl(B). Then if A ¢ Q,, then P, C A and so u € A. Now let
N € ny(u). Then

B=ANBCNNB
and so N N B # (). Hence we have cl(B) € Q,, that is u € ¢l(B). This contradicts P, C cl(B).

(ii)= (iii) Let B € P(U) and B C A. Then cl(B) C cl(A). Further, by (ii), cl(A) C
cl(cl(B)) = cl(B). Then we have cl(A) = cl(B).

(iii)=> (i) Let A € T be a not minimal set. From the Definition 3.1, there exists B € T\ {0}
such that B C A and B # A. Hence A ¢ Q, and P, ¢ B for some u € U. Then we have
B¢ € T¢ and B¢ € Q., and so cl({u}) C B°. It follows that cl({u}) # cl(A). O

Proposition 3.5. If A € MNO and O # B C A, then A is preopen set.

(0]
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Proof. Suppose that A is minimal open set and () # B C A. Then int(A) C int(cl(B)), by
Proposition 3.4 (2). It follows that we have B C A = int(A) C int(cl(B)), since A is open
set. 0

Proposition 3.6. Let A € MXO, and U\ A ¢ Q, for somew € U. Then U\ AC N for any
N € n:r(u).

Proof. Suppose that U\ A ¢ Q,. Then u € U\ A, and so N C A for any N € ny(u). By
Lemma 3.2 (ili), U= NUA andso U\ AC N. O

Corollary 3.7. Let A € MXO. Then either of the following (i) and (ii) is provided:
(i) If U\ AZ Qy for some ue U, then N =U for all N € ny(u).
(i) There exists a set G € T\ {U} such that U\ A C G.

Proof. We suppose that (i) does not provided. Then there exists u € U and N € ng(u) such
that P, ¢ A and N C U. By Proposition 3.6, we have U\ A C N. O

Corollary 3.8. Let A € MXO. Then either of the following (i) and (i) is provided:
(i) If U\NAZ Qy for someue U, then U\ AC N for all N € ny(u).
(i) There exists a set G € T such that UNA=G #U.

Proof. We suppose that (ii) does not provided. By Proposition 3.6, we have U\ A C N, for all
U\AZ Q, and N € ny(u). It follows that we have U\ A C N. O

Proposition 3.9. Let A € MXO. The following are satisfied.
(i) int(U\ A)=U\ A orint(U\ A) = 0.
(it) If 0 £ B CU\ A, then cl(B) =U \ A.

(i3i) If A C B, then cl(B) =1U.

Proof. (i) Tt is obtained immediately by Corollary 3.8.

(ii) Let @ # B C U \ A. By Proposition 3.6, we have NNB # () for U\ A € Q, and N € ng(u).
Hence, U\ A C cl(B). Since U\ A € T¢ and B C U\ A, we obtain that c/(B) C cl(U\A) = U\ A,
and so cl(B) =U \ A.

(iii) Let A € B C U. Then there exists ) # M C U \ A such that B = AU M. By (ii), we have
cd(B)=c(A)Ucd(M)2(U\A)UA=U. Hence, cI(B)=U. O

Proposition 3.10. Let A € MXO. The following are satisfied.
(i) If B is a proper subset of U and A C B, then int(B) = A.

(it) If 0 £ B CU\ A, then U\ cl(B) =int(U \ B) = A.
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Proof. (i) If B = A, then int(B) = int(4) = A. Now, suppose that B # A, and so A C B.
Then A C int(B). It follows that we have int(B) C A, since A is maximal open set. Hence,
nt(B) = A.

(ii) By Proposition 3.9 (ii) and the above (i), the proof is obvious, since A C U\ B C U. O
Corollary 3.11. If A € MXO and A C B, then B is a preopen set.

Proof. If B = A, then B is an open set, hence it is preopen set. Suppose that A C B. By
Proposition 3.9 (iii), we have int(cl(B)) = intU = U O B. Hence, B is a preopen set. O

§4. Minimal and Maximal Closed Sets

Definition 4.1. Let (U, U, 7, k) be a ditopological texture space.

(1) A set A€ k\ {0} is called minimal closed if F C A, then FF =0, or F = A for all F’ € k.

(2) A set B € k\ {U} is called maximal closed if B C H, then H = U, or H = B for all
Hexr

We denote by MNC(U, U, 7, k), or when there can be no confusion by MNC(U) or even just
MNC, the set of minimal closed sets in U. Likewise, MXC(U, U, T, k), MXC(S) or MXC will
denote the set of maximal closed sets.

The proof of the next results is omitted, since it is obtained by an argument similar to the proof
of Lemma 3.2.

Lemma 4.2. Let (U, U, T, k) be a ditopological texture space. The following are satisfied.
(i) If A€ MNC and B € k, then ANB =0 or AC B.

(1) If A,B € A€ MNC, then ANB=0 or A= B.

(ii5) If A e MXC and B € k then AUB =U or BC A.

(iv) A,B e AeMXC, then AUB=U or A= B.
Proposition 4.3. Let (U, U, 7, k) be a ditopological space.
(a) Let A€ MNC and {A;}jc; € MNC. Then:
(i) If AC ey Aj, then there exists k € J such that A = Ay.
(i1) If A# Ay for some k € J, then (\;c; A;) N A=0.
(b) Let A€ MXC and {A;}jc; € MXC. Then

(ii) If (;e; Aj C A, then there exists k € J such that A = Ay,

7
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Proof. (i) Let A C \/,c; Aj. Then A=AN(V,c;4;) = Ve, (AN A;). By Lemma 4.2 (ii), if
A # Ajforsome j € J, then ANA; =0, and so § =/, ;(ANA;) = A. This is a contradiction,
since A is minimal closed set. It follows that there exists & € J such that A = Ay.

(ii) Suppose that (V;c;A;) N A # (. Then there exists k& € J such that Ay N A # 0. From
Lemma 4.2 (ii), we have Ay = A, but it is a contradiction.

(iii) Let N;c; 4 € AThen A = AU (N;c; 4j) = e (AU A;). If AU A, = U for some
k € J, then we have U = [, ;(AU A;) = A.lt foolows that we have a contradiction, since A

is maximal closed set. Thus there exists j € J such that AU A; # U.By Lemma 4.2 (iii), the
result is obtained. O

Proposition 4.4. Let (U,U,0,7,k) be a complemented ditopological space and A € U.
(i) A is a minimal closed set if and only if 0(A) is a mazimal open set.
(i) A is maximal closed set if and only if o(A) is a minimal open set.

Proof. (i) Suppose that A is a minimal closed set. Then A # 0 and ¢(A) € k \ {U}. Now
let H € 7 and o(A) C H. From the complemented ditopology, we have o(H) € x and
o(H) C o(c(A)) = A. Since A is minimal closed set, o(H) = @ or o(H) = A. Then it is
obtained H = oo(H)) =0o(es) =U or H =o(c(H)) = o(A).

(ii) The proof is obtained by an argument similar to the proof (i). O
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Abstract Let t(e)(n) denote the number of e-squarefree e-divisor of n. In this paper we

2
shall use the complex integration method to study the mean value of (t(e)(n)) and give its

2
asymptotic formula > (t<e>(n)) =2 (Pi(logx)) + z3 (P2(log x)) + O(z7°7).

n<z
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§1. Introduction and preliminaries

An integer n is a full square number if p is the prime factor of n, then p|n, that is, its

prime factorization formula must have the following form
n :p(flp? o 'pg‘sa (Cll Z 2,@2 Z 27' c 0 Z 2)

Let n > 1 be an integer, n = [[_; p{*, d = Hlepfi, where b;|a;. The integer d is called
an exponential divisor of n if b;|a;, i € {1,2,-- , s}, notation: d|.n. By convention 1|.1. If all
exponents aj, as, - - ,as are squarefree, the integer n > 1 called e-squarefree. Now we consider
the exponential squarefree exponential divisor of n, if b;|a;, ¢ € {1,2,---,s} and by, ba, -, bs
are squarefree, then d = [[7_; pf is an e-squarefree e-divisor of n = [[;_; p{*. Note that the
integer 1 is e-squarefree but is not an e-divisor of n > 1.

Let t(®)(n) denote the number of e-squarefree e-divisoe of n. We know that ¢(¢)(n) is
multiplicative and if n = [[]_, p{* > 1,4 € {1,2,---, s}, then (see [4])

&) (n) = 2w(a) ... gwlas)

where w(n) denote the number of distinct prime factors of n, with w(1) = 0 and w(n) = s. In

particular, for each prime p,
t(p) = 1, 1) =t (p*) =t (") = ") =2, V(%) =4,
The Dirichlet series of t(¢)(n) is of form

— t(n

g ) C(s)¢(25)V (s), Rs > 1,

n
n=1
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v(n)

ns

is absolutely convergent for Js > %. For a sufficiently small positive

18

where V(s) =

3
Il

1
constant €, T6th [4] showed that

Z t(e)(n) =Ciz+ CQIC% + R(x)7 (1)

n<zx

X gw(a) _ gw(a—1)
o =TI <1+22pfl> ,
p

a=6

1 e 2w(a) _ Qw(a—l) _ 2w(a—2) 4 2w(a—4)
02:=<(2>H<1+Z ,
p

z
a=4 p

where

and R(z) = O(z37¢). Suppose RH is ture, then in Liu and Dong [2] it is proved that R(z) =
O(z=+e),

Many scholars are interested in researching the divisor problem, and they have obtained a
large number of good results. However, there are many problems have not been solved.

In this paper, we will use the complex integration method to estimate the mean value of

(t(e) (n))2 over square-full numbers, that is

> () =Y (19m) s,

n<x n<x
nis square— full

where f(n) is the characteristic function of square-full integers, i.e.,

1, nis square-full,

fn) =4~

0, otherwise.

We establish the following theorem.
Theorem 1.1. For any € > 0, then we have

2
S (#9m)” = a3 (P (oga) + 2 (Pa(log ) + O(a™*), )
n<z
where oy = :13831;1}1 =0.272--- , and Py(logx),k = 1,2 are polynomials of degree 1 in logzx.

§2. Some lemmas

In this part, in order to prove our theorem, we give some lemmas.
Lemma 2.1. Suppose % <o <1, t>ty>2, we have

(d-0)

C(o+it) <t 3 logt. (3)

Proof. This lemma can be founed in Titchmarsh [3]. O
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Lemma 2.2. Suppose % <o <1, define
(o) = 4 1 o< 5
MY T B Ty 25758 @
m(o) = 12408 §<0<§
(4537 —48900)” 4 — T 6’
then for any € > 0, we have
T
/ | Clo +it) ™) dt < T+, (5)
1
Proof. This lemma can be found in Ivié [1]. O
83. Proof of Theorem 1.1
Let
< (£ (n))® 1
F(s) = — R —. 6
()= D s (6)

For Rs > %, since t(¢) (n) is a multiplicative function, than we use Euler product formula and

get

Fo= S (0m) =3 (©m) 1o
=1

n n=1
nis square— full

(N U T
p p p P
4 4 4 4 16
:1;1<1+pzs+p3s+w+p5s+pﬁs+“'>
3 4 12
:g(zs)lg[<1+p2s+p35+pﬁs +>
:g4(23)H(1+35—i—pl528 2(?5 + )
p
6 12 16
:<4(28)C(38)1;[<1+39_p48‘_p59 p6§+ >
— e [ (1- g - oz 4o
= (*(25)¢*(35)G(s),

where G(s) = 3 42 G(s) is absolutely convergent for Rs > 1. Then

> g |< 2vte

n<x
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By Perron’s formula, we have

1 b+iT

2 z® z3te
Z(t(e)(n)) = — <4(2s)§4(3s)G(s)-8d8+0< T ) (8)

27 ;
n<a b—iT

where b = %Jre, T = x¢, ¢ = 5. We move the line of integration to Rs = oy, i <09 < %, whose

exact value will be determined later. According to the residue theorem, we get

S(x) = :c%(Pl(log:c)) + m%(Pz(logx)) +L+1L+1;+0(1),

where )
1 oo+iT 4 A o wsd
I, = i S ¢*(25)¢"(3s) (5)? S,
1 Uof’iT 4 4 xs
Iy =— ("(25)¢7(3s)G(s) —ds,
271 b—iT S
1 b+4+1iT 4 A .’I;S
3= 5 UOHTC (28)C*(38)G(s) . ds

Applying Lemma 2.1, we can obtain

1

2
L+ / 1¢(20 + 20T)[*|¢(30 + 3iT)|* 27T do

o0

< phterTTEtte ©)
< 1,
if o9 > %, where s = o + it. On the other hand, we have
T
I < x°° / 1¢(200 + 2it)|* |¢(Boo + 3it)|* t~Ldt. (10)
1
According to the partial integral formula, it suffices to prove that
T 4 4
[:/ I (200 + 2it)|" |((3oo + 3it)|” dt
1 (11)

< T1+6.

Let p > 0, ¢ > 0 are real number satisfying I%—i—% = 1. According to the Holder’s inequality,

I < (/T ¢4 (200 + 2z't)y”dt> (/T 1¢* (300 + 3z't)yth> - (12)

Let 4p = m(20y), 49 = m(30¢) satisfying
4 4

we have

8=

=1
m(209) + m(300) ’ (13)
applying Lemma 2.2 we can get (11), if o9 = égzgé =0.272---

Thus we complete the proof of Theorem 1.1.
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§1. Introduction

Algebra (from Arabic: al-jabr, meaning ”reunion of broken parts and ”bonesetting) is one
of the broad parts of mathematics, together with number theory, geometry and analysis. In its
most general form, algebra is the study of mathematical symbols and the rules for manipulating
these symbols; it is a unifying thread of almost all of mathematics. It includes everything from
elementary equation solving to the study of abstractions such as groups, rings, and fields. The
more basic parts of algebra are called elementary algebra; the more abstract parts are called
abstract algebra or modern algebra. Elementary algebra is generally considered to be essential
for any study of mathematics, science, or engineering, as well as such applications as medicine
and economics. Abstract algebra is a major area in advanced mathematics, studied primarily
by professional mathematicians. Several algebraic structure have been introduced in the recent
past. Iseki and Tanaka [6], introduced a class of abstract algebra: BCK-algebra. Also Imai and
Iseki [5], dealt about BCI-algebras. Then, Hu and Li [4], have given the notion of BCH-algebra
which is the generalization of BCI and BCK-algebras. Neggers et.al [9, 10, 11] introduced
the notions of B-algebras, Q-algebras and d-algebras. In 2010, Megalai and Tamilarasi [47],
introduced TM-algebra. During 2011, Keawrahun and Leerawat [7] introduced new structured
algebra called SU-Algebra. The concept of a fuzzy set was introduced by Zadeh [48]. In 1986,
Atanassov [2] introduced the notion of intuitionistic fuzzy sets as a generalization of fuzzy
sets. Muralikrishna and Chandramouleeswarna [8] introduced the notion of intuitionistic fuzzy
SU-subalgebra. Triangular norms and conorms are operations which generalize the logical
conjunction and logical disjunction to fuzzy logic. They are a natural interpretation of the
conjunction and disjunction in the semantics of mathematical fuzzy logics [Hjek (1998)] and

they are used to combine criteria in multi-criteria decision making. The author by using norms,
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investigated some properties of fuzzy algebraic structures [12-46]. In this paper, by using norms
(T and C) a new notion of intuitionistic fuzzy SU-algebra is defined and some substructures
are also established in this algebra.

§2. Preliminaries

This section contains some basic definitions and preliminary results which will be needed
in the sequal. For more details we refer to [1, 2, 3, 7, 8, 30, 42].

Definition 2.1. For sets X,Y and Z, f = (f1,f2) : X = Y X Z is called a complex
mapping if f1: X =Y and fo : X — Z are mappings.

Definition 2.2. Let X be a nonempty set. A complex mapping A = (pa,va) : X —
[0,1] x [0,1] is called an intuitionistic fuzzy set (in short, IFS) in X if ua +va < 1 where
the mappings pa : X — [0,1] and v4 : X — [0,1] denote the degree of membership (namely
wa(z)) and the degree of non-membership (namely va(x)) for each x € X to A, respectively.
In particular Ox and Ux denote the intuitionistic fuzzy empty set and intuitionistic fuzzy whole
set in X defined by Ox(x) = (0,1) and Ux(z) = (1,0), respectively. We will denote the set of
all IFSs in X as IFS(X).

Definition 2.3. Let X be a nonempty set and let A = (ua,va) and B = (up,vp) be
IFSs in X. Then
(1) Inclusion: AC B iff pa < up and va > vp.

(2) Equality:A = B iff AC B and B C A.
(3) UA = (pa, pa)-
s vava)

Definition 2.4. A t-norm T is a function T : [0,1] x [0,1] — [0, 1] having the following

four properties:

(T1) T(x,1) = = (neutral element)

(T2) T(xz,y) <T(z,z) if y < z (monotonicity)
(T3) T(x,y) = T(y,x) (commutativity)

(T4) T(x,T(y,z)) = T(T(x,y),2) (associativity),
for all x,y,z € [0,1].

Example 2.1. (1) Standard intersection t-norm Tp,(x,y) = min{x, y}.
(2) Bounded sum t-norm Ty(x,y) = max{0,z +y — 1}.
(8) algebraic product t-norm Ty(z,y) = zy.

(4) Drastic t-norm
y ifer=1
Tp(z,y)=q = ify=1

0 otherwise.

(5) Nilpotent minimum t-norm

Tori(z.y) min{z,y} ifzx+y>1
nM\T,Y) =
0 otherwise.
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(6) Hamacher product t-norm

0 ife=y=0

THO (wvy) = oy
T+y—xy

otherwise.
The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest
t-norm: Tp(z,y) < T(z,y) < Tmin(z,y) for all z,y € [0,1].

Lemma 2.1. Let T be a t-norm. Then

T(T(‘T, y)v T(wa Z)) = T(T(:L’, U)), T(yv Z))a

for all z,y,w, z € [0,1].
Definition 2.4. A t-conorm C is a function C : [0,1] x [0,1] — [0, 1] having the following
four properties:
(C1) C(z,0) ==
(C2) Cla,y) < Clw,2) if y < »
(C3) C(x,y) = Cly,x)
(C4) C(z,Cy, 2)) = C(C(x,9),2) ,
for all z,y,z € [0,1].
Example 2.2. (1) Standard union t-conorm Cp,(z,y) = max{z,y}.
(2) Bounded sum t-conorm Cy(z,y) = min{l,z + y}.
(8) Algebraic sum t-conorm Cy(x,y) =z +y — zy.
(4) Drastic T-conorm

y ifx=0
CD(‘Tay): x ny:O
1 otherwise,

dual to the drastic T-norm.

(5) Nilpotent maximum T-conorm , dual to the nilpotent minimum T-norm:

Conr (1) max{z,y} fx+y<l1
nM\T,Y) =
1 otherwise.

(6) Einstein sum (compare the velocity-addition formula under special relativity) Cr, (z,y) =
Tty

1+ zy
mazimum and the drastic t-conorm: Cuax(x,y) < C(z,y) < Cp(z,y) for any t-conorm C and

all z,y € [0,1].
Recall that t-norm T'( t-conorm C') is idempotent if for all x € [0,1], T(z,z) = z(C(z,z) =

Lemma 2.2. Let C be a t-conorm. Then

is a dual to one of the Hamacher t-norms. Note that all t-conorms are bounded by the

C(C(x,y), C(w, 2)) = C(C(x, w),C(y, 2)),
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for all z,y,w, z € [0,1].
Definition 2.5. Let A = (ua,va) € IFS(X) and B = (up,vg) € IFS(X). Define

intesection A and B as
ANB = (pa,va) N (B, vB) = (LANB,VANB)

such that panp(z) = T(pa(x), up(x)) and vanp(x) = C(va(x),vp(y)) for ol z € X.
Definition 2.6. Let ¢ be a function from set X into set' Y such that A = (pa,va) and

B = (up,vB) be two intuitionistic fuzzy sets in X and Y respectively.

Forallz € X,y €Y, we define

0(A)(y) = (e(ra)(y), v(ra)(y))
(sup{pa(z) | z € X,p(z) = y},inf{va(z) |z € X, 0(x) =y}) if o~ (y) #
(07 1) Zf (p_l(y) =

Also o1 (B)(2) = (¢~ (up)(2), ¢~ (vB)(2)) = (kB(P(2)), vB(P(2))).

Definition 2.7. A SU-algebra is a non-empty set X with a consonant 0 and a single
binary operation x (denoted by (X, *,0) ) satisfying the following axioms for any x,y,z € X :
(1) (@) (@5 2) % (y+2) =0,

(2) x 0=z,
(3) if txy =0, then z = y.

Definition 2.8. A non-empty subset S of a SU-algebra X is said to be a subalgebra if
xxy €8 forallx,y € S.

Definition 2.9. A function f: X — Y of SU-algebras X andY is called homomorphism

if f(xxy) = f(x)* f(y) for allz,y € X.

§3. Norms over intuitionistic fuzzy SU-subalgebras

Definition 3.1. A fuzzy subset p: (X, *,0) = [0,1] in a SU-algebra (X, *,0) is said to
be a fuzzy SU-subalgebra of X under t-norm T if u(x xy) > T(u(x), u(y)) for all z,y € X. We
denote the set of all fuzzy SU-subalgebras of X under t-norm T by FSUT(X).

Definition 3.2. Let A = (ua,va) € IFS(X) in a SU-algebra (X, *,0). We say that
A= (pa,va) is fuzzy SU-subalgebra of X under norms (T, C) if
(1) pa(z*y) = T(pa(x), paly)) and
(2) va(a 5 y) < Clva(e),va(y))
for all z,y € X. We denote the set of all intuitionistic fuzzy SU-subalgebras of X under norms
(T,C) by IFSUN(X).

Example 3.1. Let X ={0,1,2,3} be a set with the following table:
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and let T be algebraic product t-norm as Tp(a,b) = ab for all a,b € [0,1]. Then p € FSUT(X).
Also let A= (pa,va) € IFS(X) in a SU-algebra (X, *,0) such that

L B =~ |
~ S Lo |

1
1
0
3
2

L »v» ~ O

Then (X, *,0) is a SU-algebra. Define fuzzy subset p: (X, *,0) — [0,1] as

S = v WL | WL

0.1 ifxz=0

02 ifr=1
() = ,

0.3 ifx=2

04 ifz=3

0.2 ifz=0
03 ifx=1
pa(z) = _
04 ifx=2
045 ifx=3
and
0.3 ifz=0
04 ifz=1
va(z) =
0.5 ifz=2
0.55 ifx=3

and let Tp(a,b) = ab and Cp(a,b) = a + b —ab for all a,b € [0,1]. Then A = (pa,va) €
IFSUN(X).

Proposition 3.1. Let A = (pa,va) € IFSUN(X). If T and C be idempotent, then
A(0) D A(z) for all x € X.

Proof. Let x € X. Then
1a(0) = pa(z xx) = T(pa(z), pa(z)) = palz)

and
va(0) =va(z*xz) < Cva(z),va(z)) =va(z)

and thus

88



Vol. 16 Norms over intuitionistic fuzzy SU-subalgebras 89

Proposition 3.2. Let A = (ua,va) € IFSUN(X) and B = (up,vp) € IFSUN(X).
Then AN B € IFSUN(X).

Proof. Let x,y € X. Then
(1)

pang(zxy) =T(pa(z *y), pp(x *y))

pa(@), pa(y), T(pp(z), pe(y)))
pa(@), wp(@)), T(pa(y), kB(Y)))
pang(2), pans(y))

SO pAng (T * y) > T(MAHB($>7MAOB(y))'

(2)

vanp(z xy) = C(va(z *y),ve(z *y))

(
< C(Cvala),valy),Cvs(z),ve(y)))
= C(O(VA( ) (f)),C(VA(y)vl/B(y)))
= C(VAQB( ) AﬁB(y))

and then vang(z *xy) < C(wans(x),vans(y)).
Therefore (1)-(2) give us that AN B € IFSUN(X). O

Recall that if A= (ua,va) € IFS(X), then A= (ug,v3) = (1 —pa,1 —va) € IFS(X).
Proposition 3.3. A = (ua,va) € IFSUN(X) if and only if pa € FSUT(X) and
vz € FSUT(X).

Proof. Let x € X. If A = (pua,va) € IFSUN(X), then pa(z *y) > T(ua(z),pna(y)) and
valx xy) < C(va(z),va(y)). Thus ps € FSUT(X). Also
vi(zxy) =1—-va(zsry) 21-Cal(z),valy)) = T —va(z), 1 —valy)) = T(va(x),va(y))
and so vz € FSUT(X).
Conversely, let us € FSUT(X) and vz € FSUT(X). As pa € FSUT(X) so

pa(@*y) = T(pa(x), pay)).

Asvz € FSUT(X) sovz(x*y) > T(vz(z),vz(y)) then —vz(x*xy) < —T(vz(z),vz(y)) and so
1—vi(x*xy) <1—-T(vz(z),vz(y)) which means that va(zxy) <1—-T(1 —va(z),1 —va(y))
which implies that

va(@ xy) < Cva(z),va(y)).

Therefore A = (pua,va) € IFSUN(X). O

Proposition 3.4. A = (pa,va) € IFSUN(X) if and only if UA = (ua,pg) €
IFSUN(X) and NA = (v4,va) € IFSUN(X).
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Proof. Let x € X. Let A= (pa,va) € IFSUN(X) then

pa(xxy) > T(pa(@), pa(y)). (a)

and
va(z*xy) < Clrva(z),va(y)). (d)
Also

pa(z*y) > T(pa(z), paly))

Then from (a) and (b) we will have that UA = (ua,uz) € IFSUN(X).
Also

Now from (c) and (d) we get that MA = (vz,v4) € IFSUN(X).
Conversely, let UA = (ua,pz) € IFSUN(X) and NA = (vz,v4) € IFSUN(X). As UA =
(1a,pa) € IFSUN(X) so

pa(@*y) = T(pa(x), paly))  (a)
and since MA = (v4,va) € IFSUN(X) so
va(@xy) < C(va(z),vay)). (b)
Then from (a) and (b) we get that A = (ua,va) € IFSUN(X). O

Proposition 3.5. Let ¢ be a function from SU-algebra of X into SU-algebra of Y and
A= (pa,va) € IFSUN(X). Then o(A) = (v(pa), p(va)) € IFSUN(Y).

Proof. Let y1,y2 € Y. Then

©(pa)(y1 x y2) = sup{pa(zy * z2) | 71,72 € X, (1) = y1, p(22) = Y2}
> sup{T(pa(x1), pa(x2)) | 1,22 € X, p(z1) = y1, p(2) = Y2}
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> T(sup{pa(z1) | 1 € X, p(x1) = y1 },sup{pa(z2) | 22 € X, p(22) = ya2})
=T(p(pa)(y1), o(pa)(y2))

and so
(a)(yr *y2) > T(p(pa)(y1), p(pa)(y2)).  (a)
Also
o(va)(yr x y2) = inf{va(z1 * 22) [ 21,22 € X, p(21) = 1, p(22) = Yo}
<inf{C(va(z1),va(z2)) | z1,22 € X, 0(z1) = y1, p(x2) = y2}
< C(inf{va(z1) | 21 € X, p(21) = y1}, inf{va(z2) | 22 € X, p(22) = y2})
= C(p(va)(y1), p(va)(y2))

thus
eva)(yr xy2) < Clo(wa)(yr), o(va)(y2)).  (b)

Therefore (a) and (b) give us that p(A) = (¢(ua), p(va)) € IFSUN(Y). O

Proposition 3.6. Let ¢ be a function from SU-algebra of X into SU-algebra of Y and
B = (ug,vg) € IFSUN(Y). Then ¢~ 1(B) = (¢~ (up),¢ *(vp)) € IFSUN(X).

Proof. Let x1,x9 € X. Then
o M) (x1 % x2) = pp (@) (21 * 22) = pp(P(w1) * P(2))

> T(up(p(x1)), ua(p(2)) = T(~ ) (1), ¢ (1B)(2))

and then

¢~ pp) (@1 ¥ 22) > T(o~ H(up)(@1), ¢~ (up)(22)).  (a)
Also

¢~ (vB)(x1 * @2) = vp(p) (21 % 22) = vB(p(T1) * P(22))

< Cvp(p(x1)),va(p(22))) = Cle~ (vp)(x1), ¢~ ' (vB)(22))

and thus

¢~ (vB)(x1 x 22) <O~ (wp) (1), ¢ (vB)(22)).  (b)
Then (a) and (b) imply that ¢~ (B) = (¢~ (up), ¢ *(v5)) € IFSUN(X). O

Proposition 3.7. Let A = (pa,va) € IFSUN(X) and B = (up,vp) € IFSUN(Y).
Then A x B = (uaxp,Vaxp) € IFSUN(X xY) for every SU-algebra of X and SU-algebra of
Y.
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Proof. Let (z1,v1), (z2,y2) € X x Y. Then

paxs((@1,y1) * (22, ¥2)) = paxp(@1 * 2,1 * y2)
=T (pa(zy*22), pB(Y1 * y2))
2 T(T(pa(z1), pa(2)), T(ps(y1), nB(y2)))
=T(T(pa(z1), n(y1)), T(nalz2), pe(y2)))
=T(paxp(T1,y1), haxp(T2, y2))

then
paxs((x1,y1) * (¥2,y2)) > T(paxp(T1,91), paxp(r2,y2)).  (a)
Now
vaxp((@1,y1) * (22, Y2)) = vaxp (@1 * T2, Y1 * Y2)
= C(va(zy *x2),vB(y1 * y2))
< C(C(va(z1),va(x2)), C(ve(y1),vB(y2)))
= C(C(va(z1),vB(y1)), C(va(z2),vB(12)))
= C(vaxs(1,91),vaxp(22,Y2))
thus
vaxp((z1,y1) * (v2,y2)) < C(vaxp(T1,y1), vaxB(22,92)).  (b)
Thus from (a) and (b) we will have that A X B = (uaxp,vaxp) € IFSUN(X xY). O

Proposition 3.8.  Let A = (pa,va) € IFS(X) and B = (up,vp) € IFS(Y). If
AX B = (paxp,vaxp) € IFSUN(X xY), then at least one of the following statements hold:
(1) A(0) 2 B(y) for ally €,

(2) B(0) 2 A(x) for all x € X.

Proof. Let none of the statements holds, then we can find z € X and y € Y such that A(0) C
B(y) and B(0) C A(z). Then pa(0) < pp(y) and v4(0) > vp(y) and pa(r) > pp(0) and
va(z) < vp(0). Now

paxp(,y) =T(pa(@), p(y)) > T(pp(0), 14(0)) = T(1a(0), 15 (0)) = pax5(0,0)
and
vaxs(x,y) = Clva(z),vp(y)) < C(va(0),v4(0)) = C(va(0),v5(0)) = vaxs(0,0)
thus
(A% B)(0,0) = (1ax5(0,0),v4x5(0,0)) C (naxp(x,y),vaxs(z,y)) = (A x B)(z,y)

so (Ax B)(0,0) C (A x B)(x,y) and this is contradiction with Proposition 3.1 and then at least
one of the statements hold. O
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Proposition 3.9. Let A = (pa,va) € IFS(X) and B = (up,vp) € IFS(Y). If
A X B = (paxp,vaxp) € IFSUN(X xY) and A(x) C B(0) for all x € X. Then A =
(a,va) € IFSUN(X).

Proof. As A(z) C B(0) so pa(z) < pp(0) and pa(y) < pp(0) and pa(z*y) < pp(0) = pp(0%0)
for all z,y € X. Then

pa(zxy) =T(pa(z *y), np(00))
= paxs((z,0) * (y,0))
> T(paxp(z,0), paxe(y,0))
=T(T(pa(z), n5(0)), T(1a(y), np(0)))
=T(pa(z), pa(y))

and thus
pa(z*y) = T(pa(z), pa(y)). (a)

Also since A(z) C B(0) so va(z) > vp(0) and v4(y) > vp(0) and va(x*y) > vp(0) = vp(0x0)
for all z,y € Y. Thus

va(zxy) = Cvalz xy),vp(0x0))
= vaxs((z,0) * (y,0))
< C(vaxp(,0),vaxB(y,0))
= C(C(va(x),vp(0)), C(raly),vs(0)))
= C(va(z),va(y))

therefore
va(zxy) < Cva(x),valy)).  (b)
Now (a) and (b) give us that A = (ua,v4) € IFSUN(X). O
Proposition 3.10. Let A = (pa,va) € IFS(X) and B = (ug,vg) € IFS(Y). If

A X B = (paxp,vaxp) € IFSUN(X xY) and B(z) C A(0) for all x € Y. Then B =
(,uB,uB) EIFSUN(Y)

Proof. The proof is similar to Proposition 3.9. O

Proposition 3.11.  Let A = (ua,va) € IFS(X) and B = (ug,vg) € IFS(Y). If
A X B = (uaxp,vaxp) € IFSUN(X xY), then either A = (ua,va) € IFSUN(X) or
B = (,UB,VB) S IFSUN(Y)

Proof. From Proposition 3.8 we have A(0) DO B(y) for all y € Y or B(0) 2 A(x) for all
x € X. Now using Propositions 3.9 and 3.10 we get that either A = (ua,v4) € IFSUN(X) or
B:(MB,Z/B)EIFSUN(Y) O
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Proposition 3.12. Let A = (ua,va) € IFSUN(X) and B = (up,vp) € IFSUN(Y).
Then A x B = (MAXB)VAXB) S IFSUN(X X Y) Zf and OHZZ/ Zf HAXB € FSUT(X X Y) and

Proof. The proof is similar to Proposition 3.3. U

Proposition 3.13. Let A = (ua,va) € IFS(X) and B = (up,vp) € IFS(Y). Then
A = (pa,va) € IFSUN(X) and B = (pup,vp) € IFSUN(Y) if and only if U(A x B) =
(axB, piaxp) EIFSUN(X xY) and M(A X B) = (vy5p5,Vaxp) € IFSUN(X xY).

Proof. The proof is similar to Proposition 3.4. U
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Abstract Let n > 1 be an integer, (q,@(n)) is a multiplicative function. In this paper, we
shall study the mean value of exponential divisor function (qff)(n)) over cube-full number,

that is . .
> (@Pm) =3 (6 m) Aw)

n<z n<z
n is cube-full -

where f3(n) is the characteristic function of cube-full integers, i.e.

1, n is cube-full;
fs(n) =

0, otherwise.

Keywords Dirichlet convolution, mean value, cube-full number, divisor function, residue theorem.
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§1. Introduction

Let n > 1 be an integer of canonical form n = pi*p3? - - - p%~. The integer n is called a k-full
number if n = p{'ps? - - por, where a3 > k,a2 >k, -+ ,a, > k. Let fr(n) be the characteristic

function of k-full integers, i.e.

1?
fr(n) =

0, otherwise.

n is k -full;

An integer n = []._, p{" is called exponentially k -free if all the exponents a;(1 < i < r)
are k-free, i.e. n is not divisible by the k-th power of any prime (k > 2). So let q,(ce)(n) denote
the characteristic function of exponentially k-free integers.

Obviously the function q,(f)(n) is multiplicative, and for every prime power p® there are

q,(f) (p) = QI(ce) (pg) _ ql(:) (p3> - — q](ce) (pzk_1) _ qu(ce) (ka) =0.

The properties of the exponential divisor function q,(f) (n) have been studied by many
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authors. L. T6th [5] proved the following result:

>4 m) = Dew 10 (2% 6(a))

n<x

where

_ o~ ar(a) —ar(a—1)
b= 1+ 3 M),
p a=2k
gr(n) denoting the characteristic function of k-free integers.
In this paper, we will study the mean value of function (ql(f) (n)) over cube-full number.

Theorem 1.1. For some D > 0,

o _C(E)CE)G(E) 4
;2; (9m) = (3) cig% (3) .3 4

n is cube-full

+0 (xé exp (—D(logx)g(log log@*%)) ’

where
1
G(s):H(l—gg—F'”),
p P

which is absolutely convergent for Rs > %.
Notation Throughout this paper, € always denotes a fixed but sufficiently small positive

constant.

§2. Some lemmas

In order to prove our theorem, we need the following lemmas.
Lemma 2.1.
A(3,4,5;7) < T log® z.

Proof. The proof of this bound depends on the theory of two-dimensional exponent pairs. [

Lemma 2.2. Suppose f(n) is arithmetical function, and satisfy

l
> f(n) =) a¥P;(logz) + 0 (2%,

n<x j=1

D) =0 (" log" ), (1)

n<zx
here a1 > as > -+ > a; > 1/c > a > 0,r > 0,P(t),---, P(t) are polynomials on t whose
degree are not exceed r, and ¢ > 1,b > 1 are fixed integers.

Suppose for Rs > 1,we have

— fp(n) 1
7;1 ns - é‘b(s ’ (2)

~
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if
h(n) =Y mp(d)f (n/d°), (3)
de|n
then
!
> h(n) =Yz R;(logz) + E.(x), (4)
n<lx j=1
here Ry(t),- -, Ri(t) are polynomials on t whose degree are not exceed r, and for some D > 0,
E.(z) < /¢ exp ((—D(log 2)%/3(log log x)*l/f’)) . (5)

Proof. If b = 1, see theorem 14.2 in A. Ivié¢ [1]. If b > 2, it can be proved in the same method. [

Lemma 2.3. Let s = 0 + it is a complex number, then we have

£ ns ¢(8s)

n is cube-full

@)
(n) s S s
(470) c@s)cuscs )D6s), (6)

where the Dirichlet series G(s) = 1 — - + .- ) is absolutely convergent for Rs > .
P P 9

Proof. Let

n=1 n=1
n is cube— full

here

1, n is cube-full ;

0, otherwise .

99
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From (q,(ce) (n)) is multiplicative we have for Rs > 1, we have

o0 @) = (P m)fm)
e S (%?)=Z@(¥(D

n=1 n=1

(e) 3 " (e)  2k_ k_
+ (qk (p?Zz{d (p3)) ot <qk (P2 p;fo)S(PQ 1)) )
=11 (1+1,+1+1+ +p(2k11)s>
p

p
1 1 1
:g(35)||<1+4+5—2k— = )
s s (2k+1)s (2k4+2)s
» p p p-s D p

wmmmwﬂ@@% >
_CB)CEB) T (- L

S (8s) g(l o )
_(B)Cs)5s)

=) G

where G(s) = Hp (1 - =5+ > , and it is absolutely convergent for o > é + €.

83. Proof of Theorem 1.1

Now we prove Theorem 1.1.

Proof. From Lemma 2.3, we have known that

(e) "
> (n) s $)((5s
F(S) — Z (qk — ) _ C(?’ )EE:S;C(5 )G(S),

n=1
n is cube— full

where G(s) is absolutely convergent for o > & + €.
Define

and

H(s) := ((35)¢(45)C(55)G(s) := >
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where
h(n) = ) d(3,4,5m)g(l).
n=ml
Then we can get
> h(n) =" d(3,4,5m)g(l) => g(l) Y d(3,4,5;m).
1<z m< T

n<lx ml<z

From Perron’s formula, Residue theorem and Lemma 2.1, we can get

) <o)l e
(7)

gd(3,475;n)=4 2)¢(3
e (2Vat v (2) e (2 et rc(2)c(2)at #
~<(5)< )< ()< )< 5)<5) ro )

Then from (7) and Abel integral formula, we have the relation
3

g =g [ (56 (<D 0
()30 o (D7)

~(3)¢
(

From Perron’s formula and Lemma 2.1, we can get

oy HEM),), LB
S () o -SSP, S

n<wz

o + 0 (:17% exp (fD(log:c)%(loglog x)*%)> ,

)G(E) 1+, CRCE)EE)
T4+ C(%

where D > 0 and G(s) =], (1 - ﬁ + - ) is absolutely convergent for s > =
Now we have completed the proof of Theorem 1.1
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Abstract Micheal Somos in his recordings has discovered round 6200+ n-function identities
of different levels using computer and has offered no proofs for them. These identities are akin
to the ones established by Srinivasa Ramanujan. Motivated by these, in this paper, we give
proofs of nine Somos’s n-function identities of level 27 and establish certain partition theoretic
interpretations of these.
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§1. Introduction and preliminaries

Let 7 be a complex number satisfying Im(7) > 0 and let ¢ = €2™7. The Dedekind 7-
function is defined by

o0

n(r)=q% [[A-q¢")., qeC, |g<1.

n=0

We denote

f(=q)=q%n(r)  and  fo = f(—q").
In his Notebooks [12], Ramanujan recorded without proofs 25 beautiful n-function identities,
proofs of all these identities can be seen in [4]. These n-function identities play a very important
role in evaluations of class invariants, continued fractions and ratios of theta functions. See for
example [1,5,6,10,11,13,20-22, 24].

A p-function identity which relates fi, fn,, fn, and f, (where n = ning) is called a n-
function identity of level n. M. Somos [14] in his recordings has obtained around 6200+ 7-
function identities of different levels using computer and has offered no proofs for them. Recently
many mathematicians, for example B. Yuttanam [25], K. R. Vasuki and R. G. Veeresha [23],
B. R. Srivatsa Kumar et. al. [15-19], E. N. Bhuvan [7] have obtained proofs for levels 6, 8,
10, 12, 14, 16 and 21. Motivated by these, in Section 2 of this paper, we derive proofs of nine
n-function identities of level 27 recorded by Somos. Further in Section 3 of this paper, we

establish combinatorial interpretations for these results.
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§2. Somos’s identities of Level 27

In this Section, we prove nine 7-function identities of Somos’s of level 27. First, we state
a Lemma employing which proof of the said identities shall be established.

Lemma 2.1. [2] If z and y are defined by

_ N 3
Ti= and Y=,
a3 fo qfar
then
3 3 3 1 1 z\°
3 27 [ (£ ¥ 34y 4243 (= + — 1=(%) . @
(zy) +<xy)3+ 7 ; +<x) +9(z” +y”) + 243 $3+y3 +8 " (1)

Theorem 2.1. [14] If x and y are as defined in Lemma 2.1, then we have

(L)' e o)
a \ fo yi+9
Proof. From [12, p. 366] [3, Entry 1(iv), p. 345] we have
I £\
3+ L _ <27+ ) .
afs a3 fy*
Multiplying the above identity throughout by %, we obtain
1
(s 22) (s £,
D3+ L ) = (2782 +
[ afs 3 s
1
=5 |27¢° 55 +1
afs 57
f3 ( 3f§’7)
=22 [ 14+9¢°22 ), 3
afs 3 ¥

where in the righthand side we have employed the identity [3, Entry 1(iv), p. 346]

3 2\
1 1

after changing ¢ to ¢°. Now, employing the definition of 2 and y as in Lemma 2.1 in (3), we

immediately deduce the required result. O

Remark. We note that Theorem 2.1 is equivalent to :
fifo +3afs — f5 —94° faf37 = 0.

104



Vol. 16 Somos’s n-function identities of level 27 105

Theorem 2.2. [14] We have

FLfS 4+ 816  FR fa 5 far + 9afP faf5 — f32 = 0.

Proof. Dividing (1) throughout by 3°(3 + 23)? and after rearranging the terms, we obtain

3.9 3 3 3.9 2 3.9 2
Y3 (3 +a?) y? \y3(3 +2?) Y2 (3 +a3)

where x and y are as defined in Lemma 2.1. Now using (2) in the above identity, we arrive at

12 8
22¢3 (j}’) + 81q 2y (;9) +9¢%23 (;9) —1=0.
3 3 3

Next, employing the definitions of x and y in the above and then simplifying we find that

flfg +81 4f1f3f9f27 +9 f1f3f9 7170
37 37 37
Multiplying the above identity throughout by fi2, we arrive at the required result. O

Theorem 2.3. [14] We have

FLES fo £ + 210 3 37 + 3af3 fo £ — fo> = 0.

Proof. Dividing (1) throughout by (y3 + 9)® and after rearranging the terms, we deduce that

@ (PEH)\T 27 (PB4 B (P
y3 y3+9 y9 y3+9 y3 y3+9 -

Using (2) in the above identity, we obtain

) ) A -
y3q? (fg Yoe\n) e \f L=0

Next, employing the definitions of x and y in the above and then simplifying we see that

fff??{zgfw 76f3f27+3 f3f9f27_1:0.
9 9 9
Multiplying the above identity throughout by fi2, we deduce the required result. O

Theorem 2.4. [14] We have

F2I8 fo + 24307 £3 137 + 3afS fo + 8140 f5 f57 — f3* — 9¢° f3* =

105
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Proof. Dividing (1) throughout by (y3 4+ 9)3, sorting and clubbing the terms, we obtain
5 (Y2 (3 +a%) 2+2;43 y* (3 +a°) 3+3 y>(3 +2?) 2+§ BB +2%)\°
y*+9 y? 3 +9 y3+9 o\ y3+9

PB+a%)\
- W _9—0.

Next, employing (2) in the above and using the definitions of z and y, we arrive at

f1f3 +243 9fdf27 +3 f& +81 6f36f27 _ﬁ_g_o

9 9 9 9

Now, multiplying throughout by ¢*f4? in the above identity, we obtain the required result. [

Theorem 2.4. [14] We have

FLLS 42436 f3 S f3 + 277 f5 S + 9afT 1§ — f3° — 8147 f3? =

Proof. Dividing (1) throughout by (y*+9)3 and then by proper rearranging of terms, we deduce
that

243 y3(3 + a®) y3(3 4+ 23) v3(3 +2?) ’
9 6
+ 27 +9z° — —81=0.
T 9 yP+9 ! y>+9

Now employing (2) and the definitions of z and y in the above, after some simplification we see
that

12
f3f27+27 2f3 4 9g bis i
f3 7T

Next, multiplying the above identity throughout by ¢* fa?, we obtain the required result. [

f1+2435 —81=0.

Remark. We omit the proof of the following four identities as the proofs are similar to

the previously established results
S2R2SY S HBST 15 ot 9a T f5 1807 f3 15 —243¢° £ 15 fo 3 =6 1 f5 /5 = O,
f1 f3f9 f27+54q f3 fg f27+GQf3 f9 f27 2 54(1 f3 f27 9q f3f9 f27 9‘] f3 f27 =0,

DI F43afa fa+9a s 15 1o — £30—243¢° £ 315 fa—3afi f5 = 0

and
S I3 fo 374270 £ font3afo®— f3 fo > —27q" 3 fo f3:—81q" f3 fo f57 = 0.
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§3. Application to Colored Partitions

In this Section, we extract partition theoretic interpretation of Theorem 2.1 proved in
Section 2. Partition interpretation of other identities follow in the same way.

Following [8,9], we define the concept of colored partitions by : ‘A positive integer n has k
colors if there are k copies of n available colors and all of them are viewed as distinct objects’.

Partitions of positive integer into parts with colors are called colored partitions.
Further, we adopt the standard notation

n

(a1, a2, an; @)oo = | [ (ar; @)oo

=
—

and define
(@0 )00 = (0", 0" 734" o0 (4)

where r and s are positive integers and r < s.

Theorem 3.1.. Let A(n) be the number of partitions of n being divided into parts congru-
ent to £3, £6, £12 modulo 27 with 1 color each. Let B(n) indicate the number of partitions of n
being split into parts congruent to £1, £2, 43, +4, +5, £6, £7, £8, 10, £11, £12, +13 modulo
27 with 3, 3, 4, 3, 3, 4, 8, 3, 3, 3, 4 and 8 colors respectively. Let C(n) be taken to represent the
number of partitions of n into several parts congruent to +1,+£2,+4, +5 +7,+8 +10, +£11, +13
modulo 27 with 8 colors each. If D(n) stands for the number of partitions of n into many parts
that are congruent to £1, £2, £3, £4, £5, £6, 7, £8, +9, £10, +£11, £12, +13 modulo 27
with 3 colors each. Then the following relation holds true:

A(n)+3B(n—1)—-C(n) —9D(n —3) =0, n > 3.

Proof. On dividing the identity in Theorem 2.1 by fi fs fo f3,, simplifying and then employing
(4), we obtain

1 3q

+
3+ 6+ 12+, 1+ 24+ 34+ 44 54+ 6+ 7+ 8+ 10+ 11+ 12+ 13+,
(@G 0% e (4375637, 00 ,057 037 0y 503 505 503 543 05 43" 50 )oo

1
- 1+ 2+ 4+ 5+ 74+ 8+ 10+ 11+ 13+,
((I3 »d3™ 543 543" ,43" ,43 ;43 ;43 " 543 7q27)oo

9¢3

— =0.
1+ 2+ 3+ 4+ 54+ 64+ 7+ 8+ 9+ 10+ 11+ 12+ 13+,
(C]3 »d3” 543 .43 43 543" 43 43" 43 43 43 43 ;43 " ; q27)oo

We see that the above identity generates A(n), B(n),C(n) and D(n) as generating functions
and hence we have

S Am)g" +3¢ > B)g" = Y Cn)g” —96* Y. D(n)g" =0,

n=0 n=0
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where we set the values A(0) = B(0) = C(0) = D(0) = 1. Now on equating the coefficients of

n

q

We

in the above, we obtain the required result.

verify the case for n = 3 for Theorem 3.1 by the following table:

Table

1 1,
B(2)=9 | 20,2y, 2u, 1o+ Loy 1y + 1y, Ly 4 Ly 1o + 1y, 1o + 1y, 1, + 1,
19 | 204 10,2y + 1y 20 + L, 20 + 1y, 20 + 1, 24 + 1, 2, + 1,

20 + Loy 20 + Ly, Lo+ 1o 4+ 1o, 1y + 1y + 1y, 1y + 1y + 1y,
To4 1o+ 1y, To+ 1y 4 Lo, 1o+ 1o + Ly, 1y + 1, + 1,

Ty + 1y 4 Loy Ly + Lo + 1y Ly + 1o + 1,

D(0) =1 1,
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Abstract Let n > 1 be an integer. qﬁ(e)(n) is a multiplicative function. The integer d =
[T;_, pl* is called an exponential divisor of n = [[5_, p*, if bi|a; for every i € {1,2,--- ,s}. Let
qb(e)(n) denote the number of divisors d of n such that d and n have no common exponential
divisors. The aim of the paper is to establish a short interval for r—th power of the function

¢(e)(n) for any fixed integer r > 1.

Keywords The exponential divisor function, arithmetic function, short interval.
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81. Introduction

Let n > 1 be an integer. For n = [[;_, p* a; > 1(1 < i <), denote by ¢()(n) the number
of integers []_, p{* such that 1 < ¢; < a; and (¢;,a;) = 1 for 1 < i < r, and let ¢(e)(1) =1.
Thus ¢(¢) (n) counts the number of divisors d of n such that d and n are exponentially coprime.

It is easy to see that ¢(¢)(n) is a prime independent multiplicative function and for n > 1,
¢! (n) =[] 6(as), (1)

where ¢ is the Euler-function.
Throughout this paper, € always denotes a fixed but sufficiently small positive constant.

Liu [3] got the following result:

Y ¢9n)=Cy) +Oya™ +2%F7) 2)

rz<n<z+y

where C' = G(1)((3)¢?(5) is a constant.
In this paper, we shall prove the following short interval result.

Theorem 1.1 If 2575 < y < z, then we have

Z (¢(e)(n))r =Ay+ O(yx%z + x%‘f‘%)’ (3)

rz<n<z+y

where A, = Ress=1F(s) and F(s) := >, W(E:IA
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§2. Some lemmas

In order to prove our theorem, we need the following lemmas.
Lemma 2.1. For r > 1, then we have

% (400 ()" .
o) =3 O e am),

where the infinite series H(s) :== > 7, @ is absolutely convergent for Rs > %

Proof. By Euler’s product formula, we can get

i@WWCTKHWWMTWWﬁy(WWW*J

ns
n=1 p

+

where the infinite series H(s) := > - "() is absolutely convergent for Rs > i O

n=1 ns

Lemma 2.2. Let k£ > 2 be a fixed integer. 1 < y < x be large real numbers and

B(z,y; k,e) = Z 1,

z<nmk<z+ty
m>x€

then we have
B(z,y; k,e) <yx™°+ 27T log . (5)

Proof. This lemma is very important when studying the short interval distribution of k-free
number, see in [4]. O

Let a1(n),az(n) be arithmetic functions defined by the following Dirichlet series (for Rs >

1):

S 1) _ o) m(s), ©)
n=1

n

Q(n) _ <—2T71(35). (7)

n3S -

NE

n=1

Lemma 2.3. Let a1(n) be arithmetical function defined by (6), then we have

Z ai(n) = Ajz + O(x%’Ls)7

n<z

where Ay = Ress—1((s)H(s).
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Proof. Using Lemma 2.1, it is easy to see that

Z | h(n) |< z5+°.

n<x

Therefore from the definition of hA(n) and (6),it follows that

> arn)= Y h(k)=> h(k) Y 1

n<z mk<z k<x m<E
= S hRE +0() = Ay + 0t ),
k<z

where Ay = Res,=1((s)H(s)

83. Proof of the theorem
From Lemma 2.3 and the definition of a;(n) and az(n), we get

¢ ) = Y ai(m)as(ns)

n:nln%
and
2 2
ai(n) K n® az(n) K n®.
So we have
Yo @)= Y aln)az(ng)
z<n<z+y r<nini<z+y
=>_+00>)),
1 2
where
Z = az(nz) Z a1 (n1),
1 na<ns H<n; < ergy
w3 n3
and

Z = Z | a1(n1)az(nz) | .
2

z<nlng§m+y
ng >z

By Lemma 2.3 we get

S = Y w2 1 o)k

3
n n
ny <ne’ 2 2

= Ay +O(yz™ ) + O(a**af)
= Ay +O0(yz™ +a57¢),
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where A, = Ress—1F(s). For ), we have by Lemma 2.2 and (11) that

Z < Z (’/ll TLQ)EZ
2

a:<n1n:2;§z+y
ng>x€

<z Y 1

z<nyni<z+y (15)

ng>a€

< (yz=° + zr log x)

Now our theorem follows from (12)—(15).
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