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§1. Introduction

Let k > 2 be an integer. For any positive integer n, the Smarandache k-th power comple-
ments function Sk(n) is defined as the smallest positive integer such that nSk(n) is a perfect
k-th power, i.e.,

Sk(n) = min {m : nm = ub, ue N}.
In problems 27-29 of [42], Smarandache proposed some problems about Si(n). Later, many

papers have been written on this subject. For example, Russo [41] presented some properties
of Sa(n). Further, Liu and Gou [27] proved

252 —ff +O( )

n<zx

Similar to the Smarandache k-th power complements function, the additive k-th power
complements function Ty (n) is defined as the smallest nonnegative integer such that Ty (n) + n

is a perfect k-th power, i.e.,
Ty(n) =min{m:n+m=1u" uveN}.

Xu [45] studied the mean value of Tj(n) and proved that

> Ten) = st 10 (a2F).

n<zx

Furthermore, various mean values involving S (n) and Ty (n) were studied.
A nature number n is called a k-th power free number if it can not be divided by any p*,

where p is a prime. On the other hand, If p | n implies p* | n, we call n is a k-th power full
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number. Let A(k) denote the set of k-th power free numbers, 5(k) denote the set of k-th power

full numbers. Let z > 1 be a real number, it is well-known that

n%; 1= % +0 (x%) .
neA(r)

In problem 31 of [42], Smarandache asked us to study the properties of the k-power free number
sequence. Later, many scholars focused on the mean values of arithmetical functions over A(k)
and B(k), i.e.,

Yoofm), DD fn).

n<w n<w
neA(k) neB(k)

In this paper, we make a survey on the Smarandache k-th power complements function,
k-th power free sequence and related problems. In Section 2 and Section 3, we introduce some
properties of Sk(n) and Ti(n). In Section 4, we introduce some other complements functions.
In Section 5, we make a survey on the k-th power free and k-th power full sequences. Finally,
in Section 6, some other functions related to k-th power will be shown.

Throughout this paper, we let = be a sufficiently large positive real number. By ¢ we
denote an arbitrary small positive number, not necessarily the same in different occurrence.
Let ¢g,c1,c2, -+ be constants which can be calculated. We also remark that ¢; are not the
same in different occurrence.

As usual ¢ is the Euler function, ¢ is the Riemann zeta function, p is the Mobius function,
d is the divisor function and A is the Mangoldt function. If n = p{*p5? ---pSs denotes the

factorization of n into prime powers, we define
Qn) = an +az + -+,

and w(n) is the number of distinct prime factors of n. In addition, let m be a positive integer,

the arithmetical function d,,(n) is defined as

Om(n) =max{d e N:d|n,(d,m)=1}.

§2. Smarandache k-th power complements function

§2.1 Properties of Sy(n)

In [41], Russo considered the difference of Sa(n). Later, Le [17] and Wang [43] proved that
the difference |Sz(n + 1) — Sa(n)| is infinite as n — oco. Furthermore, Hu and Yang [13] proved
that for any positive integer b, when n — oo, |Sa(n + b) — Sa(n)| is also infinite.

On the other hand, Wang [43] studied some diophantine equations related to Sa(n) and
concluded the following results:

(i) S2(n) = Sa(n + 1)S2(n + 2) has no solution.
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(i) Sa(n)S2(n + 1) = Sa(n + 2) has no solution.
(iii) For arbitrary positive integer m, the equation Ss(nins) = n*Ss(ny) has infinitely
many solutions (ni,ns).

(iv) For arbitrary integer m with m > 2, there are only two solutions to this equation

Sa(n)™ 4 Sa(n)™ t + -+ 4 Sa(n) = n.

§2.2 Series involving Si(n)

In [41], Russo also proposed some problems in terms of the series related to Sz(n). In

particular, Russo showed that the series

OOSQTL
3 (n)

n=1

diverges. Le [18] [19] proved that

| = L1
;Sz(n)s (s<1), > (-1 o)

are divergence as well. Furthermore, more series related to Smarandache k-th power comple-

ments function were studied. The results are as follows.
Liu and Wang [29], Lu and Wei [35].

L3 0852 00)

T—00 I logn
Fan [5].
- Sa(x)
lim — 22\
w53 log Sx(n)

n<zx

=0.

Qi [38].
> d(S2(n))

n<lx 6
lim =————=—
e % log(Sa(n 21}( p+1)

n<x
Moreover, let s be a complex number with Re(s) > 1. Zhang [57] focused on the value of
S s
2 aSu ()
In [57], Zhang obtained some identities:
i 1 (2)
“— (nS2(n))* ~((4s)

= 1 ~(%(3s) 1
Z (nS3(n))* N ¢(6s) 1;[<1+p35+1)’

n=

[
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and
(o]

1 C(4s) ( 1 ) ( 1 )
= 1+ - 1+ —/—— ).
; (nSs(n))*  ((8s) 1;[ ph 41 1;[ Y+ 2
Inspired by the work of Russo [41] and Zhang [57], many scholars studied some similar problems.
Liu and Ma [31].

> S - Il (1455

= p

Zhang [53]. For any complex numbers s1, s with Re(s1) > 1 and Re(s2) > 1, we have

oo 1— 1
1 (k—1)s1+(k—1)2so
— = ((k 1 P
ngl TLSlSk(TL)S2 C( 31) E[ < + p81+(]€*1)52 1 > )

i _ =) _ (1 2 (2ks1 — 1) (29 (kD2 _ 1) ) i .
— ns15)(n)*2 e e e PO e
Lou [33]. Let s be an real number with s > 1. We have

i i _ ¢ (%s) H p%ks
= ns  ((ks) S (pF — 1) (p%mk - 1) :

§2.3 Mean values of Si(n)

Let f(n) be an arithmetical function, many scholars focused on the mean value of f(Sg(n))
and m In particular, Liu and Gou [27] proved that

3 Ss(n) A—x+0( y E:& ;Vﬁ+0&g@

n<x

When f(n) is the divisor function, Lou [32] obtained the following asymptotic formula

Z d(Sa3(n)) = cizlogx + cox + O (x%+€> ’

n<lx
c —E 1 !
o (p+1)2)’

P
6 1 2(2p+ 1) logp
=—T1(1- —— +2y-1].
“ wH< <p+1>2) (Z p-Dp+Dp+2)
For a general k, Chen [2] proved that

S dtsun) = SELAB k1 0 (o5 1oga),

where
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where Cy (k) is a constant depends on k. Later, Huang and Ma [15] improved the error term of
Chen and obtained

Z d(Sk(n)) = coxloghz + -+ cp_q1zlog z + cpx + O (ac%"’a) .

n<z

In addition, Yao [51] proved that

Z d(nSk(n)) ==x (co logh z + ¢plog" a4+ ck) +0 (x%+5> .

n<z

For other arithmetical functions, many scholars also obtained interesting asymptotic for-
mulas. Their results are as follows.
Liu and Lou [28].

Z¢ Z ka%az(kw()(ﬁ“),

n<zx

where Ca(k) is a constant depends on k.

Yang and Fu [48].

m+1

p" —p’”1+1) p F
Za Sk H - H( 1)(pm_1)+0(“+>'

D+
P)fm plm

Huang [14]. Let D(n) denote the number of the solutions of the equation n = ning with
(n1,n2) = 1. That is
o

d|n
(d,3)=1
We have
_ 6¢(k)xlogx B 2 1ie

Xu [46]. Let n = p{'ps?---p%=. The arithmetic function I1(n) and Iz(n) are defined as

Li(n) = aip* =t agp™ T,

1
I _ ar+1 a'Jrl.
2(”) (041+1)"'(O(s+1

Then we have

+O (m 2k2(kk 11) + 5)

and

6¢(k(k + 1))zh+ kL phtisi 1
Z I5(Sk(n))d(Sk(n)) = (k+ 1)72 1;[ <1 + p+1 (Z (k+1)i pk(k+1)>>
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+0 (xk+%+8) .

Feng [6]. Let p be an odd prime, and let e,(n) denote the largest exponent of power p
which divide n. We have

E—1)pk — kpF—1 1 1.
S s = B o (s,

n<zx

Ding [3]. Let Hy(n) = min{m : m € N, m* | n}. Then we have

3" Hy(Ss(n)) = “;)217;4 I1 (1 + p4ip3> +0 (x+) .

n<z

Zhang [58]. Let h(n) = min{k: k € N, n | k!}. We have

mk a:k
> Sk(h(n) = mf)gl) +0 ( ) .

2
e log” x

Xue [47]. Let A={n e N:n|Sy(n)}. Then we have

- I~ 45852 sorso(c).

n<lz
neA

where ly = [£]. Let B={n € N: Sp(n) | n}. We also have

> d(n) = Clljfllz?)C (p,1I5) f(logz) + O (xT+) :

n<x
neB

where C(P, 1) is a constant depend on p and ly, and f(y) is a polynomial with degree lo = [%]

§2.4 values of log(S(n!))

In [7], Fu and Yang proved

log(S2(n!)) =nlog2+ O [ nexp w |
(loglogn)s

For a general k, Li [23] proved

log(Sk(n!)) =n <k - Zl z(kzl—|—1)> +0 <nexp <(1()Cg2110(§)Z>> .
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§3. Additive k-th power complements function

Similar to the Smarandache k-th power complements function, many scholars also focused
on the mean values of f(Tx(n)) and m, where f(n) is an arithmetical function. In partic-
ular, Xu [45] studied the case for f is the divisor function, he obtained

1 1
Z d(Ti(n)) = (1 - k:) xlogx + (27 +logk —2+ k) z+0 (a:k% logx) .
n<z
Yi and Liang [52] proved that

Zdn—l—Tz 3 :vlog x+clxlogx+02x+0< 4+5).

n<x

For other arithmetical functions, many scholars also obtained interesting asymptotic for-
mulas. Their results are as follows.

Liang and Yi [26].

Z Q(n + T3(n)) = 3zloglogz + 3(c; —log3)z + O (1 gx)

n<lz

where ¢c1 = v + Zp <log (1 — %) + %) + Ep ﬁmf and v denotes the Fuler constant.
Guo [11].

Z Q(n + Ti(n)) = kxloglogz + k(ca —logk)z + O <1 i > ,
ogx

n<z

where co =y + 3, (log (1— 7) —&-—).
Ding [4]. If k > 3 we have

k2
D> dm(Tiln 202k — 1) @

n<z plm

x-\.a

—|— S
—
/\
w
|
k[N
—

p

Moreover, Lu [34] studied the infinity series
i 1
2 T T
where s is a real number. Lu showed that the series is divergent if s > 1. For s > 1, we have
)

k
m =3 (-1 (f)g(ka — k+1i).

n=1 =1
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§4. Other complements functions

In addition to the k-th power complements function, Smarandache proposed other com-
plements functions. For example, In problem 45 of [42], Smarandache asked us to study the

factorial complements. The factorial complements function L;(n) is defined as
Li(n) =min{m : mn =ul, m >0, u € N}.
Similarly, we can defined the additive factorial complements function:
Ly(n) =min{m:m+n=u!, m>0, ue N}

In [8], Liu and Gao study the hybird mean value of L;(n) and Mangoldt function. They

proved

ZA Ylog(Ly( )):%leogm—kO(aﬁz).

n<x

Yang and Yang [50] obtained
Z 1 2 log? x L0 log? zlog log log «
= Ly(n) +1 ~ 2loglogx (loglog )2 ’

Inspired by these complements functions, many scholars constructed various forms of com-

plements functions. Li and Li [20] defined the double factorial number complements function.
That is

L3(n) = min{m : mn =u!!, m >0, u € N}.

Li and Li [20] proved

ZA Ylog(Ls(n)) = %af logz + O (27) .

n<z

Li and Yang [21] defined the additive hexagon number complements function Ly(n):
Lyn) =min{m: m+n=u2u—1), m >0, u € N}.

They proved

S La(n) = 2*3/595 1+ 0(),

n<x

1 3 3 2
Zd(L4(n)) = ixlogaﬁt— (210g2—|—27— 2) x+0 (aﬁ) .

n<zx

Moreover, the prime additive complement function Ls(n) is defined as
Ls(n) =min{m : m+n=p, m >0, pis a prime}.
In [42], Smarandache conjectured that it is possible to have k as large as we want
kk—1,---,2,1,0

included in the sequence {Ls(n)}. Le [16] and Guo [10] proved that this conjecture is correct.
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§5. k-th power free and k-th power full number sequences

85.1 k-th power free number sequence

Many papers have been written on the mean values of arithmetical functions over A(k).
That is

> ),

n<x

neA(k)

where f(n) is an arithmetical function. When f(n) = n, Zhu [60] proved the following asymp-

totic formula,

Z n:%(g)—&—O(a:%“).

n<z
neA(3)

In [60], Zhu also studied the cases for Euler function and divisor function, he obtained

2

> o =5 11 (1- ) o ()

n<x

neA(3)

and

36x p?+2p+3 24 logn
dn)=—F1|———5 |1 2yv—1)— —
n§<:x (n) ] 1;[ (1+p)2 (ogx+( 7-1) 2 — n2

n€eA(3)

_ plogp 1ie
4§<p2+2p+3><p+1>>+0<”3 )

Zhang [54] studied the case for f(n) = w(n). Qing [39] improved Zhang’s result and obtained

1 log1
2 w?(n) = @ (:U(loglogx)2 + cizloglog x + czx) +0 <xloo%g(f:v> .
nG.Z(k)
The results for other arithmetical functions are as follows.
Hong [12]. Let n = p{*p5?---p%=. &1(n) is defined as
51(1) = la gl(n) = PipP2 " Ps,
and & (n) is defined as
La(n) = (p* —D(P3* — 1)+ (p5° — 1).
We have
33;2 p2k:—2 -1 5
Z &i(n) = — (1 T ST o i s ) 7O (f§+s) )
= m pHAL 4 p?h =l —p
neA(k+1)
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S e = ST (1- - T it ) v (ot
2\ = k+1 - 2k+3 | 2k+1 ( ) :

= 2 p*TE+p

neA(k+1)

Ma [37]. Let q be a positive integer and let g4(n) = (¢,n). We have

C(q,m k) i4e
7;1 5 gq W T+ O (:L'zJF ) ,
neA(k)

where C(q, m, k) is a constant depend on g, m, and k.
Li and Gao [24].

6 m+1 il e
3 S f#wﬁ!(m,k)—kO(x )

n<lx

neA(k)

where C(k) is a constant depends on k.
Weiyi Zhu [61].

_ (k—=1)xzloglogx x
> asin) = FERESERET oy o (L),

n<zx

neA(k)

where C(k) is a constant depends on k.

85.2 k-th power full number sequence

Xu [44] studied the mean values of some arithmetic functions over k-full number sequences,

> fn)

ie.,

n<x
neB(k)
He studied the cases for the Euler function, the divisor function and and obtained the following
results.
6kx +k ( 1 ) 1
n= — |+ 0 (CﬂHﬁﬁ) )
nzg:m (k+1)m? H +1)(pr — 1)
neB(k)
6]6:171+ k p— p% 1
— 10 ( 1+—k+€) ,
ggf’( k+1ﬂ2H< it ) O
neB(k)
n<z p (p + 1)k+1( F - 1)2 7
neB(k)

where C(p, k) is a constant depend on p and k, and f(y) is a polynomial with degree k.

10
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§6. Other functions related to k-th power

86.1 Smarandache k-th power free part function

In problem 65 of [42], Smarandache proposed a k-th power free part function My(n). If
n=p{'py? - p%s denotes the factorization of n into prime powers, then

My (n) = py*ph? - ple,

where §; = min(«a;, k — 1). In other word, My (n) denotes the largest k-th power free number
which divides n. Gou [9] studied the mean value of M (n) and proved

ng(n) = ;1;[ (1 — p(lerl)> 240 (:1:%+6) :

Other conclusions related to My (n) are as follows.
Li and Zhao [25].

k—1 3
1 —cylogs n
log(Mg(n!)) = - e )
og(My(n!)) n;ﬂ : +O<nexp< ))

(loglogn)s

Chen [1]. Define Mj(n) = pflpg2~-~p§33, where B; = o; if a; < k—1, and 8; = 0 if
a; > k. For any real number s > 1, we have the identity

3L ) et
— n®  ((ks) i pks —1

m (n)=My (n)

In addition, Zhang [55] studied the mean value of Ms(n) and Sk(n), he obtained the
following asymptotic formulas.

65Ck+1 L
§M3(n)sk(n) = WC’l(k) +0 (1’k+2+ ) ’
Gkt L

3 6k (m) = s Cath) +0 (a47),

S d(My(n)Si(n)) = Sgerfllog) + 0 (217°)

n<z

where Cy (k) and Cs(k) are constants depend on k, and f(y) is a polynomial with degree k.

11
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§6.2 k-th power part residue function
Similar to the k-th power complements function, the k-th power part residue function

G(n) is defined as follows,

Gr(n) = min {ﬁ

k:uk\n, uEN}.
u

Many papers have been written on the relations between G (n) and the arithmetical function

dm(n). In particular, Liu and Gao [30] proved

22((2k | 5.,
Z om(Gr(n)) = QCEI‘;)) H pki(:)__i_ 1) +0 <x2+ ) :

n<z plm

Zhao and Ren [59] obtained the identity

[e%e) 1
Z 1 <) H 1—5
— n® ((ks) (1 N )2’
n plm Sk
Gr(n)=0m(n) P

where s > 1 is an real number.

86.3 Additive k-th power part residue function

Similar to the additive k-th power complements function, the additive k-th power part

residue function F(n) is defined as follows,
Fi(n) =min{m:m >0, m=n—u", u€eN}.

The conclusions related to Fi(n) are as follows.
Zhang [58]

2_ Bl 2:2— 1) 27t 40 (a2F).

n<z

1 1 1
Zd(Fk(n)) = (1 - k) xrlogz + (27+logk—2+ k> x40 (xlfﬁlogx).

n<z

Yang and Fu [49].

k? P o1
2_ Im(Film) = 53— Mpst” ot o ().

n<zx

Ma [36]. Let p be an odd prime, and let e,(n) denote the largest exponent of power p
which divide n. We have

> ep(Fi(n)) = pi TaRY (pflxli) .

n<z

12
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1 k—1
ZFk(n)—&—l: . z¥logk + (logz + v — k + 1)z* + O(log z).

n<lz
Li [22]. Let r > 2 be an integer, we have

Z 1= % +Or (IE%+%7T'

n<z
Fr(n) 18 T-free

w""

).

where the implied constants defend onr and k. Furthermore, assuming the Riemann Hypothesis,
there holds

6
E 12—230—}—0(:10%“).
T
n<x
Fa(n) 18 square-free
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§1. The Smarandache digit sum function

In this part, we will study the distribution properties of the sequences of digital function.
First, we will consider a special case, when base 10. Many scholars gave exact calculating

formulae for the mean value of digital function.

Definition 1. For any positive integer n, let ds(n) denotes the sum of the base 10 digits of n.
That is,

n=a;10" + ap10% + ... + aSIOkS,
ds(n) = a1 +azs + ... + as.

X. Pan and X. Guo [7]. For any positive integer N, let N = % Then for
n=3k+1i(i=0,1,2), we have the calculating formulas

ds(N3) =9 (4k + i) + 1.

For natural number x > 2 and arbitrary fixed exponent m € N, let

Ap(z) = Z ;' (n).

n<x

W. Zhang [14]. For any positive integer x, let x = a;10F + a10%2 + .. + a,10% with
ki >ko>...>ks>0and1<a; <9,i=2,3,...,s. Then we have the calculating formulas

u 9 ‘ a; +1 _
Ai(z) = Zai‘ 51%-1-2%'_42 - | - 107
i=1 j=1
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u ki(81k; +33)  9k; ‘ 4a; — 1)(a; +1 _
As(z) = Zai' %Jr 5 (ai71)+za?7( é( ) - 10"
i=1 j=1
Ok —a; —1)10% +23 " a;10% | - [ Y a;
j=1

+Zai' (9k; — a;
i=2 =i

For general integer m > 3, using the methods we can also give an exact calculating formula

for A, (x). But in these cases, the computations are more complex
Definition 2. For any positive integer m, let b(n) denotes the product of base 10 digits of n

That 1is,
n = a;10" + ax10"2 + ... + a 10",

b(n)=ay-as- ... as.

For natural number x > 2 and completely multiplicative function f(n), let

n) = fb(n)

n<x
B S

J. Gao and H. Liu [3]. For any positive integer , let x = a,10° 4+ a, 110571
a110+ ag, where 1 < a3 <9,0<a; <9,:=0,1 s — 1. Then we have the indentity
- , F5+1(10) — F(10)

i | - Fa;) - F*(10

S
=2/
i=0 j=it+1

)

where F(N) =3 _n f(n).
Definition 3. For any positive integer n, let a(n) denotes the product of all non-zero digits in

base 10 of n. For natural number x > 2 and arbitrary fized exponent m € N, let
z) = a™(n)
n<x

For any positive integer x, let & = a;10% + ag10%2 + ... + a,10% with
s. Then we have the calculating formulas

W. Zhang [13].
ki >ky>...>ks>0 andlgaiSQ,i:Zi’),
alag Qs —a; +2 1 Jei—1
A 45 S467 T
) S (o [ )
a’a?...a? 2a3 — 3a? +a; + 6 1
A = 2. R S 285 - 286~
) 0 ; IT;=af < B ’

where [x] denotes the greatest integer not exceeding x
For general integer m > 3, using the methods we can also give an exact calculating formula

That is, we have the calculating formula

1+ By, <[

Ap(z) = ald..a™ Z T
Jj=i J

for Ap ().
! } +Bm<1o>) (L4 B (10)8,

ki +1
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where By (N) =321, cn ™.

Next, we consider the general case, when base n. H. Li, Q. Yang and J. Zhao gave many
calculating formulae for the mean value of the Smarandache digit sum function base n.

Definition 4. Assume n(n > 2) be a fized positive integer, for any positive integer m in base n,
let m = ain® +a9n® + ...+ an® whereky > ko> ... >ks>0and1<a; <n,i=1,2,...,s.
Let

a(m,n) =ai +as + ... + as.

For any positive integer r, let
A.(N,n) = Z a”(m,n).
m<N
H. Li and Q. Yang [5]. Let N = a;n® +aon*2 +...+a,n® where ky > ky > ... > ks >0
and 1 <a; <n,1=1,2,...,s. Then

S

nfl ‘ i .
Al(Nﬂ”L):Z 5 kzﬁLZaj*a;l an™
j=1

i=1

For convenience, let

n—1

1

n(n —1)
2 )

ba(n) = n(n — 1)6(2n -1 .

%

Q. Yang and H. Li [9]. Let N = arn® +agn®2 + .. +asnfc where kg > ke > ... > ks >0
and 1 <a; <n,i=1,2,...,s. Then

Az(N,n) = Z{aikﬂﬁz(”) +nga(a;) + (n — 1)p1(ki)d1(n) + 2kip1(a;)p1(n)

i—1 i—1
+2aiki¢>1 (n) + ’Il¢1 (al) . Z aj + naz(z aj)z}nki.
j=1 j=1

H. Li [4]. Let N = ain®* + agn®? + ... + a,n¥ where ky > ky > ... > ks > 0 and
1<a;<n,i=1,2,....,s. Then

S

As(Nom) = S (ki) (2 — 1)+ 30— 1)k = 3)k:) + 3a() Caids ()61 () + ki (01)

i=1

+3nd1(n)((n — 1)gr(ai)da (ki) + kide(ai)) + n*¢1(a:)
+3n(z a;)(kiaig2(n) + ndz(a;) + (n — 1)aigr(n)é1 (ki) + 2kip1(a;)¢1(n))

j=1
3 -1 1—1
2 2 2 3 ki—2
+2n ai(;a» ((n—1)ki + (a; — 1)) +n ai(;a» kT2,
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Definition 5. Assume n(n > 2) be a fized positive integer, for any positive integer m in base n,
let m = a1n® + agn® + ...+ anf where ki > ko> ... > ks >0and1<a;<n,i=1,2,....;s
Let

For any positive integer r, let

For convenience, let
i=1 gl

J. Zhao [10]. Let N = ayn** + agn®? + ... + a;n® where ky > ky > ... > ks > 0 and
1<a;<n,i=1,2,...,s. Then

Ay(N,n) = Z{[Qkiai¢1(n)(¢1(ki)¢1(n) + i %) — b (ki)as]/n + ksaido(n)
i=1 j=1 J
i—1
+[2kid2(n) — 1]¢1(a;) + nga(as) + ai(z %)2} -pkiTl

Definition 6. Assume n(n > 2) be a fized positive integer, for any positive integer m in base n,
let m = a1n® + agn® + ...+ agnP where ky > ko > ... > ks >0 and 1 < a; < n,t=1,2,....,8
Let
1 1 1
a(m,n):a—%—l—a—%—i—...—&—?

S

and

l"f’
i=1
J. Zhao [11]. Let N = ain' + aan?® + ... + agn® where ky > ko > ... > kg > 0 and

1<a;<n,i=1,2,....,s. Then

X a’
=1 =1

s i—1
A(N,n) =Y | kiaida(n) + ngs ( ) + na; iz
J

§2. The Smarandache digit sum function based on special

sequences

Next, we use a particular base, we refer to it as special squences, W. Zhang combined the
base with the Lucas sequence {L,,} and the Fibonacci sequence { F},}, B. Liu combined the base

with the F.Smarandache deconstructive sequence {a, }. They gave good results.

20



Vol. 15 A survey on Smarandache notions in number theory: the Smarandache digit sum function 21

Definition 7. The Lucas sequence {L,} and the Fibonacci sequence {F,}(n =0,1,2,...) are

defined by the second-order linear recurrence sequences
Ln+2 = Ln+1 + Ln and Fn+2 = Fn+1 + Fn
forn 2 07L() = 2,L1 = 1,E) =0 andF1 =1.

Then we introduce a new counting function a(m) related to the Lucas numbers. By Pro-
fessor F.Smarandache’s research on the Smarandache’s generalized base, we take the base as
the Lucas sequence, then

Definition 8. For any positive integer m may be uniquely written in the Smarandache Lucas
base as:

n
m = Z%Li, with all a; =0 or 1,

=1

We define the counting function a(m) = a1 + ag + ... + a,,. For natural number N, let

A (N) =) a"(n), r=1,2

n<N

W. Zhang [12]. 1. For any positive integer k, we have the calculating formulae

Ay(Lp) = ) a(n) = kFy

n<Lyg

and
As(Ly) = %[(’f — 1) (k= 2)Lg—2+5(k — 1) Fy—2 + 7(k — 1) Fj—3 + 3F—1].

2. For any positive integer N, let N = Ly, + L, + ... + Ly, with ky > ko > ... > kg under

the Smarandache Lucas base. Then we have
A1(N)=A1(Lg,)+ N — Ly, + A1 (N — Ly,)
and
Ao(N) = Aa(Lg,) + N — Ly, + Aa(N — Ly, ) +2A1 (N — Ly, ).

Further,

S

Ar(N) = [kiFr, -1 + (i — 1)L, ].
=1

Definition 9. F. Smarandache deconstructive sequence is defined as

{an} = {1,23,456, 7891, 23456, 789123, ...}

21
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B. Liu [6]. 1. Let {a,} be F. Smarandache deconstructive sequence and S(n) denotes

the sum of the base 10 digits of n, then for any real number x > 1, we have

5 [Inz]® 15 Inz
_ 2. [ Bl 1
2 Slan) =3 [mlo} 3 LnlO} +OW),

an<x

where [x] denotes the greatest integer not exceeding x.
2. Let {a,} be F. Smarandache deconstructive sequence, then for any real number x > 1,

we have

5 , 5
ZS(an)=§~x —|—§-x+0(1).

n<z

Obviously, his results can be generalized. Let Sk (n) denote the k-th power sum of the base
10 digits of n. That is,
n=a;10" + ap10% + ... + a 10",
Sk(n) = a¥ +ab + ... + a".
Then B. Liu generalized the results to k£ times.

3. Let {a,} be F. Smarandache deconstructive sequence and k be any fized positive integer,

then for any real number x > 1, we have

2 Silan) = %)' Llrrlllgco]2+ CTk)' {1111111%} +OW),

an<x

where c(k) = 1% 4+ 28 + 3% + 4k - 5% + 6~ 4 7% + 8% 1 9% is a computable constant.
4. Let {a,} be F. Smarandache deconstructive sequence and k be any fixed positive integer,

then for any real number x > 1, we have

> Sk(an) = %) x4 @ x4+ O(1).

§3. The Smarandache digit sum function in finite fields

Finally, we consider the Smarandache digit sum function in finite fields and Swaenepoel,

Dartyge, Mauduit and Sarkozy gave some interesting results.

Definition 10. Let p be a prime number, ¢ = p” with r > 2, and consider the field Fy. Let
B ={a1,az,...,a,} be a basis of the linear vector space formed by Fy, over F,, i.e.. Then every

x € F, has a unique representation
T
xr = E cjaj
j=1

with ¢; € Fy,. The sum of digits function is defined as
T
Sp(x) = Z ¢
j=1

22
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Dartyge and Sarkozy [2]. 1. Let c € F,. We define Q. as the set of the squares of F,
such that their sum of digits is equal to c:

Q.= {r € F,: Sp(z) = cand Jy € F, such that y* = z}.

Then we have:

r—1
"Qc_p S\/a

2

2. Let f € F,[X] be of degree n with (n,q) = 1. For all c € F,, We define the sets:
D(f,c) ={z € Fy: Sp(f(z)) = c}.
Then we have:
ID(f,e)l =p" | < (n— 1)/,

3. We denote G as the set of the generators (or primitive elements) of F;. Let f € F;[X]

be of degree n with (n,q) =1 and for ¢ € F,, we consider the sets

G(f,c)={9€G:585(f(9)) = c}.

Then we have:

|G(f> C)‘ -

(‘“"p‘” < (n—1)r(g— v

where T(n) denotes the divisor function.

Definition 11. Let p be a prime number, ¢ = p" with r > 2, and let B = {a1, a2, ...,a,} be a
basis of Fy over Fp,. For 1 < j <r, we define the j-th digit function €; on Fy by

r
€4 E Cja; =Cy
j=1

with ¢; € Fp.

Swaenepoel [8]. 1. For P € F,[X] is a polynomial of degree n > 1 with (n,k) =1, for
1<Ek<r, for JCA{1,...,r} with |J| =k and for a = (oj)jes. We define the sets:

Fo(Pk,J,o) ={x € F,:¢;P((x)) = oj for all j € J}.

Then we have:

i particular, if
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then F4(P,k, J, o) # 0.
2. If p > 3 then, for any a € Fy, for 1 <k <r, for J C {1,...,r} with |J| = k and for
a = (aj)jes. We have

%, if a # 0 and r is odd,
2_ 1 , ifa#0 and r is even,
FolaX? k, J )| — L] < (3-7)va waz
p 0, if a« =0 and r is odd,
% q, if a =0 and r is even.

3. We denote G as the set of the generators (or primitive elements) of Fy. For P € F,[X]
is a polynomial of degree n > 1 with (n, k) =1, for 1 <k <r, for J C{1,...,r} with |J| =k
and for oo = (o) jes. We define the sets:

GNFy(Pk,J,a)={g€G:€;P((g)) = forall j € J}.

Then we have:

¢la—1)| _p*—1¢(a—1)

|gﬂ]-"q(P,k,J,a)|— pk pk g—1

(2= —1)yig + 1),

where w(m) denotes the number of distinct prime factors of m.

In particular, if

n(p* —1) < y/g/2@Y
then G N Fy(P,k, J, o) # 0.

Definition 12. Let p be a prime number, ¢ = p” with r > 2, and let B = {a1,as,...,a,} be a
basis of Fy over F,. Let us fiz a set D C {0,1,2,...,p— 1} with 2 < |D| < p—1. We define the

set:
.

Wp ={z = chaj with (¢, ...,c.) € D"}

j=1

For convenience, we will use the notation

1 1(4 log 3 1 :
A2 d(3-10) + 4 f2<t<p-1

Cp,t) =
%4_% <1—log(2sm%)), ift=p—1.

Dartyge, Mauduit and Sarkézy [1]. 1. We denote Q as the set of the squares of Fy,.
Let D C F), with 2 < |D| < p—1. Then we have:

< 37 (Pl + v P)

2. We suppose that D ={0,1,...,t} with 2 <t <p—1. Then we have:

W
‘|WDHQ—|2ﬂ

W
2

iwonal- B2l < S cwnnmr
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3. Let D C Fp, with2 < |D| <p—1 and f(z) € Z]x] with degree n > 2. Then we have:

IWo)l = Wall < "= (171 +pv/p = 1PI)

4. We suppose that D = {0,1,...,t} with2 <t <p—1 and f(x) € Z]z] with degree n > 2.

Then we have:

IWo(f)| = [Wol| < (n = 1) (C(p,1)ty/p)" -

We denote G as the set of the generators (or primitive elements) of F;. For f(z) € F[X]
we define the sets:

Wo(f,G)={9€G: flg) € Wp}.

5. Let D CFp with2 < |D| <p—1 and f(z) € Z]x] with degree n > 2. Then we have:
¢(q—1)‘ <1 (n—l)T(q—l)) r

Wo(f,6)|-|D|" - ——= | < |-+ —F——=| - (|D|+ —-|D]) .

IWo(7.0) - pF 22 . . CEEN=E)

6. We suppose that D = {0,1,....t} with2 <t <p—1 and f(z) € Z[z] with degree n > 2.

Then we have:

]|Wp<f,g>| o) Wq‘”] <14+ (n—r(g—1))- (Co. OB -
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§1. Introduction

None mathematical tools can successfully deal with the several kinds of uncertainties in
complicated problems in engineering, economics, environment, sociology, medical science, etc,
so Molodtsov [18] introduced the concept of a soft set in order to solve these problems in 1999.
However, there are some theories such as theory of probability, theory of fuzzy sets [26], theory
of intuitionistic fuzzy sets [4], theory of vague sets [10], theory of interval mathematics [11] and
the theory of rough sets [20], which can be taken into account as mathematical tools for dealing
with uncertainties. But these theories have their own difficulties. Maji et al. [16] introduced
a few operators for soft set theory and made a more detailed theoretical study of the soft
set theory. Recently, study on the soft set theory and its applications in different fields has
been making progress rapidly [9,22,25]. Shabir and Naz [24] introduced the concept of soft
topological spaces which are defined over an inital universe with fixed set of parameter. Later,
Zorlutuna et al. [27], Aygunoglu and Aygun [5] and Hussain et al [13] are continued to study the
properties of soft topological space. They got many important results in soft topological spaces.
Weak forms of soft open sets were first studied by Chen [8]. He investigated soft semi-open sets
in soft topological spaces and studied some properties of it. Arockiarani and Arokialancy [3] are
defined soft S-open sets and continued to study weak forms of soft open sets in soft topological
space. Later, Akdag and Ozkan [1,2] defined soft a-open (resp. soft b-open) (soft a-closed
(resp. soft b-closed)) sets.
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The concept of bitopological spaces was introduced by Kelly [14]. A non-empty set X,
equipped with two topologies 71 and 72 is called a bitopological space, denoted by (X, 71, 72).
Later on several authors were attracted by the notion of bitopological space. Many notions
of topological spaces were studied on considering bitopological space. In 2014, Ittanagi [6]
introduced the concept of soft bitopological space subsequently Guzide Senel and Naim Cagman
[12] introduced the concept of soft bitopological space. The notion of locally closed set in
a topological space was introduced by Kuratowski and Sierpienski [15]. It is also found in
Bourbaki [7]. In 2001, Nasef [19] have introduced and studies b-locally closed sets in topological
space.

In this paper we introduce the notion of soft b-locally open sets, soft bLO*-sets, soft bLO**-
sets in soft bitopological spaces and obtain several characterizations and some properties of these
sets.

§2. Preliminaries

In this section, we recall some definition and concepts discussed in [13,17,24,27]. Through-
out this study X and Y denote universal sets, E denote the set of parameters, A, B,C, D, K,T C
E. Let X be an initial universe and F be a set of parameters. Let P(X) denote the power set
of X and A be a nonempty subset set of E. A pair (F, A) is called a soft set over X, where F is
a mapping given by F : A — P(X). For two soft sets (F, A) and (G, B) over common universe
X, we say that (F, A) is a soft subset (G, B) if A C B and F(e) C G(e), for all e € A. In this
case, we write (F, A)C(G, B) and (G, B) is said to be a soft super set of (F, A). Two soft sets
(F, A) and (G, B) over a common universe X are said to be soft equal if (F, A)C(G, B) and
(G, B)C(F, A). The soft set (F, A) over X such that F(e) = {z} ¥V e € E is called singleton
soft point and denoted by zg or (z, E). A soft set (F, A) over X is called null soft set, denoted
by ®, if for each e € A, F(e) = ®. Similarly, it is called absolute soft set, denoted by X, if for
eache € A, F(e) = X.

The union of two soft sets (F, A) and (G, B) over the common universe X is the soft set
(H,C), where C = AU B and for each e € C,

F(e) ec A-B
H(e) = G(e) ecB-—A
Fle)UG(e) e€ ANB

We write (F, A) U (G, B) = (H,C). Moreover, the intersection (H,C) of two soft sets (F, A)
and (G, B) over a common universe X, denoted by (F, A)N (G, B), is defined as C = AN B and
H(e) = F(e) N G(e) for each e € C. The difference (H, E) of two soft sets (F,E) and (G, E)
over X, denoted by (F, E) — (G, E), is defined as H(e) = F(e) — G(e), for each e € E. Let Y
be nonempty subset of X. Then Y denotes the soft set (Y, E) over X where Y (¢) = Y for each
e € E. In particular, (X, E) will be denoted by X. Let (F, E) be a soft set over X and z € X.
We say that x € (F, E), whenever « € F(e), for each e € E [21].

The relative complement of a soft set (F, A) is denoted by (F, A)" and is defined by (F, A) =
(F, A) where F' : A — P(X) is defined by following
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F'(e)=X —F(e), Yee A

In this paper, for convenience, let SS(X, E) be the family of soft sets over X with set of
parameters F.

Let 7 be the collection of soft sets over X. Then 7 is called a soft topology [24] on X if 7
satisfies the following axioms:

(i) @ and X belongs to .
(ii) The union of any number of soft sets in 7 belongs to 7.
(iii) The intersection of any two soft sets in 7 belongs to .

The triple (X, 7, E) is called soft topological space over X. The members of 7 are said to
be soft open in X, and the soft set (F, F) is called soft closed in X if its relative complement
(F, E)" belongs to 7. Let (X, T, E) be a soft topological space and (F, A) be a soft set over X.
Soft closure of a soft set (F, A) in X is denoted by

scl(F,A) = ﬁ{(F, E) | (F,E)2(F,A), (F,E) is a soft closed set of X}.

Soft interior of a soft set (F, A) in X is denoted by

sint(F, A) = O{(F,B) | (F,B)C(F, A), (F,B) is a soft open set of X}.

Definition 2.1. [2] Let (X, T, E) be a soft topological space, the soft set (F, A) is said to
be soft b-open if (F, A)Cscl(sint(F, A))Vsint(scl(F, A)).

Definition 2.2. [23] Let X be a nonempty soft set on the universe X, 7 and 7o be two
different soft topologies on X. Then (X, T1, T2, E) is called a soft bitopological spaces (for short,
sbts).

§3. Soft b-locally open sets in soft bitopological space

In this section we introduce the notions of soft b-locally open sets (in short, SbLO-sets),
SbLO*-sets, SbLO**-sets in soft bitopological spaces.

Definition 3.1. A soft set (F, A) of a sbts (X, 11,72, E) is called (11, 72)-soft locally open
(in short, (11,72)-SLO) if (F,A) = (F, B)U(F,C) where (F, B) is 11-soft closed and (F,C) is
To-soft open in (X, 11,72, E).

Definition 3.2. A soft set (F,A) of a sbts (X, 11,72, E) is called (11, 72)-soft b-locally
open (in short, (11,72)-SbLO) if (F,A) = (F, B)U(F,C) where (F, B) is T1-soft b-closed and
(F,C) is mo-soft b-open is (X, 11,72, E).

Definition 3.3. A soft set (F,A) of a sbts (X, 11,72, FE) is called (11,72)-SbLO*) if
there exist a T1-soft b-closed set (F, B) and a To-soft open set (F,C) of (X, 71,72, E) such that
(F,A) = (F,B)U(F,C).

Definition 3.4. A soft set (F,A) of a sbts (X, 11,72, E) is called (11,72)-SOLO**) if
there exist a T1-soft closed set (F, B) and a To-soft b-open set (F,C) of (X, 71,72, E) such that
(F,A) = (F,B)U(F,C).

The collection of all (71, 72)-SLO (respectively (71,72)-SbLO, (11,72)-SbLO*, (11,T2)-
SbLO**-sets of (X, 11, 72, ) will be denoted by (71, 72)-SLO(X) (respectively (71, 72)-SbLO(X),
(11, 72)-SbLO*(X), (71, 72)-SOLO**(X)).
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Theorem 3.5. Let (F, A) be a soft set of a sbts (X, 71,72, E). Then if (F, A)E(r1, T2)-
SLO(X), then

(i) (F,A)&(m1,7)-SBLO*(X).
(ii) (F, A)E(r1,79)-SbLO**(X).

Proof. (i) Since (F, A)€(m1,72)-SLO(X), so there exist a 71-soft closed set (F,B) and a 7o-
soft open set (F,C) such that (F, A) = (F, B)JU(F,C). Since (F,B) is 1-soft closed, we have
sint(scl(F, B))C(F, B) and scl(sint(F, B)C(F, B).

Therefore sint(scl(F, B))Nscl(sint(F, A))C(F, B). Hence (F, B) is 7-soft b-closed. Thus
we have (F,A) = (F,B)J(F,C), where (F,B) is 1-soft b-closed and (F,C) is 7o-soft open.
Hence (F, A)€(y,72)-SOLO*(X).

(ii) Let (F, A)E(71,72)-SLO(X). Then we have (F, A) = (F, B)U(F,C), where (F, B) is 7~
soft closed and (F, C) is Te-soft open. Since (F, C) is To-soft open , we have (F, C')Csint(scl(F,C'))
and (F,C)Cscl(sint(F,C)). Therefore (F,C)Cscl(sint(F,C))Usint(scl(F,C)). Hence (F,C) is
To-soft b-open. Now we have (F, A) = (F, B)U(F, C), where (F, B) is 11-soft closed and (F,C)
is To-soft b-open. Hence (F, A)E(71,72)-SOLO**(X). This completes the proof. O

Remark 3.6. The converse of Theorem is not necessarily true. It is clear from the
following example.

Example 3.7. Let X = {hy,ho,hs}, E = {e1,ex}, 1 = {®, X, (F\, E), (Fy, E), (Fs, E)}
and Ty = {®, X, (Fy, E)}, where (F1,E), (Fy, E) and (Fs, E) are soft sets over X defined as
follows:

Fi(er) = {h1}, Fi(ez) = {ho}

Fy(er) = {h2}, Fale2) = {hs}

F3(e1) = {h1,ha}, Fz(e2) = {ha,h3}
Clearly 71 and 1o are defines a soft topology on X and thus (X, 71,72, E) is sbts. The soft set
(F4, E) which defined as follows

Fy(er) = {h1}, Fule2) = {h1, ha}
is T1-soft b-closed set and (Fy, E) is Ta-soft open set then (Fy, E)J(Fy, E) = (F, E)(= {F(e1) =
{h1,ho}, F(es) = X})E(r1,m2)-SBLO*(X) but (F, E)é(Tl,Tg)—SLO(X).

Example 3.8. Let X = {hy,hy,hs}, E = {e1,es2}, 1 = {®, X, (F5, E)} and 7 =
{®,X,(F\,E),(Fy,E),(Fs, E)}, where (F\, E), (Fs, E) and (F3, E) are soft sets over X defined
as follows:

Fi(er) = {h1}, Fi(e2) = {ha}

Fy(e1) = {ha}, Falez) = {hs}

F3(er) = {h1,ha}, F3(e2) = {h2, h3}
Clearly 71 and 1o are defines a soft topology on X and thus (X, 71,72, E) is sbts. The soft set
(Fy, E) which defined as follows

Fy(er) = {h1}, Fule2) = {h1, ho}
is To-s0ft b-open set and (Fy, E)' is T1-soft closed set then (Fa, E) O(Fy, E) = (F, E)(= {F(e1) =
{h1,h3}, F(ez) = {h1,ha}})E(71,72)-SBLO**(X) but (F, E)é(ﬁ,Tg)—SLO(X).

Theorem 3.9.  Let (F,A) be a soft set of the sbts (X, 11,72, E). If (F,A)E(r1,T2)-
SbLO*(X), then (F, A)E(r1,72)-SbLO(X).
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Proof. Let (F, A)E(m1,72)-SbLO*(X). Then there exists a 7j-soft b-closed set (F, B) and a
To-soft open set (F,C) such that (F, A) = (F, B)U(F,C). Since (F,C) is ma-soft open, we have
(F,C)Csint(scl(F,C)).

Further we have (F, C)Cscl(sint(F,C)). Thus we have (F, C)Cscl(sint(F,C))Usint(scl(F,C)).
Hence (F,C) is a 7o-soft b-open set. Thus there exist a 71-soft b-closed set (F, B) and To-soft
b-open set (F,C) such that (F, A) = (F, B)U(F,C). Therefore (F, A)€(r1,72)-SVLO(X). O

Remark 3.10. The converse of Theorem is not always true. It follows from the following
example.
Example 3.11. Let X = {hy,hy,hs}, E = {e1,es}, 71 = {®, X, (F,E)} and 75 =
{®, X, (Fy, E)}, where (F1, E) and (Fy, E) are soft sets over X defined as follows:
Fi(er) = {ha}, Fi(e2) = {h1}
Fy(er) = {h1}, Fa(e2) = {hs}
Clearly 71 and 1o are defines a soft topology on X and thus (X, 71,72, E) is sbts. The soft set
(F, E) which defined as follows
F(e1) = {h2}, Fl(e2) = {hs} .
is T1-soft b-closed set and To-soft b-open set then (F, E)E(r1,72)-SbLO(X) but (F, E)¢ (11, T2)-
SbLO*(X).
Theorem 3.12.  Let (F, A) be a soft set of a sbts (X, 11,72, F). If (F,A)&(r,12)-
SbLO**(X), then (F, A)€(ry,72)-SbLO(X).

Proof. The proof is easy, so omitted. O

Remark 3.13. The converse of Theorem 1is not always true. It follows from the following
example.

Example 3.14. In Ezample , the soft set (F, E)&(ry,72)-SbLO(X) but (F, E)¢ (1, 72)-
SbLO**(X).

Theorem 3.15. Let (F, A) and (F,B) be any two soft sets of a sbts (X, 11,72, E). If
(F, A)E(T1,72)-SOLO(X) and (F, B) is 11-soft b-closed and T3-soft b-open, then (F, A)N(F, B)&
(11, 72)-SOBLO(X).

Proof. Since (F, A)€(m1,72)-SbLO(X), then there exist a 71-soft b-closed set (G, C') and a T2-soft
b-open set (G, D) such that (F, A) = (G,C)U(G, D).

We have (F, A)N(F,B) = ((G,C)J(G, D))N(F,B) = ((G,C)N(F, B))U((G, D)N(F, B)).
Since (F, B) is Ty-soft b-closed, then (G, C)N(F, B) is T1-soft b-closed. Since (F, B) is T2-soft b-
open, then (G, D)N(F, B) is Ta-soft b-open. Then there exist a 7;-soft b-closed set (G, C)N(F, B)
and a To-soft b-open set (G, D)N(F, B) such that (F, A)N(F, B) = ((G,C)N(F, B))J((G, D)N(F, B)).
Hence (F, A)N(F, B)€(m1,m2)-SbLO(X). O

Theorem 3.16. Let (F, A)€(m1,72)-SbLO*(X) and (F, B) be a 11-soft closed and T2-soft
open sets of (X, 1,72, E), then (F, A)N(F, B)&(m1,72)-SbLO*(X).

Proof. Since (F, A)E(71,72)-SbLO*(X). Then there exist a 7i-soft b-closed set (G,C) and
a To-soft open set (G, D) such that (F,A) = (G,C)U(G,D). We have (F,A)N(F,B) =
(G,C)U(G, D))A\(F,B) = ((G,C)N(F,B))J((G,D)N(F, B)). Since (F,B) is 7i-soft closed,
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(G,C)N(F, B) is Ti-soft b-closed set. Further (F, B) is To-soft open, therefore (G, D)N\(F, B)
is 7-soft open. Thus there exist a 11-soft b-closed set (G, C)N(F, B) and a To-soft open set
(G, D)N\(F, B) such that (F, A)N(F, B) = ((G,C)N(F, B))J((G, D)N(F, B)).

Hence (F, A)N(F, B)&(r1, 12)-SbLO*(X). O

Theorem 3.17. Let (F, A)E(y,72)-SbLO**(X) and (F, B) be a T1-soft closed and To-soft
open sets of (X, 71,72, E), then (F, A)N(F, B)E(1,72)-SbLO** (X).

Proof. Since (F, A)€(ry,72)-SbLO**(X). Then there exist a 7-soft closed set (G,C) and
a To-soft b-open set (G, D) such that (F,A) = (G,C)U(G,D). Clearly (F,A)N(F,B) =
(G,C)U(G, D))A(F,B) = ((G,C)N(F,B))J((G,D)N(F, B)). Since (F,B) is 7i-soft closed,
therefore (G, C)N(F, B) is 71-soft closed set. Again (F, B) is 72-soft open, therefore (G, D)N(F, B)
is To-soft b-open. Then there exist a 7i-soft closed set (G, C)N(F, B) and a 7o-soft b-open set
(G, D)N\(F, B) such that (F, A)N(F, B) = ((G,C)N(F, B))J((G, D)N(F, B)).

Hence (F, A)N(F, B)&(11, 72)-SbLO**(X). O

Theorem 3.18. Let (F, A) be a soft set of a sbts (X, 71,72, E). Then (F,A)E(r1, T2)-
SVLO*(X) if and only if (F, A) = (F, B)Ury-sint(F, A) for some T1-soft b-closed set (F, B).

Proof. Let (F, A)€(m1,72)-SbLO*(X). Then (F, A) = (F, B)U(F,C), where (F, B) is 11-soft b-
closed and (F, C) is To-soft open set in (X, 71, 72, F). Since (F, B)C(F, A) and 7o-sint(F, A)C(F, A).
We have

(F, B)Urp-sint(F, A)C(F, A). (1)
Further o-sint(F, A)D(F,C). Therefore
(F, B)Ury-sint(F, A)2(F, B)U(F,C) = (F, A). (2)

From (1) and (2) we have (F, A) = (F, B)Urs-sint(F, A).

Conversely, given that (F, B) is 11-soft b-closed. We have 1o-sint(F, A) is To-soft open. Thus
there exist a 71-soft b-closed set (F, B) and a m»-soft open set mo-sint(F, A) in (X, 11, 72, F) such
that (F, A) = (F, B)Ury-sint(F, A).

Hence (F, A)E(71,72)-SOLO*(X). O

Theorem 3.19. Let (F,A) and (F, B) be any two soft sets of the sbts (X, 11,72, E). If
(F, A)E(T1,72)-SOLO(X) and (F, B) is either 11 -soft b-closed or T2-soft b-open, then (F, A)U(F, B)
é(Tl,TQ)-SbLO(X).

Proof. Since (F, A)E(11,72)-SbLO(X), then there exist a 71-soft b-closed set (G, C') and a o-soft
b-open set (G, D) such that (F, A) = (G,C)U(G, D).

We have (F, A)J(F,B) = ((G,C)J(G,D))J(F,B) = ((G,C)J(F, B))J( )
is 71-soft b-closed, then (G,C)U(F, B) is also 71-soft b-closed. Hence (F, A)U(F, B)&(r1,T2)-
SbLO(X). Let (F,B) be mp-soft b-open, then (F,A)U(F,B) = ((G,C)J(G,D))U(F,B) =
(G,CYU((G, D)U(F, B)), where (G, D)U(F, B) is Ta-soft b-open. Thus (F, A)J(F, B)&(Ty,T2)-
SBLO(X). 0
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Theorem 3.20. If (F, A)E(m,72)-SOLO*(X) and (F, B) is either 11-soft closed or T9-soft
open set of (X, 71,72, E) then (F, A)U(F, B)E(1,12)-SbLO*(X).

Proof. Since (F, A)€(r1, 12)-SbLO*(X), then (F, A) = (G,C)U(G, D), where (G, C) is 71-soft
b-closed set and (G, D) is Te-soft open set of (X, 71,72, E).

Now (F, A)J(F,B) = ((G,C)U(G, D))J(F,B) = ((G,C)U(F, B))U(G, D). Let (F,B) be
71-soft closed, then (G, C)U(F, B) is also 11-soft b-closed, where (G, C') is 7i-soft b-closed set.
Hence (F, A)J(F, B)E(y,72)-SbLO*(X). If (F, B) is Te-soft open, then (G, D)U(F, B) is To-
soft open. Now (F,A)U(F,B) = ((G,C)U(G,D))U(F,B) = (G,C)U((G, D)U(F, B). Thus
(F, A)U(F, B)E(T1,72)-SOLO*(X). O

Theorem 3.21.  If (F, A)&(r1,72)-SbLO**(X) and (F,B) is either T1-soft closed or
To-s0ft open set of (X, 11,72) then (F, A)U(F, B)E(m,72)-SbLO** (X).
Proof. The proof is easy, so omitted. O

Theorem 3.22. If(F, A),(F, B)&(r,72)-SbLO(X), then (F, A)U(F, B)E (71,72)-SbLO(X).

Proof. Let (F, A), (F, B)&(1,72)-SbLO(X). Then there exist 71-soft b-closed sets (G, C), (G,
and To-soft b-open sets (G, D), (G, T') such that (F, A) = (G,C)J(G, D) and (F, B) = (G, K)J(
We have (F, A)U(F, B) = (G, C)U(G, D))U((G, K)U(G, T)) = (G, C)U(G, K))U(G, D)U(G,
where (G, C)J(G, K) is T-soft b-closed set and (G, D)J(G,T) is m2-soft b-open.

Hence (F, A)U(F, B)&(m1,72)-SbLO(X). O

K)
G,T).
1)),

)

Theorem 3.23. If (F,A),(F,B)&(m1,72)-SbLO*(X), then (F,A)U(F,B)E (71,72)-
SbLO*(X).

Proof. Since (F, A), (F, B)E (71, 72)-SbLO*(X), then by Theorem , there exist 7i-soft b-closed
sets (G,C) and (G, D) such that (F,A) = (G,C)Uny-sint(F, A) and (F,B) = (G, D)Urs-
sint(F, B). We have

(G, C)Ury-sint(F, A)|U[(G, D)Ute-sint(F, B)]

(F,A)U(F,B) =
= ((G,C)U(G, D))U(ra-sint(F, A)Ure-sint(F, B)),

where (G, C)U(G, D) is 7i-soft b-closed and 7o-sint(F, A)Ure-sint(F, B) is To-soft open set.
Hence (F, A)U(F, B)E(r1,72)-SbLO*(X). O

Theorem 3.24.  If (F, A),(F, B)&(r,72)-SbLO**(X), then (F,A)U(F, B)E (11,72)-
SbLO™* (X).

Proof. Easy, so omitted. O
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Conclusion

Generalized open sets play a very important role in general and soft topology and they are
now the research topics of many topologist worldwide. Indeed a significant theme in general,
soft topology and real analysis concerns the variously modified forms of continuity, separation
axioms, etc. by utilizing generalized open sets. The concept of a soft bitopological spaces
was introduced by Ittanagi [6]. In this paper we introduced and studied the notions of soft b-
locally open sets, soft bLO*-sets, soft bLO**-sets in soft bitopological spaces and obtain several
characterizations and some properties of these sets. In the end, we hope that this paper is just
a beginning of a new structure, it will be necessary to carry out more theoretical research to

promote a general framework for the practical application.

Acknowledgements

The author would like to thank from the anonymous reviewers for carefully reading of the

manuscript and giving useful comments, which will help us to improve the paper.

References
[1] M. Akdag and A. Ozkan, Soft a-open sets and soft a-continuous functions, Abstract and Applied
Analysis, (2014).

[2] M. Akdag and A. Ozkan, Soft b-open sets and soft b-continuous functions, Math. Sci., 124 (2014),
1-9.

[3] I. Arockiarani and A. A. Lancy, Generalized soft gS-closed sets and soft gsS-closed sets in soft
topological spaces, International Journal of Mathematical Archive, 4 (2013), 1-7.

[4] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20 (1986), 87-96.

[5] A. Aygunoglu and H. Aygun, Some notes on soft topological spaces, Neural. Comput. Appl., 21
(1), (2012), 113-119.

[6] Basavaraj M. Ittanagi, Soft bitopological Spaces, Int. J. of Comp. App., 107 (7) (2014), 1-4.
[7] N. Bourbaki, General Topology, Part-I, Addison-Wesley, Reading Mass(1966).

[8] B. Chen, Soft semi-open sets and related properties in soft topological spaces, Appl. Math. Inf.
Sci., 7 (1) (2013), 287-294.

[9] S. Das and S. K. Samanta, Soft metric, Ann. Fuzzy Math. Inform., 6 (1) (2013), 77-94.

[10] W. L. Gau and D. J. Buehrer, Vague sets, IEEE Trans. System Man Cybernet, 23 (2) (1993),
610-614.

[11] M. B. Gorzalzany, A method of inference in approximate reasoning based on interval valued fuzzy
sets, Fuzzy Sets and Systems, 21 (1987), 1-17.

[12] Giizide Senel and Naim Cagman, Soft closed sets on soft bitopological spaces, J. New Results in
Science, 5 (2014), 57-66.

[13] S. Hussain and B. Ahmad, Some properties of soft topological spaces, Comput. Math. Appl., 62
(2011), 4058-4067.

34



Vol. 15 Soft b-locally open sets in soft bitopological spaces 35

[14] J. C. Kelly, Bitopological spaces, Proc. London Math Soc., 13 (1963), 71-89.

[15] C. Kuratowski and W. Sierpinski, Sur les diference de deux ensembles fermes, Tohoku Math, J.,
(1921), 22-25.

P. K. Maji, R. Biswas and A. R. Roy, Soft set theory, Comput. Math. Appl., 45 (2003), 555-562.
W. K. Min, A note on soft topological spaces, Comput. Math. Appl., 62 (2011), 3524-3528.
D. Molodtsov, Soft set theory-first results, Comp. Math. Appl., 33 (1999), 19-31.

(16]
(17]
(18]
[19] A. A. Nesef, b-locally closed sets and related topics, Chaos Solitions Fractals, 12 (2001), 1909-1915.
[20] Z. Pawlak, Rough sets, Int. J. Comp. Inf. Sci., 11 (1982), 341-356.

21]

E. Peyghan, B. Samadi and A. Tayebi, About soft topological spaces, Journal of New Results in
Science, 2 (2013), 60-75.

[22] R. Sahin and A. Kucuk, Soft filters and their convergence properties, Ann. Fuzzy Math. Inform.
6 (3) (2013), 529-543.

[23] G. Senel and N. Cagman, Soft bitopological spaces, (submitted).
[24] M. Shabir, and M. Naz, On soft topological spaces, Comput. Math. Appl., 61 (2011), 1786-1789.

[25] B. P. Varol and H. Aygun, On soft Hausdorff spaces, Ann. Fuzzy Math. Inform., 5 (1) (2013),
15-24.

[26] L. A. Zadeh, Fuzzy sets, Information and Control, 8 (1965), 338-353.

[27] 1. Zorlutuna, M. Akdag, W. K. Min and S. Atmaca, Remarks on soft topological spaces, Annals
of Fuzzy Mathematics and Informatics, 3 (2) (2012), 171-185.

35



Scientia Magna
Vol. 15 (2020), No. 1, 36-41

Results on differential subordination involving
Ruscheweyh operator

Pardeep Kaur! and Sukhwinder Singh Billing?

!Department of Applied Sciences, Baba Banda Singh Bahadur Engineering College,
Fatehgarh Sahib-140407, Punjab, India.
E-mail: aradhitadhiman@gmail.com
2Department of Mathematics, Sri Guru Granth Sahib World University,
Fatehgarh Sahib-140407, Punjab, India.

E-mail: ssbilling@gmail.com

Abstract In the present paper, we find certain results on Ruscheweyh operator using differ-
ential subordination. In particular, we find sufficient conditions for close-to-convex, starlike

and convex functions.

Keywords Analytic function, convex function, close-to-convex function, Ruscheweyh operator, star-

like function.
2010 Mathematics Subject Classification Primary: 30C45, Secondary: 30C80.

§1. Introduction and preliminaries

Let H denote the class of functions f, analytic in the open unit disk E = {z € C: |z| < 1}
in the complex plane C. Let A be the subclass of H, consisting of functions f, analytic in the
open unit disk E and normalized by the conditions f(0) = 0 = f/(0) — 1. A function f € A is
said to be starlike of order « if and only if

zf’(z)) N N B
%<f(z) >a, 0<a<l1, z€E.

The class of such functions is denoted by S*(«). A function f € A is said to be convex of order

« in E, if and only if

a%(uzﬁéiz))) >a,0<a<l, 2 €cE.

Let K(«) denote the class of all those functions f € A that are convex of order « in E.

A function f € A is said to be in the class C(a) of close-to-convex of order « in E if and only

if it satisfies

I
m(zf(z)) >a, 0<a<1, where g € S*.
9(2)

Let f and g be two analytic functions in open unit disk E. Then we say f is subordinate to g
in E written as f < g if there exists a Schwarz function w, analytic in E with w(0) = 0 and
|lw(z)| < 1, z € E such that f(z) = g(w(z)), z € E. In case the function g is univalent, the



Vol. 15 Results on differential subordination involving Ruscheweyh operator 37

above subordination is equivalent to f(0) = g(0) and f(E) C g(E).

The Taylor’s series expansions of f, g € A are given as
f(z) =2+ Z arz® and g(z) = z + Z bz
k=2 k=2

Then the convolution/Hadamard product of f and g is denoted by f x g, and defined as
(f*9)(z) =2+ Zakbkzk~
k=2

Ruscheweyh [4] introduced a differential operator R*, (known as Ruscheweyh differential oper-
ator) for f € A is defined as follows

RM(2) = ﬁ*f(z), A>-1, z€E. (1)
For A =n € Ny =NU {0}

2(z" 7 f(2)™

R () = 25

, 2z € E.

Lecko et al. [2] observed that for A > —1, the expression given in (1) becomes

B ) :HZ‘; ()\+1)()\JEI€2)_..1.>!(A+k1)akzk’ eE

and for every A > —1

R () = (1) 6) = (e 1))
~ o ) = RS () = BR (), 2 € E.

We notice that
RUf(2) = 2, R°f(2) = f(2), R'f(2) = 2f'(2), R2f(2) = 2f'(2) + 5 1"(2)
and so on. For A > —1, we have
2(RMNf) (2) = A+ 1)RMIf(2) — ARMf(2), 2z €E. (2)

Recently, Shams et al. [5] studied the Ruscheweyh derivative operator for f € A,,, which satisfies

the condition given below:

’(1—a+a()\+2)RA+2f(Z)> (RHIf(Z))”_a(AH) (RMMYH 1

RM1f(2) R f(z) R (2) <M,

where A,, is the subclass of H and an analytic function f € A,, having Taylor’s series expansion

of the form

flz)=2z+ Z apz”

k=n-+1

37
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in the unit disk E. Note that A; = A. They obtained the values of M, «a, ~ and u for which
the function had become starlike of order ~.

In the present paper, using differential subordination we are studying the following operator

() [-ove (v eo ity -0 fS)]

where A > —1 and «, [ are complex numbers. We obtain some previously known results and
certain conditions for starlike, convex and close-to-convex functions. As a particular case of
" B
zf (Z)>
f(z)

To prove our main result, we shall make use of the following lemma of Miller and Macanu [3].
Lemma 1.1 [3, Theorem 3.4h, p. 132]. Let q be univalent in E and let 0 and ¢ be analytic in
a domain D containing q(E), with ¢(w) # 0, when w € q(E). Set Q(z) = z¢'(z)Pla(2)], h(z) =
0[q(2)] + Q(2) and suppose that either

(i) h is convex, or

(i) Q is starlike.

In additioz,/(a;‘sume that

(i) 5)?( Q0 ) > 0.

If p is analytic in E, with p(0) = ¢(0), p(E) C D and

our main result, we obtain the best dominant for (zf(2)/f(2))%, (f'(z))? and (1 +

0lp(2)] + 2p'(2)¢[p(2)] < bla(2)] + 2¢' (2)la(2)],

then p < q and q is the best dominant.

§2. Main Results

In what follows, all the powers taken are the principal ones.

Theorem 2.1 Let «, [ be non-zero complexr numbers such that R(8/a) > 0 and let

R)‘Hf(z) B .
feA, (R’\f(z)) #0, z € &, satisfy
RN RM2f(z) L RMLEGR)
() [1-ee (0 2mmre ~ 00 gy
1+Az o (A-B)z

<1+Bz+§(l+Bz)2’ ®)

then

A+1 B
(R ﬂz)) J1FAr o pca<t zeR

R f(2) 1+ Bz

1+ A4
The dominant +az is the best dominant.
1+ Bz

38
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)\+1f 2

B
R (2) =u(z), z .
On differentiating logarithmically, we get

[Z(R*“f(Z))’ CARM()] () "
BHf(z) | B | Buls)

Proof. Define

Using the equality (2), the above equation reduces to

R/\”f(z)
RMLf(2)

R)‘Jrlf(z)

(A+2) i) T B

—(A+1)

Now, from (3), we obtain

<Im>ﬁ [1 Cata <(>‘+2)m - (/\+1)Im>} =u(z) +

Define the functions 6 and ¢ as:

O(w) = w and ¢(w) = g.
Obviously, the functions 6 and ¢ are analytic in the domain D = C and ¢(w) # 0, w € D.
1+A
Selecting ¢(z) = . 1_ BZ’ —1<B< A<1, z€E and defining functions @ and h as under:
Q a (A—-B)z
Q(2) =20 (2)0(q(2)) = =2¢'(2) = = —-=
(2) (2)0(a(2)) 3 (2) = T

and
1+A4z o (A-B)z

“14B:  B+B2
< Q((>)> §R<1+gz> >0, z€E,

Q
zh' (2 1—- Bz B8
( ) (1+Bz)+%(a)>0,zeﬂi.

Hence conditions of Lemma 1.1 are satisfied and proof now follows from this lemma. O

and

Setting A = —1 in Theorem 2.1, we obtain the following result of S. S. Billing [1] for p = 1:

Corollary 2.2 Let a, 8 be non-zero complex numbers such that R(8/a) > 0. If f €
B
A, <f(z)> #£0, z € E, satisfies
z

(1—a) (f(z))5+azf’(z) (f(z))ﬁ _1+4: a(A-B):

f(2) o 1+Bz+g(1+Bz)2’

then

B
(f(z)> =< L+ 4z —1<B<A<1, z€E.

z 1+ B2’

39
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Taking A = —1 and replacing f(z) with zf’(z) in Theorem 2.1, we obtain the following result:

Corollary 2.3 Let a, 8 be non-zero complex numbers such that R(8/a) > 0. If f €
A, (f'(2))? #0, z € E, satisfies

, z2f"(z) 1+Az «a(A-B)z
('(2))? <1+af/(z))<1+32 cl-Be
then A
(f’(z))ﬁ<i—£, ~1<B<A<]1, z€E.

Selecting =1, B= -1, A=1—2v, where 0 < < 1, in the above corollary, we have:

Example 2.4 Let o be non-zero complex number such that R(1/a) > 0. If f € A, f'(z) #
0, z € E, satisfies
1+(1-29)z  2a(l —7)z

1—2 (1—2)2 7

f'(2) +azf’(z) <
then
14+ (1-2v)z

O

, 0< vy <1, z€E.

Hence f € C(7).
Choosing A = 0 in Theorem 2.1, we get the following result:

Corollary 2.5 Let a, 8 be non-zero complex numbers such that R(8/a) > 0. If f €

/ B
A, <Z}t($)) #0, z € E, satisfies

(14 a) (zf’(z)>5+a<zf"(z) zf’(z)) (zf/(z)>ﬁ L 144z a(A-B):

f(2) ) 1) f(2)

14+ Bz B (1+ Bz)*

then

/ B
(Zf(z)) <1+AZ —1<B<A<1, z€Ek.

f(2) 1+ Bz’

In the above corollary, setting 8 =1, B=—1, A=1—2v, where 0 < v < 1, we obtain:

2f'(z)

Example 2.6 Let « be non-zero complex number such that R(1/a) > 0. If f € A, )

-

0, z € E, satisfies

') <Zf”(2) Zf’(2)> 2f'(z) 1+ =2)z 200 -9)2

f(2) - f(2) -z (1=2)2 "

(1+a) ) )

then
z2f'(z) 1+ (1 —29)z

f(z) = 1—2

Hence f is a starlike function of order ~y.

, 0<y<1, z€E.
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For A = 0 and on replacing f(z) with zf’(z) in Theorem 2.1, we have:

Corollary 2.7 Let a, B be non-zero complex numbers such that R(8/a) > 0. If f €

21 (2)
A (1 T

<1 N Z}f,/;(j))ﬁ {1 fa (2zf”(z) +221"(z) zf“(z)ﬂ L 1+4z a(A-B):

B
) #0, z € E, satisfies

FE TG 1) 1+ Bz B+ B2

then

zf"(z) P14 Az
1 —1<B<A<1 E.
< + 702) <1+Bz’ <B<ALI], z€

Choosing 8 =1, B= -1, A =1— 2y, where 0 < v < 1, in the above corollary, we have the

following result:

Example 2.8 Let « be non-zero complex number such that R(1/a) > 0. If f € A, satisfies

(1 N zf”(Z)) [1 a (2zf”(z) +22f"(2) zf"(z))] L 1+(-29)  20(1-9)z

f'(z) f'(z) + 2" (2) f'(z) 1—2 (1—2)2 "
then
zf"(z) 1+ (1-29)z
1+ 702) =< 1> , 0<vy <1, z€E.

Hence f € K(v).
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§1. Introduction and preliminaries

Let L be a set of sequences {\*} | \F = (Alk, PULI )\nk) , k=1,2,.. of complex numbers in C"
with |A\*| = oo as k — oo and

) log k
lim sup

<0

where V] = VA AF 4 A A0k 4o £ A AR,

Consider a Dirichlet series

a(s) = che<)‘k’s> (1)
k=1

where s = (51, 82, .., 8,) € C" {c1} is the sequence of complex numbers and {\*} € L.
Also < \F, s >= MEsi 4+ AoFso + o+ APy,
If (1) satisfies

 loglel
lim su = —00 2
msup =3 (2)
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then from [1] (1) converges in the whole complex plane.

Several investigations on class of entire Dirichlet series with constant sequence of real expo-
nents have been made by many researchers in the past. Kamthan [3] proved the class of entire
functions represented by Dirichlet series to be an FK Space. Srivastava [4] provided a Banach
algebraic structure to class of Dirichlet series in one complex variable and having constant real
frequencies {\¥} for which the sequence e***|c;| is bounded.

Shaker, Hussein and Srivastava [2] investigated the bornological aspects of class of entire func-
tions represented by multiple Dirichlet series with constant frequencies. They introduced a
bornology on the class and proved it to be a separated convex bornological vector space. Singh
and Rastogi [7] characterised the Goldberg ¢'" order and Goldberg ¢'" type of entire function
represented by multiple Dirichlet series in terms of its real exponents and coefficients.Khoi[1]
studied coefficient multiplers on class of series of form (1).

In this paper we prove some results on class of Dirichlet series having variable sequence of

complex exponents.

1 Class M

Let M be a class of series of form (1) with variable complex frequencies {\*} for which the

sequence
e1| A"

IR ez o, T

is bounded where e, e; > 0 and are not simultaneously zero,then every element of M becomes

entire.
We consider two elements o che<>‘ *> and B(s dee<“ #> of class M to be
k=1
equivalent i.e. a = f if and only 1f
ErelAF L ket es ;
|A"] (k) ey T = || (D dy 15T k> 1

“—"»

Clearly relation is an equivalence relation on class M. Hence the class M can be treated
as the set of so formed equivalence classes. For the sake of brevity, we consider “the member

a(s) of class M” same as “equivalence class generated by a(s) of M”.

Next we define binary operations on set M for a(s) = Z cre<N %> and B(s dee<" s>

k=1
as

k
) |)\k‘|)‘k| e1 N |Mk||“k| e1 N |z"| )

Oé(S) + B(S) = Z - Ch INFT LA dy ma e<z",s>

Pt |xk||I | |xk||w \

|z

0o A%
)\k‘ 1 ;
=> K' k:'x") C’“k] e ir e C

k=1

43
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k
2"

> |)\k‘|)\k|‘uk‘|/ik\ e e . .
a(s)/B(S) = Z [(k')eQ <|k|lk> Ck Mk‘ dk} |F‘k‘ ] e<1 18>
x

k=1

where {2*} denotes the arbitrary element of set L.
Throughout the paper, we assume {z*} to be an arbitrary element of L.
We define the norm in M as

e1|\F|

1
o] = suap |31y < (3

where «a(s) = Z cpe <>

For the definitions used refer [5] and [6].

2 Main Results

Theorem 3.1. M is a commutative and unital Banach Algebra.

Proof. Clearly, M is a vector space over the field of complex numbers.
Let a,(s Z Crp€™ %> be a Cauchy sequence in M.

Then for € > 0 EI some t such that
llap — aqll < € whenever p,q >t

el‘kkp (ill)\

= sup ||\ ()2 o, TR xR

k>1

(kl) M"ql < € whenever p,q >t

AFP L Aka 1
|)\kp|el‘ (lc!)egckp [ \)\kq|el‘ (lc!)egckq R < e whenever p,q >t

1
As {|)\kq|el‘/\ (k)% cpq M1} is a Cauchy sequence in C and owing to the completeness of C,
1
let {\)\kq|el‘A (k1) cq 1M1} converges to d.

Taking ¢ — oo in above inequality, we get

kp 1
sup |)\kp|ell)\ ‘(k!)eZCka”’\ —di| < € whenever p >t
E>1
o Y |z | .
Let h(s) = Z (|l’k| (k!)_CQdk) e<* %> Then clearly, o, — h.
k=1
Also, h € M as

k e1|$k| €2
[ (k) di,

—e1|z® —e
|$Ck| 1] ‘(k’!) zdk‘:

44
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e1|AFP| e1| AP

:‘dmm (k)% e W1 — |\ G

e1|ARP| e1|AF?]

S A R L R e

The identity element in M is

Theorem 3.2. The class M is not a Division Algebra. Infact, an element
o0

a(s) = Z cke<)‘k’s> in M becomes invertible if and only if
k=1

1

< 0
AR (B2 e, |

for all k.

Proof. The inverse of element

00 B & |£Ek|
fo) =% (k‘1|xk| ele '(m)ez) e<" 5> in M
k

=1

is
00 k

Li—ely”| —e "] <yF s> k
a(s) = Z(kw ey ) Uy e L

k=1

which does not belong to M.
For a(s) to be invertible in M there must exist some 3(s) = Z de<H"*> such that
k=1
a(s).B(s) = e(s)

k
1 (k) i T = .

AR ()2 0y TFT

As B(s) € M therefore 3 some N such that

1
e1| A ez, ToET sNVk21
AR (kD™ |ex 12"

Conversely, Define

1 k
ﬂ(s) — ( : - . ) e<ac ;8>
kz (] = TR (k1) 262 o, 1571 |

=1

45
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Clearly, 8(s) € M.
Also, a(s).B(s) = B(s).a(s) = e(s).
Hence the theorem. O

(oo}
Theorem 3.3. An element a(s) = che<)‘k’s> in M is quasi singular if and only if
k=1

c1| AR

i k 1)°2 ¢ RFT |} =
Inf {1+ AT (R e M = 0.

Proof. We suppose that «(s) is not quasi singular. Then, a(s) is quasi invertible i.e. 3 some

B(s) = Z de<*"*> in M such that
k=1

a(s)*B(s) =0

= a(s) + B(s) + a(s).6(s) =0

Cﬂ)\kl

k k k
AR e TR | g TR ey ez k| Tk R g TR = 0, > 1

el|/\k\ L

—|)\k| (k12 e NFI
1+ P\Help\kl(k!)”ckﬁ

N ‘uk‘eﬂuk\(k!)egdkﬁ _

el|)\k\

1
If égﬁ{” + |AF| (k)¢ 3%} = 0 then 3 a subsequence {k,} of {k} such that ||a,| =1

S Ak 1
k'ﬁ. e n —_—
where a,(s) = E Cr, e and (N U (B )% ey, PR = 1 as
n=1
n — oo.
Here
el‘)\kn‘

1
kn 1 A k)¢ INEn]
||ﬂn|| _ Sup|,LLk"‘ell'u n l(kn!)€2|dkn ] | — sup | | ( n ) 1Ckn, 1‘
E>1 k211 4 (kn!)ez‘)\kn|e1|,\ 'n\cknip\kn‘ |

oo
does not belong to M which is a contradiction where 5,,(s) = Z dkne<“k" s
n=1

61|>\k|

Hence, inf {|1-+ X" ()12, 57|} 0.

e1|A\F|

1
Conversely, Let Ii1;f1{|1 + |\ (KN, PFT |} > 0.

Define 3(s) = dee<“k’8> where
k=1

61|)\k| 1

— || (k1) e FI

eq |k 1
et )2 BT = k
1+ (k)2 Ak e B

46
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Clearly, 5(s) € M and also «a(s) x 8(s) = a(s) x 8(s) = 0 which implies that « is not quasi
singular.
Hence the theorem. 0

Theorem 3.4. M is a Banach algebra with continous quasi inverse.

Proof. Let V.(0) denotes the e-neighbourhood of 0.
If B(s) = Y dre<"*> € V(0) then k| (k1) d} 77T | <
k=1
1
So, ér;f;ﬂl + |uk|elluk|(k!)52dk WFI|} > 1 — € > 0. Hence, by previous theorem, 3(s) is not quasi
singular and thus has a quasi inverse, say w(s) = Z ake<mk’s>.
k=1
Then B(s) *w(s) =0 i.e.
_|Mk|€1luk|dkﬁ

1+ mk‘elluk\(k!)@dkﬁlk‘ '

|_{L‘k‘ellxk|ak|le‘ =

Now,
1
] (1) 2 g T |
Jw|| = sup ——
k>1 ‘1 + ‘Mk‘eﬂlik‘(k!)@dk [k |
< €
1—c¢
Hence the theorem. O

(o)
Theorem 3.5. Spectrum () of an element a(s) = che<)‘k’s> is of the form
k=1

e1|)\"\ _1

o) = cl{|\¥| (k) e PFT o k> 1}

Proof. o(a) is the set of all complex numbers z such that a — ze is not invertible. Here,
el ‘zk‘

"
> Ak A7 S ’

a(s) — ze(s) = Z [(| | : ) ckul’ﬂ - e<a®5>
k=1

k"] k| 2

From previous Theorem , for a(s) — ze(s) to be not invertible
1

AR (e o TRRT —

is not bounded.
Then 3 subsequence (k) of (k) such that

er|AFn|

1
lim | \Fr| (kn)cp, 1 — 2 =0

n—oo

Hence the theorem. O
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Theorem 3.6 Fuvery continous linear functional
0:M— C

is of the form
0o |/\k\
€1 )\k es
o) =3 (W) e
k=1

where

> k
a(s) = che<)‘ 8>
k=1

and dy, is a bounded sequence in C.

Proof. Let 6 : Ml — C be a continous linear functional. So,
9(04) _ Q(Z Cke<>\’€,s>) — ch9(6<>\k,s>) (4)
k=1 k=1
Now, we define a sequence {ay} in M as
i (z) = (|4 (k) el

k
e1|AF"|

k
As (|xk|el‘w ‘(k!)ez)_|xk|e<“kvz> = (|\F| (k!)e2)_|’\k‘e<’\k’z> for all k therefore

oo

. [AF]
ewzz%@W”ww)em@>

k=1
Since 0 is a continous linear functional, therefore |6(ay)| < K| ay]| for some K.
As ||k || = 1 therefore |0(ay)| < K.
Let dp, = 0(a).

o0

K A%
Then 0(a) = Z (|)\k|ell)\ (k‘!)ez) ckdy, where dj, is a bounded sequence. O
k=1

Theorem 3.7. An element o of M is a topological divisor of zero if and only if

A\F _1
Jim )2 5] = o
—0o0
e k
Proof. Let a(s) = Z cre<* *> be a topological zero divisor of zero. We suppose that
k=1
k 1
lim IEY B2 0 BT = a0 > 0
— 00

Then for a given ¢, 0 < € < « , 3 a natural number N such that

eﬂkkl

IA%| (k!)e2|ckﬁ| > a — € whenever k> N (5)
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As o € M is a topological divisor of zero therefore 3 a sequence {8;} of elements in M having
unit norm such that for all ¢ > 1 we have

ke 1 >
ilip \pktf”“ ‘(k!)€2|dkt W | = 1 for By(s) = det€<”kt’3>.
21 k=1

For some ¢ ,0 < § < 1 we can find an integer N; and a subsequence {k;} of {k} such that

eq|pkt e 1
M R T > 1= 6 VR =k > N (6)

From (5) and (6), we have
Thus

61‘)\k|

kt
) AT N )2 e BT > 0 Y K = > e

Therefore ||a(s).8:(s)|| - 0 which is a contradiction to the fact that a(s) is a topological divisor
e1|\F e 1
of zero. Hence, klim IR i |(k!) 2|c, M| = 0.
— 00
Conversely
Let

61|>\k|

(k1)°2|ex ™| = 0.

lim |\F|
k—o0

Construct a sequence {8} such that

|1

) = (1t ) et

Clearly, Si(s) € M for all k> 1 and ||Bx] = 1.

Now,

|/\k|€1|)\k\ o =1 .
Br(s).a(s) = a(s).frx(s) = (ck Ak) p<z’ s>

k"]

k er|A¥| €2 R
therefore ||Bk.f = ||a.Bk|| = |\"| (KD |ex I¥*1.
Here ||Bk.a|| = ||a.Bk|| = 0 as k — oo therefore «(s) is a topological divisor of zero. Hence the
theorem. O
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closed (briefly, r-(7;,7;)-grfc) sets is introduced for smooth bitopological spaces and some
notions of these sets are investigated. By using 7-(7;, 7;)-grfc sets, we define a new fuzzy
closure operator referred to as (i, j)-GRC which generates a new smooth topology, 7¢; j)-Grc:-
An application of these sets the definition of (4, j)-F RT}/; spaces. Finally, (4, j)-generalized
regular fuzzy continuous and (i, j)-generalized regular fuzzy irresolute mappings are introduce,
we show that (4, j)-generalized regular fuzzy continuous properly fits in between j-fuzzy regular
continuous and (4, j)-generalized fuzzy continuous.
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81. Introduction

Kubiak [14] and Sostak [22], introduced the fundamental concept of a fuzzy topological
structure, as an extension of both crisp topology and Chang’s fuzzy topology [4], indicating
that not only the object were fuzzified, but also the axiomatics. Subsequently, Badard [3],
introduced the concept of smooth topological space. Chattopadhyay et al. [5] have redefined
the same concept under the name gradation of openness. Ramadan [19] introduced a similar
definition, namely, smooth topological space for lattice L = [0, 1]. Following Ramadan, several
authors have reintroduced and further studied smooth topological space [5-7,9,23]. Thus,
the terms ‘fuzzy topology’, in Sostak sense, ‘gradation of openness’ and ‘smooth topology’ are
essentially referring to the same concept. In our paper, we adopt the term smooth topology. Lee
et al. [15] introduced the concept of smooth bitopological space as a generalization of smooth
topological space and Kandil’s fuzzy bitopological spaces [10]. The concept of generalized closed
sets in topological spaces introduced by Levine [16]. Subsequently, Fukutake [8], introduced the

concept of generalized closed sets in bitopological spaces. Balasubramanian and Sundaram [1]
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gave the concept of generalized fuzzy closed sets in Chang’s fuzzy topology as an extension
of generalized closed sets of Levine. Jin Han Park and Jin Keun Park [18] introduced weaker
form of generalized fuzzy closed set and generalized fuzzy continuous mappings i.e, regular
generalized fuzzy closed set and generalizations of fuzzy continuous functions. Bhattacharya
and Chakraborty [2] introduced another generalizatioin of fuzzy closed set i.e., generalized
regular fuzzy closed set which is the stronger form of the previous two generalizations. Kim
and Ko [12] defined r-generalized fuzzy closed sets in smooth topological spaces. Osama et
al. [24] in 2015 introduced the concept of r-(7;,7;)-generalized fuzzy closed sets in smooth
bitopological spaces. Recently, we [25] introduced the concept of r-generalized regular fuzzy
closed set in smooth topological spaces.

The aim of this paper is to continue the study of generalized regular fuzzy closed sets in
smooth bitopological spaces and study its basic properties. Moreoevr, we define a new fuzzy
closure operator by using this class of r-generalized regular fuzzy closed sets, which is induced a
smooth topology. Finally, we introduce and study the concept of a new class of fuzzy mappings,
namely (i, j)-generalized regular fuzzy continuous and (4, j)-generalized regular fuzzy irresolute

mappings and give the relations between them.

§2. Preliminaries

Throughout this paper, let X be a non-empty set, I = [0,1], Iy = (0,1]. A fuzzy set p of
X is a mapping 4 : X — I, and IX be the family of all fuzzy sets on X. For any p1, po € I,
pa A g = min{py (x), pa(z) rx € X}, pr Vpe = maz{p(z), pe(x): x € X}. The complement
of a fuzzy set A is denoted by 1 — \. For a € I, @(z) = a Vz € X. By 0 and 1, we denote
constant maps on X with value 0 and 1, respectively. For each x € X and t € I, the fuzzy
set x; of X whose value t at 2 and 0 otherwise is called the fuzzy point in X. Let Pt(X) be a
family of all fuzzy points in X. x; € X iff A(z) > t. For A € IX, T — X denotes the complement
of X. All other notations and definitions are standard in the fuzzy set theory.

Definition 2.1. /3,5, 19, 22] A smooth topology on X is a mapping 7 : IX — I which

satisfies the following properties:
(1) 7(0) =7(1) =1,
(2) T,y ) = ey 70is), for any L s € J} C T¥.
(8) T(p1 A pz) > 7(p1) AT(p2), for all py, pg € I,

The pair (X, 7) is called a smooth topological space. For r € Iy, p is an r-fuzzy open set
of X if 7(u) > r, and p is an r-fuzzy closed set of X if 7(T — ) > r. Note, Sostak [22] used the
term ‘fuzzy topology’ and Chattopadhyay [5], the term ‘gradation of openness’ for a smooth
topology 7.

Subsequently, the fuzzy closure for any fuzzy set in smooth topological space is given as
follows:

Definition 2.2. [6] Let (X, ) be a smooth topological space. For A € I* and r € Iy, a

fuzzy closure of X is a mapping Cr : I x Iy — IX such that
C.Nm) = ANpel™ | pu>)\ 7(1—p)>r}.
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Definition 2.3. [6] A mapping C : IX x Iy — I is called a fuzzy closure operator if,
for X\, € IX and r,s € Iy the mapping C satisfies the following conditions:

(C1) C(0,r) =0,

(C2) X< C(\, 1),

(C3) C(\, 7))V Cp, 1) = COAV 1, 7),
(C4) C(\, 1) SO, 5) if r <,

(C5) C(C(A, 1), 1) = C(A, 7).

The fuzzy closure operator C' generates a smooth topology 7¢ : IX — I given by
e\ =V{rellCA-X\r)=1-\}.
In a similar pattern, a fuzzy interior operator was defined.
Definition 2.4. [11,20] A mapping I : IX x Iy — IX is called a fuzzy interior operator
if, for N, u € I and r,s € Iy the mapping I satisfies the following conditions:

(11) I;(1,7) =1,

(12) A > L(\, 1),

(13) I (A, ) N (g, 7) = I (A A gy ),
(I4) I\, 1) > I(\, s) if r <s,

(15) L(I:(\, 7), ) = I(\, 7).

The fuzzy interior operator I generates a smooth topology 77 : IX — I as follows
Tr(N) =V{r e I| I(\r) = A}
Lemma 2.5. [17] Let f : X — Y be a mapping and let X and p be fuzzy sets in X and
Y |, respectively, then the following properties hold:

(1) X< f7Y(f(N\)) and equality holds if f is injective.
(2) f(f~*(w)) < p and equality holds if f is surjective.
(8) For any fuzzy point x, € X, f(xy) is a fuzzy point in'Y and f(xy) = (f(x)):.
(4) When f(A) < p, X< f7H(p).
Definition 2.6. [21] Let (X, T) be a smooth topological space, A € IX and r € Iy. Then
(1) A fuzzy set X is called r-fuzzy regular open (for short, r-fro) if A = L.(C-(\,7), 7).
(2) A fuzzy set X is called r-fuzzy regular closed (for short, r-frc) if A = C-(I(\,r),r).

Definition 2.7. [12] Let (X, 7) be a smooth topological space, let \, u € IX and r € I,.
A fuzzy set X is called r-generalized fuzzy closed (r-gfc, for short) if Cr(\,7) < p, whenever
A<pand 7(p) > s for all 0 < s < r. The complement of r-gfc is called an r-generalized fuzzy
open (r-gfo, for short) if 1 — X is r-gfe.

23
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Definition 2.8. [25] Let (X, 7) and (Y, n) be a smooth topological space’s. Let f :
(X, 1) = (Y, n) be a function. Then f is called fuzzy regular continuous (FR-continuous) iff
f~Y(p) is r-frc set in X for each p € 1Y with n(1 — ) > r.

Definition 2.9. [25] Let (X, 7) be a smooth topological space. For \,;u € I’X and r € Io.

(1) The r-fuzzy regular closure of X, denoted by RC,(\,r), and is defined by RC-(\,r) =
N € I | > N pis r-fre }.

(2) The r-fuzzy regular interiror of A\, denoted by RI.(\,r), and is defined by RI.(\,r) =
Vi€ IX | < A is rofro ).

Proposition 2.10. [25] A function RC : I x Iy — IX is called a fuzzy regular closure
operator if it satisfies the following conditions: for X, p € I* and r,s € Iy,

(C1) RC(0,r) =0,

(C2) X< RC(A, 1),

(C3) RC(A\, 1)V RC(p, 1) = RC(AV p, 1),

(C4) RC(X\, r) < RC(A, s) if r <s,

(C5) RC(RC(A, 1), r)=RC(A, 1).

The fuzzy regular closure operator RC generates a fuzzy topology Trc(M) : IX — I given by
(C6) TrRe(N) = V{r € I| RO(1—-\,r)=1-\}.

Proposition 2.11.  [25] A mapping RI : IX x Iy — IX is called a fuzzy regular interior
operator if, for X\, p € I and r,s € Iy, it satisfies the following conditions:

(I1) RI(1,r) =1,

(I2) A\ > RI (A, r),

(18) RI(A, ) ARI(p, )= RI(AAp, 1),

(I4) RI(A, r) > RI(\, s) ifr <s,

(I5) RI(RI(\, 1), r) = RI(\, 1),

(I6) RI(1— X, r)=1— RC(\, ).

The fuzzy regular interior operator RI generates a fuzzy topology Trr(\) : IX — I given by
(I7) Trr(X\) =V {r € I| RI(\,r) = \}.

Definition 2.12. [15] A triple (X, 11,72) consisting of the set X endowed with smooth
topologies 71 and 7o on X is called a smooth bitopological space (smooth bts, for short). For
A€ IX andr € Iy, r-;-fuzzy open (resp. fuzzy closed) set denotes the r-fuzzy open (resp. fuzzy
closed) set in (X,7;), fori=1,2.
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Theorem 2.13. [6,13] Let (X, 71, 72) be a smooth bts. For A € IX andr € Iy, a 7;-fuzzy
closure of \ is a mapping C, : IX x Iy — I’* defined as
CroAr)=Npel™ | p= A 7(T—p) =r}.
And, a T;-fuzzy interior of X is a mapping I, : IX x Iy — IX defined as
L) =V{pel® | u<A m(p)>r}
Then:
(1) C;, (resp. I,) is a fuzzy closure (resp. fuzzy interior) operator.
(2) TCy, = Tir, = Ti-
(3) L;(1—=X\r)=1-C,, (\7), Vr €Iy, \eI¥.
Definition 2.14. [24] Let (X,71,72) be a smooth bts, X € I and r € Iy. Then X is
called:

(1) an r-(1;,7j)-generalized fuzzy closed (briefly, r-(1i,7;)-gfc), if Cr; (A, s) < p, whenever
A < p such that T;(p) > s for all 0 < s <r.

(2) an r-(1;,7j)-generalized fuzzy open (briefly, r-(7;,7;)-gfo), if 1 — X is an r-(7, 75)-gfe.
Definition 2.15. [24] A mapping f : (X, 71,72) = (Y,01,02) is called:

(1) (i,7)-generalized fuzzy continuous ((i,j)-GF-continuous, for short) if f~1(u) is an r-
(7i,7j)-gfc in X for each p € IY with oj(1— pu) > r.

(2) (i,7)-generalized fuzzy irresolute ((i,j)-GF-irresolute, for short) if f='(w) is an r-(7;,7;)-
gfc in X for each r-(c;,0)-gfc in p € IV .

§3. r-(7;, 7j)-generalized regular fuzzy closed sets

In this section we introduce and investigate the concept of r-(7;, 7;)-generalized regular
fuzzy closed sets in smooth bts (X, 7y, 72).
Definition 3.1. Let (X,71,72) be a smooth bts, A\ € I and r € Iy. Then X is called:

(1) r-(7,7;)-generalized regular fuzzy closed (briefly, r-(;,7;)-grfc), if RCy, (A, s) < p, when-
ever X < p such that 7;(u) > s for all0 < s <.

(2) r-(7:,7;)-generalized regular fuzzy open (briefly, r-(7;,7;)-grfo), if 1=\ is anr-(7;, 7;)-grfc.

The set of all 7-(7;, 7j)-grfc and r-(7;, 7;)-grfo sets of a smooth bts (X, 71, 72) will be denoted
by r-(7;, 7;)-GRFC(X) and r-(7;, 7;)-GRFO(X) respectively.

Remark 3.2. If 7 = 7 in Definition , then r-(r;, 7;)-grfc is an r-grfc in Definition 3.1
in the sense of [12].

Proposition 3.3. Let (X,71,72) be a smooth bts, \ € IX and r € Iy. Then

(1) If X is an r-1;-frc set, then A is an r-(1;, 7;)-grfc .

(2) If X is an r-7j-fro set, then X is an r-(1;,7;)-grfo .
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Proof. To show (1), let A < p such that 7;(p) > s for 0 < s < r. Since A is a r-7;-frc set, then
RC:;(A\,7) = A. In view of Proposition (C4), we get RC., (), s) < RC;(A\,7) = A for all s <.
Thus, RC7; (A, s) < p. Hence, A is an r-(7;, 75)-grfe.

To prove (2), clearly 1T — X is an r-7;-frc set. By using (1), we get that X is an r-(7;, 7;)-
grfo. O

The converse of the above Proposition is not true as seen from the following example.
Example 3.4. Let X = {a,b,c}, \, 1,6 € IX are defined as \(a) = 0.6, \(b) = 0.4, \(c) =
0.7; u(a) = 0.8, u(b) = 0.4, u(c) = 0.7;8(a) = 0.7,6(b) = 0.5,6(c) = 0.7. We define smooth

1 if xe{0,1}, 1 if xe{0,1},
topologies 1,7 : IX — I as follows: T1(\) = LoifA= (A =43 ifA=yp,
0 otherwise, 0 otherwise.

Then for r = % the fuzzy set § is r-(m1,T2)-grfc but not r-ro-fre set.
Theorem 3.5. Let (X,71,72) be a smooth bts, X\ € IX and r € Iy. If X is both r-r;-fro

set and r-(;,7j)-grfe then X is an r-7;-frc set.

Proof. Since A is an r-7;-fro set. Since A < X and A is an r-(7;, 7;)-grfe, then from Definition (1),
RC:;(\,5) < Xfor 0 < s < r. However, A < RC;; (), s). Thus, RC(\,5) = A for 0 <5 <.
Consequently, RC., (\,7) = A. Hence, X is an r-7;-frc set. O

Proposition 3.6. Let (X,71,72) be a smooth bts, A1, \y € I and r € Iy. Then:
(1) If M, Ao are r-(74, 7j)-grfc sets, then A\ V A is an -7y, 7;)-grfc.
(2) If A, Ao are r-(7;,7;)-grfo sets, then \y A Ay is an (13, 75)-grfo.

Proof. To prove part (1), let Ay V Ay < p such that 7 () > s for 0 < s < r. This yields, A\ < p
and Ay < p. Since Ay, Ay are r-(7;, 7;)-grfc sets, then RC, (A1,s) < p and RC: (Ao, 5) < p,
imply RC7; (A1, s)VRC:, (N2, 8) < p. It implies RO, (A1 VA2, 8) = RC. (A1, 5)VRC:, (A2, 8) < pu.
Hence, A1 V Ag is r-(7;, 7j)-grfc. The proof of (2), follows from the duality of (1). O

Remark 3.7. The intersection (resp., union) of two r-(;,7;)-grfc (resp. grfo) sets
cannot to be an r-(1;,7;)-grfe (resp. grfo) set as seen from the following example.

Example 3.8. Let X = {a,b,c}, A\, 1,6 € IX are defined as \(a) = 0.8, \(b) = 0.4, \(c) =
0.7; u(a) = 0.6, u(b) = 0.5, u(c) = 0.8;0(a) = 0.6,6(b) = 0.4,0(c) = 0.7. We define smooth

1 ifAe{0,1}, 1 ifxe{0,1},
topologies 1,7 : IX — I as follows: 11 (\) = % if A=\, To(A) = % if A= p,
0 otherwise, 0 otherwise.

Then for r = % the fuzzy sets X and p are r-(11, 72)-grfe but AA pu = 6 is not r-

—~

T1,T2)-grfc set.
Next we introduce some properities of r-(7;, 7;)-grfc (resp. r-(7;, 7;)-grfo) sets.
Proposition 3.9. Let (X, 11,72) be a smooth bts. If 1y < 79, then r-(12,71)-GRFC(X) <

r-(t1,72) — GRFC(X).

Proof. Let X\ € r-(12, 71 )-GRFC(X), i.e., A is an r-(2, 71 )-grfc. Let A < p such that 7 (p) > s

for 0 < s <r. Since 7y < 79, then 7o(u) > s for 0 < s < r. Since A is an r-(72, 71 )- grfc, we have
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RC (A, s) < p. Again since 71 < 7o, then RC,,(\,s) < RC,, (N, s) < p. So, RC, (A, s) < p.
Hence, A € r-(11,72) — GRFC(X). O

Remark 3.10. Let (X,71,7) be a smooth bts, A\ € IX and r € Iy. Then

(1) r-(11,72)-GRFC(X) is generally not equal to r-(12,71)-GRFC(X). To show this consider
FEzxzample .

(2) If X € r-(11,72)-GRFC(X) Nr-(12, 7 )-GRFC(X) then X is called pairwise grfc.
Theorem 3.11. Let (X, 71,72) be a smooth bts, \,u € I and r € Iy. Then:
(1) If X is an r-(7;, 7j)-grfe such that X < pu < RC: (X, r), then p is an r-(7;, 7)-grfe.

(2) Xis an r-(7;,7j)-grfo if and only if p < RI- (X, 7r), whenever y < X and p is an r-7;-frc
set.

(3) If X is an r-(7;, 7j)-grfo such that RCr (X, r) < p < A, then p is an r-(7;,7;)-grfo.

Proof. To prove (1), let u < v such that 7;(v) > s for 0 < s < r. Since A < p, we obtain
A < v. Since A is an r-(72, 71)-grfc, this yields RC, (), s) < v for 0 < s < 7. From Definition
(1) and Proposition (C5), we have RC, (1, s) < RC:,(RC, (X, s),s) = RC.; (), s) < v. Thus,
RC,; (i, 5) < v and consequently, p is an r-(7;, 7;)-grfc.

Next to prove (2), for the necessity, let 1 — A <1 — g and 7;(1 — p) > s for 0 < s < r and
apply Definition (1) and Proposition (6), giving the required result.

Conversely, let T — X\ < p such that 7;(u) > s for 0 < s < r. ie, I —pu < X such that
1 — p is an s-fuzzy closed set for 0 < s < r. Assuming we have T — p < RI, (), s), this implies
1— RI; () s) < p. In view of Proposition (6), we then have RCy (I — A, s) < p. Thus, T — X
is an r-(1;, 7;j)-grfc. Hence, A is an r-(7;, 7;)-grfo.

Finally, to prove (3), taking 1 — A as an 7-(7;, 7;)-grfc and then applying (1), we have the

required result. ]

Theorem 3.12. Let (X, 71,72) be a smooth bts. Then for each x € X and t = 1, x; is

an r-7;-fre set or 1 — xy is an r-(7;, 7;)-grfe.

Proof. If x; is not an r-7;-frc set, then 1 — x; is not an r-7;-fro set, implying that the only
r-7;-fro set in X which containing 1 — 2 is 1. Thus, RC; (I — x4,s) < Tforall 0 < s < 7.

Therefore, 1 — z; is an r-(7;, 7;)-grfe. O

§4. Characterization of (i,j) - generalized regular fuzzy

closure operator

In this section, we introduce a new fuzzy closure operator by using r-(7;, 7;)-grfc sets and
study some of their properties. Also, we introduce a new smooth topology by using the fuzzy
closure operator.

Definition 4.1. Let (X, 71, 72) be a smooth bts, \ € I andr € Iy. The (i,j)- generalized
reqular fuzzy closure of \ is a map, (i,§)-GRC : IX x Iy — I defined by
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(i,§)-GRC(A\, 1) = AM{p € IX|p > \,p is r-(7;,7j)-grfc },
and the (i, j)-generalized reqular fuzzy interior of X is a map, (i, j)-GRI : IX x Iy — IX defined
by

(i,5)-GRI(\,r) = V{p € IX|p < X\, p is r-(7;,7j)-grfo}.

Proposition 4.2. Let (X,71,72) be a smooth bts, \ € I* and r € Iy. Then, RI; (A7) <
(i,7)-GRI(\, 1) < X< (i, 5)-GRC(\, 1) < RCH (A, 7).

Proof. Since every r-7;-frc (resp. r-7j-fro) set is an r-(7;, 7;)-grfc (resp. r-(7;, 7;)-grfo) set, the
proof is established. O

Next, we state some basic properties of (i,7)-GRC and (i, j)-GRI in the following propo-
sition.

Proposition 4.3. Let (X,71,7) be a smooth bts, \, \1, Ao € I and r € Iy. Then:
(1) (i,7)-GRI(1 —X\,r) =1— (i,5) — GRC(\, 7).
(2) If \y < Ag, then (i,5)-GRC(Ay,1) < (i,7)-GRC (A2, 7).
(3) If X is an r-(1;,7;)-grfc, then (i,7)-GRC (X, r) = A.
(4) If M1 < Ag, then (i,7)-GRI(A\1,7r) < (i,§)-GRI(Aa, 7).
(5) If X is an r-(7;, 7j)-grfo, then (i,j)-GRI(\,r) = \.

Proof. We prove (1) using Definition
1—(i,))-GRC(\,r)=1—N{peI¥X|p> X\ pisr-(r,7;)-grfc },
=V{I-peIlX1—-p<T-A 1-pisr-(r,j)-grfo },
= (i,J)-GRI(1 = \,7).
The proof of (2), follows from Definition while the proof of (3), follows from Definition
and Proposition . The proof of (4), comes by taking the complement of (2) and from (1).
Finally, the proof of (5) is from the same elements as are in (3). O

In Proposition the converse of (3) and (5) is not true as the following example shows.
Example 4.4. Let X = {a,b}. Define smooth topologies 71,7 : I — I as follows:

1 if xe{0,1}, 1 if xe{0,1},
(A =493 ifA=apr, ™(N) =L ifx=aos, Then (X,71,72) is a smooth bts. The
0 otherwise, 0 otherwise.

fuzzy set ag.7 is not a 1/2-(11,m2)-grfc set on X because ag7 < agr, T1(ap7) > s, 0<s<1/2,
RC.,(ap.7,8) = 1 & ag7. Since apr V by is a 1/2-(11,72)-grfc set for s € Iy, then (1,2)-
GRC(ao.7,1/2) = N(ao.7 Vbs) = ao7 V' A.ep,bs = ao.7-

Theorem 4.5. Let (X, 7, 72) be a smooth bts, A\ € IX and r € Iy. Then:

(1) (¢,7)-GRC (resp. (i,7)-GRI) is a generalized reqular fuzzy closure (resp. generalized
reqular fuzzy interior) operator.

(2) define 7(; jy-Gre I*X =1 as
T(i,j)-cre(N) = V{r € I](i,7)-GRC(T = \,;r) = T — A}
Then, 7(; jy-grc 1S a smooth topology on X such that 7; < 7(; j).arC
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Proof. We have proven that (i, j)-GRC' is a generalized regular fuzzy closure operator and in a
similar way can prove that (i, 7)-GRI is a generalized regular fuzzy interior operator. To prove
(1), we need to satisfy conditions (C1)-(C5) in Proposition

(C1) Since 0 is an r-7j-frc set in X, then from Proposition (1), 0 is an r-(7;, 7;)-grfc in X
and, from Proposition (3), we have (i, 7)-GRC(0,r) = 0.

(C2) Follows immediately from Definition

(C3) Since A < AV p and g < AV g, then from Proposition (2),

(1,7)-GRC(\,r) < (4,§)-GRC(AV p,r) and (4, j)-GRC(p, 1) < (i,7)-GRC(AV p, 7). This
implies that (i, 7)-GRC(\,r) V (i,7)-GRC(u,r) < (i,7)-GRC(AV u,r).

Suppose (i,7)-GRC(AV p,r) £ (i,7)-GRC(A\,r) V (i,7)-GRC(u, ). Consequently, z € X
and ¢ € (0, 1) exist such that

(¢,§)-GRC (A, 7r)(z) V (4,7)-GRC(p,7)(z) < t < (4,7)-GRC(AV p,r)(x). (1)

Since (i,7)-GRC(\,r)(z) < t and (7,7)-GRC(u,r)(z) < t, there exist r-(7;, 7;)-gric sets p1, po
with A < py and p < po such that pi(z) < ¢, pa(z) < t. Since AV pu < p1 V p2 and p1 V ps is an
r-(7;, 7;)-grfe from Proposition (1), we have (i,7)-GRC(AV p,7)(x) < (p1 V p2)(x) < t. This,
however, contradicts (1). Hence, (¢,7)-GRC(A\,7) V (i,7)-GRC(u, 1) = (4, )-GRC(AV 1, 7).

(C4) Let r < s, r,s € Iy. Suppose (i,7)-GRC(\,7) £ (i,7)-GRC(\,s). Consequently,
x € X and ¢ € (0,1) exist such that

(i,7)-GRC(\,7)(xz) <t < (i,7)-GRC (X, r)(x). (2)

Since (4, j)-GRC(A,s)(x) < t, there is an s-(7;, 7j)-grfc set p with A < p such that p(z) < t.
This yields RC7, (p, s1) < p, whenever p < p and 7;(p) > s1, for 0 < 57 < 5. Since r < s, then
RC:,(p,r1) < p whenever p < p and 7;(p) > 71, for 0 <71 <7 <57 < 5. This implies p is an
r-(7;, 7;)-grfe. From Definition , we have (¢, j)-GRC(A,r)(x) < p(x) < t. This contradicts (2).
Hence, (i,7)-GRC(\, 1) < (i,7)-GRC(\, s).

(C5) Let p be any r-(r;, 7;)-grfc containing A\. Then, from Definition , we have (i, j)-
GRC(A,r) < p. From Proposition (2), we obtain (i,7)-GRC((i,j)-GRC (A, 1), 1) < (i,7)-
GRC(p,r) = p. This mean that (i, j)-GRC((i,7)-GRC (A, r),r) is contained in every r-(7;, 7;)-
grfc set containing A. Hence, (i,7)-GRC((i,7)-GRC(\,r),r) < (i,7)-GRC(\,r). However,

(i,5)-GRC(A\,r) < (i,§)-GRC((i, j)-GRC (A, r),r). Therefore, (i, j)-GRC((i,§)-GRC(\,r),r) =

(i,7)-GRC(\,r). Thus (i,7)-GRC is a generalized regular fuzzy closure operator.

To prove (2), using (1) and Proposition , we get 7(; ;).¢rc, which is a smooth topology. By
Proposition , we have (i,7)-GRC(X,r) < RCy, (X, r). This means that RCr, (1 —\,7) =1— A
and implies (7, )-GRC(1 — A, 7) =1 — \. Thus, 7;(\) < 7 j)-crc(A) VA € I, O

Proposition 4.6. Let (X,71,7) be a smooth bts, \ € IX and r € Iy. Then:
(1) If 1 <7, then (1,2)-GRC(\,r) < (2,1)-GRC(\,r).
(2) If X is an r-(74,75)-grfe, then X is an r-1(; j).qro-fuzzy set.

(3) If 11 < 1, then T21).crc < T(2,1)-GRC-
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Proof. To show (1), suppose (1,2)-GRC(A,r) £ (2,1)-GRC(A,r). There exists z € X and
t € (0,1) such that

(2,1)-GRC(\,7r)(z) <t < (1,2)-GRC(A\, 1) (x). (3)

Since (2,1)-GRC(\, r)(x) < t, there exists an r-(12, 71 )-grfc set p such that A < p and p(z) < t.
From Proposition , p is an r-(7y, 7 )-grfc, which implies (1,2)-GRC(\,r)(z) < p(x) < t. This
contradicts (3).

The proof of (2) follows from Proposition (3). Finally (3), follows directly from (1). O

The converse of Proposition (2) is not true as shown in Example .

85. (i,j) - GRF - continuous and (i,7) - GRF - irresolute
mappings

In this section we introduce the concepts of (i,j)-generalized regular fuzzy continuous
(resp. irresolute) mappings in smooth bts and study the relationship between them. We also
investigate some of their properties and also, we introduce the definition of (7, j)-F RT} /5 space
in smooth bts (X, 71, 72). Throughout this section consider (X, 71, 72), (Y, 01, 02) and (Z,n1,12)
and as smooth bts’s. For a mapping f from (X, 71, 72) into (Y,01,02), we shall denote the
fuzzy regular continuous (resp., closed, open) mapping from (X, 7;) into (Y,0;), j € {1,2} by
j-fuzzy regular continuous (resp., closed, open) mapping. Firstly, we state the definition of
(i, j)-generalized regular fuzzy continuous (resp. irresolute) mappings.

Definition 5.1. A mapping [ : (X, 71,72) = (Y,01,02) is called:

(1) (i,j)-generalized regular fuzzy continuous ((i,7)-GRF-continuous, for short) if f=1(u) is
an r-(1i,7;)-grfc in X for each p € IV with o;(1 — p) > r.

(2) (i, j)-generalized regular fuzzy irresolute ((i,j)-GRF-irresolute, for short) if f=1(u) is an
r-(7i,7j)-grfc in X for each r-(o;,0;)-grfc in p € IV .

Remark 5.2. [24] Every j-fuzzy continuous function is (i, j)-generalized fuzzy continuous,
but converse is not true.
Remark 5.3.

(1) Every j-fuzzy regular continuous function is (i, j)-generalized reqular fuzzy continuous,

but converse is not true.

(2) Ewery (i, j)-generalized reqular fuzzy continuous function is (i, j)-generalized fuzzy contin-

uous, but converse is not true.

Example 5.4. Let X = {a,b} and Y = {p,q}. M\, a2 € IX, X\3,\s € IV are defined as
)\1(@) = 0.5, )\1(()) = 0.7; /\2 (a) = 0.5, )\g(b) = 0.8; )\3([)) = 0.7, )\g(q) = 0.4; )\4(]9) = 0.9, )\4((]) =
0.2. We define smooth topologies T1,Ts,01,09 : I — I as follows:
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1 if xe{0,1}, 1 if Ae{0,1},
71(\) Loifa= ), T2(N) 1ifA= ),
0 otherwise, 0 otherwise,
1 if xe{0,1}, 1 if xe{0,1},
o1(A) =493 if A=A, o2(AN) =93 if A=A,
0 otherwise, 0 otherwise.

Consider the mapping f : (X, m1,72) — (Y,01,02) defined by f(a) =p and f(b) =q. Then [ is
(1,2)-GRF-continuous but not 2-FR-continuous, for r = 5, o(X\y) =1, T — Ay is r-(11,72)-grfc
set but not r-to-frc set.

Example 5.5. Let X = {a,b,c} and Y = {p,q,r}. A, o € IX, 3,0, € IV are
defined as Mi(a) = 0.5,A1(b) = 0.7, A1(c) = 0.9; Az(a) = 0.5, A2(b) = 0.7, Aa(c) = 0.9; A3(p) =

0.7, A3(q) = 0.4, A\1(r) = 0.7; Aa(p) = 0.5, M4(q) = 0.7, \s(rr) = 0.9. We define smooth topologies
T1,To, 01,09 : IX = T as follows:

1 i xe{0,1}, 1 i xe{0,1},
() 3 A=, 2A) =93 A=,

0 otherwise, 0 otherwise,

1 ifxe{0,1}, 1 if Ae{0,1},
o1(N) =135 ifA=2Ns o2(A) =935 if A=Ay,

0 otherwise, 0 otherwise.

Consider the mapping f : (X, 711,72) = (Y,01,02) defined by f(a) = p, f(b) = q and f(c) = r.
Then f is (1,2)-GF-continuous but not (1,2)-GRF-continuous, for r = %, o(1— (1= X)) =
o(Ag) > 1, 1 — Ny is 7-(1, T2)-gfc set but not r-(11,72)-grfc.

The following Theorem gives an equivalent definition of (¢, j)-GRF-continuous mapping.

Theorem 5.6. A mapping f : (X, 11,72) = (Y,01,02) is (i,7)-GRF-continuous if and
only if f=(u) is an r-(7i,7;)-grfo in X for each p € I with o;(u) > r.

Proof. This follows directly from Definition (2) and Definition (1).

Theorem 5.7. If f: (X, 71,72) — (Y,01,02) is a j-FR-continuous, then f is (i,7)-GRF -
continuous.

Proof. Let p € IV, such that o;(T — u) > r. Since f is a j-FR-continuous, then f~!(u) is an
r-7j-frc set in X. From Proposition (1), we have that f~'(p) is an r-(7;, 7;)-grfc. Hence, f is
(1,7)-GRF- continuous. O

The converse of above Theorem is not true as seen from the above following Example .

Thus we have the following implication and none of them is reversible.
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j-fuzzy regular continuous ~ — j-fuzzy continuous

(i, ])-generalized regular

: (i, ])-generalized fuzzy
fuzzy continuous

continuous
Diagram - |

Theorem 5.8. Let f: (X, 71,72) — (Y,01,02) be a mapping. If f is (i, j)-GRF-irresolute,
then f is (i,j)-GRF-continuous.

Proof. This follows directly from Proposition (1) and Definition (2).

Then converse of above Theorem is not true as seen from the following example.

Example 5.9. Let X = {a,b} and Y = {p,q}. M\, 2 € I, X\3,\s € IV are defined as
A1(a) = 0.5, A1 (b) = 0.2; Aa(a) = 0.5, A2(b) = 0.4; A\3(p) = 0.9, A3(q) = 0.6; M\a(p) = 0.1, \y(q) =
0.8. We define smooth topologies 11,7y, 01,09 : I — I as follows:

1 ifAe (0,1} 1 i Ae{0,1).
nN) =41 A=A, ) =41 i A=,

0 otherwise, 0 otherwise,

1 if xe{0,1}, 1 if xe{0,1},
o1(\) = % if A= MAg, oa(N\) = % if A=Ay,

0 otherwise, 0 otherwise.

Consider the mapping [ : (X,71,72) — (Y,01,02) defined by f(a) = p and f(b) = q. Then
f is (1,2)-GRF-continuous but not (1,2)-GRF-irresolute, for r = %, o(Ag) > 1, 1T — Mg is
r-(11,T2)-grfc set in X but not r-(11,12)-grfc set in'Y.

Theorem 5.10.

Let f: (X,11,72) = (Y,01,02) be a mapping. Consider the following
statements:
(1) f is (i,7)-GRF-continuous.
(2) f((i,5)-GRC(\, 1)) < RCy,(f(N),7), for each X € I, r € Io.

(3) (i,§)-GRC(f~ (), r) < fH(RCq, (p,7)), for each p € I' .
Then (1)=(2)=(3).

Proof. (1)=(2) Let A € I*. Since f(A\) € IV, then f(A) < RCqy,(f(N),r). Then, A <
S7H(RCy, (f(N),r)). Since f is (4, j)-GRF-continuous, then f~'(RC,,(f(A),r)) is an r-(7;, 7

) i)
grfcin X. Hence, (i,7)-GRC(\,r) < f_l(RC(,j (f(A),r)) implies f((i,7)-GRC(\, 1)) < f(f_l(RCUj (f(N), ).

Thus, f((4,7)-GRC(A, 7)) < RCy, (f(A),7).
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(2)=(3) Letting A = f~!(u) and applying (2), we arrive at f((i,j)-GRC(f~*(n),r)) <
RCaJ(f(f Y(w),r) < RCUJ (w,7). Consequently, f((i,7)-GRC(f~'(n),r)) < RCy,(p,r) im-
pheS SN 9)-GRC(f (), 7)) < f~HRCo, (7)), which yields (i, j)-GRC(f~!(u),7) <

“H(RCo, (1, 7)) O

Next, we give an example to show that (3) does not lead to (1) in above theorem.

Example 5.11. Let X = {a,b} and Y = {p,q}. A\, o € I, A3, \s € IV are defined as
A1(a) = 0.6, (b) = 0.3; A2(a) = 0.7, A2(b) = 0.6; A\3(p) = 0.4, A\3(q) = 0.6; M\y(p) = 0.4, \s(q) =
0.7. We define smooth topologies 11, 72,071,073 : X 571 as follows:

1 if xe{0,1}, 1 i Ae{0,1},
A =493 ifA=A, (A =493 A=A,

0 otherwise, 0 otherwise,

1 if xe{0,1}, 1 if xe{0,1},
o1(N) =913 if A=A, o2(N) = Q% if A=A,

0 otherwise, 0 otherwise.

Consider the mapping [ : (X,71,72) — (Y,01,02) defined by f(a) = p and f(b) = q. Then
(1,2)-GRC(f~'(A\, ) < f7Y(RCs, (X, 3)) for each X € I, but f is not (1,2)-GRF-continuous
since 1 — g is a %—ag-fuzzy closed set in'Y, but f~H(1— \y) is not a %-(7'1772)-977”0 set in X.

Theorem 5.12.  Let [ : (X,71,72) — (Y,01,02) be a mapping. If f is (i,7)-GRF-
continuous, then for each x¢ € Pt(X) and for each r-cj-fro set v € Y such that f(x;) € v,
there exists an r-(7;,7j)-grfo n in X such that x, € n and f(n) <wv

Proof. Let z, € Pt(X), let v be an r-o;-fro set in Y such that f(z,) € v. Since f is (i,7)-
GRF-continuous then, by Theorem , f~!(v) is an r-(7;, 7j)-grfo in X such that x; € f~1(v), let
n=f""(v), then f(n) <wv. O

Theorem 5.13. Let [ : (X,71,72) — (Y,01,02) and g : (Y,01,02) — (Z,n1,12) be
mappings. Then:

(1) If g is j-FR-continuous and f is (i, j)-GRF-continuous, then gof is (i, j)- GRF-continuous.

(2) If g is (i,j)-GRF-irresolute and f is (i,j)-GRF-irresolute, then g o f is (i,7)- GRF-
irresolute.

(3) If g is (i,7)-GRF-continuous and f is (i,j)-GRF-irresolute, then go f is (i,7)- GRF-

continuous.

Proof. We prove (1), and the proof of (2) and (3) are similar to (1). Let p be an r-n;- fuzzy
closed set of Z. Since g is a j-fuzzy regular continuous, then ¢~!(u) is an r-o;-frc set of Y.

When f is (i,j)-GRF-continuous, then (go f)~'(u) = f~'(¢7 (1)) is an r-(7;, 75)-grfc of X.
Hence, g o f is (i, j)-GRF-continuous. O

We now introduce the definition of (i,j)—FRTl/Q space in a smooth bts (X, 71, 72).

Definition 5.14. A smooth bts (X, 71,72) is said to be (i,j)-FRT) 5 space if every
r-(T;, 7;)-grfe is an r-1;-frc set of X.
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Theorem 5.15. If f : (X,71,72) — (Y,01,02) is (,))-GRF-irresolute and X is (i,7)-
FRTy 5 space, then f is a j-FR-continuous.
Proof. Let p be an r-oj-frc set of Y. Then, from Proposition (1), we have that p is an -
(75, 7;)-grfc of Y. Since f is (i,j)-GRF-irresolute, then f~!(u) is an r-(7;,7;)-grfc of X, but
X is (i,7)-FRTy, space, which implies S~ (p) is an r-7j-frc set of X. Hence, f is a j-FR-

continuous, since every r-o;-frc set is r-0;-fuzzy closed. O
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§1. Introduction

The theory of fuzzy sets was initiated by by L.A.ZADEH in his classical paper [12] in
the year 1965 as an attempt to develop a mathematically precise framework in which to treat
systems or phenomena which cannot themselves be characterized precisely. The potential of
fuzzy notion was realized by the researchers and has successfully been applied for investigations
in all the branches of Science and Technology. The paper of C.L.CHANG [3] in 1968 paved
the way for the subsequent tremendous growth of the numerous fuzzy topological concepts.
In 1989, KANDIL[4] introduced the concept of fuzzy bitopological space as an extension and
generalization of fuzzy topological space.Rene Baire introduced the concept of first and second
category in topology. To define first category Baire, relied on Cantor’s definition of dense
sets and P.du Bois-Reymond’s definition of nowhere dense sets.Denjoy introduced the concept
residual as the sets which are complements of first category sets around 1912.

The concept of Baire spaces in fuzzy setting was introduced and studied by G. Thangaraj
and S. Anjalmose in [6]. The concept of Baire spaces in fuzzy bitopological setting was intro-
duced and studied by the authors in [8]. In this paper we introduce the concept of D-Baire
bitopological spaces in fuzzy setting and investigate several characterizations of pairwise fuzzy

D-Baire spaces.

§2. Preliminaries

Now we introduce some basic notions and results used in the sequel. In this work by
(X,T1,Tz) or simply by X,we will denote a fuzzy bitopological space due to KANDIL[4] . By
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a fuzzy Bitopological space we mean an ordered triple (X, Ty, T,) where 77 and Ty are fuzzy
topologies on the non-empty set X.

Definition 2.1. Let A and u be any two fuzzy sets in a fuzzy topological space (X,T).
Then we define:

(i) AV p: X = [0,1] as follows: (AV u)(z) = max {A(x), pu(x)};
(ii) AAp: X —[0,1] as follows: (A A p)(z) = min {A(x), u(x)};
(iil) p=X & plx)=1- A(z).

For a family {\;/i € I} of fuzzy sets in (X, T), the union ¢ = V;\; and intersection § = A;\;
are defined respectively as (x) = sup;{\i(z),z € X} and 6(z) = infi{\i(x),z € X}.

Definition 2.2.1' Let (X,T) be a fuzzy topological space. For a fuzzy set A of X, the
interior and the closure of A are defined respectively as int(\) = V{u/n < A\p € T} and
d(A) =Mpu/A<p,l—peTh

Definition 2.3.18] A fuzzy set ) in a fuzzy bitopological space (X, Ty, T») is called pairwise
fuzzy nowhere dense if intp, (clr, (A)) = intg, (clry, (X)) =0 .

Definition 2.4. [ Let (X,Ty,T,) be a fuzzy bitopological space.A fuzzy set A in
(X, Ty, Ts) is called a pairwise fuzzy open set if A€ Th and A € Ty .

Definition 2.5. [ Let (X,Ty,T,) be a fuzzy bitopological space.A fuzzy set A in
(X,T1,Ts) is called a pairwise fuzzy closed set if 1 —A €Ty and 1 — A€ Ty .

Definition 2.6. [l Let (X,Ty,T5) be a fuzzy bitopological space.A fuzzy set X in
(X,T1,Ts) is called a pairwise fuzzy dense set if clp, (clr, (M) = clp,(clr, (X)) =1 .

Definition 2.7 [¥ Let (X, T}, T5) be a fuzzy bitopological space.A fuzzy set X in (X, T, Tb)
is called pairwise fuzzy first category set if A = \/fi1 A; where \;’s are pairwise fuzzy nowhere
dense sets in (X,T7,T2). A fuzzy set which is not pairwise fuzzy first category set is called a
pairwise fuzzy second category set in (X, T, T3).

Definition 2.8 [¥ Let (X, T, T5) be a fuzzy bitopological space.A fuzzy set X in (X, Ty, Tb)
is called a pairwise fuzzy residual set if its complement is a pairwise fuzzy first category set.

Definition 2.9 BJA fuzzy bitopological space (X, Ty,T3) is called a pairwise fuzzy Baire

if int(\/;2; A\;) = 0 where \;’s are pairwise fuzzy nowhere dense sets in (X, Ty, 75).

§3. Pairwise fuzzy D-Baire spaces

Definition 3.1 : A fuzzy bitopological space (X,T1,T5) is called a pairwise fuzzy D-
Baire space if intr, (clr, (Vo1 (i) = intr, (clr, (V=1 (i) = 0, where \;’s are pairwise fuzzy
nowhere dense sets in (X, T7,T»).

Example 3.1 : Let X = {a,b,c}. The fuzzy sets A , p and v are defined on X as follows :
A: X — [0, 1] is defined as A (a) = 0.5; A (b) = 0.7; A (c) = 0.6.

X —[0, 1] is defined as p(a) = 0.4; p (b) = 0.6; u(c) = 0.5.

v: X — [ 0,1] is defined as v(a) = 0.6; v(b) = 0.5; v(c) = 0.4.

Clearly Th = {0, \, p, v, AV v, u VU, AA v, p AV, A A (pV v), 1} and

Ty = {0, A, p, 1} are fuzzy topologies on X and (X, T1, T3) is a fuzzy Bitopological space . Clearly
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1-XA,1—p,1—=(AVy),l—(uVr),and 1 — (AA (Vv)) are pairwise fuzzy nowhere dense sets
in (X, T1,Te) . Alsol—p=(1-N)V({Q—-p)VI-=AVr)V(I1= (V) V(Q—(AA(pVV)))isa
pairwise fuzzy first category set in (X, T1,Tz) . Also intp, (clr, (1 —p)) = intp, (clpy, (1 —p)) =0
. Hence the bitopological space (X, T, T3) is a pairwise fuzzy D-Baire space

Example 3.2 : Let X = {a,b,c}. The fuzzy sets \;(i=1,2,3 ) ,;(j=1,2,3 ), are defined
on X as follows :
A1 X — [0, 1] is defined as A1 (a) = 0.5; Ay (b) = 0.7; A1 (¢c) =0
A2 : X — [0, 1] is defined as Ay (a) = 0.4; Ay (b) = 0.6; Ay (¢) =0
Az 0 X — [0, 1] is defined as A3 (a) = 0.6; A3 (b) = 0.5; Az (¢) = 0.
1 2 X —[ 0, 1] is defined as pi(a) = 0.8; py (b) (c) =0.7.
po @ X —[ 0, 1] is defined as po(a) = 0.6; uq (b):09 u1(c) = 0.4.
ps : X —[ 0, 1] is defined as p3(a) = 0.4; ps (b) = 0.7; ps(c) = 0.8.
Clearly Th = {0, A1, 22, A3, A1 V A3, 22 V A3, A1 A Az, A0 A Az, A2 A (A1 A A3),1} and Tn =
{0, 01, o, pss p1 V s ju1 V sy pro Vs, pn A piy fn A s, iz A s, iV (2 A ps), e Vo (pn A ps), ps V
(1 A p2), i A (2 V ps), po A (Vo ps), ps A (Vo pe), (pa Vv ope V ps), 1} are fuzzy topologies on
X and (X, T1,T3) is a fuzzy Bitopological space .a, and v are defined on X as follows :
a: X —[0, 1] is defined as a(a) = 0.6; a (b) = 0.3; a(c) = 0.4.
B : X —[0, 1] is defined as S(a) = 0.4; 8 (b) = 0.3; 5(c) = 0.6.
v: X — [ 0,1] is defined as v(a) = 0.6; v(b) = 0.5; v(c) = 0.6.
Clearly a, 8, 1 = A1, 1 — g, 1 — p3 and 1 — (u1 V p2) are pairwise fuzzy nowhere dense sets in
(X, T1,T5) . Hencev=aV V(1 - )V —p1)V(1—pus)V(1—(u1Vpus))is a pairwise fuzzy
first category set in (X,T1,T2). But intr,(clr, (v)) = p1 A p2 # 0. Hence the bitopological
space (X, Ty, T») is not a pairwise fuzzy D-Baire space.

Proposition 3.1. Let (X,T1,7>) be a fuzzy bitopological space .Then the following are
equivalent:
(i)(X, Ty, Ts) is a pairwise fuzzy D-Baire space.
(iD)intr, (clr, (X)) = intr, (clr, (X)) = 0, for every pairwise fuzzy first category set A in (X, T1,T3)
(iii)elp, (intr, (1)) = cp, (inty, (1)) = 1, for every pairwise fuzzy residual set p in (X, T7,7T5)

Proof. (i)= (ii). Let A be a pairwise fuzzy first category set in the pairwise fuzzy D-
Baire space (X, Ty, T5). Then A = \/:2, (lambda;) where \;’s are pairwise fuzzy nowhere dense
sets in (X, T1,Ts) . Sine (X,Ty,T) is a pairwise fuzzy D-Baire space, intr, (clr, (Ve (A))) =
intr, (clr, (Vie (M) = 0 . Hence intr, (clr, (X)) = intr, (clr, (X)) = 0, for every pairwise fuzzy
first category set A in (X, T3,T%) .
(il)= (iii). Let p be a pairwise fuzzy residual set in (X,Ty,72). Then 1 — p is a pairwise
fuzzy first category set and hence, by hypothesis, intp, (clr, (1 — p)) = intp, (clp, (1 —p)) =0

This implies that, clp (intp, (1)) = crp,(int, (1)) = 1 . Hence we have clp, (intr,(n)) =

clr, (intr, (1)) = 1, for every pairwise fuzzy residual set p in (X, T3, T%)
(iii)== (i). Let A\;’s be pairwise fuzzy nowhere dense sets in (X, Ty,75). Then A = \/;2 (\;) is
a pairwise fuzzy first category set and hence, 1 — \ is a pairwise fuzzy residual set in (X, T, T3).
By hypothesis clp, (intr,(1 — X)) = clp,(intp, (1 — X)) = 1. This implies intp, (clp, (M) =
intr, (clr, (N)) = 0 . That is, intr (clp, (Vi (M) = intr,(cry (Ve (X)) = 0. Hence
(X, Ty, T») is a pairwise fuzzy D-Baire space.
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Theorem 3.1.18] Let (X,Ty,T5) be a fuzzy bitopological space .Then the following are

equivalent:

()(X,T1,T>) is a pairwise fuzzy Baire space.

(ii)intr,(A) = 0 ,( j=1,2) for every pairwise fuzzy first category set A in (X, T1,T5) .
(iii)cl, (n) = 1, (j=1,2) for every pairwise fuzzy residual set p in (X, T1,T3)

Proposition 3.2. If (X,T},Ts) is a pairwise fuzzy D-Baire space then (X,77,73) is a
pairwise fuzzy Baire space .

Proof. Let A be a pairwise fuzzy first category set in a pairwise fuzzy D-Baire s-
pace (X,T1,T2) . By Proposition 1.1, intp, (clg, (A)) = intp, (clr, (A)) = 0 . Now intr, (A) <
intp, (clp, (X)) and intp, () < intp, (clp, (A)) implies that intp, (A) = intp,(A) = 0, and by
Theorem 3.1, (X,T1,T5) is a fuzzy Baire space.

Proposition 3.3. If the fuzzy bitopological space (X,Ty,T») is a pairwise fuzzy D-
Baire space , then no nonzero pairwise fuzzy open set is a pairwise fuzzy first category set in
(X, 11, T5).

Proof.  Suppose that the nonzero pairwise fuzzy open set A is a pairwise fuzzy first
category set in (X,Ty,T%) . Since (X,T3,7T3) is a pairwise fuzzy D-Baire space and A is a
pairwise fuzzy first category set implies intr, (cl, (A)) = intp, (clpy, (V) = 0. But A is a pairwise
fuzzy open set in (X,Ty,Ts), intr,(A) = X (i=1,2) . This gives intr, (\) < intp (clr, (X))
and intp,(N\) < intr, (clr, (A)). This implies that intp, (A\) = intr,(A) = 0 and so A = 0, a
contradiction to A, being a nonzero pairwise fuzzy open set . Hence no nonzero pairwise fuzzy
open set is a pairwise fuzzy first category set in a pairwise fuzzy D-Baire space (X, T1,T5).

Proposition 3.4. If (X, T3, T3) is a pairwise fuzzy D-Baire space and if V2, (\;) =1 then
there is exists atleast one fuzzy set A; such that either intr, (clp,(A;)) # 0 or intp, (clr, (Ni)) #
0.

Proof. Suppose intr, (clr,(A;)) = 0 and intr, (clp, (A;)) = 0 for all i, then \;’s are pairwise
fuzzy nowhere dense sets in (X,T1,72) . Then V2, (\;) = 1 implies that intp, clr, (V21 (Ni)) =
intp, clr, (1) = 1 # 0, a contradiction to (X, Ty,T%) being a pairwise fuzzy D-Baire space in
which intp, clr, (V2 (N;)) = intrclr (V52 (A;)) = 0 . Hence either intr, (clr, (N\;)) # 0 or
intr, (cly, (N\;)) # 0 for atleast one i in (X, Ty, Ts).

Proposition 3.5. Ifintr, (clr, (Vo1 (M) = intz, (clr, (V21 (X)) = 0 where intr, (A;) =
0,( j=1,2) and A;’s are pairwise fuzzy closed sets in (X,T1,75), then the fuzzy bitopological
space (X,T1,T3) is a pairwise fuzzy D-Baire space.

Proof.  Let \;’s be pairwise fuzzy closed sets. Then clr,(X\;) = A; ( j=1,2) . Now
intr, (A\;) = 0 (j=1,2) implies that intr, (clt,(\;)) = intr, (cl, (A;)) = 0 . Therefore \;’s are pair-
wise fuzzy nowhere dense sets in (X, T, T). Hence intr, (clr, (Ve (N:))) = intr, (cdr (Ve (X)) =
0 where \;’s are pairwise fuzzy nowhere dense sets in (X, T, T5) implies the pairwise fuzzy D-
Baire space.

Theorem 3.2.1'9 TIf X < p and p is a pairwise fuzzy first category set in a fuzzzy
bitopological space (X,T1,T5) then A is also a pairwise fuzzy first category set .

Proposition 3.6. If y is any fuzzy set such that p < A\, where X is any pairwise fuzzy first
category set in a pairwise fuzzzy D-Baire space (X, T, T») then u is a pairwise fuzzy nowhere

dense set.
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Proof. Let A be a pairwise fuzzy first category set in (X, T1,7T>) and u be any fuzzy set
in (X,T1,Ts) such that 4 < A . By Theorem 3.2, p is also a pairwise fuzzy first category set.
Since p is a pairwise fuzzy first category set in the pairwise fuzzy D-Baire space (X, T, T5),
by Proposition 3.1, we have intr, (clr, (X)) = intr, (clr, (X)) = 0. Hence p is a pairwise fuzzy
nowhere dense set.

Theorem 3.3.8] If ) is a pairwise fuzzy nowhere dense set in a fuzzy bitopological space
(X,T1,Ts), then 1 — X is a pairwise fuzzy dense set in (X, T7,T5).

Proposition 3.7. If (X,T7,T3) is a pairwise fuzzy D-Baire space then every pairwise

fuzzy residual set in (X, T7,T») is a pairwise fuzzy dense set.

Proof. Let A be a pairwise fuzzy residual set in (X,77,T3). Then 1 — X is a pairwise
fuzzy first category set. Since (X, T}, T5) is a pairwise fuzzy D-Baire space, 1 — A is a pairwise

fuzzy nowhere dense set. By Theorem 3.3, A =1 — (1 — A) is a pairwise fuzzy dense set.

Proposition 3.8. If p is any fuzzy set such that A < p, where X is any pairwise fuzzy
residual set in a pairwise fuzzzy D-Baire space (X, T1,T5»), then p is a pairwise fuzzy dense set.

Proof. Let A be a pairwise fuzzy residual set in (X,T7,T5) and p be any fuzzy set in
(X, Ty, Ts) such that A < g . Now 1 —p < 1—Xand 1— X\ is a pairwise fuzzy first category set.
Hence by Theorem 3.2, 1 — p is a pairwise fuzzy first category set in pairwise fuzzy D-Baire
space (X,T1,T>) . Then u is a pairwise fuzzy residual set and hence by Proposition 3.7, p is a

pairwise fuzzy dense set.

Proposition 3.9. If the pairwise fuzzy first category set A , is a pairwise fuzzy closed set,
in a pairwise fuzzy Baire space (X, Ty, T), then (X, T, T3) is a pairwise fuzzy D-Baire space .

Proof. Let A be a pairwise fuzzy first category set in a pairwise fuzzy Baire space
(X,T1,Tp) and clr,(A) = A ...(1) (i = 1,2) By theorem 3.1, intr,(A) =0 ...(2) (i =1, 2)
, for the pairwise fuzzy first category set A in (X,T1,72). Then, from (1) and (2), we have
intr, (clpy, (X)) = intp, (cl, (A)) = 0. Hence, by proposition 3.1, (X, Ty, T5) is a pairwise fuzzy

D-Baire space .

Proposition 3.10. If the pairwise fuzzy residual set u , is a pairwise fuzzy open set, in
a pairwise fuzzy Baire space (X, Ty, T3), then (X,T7,T3) is a pairwise fuzzy D-Baire space .

Proof. Let A be a pairwise fuzzy first category set in a pairwise fuzzy Baire space
(X,T1,T). Then 1 — )\ is a pairwise fuzzy residual set. By hypothesis 1 — A is a pairwise fuzzy
open set in (X,T1,T>). Hence A is a pairwise fuzzy closed set. This implies that the pairwise
fuzzy first category set A , is a pairwise fuzzy closed set, in the pairwise fuzzy Baire space
(X,T1,T). By proposition 3.9, (X, Ty, T») is a pairwise fuzzy D-Baire space .

Proposition 3.11. If the fuzzy bitopological space (X,T1,Ts) is a pairwise fuzzy first
category space then (X,T7,75) is not a pairwise fuzzy D-Baire space .

Proof. Let (X,T1,T») be a pairwise fuzzy first category space . Then V2, \; = 1x
where \;’s are pairwise fuzzy nowhere dense sets in (X,T1,T2) . Then intp, (clp, (V21(N)) =
intr, (clry, (1)) = intp, (1) = 1 # 0 and intp, (clry, (V21 (N)) = intp, (clp, (1)) = intp, (1) = 1 # 0.
Hence (X, T1,T5) is not a pairwise fuzzy D-Baire space .
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84. Inter-relations between pairwise fuzzy strongly irre-
solvable spaces, pairwise fuzzy submaximal spaces and pair-

wise Fuzzy Baire spaces

Proposition 4.1. If (X,Ty,T5) is a pairwise fuzzy submaximal space ,then (X,T7,T5s)
is not a pairwise fuzzy D-Baire space .

Proof. Let (X,T1,T3) be a pairwise fuzzy submaximal space.Suppose that (X, T7,Ts)
is a pairwise fuzzy D-Baire space. Let A = V§2,\;, be a pairwise fuzzy first category set in
(X,T1,T2) . Then \;’s are pairwise fuzzy nowhere dense sets. This implies intr, (clz, (A;) =0
and intr, (clr, (A;) = 0. Now intp, (\;) < intp (clr, (N;)) and intr, (A;) < intr, (clr, (A)), im-
plies that intp, (\;) = 0 and intp,(\;) = 0. Then 1 — intp, (N\;) = 1 and 1 —intp,(N;) = 1
implies that clp, (1 — \;) = 1 and clp, (1 — X;) = 1. This implies that clp, (clr, (1 — X)) = 1
and clr,(cly, (1 — A;)) = 1. Hence 1 — \;’s are pairwise fuzzy dense sets in (X,7Ty,T>) .Now
intr, (1 =X;) =1—(clr, (X)) < (1= N;) and intp, (1 — ;) =1 — (clr, (X)) < (1 — A;). Hence
intp, (1 —X;) # (1 = \;) and int, (1 — \;) # (1 — A;) and therefore (1 — A;)’s are not pairwise
fuzzy open sets in (X,T1,73) . But this is a contradiction to (X,T7,7T%), being a pairwise
fuzzy submaximal space, in which each pairwise fuzzy dense set is pairwise fuzzy open set in
(X,T1,T). Hence our assumption that (X,T1,7T3) is a pairwise fuzzy D-Baire space does not
hold. Thus every pairwise fuzzy submaximal space is not a pairwise fuzzy D-Baire space .

Under what conditions, a pairwise fuzzy submaximal space is a pairwise fuzzy D-Baire
space? The answer, for this question,is given in the following proposition.

Proposition 4.2. If the fuzzy bitopological space (X,Ty,T>) is a pairwise fuzzy sub-
maximal space and pairwise fuzzy Baire space, in which every pairwise fuzzy residual set is a
pairwise fuzzy dense set in (X, T3, Ts), then (X,T7,T3) is a pairwise fuzzy D-Baire space .

Proof. Let (X,Ty,T») be a pairwise fuzzy submaximal Baire space and A be a pairwise
fuzzy residual set in (X,T1,T5). By hypothesis, A is a pairwise fuzzy dense set . Also since
(X,T1,T») is a pairwise fuzzy submaximal space, for the pairwise fuzzy dense set A , we have
A €T, (i=12). Hence the pairwise fuzzy residual set A is a pairwise fuzzy open set in
(X,T1,T). Then, by proposition 3.11, (X, Ty, T5) is a pairwise fuzzy D-Baire space .

Definition 4.1.12 A fuzzy bitopological space (X, Ty, Ts) is said to be a pairwise fuzzy
strongly irresolvable space if for each pairwise fuzzy dense set A in (X, T3, T3), clp, (intp,(\)) =
cr, (inty, () =1 .

Theorem 4.1.19 If the fuzzy bitopological space (X,T1,T») is a pairwise fuzzy Baire
space, then each pairwise fuzzy residual set is a pairwise fuzzy dense set in (X, 71, T5).

Proposition 4.3. If the fuzzy bitopological space (X, T, T5) is a pairwise fuzzy strongly
irresolvable Baire space, then (X,T7,7T3) is a pairwise fuzzy D-Baire space .

Proof. Let (X,Ty,T) be a pairwise fuzzy strongly irresolvable Baire space and A be a
pairwise fuzzy residual set in (X, 77, Ts). Since (X,T1,T5) is a pairwise fuzzy Baire space, by
Theorem 4.1, \ is a pairwise fuzzy dense set . Also since (X, T7,T») is a pairwise fuzzy strongly
irresolvable space, for the pairwise fuzzy dense set A , we have clr, (intt, (X)) = clr, (intr, (X)) =

1. Then by Proposition 3.1, (X, T, T») is a pairwise fuzzy D-Baire space .
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Definition 4.2.9 A fuzzy bitopological space (X, Ty, T») is said to be a pairwise fuzzy
almost resolvable space , if V2 | (Ax) = 1, where the fuzzy sets Ay’s in (X, T7,T5) are such that
intr, () = 0,(i=1,2) .

Theorem 4.2.[8] If the fuzzy bitopological space (X, Ty, Ts) is a pairwise fuzzy Baire
space, then(X, Ty, T5) is a pairwise fuzzy second category space.

Proposition 4.4. If the fuzzy bitopological space (X, T1,T?) is a pairwise fuzzy D-Baire
space then (X, T}, T?) is not a pairwise fuzzy almost resolvable space.

Proof. Let (X,T1,T,) be a pairwise fuzzy D-Baire space. Then, by proposition
3.2,(X,T1,Ts) is a pairwise fuzzy Baire space. By Theorem 4.2, is a pairwise fuzzy second
category space, and hence (X,T7,T») is not a pairwise fuzzy first category space. This im-
plies that \/;=;(Ax) # 1, where Ax’s (k = 1 to co) are pairwise fuzzy nowhere dense sets
in (X,Ty,T). Since A\;’s (k = 1 to oo) are pairwise fuzzy nowhere dense sets in (X, T1,T3),
intr, (clr, (A)) = intr, (clpy, (M) = 0. Also, since intr, (A\g) < intr, (clr,(Ax)) and intp, (M) <
intr, (clr, (M) sintr,(Ag) = 0 (i=,2). Hence \/;2;(A\x) # 1 ,where intr,(\y) =0, (i = 1,2).
Therefore (X, T1,T5) is not a pairwise fuzzy almost irresolvable space.

Definition 4.3.°0 A fuzzy bitopological space (X, T, T) is called a pairwise fuzzy nodec
space if every non - zero pairwise fuzzy nowhere dense set in (X, 71, T»), is a pairwise fuzzy closed
set in (X,T1,T3) .That is, if A is a pairwise fuzzy nowhere dense set in a fuzzy bitopological
space (X, T1,T3), then 1 - A e T; (i=1,2).

Proposition 4.5. If (X,T},T5) is a pairwise fuzzy nodec space , then (X, T}, T5) is not
a pairwise fuzzy D-Baire space .

Proof. Let A = V2, \;, be a pairwise fuzzy first category set in (X,71,75) .Then
A;’s are pairwise fuzzy nowhere dense sets in (X,T1,73) . But (X,T1,T3) is a pairwise fuzzy
nodec space, hence A;’s are pairwise fuzzy closed sets and clr,(A;) = A; , j=1,2 . Now
intr, (A) = intp, (V21 (N)) = intr, (V2 clp, (N) > V2 intr (clry,(A;) - Since A;’s are pair-
wise fuzzy nowhere dense sets in (X, T1,7T2)), intr, (clr,(A;) = 0 . Hence we have intr, (A) #0
and 0 # intp, (N) < intp (clr, (A)) implies that intp, (clp, () # 0. Therefore by proposition
3.1, (X,T1,T5) is not a pairwise fuzzy D-Baire space .

Theorem 4.4.[1% Let (X,T1,T») be a pairwise fuzzy strongly irresolvable space. Then A
is a pairwise fuzzy dense set in (X, T3, T») if and only if 1 — X is a pairwise fuzzy nowhere dense
set.

Proposition 4.6. Let (X,T1,T3) be a pairwise fuzzy strongly irresolvable space. Then
(X, Ty, T») is a pairwise fuzzy D-Baire space if and only if (X, Ty, Ts) is a pairwise fuzzy Baire
space.

Proof. Let (X,T1,T5) be a pairwise fuzzy D-Baire space. By proposition 3.2, (X, T7,T»)
is a pairwise fuzzy Baire space.

Conversely (X,T1,T3) is a pairwise fuzzy Baire space and pairwise fuzzy strongly irresolvable
space. Let A be a pairwise fuzzy first category set in (X, T1,T5) . Then 1 — X is a pairwise fuzzy
residual set in (X,7T7,7T3) . Since (X,T1,T5) is a pairwise fuzzy Baire space, by Theorem 4.1,
1 — X is a pairwise fuzzy dense set in (X, T7,T5). Since (X,T7,T3), is a pairwise fuzzy strongly
irresolvable space, clr, (intt,(1 — X)) = 1 and clp, (intr, (1 — X)) = 1. Then intp, (clr,(A)) =0
and intr, (clp, (\)) = 0, hence by proposition 3.1, (X, T1,T5) is a pairwise fuzzy D-Baire space.
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Proposition 4.7. Let (X,T1,T3) be a pairwise fuzzy strongly irresolvable space. Then
(X,T1,T») is a pairwise fuzzy D-Baire space if and only if A = A2, A;, where A;’s are pairwise
fuzzy dense sets, is a pairwise fuzzy dense set in (X, T7,T»).

Proof. Let (X,T1,T>) be a pairwise fuzzy strongly irresolvable and pairwise fuzzy D-
Baire space . Let A = A2, \;, where \;’s are pairwise fuzzy dense sets in (X, Ty, 7). We have
to prove that A is pairwise fuzzy dense set. Now 1 — A = V2, (1 — ;) and since (X, T1,7T3)
is a pairwise fuzzy strongly irresolvable space by Theorem 4.4, (1 — \;)'s are pairwise fuzzy
nowhere dense sets in (X,77,7»). Hence 1 — X is a pairwise fuzzy first category set. Since
(X,T1,T») is a pairwise fuzzy D-Baire space, by proposition 3.1, intr, (clr, (1 — X)) = 0 and
intr, (cly, (1—X)) = 0. This implies that 1—intr, (clr,(1—X)) = 1 and 1 —intp, (clyy (1=X)) =1
. Hence clr, (intr,(N)) = 1 and clg, (intp, (A)) = 1 . Since clp, (intr, (X)) < cr, (clr, (X)) and
clr, (intr, (A)) < clrp, (clp, (X)), we have, clp, (cl,(N\)) = clr,(clr, (X)) = 1 and )\ is pairwise fuzzy
dense set.Conversely suppose A = A2, \;, where \;’s are pairwise fuzzy nowhere dense sets, is
a pairwise fuzzy dense set in (X,71,T5). We have to prove that (X, Ty, T5) is a pairwise fuzzy
D-Baire space. Let p be a pairwise fuzzy first category set. Then p = \/22, pi;, where p;’s are
pairwise fuzzy nowhere dense sets in (X,T1,T2). Now 1 — pu = A2, (1 — p;). Since (X,T1,T3)
is a pairwise fuzzy strongly irresolvable space and p;’s are pairwise fuzzy nowhere dense sets,
by theorem 4.4, (1 — u;)'s are pairwise fuzzy dense sets . Therefore, by hypothesis, 1 — u
is a pairwise fuzzy dense set in a pairwise fuzzy strongly irresolvable space (X, T1,T5). Hence
clp, (intp, (1—p)) = clp, (intr, ((1—p)) = 1. This implies that intp, (clp, (1)) = intn, (clr, (1)) =
0 . Hence, by proposition 3.1, (X,Ty,T») is a pairwise fuzzy D-Baire space.

Remark 4.1. In view of proposition 4.6 and proposition 4.7, we have, the following
result. Let (X,T1,T5) be a pairwise fuzzy strongly irresolvable space. Then the following are
equivalent.

(1)(X,T1,T>) is a pairwise fuzzy Baire space.

(ii)(X, T1,T3) is a pairwise fuzzy D-Baire space.

(iil) A = A2, \;, where \;’s are pairwise fuzzy dense sets in (X, T1,7T5), is a pairwise fuzzy dense
set in (X, T, T5).

Theorem 4.5.019 If every pairwise fuzzy Gs set is fuzzy pairwise dense in a pairwise
fuzzy submaximal and pairwise fuzzy strongly irresolvable space (X, Ty, T5), then (X,T1,T5) is
a pairwise fuzzy Baire space.

Proposition 4.8. If every pairwise fuzzy Gs set is fuzzy pairwise dense in a pairwise
fuzzy submaximal and pairwise fuzzy strongly irresolvable space (X, T1,T»), then (X, T1,T3) is
a pairwise fuzzy D-Baire space.

Proof. Proof follows from Remark 4.2 and Theorem 4.5.

Theorem 4.6.1'% If every pairwise fuzzy Gs set is a pairwise fuzzy dense set in a pairwise
fuzzy strongly irresolvable and pairwise fuzzy nodec space (X,T7,T%), then (X,77,7%) is a
pairwise fuzzy Baire space.

Proposition 4.9. If every pairwise fuzzy G5 set is a pairwise fuzzy dense set in a
pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec space (X, T1,T3), then (X, T1,T5)
is a pairwise fuzzy D-Baire space.

Proof. Proof follows from Remark 4.2 and Theorem 4.6.
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Abstract In this paper, we employ the concept of bounded variation in the study of integra-
tion on time scales in the sense of Henstock-Kurzweil-Stietljes-O-integral to prove mean value

theorems for normed linear space-valued functions.

Keywords Bounded variation, Henstock-Kurzweil integral, Stieltjes integral, Normed linear space,

Time scales.
2010 Mathematics Subject Classification 26A39, 28B15, 46G10.

§1. Introduction and preliminaries

The dual of the space of functions of bounded variation was studied by K. K. Aye and P.
Y. Lee [2] which was dedicated to Prof. J. Kurzweil on the occasion of his 80th birthday. Hilde-
brandt [8] has characterized continuous linear functionals on the space of bounded variation
(BV) regarding BV as a two-norm space. The Henstock delta integral on time scales was intro-
duced by Allan Peterson and Bevan Thompson [11] and Henstock-Kurzweil integrals on time
scales was studied by Brian S. Thomson [13]. We relate the time scales version of integration
to the usual form. This relation shows that most of the properties of a time scale integral can
be realized by using the techniques tailored to the time scale setting. See ( [1], [3], [4], [9], [10]
and [13]).

A time scale T is any closed non-empty subset of R, with the topology inherited from the
standard topology on the real numbers R.

Let T be a time scale, a,b € T,a < b, and I = [a, b]r. A partition of I is any finite ordered sub-
set P =tg,t1,...,tn C [a,blr, where a =ty < t; < ... <t, = b. Each partition P = tg, 11, ..., tn
of I decomposes I into subintervals Iy, = [t;—1, ti]o,

1=1,2,...,n, such that Iy, NIy, = @ for any k # i. By At; =1t; —t;_1, we denote the length



76 D. A. Afariogun and A. A. Mogbademu No. 1

of the 7*" subinterval in the partition P; by P(I) the set of all partitions of I. See ( [1]- [6]).

Let us employ diamond symbol to represent delta and nabla operators in order to avoid repe-
tition with respect to the approach promoted by Bartosiewicz and Piotrowska [3]. We denote
one of them by Iy where { means either A or V. Similarly, we use “0“ as a common notation

for the two kinds of derivatives on time scales. We can read f© as either f* or fV.

Definition 1.1. Let X be a normed linear space and f : [a,blr — X. Let g be a non-
decreasing function defined on [a, bl and let P = {tg,t1,...,tn} be a tagged partition of [a,b|r.
The Henstock-Kurzweil-Stieltjes sum S(Ps, f,g) of f with respect to g on partition P, is defined
by

Péva ngz z (z 1)]

Since Og, = g(t;) — g(ti—1), therefore, the Henstock-Kurzwezl-Stieltjes sum can be written as

P67f7 ngz <>gl

Definition 1.2. Let X be a normed linear space and f : [a,bly — X is Henstock-Kurzweil-
Stieltjes-O-integrable with respect to a monotone increasing function g on [a, bl if there is a
number L of member of X such that for every e > 0, there exists a 6(t) > 0 for [a,b]r such that

HS(P57f7g) _L” <g,

for each define partition of [a,blr such that |P|| < d and t;—1 <& <t;, i=1,2,...,n and &
is arbitrarily chosen in [t;—1,t;] .

We say that L is the Henstock-Kurzweil-Stieltjes-O-integral of f with respect to a monotone
increasing function g over [a,b|t, and write

b
u / F()0g(t)

Definition 1.3. Let f : [a,b]r — X and P = {to,t1,...,tn} be any partition of [a,b|T.
Define

n
IB(P)| =D If(®)lg(t:) — gti-1)].
i=1
The function f is said to be of bounded variation on [a, by iff there is a real number M such
that | B(P)|| < M for all partitions P of [a,b].
Definition 1.4. ( [7]). If f is of bounded variation on [a,b]r, the total variation of f

over [a,b]r is defined as ||V (f;a,b)|| = sup{|B(P)|: P is a partition of [a,b|r}.
If f is monotone, then for each partition P,

I1B(P)|| = Z\f(t)[g(ti) —g(ti-1)]]
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collapses to || f(b) — f(a)| or || f(a) — f(b)||, depending on whether f is increasing or decreasing
respectively.

Thus, if f is monotone on [a, b, then f is of bounded variation on [a,blr and ||V (f;a,b)| =

1£(b) = f(a)ll-

§2. The Main Results

In this section, we prove some mean value theorems on bounded variation of the Henstock-
Kurzweil-Stieltjes-O-integral for normed linear space-valued functions on time scales. The fol-

lowing theorems will be used in the prove of mean value theorems.

Theorem 2.1.  Suppose that f : [a,blr — X and g : [a,b]r — X are bounded, that
¢ fa,blr = X and ¢ : [a,blr — X are of bounded variation, and that f,g € R(p) NR(¢).
Then
(i) for all real numbers m and n, mf(t) + ng(t) € R(¢) and

b

b b
[ o)+ ng@)0pt) =m [ 500000 41 [ o))

(ii)  for all real numbers m and n, f(t) € R(mp(t) + ny(t)) and

b b b
/f(t)O(mw(t)+n¢(t)):m/ f(t)<><P(t)+n/ FR)0P().

Proof. (i). Suppose f,g € R(¢) and that m and n are real numbers.
Let f,g9 € R(v,) NR(vy — ). Thus,
mf(t) +ng(t) € R(v,) NR(vy, — ); that is, mf + ng € R(¢) and

b

b
/ (mF (1) + ng(t)) v — / (mf(£) + ng()O(wag — (1))

a

b
/ (mf () + ng(£))0p(t)

b b
= m / f®)Ovpy +n / 9(t)Ovy(r)
b

b
_m / FOOwo — (1) — / 9()0(0p0) — (1))
bﬂ. b a
- m / F(H)0(t) +n / 9()0(b).

(ii). If f € R(p) NR(1)), then there are increasing functions @1, w2, 11,12 such that
f € R(p1) NR(p2) NR(Y1) NR(¢2)

and ¢ = 1 — p2,% = Y1 — Po.
Then

feR(p1 + 1), f € R(p2 +12),

7
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/f t)+ (¢ /f )Op1(t /f YO (t
/f )+ it /f Jopalt) /f ()0 t)

Now, ¢ + 1 = (p1 + 1) — (92 + 12), hence f € R(p + 1) and

/:f(t)@(w /f )+ it /f ) + (1))

b
- / FBO(p1 (1) + / SO0 (t) - / FO0(a(t) — / 0@ ()
b b
- / FOO((t) + / FIOO0)

It is now remains to show that f € R(y) implies f € R(my) and

b b
/ F(O)0(mep(t)) = m / F(H)00(t)

As above, let’s assume that o1, @9 are increasing with f € R(p1) NR(p2) and ¢ = ¢1 — . If

and

m > 0, then mey; and mpq are increasing, f € R(mep;) NR(meps) and

/abf(t) Olmepi(t m/f

for i =1,2. If m < 0, then —m¢; and —ms are increasing,
f € R(—mep1) NR(—meps) and

/abf(t) —mipi (1 =—m/f

Now me = mp1 —mps = —mps — (—mpy). Hence, in either case, m > 0 or m < 0, f € R(meyp),
b b
[ s000mete) =m [ r@0e(

Theorem 2.2. (Partial Integration Formula).
Suppose that f : [a,blr — X and g : [a,blr — X are of bounded variation and that f € R(g).
Then g € R(f) and

H/f J0g(®)ll = £ (B)g(b) |—|\/

Proof. Choose € > 0. There is a partition P of [a, b]T such that if Q is a refinement of P, then

and

15(@Q. £.9) /f Yog(t)]| < e.
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Suppose @ = {to,t1, ..., t, } is a refinement of P and sy, € [tx—1 —tg]r is chosen for k = 1,2, ..., n.
Then

Ql = Q U {thtla atn}

is a partition of [a, b]T, which is a refinement of P.

Now
1£(®)g(®) = Fla)g(a)ll = Y[ F(t)g(tn)l = > _|F(tr-1)g(tr-1)],
k=1 k=1
and .
S(Q.g.1)=>_ glte)[f(te) — f(te-1)];
k=1
hence
[£(0)g(b) — f(a)g(®)| — S(Q, 9, f)
=Y U t)g(te) — F(tem)g(tuon)] = > g(te)[f(tr) — f(tr—1)]
k=1 k=1
= F)lg(te) — g(s)] + Y ftr-1)lg(sk) — g(ti—)]
k=1 k=1
=5(Q', f.9)
Thus,

15(Q.g. f) — [/ (B)a(b) — f(a)g(a) — / FO0g0

b ’
— 1| 1090 - 5@ gl <.

So by Theorem 2.1, g € R(f) and

b b
II/ FOOg®)l = [£(b)g(b) = fla)g(a) —/ g()Of (@Bl

We shall now prove the mean value theorems on bounded variation of the Henstock-Kurzweil-
Stieltjes-O-integral for normed linear space-valued functions on time scales.
O

Theorem 2.3. (First Mean-Value Theorem,).
Let f : [a,blr — X be continuous and g : [a,blr — X be increasing, then there is ¢ € [a, bl such
that

b
/ F(H)0g(t) = F(O)g(b) — g(a)].

Proof. Let m = inf{f(t) : t € [a,b]r} and M = sup{f(¢) : t € [a,b]r}.
Then

b
ml|lg(b) — g(a)l| S/ £ ()]0g(t) < Ml[g(b) — g(a)l;
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hence there is a real number A such that m < A < M and

b
Allo(®) = sl = | F0109(0)l

Now, if f is continuous on [a, b]r, there is ¢ € [a, by such that f(c) = A.
Therefore,

1/ (c)lg(b) = g(a)]ll = II/ F&)0g(®)ll.

Theorem 2.4. (Second Mean-Value Theorem,).
Suppose f : [a, bl — X is increasing and g : [a, bl — X is continuous and of bounded variation
onfa,bly. Then there is ¢ € [a,b]T such that

b
II/ F)0g)| = [1f(a)lg(c) = g(a)] + f(0)[g(b) — g(]-

Proof. Assume that ¢ : [a,blr — X is continuous and of bounded variation on[a, b]r. Then the
continuity of g guarantees that v, and v, —g are continuous; hence, f € R(vy) and f € R(vy—g).
Therefore, f € R(g). By Theorem 2.2, ¢ € R(f) and

b b
H/ FOOg® = 1[£(b)g(b) = fla)g(a)ll - H/ 9oL @Il

We may now apply the first mean-value theorem to fj g(t)Of(t) to conclude that there is
¢ € [a,b]r such that

b
l9(@LF®) — F@)] = | / a(O0F(1)].

Thus, we have
b
II/ F@) gl = [1f(b)g(®) — fla)g(a) — g(c)[f(b) — f(a)]l

= [1£(0)[g(b) — g(c)] + f(a)lg(c) = g(a)]ll-

References
[1] S. Avsec, B. Bannish, B. Johnson and S. Meckler. The Henstock-Kurzweil delta integral on un-
bounded time scales. Panamer. Math. J. No. 3, 16 (2006), page 77-98.

[2] K. k. Aye and P. Y. Lee. The dual of the space of functions of bounded variation, Math. Bohem.
No. 1, 131(2006), page 1-9.

[3] Z. Bartosiewicz and E. Piotrowska. The Lyapunov converse theorem of asymptotic stability on
time scales, presented at WCNA 2008, Orlando, Florida, July 2-9, 2008.

[4] M. Bohner and A. Peterson. Dynamic equations on time scales, Birkhauser Boston, MA, 2001.

80



Vol.

15 Bounded variation of Henstock-Kurzweil-Stieltjes-O-Integral 81

(10]

(1]

(12]

(13]

A. Cabada and D. Vivero. Expression of the Lebesgue A-integral on time scales as a usual Lebesgue
integral: Application to the calculus of A-antiderivatives. Math. Comput. Modelling, 43 (2006),
page 194-207.

S. Dragomir. Inequalities of Gruss type for the Stieltjes integral and applications, Kragujevac J.
Math. 26 (2004), page 89-122.

E. Gaughan. Introduction to analysis, New Mexico State University, Las Cruces, New Mexico.

Brooks/cole publishing company Belmont, California. Page 171-187.

T.H. Hildebrandt. Linear continuous functionals on the space (BV)with weak topologies. Proc.
Amer. Math. Soc. 17 (1966), page 658-664.

D. Mozyrska, E. Pawluszewicz and D.F.M. Torres. The Riemann-Stieltjes integral on time scales,
Austr. J. Math. Anal. Appl., (2009), page 1-14.

J. Park et al. Convergence Theorems for the Henstock delta integral on Time Scales, Chungcheong,
J. Math. Soc,Vol. 26. 4 (2013), page 880-885.

A. Peterson and B. Thompson. Henstock-Kurzweil delta and nabla integrals, J. Math. Anal. Appl.
No. 1, 323 (2006), page 162-178.

G.F. Simmons. Introduction to topology and modern analysis,McGraw-Hill Book Company, Inc.
kogakusha, Ltd.,(1963), page 92.

B. Thomson. Henstock-Kurzweil integrals on time scales, Panamer. Math. J. No. 1, 18 (2008),
page 1-19.

81



Scientia Magna
Vol. 15 (2020), No. 1, 82-86

A short interval result for the function (Tée)(n))r
Wenjing Ding

Department of Mathematics and Statistics, Shandong Normal University
Shandong Jinan, China
E-mail: dingwenjingmath@163.com

Abstract Let n > 1 be an integer. The integer d = [];_, p?i is called an exponential divisor
of n =[], pi?, if bi|a; for every i € 1,2,---,s. Let T<8)(n) denote the exponential divisor
function. Similar to the generalization from d(n) to dy(n), 7(¢)(n) can be extended to T,is)(n).

In this paper, we investigate the case k = 3 and establish a short interval result for the r — th

power of the function 75 (n).

Keywords Exponential divisor function, Generalized divisor function, Short interval.
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§1. Introduction and preliminaries

Many scholars are interested in researching the divisor problem and they have got a large
number of good results. The study of the exponential divisor function is one of the most
important problems in analytic number theory. In 1972, Subbarao [1] established the definition
of exponential divisor: Let n > 1 be an integer of canonical from n = [[;_, pf*. If d = [[}_, p¥*
satisfies b;la;, i € 1,2, -+, s, then d is called an exponential divisor of n, notation d|.n. By
convention 1|.1. Besides, he also studied the mean value problem of exponential divisor function
1) (n) = >d).n 1 and got

Z )(n) = Az + E(x),

n<z

where

J. Wu [2] improved the above result got the following result:

> 7O(n) = Ax + Ba? + O(xbloga),

n<x

where

A:H<H§d<@—c§a—n>,

p

I This work is Supported by National Natural Science Foundation of China (Grant No. 11771256).
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B H<1+Z d(a—1) — d(a—2)+d(a—3)>'

p2

Subbarao [1] also proved that any positive integer r,

Z (T(e) (n))r ~ Az,

n<x

where

—H<1+Z a—1))r>.
L. Toth [4] proved

3 (T<€>(n))r — A, (z) + 2} Por_s(log z) + O(z*+),

n<x
2l g

Similarly to the generalization of di(n) from d(n), we extended 7(¢)(n) and established a
definition as follows:

where Pyr_o(t) is a polynomial of degree 2" — 2 of ¢, u, =

79m) = [ drla), k> 2.
pitlin
Obviously 7'2(6)(71) = 7(9(n). T?Ee)(n) is obviously a multiplicative function. The aim of this
short text is to study the short interval case and prove the following.
Theorem If rit?e < y <z, then

Z (Tée) (n))r _ Cly + O(yxfi + O(xi+%6))7

z<n<z+y

(e) i
where C1 = Ress—1V (s) and V(s) = >.°2 (ra ()"

n=1 ns
Notations Throughout this paper, € always denotes a fized but sufficiently small positive

constant. We assume that 1 < a < b are fized integers, and we denote by

d(a, b; k) Zl

k= n1n2

and d(a, b k) < k<> will be used freely.

§2. Some lemmas

In order to prove theorem, we need the following lemmas.
Lemma 1. Forr > 1, s =0 +it is a complex number, then we have

0o e)
Z = ((s)¢¥ T (28)V (s),

n=1

where the infinite series V(s) := Y vn) s absolutely convergent for Rs > 3

n=1 ns
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Proof. By Euler’s product formula, we can get

e VAN PO A N s 0V )
~ . p p p p
ds(1 ds (2 ds(3 ds(4 ds(5
ST (1 D O D B
» p p p p p
- 1 3 3 e 3 (1)
7];[ Lt St mtom tom t o T
3"—1 6"—-3"
= ((s (1 + + + )
( )1;[ p23 p4S
= ()" T 29)V (),
where the infinite series V(s) :== >0 | ”T(LZ) is absolutely convergent for Rs > 1. O

Lemma 2. Let k > 2 be a fized integer, 1 < y < x be large real numbers and

B(x,y; k,e) := Z 1.

z<nmk§x+y
m>x®

Then we have B(x,y; k,e) < yx~° + xﬁlogx.
Proof. This Lemma is very important when studying the short interval distribution, see [5]. [

Let f(n), h(n) be arithmetic functions defined by the following Dirichlet series for s > 1.

> I ), )
n=1

n=1 n2s
Lemma 3. Let f(n) be an arithmetic function defined by (2), then we have

3" f(n) = Cz + O(xi+),

n<z

= (¥ 71(29). (3)

where C = Resg=1((s)V (s).

Proof. Since the infinite series >~ | Ufﬁ) is absolutely convergent for o > i we have

Z lu(n)| < zite,

n<lz

Therefore, from the definition of v(n) and (2), it follows that

S fm)= Y7 flkm) =Y w(k) Y 1= o(k)(; +O1) = Cx+ Ot*)

n<x km<z k<z m<E k<z

where C' = Res;—1((s)V(s). O
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§2. Proof of the Theorem
From the definition of f(n) and h(n), we get
- - o h(m) _ <~ f(k)h(m)
;::1 ka E:: 2 m2s ;::1 (km2)5 )
then
(i) = Y f(k)h(m)
n=km?
and
f(n) <n® h(n) <n®,
so we have
> (#m) @)= Y e =Y 10
n<z+y n<z r<km2<z+y 1
where
Z > ohm) D flk),
m<x® z k< r+y
Z > fR)h(m).
z<nm,<m+y
m>z*®
In view of Lemma 3,
Yy T €
> =Y hlm) [0+ 0((5)1)]
1 m<x€
m 1. h(m
=cyrol Y M o 3 M) (5)
m>x€ m<x®
= Ciy + Oy~ 1) + O(z1*ezt)
= Ciy+O(ya~ 1) + O(xi+7),
where O} = Res,—1((s)¢% ~1(25)V (s).
S< Y k)T < Y1
2 z<km?<z+y z<km?<z+y
m>z® m>x®
= xszB(aj, Y;2,6) K < (yz=° + :l:%logx) (6)

<yr~F 4 atts,
From (4)—(6), we get

Z (T?Ee)(n>)r =Cy+ O(yx_% 4 O(xi—&-%s))

z<n<z+y

so the theorem is proved.
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Abstract Many scholars are interested in researching the divisor problem, and they have
obtained a large number of good results. However, there are many problems have not been
solved. In this paper we shall study the mean value of qb<e)(n) with a negative r-th power by
the convolution method.
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§1. Introduction and preliminaries

Let n > 1 be an integer. The integer d = [[._, pi”' is called an exponential divisor of
n=1[1;_, py, if bila; for every i € {1,2,--- , s}, notation: d|.n. By convention 1|.1.

Let 7(¢)(n) denote the number of exponential divisors of n. The function 7(¢) is called the
exponential divisor function. Similarly to the generalization of d(n) from d(n), we define the

function 7']56) (n):

()
Hdkdz k>2 (1)

pi%i||n

Obviously when k = 2, that is 7(°)(n). Tée)(n) is obviously a multiplicative function.
Throughout this paper, € always denotes a fixed but sufficiently small positive constant.

J.Wu [1] got the following result:

Z () (n) = A(z) + Bz? + O(x5 log z), 2)
n<zc
where

a—l)

H1+Z ——

dla—1)—d(a—2)+d(a—3)

HHZ Pt -

I This work is Supported by National Natural Science Foundation of China (Grant No. 11771256).
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M.V.Subbarao [3] also proved for some positive integer r:

Z(T(e)(”))r ~ Az, (3)

n<z

where

o~ (d(a)” — (d(a—1))"

A =JJa+> " ).
p a=2

Lészlé Téth [4] improved the result above and established a more precise asymptotic for-

mula for the 7-th power of the function 7(¢)(n):

S () = A + 2% Py _p(logz) + O(a" ). ()

n<zx

Let ¢(®)(n) denote the number of divisors d of n such that d and n have no common
exponential divisors. ¢(¢) is multiplicative and for every prime power p® (a > 1), ¢(®)(p®) =
¢(a), where ¢ is the Euler function.

In this paper, we will study the asymptotic formula for the mean value of the r-th power
of the function ¢(¢)(n), where r > 1 is an integer.

Theorem 1.1. For every integer r > 1 and N > 1, then we have

N
Z(qb(e) (n))™" = Byx + z3 10g24_2 Z d;(r) log™ x + O(z+%), (5)
n<x 7=0
for every € > 0, where do(r),d1(r), -+ ,dn(r) are computable constants, ¢, := ﬁ, Qg—r_q
2—T_1

is as defined in Lemma 2.2, and

§2. Some lemmas

In order to prove our theorem, we define for an arbitrary complex number k the general

divisor function dg(n) by

de(n)n‘s =Fe) =J[a-p)* Rs > 1, (6)

P

where a branch of ¢¥(s) is defined by

oo

¢*(s) = exp{klog((s)} = exp(—kz ijlpfjs), Rs > 1. (7)

p j=1

The definition shows that di(n) is multiplicative function of n which generalizes dg(n).
The divisor function di(n) (k > 2 a fixed integer) may be defined by

de(n)n_s =(F(s) = H(l —p )R Rs > 1. (8)

P
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In this section, we give some lemmas which will be used in the proof of our theorem. Lemma
2.2 and Lemma 2.3 can be found in [5] and [6].

Lemma 2.1. For r > 1, then we have

(© (1)) (=) B
Z (@ — ()¢ (38)H (),

where the infinite series H(s) := > o7 M) g absolutely convergent for Rs > :

n=1 ns

Proof. By Euler’s product formula, we can get

o (99 ()" @“9®) " @) (90T
7;1 ns - 1;[ <1 + ps + p25 + p3s + )
- (D) | (6(2)7 | (6B3) | (@) .
- 1;[ (1 + ps + p25 + p3S + p4s + )

11 277 27 47T 27T 6 9)
Sl U L R e e i e ol el e el o i
. pe o opE o opts T opls T opt ophs T p

27" 1 47T 27T 27T 47T 6T -2
g(s)H<1+ — + —— + — + +)

= ((s)¢* " TH(3s)H (s),

where the infinite series H(s) := Y - ") i absolutely convergent for Rs > z. O

n=1 ns

Lemma 2.2. Suppose k£ > 2 is an integer. Then

Z di(n) =2y cj(logz)! + O(z***),

n<x

e
—

<.
Il
o

where c; is a calculable constant, € is a sufficiently small positive constant, oy, is the infimum

of numbers «y, such that

x) = Z di(n) — xPi_1(logz) < ¢, (10)
n<a
and
ag < %, ag < ;Li’
a < 3’“4;4, 4<k<8,
g < 272’ ajg < %, a1 < 10’
akg%, 12 < k <25,
osz:%, 2% < k < 50,
ay < 3”;2;98, 51 < k < 57,
ap < 7k7;€34, k> 58
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Lemma 2.3. Suppose f(m), g(n) are arithmetical functions such that

J
Zf( ZmO‘JP (logz) + O(x Z|g z?),
m<z Jj=1 n<x
where oy > g > --- > ooy > > 3> 0, P(t) is a polynomial in ¢. If h(n) =5, _ . f(m)g(d),

then

Z h(n) = Zxo‘fQj(logm) + O(z%),

n<lx j=1

where Q;(t) {j =1,---,J} is a polynomial in ¢.

§3. The mean value of dj(m)

Theorem 3.1. Let A > 0 be arbitrary but fixed real number. If |k| < A, then uniformly
in k

> di(m) =¢*@3)z + 2F Quy (logx) + Oz ™ %), (11)

m3l<x

where ay, is as defined in Lemma 2.2, Q1 (logz) is a polynomial of degree k — 1.

Proof. By hyperbolic summation formula, we have

S oodi(m) =Y di(m) > 14> > di(m) = D di(m) > 1

m3l<zx m<y m3l<zx 1<z m3i<zx m<y 1<z (12)

= Sl+S2_S37

where y, z are parameters that will be determined later, and satisfy that y3z = 2,1 < y < a.
Now, we deal with S7,.5; and S3 separately,

Si=> di(m) Y 1= di(m)-—

m<y m3l<z m<y
di(m

=z ’“(3)+0 3" di(m)

m<y m<y (13)

= di(m di(m
=z ];23)—1:2 ’37(13)+0 > di(m)

m=1 m>y m<y

d(m)
_ rk k 1+e
_§(3)x—xz> 3 +O0(y*te)
m>y
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Using Lemma 2.2 and partial summation formula, we have

DR A T Dot

m>y m<t
IS k—1
- /y+ 5 tzcj (logt)? + Ot +e)
k—1 o 1
=Y o [ gatiogt))) + 0y )
j=0 vt
1 .3 .3 , 3
- Z §ij_2[(logy)J + ij(logy)J_l + §j(j —1)(logy)’ 2 +--- + §j(j —1)---1]
7=0

Since y = {’/%, we have logy = %(1og:c —log z), inserting this into (13), we can get

= CF(3)x — S11 — S12 + O(y'+e  wy2Horte), (14)
where
112 G, Cj ! i G—i i i
S11 = 51'323 Y ZCj(logJ?) (=1)"(log )",
j=1"" i=0
31 28 :
Si2 = —x323 cj Z ' - Z ;(log 2)7~7%(~1)%(log 2)*.
4 o (j —1) 33

J

Sy = ;m_zidk(m) = g f/?é% (log ﬁ)7 O ((iﬁ)CH)

J
=3 C—].ZC;(Iogx)J : Zl 3 (logl)" + O(xy 3Tokte),

j=0"" =0 1<z

where
z

Zr%(logzy’:/ 75 (log t)*d[t] :/7 f%(logt)idw/z t=3(logt)'dA(). (1)

We can easily get that A(t) = O(1). Using partial integral formula, we have
/ £ (log ) dA(®#) = w; + O(=~519), (17)

where w; is a constant. We can also obtain that
f 1 i 2 32, 2 i—1 i3 i1
t73 (logt)'dt = =23 (log z)* — (2) iz3(logz)'" "+ -+ (—1) (5) il. (18)

l\D\OJ
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Combing (15)—(18), we have

1

Sy = mg@kq(logx) + So1 + S22 + O(xyngrakJrE)a (19)
where
ey j 3
Qr-1(loga) =Y 2> Ci(logz)~'( 1)Z(wz—(—1)z(§)”1 )
j=0" =0
3 1 2k716' J
S = utst S0 2" Cillogay i (~1) (log =)'
7=0 i=0
1 zk_ Ci J . =l 3.
S = b2t 353 Cllogay (1) 3o (-1 TG) T flog )
7=0 i=0 s=

For S5, we have

m<y 1<z
k—1 (20)
=yzy_ cj(logy) +O(y™ =z 4+ y'*+).
3=0

Inserting y = {/Z, and logy = (log z — log z) into (20), then
S3 = Sa1 4+ O(y™ Tz + y'+9), (21)
where
S31 = x%z% ) ZJ:CJZ (log z)7~*(—1)*(log 2)".

Note that Cl = ]71)'

After some simplification we can easily get that Sy; + S31 =

11—«
So91, 512 = Sog. Taking y = x“ﬂk ,Z = m4*°‘: , then Theorem 3.1 is proved. O

§4. Proof of Theorem 1.1

For r > 1, from Lemma 2.1, we have H(s) := Y -, hflf) is absolutely convergent for
Rs > %, and then
> | hin) |< atte.
n<z
Let F(s) = ((s)¢? ~1(3s) :=> 00, fr(bf), where f(n) = dj(m). From Theorem 3.1, we have
Sty =3 di(m) = ¢*B)x + 23 Q-1 (logz) + 0w ), (22)
n<z m3l<z

and we choose k = 27" — 1. From Lemma 2.1, we have

(@)=Y h(k (23)

n=~kl

then, by Lemma 2.3 we can get the Theorem 1.1.
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Abstract The stress of a vertex is a node centrality index, which has been introduced

by Shimbel (1953). The stress of a vertex in a graph is the number of geodesics (shortest

paths) passing through it. A topological index of a chemical structure (graph) is a number

that correlates the chemical structure with chemical reactivity or physical properties. In this

paper, we introduce a new topological index for graphs called stress-sum index using stresses of

vertices. Further, we establish some inequalities, prove some results and compute stress-sum

index for some standard graphs.

Keywords Graph, stress of a vertex, path, geodesic, stress, topological index.
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81. Introduction

For standard terminology and notion in graph theory, we follow the text-book of

Harary [5]. The non-standard will be given in this paper as and when required.

Let G = (V, E) be a graph (finite and undirected). The distance between two vertices u

and v in G, denoted by d(u,v) is the number of edges in a shortest path (also called a graph

geodesic) connecting them. We say that a graph geodesic P is passing through a vertex v in G
if v is an internal vertex of P (i.e., v is a vertex in P, but not an end vertex of P). The degree

of a vertex v in G is denoted by d(v).

The concept of stress of a node (vertex) in a network (graph) has been introduced by

Shimbel as centrality measure in 1953 [9]. This centrality measure has applications in biology,

LCorresponding author: pskreddy@jssstuniv.in; pskreddy@sjce.ac.in
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sociology, psychology, etc., (See [6,8]). The stress of a vertex v in a graph G, denoted by strg(v)
str(v), is the number of geodesics passing through it. We denote the maximum stress among
all the vertices of G by ©¢ and minimum stress among all the vertices of G by 6g. Further,
the concepts of stress number of a graph and stress regular graphs have been studied by K.
Bhargava, N.N. Dattatreya, and R. Rajendra in their paper [1]. A graph G is k-stress regular
if str(v) = k for all v € V(QG).

The Zagreb indices have been defined using degrees of vertices in a graph to explain some
properties of chemical compounds at molecular level [2,3]. The first Zagreb index M;(G) and
the second Zagreb index Ms(G) of a simple graph G are defined as:

M@ = Y dwy 1)
veV(G)
Mp(G) = ) d(u)d(v). (2)

uwweE(G)

By the motivation of these indices, Rajendra et al. [7] have introduced two topological
indices of for graphs called first stress index and second stress index, using stresses of vertices.
The first stress index S;(G) and the second stress index S3(G) of a simple graph G are defined

as

Si@) = Y str(v)? (3)

veV(G)

S2(G) = Z str(u)str(v). (4)

wveE(G)

We note that the first Zagreb index M (G) satisfies the identity

M(G)= Y d(u)+d(v) (5)

uwveE(G)

but S1(G) does not satisfy such identity. For instance, consider the path P; on 3 vertices.

Figure 1: The path Ps.

The stresses of the vertices of P are as follows: str(vy) = str(vs) = 0 and str(vy) = 1. The

first stress index of Pj is,
S1(P3) = str(vy)? + str(vg)? + str(vs)? = 02 + 12 + 02 = 1.
But

> str(u) +str(v) = str(vy) + str(ve) + str(ve) + str(vs) =0+ 14140 =2,
uvEE(Ps)
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Therefore there is a scope for introducing a new topological index using stress on vertices which

is motivated by the identity (5). In this paper we introduce such topological index for graphs

using stress on vertices called stress-sum index. Further, we establish some inequalities and

compute stress-sum index for some standard graphs.

§2. Stress-Sum Index for Graphs

Definition 2.1. The stress-sum index SS(G) of a simple graph G is defined as

SS(G)= Y str(u)+ str(v)

weE(G)

Observation: From the Definition 2.1, it follows that, for any graph G,
2mbg < SS(G) < 2mBg

where m is the number of edges in G.

Example 2.2. Consider the graph G given in Figure 2.

U1 V2 U3

V4 Us V6

G

Figure 2: A graph G

The stresses of the vertices of G are as follows:
str(vy) = str(vs) = str(vy) = str(vg) =0,
str(ve) = 19,

str(vs) = 1,

str(vyg) = str(vg) = 0.

The stress-sum index of G is:

SS(G) =(str(vs) + str(vy)) + (str(ve) + str(vs)) + (str(ve) + str(vr))
+ (str(va) + str(vg) + (str(ve) + str(vy)) + (str(ve) + str(vs))
+ (str(ve) + str(vg)) + (str(vy) + str(vs)) + (str(vs) + str(vg))
=(194+0)+(19+0)+(19+0)+ (19+0)+ (19+0)+ (19+ 1)
+(19+0)+(0+1)+(1+0)
=136.
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Proposition 2.3. Let N be the number of geodesics of length > 2 in a graph G. Then
0 < SS(G) <2N(|E|-1), (7)
where t is the number of edges with end vertices having zero stress in G.

Proof. If N is the number of all geodesics of length > 2 in a graph G, then by the definition of
stress of a vertex, for any vertex v in G, 0 < str(v) < N. Hence by the Definition 2.1, we have

0 <S8S(G) <2N(|E| -1), (8)
where ¢ is the number of edges with end vertices having zero stress in G. O

Corollary 2.4. If there is no geodesic of length > 2 in a graph G, then SS(G) = 0. Moreover,
for a complete graph K,,, SS(K,) = 0.

Proof. If there is no geodesic of length > 2 in a graph G, then N = 0. Hence, by the Proposi-
tion 2.3., we have SS(G) = 0.
In K, there is no geodesic of length > 2 and so SS§(K,,) = 0. O

Theorem 2.5. For a graph G, SS(G) = 0 if and only if neighbours of every vertex induce a
complete subgraph of G.

Proof. Suppose that SS(G) = 0. Then by the Definition 2.1(Eq.(3)), str(u) + str(v) = 0,
Vuv € E(G). Hence str(v) =0, Vv € V(G). Let v € V(G). We need to show that neighbors of
v induce a complete subgraph of G. If v is a pendant vertex, then there is nothing to prove.
Suppose that v is not a pendant vertex. We claim that any two neighbouring vertices are ad-
jacent in G. If there are two neighbours w and w of v that are not adjacent in G, then uvw is
a graph geodesic passing through v, which implies str(v) > 1, a contradiction. Hence our claim
holds. Thus neighbours of v induce a complete subgraph of G. Since v is arbitrary in V(G),
the neighbours of every vertex induce a complete subgraph of G.

Conversely, suppose that neighbours of every vertex in G induce a complete subgraph of G.
Let v € V(G). Since neighbors of v induce a complete subgraph of G, any two neighbouring
vertices are adjacent and so there is no geodesic of length > 2 passing through v. Since v is an
arbitrary vertex in G, by the Corollary 2.4, it follows that SS(G) = 0. O

Proposition 2.6. For the complete bipartite K, y,

SS(Kmn) = % [n(n — 1) + m(m — 1)].

Proof. Let Vi = {v1,..., v} and Vo = {uq,...,u,} be the partite sets of K, ,. We have,

n(n —1)

str(v;) = — for1<i<m (9)
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and
-1
str(u;) = % for 1 <j<n. (10)
Using (9) and (10) in the Definition 2.1, we have
SS(Kpmn) = Z str(u) + str(v)
wweE(G)
= Z str(v;) + str(u;)
1<i<m, 1<j<m
-1 -1
_ Z [n(n ) + m(m )}
, , 2 2
1<i<m, 1<j<n
- n(n —1) n m(m — 1)
2 2
= " ta(n — 1) + m(m —1)].
2 O
Proposition 2.7. If G = (V,E) is a k-stress reqular graph, then
SS(G) = 2k|E)|.
Proof. Suppose that G is a k-stress regular graph. Then
str(v) = k for all v € V(G).
By the Definition 2.1, we have
SS(G) = Z str(u) + str(v)
uwveE(G)
= > k+k
uwveE(G)
= 2k|E|. Cl
Corollary 2.8. For a cycle C,,
—1(n —
w, if n is odd
SS(Cy) =
n%(n —2) e
_—, if n is even.
4
Proof. For any vertex v in C,,, we have,
~1\(n —
w, if n is odd
8
str(v) =
n(n — 2) e
—5 if n is even.
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Hence C,, is

—1\(n —
W—stress regular, if n is odd
-2
n(n8 )—stress regular, if n is even.
Since C), has n vertices and n edges, by the Proposition 2.7, we have
—1\(n —
W7 if n is odd
SS(Cp) = 2n x
n(n —2) e
—s if n is even.
—1H(n-3
%, if n is odd
=Y ,2
-2
%, if n is even. =

Proposition 2.9. Let T be a tree on n vertices. Then

SS(I) = Yo lerlicy+ Yo Ierlicy)

wved [ 1<i<j<m(u) 1<i<j<m(v)

+Y > erley).

weR 1<i<j<m(w)

where J is the set of internal(non-pendant) edges in T', Q) denotes the set of all vertices adjacent
to pendent vertices in T, and the sets C7,...,C}, denotes the vertex sets of the components of

T — v for an internal vertex v of degree m = m(v).

Proof. We know that a pendant vertex in T has zero stress. Let v be an internal vertex of T'
of degree m = m(v). Let C?,...,C¥ be the components of T'— v. Since there is only one path

between any two vertices in a tree, it follows that,

str(v) = Y |CYlCY) (11)

1<i<j<m

Let J denotes the set of internal(non-pendant) edges, and P denotes pendant edges and @
denotes the set of all vertices adjacent to pendent vertices in 7. Then using (11) in the Defini-
tion 2.1 (6), we have

SS(T) =Y str(u) +str(v) + »_ str(u) + str(v)

uveJ uveP

= > str(u) +str(v) + Y str(w)
uv€J weQ

=X | X lenici+ >0 ey
wved [ 1<i<j<m(u) 1<i<j<m(v)

Y ey -

weR 1<i<j<m(w)
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Corollary 2.10. For the path P, on n vertices

SS(P,) = %n(n —1)(n-2).

Proof. The proof of this corollary follows by above Proposition 2.9. We follow the proof of the
Proposition 2.9 to compute the index. Let P, be the path with vertex sequence vi,vs,...,v,
(shown in Figure 3).

® L L ® - o ——0

Figure 3: The path P,, on n vertices.

We have,
str(v;) = (i — 1)(n — 7), 1<i<n.
Then
SS(P,) = Z str(u) + str(v)
wEE(Py,)
n—1
= Z str(v;) + str(vig1)
i=1
=316 )= )+ @ i - 1)
_1 O
= gn(n —1)(n—2).

Proposition 2.11.  Let Wd(n,m) denotes the windmill graph constructed for n > 2 and

m > 2 by joining m copies of the complete graph K, at a shared universal vertex v. Then

m2(m —1)(n —1)*
2

SS(Wd(n,m)) =
Hence, for the friendship graph Fy, on 2k + 1 vertices,

SS(Fy,) = 4k*(k — 1).

Proof. Clearly the stress of any vertex other than universal vertex is zero in Wd(n, m), because
neighbors of that vertex induces a complete subgraph of Wd(n,m). Also, since there are m
copies of K, in Wd(n, m) and their vertices are adjacent to v, it follows that, the only geodesics
m(m —1)(n — 1)

passing through v are of length 2 only. So, str(v) = 5

. Note that there are
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m(n—1) edges incident on v and the edges that are not incident on v have end vertices of stress
zero. Hence by the Definition 2.1, we have

SS(Wd(n,m)) = m(n — 1)str(v)

B m(m —1)(n — 1)
=m(n—1) 5
~ m*(m—1)(n— 1)°

5 .

Since the friendship graph Fj on 2k + 1 vertices is nothing but Wd(3, k), it follows that

23 k2(k — 1)

SS(Fy) = 5

= 4k*(k — 1). O

Proposition 2.12. Let W, denotes the wheel graph constructed on n > 4 vertices. Then
(n—1)(Tmn —10) (n — 4)
8 K
(n—1)* (7Tn — 25)
8 K

if n is even;

SS(Wn) =

if n is odd.

Proof. In W,, with n > 4, there are (n — 1) peripheral vertices and one central vertex, say v. It
is easy to see that
n—1)(n—4
str(v) = % (12)
Let p be a peripheral vertex. Since v is adjacent to all the peripheral vertices in W,,, there is
no geodesic passing through p and containing v. Hence contributing vertices for str(p) are the
rest peripheral vertices. So, by denoting the cycle W,, — p (on n — 1 vertices) by C,,_1, we have

stryy,, (p) = strw, —v(p)

=strc,_, (p)
(n—2)(n—4)

, if n—11is odd;
_ 8
“ 1) —
W, if n — 1 is even,
—2)(n—4
%, if n is even;
- 1)(n -3 (13)
%, if n is odd.

Let us denote the set of all radial edges in W,, by R, and the set of all peripheral edges by Q.
Note that there are (n — 1) radial edges and (n — 1) peripheral edges in W,,. Using (12) and
(13) in the Definition 2.1, we have

SS(W,) = Z [str(z) + str(y)] + Z [str(z) + str(y)]

TyeER TYyeQ

=(n — 1)[str(v) + str(p)] + (n — 1) - 2 - str(p)
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(n—2)(n —4)

2 7 ifnis even;
~“1D(n—4 ’ '
:(n _ 1) w + 18 3
%7 if n is odd.
(n — 2)8(n — 4), if n is even;
+2(n—1) x
W7 if n is odd.
— 2 — — - -
(n—1)*(n—4) n 3(n—=1)(n—2)(n 4), if n is even;
o 1\2( —1)2(n —
(n 1>2<n 4) 3 1>8 (n=3) if n s odd.
(n—1)(7n g 10) (n — 4), if n is even;
= 2
(n—1)" (Tn — 25)7 if n is odd. -

Conclusion

We have introduced a new topological index for graphs called stress-sum index using stress-
es of vertices. Further, we established some inequalities, proved some results and computed the
stress-difference index for some standard graphs. A large number of molecular-graph-based
structure descriptors (topological indices) have been defined, depending on vertex degrees. But
in this paper, we have defined the new topological index for graphs without using the degrees
of vertices. This index can be used to determine SS(G) for other classes of graphs and results
in this direction will be reported in a subsequent paper.
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