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Abstract: In this paper, we study b—Smarandache mimy curves of biharmonic new type
b—slant helix in the Sol®. We characterize the b—Smarandache mi;ms, curves in terms
of their Bishop curvatures. Finally, we find out their explicit parametric equations in the
Sol3.
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81. Introduction

A smooth map ¢ : N — M is said to be biharmonic if it is a critical point of the bienergy
functional:

Ex () = /N LT (6)2 don,

where 7 (¢) := trV?dé is the tension field of ¢.

The Euler-Lagrange equation of the bienergy is given by 73(¢) = 0. Here the section 72(¢)

is defined by

T3(6) = ~AyT(9) + trR (T(8), do) do, (1.1)
and called the bitension field of . Non-harmonic biharmonic maps are called proper biharmonic
maps.

This study is organized as follows: Firstly, we study b—Smarandache mj;m, curves of
biharmonic new type b—slant helix in the Sol®. Secondly, we characterize the b—Smarandache
mim, curves in terms of their Bishop curvatures. Finally, we find explicit equations of
b—Smarandache mym, curves in the Sol?.

§2. Riemannian Structure of Sol Space Sol®

Sol space, one of Thurston’s eight 3-dimensional geometries, can be viewed as R? provided with
Riemannian metric
Isorp = €27dx® + e **dy? + d2?,
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where (7,y, z) are the standard coordinates in R3 [11,12].

Note that the Sol metric can also be written as:
3
gsol® = ZWZ ®uw',
i=1

where

wl=e*de, w?=e?dy, wd=dz,

and the orthonormal basis dual to the 1-forms is

.0 Lo 0
e =e %, €y = ¢ 8—y, e3 = E (21)

Proposition 2.1 For the covariant derivatives of the Levi-Civita connection of the left-invariant

metric ggor3, defined above the following is true:

—e3 0 (3]
V= 0 e —ex |, (2:2)
0 0 0

where the (i,7)-element in the table above equals Ve,e; for our basis

{eku k= 17 273} = {e17e27e3}'

Lie brackets can be easily computed as:
[e1,e5] =0, [e2,e3] = —e2, [e1,e5] =e.

The isometry group of Sol® has dimension 3. The connected component of the identity is

generated by the following three families of isometries:

(,9,2) — (v+cy,2),
(x7 y + C’ Z) k)
(efcx, ey, z + c) .

(x,y,2)
(z,y,2)

—
—

§3. Biharmonic New Type b—Slant Helices in Sol Space Sol®

Assume that {t,n,b} be the Frenet frame field along . Then, the Frenet frame satisfies the

following Frenet—Serret equations:

Vtt = KN,
Ven = —kt+7b, (3.1)
th = —71n,
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where k is the curvature of v and 7 its torsion [14,15] and
9sot? (tut) = 1, gsas (1’1,1’1) =1, gsos (bub) =1, (32)
gsors (t:m) = gsor (t,b) = ggor2 (n,b) = 0.

The Bishop frame or parallel transport frame is an alternative approach to defining a
moving frame that is well defined even when the curve has vanishing second derivative, [1]. The
Bishop frame is expressed as

Vit = kimip + komo,
Vem, = —kit, (3.3)
Vimy = —kot,
where
gsors (t,8) = 1, ggos (M1, my) =1, ggops (M2, ma) = 1, (3.4)
gsorr (b,m1) = ggeps (£, m2) = gggrs (M1, m) = 0.

Here, we shall call the set {t,m;, m,} as Bishop trihedra, k; and ks as Bishop curvatures

and 6 (s) = arctan 12, 7(s) = &' (s) and r(s) = /I + k3.

Bishop curvatures are defined by
k1 = £(s)cosd(s),
ky = k(s)sind(s).
The relation matrix may be expressed as
t=t,
n = cosd (s) my + sind (s) mo,
b = —sind (s) my + cosd (s) ma.
On the other hand, using above equation we have
t=t,
m; = cosd (s)n —sind (s)b
my = sind (s)n + cosd (s) b.

With respect to the orthonormal basis {e1, e,, e5} we can write

t = tlel + t262 + t3€3,
1 2
m; = mie; +mies +mies, (3.5)
— 1 2 3
my = Mmsye; + my€2 + myes.

Theorem 3.1 ~: I — Sol® is a biharmonic curve according to Bishop frame if and only if
ki + k3 = constant # 0,
k{ — [kf + k3] k1 = —ki [2m3 — 1] — 2kymIm3, (3.6)
ky — [k + k3] ke = 2kimim3 — ko [2m$ —1].
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Theorem 3.2 Let v: I — Sol® be a unit speed non-geodesic biharmonic new type b—slant

heliz with constant slope. Then, the position vector of -~y is

M .
v(s) = S?TZW (81 cos [S15 + Sa] + sin M sin [Sys + S]] + Sge™ S Ms+Ss g,
1
823_087./\/21/\4[— sin M cos [S15 + Sa] + Sy 8in [Sy s + So]] + Szesn M52 e,y
? + sin
+[—sin Ms + Ssles, (3.7)

where S1, 82, 83,84, S5 are constants of integration, [8].

We can use Mathematica in Theorem 3.4, yields

Fig.1

§4. b—Smarandache m;m, Curves of Biharmonic New Type b—Slant Helices in Sol®

To separate a Smarandache mim, curve according to Bishop frame from that of Frenet-
Serret frame, in the rest of the paper, we shall use notation for the curve defined above as

b—Smarandache m;m, curve.

Definition 4.1 Let v : I — Sol® be a unit speed non-geodesic biharmonic new type b—slant

heliz and {t,m1,my} be its moving Bishop frame. b—Smarandache mim, curves are defined
by

(m1 +m2) . (4.1)

1

Theorem 4.2 Let v: I — Sol® be a unit speed non-geodesic biharmonic new type b—slant

helixz. Then, the equation of b—Smarandache mim, curves of biharmonic new type b—slant



b—Smarandache m1mso Curves of Biharmontic New Type b—Slant Helices 37

helixz is given by

1
Ymim, (5) = —==—=[sinMsin[Sis+ S+ cos[Sis + Safles
kT + k3

1
+7
V2 + k3

N 1
VE? + k2

where C1,Cq are constants of integration.

[sin M cos [S15 + Sa] — sin [S1s + Sa]ea (4.2)

[cos M]es,

Proof Assume that v is a non geodesic biharmonic new type b—slant helix according to
Bishop frame.

From Theorem 3.2, we obtain
my = sin M sin [S15 + S2] €1 + sin M cos [S1s + Sa] e2 + cos Mes, (4.3)

where 81, Sy € R.

Using Bishop frame, we have
m; = cos [S15 + Sa] e; — sin [S1s + Sa] es. (4.4)
Substituting (4.3) and (4.4) in (4.1) we have (4.2), which completes the proof. O
In terms of Eqgs. (2.1) and (4.2), we may give:
Corollary 4.3 Let v: I — Sol® be a unit speed non-geodesic biharmonic new type b—slant

heliz. Then, the parametric equations of b—Smarandache tmimsy curves of biharmonic new

type b—slant helix are given by

— L [cos M]
e ViR (S5 -+ 8a] + cos[Sus + Sal
ZTtmim, (§) = ——————[sin Msin[S1s+ S| + cos[S1s + Sa]],
v VEZ+ k2
L [cos M]
e k$+k3
Yemim, () = ———=—=—==—I[sinMcos[S15+ Sz] —sin [Sis + Sa]], (4.5)

kI + k3
1
———[cos M|,
\/k§+k§[ ]

where 81,8y are constants of integration.

Ztmim, (s) =

Proof Substituting (2.1) to (4.2), we have (4.5) as desired. O

We may use Mathematica in Corollary 4.3, yields
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