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81. Introduction

Bishop frame extended to study canal and tubular surfaces [1]. Rotating camera orientations
relative to a stable forward-facing frame can be added by various techniques such as that of
Hanson and Ma [2]. This special frame also extended to height functions on a space curve [3].

The construction of the Bishop frame is due to L. R. Bishop and the advantages of Bishop
frame, and comparisons of Bishop frame with the Frenet frame in Euclidean 3-space were given
by Bishop [4] and Hanson [5]. That is why he defined this frame that curvature may vanish
at some points on the curve. That is, second derivative of the curve may be zero. In this
situation, an alternative frame is needed for non continously differentiable curves on which
Bishop (parallel transport frame) frame is well defined and constructed in Euclidean and its
ambient spaces [6,7,8].

A regular curve in Euclidean 3-space, whose position vector is composed of Frenet frame
vectors on another regular curve, is called a Smarandache curve. M. Turgut and S. Yilmaz
have defined a special case of such curves and call it Smarandache T'By curves in the space Ef
([9]) and Turgut also studied Smarandache breadth of pseudo null curves in Ef ([10]). A.T.Ali
has introduced some special Smarandache curves in the Euclidean space [11]. Moreover, special
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Smarandache curves have been investigated by using Bishop frame in Euclidean space [12].
Special Smarandache curves according to Sabban frame have been studied by [13]. Besides,
some special Smarandache curves have been obtained in E? by [14].

Curves of constant breadth were introduced by L.Euler [15]. Some geometric properties of
plane curves of constant breadth were given in [16]. And, in another work [17], these properties
were studied in the Euclidean 3-space E3. Moreover, M Fujivara [18] had obtained a problem to
determine whether there exist space curve of constant breadth or not, and he defined breadth
for space curves on a surface of constant breadth. In [19], these kind curves were studied in four
dimensional Euclidean space E*. In [20], Yilmaz introduced a new version of Bishop frame in
E3} and called it Bishop frame of type-2 of regular curves by using common vector field as the
binormal vector of Serret-Frenet frame. Also, some characterizations of spacelike curves were
given according to the same frame by Yilmaz and Unliitiirk [21]. A regular curve more than
2 breadths in Minkowski 3-space is called a Smarandache breadth curve. In the light of this
definition, we study special cases of Smarandache curves according to the new frame in E3. We
investigate position vector of simple closed spacelike curves and give some characterizations in
case of constant breadth according to type-2 Bishop frame in E. Thus, we extend this classical
topic in E? into spacelike curves of constant breadth in E3, see [22] for details.

In this study, we introduce new Smarandache curves of a spacelike curve according to the
Bishop frame of type-2 in E}. Also, Smarandache breadth curves are defined according to this
frame in Minkowski 3-space. A third order vectorial differential equation of position vector of
Smarandache breadth curves has been obtained in Minkowski 3-space.

82. Preliminaries

To meet the requirements in the next sections, here, the basic elements of the theory of curves
in the Minkowski 3-space E3 are briefly presented. There exists a vast literature on the subject
including several monographs, for example [23,24].

The three dimensional Minkowski space E} is a real vector space R® endowed with the

standard flat Lorentzian metric given by
(,); = —da? + da3 + da3,

where (71,2, 73) is a rectangular coordinate system of E7. This metric is an indefinite one.
Let u = (u1,u2,u3) and v = (v, vq,v3) be arbitrary vectors in E}, the Lorentzian cross

product of u and v is defined as

Recall that a vector v € E$ has one of three Lorentzian characters: it is a spacelike vector
if (v,v) > 0 or v = 0; timelike (v,v) < 0 and null (lightlike) (v,v) = 0 for v # 0. Similarly, an
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arbitrary curve § = §(s) in E} can locally be spacelike, timelike or null (lightlike) if its velocity
vector o are ,respectively, spacelike, timelike or null (lightlike), for every s € I C R. The
pseudo-norm of an arbitrary vector a € E} is given by |la|| = v/[(a,a)]. The curve a = a(s) is
called a unit speed curve if its velocity vector o’ is unit one i.e., ||| = 1. For vectors v,w € E,
they are said to be orthogonal each other if and only if (v,w) = 0. Denote by {T', N, B} the

moving Serret-Frenet frame along the curve o = a(s) in the space Ej.

For an arbitrary spacelike curve o = a(s) in Ef, the Serret-Frenet formulae are given as

follows
T 0 x O T
N |=|~v 0 7 |.-| N |, (2.1)
B’ 0 7 0 B

where v = F1, and the functions x and 7 are, respectively, the first and second (torsion)

T/ d / 1 1
curvature. T(s) = a'(s),N(s) = %, B(s) =T(s) x N(s) and 7(s) = %‘S)WQ)
If v = —1, then «(s) is a spacelike curve with spacelike principal normal N and timelike

binormal B, its Serret-Frenet invariants are given as

k(s) = V/(T"(s),T'(s)) and 7(s) = — (N'(s), B(s)) -

If v = 1, then «(s) is a spacelike curve with timelike principal normal N and spacelike

binormal B, also we obtain its Serret-Frenet invariants as

r(s) = /= (T"(s), T'(s)) and 7(s) = (N'(s), B(s)) -

The Lorentzian sphere S? of radius r > 0 and with the center in the origin of the space E?
is defined by

S3(r) ={p = (p1,p2,p3) € E} : (p,p) =r?}.

Theorem 2.1 Let a = a(s) be a spacelike unit speed curve with a spacelike principal normal.
If {21,Q09, B} is an adapted frame, then we have

9 0 0 &1 931
O l= 0 0o &/ | (2.2)
B’ -& =& 0 B

Theorem 2.2 Let {T, N, B} and {Q1,Q2, B} be Frenet and Bishop frames, respectively. There

exists a relation between them as
sinh6(s) coshf(s) 04

T 0
N | = | coshf(s) sinhf(s) 0 |.| Q2 |, (2.3)
B 0 0 1 B
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where 6 is the angle between the vectors N and €.
&1 = 7(s) cosh0(s), & = 7(s) sinh 6(s).

The frame {4, Q, B} is properly oriented, and 7 and (s) = [k(s)ds are polar coordinates
0

for the curve @ = (s). We shall call the set {Q,Qy, B,£;,&}  as type-2 Bishop invariants

of the curve a = a(s) in Ej.

83. Smarandache Curves of a Spacelike Curve

In this section, we will characterize all types of Smarandache curves of spacelike curve o = «(s)

according to type-2 Bishop frame in Minkowski 3-space Ej.

3.1 Q2:Q9—Smarandache Curves

Definition 3.1 Let a = a(s) be a unit speed regular curve in ES and {Q$,QS, By} be its

moving Bishop frame. Q$Q8—Smarandache curves are defined by
B(s™) = L(08 +03). (3.1)

Now we can investigate Bishop invariants of 2¢'(25'—Smarandache curves of the curve ao =

a(s). Differentiating (3.1) with respect to s gives

B= G = 7€ )b, (3.2
and ds* 1
Ty 5 = (6 — &) B,
where P
=l el (3.3

The tangent vector of the curve § can be written as follows

Ts = Ba. (3.4)
Differentiating (3.4) with respect to s, we obtain

dTﬁ ds*

Substituting (3.3) into (3.5) gives

V2
Th = ———7a (67O + £593).
le¢ — &g



Smarandache Curves of a Spacelike Curve According to the Bishop Frame of Type-2 33

Then the first curvature and the principal normal vector field of § are, respectively, com-

puted as
V2
|z3]| = s = e V& @
&5 — &5
and .
Np = (€905 +£599).

V=(€7)? +(65)?

On the other hand, we express

1 _Q? Q% 6&
Bs = 0 0 1 1,
@+ &)
€& 0

So the binormal vector of § is computed as follows
-1
V= (E7)? + (68)?

Differentiating (3.2) with respect to s in order to calculate the torsion of the curve g, we
obtain

Bg =

(€07 +£7Q3).

.. 1 . .
0= —Bl-(er + )T — (& + &) + (& + &) Bal,
and similarly
B = Jl(=3pép — 26068 — Epeg — €0€0)Q8
+(—26088 — 2(€9)? — &8s — £565)08
H(EF + 88 — (60)% — (60)2%€8 — £0(88)% + (£8)%)Bal.
The torsion of the curve (3 is found

ol E@-g)y
TP+ (&)

(61 + &) Ka(s) — (&7 +£3)€65 K (s)];

where
Ki(s) = =306y — 2608y — £068 — £0€e,
K)(s) = —260€8 — 2(£5)? — €065 — €568,
Ka(s) = &0 + &8 — (60)% — (60)2€8 — £0(88)% + (¢9)%.

3.2 ;B—Smarandache Curves

Definition 3.2 Let a = «a(s) be a unit speed regular curve in E3} and {Qf,Q%, By} be its
moving Bishop frame. QY B—Smarandache curves are defined by

1

B(s*) = (QF + Ba). (3.6)

S

2
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Now we can investigate Bishop invariants of II{' B,—Smarandache curves of the curve

a = «fs). Differentiating (3.6) with respect to s, we have

ﬁ dS dS - ﬁ( lBOC_ 191 - 292)7 (37)
and ds* 1
s
THTE_:'?E(?B“_ TOf - £503),
where . N
ds” _ & (3.8)
ds 2

The tangent vector of the curve 3 can be written as follows

V2

o=

—a (€10 — €995 + £ Ba). (3.9)

Differentiating (3.9) with respect to s gives

Ty ds* &
ds* " ds /2

(L1 ()25 + Lo(s)08 + Ls(s)Ba), (3.10)

where

S

Li(s) = €0 — (€0)2 + 5) = eves,
2
La(s) = —(€0) + (682 + &5 1552
2

Substituting (3.8) into (3.10) gives

2v/2
(€5)?

then the first curvature and the principal normal vector field of 3 are, respectively,

T =

(L1(8)Q5 + La2(8)Q23 + L3(s)Ba),

ML2 )+ L3(s) — L3(s),

and
-1

Np =
VIi(s) + L3(s) — L3(s)
On the other hand, we have

(Ll(S)Q(ll + LQ(S)Q% + Lg(S)BQ).

V3
T La(s S Ls(s))Q
VI T ) L ) L)

+(EFL1(s) + €7 L3(5))025 + (65 La(s) — &7 La(s)) Bal-

By =

Differentiating (3.7) with respect to s in order to calculate the torsion of the curve g3, we
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find
1

B=—=[—((£8)? + €08 + (—€8€8 — €9)08 — (£ — (60)2 + (£5)?) Bal,

S

2

and similarly .
g = ﬁ(—wé? — é’f)ﬂ% + F—é?és“ — 52 — £0€8)Q8
H(—(€9)% — €260 + £0€5€5 — €368)Ba)-

The torsion of the curve (3 is

e 4
7= D gati(s) - g5 0a(s) — 6500,

where
My(s) = —3£06y — 26065 — €968 — £0€8,
My(s) = —26068 — 2(65)? — £065 — €588,
Ms(s) = € + &5 — (68)° — (£0)2€8 — £8(€9) + (69)%

3.3 Qs B—Smarandache Curves

Definition 3.3 Let a = a(s) be a unit speed regular curve in ES and {Q$,QS, By} be its

moving Bishop frame. 1§ B—Smarandache curves are defined by

_ L

Bls™) = 75 (08 + Ba) (3.11)

Now we can investigate Bishop invariants of Qf B,—Smarandache curves of the curve

a = «fs). Differentiating (3.11) with respect to s, we have

. df dst 1

_—_—:__QBQ_ OLQOL_ O‘QO‘7 )
B ds ds \/5( &5 £ Q8 - £9Q3) (3.12)
and ds* ]
s
Tﬁ-g = ﬁ(‘ﬁ?g? —£508 — 9 Ba),
where

ds* _ [2(£8)% - (&1)°
= - 2 . 1) (3.13)

The tangent vector of the curve § can be written as follows

. _ &0 - 605 & Ba

3.14
NG @) 3
Differentiating (3.14) with respect to s gives
dTyz ds*
0 2 = (N1(5)0 + Na(s)8 + N3(s)Ba), (3.15)

ds* " ds
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where
Ny ( ):%(45252 25151)( ( ) (5 )2)
—(2(68)2 — (1)) T €8 + (2(€9)2 - ( ))%15?5%,
No(s) = (46565 — 267€0)(2(69)2 — (60)2) =
—(2(88)2 — (1)) T & + M%V% £0)2)(€8)2,
N3(s) = (46865 — 260€0)(2(69)2 — (60)7) =

2
—(2(68)% = (€9)) 7 ((€8)* — (€)* = &3).
Substituting (3.13) into (3.15) gives

2
2(65)% — (&1)?

then the first curvature and the principal normal vector field of 3 are, respectively, found as

Ty = (N1() + Na(5)Q5 + N3(s)Ba),

follows

oz VT (5) + N3 (5) + N3 (),

" 2(¢5 )

and
-1

Np =
VNZ(s) + N2(s) + N2(s)
On the other hand, we have

(N1($)Q + Na(5)Q25 + Ls(s)Ba). (3.16)

1
—£9 N3 (s S Na(s))Qg
V2(es 2\/ s) + N3 (s )+N§(8)[( N F ) (3.17)

( N3(s) + €5 N1(s))25 + (£ N2 — £5' N1 (s)) Bal-

Bg =

Differentiating (3.12) with respect to s in order to calculate the torsion of the curve 3, we

obtain

B= L [(6gEs + 0008 + ((€2)2 — £)98 + (—€5 + €5 — (€)2)Bal,

V2
and similarly .
g = ﬁ[@égs% ﬂféé“é? — &y — o + (6308
+(3E8E5 — €5 — (69)2 — (£0)%€8)Q8
F((60)%68 — (£3)° + €565 — €5 + €8 — 3E0EY) Ba ).

The torsion of the curve 3 is

a2 _ (a2
75 = W{w (5)((€8)2 — E5) — Pa(s)(—E5 + €2 — (e)2)er

+[Ps(s)(6565 — £8) — Pu(s)(—€8 + &5 — (£0)?))&s
+[Pa(s)(£865 — £8) — Pr(s)((€8)% — £9)]¢5°),
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where
Pi(s) = 26860 + £567 — £ — €060 + €065 + (€90)°,
Py(s) = 36568 — &5 — (£8) — (€9)¢s,
Ps(s) = (£8)%68 — (€9)° + £5:€5 — £ + &5 — 3Eey.

3.4 Q:Q9B—Smarandache Curves

37

Definition 3.4 Let a = a(s) be a unit speed regular curve in ES and {Q$,QS, By} be its

moving Bishop frame. Q¢Q8 B—Smarandache curves are defined by

B(s*) = T(QO‘ + Q5 + B,).

(3.18)

Now we can investigate Bishop invariants of Q{Q§ B—Smarandache curves of the curve

a = «a(s). Differentiating (3.18) with respect to s, we have

B = 5 ds %(— 1O — 6505 + (& — €9)Ba),
and ds* .
s
TQ-E = ﬁ(— O =505 + (& — £5)Ba),
where

ds* _ \/ (68— &)% + (£9)2 — (&8)?
ds 3 )

The tangent vector of the curve ( is found as follows
1
Tp =
VI =€)+ ()7 - (€7

Differentiating (3.21) with respect to s, we find

Ty ds*

C 2~ QU — QUED) + Qe — Q)51

H-Q(9)& — Q)7 €8 + Q(5)(€5) — Q' ()81
HQ(s)(€F — £5)-Q(s)(€7)°+Q" () (67 — £5)1B

where
1

VET =g &) - €@
Substituting (3.20) into (3.22) by using (3.23) gives

ﬁ(
K(s)

Q(s) =

Ty = My (s)QF + Ma(5)QS + M3(s)Ba,),

(=670 = €595 + (€7 = &) Ba)-

(3.19)

(3.20)

(3.21)

(3.22)
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where

Ri(s) = —Q(s)&5 — Q(s)(69)? + Q()€065 — Q' (s)&8,
Ry(s) = —Q(s)€8 — Q)55 + Q(s)(£8)% — Q'(5)&8, (3.23)
Rs(s) = Q(s)(&8 — £8) — Q(s)(£8)% + Q' (s) (&5 — &3).

Then the first curvature and the principal normal vector field of § are, respectively, obtained

as follows

Kp = \/ R3(s) + R3(s) + R3(s),

and

-1 a _ o a\(O)o
Bs = (s)/—R2(s) + R3(s) + R2(s) [(Ma(&F — &) + M3&5)9Q8 (3.24)

(M1 (61 = €3) + M3&5)25 + (85 Ma(s) — €1 Ma(s)) Bal.

Differentiating (3.19) with respect to s in order to calculate the torsion of the curve 3, we

obtain
1

EH? — (£9)2 + £568)08 o
+(—E5 + (£3)% — €765 + (€9)%)Q9 + (&7 — &8 — (£8)?)Bal,

8=

and similarly .
4= ﬁ.[.(—é‘f‘ - 2.5?5%.+ £ +€068)98
+(—€5 + 46568 — 168 — 267°65)Q%
H(ESES +E7(E5)” — (67)° — (60)° + (€1)°¢8) Bal.
The torsion of the curve (3 is
K?(s)

1 . ) -
0 (S>+M2< () (@a(9) (€8 + 2(E8) — €748

T3 =

—Qa(8) (€8 — €8 — £7€9)1ER + [Qs(s)(—E0 — (€0)2 + £0€5)
—Q1(s)(—&5 + 2(@) — £069))E8 — [Qa(9)(—€8 — (€8) + £0€5)
—Q1(s)(—€8 +2(£8)% — £8€9)] (&5 — €90},

where
Qi(s) = —=&7 — (&) + £9¢8,
Qa(s) = —£0€8 + 26568 — &5,
Qs(s) = £7(68)2 — (€0)? — (60)% + (£0)%¢s + £5¢5.

3.5 Example

Example 3.1 Next, let us consider the following unit speed curve w = w(s) in E} as follows

w(s) = (s, v2In(sec h(s)), V2 arctan(sinh(s))). (3.25)
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It is rendered in Figure 1, as follows

Figure 1

The curvature function and Serret-Frenet frame of the curve w(s) is expressed as

T = (1, —v/2tanh(s), v2sech(s)),
N = (0, —sech(s), — tanh(s)), (3.26)
B = (v/2, — tanh(s), sech(s)),

and
k= V/2sech(s),0 = v2[ sech(s)ds = V2 arctan(sinh(s)). (3.27)
0

- AT
oy |_n|»|vl.v-! ~pplxdd

Figure 2 ;Qs-Smarandache curve Figure 3 (2; B-Smarandache curve
Also the Bishop frame is computed as

Q2 = (—sinh #, —y/2sinh @ tanh(s) — cosh @ sech(s),

(3.28)
—+/2sinh @ sec h(s) — cosh § tanh(s)),

Qs = (cosh @, —v/2 cosh § tanh(s) + sinh # sech(s),

(3.29)
V2 cosh f sec h(s) — sinh  tanh(s)),
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B = (v/2, — tanh(s), sech(s)). (3.30)

Let us see the graphs which belong to all versions of Smarandache curves according to the
Bishop frame in Ej.

The parametrizations and plottings of Q12,1 B, Q5B and 1 B— Smarandache curves
are, respectively, given in Figures 2-5.

Figure 4 ()5 B-Smarandache curve Figure 5 ;) B-Smarandache curve

§4. Smarandache Breadth Curves According to the Bishop Frame of Type-2 in E}

A regular curve more than 2 breadths in Minkowski 3-space is called a Smarandache breadth

curve.

Let o = «(s) be a Smarandache breadth curve, and also suppose that o = a(s) is a simple
closed curve in E$. This curve will be denoted by (C). The normal plane at every point P on
the curve meets the curve at a single point @ other than P. We call the point @) as the opposite
point of P

We consider a curve o = a*(s*) ,in the class I, which has parallel tangents ¢ and ¢* at
opposite directions at the opposite points o and a* of the curve. A simple closed curve having
parallel tangents in opposite directions at opposite points can be represented with respect to
Bishop frame by the equation

a*(s*) = afs) + X + pfde + B, (4.1)

where A(s), (s) and 7(s) are arbitrary functions, @ and «* are opposite points.

Differentiating both sides of (4.1) and considering Bishop equations, we have

da* s dh du
Al 951 A ( S né1 + 1) + (ds né2)822 (12)
+(5L 4 A& — o) B.

ds
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Since QF = —y, rewriting (4.2) we obtain respectively
dX _dst d d
=1~ e R R (43)
ds ds ds

If we call 6 as the angle between the tangent of the curve (C') at the point a(s) with a
do
given direction and consider == (4.3) turns into the following form:
s

d\ & 1. ds' dp & dp

A p
_ a1 _ M _2e L H 4.4
d9 777_ 7_(1+ dS )7 de nT7 d9 T§1+T§27 ( )

ds* ds* df 1ds* ds*
where ds = do%—;%,l-f- ds —f(6‘),7'750

Using system (4.4), we have the following vectorial differential equation with respect to A
as follows

A3\ 72 5152 &1y T L dPA 140
o+ a0 -2 En T }d92+{<7>
+[%<%>'1'<1—A><€1>' [5;52 1)
§& & & & T T, d\
—[z}i)] 24 [5 (& ><§>f<9>] 7
152 1 T T T
H= 73 (= )](@)(5—1)}(—) {— 15— a0 do2 (4.5)
{<5l>'2+[i§2<§1>]5 £(6) + <§—1— D FO)
HIEh2 + ;ﬂ miﬁmg( Y10+ 7 f'<9>+§—11}
66 & 1 1, " ’
HEZEYVUC V160~ ()70 + 2216

FEYFO) + 27 O) =0,

The equation (4.5) is a characterization for o*. If the distance between opposite points of
(C) and (C*) is constant, then we can write that

la* —al| = =A% + % +n? = I? = const., (4.6)
hence, we write
d\ dp dn
A= 4.7
Mg g T ap = 47)
Considering the system (4.4) together with (4.7), we obtain
AFO) = (2 — s — ). (4.9
From system (4.4) we have
Td\x 1
R L ()} 4.9
s A3l (49)
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Substituting (4.9) into (4.8) gives

d\ _Af(0)
T +f(0) = G(_H) , (4.10)
where G(6) = S ™€y — &1, 7 #£ 0.
Thus we find
A:?@(L—1)de (4.11)
VIO, ’ :
and also from (4.4)2, (4.9) and (4.4); we obtain
_Gdxf(0)
= {)‘(@ + T)§2d9' (4.12)
and
9T dh o f(0)
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