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The paper revisits the special Viviani’s curve and introduces some special Smarandache curves
according to Sabban frame. First, Frenet-Serret frame is obtained for the curve, second Saban frame is
constructed by considering the tangent indicatrix. Then, the Smarandache curves are defined according to
Saban frame. Finally, for each Smarandache curve, the geodesic curvatures are calculated and expressed
with the principal curvatures of the special Viviani’s curve.
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1. Introduction and Preliminaries

A Smarandache curve is defined such that if Frenet-Serret vectors are considered to be the position
vector, then any curve drawn by that position vector is called as Smarandache curve [18]. This way of
generating new curves are important in the field of differential geometry. By utilizing different frames,
the construction of such Smarandache curves and their characteristics are studied in many research
papers (see [1-5], [9-13]). Moreover, regarding spherical indicatrices, Koenderink defined Sabban
frame and corresponding geodesic curvatures in [8]. Then, new Smarandache curves and their geodesic
curvatures were discussed by using Sabban frame in [14-15, 17]. More recently, Saban frame according
to the tangent indicatrix of helix curve has been examined in [16]

Let us recall some basic calculations. Let « : I = R — R® be a differentiable curve and denote the set
of its Frenet-Serret frame as {T , N, B} . The calculation of the very famous Frenet-Serret formulas is
given as following

! ! "

a a Na

T=— N=BAT, B=r——, 1.1
; (1.1)
% o' na”
:||a /\? ||’ _ det(a',a ,c: ) (1.2)
o o’ ne’|
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where ' is for the derivative operator A is vector product sign, &, is the curvature function, and 7
is the torsion of the curve [6,7].

Moreover, let ¥ = y(s) be a unit vector with its arclength parameter s. Denote I' =y’ as the tangent
vector of the curve on the unit sphere whose position vector y, and compute another unit vector as
D =y AT . Then the set of this new orthonormal system denoted { ;/,F,D} is defined as Sabban frame
[8]. The Sabban formulas according to this frame are shown as below

y'=T,T"=-y+K,D, D'=-K,T (1.3)
where
K, =(I" D) [8, 16]. (1.4)

Viviani’s curve, however, is defined as the intersection of a central sphere of radius 2r with a given
cylinder of radius r. Thus, the common solution yields the following parametric equation for the curve as

a(t)= r{l + cost,sint,sin(%n, te(-2r7,27). (1.5)

By using (1.2) the curvatures of the curve can be found as

6cos(j
w(r)= 2D gy 2 gy (1.6)
r(cost+3)2 r(3cost+13)

A better parametric representation for the curve can be obtained by the change of parameter as ¢ =2s

, and by taking » =—. Thus, the new parametric form of the curve and its curvatures are given

a(s)= (cos2 5,008 58in s,sins), (1.7)

\J3cos*s+5 6coss
w(s)= (s T 3008’5 +5

: (1.8)
(cos2 s+ 1)\/cos2 s+1

By using (1.1) and (1.7) the Frenet vectors and formulas can be obtained as

2(—sin2s,cos2s,co8s)

T(s)= J2cos2s+6
N(s) (cos4s +12cos2s +3,sin4s +12sin 2s,4sin s)
()= J6cos4s +88cos2s +162
(sin3s +3sins,—cos3s —3coss,4)
B(s)= (1.9)

J6cos2s +26 ’

T'(s)y=n&N, N'(s)=n(-«T +7B), B'(s)=—n7N,



where 7 = ||a'(s)|| =+/1+cos’ s . In addition, the following relation exists between the two curvatures

given in (1.8)
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3
2 2
£=6coss w . (1.10)
K 3cos“s+5

The following Fig.1 denotes the graph of Viviani’s curve and its corresponding curvatures.

Fig. 1 Viviani’s curve (black), its curvature kK (blue) and torsion 7 (red)

2. On the tangent indicatrix of the Viviani’s curve

In this main section of the paper, first the spherical tangent indicatrix curve drawn by the unit tangent
vector of the Viviani’s curve on the unit sphere is obtained. Then, the Frenet apparatus of the curve is
calculated. Second, by using (1.3), the corresponding Sabban frame is provided. Besides, by assigning
the vectors of Sabban frame as position vectors the special Smarandache curves are examined. Finally,
each geodesic curvature of the new Smarandache curves is expressed by the principal curvatures of

Viviani’s curve.
Definition 2.1 The curve drawn by the unit tangent vector of the Viviani’s curve on the unit sphere is

called the tangent indicatrix curve.
Theorem 2.1 The set of Frenet vectors of the tangent indicatrix curve denoted by {7,,N,,B,} is

given as following
(2.1)

T,=N, Ny=——e, B = .

—xT +71B B T + kB

Proof: From Definition 2.1, let o, (s) =T (s) . By taking derivatives and considering the last relation

of (1.9), the following relations are obtained
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=T"=nkN,

=-n'k’T+ (77/()’ N +n’k1B,

ar = —((7]21(2 )+ mc(mc)’jr H[omn s e _773KT2)N+£(;72”)’ . m'(mc)ljB,

(2.2)
ay nay =n’k*(tT +kB),
||aT /\aT”—n KN+ 7
det(ap,ar,a)=n'K’ (KT' —K'r)
Thus, by using the system of equations given in (1.1) as 7, =|F—f, —r& N, =B, AT,,
o, a, A

the Frenet elements of the tangent indicatrix is obtained which completes the proof.
Upon substituting (1.7) and (1.8) into (2.1), the following corollary can be expressed:

Corollary 2.1 The Frenet vectors of the tangent indicatrix curve of Viviani’s curve are given as like

below:
_ (cosds+12cos2s +3,sin4s +12sin 2s,4sin s)
T J6cos 45 +88cos 25 +162 ’
v - —2(—sin2s,cos2s,coss)(3coszs+5)% +6c0ss(c0s s+1 )% (sin3s+3sins,—cos3s—3coss,4)
' \/m\/(3coszs+5)2+36coszs(coszs+1)2 6cos2s+26 \/( 3cos s+5) +36coszs(coszs+l)2
5 —IZCOSS(COSZS+1)% (—sin2s,cos 2s,cos ) N (3coszs+5)g (sin3s+3sins,—cos3s—3coss,4)

r =

\J6cos2s +26\/(3 cos’ s +5)2 +36co0s’ s(cos2 s+1)2 VJ6cos2s +26\/(3 cos’ s +5)2 +36c0s’ s(0052 s+1)2 -

Theorem 2.2. The following relations hold for the curvature K, and the torsion 7, of the tangent
indicatrix curve and the curvatures of the main curve as

Vit +72 Tk —x't
K, = , Tp = — - (2.3)
K 77K'(K +7 )

Proof: By substitution (2.2) into (1.2) the proof is completed.

Corollary 2.2 The curvatures of the tangent indicatrix of Viviani’s curve can be given as

\/(30052 s+5)3 +36c¢o0s’ s(cos2 s +1)3
K, = 3
(3coszs+5)2
i ’
3cos’s+5 cos’s+1 )2 (2.4)
|| 6coss| ——5——
cos” s +1 3cos“s+5
T, = )
(3cos2 s+ 5)2 + 6coss(cos2 s+ 1)2
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Corollary 2.3 The ratio of the curvatures of the tangent indicatrix curve is

T TK—KT 2.5)
= .
Kr n(zcz +7’ )2
and, specifically for Viviani’s curve is given as
i ’
2 2
(3cos2 s+ 5)4 (cos2 s+ 1) 6cos s M
3cos”s+5

I _ (2.6)
Ky z

((3cos2 s+ 5)3 +36c¢0s’ s(cos2 s+ 1)3 )2

The following Fig.2 illustrates the graph of tangent indicatrix of Viviani’s curve and its corresponding
curvature functions
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Fig. 2. The tangent idicatrix curve (black) and the curvature KT (blue) and the torsion 7, (red)

Even though the spherical indicatrix curves are obtained by the motion of unit vectors, they are not

necessarily unit speed curves. For this reason, the Frenet formulas should be expressed in the general
form as like relation (1.9) by the followings

r_ '
I; _”aT"KTNT’

Ny =|eg||(=x; T, +7,B;).

(2.7)
By =,

Let a; (S) =T (S ) be the tangent indicatrix curve of Viviani’s curve and 7;. be the tangent vector

of a, . Define D, = , AT,.Then, from (1.3) the vectors of Sabban frame are obtained as following

(—2sin2s,2cos2s,2c0ss)

(04 :T =
! J2cos2s +6
al (cos4s +12cos2s +3,sin4s +12sin 2s,4sin s)
T, = f =N=-— (2.8)
||aT|| V162 +88c0s2s + 6.cos 4s

16sin2scoss + 2sin4scos2s + 8sin s,
—16cos2scoss —2cosdscoss —14coss,8cos2s + 24
D, =a, AT, =B=
\2¢0s2s +6./162 +88cos 2s + 6cos 4s
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Besides, by recalling (1.4) Sabban formulas can be given as
a, =n«T,, T, =-nxa, +ntD,, D, =-ntT, . 2.9

Note that the geodesic curvature is K gaT =nr.

Definition 2.2. Let { a;, T, DT} denote the set of Sabban frame vectors for the tangent indicatrix of
special Viviani’s curve. Then, the curve drawn by the unified combination of the first two vectors in this
set is called g, — Smarandache curve with the following parameterization

B(s) =%(% +1;). (2.10)

When substituted (2.8) into (2.10), the S, — Smarandache curve for Viviani’s curve can be written as

J6cos 45 +88cos 2s +162 (—sin 25,c0825,c085)

1 1 _ . . . .
Bi(s)=—=(T +N) -5 V2c0s2s +6/(cos4s +12cos 2s +3,sin4s +12sin 2s,4sins) | (see Fig.3).
2 2 Jeos2s +3 -+/3cos s + 44cos 2s + 81

Theorem 2.2. The geodesic curvature K gﬂ ) of p, — Smarandache curve is given by following

X Z(T'K—TK')+771(2K2 +12)
¢ V227 4+ 12

Proof: By taking the derivative of the relation (2.10), the tangent vector 7 is found as

T - (—K'CZT + T, +TDT) ‘

h 2Kk + 72

Next, the vector product of g and Tj is

o, —t1; +2KDT) .

T o 1
Ain ! _\/5\/2K2+2'2(

By taking the derivative of 7 as

' 2 ' K+ '
T/;(S):— ( l ]+ K a, + [ l J—n( ) T, + ( ‘ J+ /il D,
' \/2/(2 +7? \/21(2 +7? \/2/(2 +7? \/21(2 +7? \/21(2 +7? \/21(2 +7?

_ ~7(k'r—xt') 1K’ SZKZ +T2)T+ T(K'f—/cr')—n(/cz +T2)(2K2 +rz)N+—2K(K'T—KT’)+77K1(2K2 +12)B

(26 +27): (26 +22): (26 +22):
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and using the relation (2.9), the proof is completed.

Fig. 3: The 5, — Smarandache curve (black) and its geodesic curvature Kgﬂ'(s) (blue), s € [—27[,27r]

Definition 2.3 Let {OCT Ty, DT} denote the set of Sabban frame vectors for the tangent indicatrix of
special Viviani’s curve. Then, the curve drawn by the unified combination of the first and the last vectors
in this set is called f, — Smarandache curve with the following parameterization

ﬁz(S)Z%(aT +Dy). @2.11)

When substituted (2.8) into (2.11), the S, — Smarandache curve for Viviani’s curve can be given as

J162 +88¢0s2s + 6cosds (—sin2s,c0s2s,c0ss)

(85in2s cos s +sin4scos2s + 4sin s, J

By (s)=—=(T+B)=— + (see Fig. 4).

—8cos2scoss —cos4scoss —7coss,4cos2s +12

-
=

\/c052s+3\/81+44c032s +3cos4ds

Theorem 2.3 The geodesic curvature K gﬂ ) of S, — Smarandache curve is given by following
K7 =L T—K).
g \/5 ( )
Proof: By taking the derivative of the relation (2.11), the tangent vector T, is found as
T, =T,.
By the vector product of £, and T}, , the following relation is obtained
1
AT, =—(-a,+D
ﬂz Ji) \/5 ( T T )

By taking the derivative of 7, as

T

ﬁz(s)' =-nka, +nrD,

and using the relation (2.9), the proof is completed.
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Fig. 4: The 3, — Smarandache curve (black) and its geodesic curvature KgﬂZ(s) (blue), s € [—27[,271’]

Definition 2.4 Let {OCT 1, DT} denote the set of Sabban frame vectors for the tangent indicatrix of
special Viviani’s curve. Then, the curve drawn by the unified combination of the last two vectors in this
set is called f;, — Smarandache curve with the following parameterization

B, (S)=%(TT +Dy). 2.12)

Upon substitution (2.8) into (2.11), the S, — Smarandache curve for Viviani’s curve can be given as

(16sin2scoss+2sin4sc0523+8sins, ]

—16cos2scoss —2cos4scoss —14coss,8cos2s + 24
1 1 .
Ai(s)= 5 (N+B) == ~/2c0525'+ 6 (cos4s +12c0s2s +3,sinds + 12sin 2s,4sins) (see Fig. 3).

2
\/2cos2s+6.x/162+8800525+6cos4s

Theorem 2.4 The geodesic curvature K g’B 5) of S, — Smarandache curve is given by following

2(1(1" - K’T) + 771((1(2 + 272)
\/5\/1(2 +27°

Proof: By taking the derivative of the relation (2.12), the tangent vector 7 is found as

P —
K~ =

—xo, —tT, + 7D,

VK? + 277

Moreover, the vector product of £, and 7, 5 18

Ty =

BinT, = ta, —kT, +kD;).

1
—_— (2
\/E\IKZ +272 (

By taking the derivative of 7 as
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’ 2 2 ’
) K Nkt T 77(’< +7 ) [ T ] nt’
T, =|- + a, — + T + - D
» [\/K‘2+2‘[2J \/K2+2‘[2 ! [\/K2+212] \/K‘2+2‘[2 ! \/K2+2‘[2 \/K'2+2’[2 !

_ZT(K'Z' - KT’)+ 771(2'(/(2 +277 ) r
= +

3

K‘(K"Z'—K’T’)—f](l(z +1'2)(K'2 +27° ) v k(k't—xr")+nt? (K'2 +212)
3 3
(K'2 +27° )E (KZ +27° )E (K’z +27° )5

and using the relation (2.9), the proof is completed.

2

=

Fig. 5: The ,83 — Smarandache curve (black) and its geodesic curvature Kg’gz(’q) (blue), s e [—27[,27r]

Definition 2.5 Let {OtT Ty DT} denote the set of Sabban frame vectors for the tangent indicatrix of
special Viviani’s curve. Then, the curve drawn by the unified combination of the all three vectors in this
set is called S, — Smarandache curve with the following parameterization

,84(_9):%(% +T,+D;). (2.13)

By substituting (2.8) into (2.13), the S, — Smarandache curve for Viviani’s curve can be given as

ﬁ4(s):L(T+N+B)

[ON)

V162 +88cos2s + 6cos 4s (—2sin2s,2cos2s,2coss)
—V2¢082s+6 (cos4s+12c0s 2s +3,sin 4s +12sin 2s,4sins) (see Fig. 6).

+(16sin2scoss+2sin4sc0525+8sins,—160052scoss—2cos4scoss—14coss,8cos25+24)
N2¢0s 25 + 6 /162 +88c0s 2 + 6 cos 4s

-

Theorem 2.5 The geodesic curvature K gﬂ i) of S, — Smarandache curve is given by following
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(27— K')2 (xr'—x't)=2nK(xk—7) (20— K')(K'2 — KT+ 1'2)

2
(K'Z—K'T+Tz)

KA 1 . (K+r)z(Kr'—K’T)+277(K+r)<K2+72)(K2—KT+72)
’ W3 (K'z —KT+T2)2

s (1—21()2 (7' —x't)—2n7(r - 2K) K—T)(K2 —K'Z'+‘L'2)

2

(K2 —K‘T+T2)

3(KT'—K’T)+217K(K2 +72) _

- 2\/§(K2—K7+12)

Proof: By taking the derivative of the relation (2.13), the tangent vector 7, is found as

T - —KO; +(K'—T)TT +7D;

B [
) \/5 K'Z—K'T-FTZ

Besides, the vector product of S, and Tj is

(2t —«)a, —(k+7)T, +(2xk —7) D, .

\/g\/l('2 —KT+T2

B, /\Tﬁ4 =

By taking the derivative of T as
’ r 2 2
T - 1 ( K ]+ ni(k-1) aT+1( (k-7) J_ (x> +7%) r
! \/5 \/K'Z—K'T+T2 \/K'Z—K'T+Tz \/5 \/KZ—KT+T2 \/K'Z—K'T+Tz

1 r ' nr(x-7)
+— + D,,
\E[[\//{z—/{r+fzJ \/KZ—K1+1'2J !

1 [(2’[]{‘)(1{"’[K"[,)+27]K‘(KT)(K‘2 —K"[+‘[2) 1 [(K+1)(K'1Kr')277(1c2 +12)(1c2 Kr+rz)}v

= T+——
22 (€ —xrec) 22 (€ —xrec)?

+7
22

1 (‘r—ZK)(K'T—1(2")+2771(K—z')(1(2—Kz'—o—‘rz) 3
3
(Kz —rcr+‘r2)E

and using the relation (2.9), the proof is completed.
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Fig. 6: The 5, Smarandache curve (black) and its geodesic curvature Kgﬂ“(s) (blue), s € [—27[,27[]
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