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Preface

Maps as a mathematical topic arose probably from the four color
problem[Bir1, Orel] and the more general map coloring problem[HiC1,
Rinl, Liull] in the mid of nineteenth century although maps as poly-
hedra which go back to the Platonic age. I could not list references
in detail on them because it is well known for a large range of readers
and beyond the scope of this book. Here, I only intend to present
a comprehensive theory of maps as a rigorous mathematical concept
which has been developed mostly in the last half a century.

However, as described in the book[Liul5] maps can be seen as
graphs in development from partition to permutation and as a basis
extended to Smarandache geometry shown in [Mao3—4]. This is why
maps are much concerned with abstraction in the present stage.

In the beginning, maps as polyhedra were as a topological, or ge-
ometric object even with geographical consideration[Kem1]. The first
formal definition of a map was done by Heffter from [Hefl] in the 19th
century. However, it was not paid an attention by mathematicians
until 1960 when Edmonds published a note in the AMS Notices with
the dual form of Heffter’s in [Edm1,Liu3].

Although this concept was widely used in literature as [Liul-2,
Liud—6, Rinl-3, Stal-2, et al], its disadvantage for the nonorientable
case involved does not bring with some convenience for clarifying some
related mathematical thinking.

Since Tutte described the nonorientability in a new way [Tutl-
3], a number of authors begin to develop it in combinatorization of
continuous objects as in [Lit1l, Liu7-10, Vinl-2, et al].

The above representations are all with complication in construct-
ing an embedding, or all distinct embeddings of a graph on a surface.
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However, the joint tree model of an embedding completed in recent
years and initiated from the early articles at the end of seventies in
the last century by the present author as shown in [Liul-2] enables us
to make the complication much simpler.

Because of the generality that an asymmetric object can always
be seen with some local symmetry in certain extent, the concepts of
graphs and maps are just put in such a rule. In fact, the former is
corresponding to that a group of two elements sticks on an edge and
the later is that a group of four elements sticks on an edge such that
a graph without symmetry at all is in company with local symmetry.
This treatment will bring more advantages for observing the structure
of a graph. Of course, the later is with restriction of the former because
of the later as a permutation and the former as a partition.

The joint tree representation of an embedding of a graph on
two dimensional manifolds, particularly surfaces(compact 2-manifolds
without boundary in our case), is described in Chapter I for simplifying
a number of results old and new.

This book contains the following chapters in company with re-
lated subjects.

In Chapter I, the embedding of a graph on surfaces are much
concerned because they are motivated to building up the theory of
abstract maps related with Smarandache geometry.

The second chapter is for the formal definition of abstract maps.
One can see that this matter is a natural generalization of graph em-
bedding on surfaces.

The third chapter is on the duality not only for maps themselves
but also for operations on maps from one surface to another. One
can see how the duality is naturally deduced from the abstract maps
described in the second chapter.

The fourth chapter is on the orientability. One can see how the
orientability is formally designed as a combinatorial invariant. The
fiftth chapter concentrates on the classification of orientable maps. The
sixth chapter is for the classification of nonorientable maps.

From the two chapters: Chapter V and Chapter VI, one can see
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how the procedure is simplified for these classifications.

The seventh chapter is on the isomorphisms of maps and pro-
vides an efficient algorithm for the justification and recognition of the
isomorphism of two maps, which has been shown to be useful for de-
termining the automorphism group of a map in the eighth chapter.
Moreover, it enables us to access an automorphism of a graph.

The ninth and the tenth chapters observe the number of distinct
asymmetric maps with the size as a parameter. In the former, only
one vertex maps are counted by favorite formulas and in the latter,
general maps are counted from differential equations. More progresses
about this kind of counting are referred to read the recent book|Liu7]
and many further articles[Bax1, BeG1, CalL1-2, ReLL1-3, etc|.

The next chapter, Chapter XI, only presents some ideas for ac-
cessing the symmetric census of maps and further, of graphs. This
topic is being developed in some other directions|KwL1-2] and left as
a subject written in the near future.

From Chapter XII through Chapter XV, extensions from basic
theory are much concerned with further applications.

Chapter XII discusses in brief on genus polynomial of a graph
and all its super maps rooted and unrooted on the basis of the joint
tree model. Recent progresses on this aspect are referred to read the
articles [Liul3-15, LiP1, Wal.1-2, ZhL.1-2, ZuL1, etc|.

Chapter XIII is on the census of maps with vertex or face par-
titions. Although such census involves with much complication and
difficulty, because of the recent progress on a basic topic about trees
via an elementary method firstly used by the author himself we are
able to do a number of types of such census in very simple way. This
chapter reflects on such aspects around.

Chapter XIV is on graphs that their super maps are particularly
considered for asymmetrical and symmetrical census via their semi-
automorphism and automorphism groups or via embeddings of graphs
given [Liul9, MaL.l, MaT1, MaW1, etc|.

Chapter XV, is on functional equations discovered in the census
of a variety of maps on sphere and general surfaces. Although their
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well definedness has been done, almost all of them have not yet been
solved up to now.

Three appendices are compliment to the context. One provides
the clarification of the concepts of polyhedra, surfaces, embeddings,
and maps and their relationship. The other two are for exhaustively
calculating numerical results and listing all rooted and unrooted maps
for small graphs with more calculating results compared with those
appearing in [Liul4], [Liul7] and [Liul9].

From a large amount of materials, more than hundred observa-
tions for beginners probably senior undergraduates, more than hun-
dred exercises for mainly graduates of master degree and more than
hundred research problems for mainly graduates of doctoral degree are
carefully designed at the end of each chapter in adapting the needs of
such a wide range of readers for mastering, extending and investigat-
ing a number of ways to get further development on the basic theory
of abstract maps.

Although I have been trying to design this book self contained as
much as possible, some books such as [DiM1], [Mss1]| and [GaJ1] might
be helpful to those not familiar with basic knowledge of permutation
groups, topology and computing complexity as background.

Since early nineties of the last century, a number of my former
and present graduates were or are engaged with topics related to this
book. Among them, I have to mention Dr. Ying Liu[LpL1], Dr. Yuan-
qiu Huang[HuL1], Dr. Junliang Cai[CaL1-2], Dr. Deming Li[LiL1],
Dr. Han Ren[ReL1-3], Dr. Rongxia Hao[HaC1l, HaL1l], Dr. Zhaox-
iang Li[LiQ1-2], Dr. Linfan Mao[MaLl, MaT1l, MaW1], Dr. Er-
ling Wei|WiL1-2], Dr. Weili He[HeL1], Dr. Liangxia Wan[WaL1-2],
Dr. Yichao Chen[CnL1l, CnR1], Dr. Yan Xu[XuL1-2], Dr. Wen-
zhong Liu[LwL1-2], Dr. Zeling Shao[ShL1], Dr. Yan Yang[YaL1l-2],
Dr. Guanghua Dong[DoL1], Ms. Ximei Zhao[ZhL1-2|, Mr. Lifeng
Li[LiP1], Ms. Huiyan Wang[WgL1], Ms. Zhao Chai[CiL1], Mr. Zi-
long Zhu[ZuL1], et al for their successful work related to this book.

On this occasion, I should express my heartiest appreciation of
the financial support by KOSEF of Korea from the Com?MaC (Com-
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binatorial and Computational Mathematics Research Center) of the
Pohang University of Science and Technology in the summer of 2001.
In that period, the intention of this book was established. Moreover,
I should be also appreciated to the Natural Science Foundation of

China for the research development reflected in this book under its
Grants(60373030, 10571013, 10871021).

Y.P. Liu
Beijing, China
Jan., 2010
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Chapter 1
Abstract Embeddings

e A graph is considered as a partition on the union of sets obtained
from each element of a given set the binary group B = {0, 1} sticks
on.

e A surface, i.e., a compact 2-manifold without boundary in topol-
ogy, is seen as a polygon of even edges pairwise identified.

e An embedding of a graph on a surface is represented by a joint
tree of the graph. A joint of a graph consists of a plane extended
tree with labelled cotree semi-edges. Two semi-edges of a cotree
edge has the same label as the cotree edge with a binary index.
An extended tree is compounded of a spanning tree with cotree
semi-edges.

e Combinatorial properties of an embedding in abstraction are par-
ticularly discussed for the formal definition of a map.

[.1 Graphs and networks

Let X be a finite set. For any x € X, the binary group B = {0, 1}
sticks on z to obtain Bx = {z(0),z(1)}. x(0) and x(1) are called the
ends of x, or Bx. If Bx is seen as an ordered set (x(0),z(1)), then
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x(0) and z(1) are, respectively,initial and terminal ends of z. Let
X => B, (1.1)

i.e., the disjoint union of all Bx, x € X. X is called the ground set.

A (directed) pregraph is a partition Par= {P;, P,, ---} of the
ground set X,i.e.,

X=> P (1.2)
i>1

Bzx (or (x(0),x(1))), or simply denoted by z itself, x € X, is called an
(arc) edge and P;, i > 1, a node or vertex.

A (directed) pregraph is written as G = (V, E) where V =Par
and

E = B(X)={Bz|lr € X}

(= {{z(0), 2(1))z € X}).

If X is a finite set, the (directed) pregraph is called finite; otherwise,
infinite. In this book, (directed) pregraphs are all finite.

If X = (), then the (directed) pregraph is said to be empty as
well.

An edge (arc) is considered to have two semiedges each of them
is incident with only one end (semiarcs with directions of one from
the end and the other to the end). An edge (arc) is with two ends
identified is called a selfloop (di-selfloop); otherwise, a link (di-link). If
t edges (arcs) have same ends (same direction) are called a multiedge
(multiarc), or t-edge (t-arc).

Example 1.1 There are two directed pregraphs on X = {x},
i.e.,

Par; = {{z(0)}, {=(1)}};
Pary = {{x(0), »(1)}}.

They are all distinct pregraphs as well as shown in Fig.1.1.
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X
X
Parq Pary
Fig.1.1 Directed pregraphs of 1 edge

Further, pregraphs of size 2 are observed.

Example 1.2 On X = {x1, 22}, the 15 directed pregraphs are
as follows:

Par; = {{z1(0)}, {z1(1)}, {22(0)}, {za(1)} };
Pary = {{z1(0), z1(1)}, {z2(0)}, {za(1)} };
Parg = {{1(0), 22(0)}, {z1(1)}, {za(1) } };
Pary = {{z1(0), za(1)}, {z1(1)}, {z2(0) } };
Par; = {{z1(0)}, {z1(1), 22(0) }, {za(1) } };
Parg = {{z1(0)}, {z1(1), z2(1)}, {z2(0) } };
Parz = {{z1(0)}, {z1(1)}, {z2(1), 22(0) } };
Parg = {{z1(0), z1(1), 22(0) }, {z2(1) } };
Parg = {{z1(0), z1(1), z2(1) }, {2(0) } };
Paryg = {{x1(0), 22(0), x2(1) }, {z1(1)} };
Paryy = {{z1(0)}, {z1(1), 22(0), z2(1) } };
Pariy = {{z1(0), z1(1), 22(0), z2(1) } };
Paryz = {{z1(0), z1(1)}, {22(0), z2(1)} };
Paryy = {{z1(0), 22(0) }, {w1(1), z2(1) } };
Pars = {{21(0), z2(1) }, {w1(1), 22(0) } }.

Among the 15 directed pregraphs, Pars, Pary, Par; and Parg
are 1 pregraph; Parg and Parg are 1 pregraph; Par;y and Pary; are 1
pregraph; Parjy and Paris are 1 pregraph; and others are 1 pregraph
each. Thus, there are 9 pregraphs in all(as shown in Fig.1.2).
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T T
7 7 T T9 1 2

Parq Pary Parg

T ) X1 P T i)
Pary Pars Parg

T T T2 L1 w/
Par; Parg Parg
T
Parw ParH Par12
i
X1 T X1
Parqs Paryy Parys

Fig.1.2 Directed pregraphs of 2 edges

Now, Par= { P, P,,---} and B are, respectively, seen as a map-
ping z — P, z € P, i > 1 and a mapping z — z, z # z, {z,Z} €
B(X). The composition of two mappings « and (3 on a set Z is defined
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to be the mapping
(af)z = U ay, z € Z. (1.3)

yeBz

Let W p, 5y be the semigroup generated by Par=Par(X) and B =
B(X). Since the mappings @ =Par and B have the property that
Yy € az < z € ay, it can be checked that for any z,y € B(X), what is
determined by

Iy € Yiparpy, 2 €7Y

is an equivalence. If B(X) itself is a equivalent class, then the semi-
group Vpy, gy is called transitiveon X = B(X). A (directed)pregraph
with W p,, gy transitive on & is called a (directed )graph .

A (directed)pregraph G = (V, E) that for any two vertices u,v €
V', there exists a sequence of edges eq, es, - - -, €5 for the two ends of e;,
1=2,3,---,5—1, are in common with those of respective e;_; and e; 4
where u and v are, respectively, the other ends of e; and ey, is called
connected . Such a sequence of edges is called a trail between v and
v. A trail without edge repetition is a walk. A walk without vertex
repetition is a path. A trail, walk, or path with u = v is, respectively,
a travel, tour, or circuat.

Theorem 1.1 A (directed)pregraph is a (directed)graph if, and
only if, it is connected.

Proof Necessity. Since Par* = Par, k > 1, and B" = B, k > 1,
by the transitivity, for any two elements y, z € X, there exists v such
that z € yy and there exists an integer n > 0 such that

v = (BPar)"B = (BPar) - - - (BPar) B

)
”

(1.4)

N~
n

where BPar appears for n times. Therefore, the (directed)pregraph is
connected.

Sufficiency. If a (directed)pregraph is connected, i.e., for any
two elements x,y € X, their incident vertices u,v € V', have edges
ey, 69, -+, €g, such that e;, 1 =2,3,---,s — 1, is in common with e;_;
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and e; 1. Of course, u and v are, respectively, the ends of e; and e;.
Thus, y € vz wherey = (ParB)*B. This implies that the semigroup
Wpar gy is transitive on X. Therefore, the (directed)pregraph is a
(directed)graph. O

It is seen from the theorem that (directed) graphs here are, in
fact, connected (directed) graphs in most textbooks. Because discon-
nectedness is rarely necessary to consider, for convenience all graphs,
embeddings and then maps in what follows are defined within con-
nectedness in this book.

A network N is such a graph G = (V| F) with a real function
w(e) € R,e € E on E, and hence write N = (G;w). Usually, a
network N is denoted by the graph G itself if no confusion occurs.

Finite recursion principle On a finite set A, choose ay € A
as the initial element at the Oth step. Assume a; is chosen at the th,
1 > 0, step with a given rule. If not all elements available from a; are
not yet chosen, choose one of them as a;,1 at the ¢ + 1st step by the
rule, then a chosen element will be encountered in finite steps unless
all elements of A are chosen.

Finite restrict recursion principle On a finite set A, choose
ag € A as the initial element at the Oth step. Assume a; is chosen at
the ith, ¢« > 0, step with a given rule. If q( is not available from a;,
choose one of elements available from a; as a; 1 at the i + 1st step by
the rule, then ag will be encountered in finite steps unless all elements
of A are chosen.

The two principles above are very useful in finite sets, graphs and
networks, even in a wide range of combinatorial optimizations.

A G = (V,E) with V = V; + V5 of both V] and V5 independent,
i.€., its vertex set is partitioned into two parts with each part having
no pair of vertices adjacent, is called bipartite.

Theorem 1.2 A graph G = (V, F) is bipartite if, and only if,
GG has no circuit with odd number of edges.

Proof Necessity. Since G is bipartite, start from vy € V ini-
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tially chosen and then by the rule from the vertex just chosen to one
of its adjacent vertices via an edge unused and then marked by used,
according to the finite recursion principle, an even circuit (from bipar-
tite), or no circuit at all, can be found. From the arbitrariness of v
and the way going on, no circuit of GG is with odd number of edges.
Sufficiency. Since all circuits are even, start from marking an
arbitrary vertex by 0 and then by the rule from a vertex marked
by b € B = {0,1} to mark all its adjacent vertices by b = 1 — b,
according to the finite recursion principle the vertex set is partitioned
into V) = {v € V| marked by 0} and V; = {v € V| marked by 1}. By
the rule, Vi and V; are both independent and hence G is bipartite. []

From this theorem, a graph without circuit is bipartite. In fact,
from the transitivity, any graph without circuit is a tree.

On a pregraph, the number of elements incident to a vertex is
called the degree of the vertex. A pregraph of all vertices with even
degree is said to be even . If an even pregraph is a graph, then it is
called a Euler graph.

Theorem 1.3 A pregraph G = (V, F) is even if, and only if,
there exist circuits C, Cy, - -+, (), on GG such that

E=C+Cy+---+Cy, (1.5)

where n is a nonnegative integer.

Proof Necessity. Since all the degrees of vertices on G are even,
any pregraph obtained by deleting the edges of a circuit from G is still
even. From the finite recursion principle, there exist a nonnegative
integer n and circuits Cp, Cy, - - -, Cp,, on G such that (1.5) is satisfied.

Sufficiency. Because a circuit contributes 2 to the degree of each
of its incident vertices, (1.5) guarantees each of vertices on G has even
degree. Hence, G is even. (]

The set of circuits {C;|1 < i < n} of G in (1.5) is called a
circuit partition, or written as Cir=Cir(G). Two direct conclusions of
Theorem 1.3 are very useful . One is the case that G is a graph. The
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other is for GG is a directed pregraph. Their forms and proofs are left
for the reader.

Let N = (G;w) be a network where G = (V, F) and w(e) =
—w(e) € Z, = {0,1,---,n — 1}, i.e., mod n, n > 1, integer group.
For examples, Z; = {0}, Zo = B = {0,1} etc. Suppose x, = —x, €
Z,, v €V, are variables. Let us discuss the system of equations

Ty, +x, =w(e) (mod n), e = (u,v) € £ (1.6)

on /,.

Theorem 1.4 System of equations(1.6) has a solution on 7,
if, and only if, there is no circuit C' such that

Zw # 0 (mod n) (1.7)

ecC

on N.

Proof Necessity. Assume C' is a circuit satisfying (1.7) on N.
Because the restricted part of (1.6) on C' has no solution, the whole
system of equations (1.6) has to be no solution either. Therefore, N
has no such circuit. This is a contradiction to the assumption

Sufficiency. Let xg = a € Z,,, start from vy € V reached. Assume
v; € V reached and z; = a; at step i. Choose one of ¢; = (v;,v;41) € E
without used(otherwise, backward 1 step as the step 7). Choose v;11
reached and e; used with a;.1 = a; + w(e;) at step i + 1. If a circuit
as {eg,e1, -, e}, € = (vj,v41),0 < 7 < [, v41 = vy, occurs within a
permutation of indices, then from (1.7)

ait1 = a; + w(e)
=a;_1+w(e_1) +w(e)
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Because the system of equations obtained by deleting all the equations
for all the edges on the circuit from (1.6) is equivalent to the original
system of equations (1.6), in virtue of the finite recursion principle a
solution of (1.6) can always be extracted . O

When n = 2, this theorem has a variety of applications. In [Liu5],
some applications can be seen. Further, its extension on a nonAbelian
group can also be done while the system of equations are not yet linear
but quadratic.

[.2 Surfaces

In topology, a surface is a compact 2-dimensional manifold with-
out boundary. In fact, it can be seen as what is obtained by identifying
each pair of edges on a polygon of even edges pairwise.

For example, in Fig.1.3, two ends of each dot line are the same
point. The left is a sphere, or the plane when the infinity is seen as
a point. The right is the projective plane. From the symmetry of the
sphere, a surface can also seen as a sphere cutting off a polygon with
pairwise edges identified.

The two surfaces in Fig.1.3 are formed by a polygon of two edges
pairwise as a.

Sphere(Plane) Projective plane

Fig.1.3 Sphere and projective plane
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Surface closed curve axiom A closed curve on a surface has
one of the two possibilities: one side and two sides.

A curve with two sides is called a double side curve ; otherwise, a
single side curve . As shown in Fig.1.3, any closed curve on a sphere is
a double side curve(In fact, this is the Jordan curve axiom). However,
it is different from the sphere for the projective plane. there are both
a single(shown by a dot line) and a double side curve.

How do we justify whether a closed curve on a surface is of single
side, or not?

In order to answer this question, the concept of contractibility
of a curve has to be clarified. If a closed curve on a surface can be
continuously contracted along one side into a point, then it is said to
be contractible, or homotopic to 0.

Torus Klein bottle

Fig.1.4 Torus and Klein bottle

It is seen that a single side curve is never homotopic to 0 and
a double side curve is not always homotopic to 0. For example, in
Fig.1.4, the left, 7.e., the torus, each of the dot lines is of double side
but not contractible. The right, 7.e., the Klein bottle, all the dot lines
are of single side , and hence, none of them is contractible.

A surface with all closed curves of double side is called orientable;
otherwise, nonorientable .

For example, in Fig.1.3, the sphere is orientable and the projec-
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tive plane is nonorientable. In Fig.1.4, the torus is orientable and the
Klein bottle is nonorientable.

The maximum number of closed curves cutting along without
destroying the continuity on a surface is called the pregenus of the
surface.

In view of Jordan curve axiom, there is no such closed curve on
the sphere. Thus, the pregenus of sphere is 0. On the projective plane,
only one such curve is available (each of dot lines is such a closed curve
in Fig.1.3) and hence the pregenus of projective plane is 1.

Similarly, the pregenera of torus and Klein bottle are both 2 as
shown in Fig.1.4.

Theorem 1.5 The pregenus of an orientable surface is a non-
negative even number.

A formal proof can not be done until Chapter 5. Based on this
theorem, the genus of an orientable surface can be defined to be half
its pregenus, called the orientable genus. The genus of a nonorientable
surface, called nonorientable genus, is its pregenus itself.

The sphere is written as aa~! where a™!

is with the opposite
direction of a on the boundary of the polygon. Thus, the projective
plane, torus and Klein bottle are, respectively, aa, aba='b~! and aabb.

In general,

P
Op — ClibiCLZ-_lbi_l
211 (1.8)
= arbya; 'by tagbyay byt - apbpaljlb]jl
and
q
Qq = H a;ia; = A1G10202 * * * AqQyq (1.9)

i=1
denote, respectively, a surface of orientable genus p and a surface of
nonorientable genus ¢. Of course, Oy, ()1, O1 and (), are, respectively,
the sphere, projective plane, torus and Klein bottle.

It is easily checked that whenever an even polygon is with a pair
of its edges in the same direction, the polygon represents a nonori-
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entable surface. Thus, all O,, p > 0, orientable and all @;, ¢ > 1, are
nonorientable.

Forms (1.8) and (1.9) are said to be standard.

If the form of a surface is defined by its orientability and its genus,
then the operations 1-3 and their inverses shown as in Fig.1.5-7, do
not change the surface form.

A

Fig.1.5 Operation 1: ACLCL_l <~ A

Fig.1.6 Operation 2: AabBab <~ ACBC

DAY,

W
Fig.1.7 Operation 3: AB <~ (ACL) (Q_IB)

In fact, what is determined under these operations is just a topo-
logical equivalence, denoted by ~iqp.

Notice that A and B are all linear order of letters and permitted
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to be empty as degenerate case in these operations.

The parentheses stand for cyclic order when more than one cyclic
orders occur for distinguishing from one to another.

Relation 0 On a surface (A, B), if A is a surface itself then
(A, B) = ((A)z(B)z~") = ((A)(B)).

Relation 1 (AzByCx 'Dy™') ~, (ADCB)(xyz~1y™1)).
Relation 2 (AzBzx) ~op ((AB71)(z2)).
Relation 3 (Azzyzy 271 ~iop ((A)(z2)(yy)(22)).

In the four relations, A, B, C', and D are permitted to be empty.
Bt = bt b3ty byt is also called the inverse of B = bybabs - - - b,
s > 1. Parentheses are always omitted when unnecessary to distin-
guish cyclic or linear order.

On a surface S, the operation of cutting off a quadrangle aba='b~!
and then identifying each pair of edges with the same letter is called
a handle as shown in the left of Fig.1.8.

If the quadrangle aba~'b~! is replaced by aa, then such an oper-
ation is called a crosscap as shown in the right of Fig.1.8.

Handle Crosscap

Fig.1.8 Handle and crosscap

The following theorem shows the result of doing a handle on an
orientable surface.

Theorem 1.6 What is obtained by doing a handle on an ori-
entable surface is still orientable with its genus 1 added.
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Proof Suppose S is the surface obtained, then

P
S ~top Haibiai_lbi_lsz:apﬂbpﬂagilb;jlx_l ( Relation 0)
i=1
p
~1-1 1 1 -1 :
~top Haibiai by xx” apy1bpria, b, (Relation 1)
i=1
p
1,1 1 -1 :
~top Haibiai b “apr1bpi1a, i 1by (Operation 1)
i=1
p+1

= Haibiai_lbi_l.
i=1
This is the theorem. L]

In the above proof,  and z~! are a line connecting the two
boundaries to represent the surface as a polygon shown in Fig.1.8.
This procedure can be seen as the degenerate case of operation 3.

In what follows, observe the result by doing a crosscap on an
orientable surface.

Theorem 1.7 On an orientable surface of genus p, p > 0, what
is obtained by doing a crosscap is nonorientable with its genus 2p + 1.

Proof Suppose N is the surface obtained, then

p
N ~iop aibiai_lbi_lxaax_l (Relation 0)
i=1

~top a;ba; 152,— L teie (Relation 2)
i=1
p
[ asbia; b twa™ Relation 3
~top | | @ibia; b xx T creicacacscs (Relation 3)
i=2
2p+1
~top cici. (Relation 3 by p — 1 times).
i=1




1.2 Surfaces 15

This is the theorem. U]

By doing a handle on a nonorientable surface, 2 more genus
should be added with the same nonorientability.

Theorem 1.8 On a nonorientable surface, what is obtained by
doing a handle is nonorientable with its genus 2 added.

Proof Suppose N is the obtained surface, then

| =

N ~iop 11 aa;xaba o 2! (Relation 0)
1

I ~. k
|ESEIN

~top :@i@ﬂx_laba_lb_l (Relation 1)
1

4 ~. k
IES

~top :aiaiaba_lb_l (Operation 1)
1

< . )
|+ Il 7
[\

~top [ cici. (Relation 3).
im1
This i1s the theorem. []

By doing a crosscap on a nonorientable surface, 1 more genus
produced with the same nonorientability

Theorem 1.9 On a nonorientable surface, what is obtained by
doing a crosscap is nonorientable with its genus 1 added.
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Proof Suppose N is the obtained surface, then

q
N ~iop H aja;zaar (Relation 0)
i=1
q
~top H a;a;zz " 'aa (Relation 2)
i=1
q
~top H a;a;aa (Operation 1)
i=1
q+1
~top H a;a;. (Relation 3).

1=1

This is the theorem. U]

[.3 Embedding

Let G = (V,E), V = {v,v9,--+,v,}, be a graph. A point in the
3-dimensional space is represented by a real number ¢ as the parame-
ter, e.g., (z,y,2) = (t,t2,t%). Write the vertices as

UV; = (xuyuzl) — (tlatzzat?)
such that t; #¢;, 1 # j, 1 <4,7 <n, and an edge as
(w,v) =u+ v, 1< AL,

i.e., the straight line segment between v and v. Because for any four
vertices v;, vj, v; and v,

.I,'—,Ij T, — X Ty — T
det | vi—v; Yi—u Yi— Yk

Ri —Zj Zi — R Z — 2k

b—t, ti—t t—t
—det | 2t 72—t 28

3 17} 3 3 43 3
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= (ti - tj)(tz' - tl)(ti - tk)(tk - tl)(tk - tj)(tj - tl) 7é 0, i.e., the four
points are not coplanar, any two edges in G has no intersection inner
point.

A representation of a graph on a space with vertices as points
and edges as curves pairwise no intersection inner point is called an
embedding of the graph in the space. If all edges are straight line
segments in an embedding, then it is called a straight line embedding.
Thus, any graph has a straight line embedding in the 3-dimensional
space. Similarly, A surface embedding of graph G is a continuous
injection puG of an embedding of G on the 3-dimensional space to a
surface S such that each connected component of S — uG is homotopic
to 0. The connected component is called a face of the embedding. In
early books, a surface embedding is also called a cellular embedding.
Because only a surface embedding is concerned with in what follows,
an embedding is always meant a surface embedding if not necessary
to specify.

A graph without circuit is called a tree. A spanning tree of a
graph is such a subgraph that is a tree with the same order as the
graph. Usually, a spanning tree of a graph is in short called a tree on
the graph. For a tree on a graph, the numbers of edges on the tree
and not on the tree are only dependent on the order of the graph.
They are, respectively, called the rank and the corank of the graph.
The corank is also called the Betti number, or cyclic number by some
authors.

The following procedure can be used for finding an embedding
on a surface.

First, given a cyclic order of all semiedges at each vertex of G,
called a rotation. Find a tree(spanning, of course) 7" on G and distin-
guish all the edges not on T by letters. Then, replace each edge not
of T" by two articulate edges with the same letter.

From this procedure, G is transformed into G without changing
the rotation at each vertex except for new vertices that are all ar-
ticulate. Because G is a tree, according to the rotation, all lettered
articulate edges of G form a polygon with 3 pairs of edges, and hence
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a surface in correspondence with a choice of indices on each pair of
the same letter. For convenience, G with a choice of indices of pair in
the same letter is called a joint tree of G.

Theorem 1.10 A graph G = (V, F) can always embedded into
a surface of orientable genus at most |3/2], or of nonorientable genus
at most 3, where [ is the Betti number of G.

Proof 1t is seen that any joint tree of G is an embedding of G
on the surface determined by its associate polygon. From (1.8) for
the orientable case, the surface has its genus at most |26/4| = |5/2].
From (1.9) for the nonorientable case, the surface has its genus at most

26/2 = 8. 0

In Fig.1.9, graph GG and one of its joint tree are shown. Here, the
spanning tree 1" is represented by edges without letter. a, b and c are
edges not on T'. Because the polygon is

abcach ~iqp c b 'cbaa (Relation 2)

~top aabbee (Theorem 1.7),

the joint tree is, in fact, an embedding of G' on a nonorientable surface
of genus 3.

b c
b C
a
a a
\/ b c
G G

Fig.1.9 Graph and its joint tree

Because any graph with given rotation can always immersed in
the plane in agreement with the rotation, each edge has two sides. As
known, embeddings of a graph on surfaces are distinguished by the
rotation of semiedges at each vertex and the choice of indices of the
two semiedges on each edge of the graph whenever edges are labelled
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by letters. Different indices of the two semiedges of an edge stand
for from one side of the edge to the other on a face boundary in an
embedding.

Theorem 1.11 A tree can only be embedded on the sphere.
Any graph G except tree can be embedded on a nonorientable surface.
Any graph G can always be embedded on an orientable surface. Let
no(G) be the number of distinct embeddings on orientable surfaces,
then the number of embeddings on all surfaces is

2" (@), no(G) =[G - 1)), (1.10)

1>2

where 3(G) is the Betti number and n; is the number of vertices of
degree ¢ in G.

Proof On a surface of genus not 0, only a graph with at least
a circuit is possible to have an embedding. Because a tree has no
circuit, it can only embedded on the sphere. Because a graph not
a tree has at least one circuit, from Theorem 1.10 the second and
the third statements are true. Since distinct planar embeddings of a
joint tree of G with the indices of each letter different correspond to
distinct embeddings of G on orientable surfaces and the number of
distinct planar embeddings of joint trees is

no(G) = [J((i —HH™.

1>2

Further, since the indices of letters on the 5(G) edges has 2°(¢) of
choices for a given orientable embedding and among them only one
choice corresponds to an orientable embedding, the fourth statement
is true. 0]

For an embedding (G) of G on a surface, let v(uG), e(uG) and
o(uG) are, respectively, its vertex number, or order, edge number, or
size and face number, or coorder.

Theorem 1.12 For a surface S, all embeddings 1(G) of a graph
G have Eul(uG) = v(uG) — e(uG) + ¢(uG) the same, only dependent
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on S and independent of G. Further,

(2 — 2p7 p 2 07

hen S has orientable genus p;
Eul(uG) =4 e P (1.11)
2—q, q2>1,

. when S has nonorientable genus g.

Proof For an embedding u(G) on S, if it has at least 2 faces,
then by connectedness it has 2 faces with a common edge. From the
finite recursion principle, by the inverse of Operation 3 an embedding
1(Gy) of Gy on S with only 1 face on S is found. It is easy to check
that Eul(uG) =Eul(uGy). Similarly, by the inverse of Operation 2 an
embedding u(Ggy) of Gy on S with only 1 vertex is found. It is also
easy to check that Eul(uG) =Eul(uG’). Further, by Operation 1 and
Relations 1-3, it is seen that Eul(uGy) =Eul(O,), p > 0; or Eul(Q,),
g > 1 according as S is an orientable surface in (1.8); or not in (1.9).
From the arbitrariness of GG, the first statement is proved.

By calculating the order, size and coorder of O,, p > 0; or @,
g > 1, (1.11) is soon obtained. So, the second statement is proved. O

According to this theorem, for an embedding u(G) of graph G,
Eul(uG) is called its Euler characteristic, or of the surface it is on.
Further, g(uG) is the genus of the surface u(G) is on.

If a graph G is with the minimum length of circuits o, then
from Theorem 1.12 the genus v(G) of an orientable surface G can be
embedded on satisfies the inequality

v(G) —26(1 —2) < (@) < LEJ (1.12)

1 —

and the genus (@) of a nonorientable surface G can be embedded on
satisfies the inequality

2~ (W(G) - (1~ 2)) <5(G) < B (1.13)

o

If a graph has an embedding with its genus attaining the lower(upper)
bound in (1.12) and (1.13), then it is called down(up)-embeddable. In



1.3 Embedding 21

fact, a graph is up-embeddable on nonorientable, or orientable sur-
faces according as it has an embedding with only 1 face, or at most 2
faces.

Theorem 1.13 All graphs but trees are up-embeddable on
nonorientable surfaces.

Further, if a graph has an embedding of nonorientable genus [
and an embedding of nonorientable genus k, [ < k, then for any ¢,
[ <1 < k, it has an embedding of nonorientable genus 7.

Proof For an arbitrary embedding of a graph G on a nonori-
entable surface, let T" be its corresponding joint tree. From the nonori-
entability, the associate 23(G)-gon P has at least 1 letter with different
indices(or same power of its two occurrences!). If P = Q,, ¢ = 5(G),
then the embedding is an up-embedding in its own right. Otherwise,

ls or stst oc-

by Relation 2, or Relation 3 if necessary, whenever s~
curs, it is, respectively, replaced by ss or sts~'t. In virtue of no letter
missed in the procedure, from the finite recursion principle, P’ = @),

q = B(G), is obtained. This is the first statement.

From the arbitrariness of starting embedding in the procedure
of proving the first statement by only using Relation 2 instead of
Relation 3 (AststB ~,, Ass ' Btt by Relation 2), because the genus
of the surface is increased 1 by 1, the the second statement is true. []

The second statement of this theorem is also called the inter-
polation theorem. The orientable form of interpolation theorem is
firstly given by Duke[Dukl]. The maximum(minimum) of the genus
of surfaces (orientable or nonorientable) a graph can be embedded
on is call the mazimum genus(minimum genus) of the graph. The-
orem 1.13 shows that graphs but trees are all have their maximum
genus on nonorientable surfaces the Betti number with the interpola-
tion theorem. The proof would be the simplest one. However, for the
orientable case, it is far from simple. many results have been obtained
since 1978(see [Liul-2], [LiuL1], [HuanL1] and [LidL1]) in this aspect.
On the determination of minimum genus of a graph, only a few of
graphs with certain symmetry are done(see Chapter 12 in [Liu5-6]).
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[.4 Abstract representation
Let G = (V,X), V ={vy,v9,- -, 0, },
X = {Il,l'g, o ',l‘m} C V{X}V - {{u,v}qu,v € V}7

be a graph. For an embedding u(G) of G on a surface, each edge has
not only two ends as in GG but also two sides. Let a be the operation
from one side to the other and (3 be the operation from one end to
the other. From the symmetry between the two ends and between the
two sides,

ol =p32=1 (1.14)

where 1 is the identity. By considering that the result from one side
to the other and then to the other end and the result from one end to
the other and then to the other side are the same, i.e.,

fa = af. (1.15)

Further, it can be seen that K = {1, «, 5,7}, v = af, is a group,
called the Klein group where

(aB)* = (aB)(aB) = (afa)B
= (aaf)B = (aa)(86) = 1.

Thus, an edge * € X of GG in an embedding u(G) of G becomes
Kz =A{x,ax, Bz,vx}, as shown in Fig.1.10.

(1.16)

T Bx

_— -~

- 5 -
az afx

Fig.1.10 An edge sticking on K
In fact, let

X=> Ku (1.17)
1=1
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where summation stands for the disjoint union, then o and  can both
be seen as a permutation on X, i.e.,

m

o= H(w,, az;)(Bx;, yx;), = H(xz, Bri)(ax;, yx;).

The vertex x is on deals with the rotation as
{(x, Pz, P2, - - ), (ax, aP e, aP 2z, - - 9} (1.18)
as shown in Fig.1.11(when its degree is 4).

BPz || psP3x
Px aPx
afx ax P2y 8P%
v
Bz T aP?x afP3x
aP3x Pz
afBP34 || BP3x

Fig.1.11 The rotation at a vertex

It is seen that P is also a permutation on X'. The set of elements
in each cycle of this permutation is called an orbit of an element in
the cycle. For example, the orbit of element x under permutation P
is denoted by (z)p. From (1.18),

(2)p ((ax)p =0,z € X. (1.19)
The two cycles at a vertex in an embedding have a relation as
(ax, Pax, P’ax, - --)
=(ax,aP 'z, aP 2z, - ) (1.20)
—afz, P e, P2z, ).
For convenience, one of the two cycles is chosen to represent the vertex,
i.€.,

(x,Px, P, - ),
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or
(ax, aP lz, aP 22, - --).

Theorem 1.14 oP = P la.

Proof By multiplying the two sides of (1.20) by « from the left
and then comparing the second terms on the two sides,

aPa =P

By multiplying its two sides by « from the right, the theorem is soon
obtained. ]

Since o and 3 are both permutations on X', v = a8 and P* = P~y
are permutations on X as well. Let

(z, P*z, Pz, - - )

be the cycle of P* involving x. From the symmetry between Sx and
x, the cycle of P* involving [z is

(ﬁxa P*B'xa P*26$, o )

which has the same number of elements as that involving x does.
Because P*(fx) = Paf(fx) = Pax and from Theorem 1.14

Par =aP 'z =ay(yP Hr

= ozfﬂ?*_lx
= 0P"a,
we have
P*(Bx) = BP* 'a. (1.21)

Furthermore, because P**(3z) = P*(P*(Bz)) and from (1.21)
PH(P*(Bz)) = P*(BP* '),
by (1.21) for P* 'z instead of x, we have

P2 (Ba) = B(P* (P ') = B(P**x).
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On the basis of the finite restrict recursion principle, a cycle is found.
Therefore,

(Bx, P*Ba, P Bx, ) = B(a, P o, P* u, ). (1.22)
This implies
(@)p-((B2)p- =0, (1.23
for x € X.
Theorem 1.15 [P* =P 15.
Proof A direct result of (1.22). O

Based on (1.22), it is seen that the face involving x of the em-
bedding represented by P is

{(z, Pz, Pz, ), (Ba, P ' Bx, P* Bz, ---)}. (1.24)

Similarly to vertices, based on (1.22) and (1.23), the face can be
represented by one of the two cycles in (1.24).

Example 1.3 Let G = Ky, i.e. , the complete set of order 4.
Given its rotation

{(x7 y? 2)7(627 l?Ww)7(7l7u7ﬁy)7(ﬁx7 w? fyu)}7
as shown in Fig 1.12. Its two faces are (z, fu, 51, ~z) and

(ya au, aw, Odu 7Y, <, ﬁwv ryx)

Z RN

\ y
N

U3

U2

Fig.1.12 A rotation of K4
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Thus, it is an embedding of K, on the torus
O, = (ABA™'B™)

as shown in Fig.1.13.

— V4 vy ——

U3

| B
Fig.1.13 Embedding determined by rotation

Further, another rotation of K, is chosen for getting another
embedding of K.

Example 1.4(Continuous to Example 1.3)  Another embedding
of K4 is shown as in Fig.1.14. Its rotation is

{(z,y,2), (B2, 1,yw), (u, vy, Y1), (Bz,w,yu)}.

Its two faces are
(x7 5u7 /8l7 /yz)

and
(o, w, Bz, ay, au, aw, al, By).

This is an embedding of K, on the Klein bottle

Ny = (ABA™'B) ~p,= (AABB)
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as shown in Fig.1.14.

B Hﬁy

Fig.1.14 Embedding distinguished by rotation

Such an idea is preferable to deal with combinatorial maps via
algebraic but neither geometric nor topological approaches.

[.5 Smarandache 2-manifolds with map geometry

Smarandache system The embedding of a graph on surface
enables one to construct finitely Smarandache 2-manifolds, i.e., map
geometries on surfaces.

A rule in a mathematical system (3;R) is said to be Smaran-
dachely denied if it behaves in at least two different ways within the
same set X, i.e., validated and invalided, or only invalided but in mul-
tiple distinct ways.

A Smarandache system (3;R) is a mathematical system which
has at least one Smarandachely denied rule in R (see [Mao4] for de-
tails). Particularly, if (3;R) is nothing but a metric space (M;p),
then such a Smarandache system is called a Smarandache geometry,
seeing references [Maol|-[Mao4] and [Smal]-[Sma2].

Example 1.5(Smarandache geometry) Let R? be a Euclidean
plane, points A, B € R? and [ a straight line, where each straight
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line passes through A will turn 30° degree to the upper and passes
through B will turn 30° degree to the down such as those shown in
Fig.1.15. Then each line passing through A in F; will intersect with
[, lines passing through B in F5 will not intersect with [ and there is
only one line passing through other points does not intersect with (.

A
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Fig.1.15

Then such a geometry space R? with queer points A and B is
a Smarandache geometry since the axiom given a line and a point
exterior this line, there is one line parallel to this line is now replaced
by none line, one line and infinite lines.

A more general way for constructing Smarandache geometries
is by Smarandache multi-spaces ([Mao3]). For an integer m > 2, let
(213 R1), (X2;R2), -+, (Xm; Rim) be m mathematical systems different
two by two. A Smarandache multi-space is a pair (i, 75) with

1=1 i=1

Such a multi-space naturally induce a graph structure with
V(G) - {217 227 B Zm}n
Example 1.16(|Mao5]) Let n be an integer, Z; = ({0,1,2,---,n—
1}, +) an additive group (modn) and P = (0,1,2,---,n—1) a permu-
tation. For any integer 7,0 < i <n — 1, define
Ziy1 = Pi(Zl)
such that P'(k) +; P{(l) = P'(m) in Z;,1 if k+1 = m in Z;, where +;
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denotes the binary operation +; : (P'(k), P/(l)) — P'(m). Then we

know that
i=1

with O = {+;, 0 <1i < n—1}is a Smarandache multi-space underlying
a graph K,,, where Z; = Z; for integers 1 <1 < n.

Map geometry A nice model on Smarandache geometries,
namely s-manifolds on the plane was found by Iseri in [Isel] defined
as follows, which is in fact a case of map geometry.

An s-manifold is any collection C(T,n) of these equilateral trian-
gular disks T;, 1 < 1 < n satisfying the following conditions:

(¢) each edge e is the identification of at most two edges e;, e; in
two distinct triangular disks T3, T;,1 <1, <n and i # j;

(17) each vertex v is the identification of one vertex in each of
five, sixz or seven distinct triangular disks.

These vertices are classified by the number of the disks around
them. A vertex around five, six or seven triangular disks is called an
elliptic vertex, an Fuclidean vertex or a hyperbolic vertex, respectively.

Fig.1.16

In a plane, an elliptic vertex O, a Euclidean vertex P and a
hyperbolic vertex () and an s-line Lq, Lo or L3z passes through points
O, P or @ are shown in Fig.1.16(a), (b), (c), respectively.

The map geometry is gotten by endowing an angular function
p: V(M) — [0,4m) on an embedding M for generalizing Iseri’s model
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on surfaces following, which was first introduced in [Mao2].

Map geometry without boundary Let M be a combinato-
rial map on a surface S with each vertex valency> 3 and y: V(M) —
0,47), i.e., endow each vertex u,u € V(M) with a real number p(u), 0 <

p(u) < p;ﬁu). The pair (M, u) is called a map geometry without bound-

ary, u(uw) an angle factor on u and orientable or non-orientable if M
15 orientable or not.

Map geometry with boundary Let (M, i) be a map geom-
etry without boundary, faces fi, fo, -+, fi € F(M),1 <1 < ¢(M) —
1. If S(M)\ {fi, fo, -, fi} is connected, then (M,p)~" = (S(M) \
{f1, fo, -+, fi}, p) is called a map geometry with boundary fi, fo, -+, f1,
and orientable or not if (M, ) is orientable or not, where S(M) de-
notes the underlying surface of M.

pu(w)p(u) = 2w pu(w)p(u) > 2
Fig.1.17

Certainly, a vertex u € V(M) with py(u)p(u) < 27, = 27 or
> 27 can be also realized in a Euclidean space R?, such as those
shown in Fig.1.17.

A point u in a map geometry (M, p) is said to be elliptic, Eu-
clidean or hyperbolicif pyr(u)p(u) < 2w, par(w)p(w) = 27 or ppy(uw)p(u) >
2. If p(u) = 60°, we find these elliptic, Euclidean or hyperbolic ver-
tices are just the same in Iseri’s model, which means that these s-
manifolds are a special map geometry. If a line passes through a point
u, it must has an angle M
180° only when u is Euclidean. For convenience, we always assume
that a line passing through an elliptic point turn to the left and a hy-
perbolic point to the right on the plane. Then we know the following

with the entering ray and equal to
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results.

Theorem 1.16 Let M be an embedding on a locally orientable
surface with | M| > 3 and py;(u) > 3 for Vu € V(M). Then there exists
an angle factor p : V(M) — [0,4m) such that (M, p) is a Smarandache
geometry by denial the axiom (E5) with axioms (E5) for Euclidean,
(L5) for hyperbolic and (R5) for elliptic.

Theorem 1.17 Let M be an embedding on a locally orientable
surface with order> 3, vertex valency> 3 and a face f € F(M). Then
there is an angle factor pu : V(M) — [0,47) such that (M,pu)! is a
Smarandache geometry by denial the axiom (E5) with axioms (E5)
for Euclidean, (L5) for hyperbolic and (R5) for elliptic.

A complete proof of Theorems 1.16-1.17 can be found in refer-
ences in [Mao2—-4]. It should be noted that the map geometry with
boundary is in fact a generalization of Klein model for hyperbolic
geometry, which uses a boundary circle and lines are straight line seg-
ment in this circle, such as those shown in Fig.1.18.

v
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Fig.1.18



Activities on Chapter 1

[.6 Observations

O1.1 Let X be a finite set and B be a binary set. Is {Bx|x €
X} a pregraph or a graph? If unnecessary, what condition does a
pregraph, or a graph satisfy?

01.2 Let X be a finite set, B be a binary set and
X => Bur

For a permutation ¢ on X such that ¢? = 1, is {{z,¢z}|z € X} a
graph? If unnecessary, when is it a graph?

O1.3 How many orientable, or nonorientable surfaces can a
hexagon represent? List all of them.

O1.4 How many orientable, or nonorientable surfaces can a 2k-
gon represent? How to List them all.

01.5 In [Liul], an embedding of a graph G on the nonori-
entable surface of genus 5(G) is constructed in a way from a specific
tree on G. Now, how to get such an embedding from any tree on G.

01.6 Suppose G has an embedding on an orientable surface
of genus k. If k is not the maximum genus of G, how to find an
embedding of G on an orientable surface of genus k + 1.

01.7 Any embedding of a graph G = (V, X) is a permutation
on{l,a, 3, af}X = X as shown by (1.17). However, «, f and v = a3
are each a permutation on X', but not an embedding of G in general.
When does each of them determine an embedding of G.
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01.8 If permutation P on X is an embedding of a graph, to
show that for any x € X, there does not exist an integer m such that
ar =P"x.

01.9 If permutation P on X is an embedding of a graph, to
show

PaP = «.

01.10 Observe that permutation § as P satisfies both O1.8
and O1.9. However, permutation o as P satisfies O1.9 but not O1.8.

O1.11 Let S be a set of permutations on X and Vg be the
group generated by S. If for any x,y € X', there exists a ¢ € Wg such
that x = 1y, then the group Uy is said to be transitive on X. Observe

that if permutation P on X is an embedding of a graph, then group
U, I ={P,a, [}, is transitive on X

An embedding of a graph G = (V| E) can be combinatorially
represented by a rotation system o(V') on the vertex set V' of G and
a function on the edge set as A : E — B, B = {0, 1}, denoted by
Gy (A).

In order to determine the faces of an embedding, an immersion
of the graph and a rule should be established.

An immersion of a graph is such a representation of the graph in
the plane that vertices injects into the plane on an imaged circle and
edges are straight line segments between their two ends.

Travel and traverse rule From a point on one side of an edge,
travel as long as on the same side until at the middle of a edge with
A =1, then traverse to the other side.

01.12 By the TT-rule(i.e., the travel and traverse rule) on
an immersion, the initial side the starting point is on can always be
encountered to get a travel as a set of edges met on the way.

0O1.13 By the TT-rule on an immersion of a graph, a set of
travels can always be found for any edge occurs exactly twice.
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On a graph G = (V, E), a subset of edges C' C F that V has a
2-partition V = Vi + V5 with the property:

C ={(u,v) € Elu e Vj,v € Vs} (1.25)

is called a cocycle of G.

01.14 For an immersion G,(A) of graph G = (V, E), the em-
bedding of G determined by G, () is orientable if, and only if, the set
{e|Ve € E, < (e) = 1} is a cocycle of G.

[.7 Exercises

E1.1 For a graph G, prove that G has no odd circuit(a circuit
with odd number of edges) if, and only if, for a tree on G, G has no
odd fundamental circuit.

E1.2 Prove that a graph G = (V, F) has no odd fundamental
circuit if, and only if, E itself is a cocycle.

Let T' be a nonAbelian group. The identity is denoted by 1.
Write Ty = {£]€2 = 1,& € T'}, i.e., the set of all elements of order 2.
For a pregraph G = (V, E), let x, € ['g,v € V, be variables on the
vertex set V' and w(e) € I'y, e € E be a weight function on the edge
set £. On the network N = (G;w), its incidence equation is

Tz, = w(e), e € E. (1.26)

E1.3 Prove that if the incidence equation has a solution, then
it has at least |I'g|, 7.e. , the number of elements in I'y, solutions.

E1.4 Prove that the incidence equation has a solution if, and
only if, G has no circuit C' such that

w(C) = Hw(e) # 1.

ecC

E1.5 Let 0(G) be the number of connected components on pre-
graph GG. Prove that if the incidence equation has a solution, then it
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has
\FO\"(G)

solutions.

E1.6 For an orientable surface, provide a procedure for deter-
mining its orientable genus and then estimate an upper bound of the
operations necessary.

E1.7 For a nonorientable surface, provide a procedure for de-
termining its nonorientable genus and then estimate an upper bound
of the number of operations necessarily used.

E1.8 Let G be a graph of order 2 with all its edges selfloops but
only one. Prove that G is not up-embeddable on orientable surfaces
if, and only if, each vertex is incident with odd number of selfloops.

E1.9 According to the orientable and nonorientable genera, list
all embeddings of K, the complete graph of order 4.

A graph is called i-separable if it has i, 1 > 1, vertices such that
it is not connected anymore when the ¢ vertices with their incident
edges are deleted. A set of ¢ vertices separable without a proper subset
separable for a graph is called an i-cut of the graph. A graph which
has an i-cut without (i — 1)-cut is said to be i-connected.

E1.10 Prove that if a 3-connected graph G is planar (embed-
dable on the sphere), then it has exact 2 embeddings on the sphere.

For a planar graph G = (V, E), and u,v € V, if G has the form

" {Gluag, Y (u,0) € B
G = (1.27)
Gl UGZ - {(U,U)}, i[l (’U,, U) ¢ E
and
Gi[ G2 = (u,0) (1.28)

such that G and Gy are both with at least 2 edges, then {u,v} is
called a splitting pair of G, and G; and G, its splitting block. 1f a
splitting block at a splitting pair has no proper subgraph is still a
splitting block, then it is said to be standardMacl].
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E1.11 Prove the following three statements.

(i) Let A and B be two standard splitting blocks of a splitting
pair, then they are no edge in common;

(ii) For a splitting pair of a 2-connected planar graph G = (V, F),
the standard splitting block decomposition of the edge set E, i.e.,

E=EJE) | JE

such that ;N E; =0, 1 < i # j < s, and the induced subgraphs of
E;, 1 <1 <s, are all standard splitting blocks of the splitting pair, is
unique.

(iii) Let b; be the number of standard splitting blocks of the
1th splitting pair, ¢ = 1,2, -- -, m, m be the number of splitting pairs,
then the number of embeddings of a 2-connected planar graph on the
sphere is

Qb1tbat-tbm 1‘[(1)z _ 1)!.
i=1

For a graph G, let II(G) be the set of rotation systems of inner
vertices on a joint tree and w,(i), m# € II, be the boundary polygon
with its F(G) pairs of letters whose indices are determined by a binary
number ¢ with G(G) digits by the rule: the two indices of the [th letter
are same or different according as the [th digit of 7 is 0 or 1. Define

1252
Eweli)) = > apat (1.29)
k=—H(G)

where x is an undeterminate and

17 if (1) ~to O ) —k>
a =4 00 (Z)_ top O, OF Qi (1.30)
0, otherwise.
Now, let
Qr = {w:(1)] 0 <i <27 1} (1.31)
and

SUBED SRIEN0)) (1.32)
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E1.12 Prove that the coefficient of z* in

@)= ) Q)

well(G)
is the number of embeddings of G on the surface of relative genus k,
—B(G) <k < |22,
A graph of order 2 without selfloop is called a link bundle.

E1.13 Let L,, be the link bundle of size m > 1. Determine
§(Lin).
A graph of order 1 is also called a bouquet, or a loop bundle.

E1.14 Let B,, be a bouquet of size m, m > 1. Determine
§(Bm).

A graph of order 2 is called a bipole. Of course, a link bundle is
a bipole which has no selfloop.

E1.15 Let P, be a bipole of size m, m > 1. Determine £(P,,).

[.8 Researches

The set(repetition at most twice of elements permitted) of edges
appearing on a travel can be shown to have a partition of each subset
forming still a subtravel except probably the travel itself. Such a
partition is called a decomposition of a travel into subtravels. However,
it is not yet known if any travel can be decomposed into tours except
only the case that its induced graph has a cut-edge.

R1.1 Prove, or disprove, the conjecture that a travel with at
most twice occurrences of an edge in a graph has a decomposition
into tours if, and only if, the induced subgraph of the travel is without
cut-edge.

Because a circuit is restricted from a tour by no repetition of a
vertex, the following conjecture would look stronger the last one.

R1.2 Prove, or disprove, the conjecture that a travel with at
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most twice occurrences of an edge in a graph has a decomposition into
circuits if, and only if, the induced subgraph of the travel is without
cut-edge.

However, it can be shown from Theorem 1.3 that any tour has
a decomposition into circuits. The above two conjectures are, in fact,
equivalent. Because a cut-edge is never on a circuit, the necessity
is always true. A travel with three occurrences of an edge permitted
does not have a decomposition into circuits in general. For example, on
the graph determined by Par= {{z(0),4(0)}, {z(1),y(1)}}, the travel
zvx~try~! where 2 = (2(0),2(1)) and y = (y(0),%(1)) has no circuit
decomposition.

Furthermore, the two conjectures are apparently right when the
graph is planar because each face boundary of its planar embedding
is generally a tour whenever without cut-edge.

R1.3 For a given graph G and an integer p, p > 0, find the
number n,(G) of embeddings of G on the orientable surface of genus
P

The aim is at the genus distribution of embeddings of G on ori-
entable surfaces, i.e., the polynomial

where o is the Betti number of G.

For p = 0, no(G) can be done based on [Liu6]. If G is planar,
O1.11 provides the result for 2-connected case. Others can also be
derived. As to justify if a graph is planar, a theory can be seen from
Chapters 3,5 and 7 in [Liub].

Generally speaking, not easy to get the complete answer in a
short period of time. However, the following approach would be avail-
able to access this problem. Choose a special type of graphs, for
instance, a wheel(a circuit C,, all of whose vertices are adjacent to an
extra vertex), a generalized Halin graph(a circuit with a disjoint tree
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except for all articulate vertices forming the vertex set of the circuit)
and so forth.

Of course, the technique and theoretical results in 1.3 can be
employed to calculate the number of distinct embeddings of a graph
by hand and by computer.

R1.4 Orientable single peak conjecture. The coefficients of the
polynomial in R1.3 are of single peak , i.e., they are from increase to
decrease as p runs from 0 to [o/2](> 3), n,(G).

The purpose here is to prove, or disprove the conjecture not nec-
essary to get all n,(G), 0 < p < |0/2](> 3).

R1.5 Determine the number of distinct embeddings, which have
one, or two faces, of a graph on orientable surfaces.

R1.6 For a given graph G and an integer ¢, ¢ > 1, find the num-
ber n,(G) of distinct embeddings on nonorientable surfaces of genus
q.

The aim is at the genus polynomial of embeddings of G' on nonori-
entable surfaces:

Py(G) = Y iig(@)at.

where o is the Betti number of G.

Some pre-investigations for G is that a wheel, or a generalized
Halin graph can firstly be done.

R1.7 For a graph G, justify if it is embeddable on the projective
plane, and then determine 71(G) according to the connectivity of G.

R1.8 For a graph embeddable on the projective plane, determine
how many sets of circuits such that for each, all of its circuits are
essential if, and only if, one of them is essential in an embedding of G
on the projective plane.

R1.9 Nonorientable single peak conjecture. The coefficients of
the polynomial in R1.6 are of single peak in the interval [0, o] where
o is the Betti number of G.
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R1.10 For a given type of graphs G and an integer p, find the
number of distinct embeddings of graphs in G on the orientable surface
of genus p. Further, determine the polynomial

lo(G)/2]
Po(G) = Y mny(G)’

where 0(G) = max{o(G)|G € G}.

R1.11 For a given type of graphs G and an integer ¢, ¢ > 1,
find the number of embeddings of graphs in G on the nonorientable
surface of genus ¢. Further, determine the polynomial

where 0(G) = max{o(G)|G € G}.

R1.12 For a set of graphs with some fixed invariants, extract
sharp bounds(lower or upper) of the orientable minimum genus and
sharp bounds(lower or upper) of orientable maximum genus.

Here, invariants are chosen from the order (vertex number), size(edge
number), chromatic number (the minimum number of colors by which
vertices of a graph can be colored such that adjacent vertices have
distinct colors), crossing number(the minimum number of crossing in-
ner points among all planar immersions of a graph), thickness (the
minimum number of subsets among all partitions of the edge set such
that each of the subsets induces a planar graph), and so forth.

R1.13 For a set of graphs and a set of invariants fixed, pro-
vide sharp bounds(lower or upper) of minimum nonorientable genus
of embeddings of graphs in the set.



Chapter II
Abstract Maps

e A ground set is formed by the Klein group K = {1, o, 3, a3} stick-
ing on a finite set X.

e A basic permutation is such a permutation on the ground set that
no element z is in the same cycle with ax.

e The conjugate axiom on a map is determined by each vertex con-
sisting of two conjugate cycles for «, as well as by each face con-
sisting of two conjugate cycles for (5.

e The transitive axiom on a map is from the connectedness of its
underlying graph.

e An included angle is determined by either a vertex with one of its
incident faces, or a face with one of its incident vertices.

I[I.1 Ground sets

Given a finite set X = {x1,x9, -,z }, called the basic set, its
elements are distinct. Two operations o and 3 on X are defined
as for any 2 € X, azr # Bz, az,Br ¢ X and o’z = alaz) = z,
f%r = B(Bx) = x. Further, define a3 = Sa = v such that for any
x € X, yxr # ax,fxr and yo € X.
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Let aX = {ax|Vz € X}, pX = {fz|Vx € X} and 7 X =
{yz|Vx € X}, then a, # and 7 determine a bijection between X and,
respectively, aX, fX and vX. By a bijection is meant a one to one
correspondence between two sets of the same cardinality. In other
words,

X(NaX =X()8X =X[)yX =0;
oX (BX = BX [ X =1X[)aX = 0; (2.1)
aX| =18X] = hX| = ||,
The set X UaX UBX U~X, or briefly X = X (X), is called the ground
set.

Now, observe set K = {1,a,3,v}. Its elements are seen as
permutations on the ground set X'. Here, 1 is the identity. From

o’ = 2 =1and af = fa, v* = (af)(af) = a(Bf)a = o = 1, and
hence

B
&

&= ('x“ ar;) (5%, YT;i);
1=1 i=1
o mn
B = (%;5%) ‘_‘_(Ozxi,”yxi); (2.2)
i=1 i=1
o mn
Y= ___(xz',%%’)‘___(ﬁxi,ozx,').

i=1 i=1
It is easily seen that K is a group, called Klein group because it is
isomorphic to the group of four elements discovered by Klein in geom-
etry.
For any x € X, let Kz = {z, ax, fz,vx}, called a quadricell.

Theorem 2.1 For any basic set X, its ground set is

X =) Kur (2.3)

where the summation represents the disjoint union of sets.

Proof From (2.1), for any x,y € X and = # v,
Kx( Ky = {z, 0xBz, vz} Wy, ay. By. vy} = 0.
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From (2.1) again,

U Ke=X+aX+8X+7X =21
zeX

Therefore, (2.3) is true. O

Furthermore, since for any x € X,

K(ax) = K(fz) = K(yz) = K=, (2.4)
we have
X=> Ky=>» Kz=)Y Kt
yeaX zefX tey X

This implies that the four elements in a quadricell are with symmetry.

[1.2 Basic permutations

Let Per(X'), or briefly Per, be a permutation on the ground set X'
Because of bijection, according to the finite strict recursion principle,
for any x € X, there exists a minimum positive integer k() such that

Perk(x)g’] — Q’J”
i.e., Per contains the cyclic permutation , or in short cycle,
(2)per = (z, PerQ;U, ce ,Perk(“’)—lx),

Write {z}pe; as the set of all elements in the cycle (x)pe. Such a set is
called the orbit of x under permutation Per. The integer k(x) is called
the order of x under permutation Per.

If for any x € &,

ax & {x}per, (2.5)

then the permutation Per is said to be basic to a.

Example 2.1 From (2.2), for permutations o and § on the
ground set, « is not basic, but [ is basic.
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Let Par= { X1, Xy, -+, X5} be a partition on the ground set X,
then

Per = [ [(X)) (2.6)
i=1
determines a permutation on X, called induced from the partition Par.
Here, (X;), 1 <7 <s, stands for a cyclic order arranged on X;. This
shows that a partition {X;|1 <i < s} has

S

[0 = nr=TJcE—nn™ (2.7)
s=1 1>3
induced permutations. In (2.7), n;, i > 3, is the number of subsets in
Par with ¢ elements.

Theorem 2.2 Let Par= {X;|1 < i < s} be a partition on the
ground set X' (X). If Par has an induced permutation basic, then all
of its induced permutations are basic. Further, a partition Par has its
induced permutation basic if, and only if, for x € X', there does not
exist Y € Par such that

{z,azx} or {fz,vyx} C YﬂKw. (2.8)

Proof Because the basicness of a permutation is independent of
the order on cycles, the first statement is proved.

Assume an induced permutation Per of a partition Par is basic.
From (2.5), for any x € X, in virtue of

Kz ={z,ax} + {fx,yx},

no Y €Par exists such that (2.8) is satisfied. This is the necessity of
the second statement.

Conversely, because for any x € X', no Y € Par exists such that
(2.8) is satisfied, it is only possible that x and ax are in distinct subsets
of partition Par. Therefore, ax & {z}pe. Based on (2.5), this is the
sufficiency of the second statement. (]

On the basis of this theorem, induced basic permutations can be
easily extracted from a partition of the ground set.
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Example 2.2 Let X = {x,ax,fz,yzr} = Kz. There are 15
partitions on X as

Pary = {{z}, {ax}, {Bx} {12} )

Pary = {{z, ax}, {Bx}, {va}};

Parg = {{z, Bz}, {az}, {ya}};

Pary = {{z,ya} {ax}, {Bz}};

Pars = {{0z, ax}, {«}, {ra}};

Parg = {{z}, {az, yx}, {Bz}};

Par; = {{z},{ax}, {fz,vx}};

Parg = {{z, aw, Bz}, {ya}};

Parg = {{z, Bz, vz}, {Br}};

Paryg = {{z, az,yr}, {ax}};

Pary;y = {{z}, {ax, Bx,yx}};

Pariy = {{z, ax, fz,yz}};

Pary = {{z, az}, {fz,vr}};

Paryy = {{z, Bz}, {ax, vz} };

Paris = {{z, vz}, {ax, Bz }}.
From Theorem 2.2, induced basic permutations can only be extracted
from Pary, Pars, Pary, Pars, Parg, Paryy and Pary; among them. Since
each of these partitions has no subset with at least 3 elements, from

(2.7) it only induces 1 basic permutation. Hence, 7 basic permutations
are induced in all.

Based on Theorem 2.2, a partition that induces a basic permu-
tation is called basic as well.

For a partition Par on X, if every pair of x and az, v € X, deals
with the element x in Par, then this partition determines a pregraph
if any. For example, in Example 2, there are only

Par; = Pary = Par; = Paryj3 = {{z}, {0z} };
Parys = Paryy = Parj; = {{z, Bx}}

form 2 premaps of size 1 and others meaningless among the 15 par-
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titions. Further, each of the 2 premaps is a graph. The result is the
same as in Example 1.1.

[1.3 Conjugate axiom

Let Per; and Pery be two permutations on the ground set X. If
for x € X,

(Persx)pey, = Perg(x)Perl—l = Perg(x)f)lerl, (2.9)

then the two orbits (x)pe, and (Pergz)pe,, of Per; are said to be con-
Jugate.
For a permutation P on the ground set X, if

aP =P a, (2.10)

then (P, «)(or for the sake of brevity, P) is called satisfying the con-
Jugate azxiom.

Theorem 2.3 For a basic permutation P on the ground set X,
the two orbits ()p and (ax)p for any x € X are conjugate if, and
only if, (P, «) satisfies the conjugate axiom.

Proof Necessity. Because of orbits (z)p and («x)p conjugate,
from (2.9), (ax)p = a(z),'. Hence, Pax = aP 'z, i.e., Pa = aP .
This implies (2.10).

Sufficiency. Since P satisfies (2.10),

P(ax) =P(aP)P 'tz =P(P la)P 'z
— (P’P_l)oﬂ?_lx = aP 2.
By induction, assume that P!(ax) = aP~ 'z, [ > 1, then we have
P az) = PP (az) = PP 'x
= P(aPP 1P~z ( then by (2.10))
= (PP HaP Hy

= P g,
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Hence, (ax)p = a(z)5'. From (2.9), orbits (z)p and (ax)p are conju-
gate. This is the sufficiency. 0]

Unlike Theorem 2.2, for a partition on the ground set X', from
one of its induced permutations satisfying the conjugate axiom, it can
not be deduced to others.

A premap, denoted by (X, g, P), is such a basic permutation P
on the ground set X that the conjugate axiom is satisfied for (P, «).

Example 2.3 By no means any basic partition is in companion
with a basic permutation. Among the 7 basic partitions as shown in
Example 2.2, only the induced permutations of Par;, Par4 and Parq;
are premaps.

Because (P, 3) is not necessary to satisfy the conjugate axiom
on a premap (X, P), « is called the first operation and (3, the second
. Thus, X should be precisely written as X, g if necessary.

Based on the basicness and Theorem 2.3, any premap P has the
form as

[T e, (211)
reXp

where Xp is the set of distinct representatives for the conjugate pairs
{{z}p, {z}5} of cycles in P. And further,

x =" {e}pfa}p. (2.12)

For convenience, one of two conjugate orbits in {{z}p, {x}}} is chosen
to stand for the pair itself as a wvertex of the premap.

Example 2.4 Let X = {21, 22}, then

X = {1, axy, B, yo1, T2, g, BT, Y2}
Choose
P1 = (w1, Br) (ar, ya1) (w2) (w2) (Ba) (Y22)
and
Py = (w1, 1, o)y, o, 1) (Bae) (Y22).
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The former has 3 vertices (z1, 8z1), (22) and (Bx2). The latter has 2
vertices (x1, Bx1,x2) and ([xs).

Lemma 2.1 If permutation P on X, g is a premap, then
P =3P, (2.13)

where P* = Py, v = apf.

Proof Because P*3 = PafB3 = Pa, from the conjugate axiom,

PB=aP !
= BBaP™t (H 3° =1)
= B((PaB)™)
— 573*—1.
Therefore, the lemma holds. [l

This lemma tells us that although ( does not satisfy the conju-
gate axiom for permutation P in general, 3 does satisfy the conjugate
axiom for permutation P*.

Lemma 2.2 If permutation P on &, 3 is a premap, then per-
mutation P* = P+ is basic for (.

Proof Because the 4 elements in a quadricell are distinct, z #
Bex.

Case 1 P*x # [z. Otherwise, from P*x = [z, Pa(fz) =
P*x = Bx. A contradiction to that P is basic for a.

Case 2 (P*)?x # Bz. Otherwise, P*z = P* ' Bz. From Lemma
2.1, P*x = BP*x. A contradiction to that P*x and SP*zr are in the
same quadricell.

In general, assume by induction that Case I: (P*)x # Bz, 1 <
[ <k, k>2,is proved. To prove

Case k+ 1 (P*)*'x # Bx. Otherwise, P**z = P*~'8z. From
Lemma 2.1, P**1(P*z) = 3(P*z). A contradiction to the induction
hypothesis.
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In all, the lemma is proved. [l

Theorem 2.4 Permutation P on X is a premap (&, g, P) if,
and only if, permutation P* = P~ is a premap (X34, P*).

Proof Necessity. Since permutation P is a premap (X,,P),
P is basic for o and satisfies the conjugate axiom. From Lemma 2.2
and Lemma 2.1, P* is basic for 3 and satisfies the conjugate axiom.
Hence, P* is a premap (X34, P").

Sufficiency. Because P** = P*~ = P, the sufficiency is right. [

On the basis of Theorem 2.4, the vertices of premap P* are de-
fined to be the faces of premap P. The former is called the dual of
the latter. Since P** = P, the latter is also the dual of the former.

Example 2.5 For the two premaps P; and P, as shown in
Example 2.4, we have

Pik = (xl,Oéxl)(ﬁxlaW%)(%W@)(ﬁ@,Oé$2)
and
735 = ($1,Oéxl,$2,7$2)(5$1,Oé$2,5$2ﬁ$1)-

Because P; has 2 vertices (1, axy) and (z9, yx2) and P has 1 vertex
(21, wy, T9, yx2), we seen that premaps Py and P, have, respectively,
2 faces and 1 face.

1.4 Transitive axiom

For a set of permutations T'= {7;|]1 <i <k}, k> 1 on X, let

Up = {¢f = HH m, i(m)e Zmell,s>1},  (2.14)

=1 j5=1

where Z is the set of integers and II is the set of all permutations on
{1,2,--- k}, k> 1.
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Since all elements in U, are permutations on X, they are closed
for composition(or in other word, multiplication) with the associative
law but without the commutative law.

Further, it is seen that a permutation in Wy if, and only if, its
inverse is in W. The identity is the element in Wy when all i;(7) = 0,
m € Il in (2.14). Therefore, Uy is a group in its own right, called the
generated group of T

Let ¥ be a permutation group on X. If for any z,y € X, there
exists an element ¢y € ¥ such that z = ¥y, then the group ¥ is said
to be transitive , or in other words, the group V¥ satisfies the transitive
aziom.

Now, consider a binary relation on X, denoted by ~y, that for
any r,y € X,

rT~gy <= Y eV, x=y. (2.15)

Because the relation ~y determined by (2.15) for a permutation
group ¥ on X is a equivalence, X is classified into classes as X' /~y.

Theorem 2.5 A permutation group ¥ on X is transitive if, and
only if, for the equivalence ~y determined by (2.15), |X'/ ~y | = 1.

Proof Necessity. From the transitivity, for any x,y € X, there
exists ¢ € W such that = ¥y. In view of (2.15), for any =,y € X,

x ~yg y. Hence, for ~y, |[X/ ~y | = 1.

Sufficiency. Because |X/ ~y | = 1, for any z,y € X, exists
Y € ¥ such that x = 1py. Therefore, the permutation group ¥ on X
is transitive. L

For a premap, the pregraph with the same vertices and edges as
the premap is is called its under pregraph. Conversely, the premap is
a super premap of its under pregraph.

Let (X.p3,P) be a premap. If permutation group V;, J =
{a, B, P}, on the ground set X, g is transitive, i.e., with the transitive
azriom, then the premap is called a map .

Lemma 2.3 Let M = (X, 3,P) be a premap. For any z,y €
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X, p, exists v € Uy, J ={a, 3, P}, such that x = ¢y if, and only if,
there is a path from the vertex v, x is with to the vertex v, y is with
in the under pregraph of M.

Proof Necessity. In view of (2.14) with the conjugate axiom,

write
) = 04517311@0150452731204026' . 6&5373%0[05’

where §;,0; € {0,1}, 1 < i < s,and [; € Z, 1 < i < s. Because
a®Pla’ and o®Phalt are, respectively, acting on vertices v, and vy,
¢ determines a trail from v, to v, of s —1 edges. Since there is a trail
between two vertices if, and only if, there is a path between them, the
necessity is done.

Sufficiency. let (vs, vs_1,- -+, v1),05 = vy, V] = Uy, be a path from
vy to v, in the under pregraph of M. Then, there exist §;,0; € {0, 1},
1<i1<s,and [; € Z, 1 <1i < s, such that

w _ @61731104016 . '6@557)15@05
and x = ¢y. From (2.14), the sufficiency is done . O

Theorem 2.6 A premap is a map if, and only if, its under
pregraph is a graph.

Proof From the transitive axiom and Lemma 2.3, its under pre-
graph is a graph. This is the necessity.

Conversely, from the connectedness and Lemma 2,3 , the premap
satisfies the transitive axiom and hence its under pregraph is a graph.
This is the sufficiency. 0]

Example 2.6 In Fig.1.2, the pregraph determined by Par; has
2 super premaps:

P1 = (1) (axr)(yzr) (Bz1) (2, y22) (s, B2)

and
P1 = (z1)(ax1)(yz1)(Br1) (22, Bra) (a2, Y2)

as shown in Fig.2.1.
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(1) (yz1)
"/Yxl 2 Zle 2
(z2,712) (w2, Bx2)
T I
Yx2 B
(x1) (71)
P1 Po

Fig.2.1 Two super premaps

From Theorem 2.6, none of the two super premaps is a map in
Fig.2.1.

However, the pregraph determined by Pary is a graph in Fig.1.2.
From Theorem 2.6, each of its super premaps is a map as shown in
the following example.

Example 2.7 In Fig.2.2, there are 223! = 24 distinct embed-
dings of the graph determined by Parys in Fig.1.2. On the associate(or
boundary) polygon of the joint tree, the pair of a letter is defined to be
of distinct powers when x and yx appear; the same power otherwise.

\ Y1 \ YT \ ;V
T1 N T1 N T1 N
v, v, v,
AN ¢ \\yro ¢ N\
L2 T2 Y2

(a) Oy (b) O (¢) O
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Yx2
TN 7
v
% \7331
T2

(e) O

By
TN\ /7
v
7\
T2

(h) Ny

\7332
T1 XN
)
% N i)
Z2

(k) N2

\7331
T1 XN
)
% N X9
T2

(n) N

93



04

T2 Bxo

1N\ A 1N\ 7
v,
¢ \Bra 7 N\
A T2

(p) N1 (q) N2

By By
1N\ TN\ 7
v v
74 N X9
€2

(S) N2 (t) N2

NP NG
(v

) N2 <UJ) N1

Fig.2.2 All embeddings of a graph
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\5962
TN 7
v
¢ \x
/’W\

(r) N

N4
0

(u) Ny

Bxo
xx
4 ° \Z2
Pro

(z) Na

In Fig.2.2, the graph determined by Pari5(Fig.1.2) has 6 ori-
entable embeddings (a—f). Here, (a), (b), (d) and (f) are the same
map on the sphere Oy ~op (21777). And, () and (e) are the same map
on the torus O ~iqp (331332331_13}2_ ). Hence, such 6 distinct embeddings
are, in fact, 2 maps.

Among the 18 nonorientable embeddings, 10 are on the projective
plane and 8 are on the Klein bottle. On the projective plane, (g), (h),

(5), (1), (m), (n), (p) and (r) are the same map (Ny ~op (2127 'T272)).
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And, (u) and (w) are another map (N = (x1222129)). On the Klein
bottle, (i), (k), (o) and (q) are the same map (Ny = (71297 '29)).
And, (s), (t), (v) and (z) are another map (Ny ~iop (T1217272)).
Therefore, there are only 4 maps among the 18 embeddings.

II.5 Included angles

Let M = (X, 3(X),P) be a premap. Write k = |X, 3(X)/ ~g, |,
J ={a,3,P}, and
k k

Xaﬁ(x) - ZX%,@'(XZ')v X = ZX’H

i=1 i=1
where X, 5.(X) € X,p/ ~w,, a; and [3; are, respectively, a and [
restricted on X, 5,(X;), i = 1,2,---, k. Further,

k
M ="M, M; = (X, 5,(X), Py), (2.16)
1=1

where M; is a map and P; is P restricted on X, 5, (X;), 7 =1,2,---, k.
This enables us only to discuss maps without loss of generality.

Lemma 2.4 Any map (X,P) has that (Pa)* = 1.
Proof From the conjugate axiom,
(Pa)? = (Pa)(Pa) = P(aP)a
= (PP H(aa) = 1.
This is the conclusion of the lemma. ]
Lemma 2.5 Any map (X,P) has that (P*3)? = 1.

Proof Because P* = Py = Pa(B) = Pa, from Lemma 2.4,
the conclusion is obtained. [l

On the basis of the above two lemmas, on a map M = (X, g, P),
any v € X, 3 has that

(x, Pax) = (P*fx,x). (2.17)
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Thus, (z, Pazx), or (P*fz,x), is called an included angle of the map.
For an edge Kz = {z, ax, fx,vx} of M, {x,ax} and {fBz,yx} are its
two ends , or semiedges. And, {z, Sz} and {ax, vz} are its two sides,
or cosemiedges.

Theorem 2.7 Fora (X (X),P),let V = {vjv = {z}pU{az}p,
Ve € X} and F = {f|f = {«}p- U {Bz}p-, Vo € X}. If 2, and ¢
are, respectively, in v and f as representatives, then

X = Z({xv, aP 'z, } + {Pay, azy} + - - -
veV
+{P 'z, aP ?1,})

= (ay, 8P} + {Pay, By} + -+

feF

+{P g, P My},

(2.18)

Proof From X =) _, v and the conjugate axiom,

v = {x,, Paz,} + {Px,, PaPx,} + - -
+{P 'z, PaP 'z, }
= {z,,aP '2,} + {Px,,an,} + - -
+{P a,, aP 2z,}.

This is the first equality.
The second equality can similarly be derived from X = ) rerd
and Lemma 2.1(the conjugate axiom for P* with 3). O

It is seen from the theorem that the numbers of included angles,
semiedges and co-semiedges are, each, equal to the sum of degrees of
vertices. Since every edge has exactly 2 semiedges, this number is 2
times the size of the map.
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[1.6 Observations

02.1 For a set of 4k elements, observe how many ground sets
can be produced.

02.2 By aset of 12 elements as an example, observe how many
basic permutations satisfy the conjugate axiom.

02.3 In Example 2, observe which nonbasic partition has a
permutation with the conjugate axiom.

02.4 Provide two embeddings with the same under graph.

02.5 For an embedding, observe if its mirror image is the same
as itself. How about for a map?

02.6 For a map (&, 3, P), observe the orbits of permutations
Pa and a’P. Whether, or not, they are a map.

02.7 For a map (&, 3, P), observe the orbits of permutations
P3 and SP. Whether, or not, they are a map.

02.8 On a map (&, 3, P), whether, or not, the permutation
Paf is a map on the same ground set.

A map with each of its face a quadrangle is called a quadrangu-
lation. A map with only triangular faces is a triangulation.

In general, a map with all vertices of the same degree is said to
be vertex reqular, or primal reqular. If all faces are of the same degree,
the the map is said to be face reqular , or dual reqular. A primal
regular map with its vertex degree ¢, ¢+ > 1, is called an i-map. A
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dual regular map with its face degree j, 7 > 1, is called a j*-map. A
triangulation and a quadrangulation are, respectively, a 3*-map and a
4*-map in their own right.

02.9 Whether, or not, the under graph of a 4*-map is always
bipartite. Furthermore, whether, or not, the under graph of a (2k)*-
map, k > 3, is always bipartite.

02.10 Observe that for any integer 7, ¢ > 1, whether, or not,
there always exists an --map and an ¢*-map.

If the degree of any vertex(or face) of a map is only an integer
i,or j,j#1,1,7 > 1, then the map is called a (i, j)-map (or (7*, j*)-
map). Similarly, the meanings of a (7, j*)-map and a (¥, j)-map are

known.
02.11 For any 1,5, ¢ # j > 1, whether, or not, there is a
(ivj)'mapa a (i*vj*)_mapa or a (Zvj*)_map

[I1.7 Exercises

E2.1 For two permutations Per; and Pers on a set of 4 elements
with Per;?> = Pery® = 1, list all the generated groups ¥ (Per; Pery}
Show if each of them is isomorphic to the Klein group.

E2.2 Let A and p be permutations on the set A and \? = ;i =
1. Prove that if the generated group Wy, ,, is isomorphic to the Klein
group, then A is a ground set if, and only if, A = A; + Ay + - - - + A,
k > 1, such that A|4. and p|4, are both have two orbits, and A|4, #
pa, 1 <i<k.

E2.3 For a map (X, 3,P), prove that a(x),p = (0433)735.

E2.4 For a map (&X,g,P), prove that (z),p and (fz),p are
conjugate.

E2.5 To prove that all planar embeddings of Ky, i.e., the com-
plete graph of order 4, are the same map.

A map is said to be nonseparable if its under graph is nonsepa-
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rable, i.e. , no cut-vertez(its deletion with incident edges destroys the
connectedness in a graph).

E2.6 List all nonseparable maps of size 4.

A map with all vertices of even degree is called a Fuler map. If
the face set of a map can be partitioned into two parts each of which
no two faces have an edge in common, then the face partition is called
a edge independent 2-partition .

E2.7 Provide and prove a condition for the face set of a Euler
map having an edge independent 2-partition.

E2.8 Prove the following statements:
(i) The permutation 3 on the ground set X is a map if, and only
if, X = Kux;
(ii) The permutation a on the ground set X’ is a map if, and
only if,
X =K'z = {x, Bz, az,yx},

i.e., (3 is the first operation.

E2.9 For a map M = (X, 3,P),

(i) Provide a map M and an integer 4, i > 2, such that P’ is not
a map;

(ii) For i, # > 2, provide the condition such that P’ is still a
map.

E2.10 Let C and D be, respectively, the sets of 3-maps and

3*-maps. For the size given, provide a 1-to—1 correspondence between
them.

[1.8 Researches

From Theorem 1.10 in Chapter I, any graph has an embedding on
a surface (orientable or nonorientable). However, if an embedding is
restricted to a particular property, then the existence is still necessary
to investigate. If a map has each of its faces partitionable into circuits,
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then it is called a favorable map. If a graph has an embedding which is
a favorable map, then the embedding is also said to be favorable[Liul2].

R2.1 Conjecture. Any graph without cut-edge has a favorable
embedding.

It is easily checked and proved that a graph with a cut-edge does
not have a favorable embedding. However, no graph without cut-
edge is exploded to have no favorable embedding yet. Some types of
graphs have be shown to satisfy this conjecture such as K,, n > 3;
Kpn, m,n > 2, Q,, n> 2, planar graphs without cut-edge etc.

A map which has no face itself with a common edge is said to
be preproper . It can be shown that all preproper maps are favorable.
However, the converse case is unnecessary to be true.

R2.2 Conjecture. Any graph without cut-edge has a preproper
embedding.

Similarly, it is also known that any graph with a cut-edge does
not have a preproper embedding. And, K,, n > 3; K,,,, m,n > 2,
Qn, n > 2, planar graphs without cut-edge etc are shown to satisfy
the conjecture as well.

Furthermore, if a map has each of its faces a circuit itself, then it
is called a proper map, or strong map. Likewise, proper embedding, or
strong embedding . It can be shown that all proper maps are preproper.
However, the converse case is unnecessary to be true.

R2.3 Conjecture. Any graph without cut-edge has a proper
embedding.

For proper embeddings as well, it is known that any graph with
a cut-edge does not have a proper embedding. And, I, n > 3; K, »,
m,n > 2, Qn, n > 2, planar graphs without cut-edge etc are all shown
to satisfy this conjecture.

Although conjectures R2.1—R2.3 are stronger to stronger, be-
cause R2.3 has not yet shown to be true, or not, the the two formers
are still meaningful.

If a favorable(proper) embedding of a graph of order n has at
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most n — 1 faces, then it said to be of small face .

Now, it is known that triangulations on the sphere have a small
face proper embedding. Because triangulations of order n have exactly
3n — 6 edges and 2n — 4 faces, all the small face embeddings are not
yet on the sphere for n > 4.

R2.4 Conjecture. Any graph of order at least six without cut-
edge has a small face proper embedding.

Because it is proved that K5 has a proper embedding only on the
surfaces of orientable genus 1(torus) and nonorientable genus at most
2(Klein bottle)[WeL1], they have at least 5 faces and hence are not of
small face.

R2.5 Conjecture. Any nonseparable graph of order n has a
proper embedding with at most n faces.

If a map only has i-faces and ¢ + 1-faces, 3 < ¢ < n — 1, then it
is said to be semi-reqular.

R2.6 Conjecture. Any nonseparable graph of order n, n > 7,
has a semi-regular proper embedding.

In fact, if a graph without cut-edge has a cut-vertex, then it can
be decomposed into nonseparable blocks none of which is a link itself.
If this conjecture is proved, then it is also right for a graph without
cut-edge. Some relationships among these conjectures and more with
new developments can be seen in [Liul2].

R2.7 For an integer ¢ > 3, provide a necessary and sufficient
condition for a graph having an i-embedding, or i*-embedding. Par-
ticularly, when ¢ = 3,4 and 5.

First, start from ¢ = 3 with a given type of graphs. For instance,
choose G = K,,, the complete graph of order n. For 3*-embedding, on
the basis of Theorem 1.12( called Fuler formula), a necessary condition
for K,,, n > 3, having an 3*-embedding is

-1
n—%%—gﬁz?—%)and&b:n(n—l),
where ¢ and p are, respectively, the face number of an 3*-embedding
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and the genus of the orientable surface the embedding is on. It is
known that the condition is still sufficient.
If nonorientable surfaces are considered, the necessary condition

_w+¢:2_qand3q§:n(n—1),
1.€., ( Y )
n—3)(n—4
q= 6 ’

where ¢ is the nonorientable genus of the surface an 3*-embedding
is on is not sufficient anymore for ¢ > 1. because when n = 7, Ky
would have an 3*-embedding on the surface of nonorientable genus
q = 2. However, it is shown that K7 is not embeddable on the Klein
bottle([Lemma 4.1 in [Liull]). It has been proved that except only
for this case, the necessary condition is also sufficient.

More other types of graphs, such as the complete bipartite graph
Ky, n-cube @, and so forth can also be seen in [Liull].

R2.8 For 3 < 4,5 < 6, recognize if a graph has an (i,7)-
embedding ( or (¥, j*)-embedding).

More generally, investigate the upper or/and the lower bounds
of i and j such that for a given type of graphs having an (i, j*)-
embedding.

R2.9 Given two integers ¢, 7 not less than 7, justify if a graph
has an (7, j)-embedding(or (i*, j*)-embedding).

If a proper map has any pair of its faces with at most 1 edge in
common, then it is called a polygonal map .

R2.10 Conjecture. Any 3-connected graph has an embedding
which is a polygonal map.

From (a) and (b) in Fig.2.3, this conjecture is not valid for non-
separable graphs. The two graphs are nonseparable. The graph in (a)
has a multi-edge, but that in (b) does not. It can be checked that,
none of them has a polygonal embedding.
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(a) (b)

Fig.2.3 Two graphs without polygonal embedding

If an embedding of a graph has its genus(orientable or nonori-
entable) minimum among all the embeddings of the graph, then it
is called a minimum (orientable or nonorientable) genus embedding.
Based on the Euler formula, a minimum genus embedding has its face
number maximum. So, a minimum (orientable or nonorientable)genus
embedding is also called a mazimum (orientable or nonorientable) face
number embedding. Maximum face number implies that the average
length of faces is smaller, and hence the possibility of faces being
circuits is greater. This once caused to guess that minimum genus
embeddings were all proper. However, a nonproper minimum genus
embedding of a specific graph can be constructed by making 1 face
as greater as possible with all other faces as less as possible. In fact,
for torus and projective plane, all maximum face number embeddings
are shown to be proper. For surfaces of big genus, a specific type of
graphs were provided for all of their maximum face number embed-
dings nonproper|[Zhal].

R2.11 Conjecture. Any nonseparable regular graph has a max-
imum face number embedding which is a proper map.

A further suggestion is to find an embedding the lengths of all
faces are nearly equal. The difference between the maximum length



64 Activities on Chapter IT

and the minimum length of faces in a map is call the equilibrium of
the map. An embedding of a graph with its equilibrium minimum is
called an equilibrious embedding of the graph.

R2.12 Conjecture. Any 3-connected graph has an equilibrious
embedding which is proper.

An approach to access the conjecture is still for some types of
graphs, e.g., planar graphs, Halin graphs, Hamiltonian graphs, further
graphs embeddable to a surface with given genus etc.
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Duality

e The dual of a map (X, g, P) is the map (X3, Pa) and vice versa.

e The deletion of an edge in a map is the contraction of the corre-
sponding edge in the dual map and vice versa.

e The addition of an edge to, the inverse of deleting an edge in, a map
is splitting off its corresponding edge on, the inverse of contracting
an edge in, the dual map and vice versa.

e The deletion of an edge with its inverse, the addition, and the
dual of deletion, the contraction of an edge with its inverse, split-
ting off an edge are restricted on the same surface to form basic
transformations.

[I1.1 Dual maps

On the basis of I1.2, for a basic permutation P on the ground
set Xy, (Xap, P) is a premap if, and only if, (X5, P*) is a premap
where P* = P, v = af( Theorem 2.4). The latter is called the dual
of the former. Since

P* = P*fa = (Paf)fa = Plaffa) = P,

the former is also the dual of the latter.
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Because the transitivity of two elements in the ground set X, 3
on a premap (X, 3, P) under the group ¥y, J = {P, «a, f}, determine
an equivalence, denoted by ~y,, the restriction of P on a class

Xa,ﬁ/ ~y

1s called a transitive block.

Theorem 3.1 Premap M, = (X, Pery) is the dual of premap
M, = (X, Pery) if, and only if,

X/ S, X/ Wy (31>

where
J2 — {PGI'Q,OZ,ﬁ}, Jl — {Per17a7ﬁ}7

and
Pery = Per;y = Per;™, v = af.

Proof Necessity. Since M is the dual of M;, Pery = Perjaf.
From Pery = Perjaff € ¥, V;, = ¥;,. Hence, (3.1) holds. This is
the necessity.

Sufficiency. Since M is a premap and Pery = Perja3, M, is also
a premap, and then the dual of M; by considering Theorem 2.4. This
is the sufficiency. O

From this theorem, the duality between M; and M, induces a
1-to—1 correspondence between their transitive blocks in dual pair.
Because each transitive block is a map, it leads what the dual map of
a map is. The representation of a premap by its transitive blocks is
called its transitive decomposition.

Example 3.1 Map

Z;l - ({x7a'xaﬁx7’yx}7 (x,ﬁx)), v = af,

and its dual )
L} = ({x, Bz, ax,yx}, (x, ax)).

Or, in the form as
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Ly = (e,v) and L = (", f),
where v = (x, fx), f = (z, az),
€ = {x70{x7/8x77x}7 7:&/67

and
e’ ={z, fr,ax, vy},

as shown in Fig.3.1.

In the following figure, two As and two Bs are, respectively, iden-
tified on the surface.

Fig.3.1 Map and its dual

This figure shows what a dual pair of maps looks like. It is a
generalization of a dual pair of maps on the plane.

A map with its under pregraph a selfloop is called a loop map.
It is seen that L; and its dual L] in Fig.3.1 are both loop maps.

In a premap M = (X, P), if a vertex v = {(2)p, (ax)p} is
transformed into two vertices

v = {(z, Pz, ---,P'z), (ax, aP’z, ---,aPx)}
= {(z)p, (az)p}
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and

Vo = {(Pj"‘lgj, Pj‘i‘?a;', s 3373—133)’ (anHx, 0473_133, . ’O/])j—i—Zx)}

- {(Pj+1x)7)'7 (apj+1x)P’}7 ] > 07

with other vertices unchanged for permutation P becoming permuta-
tion P’. It is seen that permutation P’ is basic and with the conjugate
axiom as well. Hence, M’ = (X, P’) is also a premap. Such an op-
eration is called cutting a vertex. If elements at v; are not transitive
with elements at vy in M’, then elements at v; and elements at vy are
said to be cuttable in M. The vertex v is called a cutting vertex in M;
otherwise, noncuttable .

If there are two elements cuttable in a map, the the map is said
to be cuttable in its own right.

In virtue of Theorem 3.1, cuttability and noncuttability are con-
cerned with only maps without loss of the generality of premaps.

Lemma 3.1 A map M is cuttable if, and only if, its dual M*

is cuttable.

Proof Necessity. From M = (X, P) cuttable, vertex

and

vy = (P e, PIt2g ... P 1)
for obtaining premap M’ = (X, P') = M; + M, where v; is on M; =
(X, P;), X = X1 + Xy, P; is the restriction of P’ on Xj,i = 1,2. It can
be checked that M; and M, are both maps. Thus, on M* = (X, P*),

vertex

vt = (2, A,yPlz, P2, B,yP'z)

can be cut into two vertices

vy = (z, A, vP’z)



II1.1 Dual maps 69

and
vy = (P2, B,yP 1a)

where A and B are, respectively, linear orders of elements in X; and
X,. This attains the premap M* = (X, P*) = M; + M; where
X = X, + X, P*, is the restriction of P*' on Xj,i = 1,2. The necessity
is obtained.

Sufficiency. From the duality, it is deduced from the necessity.[]

If two elements in the ground set of a map M are not transitive
in M’ obtained by cutting a vertex on M, they are said to be cuttable;
otherwise, noncuttable. It can be checked that the noncuttability de-
termines an equivalence, denoted by ~. on the ground set of M. The
restriction of M on each

Xa,ﬁ/ ~nc

is called a noncuttable block.

If all noncuttable blocks and all cutting vertices of a map deal
with vertices such that two vertices are adjacent if, and only if, one is
a noncuttable block and the other is a cutting vertex incident to the
block, then the graph obtained in this way is called a cutting graph of
the map. It is easily shown that the cutting graph of a map is always
a tree.

For a face f = (x)py of a premap M = (X, P), if there has, and
only has, an integer [ > 0 for transforming f into

fi= (51;7 B (’P”Y)Zx)

and
J2= ((,PrY)H—lxv Ty (737)—193)

such that x and (Pv)""!z are not transitive at all, then f is called a
cutting face of M. From the procedure in the proof of Lemma 3.1, For
a cutting vertex of a premap, there has, and only has, a corresponding
cutting face in the dual of the premap.

Theorem 3.2 Two maps M and N are mutually dual if, and
only if, their cutting graph are the same and the corresponding non-
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cuttable blocks are mutually dual such that a cutting vertex of one
corresponds to a cutting face of the other.

Proof Necessity. Because maps M and N are mutually dual,
from the procedure in the proof of Lemma 3.1, there is a 1-to—1 corre-
spondence between their noncuttable blocks such that two correspond-
ing blocks are mutually dual. There is also a 1-to—1 correspondence
between their cutting vertices such that the cyclic orders of their blocks
at two corresponding cutting vertices are in correspondence. There-
fore, their cutting graphs are the same. This is the necessity.

Sufficiency. Because maps M and N have the same cutting
graph, a tree of course, in virtue of the correspondence between cut-

ting vertices and cutting faces, the sufficiency is deduced from Lemma
3.1. O

Note 3.1 Tow trees are said to be the same in the theorem
when trees as maps(planar of course) are the same but not the iso-
morphism of trees as graphs(the latter can be deduced from the former
but unnecessary to be true from the latter to the former).

On a premap M = (X, P), if an edge Kz is incident with two
faces, i.e.,
vo & {xtpy U{Br}ey,

then it is said to be single ; otherwise, i.e.,

va € {z}py U{Bz}p,

(with only one face), double. An edge with distinct ends is called a
link; otherwise, a loop . Clearly, single link, single loop, double link
and double loop. Further, a double link is called a harmonic link, or
singular link according as vz € (x)p,, or not. Similarly, a single loop
is called a harmonic loop, or singular loop according as yx € (x)p, or
not.

Theorem 3.3 For an edge e, = {z, az,fz,yz} of premap
M = (X, 3, P) and its corresponding edge e = {z, Sz, ax,vx} of the
dual M* = (X5, P*), P* =P,
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(i) e, is a single link if, and only if, e* is a single link;
(ii) e, is a harmonic link if, and only if, e* is a harmonic loop;
(iii) e, is a singular link if, and only if, e* is a singular loop;

(iv) e, is a double loop if, and only if, e* is a double loop.

Proof Necessity. (i) Because e, is a link, (x)p and (yz)p belong
to distinct vertices. And because e, is a single edge, (z)p, and (yx)p,
belong to distinct face. By the duality, €. is a single link as well.

(ii) Because e, is a double link, in spite of (x)p and (yz)p belong-
ing to distinct vertices, vz, or ax € (x)p-. And because of harmonic
link, the only opportunity is yx € (z)p-. From the duality, €

~1s a
harmonic loop.

(iii) Because e, is a singular link, in spite of (z)p and (yzx)p
belonging to distinct vertices, ax € (x)p+. In virtue of « as the second
operation of M*, e is a singular loop.

(iv) Because e, is a double loop, Sz € (x)p and ax € (z)p-.
From the symmetry between o and 3, M and M*, e} is a double loop
as well.

Sufficiency. From the symmetry in duality, i.e., M = (M*)*, it
is obtained from the necessity. (]

On the basis of this theorem, the classification and the dual re-
lationship among edges are shown in Table 3.1.
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L Single , Single L
i i
D D
n o Harmonic Harmonic o n
u u
b b
k 1 Singular Singular 1 k
e e
S S
i Harmonic Harmonic i
n n
L % % L
° o Singular Singular o °
o o
Double - Double
p p
. *
M Dual relation M

Table 3.1 Duality between edges

In the table above, harmonic links will be classified into segmen-
tation edges and terminal links and harmonic loops into shearing loops
and terminal loops in II1.2 to have additional two dual pairs of edges:
segmentation edges and shearing loops, terminal links and terminal
loops.

[I1.2 Deletion of an edge

Let M = (X, 3(X),P)be a premap and e, = Kz = {z, azx, Oz,
vx}, x € X, an edge.

What is obtained by deleting the edge e, from M is denoted by

M — e, = (X g(X) — Ka, P_y) (3.2)

where P_, is the permutation restricted from P on X, 3(X) — Kx.

Lemma 3.2 Permutation P_, is determined in the following
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way as when e, is not a selfloop,
( Pz(and aP '),
if y = P 'z(and aPz);
P_py =4 Pyx(fil aP 'q2), (3.3)
if y =P lyx(and aPyx);

| Py, otherwise,

and when e, is a selfloop with yx € (z)p,

( Pz(and aP '),

if y = P 'x(and aPx);
P_.y = { Pyz(and aP 'vyx), (3.4)
if y =P 'x(and aPyx);

( Py, otherwise,

otherwise, i.e., yx & (x)p, v is replaced by Sz in (3.4).

Proof When e, is not a selfloop. Because only vertices (z)p and
(vx)p are, respectively, changed in M — e, from M as

(P‘lx)p_m = (P‘lx,sz, e ,P‘zx)

and
(P_lryx)sz = (P_l"}/l', Pr)/xa T P_2"}/.I')

(Fig.3.2(a)=-(b)). This implies (3.3).
When e, is a selfloop with vx € (z)p. Because only vertex (z)p
is changed in M — e, from M as

(P_lx)sz - (P_lxv P.I', Ty 7)—1733’ P"}/Q?, Ty P_2LU)
(Fig.3.2(c)—(d)), or
(P_lx)sz = (P_lxv P.I', e ,P_lﬁl', Pﬁl’, Ty P_2LU)

(Fig.3.2(c)—(d) in parentheses) according as yx € (x)p, or not.
The former is (3.4). The latter is what is obtained from (3.4)
with vz is replaced by [z. (]
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In Fig.3.2, the left two figures are parts of the original map and
the right two figures, the results by deleting the edge K.

Further, Fig.3.3-9 are all like this without specification.

( 1ﬁz)
“/z(ﬁw)

~ P

(c)

ylyz
Prx \ |/

%

/
'P71

x

(P~ B)
P vz
A

P
Pryx
/%)
Pz

(d)

Fig.3.2 Deletion of an edge

Lemma 3.3 For a premap M =

(X,P), M

(x —
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Kz,P_,) is also a premap. And, the number of transitive blocks
in M — e, is not less than that in M.

Proof Because P is basic for «, from Lemma 3.2 P_, is also
basic for a. Because P satisfies the conjugate axiom for «, from
Lemma 3.2 and Theorem 2.3 P_, is also satisfies the conjugate axiom
for a. The first statement is done.

Because any nontransitive pair of elements in M is never transi-
tive in M — e,, the second statement is done. [l

If e, is an edge of a premap M such that M — e, has more
transitive blocks than M does, then e, is called a segmentation edge. If
an edge has its one end formed by only one semiedge of the edge itself,
then it is called an terminal link. From the symmetry of elements in a
quadricell, () can be assumed as the 1-vertex incident with a terminal
link without loss of generality. Since (Pv)yz = Px = z, yx € (x)p,.
Hence, a terminal link is always a harmonic link. However, a harmonic
link is unnecessary to be a terminal link. This point can be seen in
the following theorem.

Theorem 3.4 Foramap M = (X, P), M—e, = (X—Kz,P_,)
is a map if, and only if, e, is not a harmonic link of M except for
terminal link.

Proof When (z,vz) C (z)p,, i.e., e, is a terminal link, Because
no isolated vertex in any premap, from Lemma 3.3, M — e, = (X —
Kz,P_;) is a map. In what follows, this case is not considered again.

Necessity. Suppose M — e, is a map, but e, is a harmonic link of
M. Because Py 'z and Py ‘vz # x((x,vz) € (v)p,) for group ¥,
J' ={P_,,a, B}, are not transitive on the set X — Kz, M — e, is not
a map. This is a contradiction to the assumption.

Sufficiency. Because M is a map, P_, is basic. From Theorem
2.3, P_, satisfies the conjugate axiom. Then, based on Table 3.1, two
cases should be discussed for the transitivity.

(i) When e, is a single edge(including single loops!) or singular
link of M. Because e, is not a cut-edge of its under graph G(M),
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G(M — e;) is connected. From Theorem 2.6, P_, for group ¥ is
transitive on the set X — Kx. Thus, M — e, is a map.
(ii) When e, is a double loop of M. Because

((PrY)_lx)P—z - ((Pr)/)_lxa PO&LB, Tt
BPBz, Pyz, -, (Py) o),
we have Pz = [(Py)x with (Pvy) 'az and PpBx = B(BPSz) are

transitive in M — e,. Hence, M — e, is a map as well. [l

From the proof of the theorem, a much fundamental conclusion
is soon deduced.

Corollary 3.1 In amap M, an edge e, is a segmentation edge
if, and only if, e, is a harmonic link except for terminal links. And,
e, is a harmonic link if, and only if, it is a cut-edge of graph G(M).

Proof 'To prove the first statement.

Necessity. Because e, is a segmentation edge, G(M — e,) is not
connected. e, is only a link. On the basis of Table 3.1, e, is also a
double edge. And, because e, is not singular, e, is only harmonic.
Clearly, a terminal link is not a segmentation edge in its own right.

Sufficiency. Because e, is not a terminal link, Pz is distinct form
x and vz is distinct from P~vx. And, because e, is a harmonic link,
Px and P~z are not transitive in M — e,. Thus, e, is a segmentation
edge.

To prove the second statement. Because it can be shown that e,
is a terminal link of M if, and only if, e, is an articulate edge of graph
G(M), a cut-edge as well. This statement is deduced from the first
statement. ]

Let M = (X, 3(X),P) be a pregraph and e, = Kz = {z, ax, Bz,
vx}, x € X, be an edge. The contraction of e, from M, denoted by

M e Cr — (XO[76(X) - KSU,P.I),

is defined to be the dual of M* — e where e} = {x, fz, ax, vy}, the
corresponding edge of e, in the dual M™* of M. In other words, P,, =
Py
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Lemma 3.4 P,, is determined by the following (i-iii):
(i) When e, is a link. For y € &, 3(X) — Kz,

Pyz(and aP'2), if y = P 'a(and aPryz);
Poy = & Pz(and aP 'yz), if y = P yz(and aPz); (3.5)
Py, otherwise,

shown as in Fig.3.3(a)=(b).
(i) When e, is a harmonic loop. For y € X, 3(X) — Kz,

Pryz(and aP '), if y = P 'z(and aPyx);
Pory = { Pz(and aP 'yz), if y = P 'yz(and aPz); (3.6)
Py, otherwise,

shown as in Fig.3.3(c)=-(d).

(iii) When e, is a singular , or double loop. For y € &, 3(X) —
Kz,
( aP ' Br(and aP '),

if y =P 'x(and P B2);
Pery = § PPz(and Px), (3.7)
if y = a’Pz(and aPfx);

( Py, otherwise,

shown as in Fig.3.3(e)==(f).

Proof (i) When e, is a link. In the dual M* of M, from the
duality,

(#)p = (z, Pyz, (Py)’x, -, (Py) ')
and
(yx)p- = (y&, Pz, (Py)*ya, -, (Py) 'ya),

(l’)P* = (l’, ’]D,-)/x’ R (P,Y)_lryxv YL, P.I', Ty (Pr)/)_lx%

and hence P*  is only different from P* = P~ at vertices

(Pya)ps, = (Pya, (Py)’x, -+, (Py) 'x)
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and
(P2)p:, = (P, (Py)*yz, -+, (P7) ')

or at vertex
(P'x)Piw = (P’)/,I, Ty (Pv)_lfyxa Pwa T (7)7)_1%)

with their conjugations according as e, is single, or double. By con-
sidering Po, = P* 7,

Per(y) = Por(P~'vz) = P* y(P )
= P* (Py 'yz) = Px

for y = P~lyx and

Pui(y) = PP~ ') = P2y(P ')
=P (Py) 'x = Pyx

for y = P~lz. From the conjugate axiom, the cases for y = aP 'z
and y = a(P~z) in the parentheses of (3.5) are also obtained. Then,
for other v,

Per(y) =P vy = (Py)yy =Py

in the both cases. Therefore, (3.5) is true.

(ii) When e, is a harmonic loop. In a similar way to (3.5) for e,
single, (3.6) is also obtained.

iii) When e, is a singular, or double loop. In the dual M* of M,

(x)p = (z, Pyz, (Py)’x, -, (Py) ')

and
(ax)p: = (az, Pyaz, (Py)’az, -+, (Py)  ax),
or
(z)p- = (x, Pyx,-- -, (Py) lax, ax, Pyax, - -, (Py) 'x),
and hence

(x)ps, = (Pya, (Py)?z, -, (Py) 'a)
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and
(az)p:, = (Pyaz, (Py)*az, -, (Py) " ax)
or
(2)pe, = (Pyx, -+, (Py) " ax, Pya, -, (Py)'z)
with their conjugations according as e, is singular, or double. By
considering P.,; = P* 7,

Por(y) = Poz(aPz) = P* ~v(aPx)
=P (P laz) =P (Py) ‘ar)
= Pyax = Plx
for y = a’/Px and
Per(y) = Por(P~'x) = P (P~ )
=P, ((Py)~'x) = Py
= Pafz = aP 1 fz

for y = P~'z. From the conjugate axiom, the cases for y = PBx and
a’P(x are also obtained. Then, for all other vy,

Por(y) = P vy = (Py)vy = Py.
This is (3.7). O

P vz .
7’%"”\ |/ \7
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P lz
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Fig.3.3 Contraction of an edge
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From Lemma 3.4, it is seen that in the constriction of edge e, on
a premap only if e, is not a selfloop, two vertices (z)p and (yx)p are
composed of one vertex

(P_lx)Pom = (P_ll', P"}/;E, Ty 7)—1733’ Pl’, Ty P_2.I')

(Fig.3.3(a)=-(b)); if e, is a harmonic loop, vertex (x)p is divided into
two vertices
(P t2)p, = (P o, Pyx, -, P %)
and
(P~ 'va)p,, = (P 'yx, Pa, -, P ya)

(Fig.3.2(c)=-(d)); and if e, is a singular, or double loop, vertex (z)p
becomes vertex

(Px)p,, = (Px,---, P '8z, aP 'z, - aPpBz)
(Fig.3.3(e)=(f)).

Lemma 3.5 For a premap M, M ee, is always a premap. And,
the number of transitive blocks in M e e, is not less than that in M.

Proof From Lemma 3.3 and the duality, the first statement is
true. Because any nontransitive pair of elements in M is never tran-
sitive in M e e, from Lemma 3.4, the second statement is true. L]

If a harmonic loop e, has (z)p, = (x), or (yx)py = (yz), then it
is called a terminal loop. If the two elements of a co-semiedge appear
in a vertex in succession, then the edge is called a twist loop.

Lemma 3.6 For an edge e, of a map M, e, is a terminal loop

if, and only if, e is an terminal link in M*. And, e, is a twist loop if,
and only if, e} is a twist loop.

Proof A direct result deduced from the duality. O
Theorem 3.5 For an edge e, of a map M = (X, 3(X),P),

M e e, is a map if, and only if, e, is not a harmonic loop but terminal
loop.
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Proof Because for a terminal loop e,, M e ¢, is always a map.
In what follows, this case is excluded.

Necessity. Suppose M e e, is a map but e, is a harmonic loop.
Since €} is a harmonic link in M*(Table 3.1), from Theorem 3.4 and
Lemma 3.1, P~ 'z and Px are, respectively, belonging to two distinct
transitive blocks of M. From Lemma 3.4(ii), M e ¢, has two transitive
blocks. This contradicts to that M e e, is a map.

Sufficiency. Since e, is not a harmonic loop, only two cases should
be considered as e, is not a loop or e, is a singular loop. For the former,
in spite of a single or double edge, from Lemma 3.4(i), M ee, is a map.
For the latter, from Lemma 3.4(iii), M e e, = M — e, is also a map.

Therefore, the theorem is done. [l

If a loop e, has that Pl and Px are in distinct noncuttable
blocks, then it is called a shearing loop . From Theorem 3.5, all shear-
ing loops are harmonic. However, the converse case is unnecessarily
true.

Corollary 3.2 In a map M, an edge e, is a shearing loop if,
and only if, e} is a harmonic, but not terminal loop in M*.

Proof A direct result of Theorem 3.5. O]

Theorem 3.6 The dual of premap M —e, is the premap M*ee’,
where M* is the dual of M and e} in M* is the corresponding edge of
e, in M.

Proof(1) Because M* e €% is the dual of (M*)* —e*> = M — e,,

x

by the symmetry of the duality the theorem holds. [

However, if the contraction of e, on M is defined by (3.5-7), then
the theorem can also be proved.

Proof(2) Based on Table 3.1, four cases should be discussed.
(i) In M, e, is a single link, and hence €} is a single link in M*.
Since

(Pyz)p_y = (Py2)ps,, (P2)p., = (P2)ps 4
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and (Pyx)p_, = (Pyx)p: 4,

(M —e,)" =M eec,.

(ii) In M, e, is a harmonic link, and hence €} is a harmonic loop

in M*(Dually, in M, e, is a harmonic loop, and hence €’ is a harmonic

link in M*). Now, (z)p, = (x)p-. According as e, is a terminal link

or not, a transitive block of M becomes one or two transitive blocks

in M — e,. Meanwhile, According as e} is a terminal loop or not, a

transitive block of M* becomes one or two transitive blocks of M*ee’.

By considering the changes in vertices and faces, (M —e,)* = M* e e’
is found.

(iii) In M, e, is a singular link, and hence e’ is a singular loop
in M*(Dually, In M, e, is a singular loop, and hence € is a singular
link in M*). Since

(P 'a)p., = (P '2)ps s

and
(P 'yz)p, = (P 'y2)ps s

in view of (Pvyx)p_, = (Pyx)p; we have (M —e,)" = M~ e ¢},

(iv) In M, e, is a double loop, and hence € is a double loop in
M*. Since

(Pz)p_, = (Px)p;5
and
(Pz)p_,n = (P2)py,,
we have (M —e,)* = M* e ¢!, O
Corollary 3.3 In a map, an edge is a harmonic link if, and
only if, the corresponding edge in its dual is a harmonic loop. And,

an edge is a segmentation edge if, and only if, the corresponding edge
in its dual is a shearing loop.

Proof A direct result of Theorem 3.6. O
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Example 3.2 Map M = (Kz+ Ky + Kz, P) where

P = (z,By,v2)(y, 2, vx)

and its dual M* = (K*z + K*y + K*z, P*) where

P* — P7 = (x,y,a:z:,cvz,vy,z),

are, respectively, shown in Fig.3.4(a) and (b). Here, K = {1, «, 3,7}
and K* = {1, 5, a,v} are used to distinguish a and g.

Map M — e, = (Ky + Kz, P_,) where P_, = (By,vz)(y, 2) and
its dual (M —e,)" = (K*y + K*z,(P-.)*), where (P_,)" = P_,y =
(y, Bz, ay,vz), are, respectively, shown in Fig.3.4(c) and (d). It is
easily seen that (M —e,)* = M* e ¢,
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() M — ey (d) (M —eq)"

Fig.3.4 Duality between deletion and contraction

[I1.3 Addition of an edge

Let M = (X, 3, P) be a premap, e, = Kz = {x, ax, fz,vx}, and
r & X, 3. Write as

M + €y = (Xa,ﬂ + Kxap-i-x)v

where P, is determined from P in the following manner. For any
y € X, and two given angles (I, Pal) and (t,Pat), if [ and ¢ are
not at the same vertex, or at the same vertex and e, as a harmonic
loop(assume t € (I)p without loss of generality), then

(t(and ax), if y = x(and at);

Pat(and x), if y = ax(and aPat);
Piry =« l(and fz), if y =~yz(and al); (3.8)
Pal(and vx), if y = fz(and aPal);

L Py, otherwise,
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~
F//g"
N
NG

(a) For (3.8) (b) For (3.9)

Fig.3.5 Appending an edge

shown in Fig.3.5(a), otherwise, i.e., e, is a double, or singular loop
(assume t € (1)p without loss of generality),

( t(and azx), if y = z(and at);

Pat(and x), if y = ax(andaPat);

Pioy =« l(andfz), if y = yz(and al); (3.9)
Pal(and fz), if y =~z(and aPal);

( Py, otherwise,

as shown in Fig.3.5(b).

Such a transformation from M into M + e, is called appending
an edge e,.

Lemma 3.7 For a premap M = (X, P), M +e, = (X +
Kz,P.,) is also a premap. And, the number of transitive blocks
in M + e, is not greater than that in M.

Proof From (3.8) and (3.9), P, is basic. In virtue of Theorem
2.3, it suffices to show that the orbits of P,, are partitioned into
conjugate pairs for the conjugate axiom. In fact, if [ and ¢ are at
distinct vertices, then P, is obtained from P in replacing two vertices
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(t)p and (I)p by respective
(t)p,, = (t,Pt,---,aPat, x)

and
Dp,, =, PL,---,aPal,yx),

or fBx is substituted for vx. If [ and ¢ are at the same vertex, then
P.. is obtained from P in replacing the vertex (I)p by

Dp,, =, Pl aPat,z,t,Pt,-- -, aPal,vyx)

or

Op,, =U,Pl -, aPat,z,t,Pt,-- -, aPal, Bx)

according as e, is a harmonic loop or not. This shows that the orbits
of P, are partitioned into conjugate pairs for a. 0]

Note 3.2 On the degenerate case t = [, if e, is a harmonic
loop, then
Dp,, =, Pl,---,aPal, vz, x);

otherwise, 7.e., e, is a twist loop,

Op,, =, PL,---,aPal, Bz, ).

Theorem 3.7 For a premap, not a map, M = (X, 3, P), the
number of transitive blocks of M + e, is less than that of M if, and
only if, e, ia a segmentation edge. If M is a map, then M + e, is also
a map.

Proof Since the number of components of graph G(M + e,) is
less than that of G(M) if, and only if, e, is a cut-edge which is not
articulate, the first statement is deduced from Corollary 3.1.

Because the transitivity between two elements in the ground set

of M under appending an edge is unchanged, the second statement is
valid. []

Note 3.3 Let M' = (X + Kz, P') = M + e, for M = (X,P).
Because P’ , = P, M is obtained by the deletion of the edge e, from
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M' i.e., M = M’ —e,. Therefore, the operation of appending an edge
on a premap is the inverse of the corresponding edge deletion.

Now, another operation for increasing by an edge on a premap
is considered. This is the splitting an edge seen as the inverse of edge
contraction.

Let M = (X,3,P) be a premap. Suppose ([, Pal) and (t, Pat)
are two angles. For © &€ X, 3, let M oe, = (X, 3+ Kz, Po,), where
Po. is determined by P in the following manner. The transformation
from M into M o e, is called splitting an edge e, and e,, the splitting
edge of M.

Lemma 3.8 Let ! e {t}pU{at}p. If I & (t)p, U (Bt)p,, then

( Pat(or ax), if y = z(or aPat);

l(or z), if y = ax(or al),

Pory = { Pal(or px), if y = yx(or aPal); (3.10)
t(or yx), if y = Bz (or at);

( Py, otherwise.

The edge e, is a single link as shown in Fig.3.6; Otherwise, i.e., [ €
(t)py U (Bt)ps, then

( Pat(or ax), if y = x(or aPat);

[(or x), if y = ax(or al);
Pory = < t(or fx), if y = fx(or at); (3.11)
Pal(or fx), if y = vz (or aPal);

L Py, otherwise,

or vz replaced by [x to attain, respectively, e, as a singular or har-
monic link shown in Fig.3.7.
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Proof Since | € {t}p U{at}p, | and t are at the same vertex.
Thus, e, is a link. If I & (¢)p, U (6t)p,, i.e., | is in a face different
from that ¢ is in, or in other words, e, is single, then by the reason as
(Pos)ez is different from only the vertex

(Pow) (.., = (Pat, -, al,Pal,-- -, at)

where P,,x = Pat shown in Fig.3.6, from Lemma 3.4(i), (Poy)er = P.
Otherwise, according as e, is singular or harmonic, (P, )., is different
from only the vertex

(’POI:E)(,POI).I - (P()ét, U ,Oél, POél, T Oét)
or
(Pat, -+, al,t,---,aPal)
shown in Fig.3.7. From Lemma 3.4(i) again, (Poy)es = P. O

Lemma 3.9 Let [ & {t}pU{at}p. If t and [ are not transitive
on M, then
( Pal(or ax), if y = z(or aPal);
t(or z), if y = ax(or at);
Pory = § Pat(or fz), if y = vyx(or aPat); (3.12)
[(or yx), if y = Bx(or al);
{ Py, otherwise

as shown in Fig.3.8 where e, is a harmonic loop.
Otherwise, i.e., t and [ are transitive on M, then

( Pal(or ax), if y = z(or aPal);

Pat(or x), if y = az(or aPat);
Pory = < l(or Bx), if y = yx(or al); (3.13)
t(or vx), if y = Bz(or at);

( Py, otherwise,

as shown in Fig.3.9 where e, is a singular, or harmonic loop according
as it is incident with two faces, or one face.
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|, \| /;
7’“%|N 7)at’//| N

(a) M (b) Moe,

Fig.3.8 t and l nontransitive

> _—, XT /al
T I : /'\ o~

(a) M (b) Moe,

Fig.3.9 t and [ transitive

Proof Since | € {t}p U{at}p, | and t are at the same vertex.
Thus, e, is a link. If [ & (t)p, U (Bt)py, i.e., | is in a face different
from that ¢ is in, or in other words, e, is single, then by the reason as
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(Poz)ez is different from only the vertex
(’POI:E)(,POI).I - (P()ét, U ,Oél, POél, T Oét)

where P,,x = Pat shown in Fig.3.6, from Lemma 3.4(i), (Poy)er = P.
Otherwise, according as e, is singular or harmonic, (P, )., is different
from only the vertex

(’POI:E)(,POI).I - (P()ét, U ,Oél, POél, T Oét)

or

(Pat, -+, al,t,---,aPal)
shown in Fig.3.7. From Lemma 3.4(i) again, (Poy)er = P. O

Lemma 3.10 If M = (X,P) is a premap, then for any z € X,
Moe, = (X + Kz, Ps;) is also a premap. And, M oe, has the number
of its transitive blocks not greater than M does.

Proof From Lemmas 3.8-9, permutation P,, is basic and parti-
tioned into conjugate pairs for . Then by Theorem 2.3, M o x is also
a premap. This is the first statement. Because splitting an edge does
not changing the transitivity of any pair of elements in X, the second
statement holds. ]

Lemma 3.11 Edge e, is a harmonic loop on M oe, if, and only
if, Po,x and P, yx are not transitive on M.

Proof Necessity. Because the splitting edge e, is a harmonic
loop on M, it is in the case (3.12). As shown in Fig. 3.8, P,,.Bz(=1)
and Po,ax(= t) are not transitive on M. Hence, by the symmetry
among elements in Kz, P,z and P,y are not transitive on M either.

Sufficiency. Because Po,0z(= [) and P, ax(= t) are not tran-
sitive on M, only | & {t}p U {at}p is possible. This is the case for
(3.12). Thus, e, is a harmonic loop. O

Theorem 3.8 For a premap M = (X, 3, P) not a map, the
number of transitive blocks in M o e, is less than that in M if, and
only if, e, is a harmonic loop. If M is a map, then M o e, is also a
map.
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Proof From Lemma 3.11, the number of transitive blocks in
M o e, is less than that in M if, and only if, e, is a segmentation
edge in M + e,. This is the first statement. Because splitting an edge
in a map does not changing the transitivity, the second statement is
obtained. 0]

Lemma 3.12 Edgee, = {x, ax, Bx, vz} is appended in premap
M if, and only if, edge ef = {z, Sz, ax, vz} is split to in premap M*.

Proof Necessity. (1) If e, is a single edge of M + e,, i.e., yr &
(z)p, . U (B2)p,,n, then (z)p: and (yx)p: are two vertices on (M +
e;)*. Hence, from (3.10-11), e’ is the splitting edge from the vertex

(P—T—x'x)'])* - (P—T—xx7 T (P_T_x)_ljj, P—T—xvx7 ) (P—T—x)_lfyx)

on M*.
(2) Otherwise, i.e., e, is a double edge on M + e,. Thus, vz €
()p,,~ U (Bz)p, . Two cases should be considered.

(i) If vz € (x)p,,, then e, is a segmentation edge on M +
e;. From Corollary 3.1, P, x and P} ,yx are not transitive on M.
Furthermore, from (3.12), e is a splitting edge(a harmonic loop) on
M.

*
xZ

(ii) If vz € (Bx)p,,, then from (3.13), €} is a splitting edge on
M.

Sufficiency. (1) If e is not a loop on M*oe}, then from (3.10-11),
M has a face

(Peatt)py = (Plp, - (Po) " w, Py, -+, (P2) " ya).
From (3.6), e, is an appending edge between
angle (aP?, "'z, P! yx) and angle (aP!, 'ya, Pra)
in a face of M, as shown in (3.8-9).

(2) Otherwise, i.e., €’ is a loop. From (3.12-13), there are two

x

faces on M with an angle each. Such two angles determine the ap-
pending edge e, on M. Il
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Theorem 3.9 The dual of a premap M + e, is the premap
M* o el where M* is the dual of M and e} is the dual edge in M* oe}
corresponding to e, in M + e,.

Proof A directed result of Lemma 3.4. L

From what has been discussed above, both the following diagrams

(‘Xa,ﬁv P) R (‘Xa,ﬁ — Kz, P—ez)

d d (3.14)

oe*

(x5, P) ——— (X" = K'2,P,..)
and
(Xa,g,'P) — (XQ,Q—K:U,P_%)

+e,
I I (3.15)
(X" P) ——— (X = K'a, P}

oe;

are commutative.

Example 3.3 Map M = (Kz+Kvy,P), P = (x,y)(yvy, yz) and
its dual M* = (K*z + K*y, P*),
Pt =Py = (z,y, 0w, 7y)(y, 72),

are, respectively, shown in (a) and (b) of Fig.3.10. Notice that  and
(3 have distinguished roles in K = {1, «, 5,7} and K* = {1, 3, a, v}.
Map M +e, = (Ke+ Ky+ Kz, P..),

P—i—z - (xaya Z)(”Y%ﬁza’w)
and its dual (M +e,)* = (K'z + K*'y + K*z, (P+.)"),
(7)-1-2)* - P—l-zfy - (x,ﬁz,vy,’yz)(fyx,ﬁy),

are, respectively, shown in (¢) and (d) of Fig.3.10. According to (3.13),
e is the splitting edge at the pair of angles (x,ay) and (yy, fz) in
M*. Therefore,

Mroel = (K'v+ K'y+ K'z, (2, Bz, az,vy)(y, vr)).
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If By is seen as y, then M*oel = (M +e,)*.

Bz
f
vy
\\og / Bz_l T s
T /;' ay Bz | x
b

(¢c) M+e, (d) (M +e,)*

Fig.3.10 Duality between appending and splitting an edge

Based on Theorem 3.9, in a premap M = (X, P), splitting an
edge e, attains M o e, which is just M* 4 e} obtained by appending
the edge e} in its dual M* = (X*,P*).
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[I1.4 Basic transformation

In a premap M = (X,3,P), the deletion of a single edge e,
is called basic deleting an edge and its result is denoted by M —
e,. The contraction of a link e, is called basic contracting an edge,
and its result is denoted by M e}, e,. The two operations are, in all,
called basic subtracting an edge. Similarly, appending a single edge
is called basic appending an edge, and splitting a link is called basic
splitting an edge. Such two operations are, in all, called basic adding
an edge. Apparently, M +y, e, and M oy e, are the results of basic
adding an edge e, on M in their own right. Basic subtracting and
basic adding an edge are in all called basic transformation. From what
we have known above, A premap becomes another premap under basic
transformation.

Theorem 3.10 Suppose M’ is a premap obtained by basic
transformation from premap M, then M’ is a map if, and only if,
M is a map.

Proof Because a single edge is never a harmonic link, from The-
orem 3.4 the theorem holds for basic deleting an edge. Because a link
is never a harmonic loop, from Theorem 3.5, the theorem holds for
basic contracting an edge. Then, from Theorem 3.7-8, the theorem
holds for basic adding an edge. (]

Furthermore, for basic transformation, the following conclusion
can also be done.

Theorem 3.11 Let M = (X, P) be amap and M* = (X, P*),
its dual. Then, for any single edge e, in M, (M —y, e,)" = M* o, €
and for a single edge e, not in M, (M +ye,)* = M* o, el. Conversely,
for any link e, in M, M e, e, = M* —y e} and for a link e, not in M,
Moye, =M 4y €.

Proof Based on the duality between edges as shown in Table
3.1, the statements are meaningful. From Theorem 3.6 and Theorem
3.9, the fist statement is true. In virtue of the duality, the second
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statement is true. L]

From this theorem, the following two diagrams are seen to be
commutative:

(Xaﬂv P) R (Xaﬂ — Kz, P_bez)
d d (3.16)
(X P — 2 (X = K Pl
and
(Xaﬂv P) — (Xaﬂ — Kz, P_bez)
1 1 317
(;&f*,'l)*) - @ (é}f* . ]KT*H:, k )

.bG;

On the basis of basic transformation, an equivalence can be es-
tablished for classifying maps in agreement with the classification of
surfaces.



Activities on Chapter I1I

[I1.5 Observations

03.1 Observe the condition for two permutations Per; and Pers
satisfying (3.1) on the same ground set.

03.2 Given a tree(e.g., the star of 5 edges), observe how many
maps are there for their dual maps all having the tree as under graph.

03.3 Write the dual of map M = (Kx, (z,(x)). If a map has
its dual with the same under graph, then it is said to be self-dual for
the graph. Observe if M is self-dual for its under graph.

03.4 Provide a map which is cuttable and its under graph with
a cut-vertex.

03.5 How to distinguish the cuttability of a map and the sep-
arability of its under graph?

03.6 Is the under graph of the dual of a Eulerian map bipar-
tite? If yes, explain the why; otherwise, by an example.

03.7 Is the dual of a preproper map(no double edge) always a
preproper map? If yes, explain the why; otherwise, by an example.

03.8 Is the dual of a proper map(each face formed by a circuit
in its under graph) always a proper map? If yes, explain the why;
otherwise, by an example.

03.9 s the dual of a polygonal map(two face with at most one
edge in common) always a polygonal map? If yes, explain the why;
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otherwise, by an example.

03.10 Isthe under graph of the dual of a map with 3-connected
under graph still 3-connected? If yes, explain the why; otherwise, by
an example.

[11.6 Exercises

E3.1 Prove that the under graph of a map M = (X,P) is a
tree if, and only if, its dual M* has the following three properties:

(i) M* has only one vertex;

(ii) For any x € X, x and vz are in the same orbit of P*;

(iii) For any y € (x)p+, there is no subsequence z,y,yx,yy or
x, VY, yx,y in its cycle.

Foramap M = (X(X),P)and S C X, let M[Kg| = (Kg, P[Ks])
where P[K| is the restriction of P on Kg = K.S, and M[Kg] is said
to be induced on Kg from M. Generally speaking, M[Kg] is not a
map, but always a premap. A cocircuit of a graph with all of its edges
incident to the same vertex is called a proper cocircuait .

E3.2 Let M — Eg = M[X — Kg], Es = {e,|Vx € S}. Prove
that M — FEg, S C X, is a map if, and only if, there is no proper
cocircuit of G[M] on graph G(M[Kg]).

A proper circuit of a map M is such a set C' of edges that C* =
{e*|Ve € C'} is a proper cocircuit of G[M*].

E3.3 Let H = G[M] and My be the set of all maps whose
under graphs are H. Prove that if C' is a proper circuit of a map M,
then it is a proper circuit of all N € My.

E3.4 Let M o Eg = (M* — E%)* where M* is the dual of M
and E§ = {e;|Vx € S}. Prove that M e Eg is a map if, and only if,
Eg is a proper circuit of M.

E3.5 Prove that a map M is on the sphere if, and only if, each
face of its dual M* corresponds to a proper cocircuit of M.
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If a map has its dual Eulerian, then it is called a dual Eulerian
map.

E3.6 Prove that a map is a dual Eulerian map if, and only if,
each of its faces is incident with even number of edges.

If a preproper dual Eulerian map has each of its faces partition-
able into circuits, then it is called a even assigned map . A map is
called bipartite when its under graph is bipartite.

E3.7 Prove that a dual Eulerian map is bipartite if, and only
if, it is even assigned.

E3.8 Prove that a quadrangulation is bipartite if, and only if,
it is without loop.

For a loopless quadrangulation @ = (&, 3, Q), from E3.8, its
vertex set V' can be partitioned into two subsets V; and V5 such that
the two ends of each edge are never in the same subset. Such a subset
of vertices is called an independent set. Xo(i)ﬁl and Xo(j)ﬂz stand for
the sets of elements in &, 3 incident to, respeétively, Vi and V5[Dehl,

Gaul, MuSl1].

E3.9 Let o = (97, v = af. Prove that (cz,0Qax), x € X, 3,
is an angle.

Angles (ox,0Qax) and (z, Qo) as shown in E3.9 are called an
independent pair . Thus, each face in a quadrangulation has exactly
two independent pairs of angles.

E3.10 Let Ky = {1,a1,51,71}, 11 = 1. And, oy = Q and
1 = Qv(= o as shown in E3.9). Prove
(i) K7 is the Klein group of four elements;
(i) X = >0 D K
v €V1 ye{z}o
(iil) @ = (Xo(j?ﬁl, Q') is a map, where Q; is the restriction of
Q on W

ay,fr”
Similarly to E3.10, from V5, another map )2 can be deduced. )y
and ()9 are called the incident pair of the quadrangulation.
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E3.11 Prove that the two maps in the incident pair of a quad-
rangulation are mutually dual.

E3.12 Prove that any planar quadrangulation is loopless.

E3.13 Let A and B be the sets of, respective all planar quad-
rangulations and all dual pairs of planar maps. Establish a 1-to-1
correspondence between A and B(i.e., bijection).

[I1.7 Researches

For a map, if the basic deletion of an edge can not be done
anymore, then the map is said to be basic deleting edge irreducible.
Similarly, if the basic contraction of an edge can not be done on a
map anymore, then the map is said to be basic contracting irreducible.

R3.1 Given the size, determine the number of self-dual maps
as an integral function of the size, or provide a way to list all the self-
dual maps of the same size and deduce a relation among the numbers
of different sizes.

R3.2 Given the size, determine the number of maps all basic
deleting irreducible as an integral function of the size, or provide a
way to list all such maps with the same size and deduce a relation
among the numbers of different sizes.

R3.3 Given the size, determine the number of maps all basic
contracting irreducible as an integral function of the size, or provide
a way to list all such maps with the same size and deduce a relation
among the numbers of different sizes.

R3.4 For any given graph, determine the number of maps all
basic deleting irreducible with the same under graph, or provide a way
to list all such maps with the same size and deduce a relation among
the numbers of different sizes.

R3.5 For any given map, determine the number of all basic
deleting irreducible maps obtained from the map by basic deletion, or
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provide a way to list all such maps with the same size and deduce a
relation among the numbers of different sizes.

R3.6 For a given graph, determine the number of maps all basic
contracting irreducible with the same under graph, or provide a way to
list such maps and deduce a relation among the numbers of different
sizes.

R3.7 For a given map, determine the number of all basic con-
tracting irreducible maps obtained from the map by basic contraction,
or provide a way to list such maps and deduce a relation among the
numbers of different sizes.

If a map is basic both deleting and contracting irreducible, then
it is said to be basic subtracting irreducible.

R3.8 Given the size, determine the number of basic subtracting
irreducible maps as an integral function of the size, or provide a way
to list all such maps with the same size and deduce a relation among
the numbers of different sizes.

R3.9 For a given graph, determine the number of maps all basic
subtracting irreducible with the same under graph, or provide a way
to list such maps and deduce a relation among the numbers of different
sizes.

R3.10 Find a relation between triangulations and quadrangu-
lations.

If a map has each of its faces pentagon, then it is called a quin-
quangulation. Similarly, the meaning of a hexagonalization.

R3.11 Justify whether or not a triangulation has a spanning
quinquangulation or hexagonalization. If do, determine its number.

R3.12 FEven assigned conjecture: A bipartite graph without
cut-edge has a super map even assigned.



Chapter IV
Orientability

e The orientability is determined by the orientation for each edge
with two sides; otherwise, nonorientability.

e The basic equivalence is defined via basic transformations to show
that the orientability is an invariant in an equivalent class. This
equivalence is, in fact, the elementary equivalence on surfaces.

e The Euler characteristic is also shown to be an invariant in an
equivalent class.

e Two examples show that none of the orientability (nonorientability
as well) and the Euler characteristic can determine the equivalent
class.

IV.1 Orientation

Let M = (X, 3,P) be a map(from Theorem 2.6, without loss of
generality for a premap), and ¥;, I = {v,P}, v = af = fBa, be the
group generated by the set of permutations /. Now, it is known that
the number of orbits of P on &, 3 is double the number of vertices on
M and the number of orbits of Py on &, g is double the number of
faces on M. Because P, Py € ¥y, the number of orbits of the group
U on X, is not greater than any of their both.
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Lemma 4.1 The number of orbits of the group ¥; on X, 3 is
not greater than 2.

Proof Because Py € Uy, for any v € X, 3, {z}p, C {2}y,
Here, {x}p, and {z}y, are the orbits of, respectively, the permutation
P~ and the group ¥; on &, 3. For any chosen element z € X, g, from
P e U, for any y € {z}py, {y}pry C {z}y,, and from v € ¥,

{vtey S{vye, S {r}y,.

In view of Theorem 2.6, at least half of elements at each vertex belong
to {x}y,. Therefore, {z}y, contains at least half of elements in A, 3.
Similarly, {ox}y, contains at least half of elements in &, 3.

In consequence, based on the basicness of P for o, ¥; has at
most 2 orbits on &, 3. ]

According to this lemma, a map M = (X, 3, P) has only two
possibilities: group Wy is with two, or one, orbits on X, 3. The former
is called orientable, and the later, nonorientable .

From the proof of the lemma, an efficient algorithm can be es-
tablished for determining all the orbits of group W; on the ground
set.

Actually, in an orientable map, because ¥; has two orbits for a,
the ground set is partitioned into two parts of equal size. It is seen
from Lemma 4.1 that each quadricell (i.e., edge) is distinguished by
two elements in each of the two orbits. And, the two elements of an
edge in the same orbit have to be with different ends of the edge.
Thus, each of the two orbits determines the under graph of the map.

Example 4.1 Consider map M = (X, P) where
X=Kr+Ky+ Kz+ Ku+ Kv+ Kw

and
P = (z,y,2)(vz, u,v)(yv, vy, w)(yw, yu, yr)

as shown in Fig.4.1(a). Its two faces are

(z,yw,yv,v%)
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and
(ﬁ}/xv Yy, w,yu,v,vY, 2, U)

In fact, for this map, group ¥; has two orbits. One is

{x7 f)/w, 71}7 727 7'737 y? w? 7u7 U? /Yy7 Z? u}'

The other is what is obtained from it by multiplying « to each of all
its elements. Thus, M is orientable. Fig.4.1(b) shows that M is an
embedding of the complete graph of order 4 on the torus (yuy u™!).

Fig.4.1 An embedding of K4

Corollary 4.1 If ¥;, I = {P,af}, has two orbits on X,, 3, then
they are conjugate for both « and (.

Proof 1t is known from Lemma 4.1 that the two obits have the
same number of elements, i.e., half of &, 5. Because y € {z}y, if, and
only if, ay € {axz}y, and for any Kz, axr and [z are always in the
same orbit of W, this implies that {ax}y, = {fz}y, different from
{z}y, and hence the conclusion. O

Example 4.2 Consider map N = (X, Q) where
X=Kr+Ky+ Kz+ Ku+ Kv+ Kw

and
Q = (z,y,2)(vz,u,v)(yv, By, w)(yw, yu, yx)
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as shown in Fig.4.2(a).
That is obtained from the map M in Fig.4.1(a) in the replacement,
of cycle (yv, vy, w) by cycle (yv, By, w). Here, N has also two faces

(z,yw, yv,vz)
and
(f)/x? Y, ﬁva au, ﬁw, YY, Z, ’LL)

Because By € {y}o, C {y}qj{% o> from the corollary group Wy, oy has
only one orbit, i.e.,

{r}o, o =4

Therefore, N is nonorientable. It is seen from Fig.4.2(b) that N is an
embedding of the complete graph of order 4 on the surface

(yuyu™) ~iop (yyuu),

1.e., Klein bottle .

Fig.4.2 An embedding of K4 on the Klein bottle

Theorem 4.1 A map M = (X, P) is nonorientable if, and only
if, there exists an element x € X such that Sz € {z}y,, or ax € {z}y,
where I = {~,P}.

Proof Necessity. Suppose ax € {x}y,, then ¥; has at least two
orbits. However from Lemma 4.1, it has exactly two orbits . Thus, M
is never nonorientable. The necessity holds
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Sufficiency. Because gz € {z}y,, from Corollary 4.1 it is only
possible to have {x} = X, i.e., ¥; has only one orbit. Hence, M is
nonorientable. This is the sufficiency. L

This theorem enables us to justify the nonorientability and hence
the orientability of a map much simple. If there exists a face (x)p-,
denoted by S,, such that ax € S,, or there exists a vertex (x)p,
denoted by S,, such that gz € S, on M, then M is nonorientable(as
shown in Example 2). Otherwise, From y € S, via acting P, or ~, for
getting z € S, S, is extended into

8. U {z}p, U{z)p

which is seen as a new S to see if y,ay € §, or y, By € §. If it does,
then M is nonorientable; otherwise, do the extension until |S| = |X|/2,
or S =4X.

Theorem 4.2 A map M = (X, P) is orientable if, and only if,
its dual M* = (X*,P*) is orientable.

Proof Because P* = Py € Yy, p(v = af = fa), Vi, py =
Uiy p. So, forany v € X = X", {r}y, ., = {7}v, ,.,. This is the
conclusion of the theorem. O

IV.2 Basic equivalence

First, observe the effect for the orientability of a map via basic
transformation.

For a map M = (X, P) and its edge e,, let M — e, and M e} e,
be, respectively, obtained by basic deleting and basic contracting the

edge e, on M. From Theorem 3.10, M —, e, and M ey, e, are both a
map .
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- >

PpRx

—
—

-1

(a) Single link e, (b) Single loop e,

Fig.4.3 Basic deleting an edge

Lemma 4.2 If M’ is the map obtained by basic subtracting an
edge from M, then M’ is orientable if, and only if, M is orientable.

Proof First, to prove the theorem for M’ = M —y, e,.

Necessity. From M' = M — e, = (X’,P’) orientable, group
W' = Wy py has two orbits on X' = X — K, i.e., {Pr}y and {Pax}y.
Because e, is single, Pyx € {Pzx}y and Ppx € {Paz}y. So, group
U = Wy, py has two orbits

{zty = {Pz}ty U{z, v}

and
{az}ty = {Paz}ty U {ax, fz}

on X, i.e., M is orientable.

Sufficiency. Because e, is a single link (Fig.4.3(a)), or single loop
(Fig.4.3(b)), in virtue of that group ¥ has two orbits {z}y and {azx}y
on X, group ¥’ has two orbits

{Pa}y = {z}y — {x,y2}

and
{Parte =A{az}y —{az, Bz}

on X', i.e., M’ is orientable.

Then, to prove the theorem for M’ = M e, ¢e,. On the basis
of Theorem 3.11, the result is directly deduced from that for M’ =
M —b €Ex- U]
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Whenever that two new angles occur in the deletion of an edge
with 4 angles lost is noticed, the edge appending as the inverse of
deletion is done between the two angles. And then the same case
comes for basic deleting and basic appending an edge. In this sense,
Lemma 4.3 in what follows is seen as a direct result of Lemma 4.2.
However, it is still proved in an independent way.

For basic appending an edge, since the edge is only permitted
to be a single link or a single loop, this operation is, in fact, done by
putting the edge in the same face.

Let map M = (X, P) have a face
(¥)py = (Yo, Y1, -+, Ys)
where yo =y, y1 = (P)y, -+, ¥s = (P7)~'y. Denote
M+;,e, =M+ e,

when appending the edge e, in between angles (y, Pay) and (y;, Pay;),
0 <i<s. From (3.10), M 4+, e, = M +¢e,, 0 < i < s, are all

maps(Fig.4.4).
\ Y1
UL 1 \ Yi—1

yz+1 yz+1

>@<
u”

(a) M 49 ey (b) M +1 e,
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Y1
—

\/ ="

yz+1 yz+1

(¢) M+ e, (d) M +41 €4
Fig.4.4 Basic appending an edge

Lemma 4.3 Maps M +;e, = M +ye,, 0 <1 < s, are orientable
if, and only if, M is orientable.

Proof necessity. Since M’ = M +;¢e, = (X',P"), 0 < i < s,
are all orientable, group ¥' = W, pn has two orbits {z}y and {ax}y
on X' = X + Kz. Because e, is a single link (Fig.4.4(a) and (c)), or
single loop (Fig.4.4(b) and (d)),

Pz € {x}y and Pax € {az}y.
Hence, group ¥ = Wy, py has two orbits

{Paty = {z}w — {2,y2}
and
{Plazty = {ax}y — {az, Bz}
on X. This implies that M is orientable.

Sufficiency. Since e, is a single link (Fig.4.4(a) and (c)), or single
loop (Fig.4.4(b) and (d)), the two orbits

{z}v = {y}e + {2,772}
and
{az}y = {ay}ty + {az, Bz}

of group ¥ on X’ are deduced from the two orbits {y}y and {ay}y
of group ¥ on X. Therefore, M’ is orientable. [l
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As for basic splitting an edge, whenever that two new angles
occur in the contraction of an edge with 4 angles lost is noticed, the
edge splitting seen as the inverse of contraction is done between the
two angles.

Next, consider how to list all possibilities for basic splitting from
a given angle.

For a map M = (X, P), let

(y)P - (y()? y17 e 7yl—17 yl; e 7?/8)7

Yo =y, s > 0, be a vertex. Denote by M o; e, the result obtained from
M by basic splitting an edge between angles (y, Pay) and (y;, ay;_1)
where y = yy and Pay = ays. From Theorem 3.10, M o;e, = M + e,
0 <i <s, are all maps (Fig.4.5).

(a) M oq e, (b) M oy e,

¥

(¢c) Moje, (d) M oz e,

Fig.4.5 Basic splitting an edge
Lemma 4.4 Foramap M = (X,P)and z &€ X', map Mo;e, =
M +y e, 0 <1 <s, is orientable if, and only if, M is orientable.

Proof Necessity. Because M’ = M o; e, = (X', P"), 0 <i < s,
is orientable, group W' = W, py has two obits {z}y and {az}y on
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X' =X + Kuz. Since e, is a single link (Fig.4.5(b), (c¢) and (d)), or a
double link (Fig.4.5(a) and (c)),

P'x € {x}y and Pax € {az}y.
Therefore, group ¥ = Wy, py has two orbits

{P'z}y ={z}y — {z,v2} and {P'az}y = {ax}y — {ax, Bz}

on X. This implies that M is orientable.

Sufficiency. Because e, is a single link (Fig.4.5(b), (c) and (d)),
or a double link (Fig.4.5(a) and (c)), the two orbits {z}y = {y}v +
{z,~vx} and {azx}y = {ay}y+{az, Gz} of group ¥ on X' are deduced
from the two orbits {y}y and {ay}y of group ¥ on X. Therefore, M’
is orientable . O

Corollary 4.2 1If M’ is the map obtained by basic adding an
edge from map M, then M’ is orientable if, and only if, M is orientable.

Proof A direct result of Lemma 4.3 and Lemma 4.4. O]

The operation of basic appending an edge between two successive
angles of a face in a map is also called increasing duplition (Fig.4.4(b)
and (d)), and its inverse operation, decreasing duplition. And du-
ally, the operation of basic splitting an edge is also called increasing
subdivision(Fig.4.5(b) and (d)), and its inverse operation, decreasing
subdivision.

Corollary 4.3 A premap M’ obtained by increasing duplition,
increasing subdivision, decreasing duplition, or decreasing subdivision
from a map M is still a map with the same orientability of M.

Proof The results for decreasing duplition and decreasing sub-
division are derived from Lemma 4.2. Those for increasing duplition
and increasing subdivision are from Corollary 4.2. 0]

If map M; can be obtained from map M, via a series of basic
adding and /or basic subtracting an edge, then they are called mutually
basic equivalence, denoted by My ~y. M.
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Theorem 4.3 If maps M; ~y. My, then M is orientable if,
and only if, M, is orientable.

Proof A direct result of Lemma 4.2 and Corollary 4.2. O]

Since ~y is an equivalent relation, maps are partitioned into
classes of basic equivalence, in short equivalent class. Theorem 4.3
shows that the orientability of maps is an invariant in the same equiv-
alent class.

IV.3 Euler characteristic

For a map M = (X,P), let v =v(M), e = ¢(M) and ¢ = ¢p(M)
are, respectively, the order(vertex number), size(edge number) and
co-order(face number) of M, then

X(M)=v—e+¢ (4.1)
is called the Euler characteristic of M.
Theorem 4.4 Let M* be the dual of a map M, then

X(M™) = x(M). (4.2)

Proof Because v(M*) = ¢(M), e(M*) = e(M) and ¢p(M*) =
v(M), (4.2) is obtained from (4.1). O

Lemma 4.5 For a map M = (X, P) and an edge e,, v € X,
let M — e, and M e e, be, respectively, obtained from M by deleting
and contracting the edge e,, then

X(M — e;), if e, is single;

X(M) = { (43

X(Mee,), if e, is a link.

Proof From Theorem 3.11 and Theorem 4.4, only necessary to
consider for one of M — e, and M ee,. Here, the former is chosen. To
prove x(M —e,) = x(M) for e, single.
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Because e, is single, v(M —e,) = v(M), e(M —e,) = e(M) — 1

1),

and ¢(M —e;) = ¢(M) — 1. From (
X(M —e;) =v(M) — (e(M) —1) + (¢(M) — 1)
= v(M) = e(M) + ¢(M)
= x(M).
This is just what is wanted to get. 0]

Corollary 4.4 For any map M, y(M) < 2.

Proof By induction on the co-order ¢(M). If M has only one
face, i.e., (M) = 1, then

In view of the connectedness,
e(M)>v(M)—1.
In consequence,

X(M)<v(M)—(v(M)—-1)+1=2.

Thus, the conclusion is true for ¢(M) = 1.

In general, i.e.; ¢(M) > 2. Because of the transitivity on a map,
there exists a single edge e, on M. From Lemma 4.5, M’ = M —e, has
X(M") = x(M). Since p(M') = ¢(M)—1, by the induction hypothesis
x(M'") < 2. That is x(M) < 2, the conclusion. O

For an indifferent reception, because the order, size and co-order
of a map can be much greater as the map is much enlarged. The con-
clusion would be unimaginable. In fact, since the deletion od a single
edge does not change the connectivity with the Euler characteristic
unchange and the size of a connected graph is never less than its order
minus one, this conclusion becomes reasonable.

Corollary 4.5 For basic subtracting an edge e, on a map M,
X(M —p e;) = x(M) and x(M ey, e;) = x(M).
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Proof A direct result of Lemma 4.5. O]

Lemma 4.6 For amap M = (X,P) and an edge e, x & X, let
M + e, and M o e, be obtained from M via, respectively, appending
and splitting the edge e,, then

X(M + e,), if e, is single;
o) = {

4.4
X(M oe,), if e, is a link, (4.4)

Proof From Theorem 3.11 and Theorem 4.4, only necessary to
consider for one of M +e, and M oe,. The former is chosen. To prove
V(M + €)= X(M).

Because e, is single, then v(M + e,) = v(M), e(M + e,) =
e(M)+1and (M +e,) = d(M) + 1. From (4.1),

X(M +e,) = v(M) — (e(M) +1) + (¢(M) +1)
( ) — (M) + ¢(M)
X(M).

Therefore, the lemma is true. (]

Corollary 4.6 For basic adding an edge e, on amap M, x(M+y,
e;) = x(M) and x(M oy, ;) = x(M).

Proof A direct result of Lemma 4.6. O

For a map M = (X,P) and an edge e,, v € &, let M, and
M, be obtained from M by, respectively, increasing subdivision and
increasing duplition for edge e,, and M,,) and M_,;, by, respectively,
decreasing subdivision and decreasing duplition for edge e,. From
Corollary 4.3, they are all maps.

Corollary 4.7 For increasing subdivision and increasing dupli-
tion,
X(Miox)) = X(M); X(M{3a1) = x(M) (4.5)

and for decreasing subdivision and decreasing duplition,

X(Mey) = X(M); x(M_y7) = x(M). (4.6)
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Proof Because increasing subdivision and increasing duplition
are a special type of basic adding an edge, from Corollary 4.5, (4.5)
holds. Because decreasing subdivision and decreasing duplition are
a special type of basic subtracting an edge, from Corollary 4.6, (4.6)
holds. The corollary is obtained. L

The following theorem shows that the Fuler characteristic is an
invariant in the basic equivalent classes of maps.

Theorem 4.5 If maps M; ~yp. Mo, then

X(My) = x(Mz). (4.7)

Proof Because the basic transformation consists of basic sub-
tracting and basic adding an edge, from Corollary 4,5 and Corollary
4.6, (4.7) is obtained. O

IV.4 Pattern examples

Pattern 4.1 Consider the map M = (X, P) where X = Kx +
Ky+ Kz+4+ Ku+ Kw+ Kl and

P = (x,y,2)(al, vz, Bw) (B, vy, au)(w, yu, fz),

shown in Fig.1.13.
By deleting the single edge e, on M, let My = (X}, P1) = M —e,,
then X} = Ky + Kz + Ku+ Kw + Kl and

P = (y7 Z)(Oél, 2 Bw)(ﬁla 7Y, au)(w, vu)

By contracting the double link e, on My, let My = (X, Ps) =
M ey e, then Xy = Ky + Ku+ Kw+ K[ and

P2 = (yv ﬁwv Oél)(ﬁl, 7Y, au)(wv rYu)

By contracting the double link e; on My, let M3 = (X3, Ps) =
M, ey, ¢, then X5 = Ky + Ku+ Kw and P3 = (y, fw, vy, au)(w, yu).
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By contracting the double link e, on Mj, let My = (X;, Py) =
Ms ey, e, then X, = Ky + Kw and Py = (y, bw, vy, aw).

Now, M, has only one vertex and only one face and hence any
basic transformation for subtracting an edge can not be done. It is a
map on the torus (Fig.4.6).

Fig.4.6 A map basic equivalent to M

Pattern 4.2 Again, consider the map N = (&', Q) where X =
Kr+ Ky+ Kz+ Ku+ Kw+ Kl and

Q = (2,9, 2)(ad, vz, fw)(BL, By, au)(w, yu, fz),

as shown in Fig.1.14.
By deleting the single edge e, on M, let Ny = (X}, Q1) = N —peg,
then X} = Ky + Kz + Ku+ Kw + Kl and

Ql = (y7 Z)(Cd? Y=<, 5?1))(5[, ﬁya au)(w, vu)

By contracting the double link e, on Ny, let Ny = (X, Qo) =
Ny epe,, then Xy = Ky + Ku+ Kw + Kl and

Q2 - (ya Bwv Oél)(ﬁl, ﬁyv OéU) (wv r)/u)

By contracting the double link ¢; on Ny, let N3 = (X3, Q3) =
Ny ey ¢, then X3 = Ky + Ku+ Kw and

Q3 = (yv ﬁwa Byv OZU)(U), ﬁ}/u)
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Finally, By contracting the double link e, on N3, let Ny =
(Xy, Q4) = N3 ey ey, then Xy = Ky + Kw and Q4 = (y, fw, By, aw).

Now, the basic transformation can not be done anymore on Njy.
Ny is a map on the Klein bottle, as shown in Fig.4.7.

Fig.4.7 A map basic equivalent to N

From the two patterns, it is seen that My 4. Ny, and hence
M oy N. Although their Euler characteristic are the same, i.e.,

X(M) =x(My) =12+ 1= x(Ns) = x(N),

their orientability are different.



Activities on Chapter 1V

I[V.5 Observations

O4.1 For amap M = (X, 3, P), observe how many orbits does
the group Wy, py have on the ground set X, 3?7 What condition is it
for its transitivity.

O4.2 For amap M = (&, 3, P), observe how many orbits does
the group ¥ysp.1, v = aff, have on the ground set X, 3?7 What
condition is it for its transitivity.

O4.3 For amap M = (X, 3, P), observe how many orbits does
the group W3 py have on the ground set X, 3?7 What condition is it
for its transitivity.

O4.4 For amap M = (X, 3, P), observe how many orbits does
the group Wy¢,py, 7 = af, have on the ground set &, 3?7 What
condition is it for its transitivity.

04.5 If map M = (X, P) is orientable, is M — e, always ori-

entable for any e,, x € X7 If yes, explain the reason; otherwise, by
an example.

04.6 If map M = (X,P) is nonorientable, is M — e, always
nonorientable for any e,, x € X7 If yes, explain the reason; otherwise,
by an example.

04.7 If map M = (X, P) is orientable, is M e e, always ori-
entable for any e,, x € X7 If yes, explain the reason; otherwise, by
an example.

04.8 If map M = (X,P) is nonorientable, is M e ¢, always
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nonorientable for any e,, x € X7 If yes, explain the reason; otherwise,
by an example.

04.9 If map M = (X, P) is orientable, is M + e, always ori-
entable for any e,, x € X7 If yes, explain the reason; otherwise, by
an example.

04.10 If map M = (X,P) is nonorientable, is M + e, always
nonorientable for any e,, x € X7 If yes, explain the reason; otherwise,
by an example.

04.11 If map M = (X, P) is orientable, is M o e, always ori-
entable for any e,, © € X7 If yes, explain the reason; otherwise, by
an example.

04.12 1If map M = (X, P) is nonorientable, is M o e, always
nonorientable for any e,, x & X7 If yes, explain the reason; otherwise,
by an example.

0O4.13 Show by example that a face of an orientable map M
does not correspond to a cocycle on its dualM*.

IV.6 Exercises

E4.1 Try to prove Lemmad4.1 in three different manners.

E4.2 For a map M, prove that there exists a nonnegative inte-

ger n and basic transformations 7y, mo, - - -, m, such that
n
M =[] mM (4.8)
i=1

where M* is the dual of M.

E4.3 Foramap M = (X, 3, P), the group ¥y, py, v = af, with
two orbits on X, g is known. Prove that

X(M) =0 (mod 2). (4.9)

E4.4 Prove that a mapM = (X, s, P) is nonorientable if, and
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only if, there exist x,y € X such that
|Ky N {x}\l’{aﬁp}l > 2.

E4.5 'Try to prove Corollary 4.4 in two different manners.

E4.6 If a map M = (X, 3, P) has only one face, prove that
M is nonorientable if, and only if, there exists an x € X such that
ax € {z}p, where v = af.

For a map M = (X, 3, P), let A be the set of all orbits of P on
Xop. Graph Gy = (V, E) where V = A and

E={(AB)|3xe€ X,z € Aand vz € B}.
And, Gy is called the subsidiary graph of M.

E4.7 For a map M = (X, 3, P), prove that the group V¢,5p)
has two orbits on X, g if, and only if, the subsidiary graph G of M
has two connected components.

For a map M = (X,3,P), v = af, let fi = {(z:)py, (Bxi)p,},
i=1,2,---,¢, be all the faces of M. If a set S = {s;|]1 < i < ¢} of
orbits of permutation Py on X, 3 satisfies |SN fi| =1,i=1,2,---, ¢,
then S ia called a face representative of M.

Let graph Gs = (V, F) be with V' = S as a face representative
of M and e = (s,t) € F as a pair of faces s and ¢ with an edge in
common. On F, define a weight function

0, there exists x € s such that yx € t;

w(e) = .
1, otherwise

for e = (s,t) € E. And, (Gg,w) is called an associate net of M.

On an associate net (Gg,w), Gg = (V, E), of a map M, if there
exists a label [(v) € {0,1} for vertex v € V such that for any e =
(u,v) € E,

[(u) 4+ 1l(v) =w(e) (mod 2),

then the associate net (Gg,w) is said to be balanced.

E4.8 For a map M, prove that if one of its associate nets is
balanced, then all of its associate net are balanced.
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E4.9 Prove that a map is orientable if, and only if, the map
has an associate net balanced.

For a graph G = (V. E), A C E, if V has a 2-partition, i.e.,
V =Vi,UVsand V; NV, = (), such that

A={(u,v) € Elu € Vi,v € Va},

then A is called a cocycle of G.

E4.10 Prove that a map M is orientable if, and only if, for a
face representative S of M, its associate net (Gg, w) has {e € E|w(e) =
1} as a cocycle.

E4.11 Prove that a map M has its Euler characteristic 2 4
if, and only if, each of its faces corresponds to a cocycle of the under
graph of its dual M*.

I[V.7 Researches

R4.1 Characterize that the under graph of a map has an super
map with its Euler characteristic 1.

R4.2 Characterize that the under graph of a map has an super
map with its Euler characteristic 0.

R4.3 For any orientable map, characterize that the under graph
of the map has an super orientable map with its Euler characteristic
0.

R4.4 For a vertex regular map and a given integer g < 1, char-
acterize that the under graph of the map has a super map with its
Fuler characteristic g.

R4.5 For a vertex regular orientable map and a given integer
g < 0, characterize that the under graph of the map has a super map
with its Euler characteristic 2g.

A graph which has a spanning circuit ia called a Hamiltonian
graph. Such a spanning circuit is called a Hamiltonian circuit of the
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graph. If a map has its under graph Hamiltonian, then it is called a
Hamiltonian map.

R4.6 For a Hamiltonian map and a given integer g < 1, char-
acterize that the under graph of the map has a super nonorientable
map with its Euler characteristic g.

R4.7 For a Hamiltonian map and a given integer g < 0, char-
acterize that the under graph of the map has a super orientable map
with its Euler characteristic 2g.

For a vertex 3-map(or cubic map), if it has only i-face and j-face,
i # j,14,j > 3, then it is called an (4, j) ;-map.

R4.8 For a given integer ¢ < 1, determine the number of
(3,4) p-map of order n(n > 1) with Euler characteristic g.

R4.9 For a given integer ¢ < 1, determine the number of
(4,5) j-map of order n(n > 1) with Euler characteristic g.

R4.10 For a given integer ¢ < 1, determine the number of
(5,6) f-map of order n(n > 1) with Euler characteristic g.

R4.11 Given a graph G of order n(n > 4), determine the con-
dition for G have a super (n — 1,n)-map.

On a (n — 1,n)-map of order n(n > 4), let ¢; be the number of
(n —1)-faces. If its Euler characteristic is ¢ < 1, then n and ¢; should
satisfy the following condition:

(n = 1l(n(n —g) + ¢1), (4.10)

i.e., n — 1 is a facer of n(n — g) + ¢1.

R4.12 Given an integer g < 1, for any positive numbers n and
¢1 satistying (4.10), determine if there exists a (n — 1,n)-map with
its Euler characteristic g.



Chapter V
Orientable Maps

e Any irreducible orientable map under basic subtracting edges is
defined to be a butterfly. However, an equivalent class may have
more than 1 butterflies.

e The simplified butterflies are for the standard orientable maps to
show that each equivalent class has at most 1 simplified butterfly.

e Reduced rules are for transforming a map(unnecessary to be ori-
entable) into another butterfly, if orientable, in the same equivalent
class. A basic rule is extracted for deriving all other rules.

e Principles only for orientable maps are clarified to transform any
map to a simplified butterfly in the same equivalent class. Hence,
each equivalent class has at least 1 simplified butterfly.

e Orientable genus instead of the Euler characteristic is an invariant
in an equivalent class to show that orientable genus itself determine
the equivalent class.

V.1 Butterflies

On the basis of Chapter IV, this chapter discusses orientable
maps with a standard form in each of basic equivalent classes. If an
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orientable map has only one vertex and only one face, then it is called
a butterfly.

Lemma 5.1 In each of basic equivalent classes, there exists a
map with only one vertex.

Proof For a map M = (X, 3,P), if M has at least two vertices,
from the transitive axiom, there exists an « € X, 3 such that (x)p and
(vx)p, v = af, determine two distinct vertices. Because e, is a link,
by basic contracting e,, M' = M e, e, ~p. M. Then, M’ has one
vertex less than M does. In view of Theorem 3.10, M’ is also a map.
If M’ does not have only one vertex, the procedure is permitted to go
on with M’ instead of M. By the finite recursion principle a map M’
with only one vertex can be found such that M’ ~y. M. This is the
lemma. [

A map with only one vertex is also called a single vertex map |,
or in brief, a petal bundle .

Lemma 5.2 In a basic equivalent class of maps, there exists a
map with only one face.

Proof For a map M = (X,3,P), if M has at least two faces,
from the transitive axiom, there exists an x € &, g such that (z)p, and
(vx)py, v = af, determine two distinct faces. Because e, is single,
by basic deleting e,, M’ = M —y e, ~,. M. Now, M’ has one face
less than M does. From Theorem 3.10, M’ is still a map . Thus, if
M’ is not with only one face, this procedure is allowed to go on with
M’ instead of M. By the finite recursion principle, a map M’ with
only one face can be finally found such that M’ ~y. M. The lemma
is proved. [l

In fact, on the basis of Theorem 3.6, Lemma 5.1 and Lemma
5.2 are mutually dual. Furthermore, what should be noticed is the
independence of the orientability for the two lemmas.
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Theorem 5.1 For any orientable map M, there exists a but-
terfly H such that H ~yp. M.

Proof 1f M has at least two vertices, from Lemma 5.1, there
exists a single vertex map L ~y. M. In virtue of Theorem 4.3, L is
still orientable. if L has at least two faces, from Lemma 5.2, there
exists a single face map H ~y. L. In virtue of Theorem 4.3, H is still
orientable. Since H has, finally, both one vertex and one face, H is a
butterfly. Therefore, H ~y. L ~y. M. This is the theorem. O]

This theorem enables us only to discuss butterflies for the Basic
equivalence classes of maps without loss of generality.

V.2 Simplified butterflies

Let Oy = (X, Ji), k > 0, where

0, 24 k=0;

. k
= > (Koi+ Ky), 4 k>1 (51)

1=1

and

(), %4

1 k
T = F X

1=1

= 0;
(5.2)

It is east to check that all O, k > 0, are maps. And, they are called
O-standard maps. When k = 1 and 2, O; and O, are, respectively
given in (a) and (b) of Fig.5.1.
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(a) O (b) Oy
Fig.5.1 Two O-standard maps

Note 5.1 When k =0, Oy = (0,0) is seen as the degenerate
case of a map with no edge. For example, what is obtained by basic
deleting an edge on Ly = (Kx, (x,vz)) is just Op. Usually, it is seen
as the map with only one vertex without edge, or called the trivial
map.

Lemma 5.3 For any k£ > 0, O-standard map Oy, is orientable.
Proof When k =0, from Oy = (Kz, (z,7x)) —, €,
OO ~be (Kxa (x,fyx))

Because {r}y,, .., = {z,y2z} and {az}y,, ., = {az, Bz} are two
orbits, (Kx, (z,~x)) is orientable. In view of Theorem 4.3, O is ori-
entable.

For k > 1, assume, by induction, that Oy_1 = (Xs_1, Jp_1) is
orientable. From (5.1) and (5.2), group ¥y, , ,} has two orbits as

{xl}g,{jk_m} ={x;,yri|l <i<k-—1}
and
{azi}y,, |y ={ax, fall <i<k—1}
For Oy, = (X, Ji), from (5.2), T = ((Tk-1), Tk, Yk, Y2k, YYr). Group
V¢ 7.~} has only two orbits as
{itw, oy =A{=}o, 3 UA{Ze Y v, Yok
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and
{azi}e, = {oxitey, |y U{azk, aye, Bog, By}
= {ax;, Bz;|l <1<k —1}U{azk, ayg, Bk, Byi}
= {aw;, Br;|1 <1 <k},
Therefore, Oy, k > 1, are all orientable. O

Lemma 5.4 For any £ > 0, O-standard map Oj has only one
face.

Proof When k = 0, since Oy = (Kz, (z,yx)) —1, €5, Oy should
have one face which is composed from the two faces (z) and (ax) of
(Kz, (z,vx)). Therefore, Oy has only one face(seen as a degenerate

case because of no edge).
For any Oy = (X), Ji), k > 1, from (5.1) and (5.2),

(fl)Jm = (xh”yyla’ﬂh,yl, o Ty, YYky YTk yk)

is a face of O,. However, since

1
H{z1} g4 = §|Xk|,

O;. has only this face. (]

From (5.2), each O-standard map has only one vertex (Oy is the
degenerate case of no incident edge). Based on the above two lemmas,
any O-standard map is a butterfly. Because of the simplicity in form
for them, they are called simplified butterflies . Since for any k > 0,
simplified butterfly O has 2k edges, one vertex and one face, its Euler

characteristic is
X(Ok) = 2 — 2k. (5.3)

Lemma 5.5 For any two simplified butterflies O; and O, i, j >
0, O; ~1e Oj if, and only if, i = 7.

Proof Because the sufficiency, i.e., the former O; ~¢ O; is de-
rived from the latter © = 7, is natural, only necessary to prove the
necessity.
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By contradiction. Suppose i # 7, but O; ~1,. O;. Because of the
basic equivalence, from Theorem 4.5,

X(0:) = x(0y).

However, from (5.3) and the condition i # j,

X(0:) =2 =21 # 2 —2j = x(0;).

This is a contradiction. L]

Theorem 5.2 In each of the basic equivalent classes of ori-
entable maps, there is at most one map which is a simplified butterfly.

Proof By contradiction. Suppose simplified butterflies O; and
Oj, 1 # j, 1,5 > 0, are in the same class. However, this is a contradic-
tion to Lemma 5.5. [l

In the next two sections of this chapter, it will be seen that in
each basic equivalent class of orientable maps, there is at least one
map which is a simplified butterfly.

On the basis of Theorem 4.5, two butterflies of the same size
have the same Euler characteristic. Do they all simplified butterflies?
However, the answer is negative!

Example 5.1 Observe map M = (X, J) where
X =Ko+ Ky + Kzo + Ky

and
j - (3317 Y1, X2, Y2, VX1, YY1, VL2, r)/y2)

Because the face

(xl)j’}/ = (331, YY1, T2, YY2, Y1, Y1, Y2, y2)

has 8 elements, half the elements of ground set, M has only one face.
Hence, M is a butterfly, but not a simplified butterfly. Actually, the
simplified butterfly with the sane Euler characteristic of M is Os.
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V.3 Reduced rules

Although butterflies are necessary to find a representative for
each basic equivalent class of orientable maps, single vertex maps are
restricted in this section for such a classification based on Lemma 5.1.

For convenience, the basic equivalence between two maps are not
distinguished from that between their basic permutations. In other

words, (X1, P1) ~pe (Ao, Po) stands for Py ~pe Po.
Lemma 5.6 For a single vertex map M = (X', J), if
J = (R,z,yx,S)
where R and S are two linear orders on X', then
T ~pe (R,5), (5.4)

as shown from (a) to (b) in Fig.5.2.

Proof Because J = (R,x,vz,S), (Jy)yx = Jxr = ~x, ie.,
(vx)7y = (yx) is a face. Because e, is a single edge, by basic deleting
e;on M, M' =M —e, = (X — Kz, J), J = (R,S). From M ~y,
M T~y J = (R,S). O

This lemma enables us to transform a single vertex map into
another single vertex map with one face less in a basic equivalent
class.

Fig.5.2 Reduced rule (5.4)
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=

Fig.5.3 Reduced rule (5.5)

Lemma 5.7 For (X,3,7),if J = (A,z,B, y,C,vx,D,vy, E)
where A, B, C', D and E are all linear orders on X', then

T ~ve (A, D, C, B, E, x,y,72,7Y), (5.5)
as shown from (a) to (b) in Fig.5.3.
Proof Four steps are considered for each step as a claim.
Claim 1 7 ~y (E, A 2,2, D,C,vyzx,vz, B).
Proof For the angle pair (ax, Jx) and (Bz, Jyz) of
J = (A, z,B,y,C,vx, D, vy, E),
by basic splitting e, (a link), get
T ~ve Tt = (D, yy, B, A 2, 2)(vz2, By, C,yx).
Then, since e, is a link, by basic contracting e, on J1, get
T ~ve Jo=(E, Az, 2,D,C vx, vz, B).
This is the conclusion of Claim 1. Here, [J; and [J, are, respectively,
shown in (a) and (b) of Fig.5.4.
Claim 2 7~y (y, A, z, B, E, vy, D,C,~vx).

Proof For the pair of angle (az, J>z) and angle between F and
Aon Jy = (E,A x,2,D,C,vyx,vz,B), by basic splitting e,(a link),
get Jo ~pe J3 = (A, x,2,y)(vy, D,C,yx,vz, B, E). Then, since e, is
a link, by basic contracting e, on J3, get

L73 ~be x.74 - (y,A,Q}',B,E,’Yy,D,C,’)/Q?)-
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This is the conclusion of Claim 2. Here, J5 and J, are, respectively,
shown in (a) and (b) of Fig.5.5.

Claim 3 J; ~y. (B, E,z, A y,vz,vy, D, C).

Fig.5.6 For Claim 3

Proof TFor the angle pair (ay, Jyy) and (aJ; 'vy,vy) on Jy =
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(y, A, x, B, E,~vy, D, C, ~vx), by basic splitting e,(a link), get
Ji~ve s = (A,z, B E, 2)(vz,vy, D, C, vz, y).
Then, since e, is a link, by basic contracting e, on [J3, get
Ts ~ve Jo = (B, E, 2, Ay, 72,7y, D, O).

This is the conclusion of Claim 3. Here, J5 and J; are, respectively,
shown in (a) and (b) of Fig.5.6.

Claim 4 J5 ~n. (A,D,C, B, E,z,x,vz,vx).
Proof For the angle pair (az, Js52) and (ay,yz) of
Js = (B, E, z, A, y,vz,7y, D, C),
by basic splitting e, (a link), get
T ~ve TJr = (A, y, x)(vx,vz,vy, D,C, B, E, 2).
Then, since e, is a link, by basic contracting e, on J7, get
Jr ~ve Js = (A, D,C, B, E, z,x,vz,vx).

This is the conclusion of Claim 4. Here, J7 and Jg are, respectively,
shown in (a) and (b) of Fig.5.7.

Fig.5.7 Claim 4

On the basis of the four claims above,

j ~be ‘72 ~be ZL ~be x76 ~be x78
— (A7 ‘D7 C? B7 E7 x? y? 7x7 f}/y)_
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This is (5.5). O

An attention should be paid to that Lemma 5.6 and Lemma 5.7
are both valid for orientable and nonorientable maps. They are called
reduced rules for maps. More precisely, They are explained as in the
following.

Reduced rule 1 A map with its basic permutation J is basic
equivalent to what is obtained by leaving off such a successive elements
(x,yx), x € X,on J.

Reduced rule 2 A map with its basic permutation J in the
form as (A, x.B, y,C,vyx, D, vy, F) is basic equivalent to what is ob-
tained by interchanging the linear order B between x and y and the
linear order D between vyx and 7y, and then leaving off x,y, yx and
vy and putting (z,y, vz, vyy) behind E on J.

V.4 Orientable principles

This section is centralized on discussing the basic equivalent
classes of orientable maps. The main purpose is to extract that there
is at least one simplified butterfly in each class. From the first sec-
tion of this chapter, it is known that each class is considered for only
butterflies without loss of generality.

Theorem 5.3 For a butterfly M = (X,3,7), v = af, if no
z,y € X exist such that J = (A, z, B,y,C,vz, D,vy, F) where A, B,
C, D and E are all linear orders on &, 3, then

M~y Oy, (5.6)

i.e., the trivial map(the degenerate simplified butterfly without edge).

Proof For convenience, in a cyclic permutation J on &, g, if two
elements z,y € &, g are in the formas J = (A, z, B,y, C,vx, D, vy, E),
then they are said to be interlaced; otherwise, parallel.



V.4 Orientable principles 135

Claim If any two elements are parallel on 7, then there is an
element x € X, 3 such that (z,yz) C J, i.e., (z,yx) is a segment of
J itself.

Proof By contradiction. If no such an elements exists on X, p,
then for any z; € X, there is a nonempty linear order B; on X such
that J = (Ay, z, By, vz, C1) where A; and C are some linear orders
on X, 3. Because B; # (), for any xo € By, on the basis of orientability
and xo and x; parallel, the only possibility is yxo € By. From the
known condition, there is also a linear order By # () on X, such that
By = (As, x9, By, v, C5) where Ay and Cy are segments on By, i.e.,
some linear orders on X. Such a procedure can only go on to the
infinity. This is a contradiction to the finiteness of X, 3. Hence, the
claim is true.

If 7 # 0, then from the claim, there exists an element x in J
such that J = (A, x,vx, B). However, because (yx)7, = (yz) is a
face in its own right, J has to be with at least two faces. This is
a contradiction to that M = (X, J) is a butterfly. Hence, the only
possibility is J = 0, i.e., (5.6) holds. O

Actually, this theorem including the claim in its proof is valid for
any orientable single vertex map. Therefore, it can be seen that the
reduced rule(Lemma 5.6) and the following corollary are valid for any
map (orientable or nonorientable) as well.

Corollary 5.1 Let S = (A, z,vx, B) be a segment on a vertex
of a map M. And let M’ be obtained from M by substituting (A, B)
for S and afterward deleting Kz from the ground set. Then, M’ is a
map. And, M’ ~y. M.

Proof Because it is easy to check that M’ = M —, M, from
Theorem 3.10, M’ is a map. This is the first statement. In view of
basic deletion of an edge as a basic transformation, M’ ~y. M. [l

Corollary 5.2 Let S be a segment at a vertex of a map M.
If for each element = in S, yx is also in S and any two elements in
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S are not interlaced, then there exists an element y in S such that
S=(Ay,7y, B).

Proof In the same way of proving Theorem 5.3, the conclusion
is soon obtained. ]

Theorem 5.4 In a butterfly M = (X, 3, J), if there are z,y €

X, g such that J = (A, z, B,y,C, vz, D,~vy, E), then there is an inte-
ger k > 1 such that

M ~e Oy, (5.7)

i.e., the simplified butterfly with 2k edges.
Proof Based on Reduced rule 2(Lemma 5.7),

ijc (A,D,C’,B,E,:U,y,’ya:,”yy).

Let H= (A, D,C, B, F). From Corollary 5.1, assume H is not in the
form as S without loss of generality. From Corollary 5.2 and Theorem
5.3, H has two possibilities: H = (), or there exist two elements
and y; interlaced in H.

If the former, then J ~y. (x,y, vz, vy), i.e. , M ~q Op. Oth-
erwise, i.e., the latter, then J = (Ay, z1, By, y1, C1,vx1, D1, yy1, E1).
An attention should be paid to that Fy = (Fy,z,y,vx,vy). In this
case, from Lemma 5.7,

ijC (Atha017B17E17$17y177x177y1)
= (Allevcla BlvF17x7y77x77y7x17ylvﬁ}/xlvﬁ}/yl)'

Let Hy = (Ay, Dy, Cy, By, F1), then for H; instead of H, go on
the procedure. According to the principle of finite recursion, it is only
possible to exists an integer £ > 1 such that (5.7) holds. O

This theorem shows that each basic equivalent class of orientable
maps has at least one map which is a simplified butterfly.

By considering Theorem 5.2, each basic equivalent class of ori-
entable maps has, and only has, an integer £ > 0 such that the sim-
plified butterfly of size k is in the class
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V.5 Orientable genus

Although Euler characteristic of a map is an invariant for basic
transformation, a basic equivalent class of maps can not be determined
by itself. This is shown from the map M in Example 4.1 of section
IV.4 and the map N in Example 4.2 of section IV.4. They both
have the same Euler characteristic. However, they are not in the
same basic equivalent class of maps because M is orientable and NV is
nonorientable.

Now, a further invariant should be considered for a class of ori-
entable maps under the basic equivalence.

Theorem 5.5 For any orientable map M = (X, P), there has,
and only has, an integer k£ > 0, such that its Euler characteristic is

(M) =2 — 2k. (5.8)

Proof From Theorem 5.1 and Theorem 4.5, only necessary to
discuss butterflies. From Theorem 5.2 and Theorem 5.4, M has, and
only has, an integer £ > 0, such that M ~y. Oy. Therefore, from
(5.3),

X(M) =2 —2k.

This is (5.8). O

Corollary 5.3 The Euler characteristic of an orientable map
M = (X,P) is always an even number, i.e.,

X(M) =0 (mod 2). (5.9)

Proof A direct result of Theorem 5.5. O

Since Euler characteristic is an invariant of a basic equivalent
class, the integer k in (5.8) is an invariant as well. From Theorem 5.5,
k determines a basic equivalent class for orientable maps. Since each
orientable map in the basic equivalent class determined by &k can be
seen as an embedding of its under graph on the orientable surface of
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genus k, k is also called the genus, or more precisely, orientable genus
of the map. Of course, only an orientable map has the orientable
genus.

From what has been discussed above, it is seen that although
Euler characteristic can not determine the basic equivalent class for
all maps, the Euler characteristic can certainly determine the basic
equivalent class for orientable maps.
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V.6 Observations

O5.1 Think, is there a butterfly which has 3 edges? Further,
is there a butterfly with some odd number of edges? If yes, provide
an example. Otherwise, explain the reason.

05.2 Observe that any butterfly with 2 edges is a simplified
butterfly. Explain the reason.

0O5.3 Provide a butterfly of at most 5 edges , which is not a
simplified butterfly.

0O5.4 Observe that is there a superfluous operation among the
four operations: basic deleting, basic appending, basic contracting
and basic splitting an edge in the basic transformation for the basic
equivalence? If no, indicate the role of each of them. If yes, indicate
the superfluous operation with the why.

O5.5 Think, do some three of the four operations: basic delet-
ing, basic appending, basic contracting and basic splitting an edge in
the basic transformation determine an equivalence? If do, provide an
example. Otherwise, explain the reason.

05.6 Among the eight operations of the above four with in-
creasing duplition, decreasing duplition, increasing subdivision and
decreasing subdivision, how many groups of these operations are there
for determining the basic equivalence.

0O5.7 Can an equivalence be determined by basic deleting and
basic appending an edge? If yes, observe some of invariants under the
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equivalence. Otherwise, explain the reason.

05.8 C(Can an equivalence be determined by basic contracting
and basic splitting an edge? If yes, observe some of invariants under
the equivalence. Otherwise, explain the reason.

05.9 Can an equivalence be determined by basic increasing
duplition and decreasing duplition of an edge? If yes, observe some of
invariants under the equivalence. Otherwise, explain the reason.

05.10 Can an equivalence be determined by basic increasing
subdivision and decreasing subdivision of an edge? If yes, observe
some of invariants under the equivalence. Otherwise, explain the rea-
SOm.

05.11 Can the procedure of proving Lemma 5.7 by four steps
be improved to that by three steps? If yes, provide a proof of three
steps. Otherwise, explain the why.

V.7 Exercises

E5.1 By basic deleting and basic appending an edge only, prove
(A, 2, B,y,C,vz, D,vy, E) ~ne (A, D,C, B, E,x,y,72,7Y).

E5.2 Prove that a map has its orientable genus 1 if, and only
if,
M Nbc (x7 y? Z? f)/y) (/627 5t7 5377 O[t)-

E5.3 Provide two maps of order 3 with orientable genus 1. And,
explain they are distinct.

For a set of operations A and a set of maps B not necessary to
be closed under A, if for a map M € B there is no such a map N € B
of size less than the size of M that N can be obtained from M by
operations in A, then M is called irreducible under A.

E5.4 For an integer £ > 0, determine all the irreducible sin-
gle vertex maps of orientable genus k£ under basic deleting and basic
appending an edge.
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E5.5 For an integer n > 1, determine all the irreducible ori-
entable single vertex maps of size k under basic deleting and basic
appending an edge.

E5.6 For an integer n > 1, determine all the irreducible ori-
entable single vertex maps of size k& under basic contracting and basic
splitting an edge.

E5.7 For an integer £ > 0, determine all the irreducible single
vertex maps of orientable genus k& under basic contracting and basic
splitting an edge.

E5.8 Prove that a complete graph K, of order n > 3 has an
orientable single face embedding if and only if, (";1) is even.

E5.9 Prove that a complete graph K, of order n > 3 has an
orientable two face embedding if and only if, (";1) is odd.

E5.10 Prove that a complete bipartite graph K, ,, of order n+
m > 3 has an orientable single face embedding if, and only if, (m —
1)(n —1) is even.

E5.11 Prove that a complete bipartite graph K, ,, of order n+
m > 3 has an orientable two face embedding if, and only if, (m —
1)(n—1) is odd.

An n-cube is the graph formed by the skeleton of the n-dimensional
cuboid. The order of an n-cube is 2" and the size, n2"!.

E5.12 Prove that any n-cube, n > 2, has an two face embed-
ding.

A map of orientable genus 0 is also said to be planar.

E5.13 Prove that a map M is planar if, and only if, each face
of M corresponds to a cocycle(See 1.6) in the under graph G(M*) of
its dual M™.

E5.14 Prove that a map M = (X, 3, P) is orientable if, and
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only if, P can be transformed into cyclic permutation 7 such that

k k
j H Iz, yz 9 H /yxh /yyl (510)
=1 =1

V.8 Researches

If the travel formed by a face in a map can be partitioned into
tours (travel without edge repetition), then the face is said to be pan-
tour. A map with all of its faces pan-tour is called a pan-tour map .
Because any tour can be partitioned into circuits, a pan-tour map is,
in fact, a favorable map as mentioned in 2.8. A pre-proper embedding
corresponds to what is called a tour map because each face forms a
tour in its under graph.

R5.1 Characterize and recognize that a graph has a super map
which is an orientable pan-tour map.

R5.2 Characterize and recognize that a graph has a super map
which is an orientable tour map.

R5.3  Orientable pan-tour conjecture. Prove, or improve, that
any nonseparable graph has a super map which is an orientable pan-
tour map.

R5.4 Orientable tour conjecture. Prove, or improve, that any
nonseparable graph has a super map which is an orientable tour map.

R5.5 Characterize and recognize that a graph has a super map
which is an orientable pre-proper map.

R5.6 Orientable proper map conjecture. Prove, or improve,
that any nonseparable graph has a super map which is an orientable
proper map.

The orientable minimum pan-tour genus , usually called ori-
entable pan-tour genus, of a graph is the minimum among all orientable
genera of its super pan-tour maps. Similarly, the orientable pan-tour
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mazimum genus of a graph is the maximum among all orientable gen-
era of its super pan-tour maps.

R5.7 Determine the orientable maximum pan-tour genus of a
graph.

R5.8 Determine the orientable maximum tour genus of a graph.
R5.9 Determine the orientable pan-tour genus of a graph.
R5.10 Determine the orientable tour genus of a graph.

Although many progresses has been made on determining the
orientable maximum genus of a graph, the study on determining ori-
entable (maximum) pan-tour genus, or orientable (maximum) tour
genus of a graph does not lead to any notable result yet. This sug-
gests to investigate their bounds(upper or lower) for some class of
graphs.

R5.11 Characterize the class of graphs in which each graph
has its orientable maximum pan-tour genus equal to its orientable
maximum genus. Find the least upper bound of the absolute difference
between the orientable maximum pan-tour genus and the orientable
maximum genus for a class of graphs with the two genera not equal.

R5.12 Characterize the class of graphs in which each graph has
its orientable maximum tour genus equal to its orientable maximum
genus. Find the least upper bound of the absolute difference between
the orientable maximum pan-tour genus and the orientable maximum
genus for a class of graphs with the two genera not equal.

R5.13 Characterize the class of graphs in which each graph has
its orientable pan-tour genus equal to its orientable genus. Find the
least upper bound of the absolute difference between the orientable
pan-tour genus and the orientable genus for a class of graphs with the
two genera not equal.

R5.14 Characterize the class of graphs in which each graph
has its orientable tour genus equal to its orientable genus. Find the
least upper bound of the absolute difference between the orientable
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tour genus and the orientable genus for a class of graphs with the two
genera not equal.



Chapter VI
Nonorientable Maps

e Any irreducible nonorientable map under basic subtraction of an
edge is defined to be a barfly. However, an equivalent class may
have more than 1 barflies.

e The simplified barflies are for standard nonorientable maps to show
that each equivalent class has at most 1 simplified barfly.

e Nonorientable rules are for transforming a barfly into another barfly
in the same equivalent class. A basic rule is extracted for deriving
from one to all others.

e Principles only for nonorientable maps are clarified to transform
any nonorientable map to a simplified barfly in the same equivalent
class. Hence, each equivalent class has at least 1 simplified barfly.

e Nonorientable genus instead of the Euler characteristic is an invari-
ant in an equivalent class to show that nonorientable genus itself
determines the equivalent class.

VI.1 Barflies

This chapter concentrate on discussing the basic equivalent classes
of nonorientable maps by extracting a representative for each class.
On the basis of Lemma 5.1 and Lemma 5.2, Only maps with a single
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vertex and a single face are considered for this purpose without loss
of generality. A nonorientable map with both a single vertex and a
single face is called a barfly. The barfly with only one edge is the map
consisted of a single twist loop, i.e., NV = (K, (x, fz)).

By l By l

YT

(a) NV (b) NS

Fig.6.1 Barflies with two edges

Example 6.1 Two barflies of size two. Let N1(2) = (Kx +
Ky, ;) and N2(2) = (Kx + Ky, Zy)(shown, respectively, in (a) and (b)
of Fig.6.1) where

:Z’-l - (7337y77x75y)7 1—2 = (x7ﬁx7y7ﬁy)

Because of

()1, = (2, By, ax, ay)
and

()17 = (z, a2, y, 0y),

each of N1(2) and N2(2) has exactly one face. And, since
(x)\IJ{Il,'y} - (x)\l’{zzﬁ} = Kz + Ky,

they are both nonorientable.

As mentioned in the last section, for convenience, the scope of
maps considered here for the specific purpose should be enlarged to
all nonorientable one vertex maps from barflies.
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Lemma 6.1 For a single vertex map M = (X, e, P), M is
nonorientable if, and only if, there exists an x € &, 3 such that Sz €

{z}p.

Proof Necessity. By contradiction. Assume that for any = €
X.. 5, there always has yx € {x}p, v = af, then ax ¢ {z}y,,_,. From
4.1, M is not nonorientable.

Sufficiency. Since x € X, 3 and Sz € {x}p, from Corollary 4.1
and only one vertex, Wp .y has only one orbit on X. Hence, M is
nonorientable. [l

This lemma can easily be employed for checking the nonori-
entability of a one vertex map.

Example 6.2 Six barflies of three edges. Let NZ.(?’) (Kx +
Ky + Kz,Z;), i = 1,2,---,6(shown, respectively, in (a,b, --f) of
Fig.6.2) where

r, B, y, BY, 2, B2),
Yy, 2, By, B, 52)
T,Y, 2, Bz, v, By),
x, fx,y, 2, Bz, By),
x,y, Br, 2, By, Bz),
Y, 2, BT, 7Y, v2).

1

Because ﬁx S {x}L g {x}w{1i77}7 Y= &67 1=
6.1, they are all nonorientable. Since

N N N Nt R

Y

HRRSRN
I

,2,-++,6, from Lemma

()14 = (z, a2, y, 0y, 2, %),
(@)1 = (2, 7y, 2,72, Y, @2),
()1, = (2, By, ax, vz, Bz, ay),
()17 = (7, a2, y,77, B2, ay),
(@)1 = (2, ay, Bz, , vz, y, a2),
(¥)157 = (z, az, By, az, vy, 2),

the maps (Ko + Ky + Kz,1Z;), i = 1,2,---,6, are all with only one
face. Therefore, they are all barflies.
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Theorem 6.1 For any nonorientable map M, there exists a
barfly N such that

M ~op (6.1)

Ve

Fig.6.2 Barflies of three edges

Proof From Lemma 5.1, by basic transformation M can be
transformed into a single vertex map. From Theorem 4.3, in view of
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the nonorientability of M, the single vertex map is also nonorientable.
Then from Lemma 5.2, by basic transformation the single vertex can
be transformed into a single face map. From Theorem 4.3, this map
is also nonorientable and hence a barfly N which satisfies(6.1). O

This theorem enables us to restrict ourselves only to transform a
barfly into another barfly under the basic equivalence.

VI.2 Simplified barflies

Let Q; = (X, Z;), I > 1, where

l
X=> Ku, (6.2)
=1

and
!

1 = (H<$¢,5$¢>)7 (6.3)
i=1
they are called N-standard map . When k =1, 2, 3 and 4, Q; = N,
Qo = N2(2), Q3 = Nf?’) and Q4 are, respectively, shown in (a), (b), (c)
and (d) of Fig.6.3.

Lemma 6.2 For any [ > 1, N-standard maps (); are all nonori-
entable.

Proof Because all Q);, [ > 1, are single vertex map and (x, €
{x1}7,, I > 1, from Lemma 6.1, they are all nonorientable. [l

Lemma 6.3 For any [ > 1, N-standard maps (); are all with
only one face.

Proof Because Q; = N, Q, = N2(2) and Q3 = N1(3)7 from
the two examples above, they are all with only one face. Their faces

are (z1)1,5 = (21, ax1), (x1)70 = ((T1)7,7, T2, 2) = (T, T, T2, )
and (331)137 = (<$1>12w333,04333) = ($1,@$1,$2,@$2,$3,@$3)-
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Assume, by induction, that
(1)1, 7 = (¥1, 1, T2, @9, - -+, 1)1, Q1)
for [ > 4. Since Z; = ({(x1)7,_,, x1, B1y),

(1)1 = ()71 (Dy) Qi1 - ).

And since (Z;y)ax;—1 = Lz = x;, (Ziy)r; = Zio(Bx;) = ax; and
(Ziy)ax; = Lifr; = x4,

(331)117 - (<x1>1171’77 Ly, Om:l)

- (xla ALy, -, T—1,0T]—1, T, O&EZ)-

Therefore, all N-standard maps are with only one face. ]

| [

Fig.6.3 Simplified barfly
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Because each N-standard map has only one face, from the two
lemmas above, it is known that for any N-standard map is a barfly.
And because each of such barflies has a simpler form, it is called a
simplified barfly.

Since for any [ > 1, the simplified barfly @); is with [ edges, 1
vertex and 1 face, its Euler characteristic is

X(Q)=2-1 (6.4)

Theorem 6.2 For any basic equivalent class of nonorientable
maps, there exists at most one map which is a simplified barfly.

Proof By contradiction. Assume that there are two simplified
barflies @); and @, © # j, ¢,j > 1, in a basic equivalent class of
nonorientable maps. From Theorem 4.5 and (6.4),

X(Qi) =2—i=2—7j=x(Q;)
This implies 7 = j. A contradiction to the assumption. (]
In the following sections, it will be shown that there exists at

least one map which is a simplified barfly in each basic equivalent
class of nonorientable maps.

VI.3 Nonorientable rules

As mentioned above, this section is for establishing two basic
rules of transforming a nonorientable single vertex map into another
nonorientable single vertex map within basic equivalence.

Lemma 6.4 For a nonorientable single vertex map M = (X, 3,7),
if Z = (A,z, B, fx,C) where A, B and C are segments of linear order
in the cycle 7 on &, g, then

T ~pe (A,aB™ ' C,z, Br). (6.5)

Note 6.1 For a segment B = (Zz, Iz, -+, I°x), fo = T,
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of linear order in the cycle of Z on Z, 3, from Theorem 2.3,

(oL%z,T(aTz), -, I Yalz))
= (aZ*z, 0T 'z, alx) (6.6)
=aB™

Proof 'Two steps expressed by claims are considered for trans-
forming a nonorientable single vertex map into another nonorientable
single vertex map under the basic equivalence.

Claim 1 (A, x, B, 3z,C) ~. (A,aB™, By, aC™ 1 y).

Proof By basic splitting an edge e, between the two angles
(ax,Tx) and (C, A)(i.e., the angle between C' and A) on 7 = (A, x, B,
Bz, C),

Z ~ve (A, 2,9)(vy, B, Bz, C)
= (A, z,y)(By,aC™! vz, aB™Y)
= (y, A, z)(yz,aB™}, By, aC™),
as shown in (a) and (b) of Fig.6.4.

Because e, is a link in Z; = (y, A, z)(yx,aB™ Y, By, aC™1), by
basic contracting e,

Z-1 ~be (y7 A) OZB_l, Bya &C_l)
- (A7 Q{B_:l? ﬁy? aC—17 y)?

as shown in (c) of Fig.6.4.
Claim 2 T, ~y. (A, aB™!, C, 3z, x) where
I2 = (A7 aB_la ﬁya ac_la y)
Proof By basic splitting e, between the two angles (vy, Z20y)
and (ay, Zoy) on (A, aB™, By, aC™y),

IQ ~be (A7 ozB_l,ﬁy,x)(fyx, &C_la y)
= (A,aB™, By, z)(ay, C, Bx)
= (x,A,ozB_l,ﬁy)(Ozy, C7 Bx)a
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as shown in (d) and (e) of Fig.6.4.
Because e, is a link in Z3 = (z, A,aB™!, By)(ay, C, Bz), by basic
contracting e,,
T3 ~ye (2, A, B~ O, Bx)
= (A, aB™ !, C, Bz, x),

as shown in (f) of Fig.6.4.

From Claim 1 and Claim 2,

A ~be Il ~be I2 ~be I3
~be (A7 aB_la C? BQZ, .I)

This is (6.5). O

On the basis of the procedure in the proof of the lemma, the two
claims show the following rules as basic equivalent transformations.

Nonorientable rule 1 On a nonorientable map M = (&, 3, P)
unnecessary to have a single vertex, if Sx € (x)p, then the map M’
obtained by translating z and Sz in a direction via, respectively, seg-
ments C' and D, and then by substituting «C~! and aD~! for, respec-
tively, C'(without fz) and D(without x) on (z)p is basic equivalent to
M, i.e., M" ~. M.

= 7Y ly —~— gﬁT

c—1

7/1/1
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N
By
()
=—— ||
By T v
c— p

() (f)

Fig.6.4 Claim 1 and Claim 2

This is, in fact, the Claim 1 above. However, from the proof of
Claim 2 a much simpler rule can be extracted.

Nonorientable rule 2 On a nonorientable map M = (X, P)
unnecessary to have a single vertex, if gz € (x)p, then the map M’
obtained by translating z(or fz) via a segment C', and then by sub-
stituting aC~! for C' without Sz (or ) on (z)p is basic equivalent to
M, i.e., M’ ~be M.

It is seen that Nonorientable rule 1 can be done by employing
Nonorientable rule 2 twice. Therefore, Nonorientable rule 2 is funda-
mental. From this point of view, the proof of Lemma 6.4 can be done
only by Nonorientable rule 2.

Lemma 6.5 For a nonorientable single vertex map (X, 3,Z),
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v =apf, if
I: (A,Qf,ﬁl’,y,Z,'}/y,'}/Z)

where A is a segment of linear order on X, 3, then

T~ (Aaxaﬁx7y7ﬁyazaﬁz)- (67)

Proof By basic splitting e; between the two angles (ax, fz) and
(az,vy) on (A, z, Bz, y, z,7y,72),

T = (A x,Bx,y,2,7y,72)

~ve (VY 72, A, 2, t) (1, By, 2)

= (Y, vz, A, @, 1) (e, Bt az, ay)

= (t,7y,72, A, z)(yz, B, az, ay).
Because e, is a link in 7y = (¢,yy, vz, A, x)(vzx, Bt, az, ay), by con-
tracting e,

Ty ~pe (8, vy, 72, A, Bt, az, ay)

= (A, Bt,az, oy, t,vy,vz).

By substituting (A, 5t), (ay, t,vy) and (D) for , respectively, A, B and
C'in (6.5),

Ii ~ve (A, Bt, By, at, y, 2, Bz).
Further, by substituting (A, 5t), («t) and (z, 5z) for, respectively, A,
B and C in (6.5),

Ty ~pe (ALt Bt,y, By, z, B2)
- (A,x,ﬁx,y,ﬁy,Z,BZ).

This is (6.7). O
This lemma shows that in a map M = (X,3,P), 7 = af, if

(z)p = (x, Bz, y, 2,7y, V2, A),

then the map obtained by substituting (y, By, z, 8z) for (y, z,vy,v2)
on (x)p is basic equivalent to M, i.e., M' ~p. M. This is usually
called nonorientable rule 3.
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Actually, nonorientable rule 3 can be also deduced from Nonori-
entable rule 2. Although Nonorientable rule 2 is fundamental, Nonori-
entable rule 1 and nonorientable rule 3 are more convenient for recur-
sion.

VI.4 Nonorientable principles

In this section, barflies are only considered for this classification
because it has been known that there is no loss of generality for general
nonorientable maps.

Lemma 6.6 In a barfly N = (X, 3,7), there exists an element
x € X, 3 such that
= (Az, B,pz,C), (6.8)

where A, B and C are segments of 7 on X, g.

Proof By contradiction. Since A, B and C' are permitted to
be empty, if no x € X such that 7 satisfies (6.8), then from only one
vertex, for any x € X, it is only possible that vz € (z)7 and Sz & (x)7.
Therefore, (z)v,,., and (87)y,;_, are the two orbits of W7,y on X, 5.
Thus, M is orientable. This is a contradiction to the nonorientability
of a barfly. O

Theorem 6.3 For any barfly N = (X, 3,Z), there exists an
integer [ > 1 such that

T ~pe Q. (6.9)

Proof From Lemma 6.6 and Lemma 6.4, it can assumed that

T ~pe (Av H<33j7 ﬁxj>)7

J=1

where 7 is as great as possible in this form. Naturally, ¢ > 1.
From the maximality of ¢+ and only one vertex, x € A if, and only
if, yx € A.
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Two cases have to be discussed.

Case 1 If no element in A is interlaced, then from Corollary
5.2 and Corollary 5.1, (6.9) holds. Here, | = i.

Case 2 Otherwise, by Lemma 5.7(the reduced rule). it can be

assumed that
t

T ~ve (B, ] [ (@, B) [ [ Wi 207057290,
j=1 j=1
where t is as great as possible in this form. Naturally, ¢ > 1. From
the maximality of ¢, no element in B is interlaced. By Corollary 5.2
and Corollary 5.1,

i t
T ~ne (] [y B25) T i 210795, v29))-
j=1 j=1
By nonorientable rule 3,
2%+
T ~pe H (xj, Bxj)) =1;.
j=

From (6.2) and (6.3), this is (6.9) where | = 2t + 1. O

On the basis of Theorem 6.1 and Theorem 6.3, it is know that
there is at least one simplified barfly in each of basic equivalent classes
for nonorientable maps.

VI.5 Nonorientable genus

Now, let us go back to general nonorientable maps for the in-
variants of determining the basic equivalent classes for nonorientable
maps.

Theorem 6.4 For any nonorientable map N = (X, P) in a
basic equivalent class, there has, and only has, an integer [ > 1 such
that the Euler characteristic

X(N)=2—1. (6.10)
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Proof From Theorem 6.3, there is a simplified barfly in a basic
equivalent class of barflies. From Theorem 6.1, in each basic equivalent
class of nonorientable maps, there has an integer [ > 1 such that Q); is
in this class. On the other hand, from Theorem 6.2, only (); is in this
class. Therefore, from (6.4) and Theorem 4.5, (6.10) is obtained. [

This integer [ = 2 — x(IN) > 1 is called the nonorientable genus
of the class N is in, or of N.

Now, it is seen from Chapters IV, V and VI that if the orientabil-
ity of a map is defined to be 1, when the map is orientable; —1, when
the map is nonorientable, then the relative genus of a map is the prod-
uct of its orientability and its absolute genus (orientable genus, if the
map is orientable; nonorientable genus, if the map is nonorientable).
Thus, a basic equivalent class of maps(orientable and nonorientable)
is determined by only its relative genus.
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V.6 Observations

0O6.1 Think, is the map obtained by deleting an edge on a
nonorientable map still nonorientable? If yes, explain the reason. Oth-
erwise, provide an example.

06.2 Think, the absolute genus of a map obtained via deleting
an edge on a map(orientable and nonorientable) is at most 1 less than
that of the original map. Explain the why.

06.3 Think, is the map obtained by contracting an edge on
a nonorientable map still nonorientable? If yes, explain the reason.
Otherwise, provide an example.

06.4 Think, the absolute genus of the map obtained via con-
tracting an edge on a map(orientable and nonorientable) is at most 1
less than that of the original map. Explain the why.

06.5 Observe if a nonorientable map can always be trans-
formed into a barfly via only basic deleting and basic appending an
edge. If it can, explain the reason. Otherwise, discuss what type of
nonorientable maps can be done.

06.6 Observe if a nonorientable map can always be trans-
formed into a barfly via only basic contracting and basic splitting
an edge. If it can, explain the reason. Otherwise, discuss what type
of nonorientable maps can be done.

06.7 Observe if there are other standard maps than simpli-
fied barflies for the classification of nonorientable maps under basic
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equivalence.

06.8 Consider how to derive the nonorientable rule 3 only from
the nonorientable rule 2.

06.9 For a map M = (X, 3, P), if the linear order
<A7 Ly B7 BQ?, C> - (33)7)

is replaced by (A, aB™1, C, xz, Bz) to transform the permutation P on
X, 5 into permutation P’ on X, 3, then M’ = (X, P’) is also a map.
Is M’ basic equivalent to M? If yes, explain the reason. Otherwise,
provide an example.

06.10 Observe that all the nonorientable rules 1-3 are valid
for any nonorientable map not necessary to be of single vertex.

VI.7 Exercises

E6.1 By basic deleting and basic appending edge, prove that
(A, x, B, ax,C) ~ne (A, z, B, 07 ax).

E6.2 For a given nonorientable map M = (X, 3, P) and an
element © € X, 3, the linear order (x,y,v,7y) C (z)p is replaced
by (x,Bx,y,By) C (x)p for obtaining M’ = (X,P’). Prove that
M' ~y. M.

E6.3 By basic deleting and basic appending an edge, prove

(Aa r, Yy, 7T, vy, <, OZZ) ~be (Av xr,ar,y,ay,z, OéZ).

E6.4 List all barflies of three edges rather than those in Exam-
ple 2.

E6.5 Prove that for any two barflies, one can always be trans-
formed into another only by the nonorientable rule 2.

The irreducibility appearing in what follows is in agreement with
that in section V.7.
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E6.6 Determine all irreducible barflies under the basic deleting
and basic appending an edge.

E6.7 For a given integer [ > 1, determine all the irreducible
maps of absolute genus [ under the basic deleting and basic appending
an edge.

E6.8 Determine all irreducible barflies under the basic con-
tracting and basic splitting an edge.

E6.9 For a given integer [ > 1, determine all the irreducible
maps of absolute genus [ under the basic contracting and basic split-
ting an edge.

E6.10 Prove that for any nonorientable map M = (X, P),
there has, and only has, an integer [ > 1 such that

/ S

(H<xl7 Yis Bl‘i) fyy2>7 Ts+1, ﬁxs—i—l)a

1=1

P ~pbe 4 Ml =2s+1,5>0; (6.11)

S

(H<xiayiaﬁxi77yi>), 1 =2s,5> 1.
\ =1

Here, when s = 0,

S

H(xiayiaﬁxia79i> = ().

1=1

E6.11 Prove that for any nonorientable map M = (&, 3, P),
there has, and only has, an integer [ > 1 such that

P ~be (3317 X2y« T,y ﬁxka e 75'1727 ﬁxl)

k 1
= ([ L e [ 1520
i=1 =k

by the nonorientable rules instead of Lemma 6.4.

E6.12 Prove that for any graph G, but a tree, G has its maxi-
mum nonorientable genus

(G) = e(G) — v(G) + 1 (6.12)
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where ¢(G) and v(G) are, respectively, the size(edge number) and the
order(vertex number) of G.

VI.8 Researches

Similarly to Chapter V, among all nonorientable embeddings of
a graph, the one with minimum (maximum) of absolute genus is called
a minimum (mazximum) genus embedding.

The genus of a minimum (maximum) genus embedding on nonori-
entable surfaces for a graph is called the minimum (mazimum) nonori-
entable genus of the graph.

The minimum nonorientable genus of a graph is also called the
nonorientable genus of the graph. If the minimum genus embedding is
a nonorientable pan-tour(favorable) map, the the genus is called the
nonorientable pan-tour(favorable) genus.

And the likes, nonorientable pan-tour mazimum genus, nonori-
entable tour genus (or nonorientable preproper genus), nonorientable
tour mazimum genus, etc.

R6.1 Justify and recognize if a graph has a nonorientable em-
bedding which is a pan-tour map.

R6.2 Justify and recognize if a graph has a nonorientable em-
bedding which is a tour map.

R6.3 Determine the least upper bound and the greatest lower
bound of the nonorientable pan-tour genus(or genera) for a graph(or
a set of graphs).

R6.4 Determine the least upper bound and the greatest lower
bound of the nonorientable tour genus(or genera) for a graph(or a set
of graphs).

R6.5 Determine the least upper bound and the greatest lower
bound of the nonorientable proper genus(or genera) for a graph(or a
set of graphs).

Because it looks no much possibility to get a result simple as
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shown in (6.12) for determining the nonorientable pan-tour maximum
genus, nonorientable tour maximum genus and nonorientable proper
maximum genus of a graph in general, only some types of graphs are
available to be considered for such kind of result.

R6.6 Determine the least upper bound and the greatest lower
bound of the nonorientable pan-tour maximum genus(or genera) for a
graph(or a set of graphs).

R6.7 Determine the least upper bound and the greatest lower
bound of the nonorientable tour maximum genus(or genera) for a
graph(or a set of graphs).

R6.8 Determine the least upper bound and the greatest lower
bound of the nonorientable proper maximum genus(or genera) for a
graph(or a set of graphs).

R6.9 Nonorientable pan-tour conjecture (prove, or disprove).
Any nonseparable graph has a nonorientable embedding which is a
pan-tour map.

R6.10 Nonorientable tour map conjecture (prove, or disprove).
Any nonseparable graph has a nonorientable embedding which is a
tour map.

R6.11  Nonorientable proper map conjecture (prove,or disprove).
Any nonseparable graph has a nonorientable embedding which is a
proper map.

R6.12 Nonorientable Small face proper map conjecture(prove,
or disprove). A nonseparable graph of order n has a nonorientable
embedding which is a proper map with n — 1 faces.



Chapter VII

Isomorphisms of Maps

e An isomorphism is defined for the classification of maps. A map is
dealt with an isomorphic class of embeddings of the under graph
of the map.

e T'wo maps are isomorphic if, and only if, their dual maps are iso-
morphic with the same isomorphism.

e Two types of efficient algorithms are designed for recognizing if
two maps are isomorphic.

e Primal trail codes, or dual trail codes are used for justifying the
isomorphism of two maps.

e T'wo pattern examples show how to to recognize and justify if two
maps are isomorphic.

VII.1 Commutativity

In view of topology, the basic equivalent classes of maps are, in
fact, a type of topological equivalent classes of 2-dimensional closed
compact manifolds without boundary, or in brief surfaces.

Two embeddings of a graph explained in Chapter I are distinct
if they are treated as 1-dimensional complexes to be non-equivalent
under a topological equivalence.
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If a map is dealt with an embedding of a graph on a surface, then
two distinct maps are, of course, distinct embeddings of their under
graph. However, the conversed case is not necessary to be true.

This Chapter is intended to introduce a type of combinatorial
equivalence which is still seen as a type of topological equivalence but
different from that for embeddings of a graph.

In general, the equivalence between two maps can be deduced
from that between two embeddings of their under graph. However,
the coversed case is not necessary to be true.

For two maps M; = (X, 5(X1),P1) and My = (X, 3(X2), Pa), if
there exists a 1-to—1 correspondence (i.e., bijection)

T Xap(Xy) — Xap(Xo)
between X, 3(X1) and X, g(X2) such that for any z € X, 3(X1),
T(ax) = ar(z), 7(fz) = Br(z), T(Pix) = Par(x), (7.1)

then 7 is called an isomorphism from M; to Ms.

Lemma 7.1 If 7 is an isomorphism from M; to Ms, then its

1

inverse 7! exists, and 77! is an isomorphism from M, to M;.

Proof Sincer is a bijection, 77! exists. And, 77 !isalsoa 1-to-1
correspondence from M, to M. For any y € X, 3(X3), let z = 771y €
X, 3(X1). Because y = 72 and 7 is an isomorphism for M; to Mo,
from (7.1),

7'(04&7) = ay, 7'(533) = ﬁyv T(Plx) - P2y-

1

Further, because 77" exists, then

71 (By) = B = B(r1y),
T_l(sz) =Pz = Pl(T_ y)

is an isomorphism from M5 to M. U]

T Hay) = az = a(r'y),
1

This implies 77!

Based on this lemma, 7, or 77!

between M, and Ms.

can be called an isomorphism
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Examle 7.1 Let M; = (X, P1) where
Xl = le + Ky1 + Kzl + Ku1

and
Pr = (21,91, 21) (w1, v21) (Bur, y21) (Yr),
and My = (Xs, Py) where

Xo = Kz + Kyo + K21 + Kug

and
Pa = (Y2, 22, T2) (Y2, Bx2) (cua, B22)(By2)

as shown in Fig.7.1.

First, let 7(21) = 5. from the first two relations in (7.1) and the
property of Klein group, if 7 is an isomorphism between M; and Ms,
then
(1) = g,

(Txl) = Bz,

(Txl) = X2,

2
Q
=
I
Q

S
=2 X®
R
I
= @

ie., (K1) = K.
Then, from the third relation of (7.1),
7(y1) = T(Pi1x1) = Par(1) = Paxa = 1.
Thus, 7(Ky;) = Kyo. Similarly, from
7(21) = 7(Piy1) = Par(y1) = Pays = 22,
T(Kz) = Kz, and from
T(u1) = T(P1yz1) = Por(y21) = Payzo = ua,
T(Kul) = K’LLg.
Finally, check that if the 1-to—1 correspondence 7 from AX; to
Xy satisfies 7P; = Po. In fact, from the conjugate axiom, it is only
necessary to have
TP1 = (121, TY1, T21) (TU1, Ty21) (T Bur, Ty (TYY1)
= (22, Y2, 22) (U2, v22) (Bua, y22)(7y2)
= (Y2, 22, T2) (Yuz, Bxa)(auz, Bz2)(By2)
= Ps.
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Therefore, 7 is an isomorphism between M; and M;.

Bur \ s
N /
ayy \
// \azz
(a) My (b) M;

Fig.7.1 Two isomorphic maps

Note 7.1 If the two maps M; and M, in Example 1 are, re-
spectively, seen as embeddings of their under graphs G; and G, then
they are distinct. If Kz is represented by z = (z™, z7!) where
v = {x,az} and 27! = {Bx, yx}, then the vertices G have their
rotation as

(e A ), (), (e e, (),

and hence uGy is on the projective plane (ug,u1). And the vertices of
(G have their rotation as

(23,23 ), (), (e ), (o),

and hence uGs is on the projective plane (ug,u;) as well.

However, the induced 1-to-1 correspondence 7|,(7|,(s1) = s2,
s =ux,y,z,u) from pu(Gy) to u(Gy) has

ety 2 = (a3t ygt 2 # (a3t 2 wg ).

This implies that puG7 and uG, are distinct.

Theorem 7.1 Let My = (X, 3(X1),P1) and My = (X, 3(X2), P2)
be two maps. For a bijection 7 : X, 3(X1) — A, 3(X2), 7 is an iso-
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morphism if, and only if, the diagrams

Xop(X1) ———— Xop(Xo)
ml ﬁzl (7.2)
Xop(X1) ———— Xop(Xo)

for ny = ne = a, ;; = ny = B, and for 17, = P; and ny = P», are all
commutative , i.e., all paths with the same initial object and the same
terminal object have the same effect.

Proof Necessity. From the first relation in (7.1), for any z €
Xo3(X1), T(ax) = a(rx). That is to say the result of composing the
mappings on the direct path

Xop(X1) = Xop(X1) = X 5(Xo)
is the same as the result of composing the mappings on the direct path
Xop(X1) = Xa,5(X2) = Xag(Xa).

Therefore, (7.2) is commutative for 7, = 175 = a.

Similarly, from the second and the third relations in (7.1), the
commutativity for n; = o = 3, and for 17y = P; and ny, = P, are
obtained.

Sufficiency. On the basis of (7.2), the three relations in (7.1) can
be induced from the commutativity for 1, = 7o = «, for n = 10 = [,
and for n; = Py and 12 = Ps. This is the sufficiency ]

VII.2 Isomorphism theorem

Because the isomorphism between two maps determines an equiv-
alent relation, what has to be considered for the equivalence is the
equivalent classes, called isomorphic classes of maps. Two maps are
said to be different if they are in different isomorphic classes. In order
to clarify the isomorphic classes of maps, invariants should be inves-
tigated. In this and the next sections, a sequence of elements with
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its length half the cardinality of the ground set. In fact, this implies
that the isomorphic class can be determined by a polynomial of degree
as a linear function of half the cardinality of the ground set for both
orientable and nonorientable maps.

Lemma 7.2 If two maps M; and M, are isomorphic, then M;
is orientable if, and only if, M5 is orientable.

Proof Let M; = (X;,P;), i = 1,2. Assume 7 is an isomorphism
from M; to M. From (7.2), T = ar,706 = 7 and 7Py = Par, i.e.,
rar ' =a, 7877 ' = B and 7Pi7! = Ps.

Necessity. Since M, is orientable, from Theorem 4.1, permutation
group ¥y = Wp .y has two orbits (z1)y, and (ari)y,, r1 € &7 on A).
And, since Tat™! = a and 787! = 3,

1 =1(af)r ! = T(ar 1 B)r 7!

= (rar V) (rpr7 1) = af
By considering 7P, 77! = Py, for any ¢, € ¥y,

T¢17’_1 = ¢2 - \112.

Therefore, WUy also has two orbits on Ay, i.e., (z2)y, and (axs)y,, where

ro = 171 € Xo. This implies that Ms is orientable as well.
Sufficiency. Because of the symmetry of 7 between M; and Mo,

the sufficiency is deduced from the necessity. O]

For a map M = (X, P) where v(M), (M) and ¢(M) stand for,
respectively, the order(vertex number), the size(edge number) and the
coorder(face number) of M.

Lemma 7.3 If two maps M; and M, are isomorphic, then

v(My) = v(Ms), e(My) = e(Ms), ¢(My) = ¢(Ms).  (7.3)

Proof Let M; = (X;,P;), i = 1,2. Assume 7 is an isomorphism
from M; to Ms. From the commutativity for n; = P; and ny, = Py in
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(7.2), 7P17~ ! = P,. Then, for any integer n > 1 by induction,

Therefore, for any x; € X, To1 = 29,

7’(331)731 = (7'331)7-7)17——1 = (332)732'

Because a 1-to—1 correspondence on vertices between M; and M; is
induced from this, v(M) = v(M).
Similarly, from 7y7~! = and 7(Py)"7! = (Py)",

T(Piy)T7! = Poy.
Further, for any integer n > 1, 7(Pyy)"7 ' = (Pyy)". This provides

T(21)pry = (T21) 7Pyt = (T2)Pyy

as a 1-to—1 correspondence on faces between M; and Ms. Therefore,

O(My) = ¢(Mp).

Finally, from 7a7~!

— a and 737! = 3 and hence Ty77! = ~,

for any 1 € A&y, v9 = 71 implies TKx1 = Kuxy. This provides
a 1-to—1 correspondence on edges between M; and M,. therefore,
€<M1) = E(MQ). U]

For a map M = (X, P), the Euler characteristic given by (4.1)
is x(M) = v(M) —e(M) + ¢(M) where v(M), e(M) and ¢(M) are,
respectively, the order, the size and the co-order of M.

Corollary 7.1 If two maps M; and M, are isomorphic, then

X(My) = x(Mz). (7.4)
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Proof A direct result of Lemma 7.3. O]

For a map M = (X5, P), let M* = (X 5,P*) be the dual of M.

It is, from Chapter III, known that M* = (X3,, P7).

Theorem 7.2 Maps M; and M, are isomorphic if, and only if,
their duals M{ and My are isomorphic.

Proof Let M; (Xéi)ﬁ,ﬂ), i = 1,2, then M = (Xo(j)g*api*)a
1 = 1,2, where x0”

0p = X( and P =Py, 1=1,2.
Necessity. Suppose 7 is an isomorphic between M; and M, then
from Theorem 7.1,

rat ' =a, 177 =8, TPt = P

xY and Ty = TX] € X" —

On the basis of this, for any x; € XO%*

) B o,
Xy o
TK*'II = T{xh B'xla axy, fyxl} - {T'xh Tﬁxh TAT, Tfyxl}
= {1, By, e, Y12} = K 1y,
and
TPt = 7(Py)r ! = 7(Pirtry)
= (P Y (ryr ) = Poy
— P
This implies that the diagram
(1)* T (2)*
Xa,ﬁ _— Xa,ﬁ
nll 7 (7.5)
(1)* T ( )*

are all commutative for 1, = 1y = (3, for 9, = 1y, = «, and for n; = Py
and 1o = P;. therefore, from Theorem 7.1, 7 is an isomorphism
between M| and My in its own right.

Sufficiency. from the symmetry of duality, the sufficiency is de-
duced form the necessity. O]
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Let Mz = (Xo(:)ﬂapl)a and MZ* - (‘Xo(:)ﬁ 77)2*) where Xo(:)ﬂ - Xﬂ(?()m

and Pf =Py, i =1,2.

Corollary 7.2 A bijection 7 : X (1% — 0(42; is an isomorphism

a,

between maps M; and Ms if, and only if, 7 is an isomorphism between
maps M; and M;.

Proof A direct result in the proof of Theorem 7.2. O]

VII.3 Recognition

Although some invariants are provided, they are still far from
determining an isomorphism between two maps in the last section.

In fact, it will be shown in this section that an isomorphism
between two maps can be determined by the number of invariants
dependent on their size, i.e., a sequence of invariants in a number as
a function of their size.

In order to do this, algorithms are established for justifying and
recognizing if two maps are isomorphic. In other words, an isomor-
phism can be found between two maps if any; or no isomorphism exits
at all otherwise.

Generally speaking, since the ground set of a map is finite, 7.e.,
its cardinality is 4e, € is the size of the map, in a theoretical point of
view, there exists a permutation which corresponds to an isomorphism
among all the (4¢)! permutations if any, or no isomorphism at all
between two maps otherwise. However, this is a impractical way even
on a modern computer.

Our purpose is to establish an algorithm directly with the amount
of computation as small as possible without counting all the permu-
tations.

Here, two types of algorithms are presented. One is called vertez-
algorithm based on (7.2). Another is called face-algorithm based on
(7.5).

Their clue is as follows. For two maps M; = (X1, P1) and My =
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(X, Py), from Lemma 7.3, only necessary to consider |X;| = |A%
because the cardinality is an invariant under an isomorphism.

First, choose x; € X} and y; € A, (a trick should be noticed
here!).

Then, start, respectively, from z; and y; on M; and M by a
certain rule (algorithms are distinguished by rules ). Arrange the
orbits {xl}q,{PM} and {yl}\p{Pm} as cycles. If

T(J’.l)\l}{Pl,y} = (yl)\ll{pzﬁ}) (76)

can be induced from y; = 7(x1), then stop. Otherwise, choose another
y1(a trick!). Go no the procedure on M, until every possible 3; has be
chosen.

Finally, if stops at the latter, then it is shown that M; and M are
not isomorphic, and denoted by M; # Ms; otherwise, an isomorphism
between M; and My is done from (7.6), denoted by M; = M.

Algorithm 7.1 Based on vertices, determine if two maps are
isomorphic.

Given two maps P = (X, P) and Q = (), Q), and their order,
size and co-order are all equal(otherwise, not isomorphic!). In conve-
nience, for any x € X, let |z| = |[{z}p|, i.e. , the valency of vertex

(2)p.

Initiation Given © € X, choose y € Y. Let 7(z) = y and
TKx = Ky. Label both z and y by 1. Naturally, Ko = Ky = K1 =
{1,al, f1,~1} (Here, the number 1 deals with a symbol!). Label (z)p
by 0, then z = 1 is the first element coming to vertex 0. By (v,t,)
denote that t, is the first element coming to vertex v.

Let S be a sequence of symbols storing numbers and symbols and
[, the maximum of labels on all the edges with a label. Here, S = (),
[ = 1 and the minimum of labels among all labelled but not passed
vertices n = 0. If vertex (v1)p = (1)p, the maximum vertex label

m = 0; otherwise, label vertex (y1)p by 1, m = 1.

Proceeding When all vertices are labelled as used, then go to
Halt (1).
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For n, let sp and s¢ be, respectively, the number of edges without
label on (vt,)p and (vt,)o.

If sp # sg, when no y can be chosen, then goto Halt (2); other-
wise, choose another y and then goto Initiation.

In the direction starting from vt,,, label those edges by [+1, - - -, [+
5,5 = sp = sg > 0 in order. Thus, two linear orders of elements with
numbers labelled

<fytn7 p’}/tn, e 77)_17tn>

and

<7tn7 ertn’ ) Q_lﬁ}/tn>

are obtained.

If the two are not equal, when no y is available to choose, then
goto Halt (2); otherwise, choose another y and then goto Initiation.

Put this linear order into S as last part and then substitute the
extended sequence for S. In the meantime, label K(I 4+ 1), K(I + 2),
-, K(I+s) on P and Q. Substitute [ + s for [. Mark vertex n as
used. Substitute n + 1 for n. Let r be the number of vertices without
label in

(YI+1))p, -, (v(I+ 5))p,

and label them as m + 1,---,m + r in order. Substitute m + r for m.
Go on the Proceeding.

Halt (1) Output S. (2) P and @ are not isomorphic.

About Algorithm 7.1, from the way of choosing y, each element
in the ground set is passed through at most once. So there exists
a constant ¢ such that the amount of computation is at most c|X|.
Since the worst case is for y chooses all over the ground set ), the
total amount of computation is at most c|X|?. Because of |X| = 4e
where € is the size of the map, this amount is with its order as the size
squared, i.e., O(e?).

As described above, if checking all possibilities of |)|!, by Stirling
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formula,
V|l ~ \/%e—lyl‘y“yl—%
>> 0(ePl) >> O(e)
>> O(e?)

when |Y| = |X| = 4e is large enough. Thus, this algorithm is much
efficient.

Algorithm 7.2 Based on faces, determine if two maps are iso-
morphic.

Given two maps P = (X,3,P) and Q = (Vap, Q), and their
order, size and co-order are all equal(otherwise, not isomorphic!). For
convenience, let X = X, 3, YV = V,p and for any x € X, let |z| =
[{z}p,|, i.e., the valency of face (x)p, where v = af3.

Initiation Given x € X, choose y € Y. Let 7(x) = y and
TKx = Ky. Label both x and y by 1. Naturally, Kx = Ky =
K1={1,al, 81,71} (Here, the number 1 deals with a symbol!). Label
(7)p|ga by 0, then x = 1 is the first element coming to face 0. By (f, ;)
denote that t; is the first element coming to face f.

Let T" be a sequence of symbols storing numbers and symbols
and [, the maximum of labels over all the edges with a label. Here,
T =0, =1 and the minimum of labels among all labelled but not
passed faces n = 0. If face (y1)p, = (1)p,, the maximum face label

m = 0; otherwise, label face (y1)p, by 1, m = 1.

Proceeding When all faces are labelled as used, then go to Halt
(1).

For n, let sp and sq be, respectively, the number of edges without
label on (vt,)p and (vt,) o,

If sp # sq, when no y can be chosen, then goto Halt (2); other-
wise, choose another y and then goto Initiation.

In the direction starting from v¢,,, label those edges by [+1, - - -, [+
5,8 = sp = 5¢ > 0 in order. Thus, two linear orders of elements with
numbers labelled

<r)/tn7 Pr)/ﬁ}/tnv e 7P7_17tn>
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and
<7tnv Ovvty, - -, Q7_17tn>

are obtained.

If the two are not equal, when no y is available to choose, then
goto Halt (2); otherwise, choose another y and then goto Initiation.

Put this linear order into S as last part and then substitute the
extended sequence for S. In the meantime, label K(I 4+ 1), K(I + 1),
-+, K(Il 4+ s) on P and Q). Substitute [ + s for [. Mark n as used.
Substitute n 4+ 1 for n. Let r be the number of vertices without label
in

(YI+1))p, -, (v(I+5))p,

and label them as m + 1,---,m + r in order. Substitute m + r for m.
Go on the Proceeding.

Put this linear order into T as last part and then substitute the
extended sequence for 7. In the meantime, label K (I + 1), K (I + 2),
-+, K(l+s) on P and ). Substitute [ + s for [. Mark face n as used.
Substitute n 4 1 for n. Let r» be the number of faces without label in

(YU +1)p, -, (v(I 4 5))p,

and label them as m + 1,---,m + r in order. Substitute m + r for m.
Go on the Proceeding.

Halt (1) Output 7. (2) P and @ are not isomorphic.

About Algorithm 7.2, it can be seen as the dual of Algorithm
7.1. The amount of its computation is also estimated as O(€?).

Note 7.2 This two algorithms suggest us that whenever a cyclic
order of edges at each vertex is given, an efficient algorithm for justi-
fying and recognizing if two graphs are isomorphic within the cyclic
order at each vertex can be established. By saying an algorithm effi-
cient, it is meant that there exists an constant ¢ such that the amount
of its computation is about O(e°), € is the size of the graphs.

If without considering the limitation of a cyclic order at each ver-
tex, no efficient algorithm for an isomorphism of two graphs has been
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found yet up to now. However, a new approach is, from what has been
discussed here, provided for further investigation of an isomorphism
between two graphs.

VII.4 Justification

In this section, it is shown that the two algorithms described in
the last section can be used for justifying and recognizing whether, or
not, two maps are isomorphic.

Lemma 7.4 Let S and T are, respectively, the outputs of Al-
gorithm 7.1 and Algorithm 7.2 at Halt (1), then

(i) Elementsin S and 7" are all in the same orbit of group Wp
on X.

(ii) S forms an orbit of group Wyp .,y on & if, and only if, T
forms an orbit of group Wip 1 on &’

(iii) S forms an orbit of group Wyp .,y on & if, and only if, for
any x € S, yx € S.

Proof (i) From the proceedings of the two algorithms, it is seen
that from an element only passes through v and P( Algorithm 7.1), or
v and Py (Algorithm 7.2) for getting an element in S, or 7. Because
v, P, Py € Yyp,) and 72 =1, elements in S and T are all in the same
orbit of group ¥¢p ) on X.

(ii) Necessity. Because S forms an orbit of group Wyp .y on X,
and from Algorithm 7.1, .S contains half the elements of X', by Lemma
4.1, group Wip .y has two orbits on X'. This implies in the orientable
case. Thus, from (i), T forms an orbit of group Wyp 4 on X as well.

Sufficiency. On the basis of duality, it is deduced from the neces-
sity.

(iii) Necessity. Since S forms an orbit of group ¥p 3 on X" and
S contains only half the elements of X', by Lemma 4.1, group Wip .y
has two orbits on X. From the orientability, for any z € S, vx € S.

Sufficiency. Since for any x € S, yvr € S, and S only contains
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half the elements of X', by Corollary 4.1, it is only possible that S
itself forms an orbit of group Wp 1 on X ]

For nonorientable maps, such two algorithms have their outputs
S and T also containing half the elements of X but not forming an
orbit of group Wyp ..

Lemma 7.5 Let S and T are, respectively, the outputs of Al-
gorithm 7.1 and Algorithm 7.2 at Halt (1). And , let Gg and Gr
be, respectively, the graphs induced by elements in S and 7', then
Gs = Gr = G(P).

Proof From Lemma 7.4(i), by the procedures of the two algo-
rithms, because the intersection of each of S and 7" with any quadricell
consists of two elements incident the two ends of the edge, S, T as
well, is incident to all edges with two ends of each edge in map P.

Therefore, Gg = Gy = G(P). O

Theorem 7.3 The output S of Algorithm 7.1 at Halt (1) in-
duces an isomorphism between maps P and ). Halt (2) shows that
maps P and () are not isomorphic.

Proof Let 7 be a mapping from X to ) such that the image
and the co-image are with the same label. From the transitivity of a
map, 7 is a bijection. Because TKx = K7z, © € X, then 7ot ! = a
and 78771 = 5. And in the Proceeding, for labelling a vertex (x)p,
7(z)p = (t2)g. From Lemma 7.5, this implies that 7P71 = Q.
Based on Theorem 7.1, 7 is an isomorphism between P and (). This
is the first statement.

By contradiction to prove the second statement. Assume that
there is an isomorphism 7 between P and Q). If 7(x) = y, then by
Algorithm 7.1 the procedure should terminate at Halt (1). However,
a termination at Halt (2) shows that for any z € X, there is no
elements in ) corresponding to x in an isomorphism between maps P
and @, and hence it is impossible to terminate at Halt (1). This is a
contradiction.
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Therefore, the theorem is true. [l

Although the theorem below has its proof with a similar reason-
ing, in order to understand the precise differences the proof is still in
a detailed explanation.

Theorem 7.4 The output 7" of Algorithm 7.2 at Halt (1) in-
duces an isomorphism between maps P and ). Halt (2) shows that
maps P and () are not isomorphic.

Proof Let 7 be a mapping from X to ) such that the image
and the co-image are with the same label. From the transitivity of a
map, 7 is a bijection. Because TKx = K7z, © € X, then 7ot ! = «
and 747! = $. And in the Proceeding, for labelling a face (z)p-,
7(z)py, = (T2)g,. From Lemma 7.5, this implies that 7Py7 1 = Q.
Based on Theorem 7.2, 7 is an isomorphism between P and (). This
is the first statement.

By contradiction to prove the second statement. Assume that
there is an isomorphism 7 between P and Q. If 7(z) = y, then by
Algorithm 7.2 the procedure should terminate at Halt (1). However,
a termination at Halt (2) shows that for any = € X, there is no
elements in ) corresponding to x in an isomorphism between maps P
and (), and hence it is impossible to terminate at Halt (1). This is a
contradiction.

Therefore, the theorem is true. (]

If missing what is related to y in Algorithm 7.1 and Algorithm
7.2, then for any map M = (X, P), the procedures will always termi-
nate at Halt (1). Thus, their outputs S and T are, respectively, called
a primal trail code and a dual trail code of M. When an element x and
a map P should be indicated, they are denoted by respective S, (P)
and T, (P).

Theorem 7.5 Let P = (X,P) and Q = (), Q) be two given
maps. Then, they are isomorphic if, and only if, for any + € X
chosen, there exists an element y € ) such that S,(P) = S,(Q), or
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T,(P)=T,Q).

Proof Necessity. Suppose 7 is an isomorphism between maps
P = (X,P) and @ = (),Q). For the given element z € X, let
y = (:z:) From Theorem 7.3, or Theorem 7.4, S,(P) = S,(Q), or
T.(P) = T,(Q).

Sufficiency. From Theorem 7.3, or Theorem 7.4, it is known
that by Algorithm 7.1, or Algorithm 7.2, their outputs induces an
isomorphism between P = (X,P) and Q@ = (), Q). O

Note 7.3 In justifying whether, or not, two maps are isomor-
phic, the initial element x can be chosen arbitrarily in one of the
two maps to see if there is an element y in the other such that

Sz(P) = S,(Q), or T,(P) = T,(Q). This enables us to do for some
convenience.

In addition, based on Theorem 7.5, all isomorphisms between
two maps can be found if any.

VIL.5 Pattern examples

Here, two pattern examples are provided for further understand-
ing the procedures of the two algorithms described in the last section.

Pattern 7.1 Justify whether, or not, two maps M; = (X, Py)
and My = (X5, Py) are isomorphic where

Xl — le + K?Jl, Pl - (3317y175y1)(7x1)
and
Xy = Ko+ Kyo, Pa = (y2, 2, Bya)(y22).

First, for My, choose x = z7. By Algorithm 7.1, find S, (M).
Let

Pi = (1,91, Byr) (yx1) = wv.
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Initiation
r1=1, Kxy ={1,al,61,v1}, u=0,v =1,
S=0,1=0 m=1.
Proceeding
Step 1 P1= (1,41, By1)(71).
Y1 = 27 Kyl = {27&2762772}7 U = 07 v = 17
S=(1,2,02), =2, n=1, m=1.
Step 2 Py = (1,2,82)(71).
u=0, v=1,
S=(1,2,62,71), =2, n=1, m=1.
Halt (1) Output: S,(M;) =S = (1,2,32,~1).
Then, for M, because a link should correspond to a link and

a vertex should correspond to a vertex with the same valency, y has
only two possibilities for choice, 7.e., x5 and ax,. Choose y = z9. By

Algorithm 7.1, find S, (Ms). Let

Py = (Y2, T2, By2) (v22) = uv.
Initiation
ro =1, Kxo ={1,al,61,v1}, u=0,v =1,
S=0,1=0 m=1.

Proceeding
Step 1 Py = (y1, 1, By2) (71).

By =2, KBys ={2,02,62,72}, u=0, v =1,
S=1(1,2,82),1=2 n=1 m=1.

Step 2 Py = (2,1,82)(v1).

u=0, v=1,
S=(1,2,82,71), l =2, n=1, m=1.
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Halt (1) Output: Sy(My) =5 = (1,2, 52,~1).

Since S, (M;) = Sy(Ms) and y = x5, an isomorphism from M; to
M5 is found as 77:

1Kr, = Ko, MKy, = Kys.
Then, choose y = awy. By Algorithm 7.1, find S, (Ms). Let
Py = (axa, ays, vy2)(Bx2) = uv.
Initiation

ary =1, Kazy ={1,al,81,71}, u=0,v =1,
S=0,1=0, m=1.

Proceeding
Step I Py = (1, ays, 7y2) (1)

ayy =2, Kays ={2,02,62,72}, u=0, v =1,
S=(1,2,82), =2, n=1, m=1.

Step 2. Py = (1,2, 52)(71).

u=0, v=1,
S=(1,2,62,71), =2, n=1, m=1.

Halt (1) Output: Sy(My) =5 = (1,2, 52,~1).
Since S, (M) = S,(Ms) and y = aws, an isomorphism from M;
to Ms is found as 7:
TQle = KOél'g, TQKyl = K&yQ.

In consequence, there are two isomorphisms between M; and M,
above in all. Since 2 € S, (M;) but 42 &€ S, (M;), by Lemma 7.4(iii),
M, M as well, is nonorientable.

Pattern 7.2 Justify whether, or not, M; = (X, P1) and M, =
(Xy, Py) are isomorphic where

Xy = K1+ Kyi, Pr= (21,91, 7y1) (y21)
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and
Xo = Ko+ Kyo, Po = (y2, T2, 7y2) (y22).

First, for My, choose © = 1. By Algorithm 7.2, find T,(M).
Let

Pry = (z1, 721, y1)(yy1) = fg.
Initiation
1, Koy ={1,al,81,71}, f=0,9 =1,
T=0,1=0 m=0.

Proceeding
Step 1 Py = (1, v, y1) ().

U1 :27 Kyl :{27&2762772}7 f:07 g = 17
T={1~1,2),1=2, n=1 m=1

Step 2 P1y = (1,71, 2)(72).

f=09=1,
T={1,71,2,v2), =2, n=1, m=1.
Halt (1) Output: T,(M;) =T = (1,~1,2,72).
Then, for Ms, because a link should be corresponding to a link

and a vertex should be corresponding to a vertex with the same va-

lency, y only has two possibilities for choosing, i.e. , z9 and aws.
Choose y = 9. By Algorithm 7.2, find T, (M;). Let

Py = (z2, 722, vy2) (12) = f9-
Initiation
o = 1, K.I'Q - {170417517,71}7 f - ng - 17

Proceeding
Step 1 Poy = (1,71, vy2) (y2).

Yyo =2, Kyyo =1{2,02,082,72}, f=0, g=1,
T={1,v1,2), l=2, n=1, m=1.
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Step 2 Py = (1,71,2)(72).

f=0,9=1,
T={1,71,2,v2), =2, n=1, m=1.

Halt (1) Output: T,(My) =T = (1,71,2,72).

Since T, (M) = T,,(M3) and y = x5, an isomorphism from M; to
M, is found as 7i:

TKr, = Kxo, Ky, = Kvyys.
Then, choose y = axy. By Algorithm 7.2, find T, (Ms). Let
Poy = (axg, Bra, aya)(By2) = fg.
Initiation

ary =1, Kaxy ={1,al,61,71}, f=0,9=1,
T=0,1=0, m=0.

Proceeding
Step 1 Py = (1,71, aya)(Bye).

ayy =2, Kyyp ={2,02,82,72}, f=0, g=1,
T={1,v1,2), l=2, n=1, m=1.

Step 2 Py = (1,71,2)(72).

f=0,9=1,
T=(1,v1,2,92), I =2, n=1, m=1.

Halt (1) Output: T,(My) =T = (1,71,2,72).

Since T,(M;) = T,(M,) and y = aws, an isomorphism from M,
to Ms is found as 7o:

TQle = KOél'g, TQKyl = K&yQ.

In consequence, there are two isomorphisms between M; and M,
in all. By Lemma 7.4(iii), My, M, as well, is orientable.
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VII.6 Observations

O7.1 Observe that whether, or not, an isomorphism between
two maps is always mapping a link to a link and a loop to a loop. If
it is, describe the reason. Otherwise, by an example.

O7.2 Observe that whether, or not, an isomorphism between
two maps is always mapping an element incident with a vertex of
valency ¢ to an element incident with a vertex of valency ¢. If it is,
describe the reason. Otherwise, by an example.

07.3 If missing Tat™! = a or 777! = 3 in (7.2), whether, or
not, 7 is still an isomorphism. If it is, describe the reason. Otherwise,
by an example.

O7.4 Provide two distinct embeddings of a graph which are
two isomorphic maps.

07.5 Observe that how many non-isomorphic maps among all
embeddings of the complete graph of order 4.

0O7.6 List all non-isomorphic maps of size 3 and find the dis-
tribution by relative genus.

O7.7 Explain the differences between non-isomorphic maps with
the same under graph and distinct embeddings of the graph by exam-
ples.

0O7.8 Explain the differences between non-isomorphic graphs
and distinct embeddings of these graphs by examples.
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0O7.9 Let 1y and 7 are two isomorphisms between two maps.
Observe whether, or not, their composition 717, 17 is also an isomor-
phism. If it is, describe the reason. Otherwise, by an example.

0O7.10 Observe some algebraic properties on the set of all iso-
morphisms between two maps.

O7.11 Observe that for two maps M; = (X}, Py) and My, =
(X1, Ps), is the composition of two permutations P; and Py a map? If
it is, describe the reason. Otherwise, by an example.

07.12 Observe some algebraic properties of the sets of all maps
and premaps on the same ground set under the composition of per-
mutations.

VIIL.7 Exercises

If an edge is with its two ends of valencies ¢ and 7, then it is called
a (i,7)-edge, 0 < i,7 < 2. If its two incident faces are of valencies [
and s, then it is called a (I, s)*-edge, 0 < s,t < 2¢. Here, € is the size
of a map.

E7.1 Let m;;(M) and n;;(M) are, respectively, the numbers of
(7, 7)-edge and (1, j)*-edge in map M. Prove that if maps M; and Mo
are isomorphic, then for any i and j, 0 < 4,5 < 2¢, my;(M;) = m;;(Ma)
and nij(Ml) = ’I?JZ](MQ)

E7.2 Prove that a bijection between the basic sets of two maps
is an isomorphism of the two maps if, and only if, it induces both the
correspondences between their vertices and between their faces.

E7.3 Design an algorithm which is different from Algorithm 7.1
and Algorithm 7.2 for justifying an isomorphism between two maps
such that its computation amount is in the same order as their’s.

E7.4 Prove that Algorithm 7.1 and Algorithm 7.2 are with the
computation order O(e) in justifying an isomorphism of two maps
which have a triangular face, or a vertex of valency 3 where € is the
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size of the maps.

E7.5 Prove that Algorithm 7.1 and Algorithm 7.2 are with the
computation order O(e) in justifying an isomorphism of two maps
which have only one —articulate vertex(a vertex of valency 1), or only
one loop where € is the size of the maps.

E7.6 Determine the number of non-isomorphic butterflies of
size m > 1, or establish a method to list them.

E7.7 Determine the number of non-isomorphic barflies of size
m > 1, or establish a method to list them.

E7.8 On the basis of Algorithm 7.1, design an algorithm for
justifying an isomorphism between two planar graphs(not maps!), and
estimate its computation order.

E7.9 On the basis of Algorithm 7.2, design an algorithm for
justifying an isomorphism between two planar graphs(not maps!), and
estimate its computation order.

For any map M, let T be a spanning tree of its under graph
G(M). Each co-tree edge is partitioned into two semi-edges seen as
edges. Because what is obtained is just a tree when each of such
semi-edges is seen with a new articulate vertex, it is a joint tree cor-
responding to an embedding of its under graph G(M), also called an
joint tree of M.

If x and (Bx are in the same direction for an edge X = Kz
partitioned along the joint tree, then it is said to be with the same
sign, denoted by X and X; otherwise, different signs, denoted by X
and X!, or X! and X. The cyclic order of letters with signs of such
semi-edges partitioned into is called an joint sequence of the map.

E7.10 Prove that a graph G is planar if, and only if, there
exists an joint sequence of maps whose under graph is G such that
each letter is with different signs and no two letters are interlaced.

E7.11 Prove that for any complete graph K,, n > 1, there
is no joint tree for all maps whose under graph are K, such that it
corresponds to a simplified butterfly.
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VIL.8 Researches

R7.1 Discuss whether, or not, there exits a number, indepen-
dent on the size of a map considered, of invariants within isomorphism
of maps for justifying and recognizing an isomorphism between two
maps.

R7.2 For a given graph G and an integer ¢, determine the
number of distinct embeddings of G on the surface of relative genus
g, and the number of non-isomorphic maps among them.

R7.3 For a given type of graphs G and an integer g, find the
number of distinct embeddings of graphs in G on the surface of relative
genus ¢, and the number of non-isomorphic maps among them.

R7.4 Determine the number of non-isomorphic triangulations
of size m > 3.

R7.5 Determine the number of non-isomorphic quadrangula-
tions of size m > 4.

R7.6 For an integral vector (ng,ny, - -+, ng;, - - -), find the num-
ber of non-isomorphic Euler planar maps each of which has ns; vertices
of valency 21, ¢ > 1.

Because it can be shown that two graphs G; and G5 are isomor-
phic if, and only if, for a surface they can be embedded into, there
exist embeddings 1 (G1) and p2(G2) isomorphic, this enables us to
investigate the isomorphism between two graphs. The aim is at an
efficient algorithm if any.

R7.7 Suppose map M is an embedding of G; on an orientable
surface of genus g, justify whether, or not, there is an embedding M5
of graph G5 such that M, and M, are isomorphic.

R7.8 Suppose map M; is an embedding of G; on a non-orientable
surface of genus g, justify whether, or not, there is an embedding M,
of graph G5 such that M, and M; are isomorphic.

R7.9 According to [Liul], any graph with at least a circuit has
a non-orientable embedding with only one face. Justify whether, or
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not, two graphs GG; and G4 have two respective single face embeddings
which are isomorphic.

R7.10 Justify whether, or not, a graph has two distinct single
face embeddings which are isomorphic maps.

A graph is called up-embeddable if it has an orientable embedding
of genus which is the integral part of half the Betti number of the
graph. Because of the result in [Liul], unnecessary to consider the
up-embeddability for non-orientable case.

R7.11 Determine the up-embeddability and the maximum ori-
entable genus of a graph via its joint sequences.

R7.12 For a given graph GG and an integer g, justify whether,
or not, the graph GG has an embedding of relative genus g.



Chapter VIII

Asymmetrization

e An automorphism of a map is an isomorphism from the map to
itself. All automorphisms of a map form a group called its au-
tomorphism group. of a map is, in fact, the trivialization of its
automorphism group.

e A number of sharp upper bounds of automorphism group orders
for a variety of maps are provided.

e The automorphism groups of simplified butterflies and those of
simplified barflies are determined.

e The realization of of a map is from rooting an element of the ground
set.

VIII.1 Automorphisms

An isomorphism of a map to itself is called an automorphism .
Let 7 be an automorphism of map M = (X, P). Ifforz € X, 7(z) =y
and x # y, then two elements x and y play the same role on M, or
say, they are symmetric. Hence, an automorphism of a map reflects
the symmetry among elements in the ground set of the map.

Lemma 8.1 Suppose 71 and 7 are two automorphisms of map
M, then their composition 717 is also an automorphism of map M.
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Proof Because 7y is an automorphism of M = (X, 3, P), from
(7.2)
nar ' =a, npr =6, nPrt =P.

Similarly, for 7,
-1 _ -1 _ 1 _
ToaT, =, Tof1, =3, nPr, =P.
Therefore, for 77,

(mm)a(nm) ' = (nr)a(ry 'mh)
= 71(7'2@72_1)7'1_1

= 71T = &,

(m72)B(rim) ' = () B(ry ' h)

= 71(nofry )yt

= 111 = 0,
and
(i) P(mim) = (mim)P(ry 1Y)
= 11(oPry !
=7nPr ="7P.
This implies that for 77, (7.2) is commutative. From Theorem 7.1,
T1To is an automorphism of M as well. ]

On the basis of the property on permutation composition, auto-
morphisms satisfy the associate law for composition.

Because an automorphism 7 is a bijection, it has a unique inverse
denoted by 77!. Because

lar =1 Y rar ) = (r'1)a(r7i7) = a,

and similarly,
T8 =03, 7P =P,

from Theorem 7.1, 77! is also an automorphism.
If an element © € X has 7(z) = z for a mapping(particularly, an
automorphism) 7, then z is called a fized point of 7. If every element
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is a fixed point of 7, then 7 is called an identity . Easy to see that an
identity on X is, of course, an automorphism of M, usually said to be
trivial . By the property of a permutation, an identity is the unity of
automorphisms, always denoted by 1.

In summary, the set of all automorphisms of a map M forms
a group, called the automorphism group of M, denoted by Aut(M).
Its order is the cardinality of the set aut(M) = |Aut(M)|, i.e., the
number of elements in Aut(M) because of the finiteness.

Theorem 8.1 Let 7 be an automorphism of map M = (X, P).
If 7 has a fixed point, the 7 = 1, 7.e., the identity.

Proof Suppose z is the fixed point, i.e. , 7(z) = x. Because 7
is an isomorphism, From (7.1),
T(ax) = at(x) = az,
7(Bz) = pr(x) = B
7(Px) = P(r(z)) = Pu,
i.e., axr, fxr and Px are all fixed points.
Then for any ¢ € Wy, 5p},

T((x)) = P(7(2)) = ¥(x).
Therefore, from transitive axiom, every element on X’ is a fixed
point of 7. This means that 7 is the identity. 0]

In virtue of this theorem, the automorphism induced from 7(x) =
y can be represented by 7 = (z — y).

Example 8.1 Let us go back to the automorphisms of the maps
described in Pattern 7.1 and Pattern 7.2.
If M; and M, in Pattern 7.1 are taken to be

M = (Kz + Ky, (z,y, By)(yx)) = M,

then it is seen that only one nontrivial automorphism 7 = (r — ax)
exists. Thus, its automorphism group is

Aut(M) = {1, (x — ax)},
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i.e., a group of order 2.
Then, maps M; and M, in Pattern 7.2 are taken to be

M = (Kz + Ky, (z,y,vy)(yzx)) = Mo,

it has also only one nontrivial automorphism 7 = (x — ax). So, its
automorphism group is

Aut(M) = {1, (x — ax)},

a group of order 2, as well.

However, maps M; and M> here are not isomorphic. In fact, it
is seen that M; is nonorientable with relative genus —1. and M, is
orientable of relative genus 1.

VIII.2 Upper bounds of group order

Because the automorphism group of a combinatorial structure
with finite elements is an finite permutation group in its own right, its
order must be bounded by an finite number. And, because there are
n! permutations on a combinatorial structure of n elements, the order
of its automorphism group is bounded by n!.

However, n! is an exponential function of n according to the
Stirling approximate formula, it is too large for determining the auto-
morphism group in general.

Now, it is asked that is there an constant ¢ such that the order of
automorphism group is bounded by n¢, or denoted by O(n¢), if there
is, then such a result would be much hopeful for the determination of
the group efficiently.

In matter of fact, if the order of automorphism group is O(n°), ¢
is independent of n for a structure with n elements, then an efficient
algorithm can be designed for justifying and recognizing if two of them
are isomorphic in a theoretical point of view.

Lemma 8.2 For any map M = (X, P), the order of its auto-
morphism group is

aut(M) < |X| = de(M) (8.1)
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where (M) = 1|X| is the size of M.
Proof From Theorem 8.1, M has at most |X| = 4e(M) auto-
morphism, z.e., (8.1). O

The bound presented by this lemma is sharp, i.e., it can not be
reduced any more. For an example, the link map L = (Kz, (x)(vyx)).
The order of its automorphism group is 4 = |Kx| = ¢(L).

Lemma 8.3 For an integer i > 1, let v;(M) be the number of
i-vertices(vertex incident with ¢ semi-edges) in map M = (X, P), then

aut(M) | 2iv;(M), (8.2)
i.e., aut(M) is a factor of 2iv;(M).

Proof Let 7 € Aut(M) be an automorphism of M. For z € X,
(x)p is an i-vertex, assume 7(x) = y. From the third relation of
(7.1), (y)p is also an i-vertex. Then, the elements of X; = {z|Vx €
X, [{x}p| =i} can be classified by the equivalent relation

T ~opag Y <= 31 € Aut(M)x = 1y

induced from the group Aut(M).
From Theorem 8.1, Aut(G) has a bijection with every equivalent
class. This implies that each class has aut(M) elements. Therefore,

aut(M) | [A;].
Because |X;| = 2iv;(M), (8.2) is soon obtained. O

This lemma allows to improve, even apparently improve the bound
presented by Lemma 8.1 for a map not vertex-regular(each vertex has
the same valency).

Lemma 8.4 For an integer j > 1, let ¢;(M) be the number of
j-faces of map M = (X, P), then

aut(M) | 2j¢;(M), (8.3)
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i.e., aut(M) is a factor of 2j¢;(M).

Proof Let 7 € Aut(M) be an automorphism of M. For x € X,
r)p, is a j-face, assume 7(x) = y. From the first two relations of

(

(7.1), 7(yz) = vy. Then from this and the third relations, 7((Py)z) =
(Pv)y. Thus, (y)p, is also a j-face. And, the elements of X; = {z|Vx €
X, |{x}py| = j} can be classified by the equivalence

T roag Y = T € Aut(M)x =1y

induced from the group Aut(M).

Further, from Theorem 8.1, Aut(G) has a bijection with every
equivalent class. This leads that each class has aut(M) elements.
Therefore,

aut(M) | 1.

Because |&;| = 2j¢;(M), (8.3) is soon obtained. O

This lemma allows also to improve, even apparently improve the
bound presented by Lemma 8.1 for a map not face-regular(each face
has the same valency).

Theorem 8.2 Let v;(M) and ¢;(M) be, respectively, the num-
bers of i-vertices and j-faces in map M = (X, P), 4,5 > 1, then

aut(M) | (2iv;, 2o, | Vi, i > 1, Vj, j > 1), (8.4)

where (2iv;, 2j¢; | Vi, i« > 1, Vj, 7 > 1) represents the greatest
common divisor of all the numbers in the parentheses.

Proof From Lemma 8.3, for any integer ¢ > 1,
aut(M) | 2iv;(M).
From Lemma 8.4, for any integer j > 1,
aut(M) | 2i¢;(M).

By combining the two relations above, (8.4) is soon found. O
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Based on this theorem, the following corollary is naturally de-
duced.

Corollary 8.1 Let v;(M) and ¢;(M) be, respectively, the num-
bers of i-vertices and j-faces in map M = (X, P), 4,5 > 1, then

aut(M) < (2ivi, 2jo; | Vi, i > 1, Vj, j > 1). (8.5)

Proof A direct result of (8.4). O
Corollary 8.2 For map M = (X, P), (M) is its size, then

aut(M) | 4e(M). (8.6)

Proof Because

1e(M) =2 ivi(M) =2 jo;(M)

i>1 j>1
=) 2in(M) =) 2jé;(M),
i>1 j>1
we have
(2w, 2j; | Vi, 121, V), 5 > 1) | 4e(M).
Hence, from Theorem 8.2, (8.6) is soon derived. O

VIII.3 Determination of the group

In this section, the automorphism groups of standard maps, 7.e.,
simplified butterflies and simplified barflies, are discussed.

First, observe the orientable case. For

Ol — (Xlajl) — (le + Kyh (Q}'l,yl,’}/ﬂfl,')/yl)),
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by Algorithm 7.1,

Sa (O1) = Ly, vl vy = 1,2,791, 725
Sor,(O1) =1, By, 71, ay; = 1,2,v1,v2;
Sﬂxl Ol =1 Oéylar)/laﬁyl = 17 27’717’727

y1 Ol — 77x1 /71 xry = 172771 72
Say, (O1 1, ax,v1, By = 1,2,v1,v2;
Sﬁyl Ol 1 ﬁxl /71 T = 1727/717/727

73/1 Ol =1 y L1, 71 Y1 = 1727717727

(01) =
(O1)
(O1)
S xl(Ol) =1, vy1,7L, 51 = 1,2,91,92;
(O1)
(O1)
(O1)
(0) =

1.€.,

Sx1<01) - Som(Ol) - Sﬁm(Ol) - Swu(Ol) - Sy1<01)
= Say1(01) - Sﬁyl(Ol) - S’Y?ﬂ(Ol)
=1,2,v1,~2.

Thus, O; has its automorphism group of order 8, i.e.,
aut(O;) =4 x (2x 1) =8.

A map with a non-trivial automorphism group is said to be sym-
metrical. If a map with its automorphism group of order 4 times its
size, the it is said to be completely symmetrical. It can be seen that O
is completely symmetrical. However, none of Oy, k > 2, is completely
symmetrical although they are all symmetrical.

Theorem 8.3 For simplified butterflies(orientable standard maps)
Ok = (X, Ji), k > 1, where

k

X = (Kxi+ Ky;)
i=1

and
k

jk — (H<x“ Yi, VT4, ”sz>),

1=1
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we have

2k, if k > 2;

8.7
8, it k=1. (87)

aut(Oy) = {

Proof From the symmetry between (x;, y;, yx;, vy;), i > 2, and
(x1, 71,721, Y1) in Ji, k > 2, only necessary to calculate S, (Og),
Svm(ok)v Sy1(0k)= S’Yyl(Ok)7 Sea, (Or), Sﬁxl(ok)v Sozyl(Ok)v and
Sgy, (Or) by Algorithm 7.1.

From Algorithm 7.1,

k

S:zrl (Ok) — 17 Y1, ’717 YY1, H<xza Yiry VT4, 7y1>
=1
k
1=2
k
= [1¢@i— 1), 2, 7(2i = 1),723),
=1
k
Sowcl (Ok) - 17 Q(H<xi7 Yi, Vi, /yyi>)_17 Byb /717 Qay1
1=1
# Sdfl(Ok)7
k
Srar(Or) = 1ywn, | [ i vae vwi) . v Lo
1=1
# 54, (Ok),
k
Sﬁxl (Ok) - 17 ayy, 717 &(H<xi7 Yi, Vi, /yyi>)_17 Byl
=1
7é SCCl (Ok)7
k

Sy (Or) = Loyay, L | (i vi vei, yui), a1
i=1

7 S2,(O%),
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2
Say (Or) =1, 021, (H@z’,yz’ﬁ%ﬁyz’»_lﬁlaﬁxl

=1
7é S$1 (Ok)7

k
73/1 Ok - 17H xl?yhfyxlafyy» xlafylafyxl
=1

S, (O),

k
Sﬁyl(ok) = 1,5-171,0él,04-13'1,Q(H<in,yi,”}/l’i,’yyi>)_l
=1
k
1=2

= 54, (Og).

Because two automorphisms are from Sg,, (Or) = S, (O%), Ok
have 2 x k = 2k automorphisms altogether. Hence, when k& > 2,

aut(Oy) =
When k£ =1, aut(O;) = 8 is known. O

Then, observe the nonorientable case. for

Q1 = (X, 1)) = (K, (21, Bxy)),
by Algorithm 7.1,

Sm(Ql) - 1751; Saxl(Ql) - 17517
Sﬁfl(Ql) = 17517 S’y:zrl(Ql) — 17517

i.e., aut(Q) =

Theorem 8.4 For simplified barflies Q); = (X;,Z;), | > 1, where
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and
1 = ﬁ(wi,ﬂ%},
i=1
we have
a(ay = {3 1= (83)

Proof From the symmetry of (x;, Bx;), i > 2, and (x1, fx1) in
1Z;, I > 2, only necessary to calculate

SIl(Ql)7 SO&Il (Ql)7 Sﬂh(Ql) and 57171(@1)
by employing Algorithm 7.1.
From Algorithm 7.1,

l

S$1 (Ql) = 17 617 H<3327 ﬁxz>

1=2

l
=1,01,2,02, [ [(x:, Bas)
1=3
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l

S0 (@Q1) = 1, BL, o] [ (i, B)) ™

i=2
2
= 17517l7ﬁl? H <fyxi7axi>
i=l—1
l
s

1

= 5S4, (Q1)-

Because two automorphisms are from S, (Q;) = S, (Q1), @ has
2 X | = 2] automorphisms altogether. Hence, when [ > 2,

.
I

aut(Q;) =

When [ = 1, aut(Q1) = 4 is known. O

Similarly, the two theorems can also be proved by employing
Algorithm 7.2.

VIII.4 Rootings

For a given map M = (X, P), if a subset R C X is chosen such
that an automorphism of M with R fixed, i.e., an element of R does
only correspond to an element of R, then M is called a set rooted map.
The subset R is called the rooted set of M, and an element of R is
called a rooted element .

Theorem 8.5 For a set rooted map MY = (X, P), R is the
rooted set,

aut(M?) | |R|. (8.9)

Proof Assume that all elements in R are partitioned into equiv-
alent classes under the group Aut(M®). From Theorem 8.1, each class
has aut(MT®) elements. Therefore, (8.9) is satisfied. O
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Corollary 8.3 For a set rooted map MY = (X,P), R is the
rooted set,

aut(M®™) < |R|. (8.10)
Proof A direct result of (8.9). O

For a given map M = (X, P), if a vertex v,, x € X, is chosen such
that an automorphism of M has to be with v, fixed, 7.e., an element
incident with v, has to correspond to an element incident with v,, then
M is called a wvertexr rooted map. The vertex v, is called the rooted
vertex of M, and an element incident with v,., rooted element .

Corollary 8.4 For a vertex rooted map M"Y = (X, P), v, is
the rooted vertex,

aut(MY) | 2|{x}p|. (8.11)
Proof This is (8.9) when R = {z}p U {ax}p. O

For a given map M = (X, P), if face f,, v € X, is chosen such
that an automorphism of M has f, fixed, i.e. , an element incident
with f, should be corresponding to an element incident with f,, then
M is said to be a face rooted map. The face f, is called the rooted
face of M. An element in rooted face is called an rooted element.

Corollary 8.5 For a face rooted map M™ = (X, P) with rooted
face f,,

aut(M™) | 2|{z}p,]. (8.12)
Proof This is (8.9) when R = {x}p, U {ax}p,. O

For given map M = (X, P), if edge e,, v € X, is chosen such
that an automorphism of M is with e, fixed, 7.e., an element in e, is
always corresponding to an element in e,, then M is called an edge
rooted map. Edge e, is the rooted edge of M. An element in the rooted
edge is also called a rooted element.
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Corollary 8.6 For an edge rooted map M = (X, P) with the
rooted edge e,
aut(M) | |Kz|. (8.13)

Proof The case of (8.9) when R = K. O

For a given map M = (X,P), an element x € X is chosen such
that an automorphism of M is with x as a fixed point, then M is
called a rooted map . The element x is the root of M. The vertex, the
edge and the face incident to the root are, respectively, called the root
vertex, the root edge and the root face.

Corollary 8.7 For a rooted map M" = (X, P) with its root x,
aut(M") = 1. (8.14)

Proof The case of (8.9) when R = {z}. O

This tells us that a rooted map does not have the symmetry at all.
The way mentioned above shows such a general clue for transforming
a problem with symmetry to a problem without symmetry and then
doing the reversion.

Example 8.2 Map

M, = (Kz + Ky, (z)(vz,y,7Y))

has 4 distinct ways for choosing the root. Because M; has the following
4 primal trail codes

Sy = 107717 27721 = Sa:z:a va =1, 2:72077_11 = Sﬁx
Sy - Mo’ﬁl - Sﬁ?ﬁ Svy =1, 277107_21 = Saya

the 4 ways of rooting are shown in Fig.8.1(a—d) where the root is
marked at its tail.

Example 8.3 Map My, = (Kx + Ky, (z)(vz,y, By)) has 4 dis-
tinct ways for choosing the root. Because M, has the following 4
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primal trail codes
S:c = lO7 ’71, 2, 521 = Saa:, Syx — Moar)/_ll = Sﬁx

Sy - Mwﬁl - S’Y?J’ Sﬁy =1, 276107_21 = Saya

the 4 ways of rooting are shown in Fig.8.2(a—d) where the root is
marked at its tail.

N \/

=~

] 1
(a) (b)

P

NN
,C.T T
() (d)

Fig.8.1 Rootings in Example 1
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P

NN
w\ 7\

(c) (d)

Fig.8.2 Rootings in Example 2



Activities on Chapter VIII

VIII.5 Observations

08.1 Observe that how many embeddings the complete graph
K, of order 4 has. How many non-isomorphic maps are there among
them?.

0O8.2 Consider the automorphism of the cube. Observe that
what happens to the automorphism of those obtained by deleting,
contracting, splitting and appending an edge on the cube.

08.3 Consider the automorphism of the octahedron. Observe
that what happens to the automorphism of those obtained by deleting,
contracting, splitting and appending an edge on the octahedron.

08.4 Consider the automorphism of the dodecahedron. Ob-
serve that what happens to the automorphism of those obtained by
deleting, contracting, splitting and appending an edge on the dodeca-
hedron.

0O8.5 Consider the automorphism of the icosahedron. Observe
that what happens to the automorphism of those obtained by deleting,
contracting, splitting and appending an edge on the icosahedron.

08.6 Observe the duality between O8.2 and O8.3 and between
08.4 and O8.5.

0O8.7 Consider how to justify is there an edge in a map so that
the order of the automorphism group of what is obtained by deleting
the edge on the map does not change.

O8.8 Consider how to justify is there an edge in a map so
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that the order of the automorphism group of what is obtained by
contracting the edge on the map does not change.

08.9 Consider how to justify is there an edge in a map so that
the order of the automorphism group of what is obtained by splitting
the edge on the map does not change.

0O8.10 Consider how to justify is there an edge in a map so that
the order of the automorphism group of what is obtained by appending
the edge on the map does not change.

O8.11 Provide a map whose automorphism group is the cyclic
group.

08.12 List all maps of size 3 with their automorphisms of order

VIII.6 Exercises

From the last two chapters, it is seen that the automorphism
of a map provides a foundation for justifying is the map isomorphic
to another. This is an pattern example for the automorphism of a
general combinatorial structure. For instance, a graph, a network, a
combinatorial design, a lattice, a group, a ring, a field etc.

E8.1 Observe whether, or not, an automorphism of a map in-
duces an automorphism of its under graph.

E8.2 Determine the automorphism group of the map (X, P)

where
k

X => (K + Ky,
=1

and

k k
P = (][ v, [ [rmivu))
=1 =1

for k > 2.
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E8.3 Determine the automorphism group of the map (X, P)

where .
X=> Ku
i=1
and
P = (w1,29, -, 2, By, - - -, Bg, B1)
for k > 2.

A primal matching of a map is defined to be such a set of edges
that any pair of its edges have no common end. If a primal matching is
incident to all the vertices on the map, then it is said to be perfect . A
dual matching of a map is such a set of edges that any pair of its edges
have no incident face in common. If a dual matching is incident to all
the faces on the map, then it is said to be perfect as well. By no means
any map has a perfect primal matching. One having a prefect primal
matching is called a primal matching map. By no means any map has
a perfect dual matching either. One having a prefect dual matching is
called a dual matching map. A map which is both of primal matching
and of dual matching is said to be of bi-matching.

E8.4 Suppose M is a primal matching map and P, a perfect
primal matching of M. Let n; j(P) be the number of (i, j)-edges in P.
Prove that for any 4, j, n, j(P) # 0,

E8.5 Suppose M is a dual matching map and P*, a perfect dual
matching. Let n} ;(P*) be the number of (4, j)*-edges in P*. Prove that
for any 4, j, nj ,(P*) # 0,

aut(M) | 2(i + j)n; ;(P7).
E8.6 Design an algorithm for justifying does a primal matching

map, a dual matching map, or a bi-matching map have an non-trivial
automorphism. Explain their efficiency. Provide a condition for the
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automorphism group of a primal matching map, a dual matching map,
or a bi-matching map with, respectively, a primal matching, a dual
matching, or a bi-matching rooted as the same as without rooting.

For a map M, if a set of its faces is pairwise without common
edge, then it is said to be independent. If an independent face set is
pairwise without common vertex, it is called a cavity . If a cavity is
spanning, i.e., all vertices of M are incident with the cavity, then it is
called a full cavity .

E8.7 Recognize if a vertex 3-regular(i.e., cubic) map has a full
cavity.

E8.8 For a vertex 3-regular map M with a full cavity H, let
hi(H) be the number of i*-faces, i > 1, in this cavity. Prove that for
any integer ¢ > 1, h;(H) > 0,

aut(M) | 6ih;(H).
E8.9 Recognize whether, or not, a map has a full cavity.

For a face f in a cavity H, its H-valency is the number of its
incident primal semi-edges except for those in the boundary.

E8.10 For a map M, let h;(H;7) be the number of j-faces of
H-valency 7. Prove that

aut(M) | 2(i + 25)h;(H; 7).

E8.11 For a given integer k, find the number of non-isomorphic
butterflies of relative genus k(k > 0), or of barflies of relative genus
k(k < 0).

VIII.7 Researches

R8.1 Given 3 integers m > 1, g and s > 1, determine the
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number of primal matching maps of relative genus ¢ with size m and
the order s of their automorphism groups.

R8.2 Given 3 integers m > 1, g and s > 1, determine the
number of dual matching maps of relative genus g with size m and the
order s of their automorphism groups.

R8.3 Given 3 integers m > 1, g and s > 1, determine the
number of bi-matching maps of relative genus g with size m and the
order s of their automorphism groups.

The first three problems should be considered for starting from
g =0, 1, and then —1. Particularly, the three problems for self-dual
maps should be firstly studied before the general cases.

R8.4 Find the cubic maps of size m > 7 with a given relative
genus and the maximum order of their automorphism groups

R8.5 Find the maps of size m > 1 with a given relative genus
and the order 1 of their automorphism groups.

R8.6 Prove, or disprove, the conjecture that for a given relative
genus, almost all maps have their automorphism groups of order 1.

R8.7 Given three integers m > 1, g and s > 1, determine the
full cavity maps of size m with relative genus ¢ and the order of their
automorphism groups s.

If a map has a set of edges inducing a Hamiltonian circuit on its
under graph, then it is called a primal H-map . If a map has e set of
edges inducing a Hamiltonian circuit on the under graph of its dual,
then it is called a dual H-map . If a map is both a primal H-map and
a dual H-map, then it is called a double H-map.

R8.8 Given three integers m > 1, g and s > 1, determine the
primal H-maps of size m with relative genus ¢ and their automorphism
group of order s.

R8.9 Given three integers m > 1, g and s > 1, determine the
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dual H-maps of size m with relative genus g and their automorphism
group of order s.

R8.10 Given three integers m > 1, g and s > 1, determine the
double H-maps of size m with relative genus g and their automorphism
group of order s.



Chapter IX
Rooted Petal Bundles

e A petal bundle is a map which has only one vertex, or in other
words, each edge of self-loop.

e From decomposing the set of rooted orientable petal bundles, a lin-
ear differential equation satisfied by the enumerating function with
size as the parameter is discovered and then an explicit expression
of the function is extracted.

e A quadratic equation of the enumerating function for rooted petal
bundles on the surface of orientable genus 0 is discovered and then
an explicit expression is extracted.

e From decomposing the set of rooted nonorientable petal bundles,
a linear differential equation satisfied by the enumerating function
with size as the parameter is discovered in company with the ori-
entable case and then a favorable explicit expression of the function
is also extracted.

e The numbers of orientable, nonorientable and total petal bundles
with given size are, separately, obtained and then calculated for
size not greater than 10.

IX.1 Orientable petal bundles
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A single vertex map is also called a petal bundle, its under graph
is a bouquet. In this section, the orientable rooted petal bundles are
investigated for determining their enumerating function with size as a
parameter by a simple form.

Let D be the set of all non-isomorphic orientable rooted petal
bundles. For convenience, the trivial map ¢ is assumed to be in D.

Now, D is divided into two classes: D; and Dy, t.e.,

D =D+ Dy (91)

where (D); = {9} and Dy, of course, consists of all petal bundles in
D other than 4.

Lemma 9.1 Let Dy = {D — a|VD € Dy}. Then,

Dy = D. (9.2)

Proof Forany D = (X,P) € Dy, thereexistsa D' = (X', P') €
Dy such that D = D'—a’. Because D' is orientable, group V' = Wy, p,
has two orbits

{T/}p/ and {Oé?“/}p/
on X’. Because yr’ € {r'}p/, D has also two orbits

{rtr = {r'}p — {r', 7"} and {ar}p = {ar'}p — {ar’, 51},

and hence D is orientable as well. From Theorem 3.4, petal bundle
D' leads thatD is a petal bundle. This implies that Dy C D.

Conversely, for any D = (X,P) € D, P = (r,Pr,---, P 'r),
D' = (X + Kr',’P") where

P, = (T/7 ,‘}/Tla T, PT, Ty 7)—17.).

Because D is orientable, group ¥ = Wy, py has two orbits {r}y and
{ar}y on X'. Thus, group ¥ = Wy, py has two orbits

{r'Yy = {r}te + {r', '} and {ar'}y = {ar}y + {ar’, 51"}
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on X’. This means that D’ is also orientable. Because D’ has only one
vertex, D' € D. And, from D’ # 9, it is only possible that D' € Dyy.
Therefore, in view of D = D' —a', D C Dy. O

From the last part in the proof of this lemma, for any D = (r) s €
D, D' has 2m(D)+1 distinct choices such that D' = D; = D+e; € Dy,
0 <i<2m(D), and hence D = D' — a' where ¢; = Kr' and
( DO = (T/777n/7 T, \-77”7 Ty \.72m(D)_1T)7 L= 07
Di = (T/7 Ty ey ji_lr7 ,‘}/Ir/) jirv T L72m(D)_1)7

1 <i<2m(D)—1;

\ D2m(D) - (Tla T, jT, T j2m(D)_1T7 770/)’2- - 2m(D)7
for v = af.

{

Lemma 9.2 Let H(D) ={D;|li =0,1,2,---,2m(D)} for D €
D. Then,
Dn =) H(D). (9.3)

DeD

Proof Because of Lemma 9.1, it is easily seen that the set on
the left hand side of (9.3) is a subset of the set on the right.

Conversely, from H(D) C Dy, for any D € D, the set on the
right hand side of (9.3) is also a subset on the left. O

The importance of Lemma 9.2 is that (9.3) provides a 1-to—1
correspondence between the sets on its two sides. This is seen from
the fact that for any two non-isomorphic petal bundles D; and D,
H(Dl) N H(DQ) — @

On the basis of Lemmas 9.1-2, the enumerating functions of sets
D; and Dy can be evaluated as a function of D’s as

fo(z) = am® (9.4)

where m(D) is the size of D.
Because Dy only consists of the trivial map ¥ and ¢ has no edge,

fo,(z) = 1. (9.5)
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Lemma 9.3 For Dy,
»dfp

= 22> 9.6
foule) = wfp + 2222 (9.6)
Proof From Lemma 9.2,
fDH Z z™
DeDyp
=z (Z(?m(D) + 1)xm(D))
DeD
=z Z 2™ P) 4 o Z m(D)z™P)
DeD DeD
= 2fp + 202 —— 24/
dx
where fp = fp(z). This is (9.6). O
Theorem 9.1 The differential equation about h
,dh
202 — = —1+4 (1 — ;
{ T =)k (9.7)
= h|,—0 =1

is well defined in the ring of infinite series with integral coefficients and
finite terms of negative exponents. And, the solution is h = fp(x).

Proof Suppose h = Hy + Hix + Hox? + --- + H,, 2™ + - - -, for
H; € Z,, i > 0. According to the first relation of (9.7), via equating
the coefficients of the terms with the same power of x on its two sides,

the recursion
-1+ H() = 0;

H,— Hy=0; (9.8)
H,=02m—-—1)H, 1, m>2
is soon found. From this, Hy = 1(the initial condition!), H; =1, - -,
and hence all the coefficients of h can be determined. Because only

addition and multiplication are used in the evaluation, all H,,, m > 1,
are integers from integrality of Hy. This is the first statement.



216 Chapter IX Rooted Petal Bundles

As for the last statement, from (9.1) and (9.5-6), it is seen that
h = fp(x) satisfies the first relation of (9.7). And from the initial
condition hy = fp(0) = 1, we only have that h = fp(z) by the first
statement. 0

In fact, from (9.8),

B N ~(2m)!
H,, = ZH(Q@ - =0
where m > 0.
Further, from Theorem 9.2,
B 2m -1
folx) =1+ TETr T (9.9)

Example 9.1 From (9.9), there are 3 orientable rooted petal
bundles of size 2.

However, there are 2 orientable non-rooted petal bundles as shown
in (a) and (b) of Fig.9.1.

In (a), based on primal trail code(or dual trail code), only 1
rooted(r; as the root) element. In (b), 2 rooted(ry and r3 as the
roots) elements.

. .

(a) (b)

Fig.9.1 Petal bundles of size 2
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[X.2 Planar pedal bundles

Petal bundles are here restricted to those of genus 0, .e., planar
pedal bundle. Rooted is still considered. Because orientable petal
bundles can be partitioned into classes by genus as

D=> D (9.10)

where Dy, is the set of rooted petal bundles with orientable genus k.
What is discussed in this section is Dy. For convenience, the trivial
map 1 is included in Dj.

For this, Dy should be partitioned by the valency of root-face
into classes as

Dy= )Y F (9.11)
s>0

where F,, s > 0, is planar rooted petal bundles with the root-face of
valency s.

Lemma 9.4 Let S(the trivial map ¢ is included) and 7 (¢ is
excluded) be two set of rooted maps. If for any S = (X,P) € S — 9,
there exist an integer k& > 1 and maps S; = (X;,P;) € 7,1 < i < k,
such that

k
X — Z X, (9.12)
i=1
and P is different from P;, 1 < i < k, only at vertex
(r)p = ((ro)pes (r2)pes -+ (i) p,) (9.13)

where r = rq. Then,
1

fs(z) = = (@)

where fs(x) and fr(x) are the enumerating functions of, respectively,

S and 7.

(9.14)

Proof First, § is classified based on k mentioned above, £ > 0,

S:ZSk.

1.e.,
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Naturally, S = {¢9}. Then, because any My = (Vx, Qk) € Sk, k > 1,
has the form as shown in (9.12) and (9.13)(X and P are, respectively,
replaced by )V and Qy), we have

fSk(x) - Z 2" M)

M.eSy,
. Z xm(Sl)—i—m(Sg)-l-"'-l-m(Sk)

(S1,52,",5g)
S;€T, 1<i<k

k
= (fr(2))".
Therefore, by considering fs,(x) = 1,

fs(x) =) fs (@)

k>0

— 1+ (fr(@)

k>1

B 1
1 — fr(z)
Notice that since x is an undeterminate, it can be considered for the
values satisfying | fr(x)| < 1. This lemma is proved. O

If S and 7 are, respectively, seen as Dy and F7, it can be checked
that the condition of Lemma 9.4 is satisfied, then

1
=T

Further, another relation between fp (z) and fr (x) has to be
found.

(9.15)

Lemma 9.5 Let Fy = {D —a|VD € F1}. Then,
Fuy = Dy. (9.16)
Proof Because ¢ ¢ Fi, for any D € Fi, from the planarity of

D, D' = D — a is planar and from D with a single vertex, D' = D —a
is with a single vertex. Hence, D’ € Dy. This implies thatF;, C Dj.
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Conversely, for any D' = (X', P") € D, in view of a single vertex,
P = (7”/)73/. Let
D=D+a= X+ Kr,P)

where P = (7, (r")p,yr). Naturally, D is of single vertex. Because
D is obtained from D’ by appending an edge, from Corollary 4.2 and
Lemma 4.6, the planarity of D’ leads that D is planar. And, from
(r)py = (1), D € Fy. Since D' = D — a, D' € Fpy. This implies that
Dy C Fpy. L]

Because this lemma provides a 1-to—1 correspondence between
F1 and Dy, it is soon obtained that

ffl(x) - Z xm(M)

DeF
—x Z D) (9.17)
DeDy
=z fp,(2)
In virtue of (9.17) and (9.15),
b&ﬂzijjéxg. (9.18)

Theorem 9.2 Let h(”) = fp (x) be the enumerating function
of planar rooted petal bundles with the size as the parameter, then

mmZE:E#@ﬁ__ (9.19)

= (m+1)!

Proof From (9.18), it is seen that A" satisfies the quadratic
equation about h as
zh* —h+1=0.
It can be checked that only one of its two solutions is in a power series
with all coefficients non-negative integers. That is

(0)_1_\/1_4x

h 2
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By expanding /1 — 4z into a power series, (9.19) is soon found via
rearrangement. [

From the quadratic equation, a non-linear recursion can be de-
rived for determining the coefficients of h. However, a linear recursion
can be extracted for getting a simple result. This is far from an uni-
versal way.

Example 9.2 From known by (9.19), the number of planar
rooted petal bundles of size 3 is 5. However, there are 2 planar non-
rooted petal bundles altogether, shown in (a) and (b) of Fig.9.2. In
(a), by primal trail codes(or dual trail codes), 3. Their roots are ry,
ro and r3. In (b), 2. Their roots are ry and rs.

L= x

z Y

(a) (b)

Fig.9.2 Planar petal bundles of size 3

[X.3 Nonorientable pedal bundles

The central task of this section is to determine the enumerat-
ing function of nonorientable rooted petal bundles with size as the
parameter.

Let U be the set of all nonorientable rooted petal bundles. Be-
cause the trivial map is orientable, v} is never in /. In other words,
any map in U does have at least one edge. Now, U is partitioned into
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two classes: Uy = {M|VM € U, M — a orientable} and
Uy = {M|VM € U, M — a nonorientable},

i.e.,
U = U + U. (9.20)

First, the decomposition of the two sets U; and Uy should be
investigated.

Lemma 9.6 Let Uy = {M — a|VM € U}. Then,
Uny =D (9.21)
where D is the set of all orientable rooted petal bundles given by (9.1).

Proof For M = (X,P) € Uy, if M # 9, then M’ = (X', P')
where X' = X + Kr' and P’ is different from P only at the vertex

(7"/)'])/ - (7"/, Brla r, 737', 7)2,],.’ e ,P_l'f')
such that M = M’ —d/. From M’ € My, M € M. If M =1, then
M = (Kr',(r', pr") € Uy

such that M = M’ — a’. Meanwhile, M € D. Hence, Uy C D.
Conversely, for M = (X,P) € D, let M' = (X’,P’) such that
X'=X + Kr'. Because M has a single vertex,

P/ - (T/)P/ - (Tla ﬁ/’n/a r, PT, P27ﬁ7 e 7P_1T)-
Therefore, M’ has a single vertex as well. And, since 7/, 51’ € {r'}y,

M' € U. By reminding that M = M’ — a' is orientable, M’ € U.
Thus, M € Upy. This implies that D C Uyy. [l

Lemma 9.7 For any D = (X, F) € D, r = r(D), let B(D) =
{B;|0 <i < 2m(D)} where m(D) is the size of D, and
( (Tlaﬁrla <7“>_7:), i =0;
/ )i
vy, B Fie ),
B(py = e BT (9.22)
1 <i<2m(D) —1;

\ (T/’T7._,’Fl,’n’___’ﬁ7n/)’i:2m(D),
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Then,
Uy =Y B(D). (9.23)

DeD
Proof For any M = (Z,P) € Ui, because
D=M—a€cD,

M is only some B;, 1 < i < 2m(D) in (9.22) such that Pr’ = r,
or P?r' = r(Here, ' and r are, respectively, the roots of M and D).
Therefore, M is also an element of the set on the right hand side of
(9.23).

Conversely, for an element M in the set on the right of (9.23),
from Lemma 9.6, M € U;. This is to say that M is also an element of
the set on the left hand side of (9.23). O

Example 9.3 Let D = (Kz, (z,vx)) € D. Then, D is of size
1, i.e., m(D) = 1.

Three rooted petal bundles By(D), Bi(D), and Bs(D) € U; are
produced from D and shown as, respectively in (a), (b), and (c) of
Fig.9.4 where ' =y and r = x.

Fig.9.3 Nonorientable petal bundles from orientable ones

Lemma 9.8 Let Uy = {M —a|VM € Un}. Then,
Umy = U. (9.24)
Proof For M = (X,P) € Uy, let M' € Uy such that M =

M'—d'. Because M’ is a nonorientable petal bundle and M’ € Uy, M
is a nonorientable petal bundle as well, i.e., M € U.
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Conversely, for any M = (X, P) € U, there exists M' = (X', P') €
Uy such that M = M' —d/, e.g., X' = X + Kr', P' = (', v, (r)p).
Therefore, M € Uy. O

Further, observe that for a map M € U, how many non-isomorphic
maps M’ € Upare there such that M = M’ — a’. Two cases should be
considered: (1) ', v’ and r are in the same orbit of P’; (2) ', gr/
and r are in the same orbit of P’.

(1) Based on the rule of rooting, because yr’ only has 2m(M)+1
possible positions, i.e.,

77', _ PIT’,, Plr’ PI(PT’), e Pl(sz(M)_l'f'),

then

p

(Irl7 ,‘}/Tla <T>'P)7 1= 07
/ ) i
T 7P )
L(M) = ¢ (s Py ) (9.25)
1<i<2m(M) -1,
L (7, (r)p, "), i = 2m(M).
(2) Based on the rule of rooting, because (1’ also has 2m(M) +
1possible positions, i.e.,

5T/ _ ’T/, P’?“, P,(PT), . ,P'(sz(M)_lr),

then

Ji(M) = < (9.26)

Example 9.4 Let M = (Kxz,(x,8x)) € U. The map M has
only one edge, i.e., m(M) = 1.

Six nonorientable petal bundles Io(M), I1 (M), and Io(M), with
Jo(M), Ji(M), and Jo(M) € Uy are produced for M and shown as,
respectively, in (a), (b), and (c), with (d), (e), and (f) of Fig.9.4 where
r' =y and r = x.
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By

Fig.9.4 Nonorientable petal bundles from nonorientable ones

Lemma 9.9 For any M € U, let

{I(M> = {I;(M)[0 < i < 2m(M)}; (9.27)
J (M) ={J;(M)|0 < j <2m(M)}.
Then,

U= > (Z(M)+J(M)). (9.28)

Melu

Proof For any M' = (X', P") € Uy, because M = M' —a’ € U,
M'" is only some I;, 0 < i < 2m(M) — 1 in (9.25), or some J;, 0 <
7 <2m(M) —1in (9.26) such that Pr’ = r, or P?*r' = r(Here, 7’ and
r are, respectively, the roots of M’ and M). Therefore, M is also an
element of the set on the right hand side of (9.28).

Conversely, for an element M in the set on the right of (9.28),
from Lemma 9.8, M € Uy. This is to say that M is also an element
of the set on the left hand side of (9.28). O

Lemma 9.10 Let S and 7 be two sets of maps. If for any
T € T, there exists a set L(T) C S such that
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(i) forany T € T, |L(T)| = am(T) + b and for S € S,m(T) =
m(S) — ¢, where a b and ¢ are constants and m(7T) is an isomorphic
invariant, e.g., the size; and

(i) S=) L(T),

TeT
then

fs(x) = a(bfr + a:c%). (9.29)

Proof Because L(T') provides a mapping from a map in 7 to a
subset of § and the cardinality of the subset is only dependent on the
parameter of the enumerating function(by (i)), and (ii) means that
the mapping provides a partition on S, then

r fs(x) = Z(am(T) + b)z™T)
TeT

=b Z ™) 4 az Z m(T)z™ T

TeT TeT

=bfr + aa:%.
dx

This is (9.29) by multiplying x¢ to the two sides. O]
Theorem 9.3 The enumerating function g = f(x) of nonori-

entable rooted petal bundles in the set &/ with size as the parameter
satisfies the equation as

d dh
42259 — (1 —-2x)g —x(h+ 2z—);
_g| _ 1
dz'*=0 7

where h = fp(x) is the enumerating function of orientable rooted petal
bundles given by (9.9).

Proof Because (9.23) and (9.28) provides the mappings from
maps D € D and U € U to, respectively, a subset of U with 2m(U)+1
elements and a subset of Uy with 2(2m(U)+1) = 4m(U) + 4 elements,
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where D and U are 1 edge less than their images, from Lemma 9.10,

dh dh
and . |
fUH(x) - $(2g + 4%%) — 2xg + 4I2£
By (9.20) again,
dh d
g =xh+ 22> 4 2wg + 42722
dx dx
Via rearrangement, (9.30) is soon obtained. H

[X.4 The number of pedal bundles

Because (9.9) provides the number of orientable rooted petal bun-
dles with size m, m > 0, 1.e.,

_ (@2m-1)!
- 2m=l(m — 1)

for m > 1. Of curse, Hy = 1.

Here, the number of nonorientable rooted petal bundles with size
m is evaluated only by the equation shown in (9.30). Let G, be the
number of nonorientable rooted petal bundles with size m, m > 1.

In fact, G,,, m > 1, are determined by the recursion as

H,, (9.31)

Gmn=(4m—-2)G,_1+ Hy, m > 2;
{ (4m = 2)Gr-s " (9.32)
Gy =1.
The solution of the recursion (9.32) is obtained, i.e.,
(2m —1)! -
2m_1(m_1)|+i1_£( i—2)
1 o (9.33)
21—1(2' _ 1)' ' J



IX.4 The number of pedal bundles 227

Example 9.5 When m = 1, there are one orientable rooted
petal bundle of 1 edge, i.e., M = (Kz, (x,7vx)) and one nonorientable
rooted petal bundle of 1 edge, i.e., N = (K, (x,[x)) € U.

By appending an edge Ky on M, 3 non-isomorphic nonorientable

rooted petal bundles of 2 edges are produced and shown in (a—c) of
Fig.9.3.

By appending an edge Ky on N, 6 non-isomorphic nonorientable
rooted petal bundles of 2 edges are produced and shown in (a—f) of
Fig.9.4. Then, Gy = 9 which is in agreement with that provided by
(9.32), or (9.33).

Now, H,,, G,,, and HT(,?) for m < 10 are listed in Table 9.1.

m 2 G| g
1 1 1 1
9 3 9 9
3 15 105 5
4 105 1575 14
5 945 90205 | 42
6 10395 654885 | 132
7 135135 17162145 | 429
8| 2027025 516891375 | 1430
9| 34459425 17608766175 | 4862
10 | 654729075 669787843725 | 16796

Table 9.1 Numbers of rooted petal bundles in 10 edges

Lemma 9.11 For an integer m > 1, the number of non-isomorphic
nonorientable rooted petal bundles with size m is

G = (2" — 1)H,, (9.34)

where H,, is given by (9.31).

Proof By induction. When m =1, from H; = 1, Gy = 1. (9.34)
1s true.

Assume Gy, satisfies (9.34) for any 1 < k < m —1, m > 2. Then,
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from (9.32),

Gm = (4m - Q)Gm_l + Hm
= (4m —2)((2" ' = 1) H, 1) + H,,.

Since it can, from (9.31), be seen that

Hm = (2m - 1)Hm_1,

we have H
Gn=@m-2)2" ' —-1)—"— +H,
(4m — 2)( )+
4dm — 2
= 2"t —1)+1| H,
(2m — 1( )+ >
= (22" ' -1)+1)H,
= (2" — 1)H,,.
This is (9.34). O

Theorem 9.4 For an integer m > 1, the number of non-
isomorphic rooted petal bundles with size m is

2"(2m — 1)l (9.35)

where
m

(2m — 1)1 =] (2i —1). (9.36)

1=1

Proof Because of (9.34), the number of non-isomorphic petal
bundles with m edges is

Hyy + Gy = 2™ H,. (9.37)

By substituting (9.31) into (9.37), we have

2m — 1)!

2, = om x 1)

2m=1(m — 1)!

— 1)
_ 9 (2m —1)!
(m —1)!

= 2™ (2m — 1)1,
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This is (9.35). O

The theorem above reminds the number of embeddings of the
bouquet of size m
2"(2m —1)!

derived from (1.10) as a special case. This is (m—1)! times the number
of rooted petal bundles with m edges.
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[X.5 Observations

A map with only one face is called a unisheet.

09.1 Observe that there is a 1-to—1 correspondence between
the set of petal bundles and the set of unisheets.

09.2 Think that what types of graphs can be as the under
graph of a unisheet and what type of graphs are not as the under
graph of a unisheet.

09.3 Is any planar graph a under graph of a planar unisheet?

09.4 Think about three ways to justify a map which is a planar
petal bundle.

09.5 Discuss how to determine that a petal bundle is on the
projective plane.

09.6 Discuss how to determine that a petal bundle is on the
torus.

09.7 Discuss how to determine that a petal bundle is on the
Klein bottle.

09.8 Discuss how to determine that a unisheet is on the plane.

09.9 Discuss how to determine that a unisheet is on the pro-
jective plane.

09.10 Discuss how to determine that a unisheet is on the torus.

09.11 Discuss how to determine that a unisheet is on the Klein
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bottle.

[X.6 Exercises

E9.1 Show that for any graph G, there exists a unisheet U such
that G is the under graph of U.

E9.2 Prove that the number of rooted unisheet with size m is
m

(2m — )l =[] (2i —1).

i=1
E9.3 Prove that a unisheet is planar if, and only if, its under

graph is a tree.

E9.4 For an integer m > 1, determine the number of rooted
petal bundles of size m on the torus.

E9.5 For an integer m > 1, determine the number of rooted
petal bundles of size m on the projective plane.

A graph is said to be unicyclic if it has only one cycle.

E9.6 Prove that a unisheet is on the projective plane if, and
only if, its under graph is unicyclic.

A graph is said to be eves-cyclic if it has two fundamental circuits
incident.

E9.7 Prove that a unisheet is on the torus if, and only if, its
under graph is eves-cyclic.

E9.8 For an integer m > 1, determine the number of non-
isomor- phic rooted petal bundles with size m on the projective plane.

E9.9 For an integer m > 1, determine the number of non-
isomor- phic rooted petal bundles with size m on the torus.

E9.10 For an integer m > 1, determine the number of non-
isomorphic rooted petal bundles with size m on the Klein bottle.
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E9.11 For an integer m > 1, determine the number of non-
isomorphic rooted unisheets with size m on the projective plane.

E9.12 For an integer m > 1, determine the number of non-
isomorphic rooted unisheets with size m on the Klein bottle.

A map of order 3 is also called tri-pole map.

E9.13 For a given integer m > 1, determine the number of all
non-isomorphic rooted tri-pole maps with size m in the plane.

[X.7 Researches

R9.1 For two integers m > 1 and p > 2, determine the number
of rooted petal bundles with size m on the surface of orientable genus
|2

R9.2 For two integers m > 1 and ¢ > 3, determine the number

of rooted petal bundles with size m on the surface of nonorientable
genus q.

R9.3 For two integers m > 1 and p > 2, determine the number
of rooted unisheets with size m on the surface of orientable genus p.

R9.4 For two integers m > 1 and ¢ > 3, determine the number
of rooted unisheets with size m on the surface of nonorientable genus

q.
A map of order 2 is also called bi-pole map.
R9.5 For a given integer m > 1, determine the number of all

non-isomorphic orientable rooted bi-pole maps with size m

R9.6 For a given integer m > 1, determine the number of all
non-isomorphic nonorientable rooted bi-pole maps with size m

R9.7 For two integers m > 1 and p > 0, determine the number
of all non-isomorphic orientable rooted bi-pole maps with size m of
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the surface of genus p.

R9.8 For two integers m > 1 and ¢ > 1, determine the number
of all non-isomorphic nonorientable rooted bi-pole maps with size m
on the surface of genus gq.

R9.9 For a given integer m > 1, determine the number of all
non-isomorphic orientable rooted tri-pole maps with size m

R9.10 For a given integer m > 1, determine the number of all
non-isomorphic nonorientable rooted tri-pole maps with size m

R9.11 For two integers m > 1 and p > 1, determine the num-
ber of all non-isomorphic orientable rooted tri-pole maps with size m
of the surface of genus p.

R9.12 For two integers m > 1 and ¢ > 1, determine the num-
ber of all non-isomorphic nonorientable rooted tri-pole maps with size
m on the surface of genus gq.

R9.13 For two integers n > 5 and p > s(n) where

(n—3)(n—4)
s(n) = [ =),
i.e., the least integer not less than the fractional (n — 3)(n —4)/12(or
called the up-integer of the fractional), determine the number of rooted
maps whose under graph is the complete graph of order n with ori-
entable genus p.

R9.14 For two integers n > 5 and p > t(n) where
(n—3)(n—4)
t(m) = 1=

determine the number of rooted maps whose under graph is the com-
plete graph of order n with nonorientable genus gq.

R9.15 For two integers n > 3 and p > ¢(n) where

c(n) = (n—4)2" 3 + 1,

determine the number of rooted maps whose under graph is the n-cube
with orientable genus p.
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R9.16 For two integers n > 3 and ¢ > d(n) where
dn) = (n —4)2" 2 + 2,
determine the number of rooted maps whose under graph is the n-cube

with nonorientable genus q.

R9.17 For three integers m,n > 3 and p > r(n) where

(m = 2)(n —2)
r(n) = [,

determine the number of rooted maps whose under graph is the com-
plete bipartite graph of order m + n with orientable genus p.

R9.18 For three integers m,n > 3 and ¢ > [(n) where

i) = 222

determine the number of rooted maps whose under graph is the com-
plete bipartite graph of order m + n with nonorientable genus gq.




Chapter X

Asymmetrized Maps

e From decomposing the set of rooted orientable maps, a quadratic
differential equation satisfied by the enumerating function with
size as the parameter is discovered and then a recursion formula is
extracted for determining the function.

e A quadratic equation of the enumerating function in company with
its partial values for rooted maps on the surface of orientable genus
0 is discovered with an extra parameter and then an explicit ex-
pression of the function with only size as a parameter is via char-
acteristic parameters extracted for each term summation free.

e From decomposing the set of rooted nonorientable maps, a nonlin-
ear differential equation satisfied by the enumerating function with
size as the parameter is discovered in company with the orientable
case and then a recursion formula is extracted for determining the
function.

e The numbers of orientable, nonorientable and total maps with
given size are, in all, obtained and then calculated for size not
greater than 10.

X.1 Orientable equation

It is from Corollary 8.7 shown that a map with symmetry be-
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comes a map without symmetry whenever an element is chosen as the
root. Such a map with a root is called a rooted map.

Rooting is, in fact, a kind of simplification in mathematics, par-
ticularly in recognizing distinct combinatorial configurations for re-
ducing the complexity.

As soon as the rooted case is done, the general case can be re-
covered by considering the symmetry in a suitable way.

For maps, the estimation of the order of the automorphism group
of a map in the last chapter and the efficient algorithm for justifying
and recognizing if two maps are isomorphic in Chapter VII provide a
theoretical foundation for transforming rooted maps into non-rooted
maps. This will be seen in the next chapter.

The main purpose of this chapter is to present some methods for
investigating non-planar rooted maps as appendix to the monograph
Enumerative Theory of Maps[Liu7] in which most pages are for planar
maps, particularly rooted.

Let M be the set of all orientable rooted maps. For M =
(X, P) e M, let

v, = (z)p = (z,Pz,---, P ') (10.1)

be the vertex incident with x € X. The root is always denoted by 7.
The rooted edge which is incident with r is denoted by a = Kr. The
rooting of M — a is taking P°r as its root where

§ = min{i|Pr & Kr,i > 1}. (10.2)

In fact,
1, if P ;
5:{ P ar (10.3)

2, othewise.

In virtue of Theorem 3.4, M — a is a map if, and only if, a is not
a harmonic loop except terminal link (or segmentation edge) of M.

Now, let us partition M into three parts: Mj, My and My,
1.€.,

M = My + My + M (10.4)
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where My = {0}, i.e., consisted of the trivial map, My and My are,
respectively, consisted of those with a as a segmentation edge and not.

Lemma 10.1 Let My, = {M — a|VM € My}. Then,
My =M x M (10.5)
where x stands for the Cartesian product of two sets.
Proof For any M = (X, P) € M x M, let M = My + My,

M; = (X;,P;),i=1,2. Assume M' = (X', P’) such that X' = X+ Kr’
and P’ is different from P, or Py only at, respectively,
vy = (1) = (1,79, Para, -+, Py '13)
or
vae = (B )pr = (aBr’,ry, Piry, -+, Py ).

Since M’ € M and its rooted edge ' = Kr' is a segmentation
edge, M' € My. It is checked that M = M’ — a'. Therefore, M €
M.

Conversely, for any M € My, we have M’ € My such that
M = M' — o where ' = Kr'. From M' € My, M = M, + M, where
My, My € M. This implies that M € M x M. O

It is seen from this lemma that there is a 1-to—1 correspondence
between M (€ My, or M x M) and M'(€ My). Hence,

For M = (X,P) € My, because M —a is a map (Theorem 3.4),
from (10.3), the root (M — a) of M — a has two possibilities: when
Pr(M) # ~r(M), r(M — a) = Pr(M); otherwise,

r(M — a) = P*r(M).

Let M = (X,P) = M —a where ¥ = X — Kr and P are different

from P only at
(F)p = (Pr,P?r,--- . P~ 'r),
(PVT')ﬁ - (P”)/'f', 73277“, B 7)_1770)

} if a is not a loop;
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otherwise, 7.e., when a is a loop,

(P2, P3r,--- P 1r), 24 yr = Pr;
(Mp =19 (Pr,-- P, P P70p),
if yr =P, s > 2.

Since M(X,P) is orientable, group ¥ = Wy, 5y has two orbits
{r}w and {ar}y on X. For M = (X, P) =M —a, group ¥ =¥ 5,
also has two orbits

{rtg =A{rtv —{r.yr}
and
{ar}y ={arty — {ar, Br}.
So, M is also orientable.

Furthermore, for every element y € {7}y, is there exactly one
position of @ = Kr, i.e., yr is in the angle (ay, P), for M € My such
that M = M — a. This means that in M, there are

{741 = 51481 = 2m (A1),

where m(M ) is the size of M, non-isomorphic maps for producing M.

By considering for the case Pr = ~r, in My, there are 2m(M) + 1
non-isomorphic maps for M altogether.

Example 10.1 Let

where 7 = x is the root shown in Fig.10.1(a). Since it is orientable, the
orbit of group ¥ which 7 is in can be written as a cyclic permutation
as

(Mg = (z,y,72, 2,72,7Y).
Then, Fig.10.1(b-h) presents all the 2m(M)+1 =2 x 3+1 = 7 maps
in My, obtained by appending & = Kr on map M where (b) is for
Pr = ~r and (c-h) are for those obtained by appending a = K7 in

the order of (7)g from M.
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A/ AL
A"

() (h)

‘\

Fig.10.1 New maps obtained by appending an edge

Lemma 10.2 Let M(IH) = {M - CLWM c MIH}' Then,

My = M. (10.7)

Proof Because for any M € My, M —a is also a map (Theorem
3.4), then M € M.

Conversely, for any M € M, any one, e.g., M’ of the 2m(M) + 1
maps obtained by appending @’ from M in the above way is with
M" e M. Because M = M’ —d, then M € M. O

For convenience, let H(M) be the set of all the 2m(M) + 1 maps
in My, obtained from M by appending an edge in the above way.
From Theorem 8.1, they are all mutually nonisomorphic in the sense
of rooting.

Lemma 10.3 For M,

MHI — Z H(M) (10.8)
MeM
Proof For any M = (X,P) € My, let M = (X,P) = M — a.

Because a is not a segmentation edge, from Theorem 3.4 and Corollary
3.1, M € M. By orientability, because r € {7}; where ¥ = Ve pys
there exists y € {7} such that Py = ~vr, or Pr = yr. Because
{#}g| = 2mM, the former has 2m(M) possibilities and the latter,
only one. This is the 2m(M) + 1 possibilities in H(M). Further,
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because M € M, M is an element of the set on the right hand side of
(10.8).

Conversely, for any M € H(M), M € M, Since M = M —a €
M, by Theorem 3.4 and Corollary 3.1, a is not a segmentation edge.
Therefore, M € M. O

Furthermore, (10.8) provides a 1-to—1 correspondence between
the sets on its two sides. This enables us to construct all orientable
maps with the rooted edge not a segmentation edge from general ori-
entable maps with smaller size.

In order to determine the number of non-isomorphic orientable
rooted maps in M with size m > 0, the enumerating function of set

M
fulw) = 3 am (10.9)
MeM
has to be investigated for a simpler form in infinite power series where
m(M) is the size of M. In the series form of (10.9), the coefficient
of the term with ™, m > 0, is just the number of non-isomorphic

orientable rooted maps with size m.
From (10.4),

Lemmas above enable us to evaluate fiq,(x), fa, () and fag, ()
as functions of f = fu(x).

First, because Mj contains only one map ¥ and m(v) = 0, fu, ()
contributes the constant term 1 of f, 7.e.,

fm(z) =1. (10.11)
Lemma 10.4 For My,

Proof According to the 1-to—1 correspondence between My
and M, and that the former is with its size 1 greater than the latter
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in the correspondence, by (10.6),

MEM(H>

MeMxM
m 2

MeM

= zf>
This is (10.12). O
Lemma 10.5 For My,

pdf

fMIH(x) - ,If + 2x (1013)

a.
Proof From the 1-to-1 correspondence between My and M,

and that the former is with its size 1 greater than the latter in the

correspondence, and then by Lemma 10.3 and Lemma 9.10,

dx
2 df
dzr’

This is (10.13). 0

=xf+2x

Theorem 10.1 The differential equation about f

{2x23—£:1+(13§)f33f2;

Jo=1Tf |:v=0 =1
is well defined in the ring of infinite power series with all coefficients

nonnegative integers and the terms of negative powers finite. And,
the solution is f = fa(x).

(10.14)
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Proof Suppose f = Fy+ Fio + Fya?> + -+ Fpa™+--- F €
Z,, i > 0. Based on the first relation of (10.14), by equating the
coefficients on the two sits with the same power of x, the recursion

( —1+ F() = 0;
Fy — Fy — Fo2 = 0;
4 s (10.15)
Fr=(2m—1Fu1+ ) FiFui,
1=0
m > 2

\

is soon extracted. Then, Fy = 1(the initial condition), F; =2, ---, all
the coefficients of f can uniquely found from this recursion. Because
only addition and multiplication are used for evaluating all the coef-
ficients from the initial condition that F{ is an integer, F,,, m > 1,
must all be integers. This is the first statement.

For the last statement, from (10.10) and (10.11-13), it is seen
that f = fa(x) satisfies the first relation of (10.14). And, fy =
fm(0) =1 is just the initial condition. By the uniqueness in the first
statement, the only possibility is f = fa(x). O

Although the form of the equation in Theorem 10.1 is rather
simple, because of the occurrence of f?, it is far from getting the
solution directly. In fact, it is an equation in the Riccati’s type. It has
no analytic solution in general.

X.2 Planar rooted maps

Let 7 be the set of all planar rooted maps. Because it looks hard
to decompose 7 into some classes so that each class can be produced
by 7 with only size as the parameter. Now, another parameter for
a map M, i.e., the valency of the rooted vertex n(M), is introduced.
The enumerating function of 7 is

t(x,y) = frz,y) =Y oMy (10.16)
MeT
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where m(M) is still the size of M.
Assume that 7 is partitioned into three classes: 7y, 7; and 7o,
i.e.,

T=T+T+7T (10.17)

where 7y = {¥}, 71 and 7; are the sets of planar rooted maps with
the rooted edge, respective a loop and a link(not loop).

For M € T, let a = Kr be the rooted edge of M with the root
r =r(M). For maps M; € 7 (i=1 and 2), let a; = Kr; be the rooted
edge of M; with the root r; = r(M;).

The 1-addition of two maps M; = (X1, P1) and My = (X, Ps)
is to produce the map M; +- My = M; U My with the root r =
provided M; N My = {v,} where v, = ((r1)p,, (r2)p,).

Lemma 10.6 Let 7y = {M — a|VM € T;}, then
Ty =T x T (10.18)

where T x- T = { My + Ms|VMy, My € T} is called the 1-product of T
with itself.

Proof For any M = (X P) € Ty, let M' = (X', P') € T; such
that M’ —a' = M. Because a’ = K1’ is a loop,

(rypr = (', P ooy P,

From the planarity, M’ —a’ = My+ My, M; = (X;,P;), i = 1,2, where
X =X+ X =X — Kr', Py and P, are different from P only at (r)p
becoming, respectively,

(r)p, = (P, P(P'7), -, P~ yr)
where v = af and
(r2)p, = (Pyr!, P(Plyr’), - P ).

This implies M € 7 x- 7T.
Conversely, for M € T x- T, because M = My + Ms, let M’ =
M+ d', a = Kr', such that

(r)pr = (', (e, 7' (ra) ),
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then M' € T and M = M’ —d'. Since d' is a loop, M’ € 7; and hence
ME']ZD. L]

Because this lemma presents a 1-to—1 correspondence M = M; +
M, between M € 7’<1> and My, M, € 7T with m(M) = m(Ml) +m(M2)
and n(M) = n(M;) + n(Ms), the enumerating function of 7y,

froy(w,y) = Y am My
MeTx T

_ Z xm(M1)+m(M2)y”(M1)+"(M2)
My, MyeT (1019)
= ( Z xm(M)yn(M))2

MeT
= t*(x,y).

Then, from the 1-to—1 correspondence between 77 and 7y with
the former of size 1 greater than the latter and the former of the rooted
vertex valency 2 greater than the latter, the enumerating function of
Tq is

fr.(xz,y) = xy2f7<l> (z,y) = zy*t* (2, y). (10.20)

However, for 75, the correspondence between 7 and 79y = {M e
alVM € 15} with the former of size 1 greater than the latter is not of
1-to—1 where M e a is the contraction of the rooted edge a on map
M. The root on M e a is defined to be Pyr when Pyr # ~r; or
(Pv)*r otherwise. Because a is a link, this is a basic transformation.
According to Chapter V, M — a is planar if, and only if M is. Hence,

Ty =T. (10.21)

Further, observe what a correspondence between 75 and 7 is.

For M = (X,P) € T, let (r)p = (r,Pr,---, P"M~11) where
n(M) is the valency of the rooted vertex v, on M. By splitting a link
at v, all those obtained are still planar because this operation is a
basic transformation. For doing this, there are n(M) + 1 possibilities
altogether.
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Let M; = (X;,P;),0 < i < n(M) be all the n(M) + 1 maps
obtained from M by splitting an edge at the rooted vertex v, = (r)p
as

( (70, {r)p), while v, = (y70);

(r1, Pr, - -, P"ID=10) while vg,, = (yr1,7);

(ro, P?r, -, PP"M)=1p) while vg,, = (Y7o, 7, Pr);
D B (10.22)
(Tugary—1, P"M 1),

while VB, = (’an(M)_h e ,P”(M)_2r);

M)—1

\ (Tn(ary), while vg,. = (Yrp(ar), (1))

Lemma 10.7 For a map M € T, let
where M;, 0 < i < n(M), are given by (10.22). Then,

T,=> K(M). (10.23)

MeT

Proof For any M € 75, because a = Kr is a link, from (10.21),
M ea € T and from (10.22), M € K(M e a). Therefore M is an
element of the set on the right hand side of (10.23).

Conversely, for M is an element of the set on the right of (10.23),
there exists a map M’ € T such that M € K(M'). Because all maps
in (M) are planar if, and only if, M’ is planar, M € T as well.
Moreover, from (10.22), the rooted edge a is a link, M € 75. This
meas that M an element of the set on the left hand side of (10.23).00

Because (10.23) presents a 1-to—1 correspondence between maps
with the same size on its two sides and the valency of rooted vertex
of M;(0 < i <n(M))isn(M) —i for any M € T, the enumerating
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function of 75 is

fr(xy) =Y @My

MeT =0 (10.24)

where t = t(x,y) and ty = t(x, 1).

Theorem 10.2 The enumerating function ¢ = t(x, y) of planar
rooted maps satisfies the equation as

(1 —y)t? — (1 —y + ay* )t + aytg + (1 —y) =0 (10.25)
where ty = t(x, 1).
Proof From (10.17),

L= fTo(xay) + le(xay) + sz(xay)

Because 7y = {9} and ¢ has no edge, f7,(x,y) = 1. From (10.20) an
(10.24),

X
t=1+ a2y + %(to —yt).

Via rearrangement of terms, (10.25) is soon found. O

Although (10.25) is a quadratic equation, because the occurrence
of ty which is also unknown and the equation becomes an identity when
y = 1, complication occurs in solving the equation directly.

The discriminant of the equation (10.25), denoted by D(x,y), is

D(z,y) = (zy° —y +1)* = 4(y — Day’(y — 1 — zyto)

=1—-2y+(1—22)y* + (2* + 22
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—H(z))y® + H(z)y’ (10.26)

where
H(z) = 42ty + 2* — 4z, (10.27)

Assume that D(z,y) has the form as
D(z,y) = (1 0y)*(1 + ay + by*)
=1— (20 —a)y + (67 — 2a0 + b)y*
+0(af — 2b)y® + 6by*. (10.28)
By comparing with (10.26),

0=1+ % (10.29)
and
1— 22 =60(4—30) + b;
2% 4+ 22 — H(z) = 0(2(0 — 1)6 — 20b); (10.30)

H(z) = 6°b.

Then, an equation about b with 6 as the parameter is found as
1
Z(1—49+392—b)2+1—49+3e2—b—92b

=2(0 — 1)6* — 260.

By rearrangement, it becomes

b* — (106% — 1660 + 6)b + (96* — 326°

+420* — 240 + 5) = 0. (10.31)
The discriminant of (10.31) is
(106% — 160 + 6)* — 4(90* — 320° 4- 420* — 2460 + 5)
= 640" — 1920 4 2080* — 960 + 16
= (80% — 120 + 4)°.

Therefore,

b=(0—1)%or 99> — 140 +5= (99 — 5)(0 — 1).
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The latter has to be chosen in our case. By the last relation of
(10.30),
H(z) = 6%(90 — 5)(6 — 1).

From the first relation of (10.30) and (10.27), the expressions for
x and by with parameter # are extracted as

v = (30— 2)(1— 0);

b 460 — 3 (10.32)
" (30— 2)%
This enables us to get by as a power series of x as
2 x 3™(2m)!
b = m, 10.33
o) mz>0 ml(m + 2)! ‘ ( )

by eliminating the parameter # via Lagrangian inversion. More about
this method can be seen in the monograph[Liu§].

Example 10.2 For m = 2, it is known from (10.33) that the
number of non-isomorphic planar rooted maps is the coefficient of z2.
That is 9.

Because there are 4 non-isomorphic planar maps of size 2 as
shown in Fig.10.2. The arrows on the same map represent the roots
of non-isomorphic rooted ones. Such as there are, respectively, 2, 2, 1
and 4 non-isomorphic rooted maps in (a), (b), (¢) and (d) of Fig.10.2
to get 9 altogether.

Fig.10.2 Planar rooted maps of two edges
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X.3 Nonorientable equation

Let N, be the set of nonorientable rooted maps of size m. Of
course, m > 1. And, let NV,, be partitioned into ./\/}(nl) and N#}I), i.€e.,

N = N + D (10.34)
where NV\W = {N|N € N,,, N — a orientable} and
NI = N, = ND = {N|N € N,,, N — a nonorientable},
a = e,(N) is still the rooted edge.

Lemma 10.8 Let N = {N —alVN € MS)}, then
NI = My, (10.35)
where M,,,_1 is the set of orientable rooted maps of size m—1, m > 1.

Proof Because of the nonorientability of N € N and the ori-
entability of N — a, from Corollary 3.1, a is not a segmentation edge.
Based on Theorem 3.4, N — a is always an orientable map. So, for
any N € J\/}@, N € M,,_1, m > 1. This implies NP M_1.

Conversely, for any N = (X, P) € M,,_1, by appending an edge
a on N, N = (X', P) is obtained where X' = X + Kr' and P’ is
different from P only at the vertex

(r")pr = (', B, (r)p).

Since K71’ is not a segmentation edge, from Theorem 3.7, N’ is a
map. And since 8r' € {7}y, ¥ = Wyp oy, from Theorem 4.1, N’
is nonorientable. Further, because N = N’ — d is orientable and
m(N) +1=m(N') =m, N € Nl'. This implies M,,_; C N, O

For any M = (X,P) € M,,, since M is orientable, assume

{rhw =A{rhir, - domar},

VeV =V py,1=12---,2m(M)—1=2m — 1. By appending
the edge 1/,

A(M) = {A(M), Ay(M), - -+, Ay (M) }
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is obtained where A;(M) = M +e,. = (&}, P;) such that X; = X' + Kr;
and P; is determined in the following manner:

Bro in the angle (P~ 1r,7)

Bri(i =1,2,---,2m(M) — 1) in the angle (aP "7, 1),

Brom(ar) in the angle (r, aP ).

Because #r; € {ri}w, where W; = Vo py, i = 0,1,---,2m(M),

from Theorem 4.1, A; are all nonorientable. Because A;(M) —e,, €
M, Ai(M) € Nﬁll, 0 <i<2m(M). From Lemma 10.8,

Ny = 3" A (10.36)
MeM,,

m > 0. Of course, M consists of only the trivial map.
For ./\/}(nH), two cases should be considered: N;%N) and N&T), i.e.,

NI = N 4 A(T) (10.37)
where
NN = INVYN e N 4 =, is a terminal,
or segmentation edge}
and

ND = INIYN e N\ ¢ is neither terminal

nor segmentation edge}.

Of course, N7 = N — AN,
Lemma 10.9 Let N = {N —a|VN € ./\/'n(@N)}. Then,
NW<,LN> — Z Mn1 X Nng + Z an X MnQ

n1+n2:m—1 n1+n2:m—1
n1,n220 ny,m9>0
(10.38)
+ g Ny, X Ny,
ni+ng=m-—1
ny,m9>0

where X represents the Cartesian product of sets.

Proof Easy to see except for noticing that N —a has a transitive
block which is the trivial map when a is a terminal edge. 0]
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Lemma 10.10 Let N}/ = {N —alVN € ./\/'n(lT)}. Then,
NI = N,y (10.39)
where m > 2.

Proof Because a = e, is neither terminal nor segmentation edge,
from Theorem 3.4, N € N By the nonorientability and the size
m—1, N € Nm—l; 1.€.,

N C N,y

On the other hand, for any N = (X, P) € N,,_1, we have N’ =
(X', P") such that X' = X + Kr' and P’ is different from P only
at the vertex (r')pr = (r/,y7r',(r)p). Since N is nonorientable and

a’ = Kr' is neither terminal nor segmentation edge, N’ € Nn(@T). Thus,
N=N —d e ./\/}<nT>. This implies

In consequence, the lemma is proved. [l

One attention should be paid to is that when m = 1, there is only
one nonorientable map (K, (r, #r)), and (Kr, (r, 3r)) € NO. Thus,
(10.39) is meaningful only for m > 2.

On the basis of this lemma, it is necessary to see how many
N’ e N,S,LTJr)l can be produced from one N € N,, such that N = N'—a'.

Because N is nonorientable, let I = {r, vyr, or, - oy, 17} be
consists of half the elements in {r}y = X, ¥ = W, py, such that for
any x € I, Kx NI = {x,yx}. Two cases are now considered.

Case 1 For any N = (X, P) € Ny, let
B(N) ={By(N), Bi(N), Bo(N), - - -, Bo(N) }
where Bj(N) = (X;,P;) = N +e,,, j =0,1,2,---,2m, have

Bro in the angle (aP~'r,r),
Bri(j =1,2,---,2m —1) in the angle (a P17, jr),
Brom in the angle <7n’ 0473_17“>.
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Case 2 For any N = (X,P) € N,,, let
C(N) ={Co(N),Ci(N),Co(N), -, Com(N)}
where C;(N) = (Y}, Q;) = N +e,, 7 =0,1,2,---,2m, have
vrg in the angle (aP~'r,7),

vri(j =1,2,---,2m — 1) in the angle (aP~ ;7. jr),

Y7o in the angle (r, aP~'r).

On the basis of Lemma 10.10, from the conjugate axiom,
Nt =3 (BIN) +C()) (10.40)
NeN,

for m > 1.
Because N' = N + N3 + - - -, the enumerating function

fv(@)=> () Da™ = fyw(x) + fym(z)

m>1 NN, (10.41)
= fvo(z) + fyeo (z) + faren ().

Lemma 10.11 For N0 = NI(D +,/\/2(D SR

favw(z) =z fpm+ 2x2% (10.42)

where for = fam(x) is the enumerating function of orientable rooted
maps determined by equation (10.14).

Proof On the basis of (10.35-36), from Lemma 9.10, the lemma,
is obtained . O

Lemma 10.12 For NN = /™ 4 /& 4

Fam (x) =2xfmfn + xfﬁ/ (10.43)
where far = fum(z) as in (10.10) and far = far(z) as in (10.41).
Proof A direct result of Lemma 10.9. O
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Lemma 10.13 For V(D) = Nl(T) +N(T)

2fN

10.44
i (10.44)

v () =22 i + 4o

Proof On the basis of Lemma 10.10 with its extension (10.40),
from Lemma 10.11, (10.44) is soon obtained. O

Theorem 10.3 The following equation about f

4 247 = a(z)f — xf? — 2xb(x);

dz (10.45)
Yy
dx l2=0 N

where

b) = foa — 200

is well defined in the ring of power series with all coefficients non-
negative integers and negative powers finite. And, the solution is

[ = fn(z).

Proof Let f = Nix + Noz? + N3z + - -, then from (10.45) all
the coefficients can be determined by the recursion

{a(w) =1—2x — 2z fp;

(N = (4m —2)Ny 1+ (2m — 1) F,,

m—1 m—2
2y NiFp 1 NiNp-1-i,
{ - z_; it z_; ! (10.46)
m > 2;

| N =1,

where F,,,, m > 0, are known in (10.15). Because all N,,, m > 1,
determined by (10.46) are positive integers, the former statement is
true. The latter is directly deduced from (10.41-44). O
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X.4 Gross equation

Let R, be the set of general(orientable and nonorientable) rooted
maps with size m, m > 0. Of course, Ry consists of only the trivial
map.

For m > 1, R,, is partitioned into two subsets jo ) and 7257? ),

1.€.,
Ry = RN 4 R (10.47)
where
RN — {RIVR € R,,, e,(R) is a terminal link
or segmentation edge}
and

R = {R|VR € R,,, e,(R) is neither terminal
nor segmentation edge}.

Of course, Rg) =R,, — Rg).

Lemma 10.14 Let R = {R —a|VR € R}, then

R = > Ry X Ry, (10.48)
n1+n2:;n0—1

m > 1.

Proof For any R € 725\1}]), because a = e,(R) is a terminal link
or a segmentation edge, R — a has two transitive block (when a is a
terminal link, the trivial map is seen as a transitive block in its own
right), R —a = Ry + Ry and Ry € R,,,, Rs € R,,,. In other words, the
set on the left hand side of (10.48) is a subset of the set of its right.

Conversely, for any Ry = (X1, P1) € R, and Ry = (X, Ps) €
R.,, by appending a = e,, R = (X, P) is obtained where X = X} +
Xo+ Kr and P is different from Py and P, only at the vertices (r)p =
(r, (r1)p,) and (yr)p = (yr, (re)p,). It is easily checked that R € R,,,
m = ny + no + 1. In other words, the set on the right hand side of
(10.48) is a subset of the set on the left. O
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Since R = Rg+ R1 + Ro + - - -, the enumerating function
frlz)=>_( 3 1"
m>0 RER, (10.49)
= [ro(T) + frow (2) + fren (@),

where RN = R%N) + RgN) 4+ oand RM = RET) + RgT) 4o
First, because Ry consists of only the trivial map,

fro(x) = 1. (10.50)
Then, from Lemma 10.14,
froo(z) = fg, (10.51)

where fR = fR(:E)
In order to evaluate fre (x), R has to be decomposed.

Lemma 10.15 Let RiY = {R — a|VR € R\Y’}, then
R =R, 1, (10.52)

m

where m > 1.

Proof For any R € R\T ), because @’ = e, is neither terminal
link nor segmentation edge, from Theorem 3.4, R = R' —d € R,,_1.
This implies
Rgp - Rm—l-
Conversely, for any R = (X,P) € R,,_1, by appending the edge
a = Kr', R = (&X',P') is obtained where X' = X + Kr' and P’ is dif-
ferent from P only at the vertex (r')p = (7', v/, (r)p). From Theorem

3.7, R € R,,. Because a’ is neither terminal link nor segmentation
edge and R = R — d’, R € R'Y. This implies

Rp1 C RV,

The lemma is proved. [l

Based on this, what should be further considered for is how many
R € R(TJ)FI can be produced from one R € R,, such that R = R’ —d/.

m
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Because R is a map(orientable, or nonorientable), let

I = {T7 77/}17“7 77/}27.7 e 7¢2m—1r}

be the set of elements in correspondence with a primal trail code, or
dual trail code. For any x € I, Kx NI = {x, vz} has two possibilities
as cases.

Case 1 Forany R=(X,P) € R, let
D(R) = {Dy(R), Di(R), D2(R), - - -, Dom(R)}
where Dj(R) = (X;,P;) = R+e,, j =0,1,2,---,2m, have
Bro in the angle (aP~r,r),

Bri(j =1,2,---,2m — 1) in the angle (aP~'4;r, jr),
Brom in the angle <7n’ 0473_17“>.

Cases 2 For any R = (X, P) € Ry, let
E(R) = {Ey(R), Ex(R), Ex(R), - - -, Ean(R) }
where E;(R) = (Y}, Q;) = R+e,,, j =0,1,2,---,2m, have
y7o in the angle (aP~'r,7),

yri(j =1,2,--+,2m — 1) in the angle (aP'4;r, jr),
Y7o, in the angle (r, aP~'r).

Based on Lemma 10.15, from the conjugate axiom,

Ripli = Y (D(R)+ E(R)) (10.53)
for m > 1.

Because RT) = RgT) + R;T) + -+ -, from Lemma 10.15 with its
extension (10.53) and Lemma 9.10, the enumerating function
2 dfr

fron(@) = 2@ fr + 40" == (10.54)
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Theorem 10.4 The equation about f

{4332(;55 = —1+(1—22)f —af?
fo=r1(0)=1

is well defined in the ring of power series with coefficients all nonneg-
ative integers and terms of negative power finite. And, the solution is

= fr(x).

Proof In virtue of the initial condition of equation (10.55), as-
sume f = Ry + Rz + Rox? + ---. Of course, Ry = fy = 1. Further,
from equation (10.55), the recursion

(10.55)

y m—1
Rm = (4m — 2)Rm_1 + Z RiRm—l—i;
< =0 10.56
"> 1 (10.56)
( Ry =1

is soon found for determine all the coefficients R,,,, m > 0. It is easily
checked that all of them are positive integers and hence the former

statement 1is true.
The latter is a direct result of (10.50-51) and (10.53). O

X.5 The number of rooted maps

First, let 0,,, = (Fy, F1, -+, F,), m > 0, be the m+1 dimensional
vector where F,,, m > 0, are the number of non-isomorphic orientable
rooted maps with size m. And, o¥, = (F,,, Fy,_1,- -+, Fy) called the
reversed vector of the vector ¢,,. Easy to check that

O = (o))" = ((0m)")" = 00 (10.57)

m m

where T the transposition of a matrix.
The recursion (10.15) for determining F,, m > 0, becomes

Fm = (2m — 1)Fm_1 + am_lagﬁl,
m>1; (10.58)
Fy=1.
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By (10.58), the number of non-isomorphic orientable rooted maps
with size m, m > 1, can be calculated. In the first column of Table
10.1, F;,, m < 10, are listed.

Then, let 9,, = (N1, No, - - -, N1) where N,, is the number of non-
isomorphic nonorientable rooted maps with size m for m > 1.

The recursion (10.46) for determining N,,, m > 1, becomes

( Nm = (4m - 2>Nm_1 + (2m - 1>Fm_1

20, 10 B 4 5, o0 R
e (10.59)

(N =1

where 0,9 is given in (10.58).

By (10.59), the number N,, can be calculated for m > 1. In the
second column of Table 10.1, N,,, m < 10, are listed.

Finally, let p,, = (R, Ry, -+, R;) where R, is the number of

non-isomorphic general maps with size m for m > 0.

The recursion (10.56) becomes

Ry = (4m — 2)Ry1 + pm_1pil,
m > 1; (10.60)
Ry = 1.

By (10.60), the number R,, can be calculated for m > 0. In the
third column of Table 10.1, R,,, m < 10, are listed.

From those numbers in Table 10.1, it is also checked that the
enumerating functions fa(z), far(z) and fr(x) of, respectively, non-
isomorphic orientable, nonorientable and general(orientable and nonori-
entable) rooted maps with size as the parameter satisfy the relation
as

fr(@) = fm(@) + far(z). (10.61)
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m F, N, | Ry,
0 1 0 1
1 2 1 3
2 10 14 24
3 74 223 297
4 706 4190 4896
5 8162 92116 100278
6 110410 2339894 2450304
7 1708394 67825003 69533397
8| 29752066 2217740030 | 2247492096
9| 576037442 80952028936 | 81528066378

10 | 12277827850 3268104785654 | 3280382613504

Table 10.1 Numbers of rooted maps with size less than 11
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X.6 Observations

010.1 Because a surface can be seen as a polygon with even
edges pairwise identified in the plane, think that whether, or not, a
map on a surface rather than plane can always represented by a planar
one. If it can, explain the reason, or provide an example otherwise.

010.2 For a rooted map M, let m(M) and (M) be, respec-
tively, the size and the valency of root-face in M, observe the numbers
of non-isomorphic planar rooted maps for m(M), (M) < 3.

Similarly, do the same with the valency of root-vertex s(M) in-
stead of [(M).

A map with all its faces of 3-valent except for the root-face is
called a near triangulation.

010.3 For a near triangulation 7', let m(7") and [(T") be, respec-
tively, the size and the root-face valency of T'. Observe the numbers
of non-isomorphic planar rooted near triangulations for m, [ < 4.

Similarly, do the same with the valency of root-vertex s instead
of 1.

A map with all its faces of valency 4 except for the root-face is
called a near quadrangulation.

010.4 For a near triangulation @, let m(Q) and I(Q) be,
respectively, the size and the root-face valency of T'Q). Observe the

numbers of non-isomorphic planar rooted near quadrangulation for m,
[ <5.
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Similarly, do the same with the valency of root-vertex s instead
of [.

A planar map from which the result of deleting all the edges on
a face is a tree is called a Halin map. The face is said to be specific.

010.5 Evaluate the number of non-isomorphic rooted Halin
maps with the root on the specific face by the parameters: the size m
and the valency [ of the specific face for m > 6 and [ > 3.

010.6 Try, by edge contraction, to determine the enumerating
function of general rooted maps with the size as the parameter.

010.7 'Try, by edge contraction, to determine the enumerating
function of rooted petal bundles with the size an the root-face valency
as the two parameters.

010.8 Try, by directly solving the equation (9.7), to determine
the enumerating function of orientable rooted petal bundles h.

010.9 Try, by directly solving the equation (9.30), to deter-
mine the enumerating function of nonorientable rooted petal bundles

g.
010.10 Observe the numbers of general Eulerian rooted maps
with the size smaller.

X.7 Exercises

For a map, if the result of deleting all inner vertices(not articulate
vertez, i.e., a vertex of valency 1, or a terminal) of a spanning tree is,
itself, a travel with only one vertex of valency probably greater than
2, then it is called a pan-Halin map. Because this travel is still a map
and becomes a petal bundle via decreasing subdivision, such a petal
bundle is called the base map of the pan-Halin map.

A pan-Halin map of which the base map is of size 2p and ori-
entable genus p > 0, or of size ¢ and nonorientable genus ¢ > 1, is
said to be pre-standard . If a pre-standard pan-Halin map has its base
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map with each edge incident with at least one terminal of the tree,
then it is said to be standard.

Let Hysu be the set of all pre-standard pan-Halin rooted maps.
The root ry for H € Hye is chosen be an element incident with the
vertex and the face of the base map of H.

For any H = (X,P) € Hpsu, the tree T on H is seen as a
planted tree(a plane tree with the root-vertex of valency 1) with its
root rp = P(Pv)'ry where

t = min{s|(P~)’ry incident with a terminal of T'}.

E10.1 Given the partition of vertices according to their va-
lencies on a planted tree j = (ji,J2,---,), i€, ji, @ > 1, is the
number of unrooted vertices of valency ¢, prove that the number of
non-isomorphic planted trees with the partition is

(n—1)!
4!
where
i>1
i.e., the order, and j! = [],., 7.
E10.2 Given the vertex partition s = (s9, 3, +), prove that

the number of non-isomorphic pre-standard pan-Halin rooted maps
with the partition and their base maps of size m on a surface of ori-

entable genus p is
om (M +2p — 1\ [(s3\nlm
2p—1 m) s!

n+2:ZS,’, andglznsi!.

1>2 s>2

where

E10.3 Given the vertex partition s = (s9, S3,--+), Prove that
the number of non-isomorphic pre-standard pan-Halin rooted maps
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with the partition and their base maps of size m on a surface of nonori-

entable genus ¢ is
om (M +q—1\ (s3\nlm
qg—1 m) s!

n+2:ZS,’, andglznsi!.

1>2 5>2

where

E10.4 Given the vertex partition s = (s9, 3, ), prove that
the number of non-isomorphic standard pan-Halin rooted maps with
the partition and their base maps of size m on a surface of orientable

genus p 1is
om (10— 1\ [(s3\nlm
2p—1)\m/) s!

TL+2:ZSZ',

1>2

where

and s > 0,5 # 0, m>2p>1.

E10.5 Given the vertex partition s = (s9, 3, ), prove that
the number of non-isomorphic standard pan-Halin rooted maps with
the partition and their base maps of size m on a surface of nonori-

entable genus ¢ is
om (M~ 1\ [s3\nlm
g—1)\m/ s!

TL+2:ZSZ',

1>2

where

and s >0,s5# 0, m>q>1.

E10.6 Evaluate the number of near triangulations of size m on
the projective plane.

E10.7 Evaluate the number of near triangulations of size m on
the Klein bottle.
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E10.8 Evaluate the number of rooted quadrangulations of size
m on the projective plane.

E10.9 Evaluate the number of near quadrangulations of size m
on the Klein bottle.

E10.10 Determine the enumerating function of rooted petal
bundles with the size as the parameter on the torus.

E10.11 Determine the enumerating function of rooted petal
bundles with the size as the parameter on the projective plane.

E10.12 Determine the enumerating function of orientable two
vertex rooted maps with size as the parameter.

E10.13 Determine the enumerating function of nonorientable
two vertex rooted maps with size as the parameter.

E10.14 Establish an equation satisfied by the enumerating func-
tion of general non-separable rooted maps.

E10.15 Establish an equation satisfied by the enumerating func-
tion of general Fulerian rooted maps.

A map is said to be loopless if its under graph has no self-loop.

E10.16 Establish an equation satisfied by the enumerating func-
tion of general loopless rooted maps.

A map is said to be simple if its under graph has neither self-loop
nor multi-edge.

E10.17 Establish an equation satisfied by the enumerating func-
tion of general simple rooted maps.

X.8 Researches

R10.1 Given a relative genus g # 0(the case g = 0 is solved),
determine the number of rooted near triangulations of size m > |g| on
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a surface of genus g.

A rooted map with all vertices of the same valency except for
probably one vertex is said to be mear regular. Among them, near
3-regular and near 4-regular are often encountered in literature.

Although near triangulations or near quadrangulations are, re-
spectively, the dual maps of rear 3-regular, or near 4- regular maps,
they are still considered for most convenience from a different point
of view.

R10.2 Given a relative genus g # 0(the case g = 0 is solved),
determine the number of rooted near 3-regular maps of size m > |g|
on a surface of genus g.

R10.3 Given a relative genus g # 0(the case g = 0 is solved),
determine the number of rooted near quadrangulations of size m > |g|
on a surface of genus g.

R10.4 Given a relative genus g # 0O(the case g = 0 is solved),
determine the number of rooted near 4-regular maps of size m > |¢|
on a surface of genus g.

R10.5 Given a relative genus g # 0(the case g = 0 is solved),
determine the number of non-separable rooted maps of size m > |g|
on a surface of genus g.

R10.6 Given a relative genus g # 0(the case g = 0 is solved),
determine the number of Eulerian rooted maps of size m > |g| on a
surface of genus g.

R10.7 Given a relative genus g # 0(the case g = 0 ia solved),
determine the number of non-separable Eulerian rooted maps of size
m > |g| on a surface of genus g.

For the problems above, another parameter [ > 1 is absolutely
necessary in almost all cases. it is the valency of the extra vertex, or
face according as the regularity is for vertices, or faces.

R10.8 Given a relative genus g # 0(the case g = 0 is known),



X.8 Researches 267

find a relation between general maps and quadrangulations on a sur-
face of genus g.

R10.9 Given a relative genus g # 0(the case g = 0 is known),
find a relation between general maps and triangulations on a surface
of genus g.

R10.10 Given a relative genus g # 0(the case g = 0, a 1-to—
1 correspondence between loopless planar rooted maps of size m —
1 and 2-connected planar rooted triangulations of 2m — 1 unrooted
faces should be found, but now unknown yet), find a relation between
loopless rooted maps and triangulations on a surface of genus g.

R10.11 Present an expression of the solution for equation (10.14)
by special functions, particularly the hyperbolic geometric function.
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Maps with Symmetry

e A relation between the number of rooted maps and the order of
the automorphism group of a map is established.

e A general procedure is shown for determining the group order dis-
tribution of maps with given size via an example as an application
of the relation.

e A principle for counting unrooted maps from rooted ones is pro-
vided.

e Based on the principle, a general procedure is shown for determin-
ing the genus distribution of unrooted maps with given size via two
examples.

e Conversely, rooted maps can be also determined via unrooted maps.

XI.1 Symmetric relation

First, observe how to derive the number of non-isomorphic un-
rooted maps from that of non-isomorphic rooted maps when the auto-
morphism group is known, or in other words, how to transform results
without symmetry to those with symmetry.
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Theorem 11.1 Let ng(U; I) be the number of non-isomorphic
rooted maps with a given set of invariants including the size in the
set of maps U considered. If the order of automorphism group of each
map M in U is independent of the map M itself, but only dependent
on U and I, denoted by aut(U; I), then the number of non-isomorphic
unrooted maps with [ in U is

aut(U; Ino(U; 1)

nl(u;f): de

(11.1)

where € € [ is the size.

Proof Let map M = (X,P) € U. From Theorem 8.1, for any
r e X,

| X.| = {y| 37 € Awt(M),y = Tx}| = aut(M). (11.2)

In view of Corollary 8.2, M itself produce

X 4e
X, aut(M)

no(M) (11.3)

non-isomorphic rooted maps. Therefore, there are

4e
no(Us I) = Z aut(M)

Meu

e
aut(l/l;[)nl(u’ )

non-isomorphic rooted maps in U. Via rearrangement, (11.1) is soon
obtained. U

In chapter VIII, efficient algorithms are established for finding
the automorphism group of a map, this enables us to get how many
non-isomorphic rooted maps from a unrooted map by (11.1).

However, from Chapter IX and Chapter X, it is unnecessary to
know the automorphism group for counting rooted maps. This en-
ables us to enumerate unrooted maps via automorphism groups by
employing (11.1).
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Problem of type 1  For a set of maps M known the number
of non-isomorphic rooted maps with a given size, determine the num-
ber of non-isomorphic unrooted maps with the given size according
to the orders of their automorphism groups, or in other words, the
distribution of unrooted maps on the orders of their automorphism
groups.

Although this problem does not yet have general progress in
present, a great amount of results for rooted case have already pro-
vided reachable conditions for the problem.

XI1.2 An application

In what follows, provide a general procedure for solving the prob-
lem of type 1 via the determination of the distribution of rooted petal
bundles on the orders of the automorphism groups of corresponding

unrooted maps on the basis of Chapter IX.

From Table 9.1 at the end of Chapter IX, the number of non-
isomorphic planar rooted petal bundles with size 4 is H io) = 14, shown
in (a—n) of Fig.11.1.

In virtue of Corollary 8.2, the orders of their automorphism
groups are possibly 1, 2, 4, 8 and 16 only 5 cases.

Case 1 aut(M)=1, M = (Kz+ Ky+ Kz+ Kt,J). None.

Case 2 aut(M) = 2. 8 planar rooted petal bundles:

T, Y VY, VT 2,72, 6, 70); T = (T, 72, Y, 2,72, 8,7, vY);
T, Y, 2,72, t, 9t 7y, v2); T = (2, Y,7Y, 2,72, 72, t,t);
)
)

T, Y, 2,72, Y, ttve); To = (@, 72, y, 2,72, Y, t, Yt);
T, Y, VY, 2t yzt,ya); Tz = (2, v, v,y 2t ot vz),

(
(
(
(

shown in (a-h) of Fig.11.1.
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Case 3 aut(M) = 4. 4 planar rooted petal bundles:

Jo = (2, ¥, vy, T, 2, t,7t,v2); Tio = (T, 72, ¥, 2, 6, 7t, Y2, YY);
Ju = (x,y, 2, t,vt, vz, vy, vx); T2 = (2,9, 2,72, vy, Y2, t,7t),
shown in (i-1) of Fig.11.1.

Case 4 aut(M) = 8. 2 planar rooted petal bundles:

Tz = (T, 72,9, 7Y, 2,72, t,7t); Jia = (x,y,vy, 2,72, t, vt yx).

shown in (m, n) of Fig.11.1.
Case 5 aut(M) = 16. None.

This procedure can be done for determining the automorphism
groups of a unrooted maps via their primal trail codes, or dual trail
codes, by computers and then via the collection of the same class of
them according to the orders of the groups.

NIZ

N
4N

(a)

NIZ

(b)

WZ/ Nt

(d)

Nz

T

A

(e)
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NIZ ANZ N

() (h) (i)

N2 NIZ

2

Fig.11.1 Planar petal bundles of size 4

XI.3 Symmetric Principle

Whenever the distribution of rooted maps on the orders of au-
tomorphism groups is given for a set of maps, the number of non-
isomorphic unrooted maps can be soon extracted

Theorem 11.2 Let ny;(M; I) be the number of non-isomorphic
rooted maps with the set of invariants I and the order of their auto-
morphism groups i in a set of maps M for i|de, 1 < i < 4e, where € is
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the size, then the number of non-isomorphic unrooted maps in M is

ni(M; 1) = Z W (11.4)
il4e

1<i<4e

Proof Let ny;(M; I) be the number of non-isomorphic unrooted
maps with the set of invariants I and the order of their automorphism
groups 7 in the set of maps M for i|[de, 1 < i < 4¢, where € is the size,
then

m(M; 1) = Z n1i(M; I). (11.5)

i|de
1<i<4e

From Theorem 11.1, each unrooted map M € M, Aut(M) = i,
produces
4e
0
non-isomorphic rooted maps. Therefore,
z’n()i(/\/l; [)

ny(M;I) = — (11.6)

By substituting (11.6) into (11.5), (11.4) is soon obtained. [

On the choice of the set of invariants I, two types should be
mentioned. One is that the set I consists of only the size and the
genus for determining the genus distribution of non-isomorphic maps
in a set of maps M. The other is that the set I consists of only the
size and the orders of automorphisms for determining the symmetric
distribution of non-isomorphic maps in a set of maps M.

Problem of type 2 For a set of maps M with the number of
non-isomorphic maps given, determine the number of non-isomorphic
under graphs of maps in M.

Although the justification of whether, or not, two graphs are
isomorphic is much far from easy, a feasible approach to it is presented
from the above discussion. Because the under graphs are isomorphic
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if the two maps are isomorphic, the only thing we have to do is to
classify non-isomorphic maps by their isomorphic under graphs.

On the other hand, for a graph, it is also possible to discuss how
many non-isomorphic rooted maps are with the graph as their under
graph, and then to discuss how many non-isomorphic unrooted maps
are with the graph as their under graphs, and finally to classify maps
according to the isomorphism of their under graphs.

XI.4 General examples

On the basis of the 15 orientable rooted petal bundles of size 3
and the 9 nonorientable rooted petal bundles of size 2(in Table 9.1 at
the end of Chapter IX), a general procedure is established for deter-
mining the genus distribution of them.

Orientable case Let M = (Kz+ Ky+ Kz,7;), 1 <i <15.

genus 0 5 orientable rooted petal bundles shown in (a—e) of
Fig.11.2. Here,

T = (x.y2, 9,7y, 2,72); Jo = (2,979, 2,72, 7T)
with the order of its automorphism group aut(M) = 6 are one un-
rooted map;

Tz = (x,72,9,2,72,7Y); J1 = (2,Y,7Y,7%, 2, 72);

Ts = (2,4, 2,72,7Y, V)
with the order of its automorphism group aut(M) = 4 are one un-

rooted map.

Genus 1 10 orientable petal bundles shown in (f-o) of Fig.11.2.
Here,

t76 = (x,y,fyac,z,fyz,fyy); j7 - (,I,y,Z,’YZ,’)/x,’Yy);

Ts = (2, 9,7y, 2,72,72); Jo = (2,72, Y, 2,7Y,V7);
le — (x,y,z,fyy,’yz,fyx); ‘711 - (x7y7fyx7fyy7zafyz>
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with the order of its automorphism group aut(M) = 2 are one un-
rooted map;

L712 - (xmya 277y77x77Z)7 \-713 = (x,y,’yx,z,’yy,’yz);
Ju = (2,9, 2,72,72,7Y)

with the order of its automorphism group aut(M) = 4 are one un-
rooted map; and

Jis = (2,9, 2,72, 7Y,72)
with the order of its automorphism group aut(M) = 12 is one unrooted
map itself.

All are listed in Table 11.1 shown the genus distribution, group
order distribution as well, of orientable unrooted maps.

aut(M)
Genus Dist.
1 2 3 4 6 12
0 0O 0011 O 2
1 01 010 1 3
pis. | 01021 1 | 5

Table 11.1 Distributions of orientable petal bundles
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Fig.11.2 Orientable petal bundles of size 3

Nonorientable case Let N = (Kz+ Ky, J;), 1 <i <09.

Genus1 5 nonorientable rooted petal bundles shown in Fig.9.4(e,
a,c) and in Fig.9.3(a,c). Here,

x.71 - (l’, ﬁya Bl’, y)

with the order of its automorphism group aut(N) = 8 is one unrooted
map itself;

Tz = (x, Br,y,vy);: Tz = (x, 6%, 7y, y);

Ty = (@,7v2,y, By); J5 = (x,72,8y,y)
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with the order of its automorphism group aut(/N) = 2 are one unrooted
map.

Genus?2 4 nonorientable rooted petal bundles shown in Fig.9.3(b)
and Fig.9.4(b,d,f). Here,

Ts = (z, By, vz, y); Jr = (@, vy, bz, y);
Js = (z, Bz, y, By); Ty = (z, Bz, By, y)

with the order of its automorphism group aut(N) = 4 are 2 unrooted
maps.

All are listed in Table 11.2 shown the genus distribution, group
order distribution as well, of nonorientable unrooted maps.

aut(M)
Genus Dist.
1 2 4 8
1 010 1 2
2 00 2 0 2
Dist. 01 2 1 \ 4

Table 11.2 Distributions of nonorientable petal bundles
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XI.5 Observations

O11.1 Given all the 54 planar rooted maps of size 3, find their
distribution according to the orders of automorphism groups.

011.2 Given all the 40 outerplanar rooted maps(the root inci-
dent with the outer face) of size 3, find their distribution according to
the orders of automorphism groups.

0O11.3 Observe how many non-isomorphic rooted maps whose
under graph is Ky, i.e., the complete graph of order 4.

O11.4 Observe the distribution of all the rooted maps whose
under graph is K, according to the orders of their automorphism
groups.

011.5 Observe the genus distribution of all orientable maps
whose under graph is Kjy.

011.6 Observe the genus distribution of all nonorientable maps
whose under graph is Kjy.

O11.7 Given all the 56 planar Euler rooted maps of size 4, find
how many non-isomorphic unrooted maps among them.

011.8 Given all the 27 planar 4-regular rooted maps of co-
order 4, find how many non-isomorphic unrooted maps among them.

011.9 For m > 5, try to determine the number of planar un-
rooted petal bundles of size m.

011.10 For m > 4, try to determine the number of orientable
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unrooted petal bundles of size m.

O11.11 For m > 3, try to determine the number of nonori-
entable unrooted petal bundles of size m.

XI1.6 Exercises

E11.1 Prove that the number of non-isomorphic outerplanar
rooted maps(the root is on the outer face) of size m is

2 (2m)!
(m 4+ 1)!m!
for m > 1.

E11.2 Prove that the number of planar 4-regular rooted maps

of co-order n + 1 is
2(2n — 2)!

(n+1)!(n —1)!

371—1

for n > 1.

E11.3 Prove that the number of non-isomorphic planar rooted
maps of size m is
2x 3" <2m>
(n+1)(n+2)\ m

E11.4 Prove that the number of planar loopless rooted trian-
gulations of size 3m is

for m > 0.

21 (3m)!
m!(2m + 2)!

for m > 1.

E11.5 Prove that the number of non-isomorphic planar Euler
rooted maps of size m is
3 x 2m=1(2m)!
ml(m + 2)!

for m > 1.
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E11.6 Prove that the number of non-isomorphic planar non-
separable rooted maps of order p and co-order q is
2p+q—5)!1(2¢+p—5)!
(v —1)l(g — 1)!(20— 3)I(2¢ — 3)

where p, ¢ > 2.

E11.7 Prove that the number of non-isomorphic planar simple
rooted maps of size m is

m—2

4(2m+ 1)1(2m — i — 4)!
Zo: illm—i—2)!1(2m — 1+ 1)!m!

1=
where m > 2.

E11.8 Prove that the number of non-isomorphic planar
3-connected rooted maps of size m > 6 is

(_1)m2 + Rm—l

where R,,, m > 2, are determined by the recursion

(Tm —22)R,—1 +2(2m — 1) Ry
2m

with the initial conditions R; = —1 and Ry = 2.

R, = m >3

Y

E11.9 For m > 4, determine the genus distribution of ori-
entable rooted petal bundles with size m.

E11.10 For m > 5, determine the genus distribution of nonori-
entable rooted petal bundles with size m.

E11.11 For m > 4, determine the number of non-isomorphic
outerplanar unrooted maps with size m.

XI.7 Researches

R11.1 Determine the number of non-isomorphic planar 4-regular
unrooted maps of co-order n + 1 for n > 1.
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R11.2 Determine the number of non-isomorphic planar loop-
less unrooted triangulations of size 3m, m > 2.

R11.3 Determine the number of non-isomorphic planar Euler
unrooted maps of size m > 2.

R11.4 Determine the number of non-isomorphic planar non-
separable unrooted maps of size m > 2.

R11.5 Prove, or disprove, the conjecture that almost all trees
have the order of their automorphism group 1 when the size is greater
enough.

R11.6 Prove, or disprove, the conjecture that almost all maps
with a given relative genus have the order of their automorphism group
1 when the size is large enough.

R11.7 Prove , or disprove, the conjecture that for a positive
integer gle, g > 2, almost no orientable map is with the order of
automorphism group g when ¢ is large enough.

R11.8 Prove , or disprove, the conjecture that for a positive
integer gle, g > 2, almost no nonorientable map is with the order of
automorphism group g when ¢ is large enough.

R11.9 Determine the genus distribution of 4-regular rooted
maps of co-order n+ 1, n > 1.

R11.10 Determine the genus distribution of loopless rooted tri-
angulations of size 3m, m > 2.

R11.11 Determine the genus distribution of Euler rooted map
with size m > 2.

R11.12 Determine the genus distribution of nonseparable rooted
map with size m > 2.

Although corresponding problems about genus distribution can
also posed for unrooted case, they would be only suitable after the
solution of rooted case in general.

Moreover, the genus distributions of maps with under graphs in
some chosen classes can also be investigated.
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Genus Polynomials

e The set of associate surfaces of a graph are constructed to deter-
mine all of its distinct embeddings, or its super maps as well.

e A layer division of an associate surface of a graph is defined for
establishing an operation to transform this surface into another
associate surface. A procedure can be constructed for listing all
other associate surfaces from an associate surface by this operation
without repetition.

e A principle of determining the genus polynomial, called handle
polynomial, of a graph is provided for the orientable case.

e The genus polynomial of a graph for nonorientable case, also called
crosscap polynomaial, is derived from the handle polynomial of the
graph.

XII.1 Associate surfaces

Given a graph G = (V| E) and a spanning tree T, the edge set
E is partitioned into Er(tree edge) and Ep(cotree edge), i.e., B =
Er + Ep. Let BEp = {ili = 1,2,---,8}, 3 = B(G) be the Betti
number(or cyclic number) of G. If i = (u[i], v[7]), then i, and i, are,
respectively, meant the semi-edges of i incident with u[i] and v][d].
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Write G' = (V + Vi, Er + Ey), where V| = {v;, 5|1 < i < 8} and
Ey = {(uli], v), (v[i],v;)|1 <1i < [}. Because G’ is a tree itself, G’ is
called an expanded tree of T on GG, and denoted by Tg, or T in general
case[Liul3-14].

Let 0 = (01,09, - - 55) be a binary vector, or as a binary number
of 3 digits. Denoted by T° that T', edges (uli],v;) and (v[i], ;) are
labelled by i with indices: +(always omitted) or —, 1 < i < 3, where
0; = 0 means that the two indices are the same; otherwise, different.
Then, 9 is called an assignment of indices on T.

For v € V, let o, be a rotation at v and o¢ = {0,[Vv € V'}, the
rotation of G, then T, determine an embedding of T on the plane.

Theorem 12.1 For any o as a rotation and ¢ as an assignment
of indices, T determines a joint tree.

Proof By the definition of a joint tree, it is soon seen. O]

According to the theory described in Chapter 1, the orientabil-
ity and genus are naturally defined to be that of its corresponding
embedding.

Lemma 12.1 Joint tree T 9 is orientable if, and only if, § = 0.

Proof Because 6 = 0 implies each label with its two occurrences
of different indices, the lemma is true. O

On a joint tree T(f , the surface determined by the boundary of
the infinite face on the planar embedding of 7T, with ¢ on label indices
is said to be an associate.

Lemma 12.2 The genus of a joint tree T(f is that of its associate
surface.

Proof Only from the definition of orientability of a joint tree.[]

Two associate surfaces are the same is meant that they have the
same assignment with the same cyclic order. Otherwise, distinct. Let
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F () be the set of distinct surfaces on Ig = {1,2,---,3} .

For a surface F' € F(f) and a tree T on a graph G, if there exists
an joint tree T? such that F is its associate surface, then F' is said to
be admissible . Let Fp(f) be the set of all distinct associate surfaces.

Given two integers p, p > 0, and ¢, ¢ > 1, let Fp(5;p)(or
Fr(B;q), ¢ > 1), p > 0, be all distinct admissible surfaces of ori-
entable genus p(or nonorientable genus q).

Theorem 12.2 For any integer p > 0( or ¢ > 1), the cardinal-
ity |Fr(8;p)|(or |Fr(0;q)|) is independent of the choice of tree 7" on
G. Further, it is the number of distinct embeddings of G on a surfaces
of orientable genus p(or nonorientable genus ¢).

Proof According to O1.14, a 1-to-1 correspondence between two
sets of embeddings generated by two distinct spanning trees can be
found such that same embeddings are in correspondence. This implies
the theorem. O

Because of

Fr(B) =Y |Fr(B:p)| + Y | Fr(Bi )],

p=0 q=>1
the following conclusion is found from the theorem.

Corollary 12.1 The cardinality |Fr(3)| is independent of the
choice of tree T" on G. Further, it is the number of distinct embeddings

of GG.

From Lemma 12.1, the nonorientability of an associate surface
can be easily justified by only checking if it has a label ¢ with the
same index, i.e., (i) = 1.

Theorem 12.3 There is a 1-to-1 correspondence between as-

sociate surfaces and embeddings of a graph.

Proof First, we can easily seen that each embedding determines
an associate surface. Then, we show that each associate surface is
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determined by an embedding. Because of Theorem 12, this statement
is derived. O

From what is mentioned above, it is soon seen that the problem
of determining the genus distribution of all embeddings for a graph is
transformed into that of finding the number of all distinct admissible
associate surfaces in each elementary equivalent class and the prob-
lem on minimum and maximum genus of a graph is that among all
admissible associate surfaces of the graph. All of them are done on a

polygon.

XII.2 Layer division of a surface

Given a surface S = (A). it is divided into segments layer by
layer as in the following.

The 0th layer contains only one segment, i.e., A(= Ayp).

The 1st layer is obtained by dividing the segment Ay into [
segments, i.e., S = (A1, Ay, -+, Ay,), where Ay, Ag, -+, A
the 1st layer segments.

, are called

Suppose that on k£ — 1st layer, the k£ — 1st layer segments are
where ng,_q) is an integral k — 1-vector satisfied by

A

D(k—1)

l(k}—l) S (711, n27 Tt 7nk—1) S ﬂ(k—l)

with l(k—l) - (17 17 T 1

~—

M(l{;—l) — (N17N27 te '7Nk—1)7

N1 = l1 = N(l), N2 = lAﬂu)’ N3 = ZAE(Q)’ sy Nk—l = lAﬂ(k,Q)’ then the
kth layer segments are obtained by dividing each k — 1st layer segment
as

Ap. 1, Ay VA, (12.1)

=1y 1> P01y 20 T (k=1)Ang )

where

Lo = Qg1 1) < (0gm1)s 8) < Ny = (Ng—1y, Ni)
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and N = lAN , 1 <1 < Nj. Segments in (I.1) are called sons of
Ay Conversely, Ap,_,, 1s the father of any one in (12.1).

A layer segment Wthh has only one element is called an end
segment and others, principle segments.

For an example, let

S=(1,-7,2,-5,3,—1,4,—6,5,—2,6,7, —3, —4).

Fig.12.1 shows a layer division of S and Tab.12.1, the principle seg-
ments in each layer.

Layers Principle segments

Oth layer | A = (1,-7,2—5;3,—1,4,—6,5;—2,6,7,—3 — 4)
1st layer B={(1;,-7,2;— > C=(3,—-1;4,-6;5)
D=(-26T -3 -4
< 1>7G_<47 6>7
< 76>7I < 37_ >

2nd layer E=(-72),F
H

Tab.12.1 Layers and principle segments

(1,-7,2—5;3,-1,4,—6,5;—2,6,7, —3 — 4)

(1,-7,2,-5)  (3,—1;4,-6;5) (=2,6;7; -3, —4)

NAL NN

(=7 @) (=1) (4) (-6) —2)(6)  (=3) (—4)

Fig.12.1 A layer division of S

For a layer division of a surface, if principle segments are dealt
with vertices and edges are with the relationship between father and
son, then what is obtained is a tree denoted by 7. On T, by adding
cotree edges as end segments, a graph G = (V| E) is induced. For
example, the graph induced from the layer division shown in Fig.12.1
is as

V={AB,C,D,E,F,G,H,1} (12.2)
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and
FE ={a,b,c,d,e, f,g,h,1,2,3,4,5,6,7}, (12.3)
where
a=(AB),b=(AC),c=(A,D),d= (B, FE),
e=(C.F), f=(C.G),g=(D,H),h=(D,I),
and

1= (B,F),2=(E,H),3=(F,I),4=(G,I),
5=(B,0),6= (G, H),7=(D,E).

By considering Er = {a,b,c,d,e, f,g,h}, Bpr = {1,2,3,4,5,6,7}, 6; =
0,2 =1,2,---,7, and the rotation ¢ implied in the layer division, a
joint tree 79 is produced.

Theorem 12.4 A layer division of a surface determines a joint
tree. Conversely, a joint tree determines a layer division of its associate
surface.

Proof From the procedure of constructing a layer division, a
joint tree is determined. Conversely, it is natural. O]

Then, an operation on a layer division is discussed for trans-
forming an associate surface into another in order to visit all associate
surfaces without repetition.

A layer segment with all its successors is called a branch in the
layer division. The operation of interchanging the positions of two
layer segments with the same father in a layer division is called an
exchanger.

Lemma 12.3 A layer division of an associate surface of a graph
under an exchanger is still a layer division of another associate surface.
Conversely, the later under the same exchanger becomes the former.

Proof From the correspondence between layer divisions and as-
sociate surfaces, the lemma can be obtained. [l

On the basis of this lemma, exchanger can be seen as an operation
on the set of all associate surfaces of a graph.
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Lemma 12.4 The exchanger is closed in the set of all associate
surfaces of a graph.

Proof From the correspondence between joint trees and layer
divisions, the conclusion of the lemma is seen. Il

Lemma 12.5 Let A(G) be the set of all associate surfaces of
a graph G, then for any Si, Sy € A(G), there exist a sequence of
exchangers on the set such that S; can be transformed into Ss.

Proof By considering the joint trees and layer divisions, the
lemma is right. 0]

If A(G) is dealt as the vertex set and an edge as an exchanger,
then what is obtained is called the associate surface graph of G, and
denoted by H(G). From Theorem 12.3, it is also called the surface
embedding graph of G.

Theorem 12.5 In H(G), there is a Hamilton path. Further,
for any two vertices, H(G) has a Hamilton path with the two vertices
as ends.

Proof By arranging an order, an Hamiltonian path can be ex-
tracted based on the procedure of the layer division. 0]

First, starting from a surface in A(G), by doing exchangers at
each principle in one layer to another, a Hamilton path can always be
found in considering Theorem 12.3. This implies the first statement.

Further, for chosen S, 52 € A(G) = V(H(G)) adjective, starting
from from S7, by doing exchangers avoid Sy except the final step, on
the basis of the strongly finite recursion principle, a Hamilton path
between S; and S can be obtained. This implies that H(G) has a
Hamilton circuit and hence the last statement.

This theorem tells us that the problem of determining the mini-
mum, or maximum genus of graph G has an algorithm in time linear

on H(G).
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XII.3 Handle polynomials

Let S(G) be the set of associate surfaces of a graph G and S,(G),
the subset of S(G) with genus g. The the enumerating function

gmax

Y(Giz) = D 18,(@)] (12.4)

J=Ymin

is called the genus polynomial of G where gy, and gmay are, respec-
tively, the minimum and maximum genus of G for orientable, or
nonorientable case. In orientable case, u(G;x) = ~(G;x) is called
the handle polynomial. In nonorientable case, v(G;y) = v(G;y) is the
crosscap polynomial.

On the basis of the theory described in 12.1 and 12.2, (12.4)
is in fact the genus distribution of embeddings of G. Because the
enumerating function of super rooted maps of GG is a constant times
the genus polynomial v(G; z), for the enumeration of naps by genus it
is enough only to discuss v(G; 2).

Lemma 12.6 An orientable associate surface of a graph with-
out two letters interlaced has a letter = such that zz~! is a segment

of the surface.

Proof Let (z,27!) be a segment of the surface with minimum of
letters. If it does not contain only the letter x, then there is another
letter y in it. Because of z and y noninterlaced, the segment (y, y~1),
or {(y~1,y), is a subsegment of (x,z™1). However, it has at least one
letter less than the minimum. L

Lemma 12.7 An orientable associate surface of a graph is with
genus 0 if, and only if, no two letters are interlaced.

Proof On the basis of Lemma 12.6, by the finite recursion prin-
ciple the lemma can soon be found. (]

Theorem 12.6 If an orientable associate surface of a graph
has two letters interlaced, i.e., in form as AzByCx~'Dy'E, then its
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genus is k, k > 1, if, and only if, the orientable genus of ADCBE is
k—1.

Proof On the basis of Relation 1 in I.2, the theorem is soon
found. O]

According this theorem, a linear time algorithm can be designed
for classifying the orientable associate surfaces of a graph G by their
genus. Let N;(G) be the number of orientable associate surfaces of G
with genus 7z, 7 > 0

Theorem 12.7 The handle polynomial of G is

u(Gsx) = Z Ni(G)a' (12.5)

where (3 is the Betti number of G.
Proof From (12.4), the theorem follows. O

XII.4 Crosscap polynomials

Let Fy5 = {S55,11 < j < si} where s; is the number of orientable
23-gons (surfaces) with genus 7, then

Fop= Y Fig (12.6)

Given a surface S € Fag, S induces 22° —1 nonorientable surfaces.
Let N be the set of all nonorientable surfaces induced by S. then the
polynomial
0s(y) = Y NG9y (12.7)
1<j<p
is called the nonorientable form of S where N;(S) is the subset of N,
1<j<pb
For a graph G with Betti number 3, the set of all associate ori-
entable surfaces of determined by joint trees of G is denoted by S(G).
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Let S5(G) for § € Ag be the subset of S(G) with nonorientable form
0 where Ag is the set of all nonorientable forms of surfaces in S(G).

Theorem 12.8 The crosscap polynomial of a graph G is

v(Giy) = D IS5(G)[o(y). (12.8)

AN

Proof From (12.4) and (12.7), the theorem is deduced. O

Theorem 12.9 If a nonorientable associate surface of a graph
is in form as Az BxC', then its genus is k, k > 1, if, and only if, the

genus of AB71C is
k —1, if AB~'C is nonorientable;
k—1 (12.9)

———, otherwise.
2

Proof From Relation 2 in 1.2, the theorem is soon found. [l

According to Theorem 12.9, a linear time algorithm can also
be designed for determining the genus of a surface and then classify
nonorientable associate surfaces of a graph by genus. Hence, the cross-
cap polynomial expressed by (12.8) can soon be found.



Activities on Chapter XII

XII.5 Observations

012.1 For the bouquet of size 3, list all its associate surfaces
and then classify them by genus, orientable and nonorientable.

012.2 For Ky, list all of its associate surfaces and then classity
them by genus, orientable and nonorientable.

012.3 Compare the two sets of associate surfaces obtained in
012.1 and O12.2.

012.4 Observe how many layer divisions of the surface

(aa"'bbtec™t).

012.5 List all orientable surfaces of 4-gons.

012.6 For each orientable surface obtained in O12.5, find its
nonorientable form.

012.7 List all orientable surfaces of 6-gons.

012.8 For each orientable surface obtained in O12.7, find its
nonorientable form.

012.9 Find the nonorientable form of surface (aa~'bb~tcc™1).
012.10 Find the nonorientable form of surface (abca tb~1c™1).

012.11 Find the nonorientable form of surface (abec 0~ a™1).
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XII.6 Exercises

A graph is called a necklace if it is Hamiltonian and the result of
deleting all 2-edges is a perfect matching.

E12.1 Find the handle polynomial of a necklace with order 2n,
n > 2.

E12.2 Find the crosscap polynomial of a necklace with order
2n, n > 2.

E12.3 Show that the nonorientable form of surface
(arby - anbnaflbfl e a;lbgl)
forn>11is
x((l T x)?n . x?n).
E12.4 Show that the nonorientable form of surface
1 -1 —1)

(arag -+ - apay as - a,
forn>11is
z((14z)" —2a").
E12.5 Show that the nonorientable form of surface
(araytasay ' -+ - ana;t)

forn >4 is
(1+2)" —1.

E12.6 For all surfaces of 25-gons, > 4, with genus 0, Show
that their nonorientable forms are

(1+2)" —1.

A graph is called a ladder if it has a Hamiltonian circuit and all
edges not on the circuit are geometrically parallel.

E12.7 Find the handle polynomial of a ladder with m edges
not on the Hamiltonian circuit.
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E12.8 Find the crosscap polynomial of a ladder with m edges
not on the Hamiltonian circuit.

A graph is called a Ringel ladder if it is cubic without multi-
edge and consists of a ladder with the two 2-edges each of which is
subdivided into 3 edges by two vertices and the other two edges are
interlaced on the hamiltonian circuit

E12.9 Find the handle polynomial of a ladder with m edges
not on the Hamiltonian circuit.

E12.10 Find the crosscap polynomial of a ladder with m edges
not on the Hamiltonian circuit.

XIL.7 Researches

R12.1 Find the handle polynomial of the bouquet B, of size
m, m > 1 by joint tree model.

R12.2 Find the crosscap polynomial of the bouquet of size m,
m > 1 by joint tree model.

R12.3 Find the handle polynomial of the wheel W,, of order n,
n > 4 by joint tree model.

R12.4 Find the crosscap polynomial of the wheel W,, of order
n, n > 4 by joint tree model.

R12.5 Find the handle polynomial of the complete graph K,
of order n, n > 4 by joint tree model.

R12.6 Find the crosscap polynomial of the complete graph K,
of order n, n > 4 by joint tree model.

R12.7 Find the handle polynomial of the complete bipartite
graph K,,, of order m 4+ n, m,n > 3 by joint tree model.

R12.8 Find the crosscap polynomial of the complete bipartite
graph K,,, of order m 4+ n, m,n > 3 by joint tree model.

R12.9 Find the handle polynomial of the n-cube of order n,
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n > 3 by joint tree model.

R12.10 Find the crosscap polynomial of the n-cube of order n,
n > 3 by joint tree model.

R12.11 For the n-cube @),, n > 3, prove that the minimum
genus ¥, = gmin(Qn) with 7,1 satisfies the relation

gmin(Qn) — 271_4(” - 3) + gmin(Qn—l)

from an associate surface of (),,_; with genus 7, ;1 to get an associate
surface of (),, with genus ~,.

R12.12 For the complete bipartite graph K,,,, m > n > 4,
prove that the minimum genus Vi, = Gumin(Kmn) With v, ,—1 satisfies
the relation

gmin(Km,n) — <mT_2> + gmin(Km,n—l) —1
where
(17229 m =02 o), 1(2 s 2,21 [n/2)),
3(2 fn.2 fln/2):2ln, 2/ n/2));
(L_2> =¥ m_—2, m = 2(mod 4);

4
2] m= 02fn), 1(20n,2 fln/2),
L 3@ 2lln/20: 202 fln/2))

from an associate surface of K, ,_1 with genus v, ,—1 to get an asso-
ciate surface of K, , with genus 7y, .

R12.13 For the complete graph K,, n > 5, prove that the
minimum genus 7y, = gmin(K,) with v, satisfies the relation

n—4

gmin(Kn) - < 6

> + gmin(Kn—l)
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where
(1222, 0= 2,102 Jinf6)).3(211n/61). 52 [In/6))
<ng4> =< ng4’ n = 4(mod 6);
222, 0= 0.1211n/6)).3(2 f1n/61). 52 Ln/6)

from an associate surface of K, 1 with genus ~,_; to get an associate
surface of K, with genus 7.



Chapter XIII

Census with Partitions

e The planted trees are enumerated with vertex partition vector in
an elementary way instead as those methods used before.

e A summation free form of the number of outerplanar rooted maps
is derived from the result on planted trees.

e On the basis of the result for planted outerplanar maps, the num-
bers of Hamilton cubic rooted maps is determined.

e The number of Halin rooted maps with vertex partition is gotten
as a form without summation.

e Biboundary inner rooted maps on the sphere are counted by, an
explicit formula with vertex partitions.

e On the basis of joint tree model, the number of general rooted
maps with vertex partition can also expressed via planted trees in
an indirected way.

e The pan-flowers which have pan-Halin maps as a special case are
classified according to vertex partition and genus given.

XIII.1 Planted trees

A plane tree is such a super planar rooted map of a tree. A
planted tree is a plane tree of root-vertex valency 1. In Fig.13.1, (a)
shows a plane tree and (b), a planted tree.
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Let T be a planted tree of order n with vertices vy, v, vo, - - -,
vn, n > 1, where vy is the rooted vertex. The segment recorded as
travelling along the face boundary of 1" from vy bach to itself and
then vy left off is called a V-code of T when v; is replaced by 7 for
1 =1,2,---,n as shown in Fig.13.2 and Fig.13.3.

T~ "

A

(a) A plane tree (b) A planted tree

Fig.13.1 Plane tree and planted tree

A sequence of numbers is said to be polyhedral if each adjacent
pair of numbers occurs twice. It is easily seen that a V-code of a
planted tree is a polyhedral segment.

The vector n = (ny,ng, -+, ny, - - -), where n;(i > 1) is the number
of unrooted vertices of valency i, is called the wvertex partition of a
planted tree.

For a sequence of nonnegative integers ny, ns, - -+, n;, - - - denoted
by a vector n = (ny,ng, -, ng,---), if

> (@—imi=1, (13.1)

i>1
then n is said to be feasible. Let

ﬂ/=(n/1,n/2,"',n§,"')
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where ) .
ny — 1, when ¢ = 1;

ng_1+1, when =4~k — 1;
= T R (13.2)
ni — 1, when 1 = k;

| n;, otherwise
for a k > 2 and ny,n, > 0, then n’ is called a reduction of n.

Lemma 13.1 A reduction n’ of a sequence of nonnegative in-
tegers n is feasible if, and only if n is feasible.

Proof By considering (13.2), we have the eqaulity as

d@—imi-) 2-im=-1-2-k)+(2-k+1)=0.

1>1 1>1

This leads to the lemma. U]

The sequence ny, = (1, 1) is feasible but no reduction can be done.
So, it is called irreducible.

Lemma 13.2 Any feasible sequence n has ny > 0.

Proof By contradiction. Suppose n is feasible but n; = 0. Be-

cause of
Y @—imi=> (2—in; <0.
i>1 i>2
This contradicts to (13.1), the feasibility. O

Lemma 13.3 Any feasible sequence n # n, can always be
transformed into n, only by reductions.

Proof Because of n # n,, Lemma 13.2 enables us to get a reduc-
tion. Whenever the reduction is not n,, another reduction can also be
done from Lemma 13.1. By the finite recursion principle, the lemma
is done. ]

Theorem 13.1 For a nonnegative integer sequence n = (ny, no,
-+e, my, - +), there exists such a planted tree that n; unrooted vertices
are of valency i(i > 1) if, and only if, n is feasible.
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Proof Necessity. Suppose T is such a planted tree. Because n;
is the number of unrooted vertices with valency i, ¢ > 1 in T', the size

of T is
S

1>1

1>1 1>1

and hence

This means that n satisfies (13.1), i.e., n is feasible.

Sufficiency. First, it is seen that the irreducible sequence is the
vertex partition of the planted tree whose under graph is a path of two
edges. Then, by following the inversion of the procedure in the proof

of Lemma 13.3, a planted tree with a given feasible sequence can be
found. O

For a polyhedral segment L with 1 as both starting and ending
numbers on the set N = {1,2,3,---,n}, n > 1, let the vector be the
point partition of L where n; be the number of occurrences of 7 in L,
1> 1.

In a polyhedral segment L, if vuv is a subsegment of L, then w is
said to be contractible. The operation of deleting u and then identify-
ing v, or in other words vuv is replaced by v, is called contraction. If L
can be transformed into a single point, then L is called a celluliform.

If the point partition of L satisfies (13.1), then L is said to be
feasible as well.

It can be seen that any celluliform is a feasible segment but con-
versely not necessary to be true.

In what follows, the notation bellow is adopted as

(Z) - (nl,n: 5 n) = Hj (n _nj"*) (13.3)

where s > 2, n; > 0 are all integers and

S i—1
n = E n;,, 0,1 = E ;.
1=1 j=1
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Notice that when s = 2, it becomes the combination of choosing
ny from n.

Example 13.1 In Fig.13.2, two distinct planted trees of order
5 are with vertex partition n = (3,0, 2) satisfying (13.1). (a) is with
sequence 123242151 and (b), 121343531. Here,

1/ 5\ 15
5\3,0,2/) 530121

Y

(a) 123242151 ) 121343531
Fig.13.2 Trees with n = (3, 0, 2)

In Fig.13.3, six distinct planted trees of order 5 shown by (a—f)
are with vertex partition n = (2,2, 1) satisfying (13.1). Here,

1/ 5 1 5
5\2,2,1) 5212111

For a feasible segment of numbers on NV, the occurrences of 1 € N
divides the segment into sections in number equal to that of times of
its occurrences. Each of the sections is called an ¢-section.

If a feasible segment on NN is with the property that all numbers
less than 7 have occurred before the first occurrence of i, 1 <1 < n,
then it is called favorable. Denote by 1<1 a 1-to-1 correspondence
between two sets.

Lemma 13.4 Let 7, be the set of all planted trees of order n+1
with vertex partition n and £, the set of all favorable celluliforms on
N with point partition n, then 7, 11 L,,.
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Proof Necessity. For T' € 7, it is easy to check that its V-code
p(T) is uniquely a favorable celluliform, i.e., u(7T') € L,,.

Sufficiency. Let p € £,,. Because of the uniqueness of the great-
est point which is contractible, a point can be done by successfully
contracting the greatest points. By reversing the procedure, a tree

T(u) € 7, is done. O

Theorem 13.2 The number of nonisomorphic planted trees of
order n 4+ 1 with vertex partition n is

1 (”) _ (=1 (13.4)

n

n n!

where

n! = Hnl' (13.5)
i>1

N

1

f

(a) 123432521 (b) 1232345421 (c) 123435321

(d) 123214541 (e) 121345431 (f) 123432151

Fig.13.3 Trees with 10 = (2,2, 1)
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Proof On the basis of Lemma 13.4, it suffices to discuss the set
of all favorable celluliforms £,,. Since each favorable celluliform has
n possibilities to choose the minimum point and different possibilities
correspond to different ways of choosing n from n elements, the set of
all ways is partitioned into

1/(n
55(@)

classes. A way is represented by number sequence of length n with
repetition as occurrence in the natural order. Two ways A and B
are equivalent if, and only if, there exists a number ¢ € N such that
A +i(mod n) is B in cyclic order. A way starting from 1 is said to
be standard. Because of each class with n ways in which only the
standard way enables us to form the V-code of a planted tree, the
theorem is soon obtained. 0]

In Example 13.1, Fig.13.2 and Fig.13.3 show two cases of (13.4).
Only take n = (3,0,2) as an example. There are 10 ways of combina-
tions of choosing 2 points with 3 occurrences each and 3 points with
1 occurrence each from 5 points numbered by 1,2,3,4 and 5 as

(1) 111222345; (2) 111233345; (3) 111234445;
(4) 111234555; (5) 122233345; (6) 122234445;
(7) 122234555; (8) 123334445; (9) 123334555;
(10) 123444555

in which 2 classes are divided as C; = {(1), (5), (8), (10),(4)} and Cy =
{(2),(6),(9),(3),(7)} because of (5) = 222333451, (8) = 333444512,
(10) = 444555123 and (4) = 555111234 as (1) = 111222345 for C},
and the like for (.

For a general outerplanar rooted map M = (X, 3(X),P) with
(r)py on the specific circuit where r is the root and v = o and its
dual M* = (Xj5,(X), Pv) with root r as well without loss of generality,
let Hy; be the map obtained from M* by transforming the vertex (r)p-
of M* into vertices (1), ((P¥)r), ---, (Pvy)~'r). Such an operation
is called articulation. The root ryg of Hj; is taken r as shown in
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Fig.13.4 in which bold lines are on M and dashed lines, on H,;. Here,
multiedges are permitted.

Fig13.4 M and H

Further, it is easily checked that Hj; is a planted tree of size
which is equal to the size of M.

Lemma 13.5 An outerplanar rooted map M of order n + 1
with face partition s is 1-to—1 corresponding to a planted tree Hy,
with vertex partition ¢ = s + nl;.

Proof By the procedure of getting H); from M, it is seen that
the number of i-faces in M is the same as that in H,; for ¢ > 1.

For + = 1, Hy; has n — 1 articulate vertices greater than s;. In
virtue of the nonseparability of M, s; = 0.

Conversely, it is still true and hence the lemma. [

An attention which should be paid to is that all articulate edges

in H); are 1-to—1 corresponding to all edges on the root-face boundary
of M.

Theorem 13.3 The number of nonisomorphic outerplanar rooted
maps of order n with face partition s is

1 n+s—1
- 13.6
n+5—1(§+(n—1)ll> (13.6)

where s1 +n = n, i.e., s = 0, because of no articulate vertex and s is
the number of unrooted faces.

Proof On the basis of Lemma 13.5, the theorem is obtained
from Theorem 13.2. [l
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Since a bipartite map has all of its faces of even valency, its face
partition s is of all s; = 0 when ¢ is even.

Corollary 13.1 The number of nonisomorphic outerplanar rooted
bipartite maps of order 2m with face partition s is

1 —1
— ns (13.7)
2m+s—1\s+ (2m —1)1,
where s1 +n = n, i.e., s = 0, because of no articulate vertex and s is
the number of unrooted faces. (]

A map is said to be simple if it has neither selfloop nor multiedge.

Corollary 13.2 The number of nonisomorphic outerplanar rooted
simple maps of order n with face partition s is

1 ( n+s—1 ) (13.8)

n+s—1\s+(n—1)1,

where s1 +n = n, i.e., s = 0, because of no articulate vertex and s is
the number of unrooted faces. O

Corollary 13.3 The number of nonisomorphic outerplanar rooted
bipartite maps of order 2m with face partition s is

1 —1
_ ns (13.9)
2m+s—1\s+ (2m —1)1,
where s +n = n, i.e., 51 = 0, because of no articulate vertex and s is
the number of unrooted faces. O

XIII.2 Hamiltonian cubic map

For saving the space occupied, this section concentrate to discuss
on Hamiltonian planar rooted quadregular maps as super maps of a
Hamiltonian planar graph, and then provide a main idea for general
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such maps. A map is said to be quadregular if each of its vertices is of
valency 4.

A Hamiltonian planar rooted quadregular map with the two
edges not on the Hamiltonian circuit not success in the rotation at
each vertex is called a quaternity.

Let My = (Xope(X1), J1) and My = (X pe(X2), J2) be two rooted
maps with their roots, respectively, r; and ry. Assume ()7, and
(r2) 7, are with the same length.

The map obtained by identifying r; and ary with Kry = Karsg
as well as (J17)'r1 and (aJyy)'re for @ > 1 is called the boundary
identification of My and My, denoted by I(My, My). The operation
from My and My to I(My, Ms) is called boundary identifier.

A boundary identification of two outerplanar cubic rooted maps
is a quaternity because of M; and M, both outerplanar and cubic with
its root 71 = 7.

Lemma 13.6 Let Q, and Z, be the sets of all, respectively,
quaternities and boundary identifiers with face partition s, then there
is a 1-to—1 correspondence between Qg and Zj.

Proof By considering the inverse of a boundary identifier, a qua-
ternity becomes two cubic outerplanar maps whose boundary identi-
fication is just the quaternity with the same face partition s. This is
the lemma. [

From the proof of this lemma, it is seen the identity

Lemma 13.7 The number of nonisomorphic outerplanar cubic
rooted maps of order n with face partition s is

1 —1
(" (13.11)
n+s—1\s+(n—-1)1

for s € Scup, the set of all the vectors available as the face partition of
an outerplanar cubic map.
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Proof From Theorem 13.3, the conclusion is true. 0

Theorem 13.4 The number of nonisomorphic quaternities of
order n with face partition s is

cCIEE

51,82€Scyb
=81 +§2

where a; = |s;|, called the absolute norm of s;, i.e., the sum of all the
absolute values of entries in s; for i = 1, 2.

Proof Since the set of all quaternities of order n is the Cartesian
product of the set of all cubic outerplanar rooted maps and itself, the
formula (13.12) is soon obtained. O

This method can be also employed for the case when the bound-
ary is cubic and further for others with observing boundary combina-
torics.

XIII.3 Halin maps

If a graph can be partitioned into a tree and a circuit whose
vertex set consists of all articulate vertices of the tree, then it is called
a Halin graph. A planar Halin map is a super map of a Halin graph
on the surface of genus 0 such that the circuit forms a face boundary.

Let H = (X, 3(X),J) be a planar Halin rooted map with (7).,
v = af3, as the face formed by the specific circuit where r is the root.
The associate planted tree denoted by Ty is obtained by deleting all
the edges Kr, K(J¥)r, ---, K(J7) 'r on the circuit.

Lemma 13.8 A planar Halin rooted map with vertex partition
u of the specific circuit with length n is 1-to—1 corresponding to a
planted tree with vertex partition v = u + (n — 1)(1; — 13).

Proof By considering the procedure from a Halin map H to a tree
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Ty, carefully counting the numbers of vertices with the same valency
and comparing them of H with those of Ty, the lemma is found. [

Theorem 13.5 The number of nonisomorphic planar Halin
rooted map with vertex partition u of the specific circuit with length

w 1 lu| +n—1
A = rn 1 (m (n—1)(1, - l?,)) (13.1)

where |u| is the absolute norm of w.

n 1s

Proof On the basis of Lemma 13.8, by Theorem 13.2, the con-
clusion of the theorem is done. ]

Let Hy = (X, 5(X1), J1) and Hy = (X, 3(X2), J2) be two planar
Halin rooted maps with [{r1}s+| = [{r2} 2|, the boundary identifica-
tion of H; and Hs is called a double leaf.

A graph with a specific circuit of all vertices of valency 4 is called
a quadcircularity. A super map of a quadcircularity is a quadcircula-
tion.

Lemma 13.9 A planar rooted quadcirculation M is a double
leaf if, and only if, the map obtained from M by deleting all edges on
the specific circuit can be partitioned into two trees such that each of
vertices on the circuit is articulate of both the trees.

Proof Since a double leaf is obtained by boundary identifier
from two Halin maps, the conclusion is directly deduced. [l

Lemma 13.10 A planar rooted quadcirculation with vertex
partition u of the specific circuit of length n is 1-to—1 corresponding
to a pair of planar Halin rooted maps H; and Hy with vertex partitions,
respectively, s and t such that

u=s+t—(n—1)(213 - 1,). (13.14)
where 1, is the vector of all entries 0 but the ¢-th 1 for ¢ = 3, 4.

Proof By considering that u does not involve n — 1 unrooted
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3-vertices in s and t each and involves n — 1 unrooted 4-vertices, the
formula (13.14) holds. O

Theorem 13.6 The number of nonisomorphic double leafs with
vertex partition u of the specific circuit of valency n is

> A(HE) A(HL) (13.15)

s+t=u—(n—1)(213—14)
5,L€8q]
where Sq; is the set of vectors available as vertex partitions of planar
Halin maps.

Proof On account of Lemma 13.10, the theorem is soon derived
from Theorem 13.2 for the Cartesian product of two sets. O

Given a nonseparable graph G with a cocircuit C* of an orien-
tation defined, if G is planar in companion with such a orientation
then G is said to have the C*-oriented planarity, or cocircuit oriented
planarity. A planar super map of such a graph is called a cocircuit
ortented map. If each edge on the cocircuit is bisectioned and then
snip off each new 2-valent vertex as two articulate vertices in a cocir-
cuit oriented map M so that what obtained is two disjoint plane trees,
then M is called a cocircular map. The root is always chosen to be an
element in an edge on the cocircuit in a cocircular map.

Lemma 13.11 A cocircular map with the oriented cocircuit
of n 4+ 1 edges and the vertex partition u is 1-to—1 corresponding to
a pair of planted trees (71, T5) with vertex partitions u; and wu, such
that w11 = u9y = n.

Proof By considering the uniqueness of a cocircular map com-
posed from two planted trees, the coclusion is directly deduced. [

Let U,, be the set of all integer vectors feasible to a planted tree
with n unrooted articulate vertices.

Theorem 13.8 The number of nonisomorphic cocircular maps
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with the oriented cocircuit of n edges and given vertex partition w is

g [\ (sl
NCIE R

|y ||s)|

uy,ug €U
ultug=u

Proof Based on Lemma 13.11, the formula (13.16) is derived
from Theorem 13.2. 0

A cocirculation is such a planar rooted map which has a cocircuit
oriented. For this type of planar maps, the number of nonsepsrable
ones can be determined from maps with cubic boundary of root-face.

More interestingly, maps with cubic boundary of root-face can
be transformed into maps with root-vertex valency as a parameter.

In view of this, many types of planar maps with cubic boundary
can be known from what have been done for counting maps with size
and root-vertex valency as two parameters.

XIII.4 Biboundary inner rooted maps

A map is said to be biboundary if it has a circuit C' that two
trees are obtained by deleting all the edges on C'. In view of this, a
Hamilton cubic map is a uniboundary map because it is not necessary
to have two connected components as all the edges on the Hamiltonian
circuit are deleted. Here, only planar case is considered.

LetM = (X, J)be a biboundary map, r = (M) is its root. The
length of boundary is m and the vertex partition vector of nonbound-
ary vertices is n = (ny,ns, -+ ), n;, ¢ > 1, the number of i-vertices not
on the boundary.

Assume My = (X1, J1) and My = (Xs, J2) are two submaps of
M. Denote byC = (Kr,Kpr,---, Ko™ 1r) the boundary circuit of
M where

{ Jvx;, if yx; not incident with an inner edge of Mo;
Pri =

aJ Bx;, otherwise.
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ro =Ty, =rand z;, =r i=1,2,---,m—1.

Let r1 = r(M;y) = r and 79 = r(Ms) = ™ 7. This means the
root-vertex of M; adjacent to that of M, in M. Such a root is said to
be inner rooted.

First, denoted by B,,, m > 6, the set of all biboundary rooted
maps with the boundary lengthm.

Lemma 13.12 Let W,,, and W,,, are, respectively, unibound-
ary maps of boundary lengths m; > 3 and ms > 3, then a pair of
{Wh, Wo}, Wy € W,,, and Wy € W,,,, m = myq + my, composes of

mi

Sy (1) = [m2] (13.17)

biboundary maps in B,,. And, this combinatorial number is deter-
mined by the recursion as

(._ - ml
mo . mQ—l
my _Z[ 1 ]’m222

! ' . (13.18)

\ L J

Proof By induction on ms, me > 2, for any m; > 1.
First, check the case of mo = 2, for m; > 1, that

2]-[3]+ 2]+ [ 2] -men

From the fact that if o vertices in the first segment, then the second
segment has to have my vertices; if 1 vertex in the first segment, then
the second segment has to have m; — 1 vertices; - - -; if my vertices in
the first segment, then the second segment has to have 0 verticesm;.
They are all together m; 4+ 1. Thus, (13.18) is true for my = 2.

Then, assume t,,,_1(m1), me > 3, have been determined by
(13.18). To prove ty,(m1) is determined by (13.18). Because of
my1 + 1 occurrences for putting my vertices in to ms segments as
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when m; vertices in the first segment, then no vertex in all other
mo — 1 segments and hence s,,, 1(0) ways; when m; — 1 vertices in
the first segment, then i vertex in all other my — 1 segments and hence
Smy—1(1) ways; - - -; when 0 vertices in the first segment, then m; ver-
tices in all other my — 1 segments and hence s,,,_1(m;) ways. They
are Sp,(mi) = > i Sm,—1(i) ways all together. That is

mo _ml meo — 1
KA i e et

1=0

By the induction hypothesis, s,,,(m;) is determined. The lemma is
true. 0

Then, denote by D,,, m > 6, the set of all biboundary rooted
maps with the boundary length m.

Lemma 13.13 Let M,,, and M,,, be the uniboundary rooted
maps of boundary lengths, respectively, m; > 3 and my > 3, then a
pair { My, Ms}, My € M,,, and My € M,,,,, composes

tm,y (M) = < %f > (13.19)

biboundary rooted maps in D,,,, m = mi+ms. And, this combinatorial
number is determined by

< %f > — mlz_l [in— ! ] : (13.20)

1=0

where the terms on the right hand side of (13.19) are given in Lemma
13.12.

Proof By induction on ms for any m; > 1.
First, when mo = 2, By considering for assigning m; vertices in
M edges on the boundary in the order determined that when 1, 2,
-+, mq vertices in the first edge(incident with the root), the second
edge has to have, respectively, m; — 1, m; — 2, - - -, 0 vertices, we have
tz(ml) = 81(0) -+ 81(1> + 4 81(m1 — 1) = m.
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Then, assume t,,,_1(m1), me > 3, have been determined by
(13.20). To prove that

tmz(ml) - sz—l(o) + Sm2—1(1> T+t sz—l(ml - 1)7

is determined by (13.20) as well. Because of the first edge in M, edges

allowed to have mq, m; — 1, ---, 1 vertex, the other my — 1 edges only
allowed to have, respectively, 0, 1, ---, m; — 1 vertex. This implies
mo — 1 mo — 1 mo — 1
o e e ]
Hence, (13.20) is right. O

Denote by @Q;, 1 < i < t,,,(m1) the t,,(m;) biboundary inner
rooted maps mentioned in this lemma with M (M, M) = {Q1, Qo, - - -,

@t (m) |-

Lemma 13.14 Let H,, = {M(M;, M) |V(M;, M) € M, X
M., m1 + mo = m}, then

Dn= Y H, (13.21)
HeH

i.e., H,, is a partition of D,,.

Proof For any D € D,,, it is known from biboundary maps that
there exist m; and mg, m; + my = m, such that M; € M,,, and
My € M,,,, compose of D. Thus, D = (My, Ms) € H,,.

Conversely, for any Q € H, H € 'H,,, because of () composed
from two uniboundary maps M; € M,,,, and My € M,,,,, m; + my =
m, there exist D € D,, such that D = Q).

In summary, the lemma is obtained. [l

In what follows, observe how many nonisomorphic uniboundary
maps of boundary length m with vertex partition vector n.

Lemma 13.15 The number of uniboundary rooted maps of
boundary length m, m > 3, and nonboundary vertex partition vector
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(m+n—1)!
(m—1)n! "’

n(m,n) = (13.22)

where n = |n| =ny +ng+---.

Proof Let M = (X, J) be auniboundary rooted maps of bound-
ary length m, m > 3, and nonboundary vertex partition vector n. Its
root is r. Because of cubicness on the boundary, Jr is incident with
an articulate vertex of the tree. Let Jr be the root to make the tree
planted. Because of all 1-vertices of the planted tree on the boundary,
its vertex partition vector is n+ (m — 1)1,, where 1, is the vector of all
entries 0 but the first entry 1. Since a planted tree with vertex parti-
tion is 1-to-1 corresponding to a uniboundary rooted map of boundary
length m, m > 3, and vertex partition vector n, from Theorem 13.2,
the number of nonisomorphic uniboundary rooted maps f boundary
length m, m > 3, and vertex partition vector n is

( ) (m+mn—1)!

m?ﬂ — )

! (m+ 1 — 1)l — nil,)!

where n = |n| = ny + ny + - --. By considering that n; = 0 in n, the
lemma is done. ]

On the basis of the above tree lemmas, the main result of this
section can be gotten.

Theorem 13.9 The number of biboundary inner rooted maps
of boundary length m > 6 and nonboundary vertex partition is

S ()

(my,ma,ntn?)el

4y — 1) (13.23)

X
(m2 — 1)'@2'

where £ = {(my, ma,n', n?)|m1 + ms = m,n' +n*> = n, my, my > 3}.

Proof For any given m; and ms, my +msy = m, with n' and n?
) ) Y



XIII.5 General maps 315

n' +n? = n, from Lemma 13.14-15, D,, can be classified into

Z (n1+m1_1)!(n2+m2_1)!
(m1,ma,n'n?)eL (ml - 1)!@1! (m2 - 1)!@2!

classes. From Lemma 13.13, each class has

()

nonisomorphic biboundary inner rooted maps of boundary length m
and nonboundary vertex partition vector n. Thus, the theorem is
proved. [l

XIIL.5 General maps

Based on the joint tree model shown in Chapter XII, it looks
general maps on surfaces in a closed relation with joint trees. In this
section, only orientable case is considered as an instance.

Because of the independence with a tree chosen, general maps
with a cotree marked are particularly investigated.

For the convenience for description, all maps are assumed to have
no articulate edge.

Let M = (X,J) be a map with cotree edges a; = K1, as =
Kzy, -+, ay = Kx; marked where [ = (M) is the Betti number of
M. The root of M is chosen on a cotree edge, assume r = r(M) = x.

Another map Hy; = (X, Jy) is constructed as

l
Xy =X+ (Ksi+Kt; —a) (13.24)
i=1
where K's; = {x;, ax;, Bs;,vsiyand Kt; = {yax;, Ba;, Bti, yti}, 1 <0 <
[, ; Jg is defined as

@) = {

()7, when z € X;

(x), when z & X. (13.25)



316 Chapter XIII Census with Partitions

Lemma 13.16 For any rooted map M with a cotree marked,
the map Hj; is a planted tree with the number of articulate vertices
two times the Betti number of M.

Proof Because of connected without circuit on Hy;, Hys is a
tree in its own right. Since the number of cotree edges is the Betti
number of M, from the construction of Hj,; and no articulate edge on

M, the number of articulate vertices on Hj; is two times the Betti
number of M. O

Let M(l;n) be the set of all general rooted maps with a cotree of
size | marked and vertex partition n including the root-vertex. And,
let H(n) be the set of all planted trees with articulate vertices two
times the number of cotree edges and vertex partition n excluding the
root-vertex.

Lemma 13.17 There is a 1-to-1 correspondence between M ({;
n) and H(n + (20 — 1)1,) as the set of joint trees.

Proof For M € M(l;n), it is easily seen that the corresponding
H)y is just a joint tree of M and hence Hy; € H(n + (21 — 1)1,).

Conversely, for H € H(n+(2l—1)1,), in virtue of a joint tree with
its articulate vertices are pairwise marked as cotree edges of the cor-

responding map M as H = H);, by counting the valencies of vertices,
it is checked that M € M(l;n).
Therefore, the lemma is true. [l

This lemma enables us to determine the number of general rooted
maps with a cotree marked with vertex partition given.

Theorem 13.10 The number of rooted general maps with a
cotree marked for a vertex(root-vertex included) partition n given is

(n+ 2l —2)!
(2l —1)In!

(M(Ln)| = (13.26)

where [ is the Betti number(the size of cotree) and n = |n|.

Proof A direct result of Lemma 13.17 and Theorem 13.2. [
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XII1.6 Pan-flowers

A map is called a pan-flower if it can be seen as a standard petal
bundle added a tree such that only all vertices are in the inner parts of
edges on the petal bundle. The petal bundle is seen as the boundary
of a pan-flower. Because of not a circuit for the base graph of a petal
bundle in general, a pan-flower is reasonably seen as a generalization
of a map with a boundary, or a boundary map. A pan-Halin map is
only a special case when the petal bundle is asymmetric.

For convenience, the petal bundle in a pan-flower is called the
base map. If a edge of a fundamental circuit on the underlying graph
of base graph is allowed to have no articulate vertex of the tree, then
the pan-flower is said to be pre-standard. If the edge has at least one
articulate vertex of the tree, then the pan-flower is standard.

This section is concerned with pan-flowers in the two classes foe
a vertex partition vector given.

Let H,su be the set of all rooted pre-standard pan-flowers, where
the root is chosen to be an element incident to the vertex of base
map. For any H = (X,J) € Hpsu, the tree Ty is always seen as a
planted tree whose root is first encountered on the rooted face of H
starting from the root of H. Otherwise, the first encountered at the
root- vertex of H from the root.

Lemma 13.18 Let Hpm(p;s) be the set of all rooted pre-
standard pan-flowers with vertex partition vector s = (s, 83,-+-) on a
surfaces of orientable genus p, then

J1+2p

. . — 2j1—5p,1+2

Jm@L s
where 7;(j) is the set of planted trees with vertex partition vector
i: (jl)j?)"')a such that Si :ji7 ( 7é 37 S3 :jl +j3+17 p > ]-7 s> Qa
J = 0, but s # 0 and j # 0. Further, 9, is the Kronecker symbol,
i.e., 0p1 = 1, when p = 1; 9,1 = 0, otherwise.

Proof On the basis of pre-standardness, it is from the defini-
tion of pan-flowers seen that an element in the set on the left hand
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side of (13.27) has an element in the set on the right hand side in
correspondence.

In what follows, to prove that each T' = (X, J) € 71(j), produces
J1=0p,1+2 Ji+2p

2p — 1

Denoted by (r), (1), (x2), ---, (x;,) all the articulate vertices
of T, where 0 < I} < ly < --+ < lj,, such that x; = (JaB)r, i =
1,,2,--+, 71, r=r(T) is the root of T.

First, by considering that the underlying graph of base map has
2p loops, only one vertex, its embedding on the orientable surface of
genus 2p has exactly one face. Because of the order of its automor-
phism group 8 when p = 1, only one possible way; 2p when p > 2, two
possible ways.

Then, the assignment of the j; + 1 articulate vertices, (r), (z;),
1 = 1,2,---,41, of T" on the base map has the number of ways as
choosing 2p — 1 from j; + 2 intervals with repetition allowable. That

1S
+2+@2p—1)—-1\ [(j+2p
2p — 1 C\2p—1)

Finally, since each of elements r, x;, © = 1,2,---, 71, has 2 ways:
one side {ax, afx}, or the other {x, Sz}, they have

maps in Hpm(p; s).

2j1+1

ways altogether.
In summary of the three cases, The aim reaches at. ]

On the basis of this lemma, by employing a result in §13.1, the
following theorem can be deduced.

Theorem 13.11 The number of pre-standard rooted pan-flowers
with vertex partition vector s = (s9, S3,--+) and its base involving m
missing vertices on an orientable surface of genus p, p > 1, is

om—b,1+1 (m +2p - 1) <S3> nlm (13.28)

2p —1 m/) s’

where s! = [[,oysil = salsgl---andn+2=>"_,s;.
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Proof From Lemma 13.18, this number is

— m+2p—1 ,
2 5p,1+1< 2pf1 )ml),

where j = (j1, jo, J3, - -) such that j; +1 =m, j3 = s3—m and j; = s;,
i # 3,1 > 2. Then from Theorem 13.2, we have

(n' —1)! n!

T(j) = ! - (m — 1)so! (53— m)lsyl---

s3\ n!m
\m) s’

where n =n' —1 =3 .,ji —1= > ,.,8 — 2. By substituting this
into the last, (13.28) is obtained. O

Let ﬂpsH(q; s) be the set of all pre-standard rooted pan-flowers
with vertex partition vector s = (s, s3, - - -) on a nonorientable surface
of genus ¢, s > 0, but s # 0.

Lemma 13.19 For 7'~lpsH(q;§), qg>0,s5>0, but s # 0, we have

m-+q—1

v . __ om—ig,
ot ] = 20 (" 1

Jm@L s
where j = (m—1, 53, s3—m, 54, 55, - - -) and m is the number of trivalent
vertices(i.e., missing vertices on its base).

Proof 5 Similarly to the proof of Lemma 13.18. However, an
attention should be paid to that the size of the base is ¢, ¢ > 1, instead
of 2p, p > 1 and the order of automorphism group of the base is 2q
when ¢ > 2; 4 when ¢ = 1. [l

Similarly to Theorem 13.11, we have

Theorem 13.12 The number of pre-standard rooted pan-flowers
with vertex partition vector s = (s9, S3,--+) and its base involving m
missing vertices on a nonorientable surface of genus ¢, ¢ > 1, is

om—0,1+1 (m T4 1) (33> ”!_m, (13.30)

q—1 m) s!
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where n +2 = > .., s; and sl = [[,55 sil.

Proof Similarly to the proof of Theorem 13.11, from Lemma
13.19 and Theorem 13.2, the theorem is done. L]

For standard pan-flowers, let Hqy be the set of all such maps.
From the definition, if the base map has m missing vertices, then it is
not possible on an orientable surface of genus greater then m/2, or on
a nonorientable surface of genus greater than m.

Lemma 13.20 Let Hu(p;s) be the set of all standard rooted
pan-flowers with vertex partition vector s = (s2,s3,--+) on an ori-
entable surface of genus p. If maps in Hgy(p; s) have its base with
m > 2p missing vertices, then we have

m

—1
. . m—5p71+1 .
sl =20 (1) mL e

where 71(j), as above, is the set of panted trees with vertex partition
vector l - (j17j27j37 o ) fOI' jl =m — 17 j3 = 83 — M, jz = S, l 7£ 37
1> 2.

Proof For any H € Hgu(p;s), from the definitions of standard-
ness and pan-flowers, it is seen that there exists a planted tree in 7;(j)

corresponding to H. Thus, it suffices to prove that any planted tree
in T = (X,J) € Ti(j) produces

2m—5p71+1 m — 1
2p — 1
maps in Hgu(p; s).

First, an attention should be paid to that maps in Hgy(p;s) are
with their base of size 2p on an orientable surface of genus p. Since
the order of automorphism group of the base is 4p when p > 2; 8 when
p = 1, the base has, respectively, 2 ways when p > 2; 1 way to choose
its root.

Second, since the number of missing vertices on the base is m, T'
must have m — 1 unrooted articulate vertices. Let them be incident
with (x1), --+, (z;,—1). From the standardness again, there are m —



XIII.6 Pan-flowers 321

1 intervals for choice in the linear order ((r), (z1), (z2), -, (Tm-1))-
Thus, any 2p — 1 points insertion divides the linear order into 2p
nonempty segments. This has

m—1
2p—1
distinct ways.

Third, notice that each of the m articulate edges including the
root-edge in 7" has 2 choices, and hence

2m
distinct choices altogether.
In summary rom the three cases, the lemma is soon found. [
Based on this, we have

Theorem 13.13 The number of standard rooted pan-flowers
with vertex partition vector s = (s9, s3, - - -) and their base map of m,
m > 2p, unrooted vertices on an orientable surface S, of genus p > 1,

ms. +1(m— 1Y (s3\nlm
2m =041+l <2p B 1) <m> T (13.32)

where n +2 =3, 5.

1S

Proof Similarly to the proof of Theorem 13.11. However, by
Lemma 13.20 instead of Lemma 13.8. 0]

At a look again for the nonorientable case.

Lemma 13.21 Let H(g; s) be the set of standard rooted pan-
flowers with vertex partition vector s = (s, S3, - - -) on a nonorientable
surface of genus ¢ > 1. If each map in Hyq(q; s) has its base map of
m unrooted vertices, then we have

- —1
Fani(q 5)| = 2mu 1 (T;_ 1 >T@, (13.33)

where 7-l(l‘) = |71(l)‘7 l = (j17j27j37"')7 jl = m — 17 j3 = 83 —m,
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Proof Similarly to the proof of Lemma XII.2.3. However, what
an attention should be paid to is the base of size ¢ instead of 2p for a
surface of genus gq. O]

Thus, we can also have

Theorem 13.14 The number of standard rooted pan-flowers
with vertex partition vector s = (s, s3,- ) and their bases of m un-
rooted vertices on a nonorientable surface of genus ¢, ¢ > 1, is

1 |
- <Tq”_ 1) (is) L (13.34)

where s >0, s 0, m>qg>1landn+2=73% . ,s;

Proof Similarly to the proof of Theorem 13.13. However, by
Lemma 13.21 instead of by Lemma 13.20. 0]



Activities on Chapter XIII

XIII1.7 Observations

013.1 Observe the number of plane rooted trees of size n > 0
given.

013.2 Observe the number of outerplanar rooted maps of size
n > 0 given.

013.3 Observe the number of wintersweets of size n > 0.

013.4 To show a relationship between outer planar maps and
trees.

013.5 Observe how to evaluate the number of plane rooted
trees with the number of articulate vertices m > 2 and size n > 1
given.

013.6 Consider what relation have the enufunction with the
number of nonrooted vertices, nonrooted faces and the enufunction of
vertex partition and genus as parameters.

013.7 Observe the number of rooted plane tree with root-
vertex valency and vertex partition.

013.8 Observe the number of rooted plane trees with the num-
ber of articulate vertices and vertex partition of other vertices.

013.9 Observe the difference between boundary maps and non-
boundary maps.

013.10 observe the automorphism groups of a map and one of
its boundary map by .
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XIII.8 Exercises

E13.1 Determine the enufunction of planted trees with vertex
partition as parameters by establishing and solving a equation.

A wintersweet is a rooted map with the property that it becomes
a tree if missing circuits only at nonrooted terminal vertices of the
tree.

E13.2 Establish an equation satisfied by the vertex partition
function of Wintersweets and then try to solve the equation.

A rooted map is called unicyclic if it has only one circuit.

E13.3 Establish an equation satisfied by the vertex partition
function of unicyclic maps when the root is on a circuit and then try
to solve the equation.

E13.4 Establish an equation satisfied by the vertex partition
function of Halin rooted maps and then try to solve the equation.

E13.5 Establish an equation satisfied by the vertex partition
function of outerplanar rooted maps and then try to solve the equation.

E13.6 Establish an equation satisfied by the face partition func-
tion of outerplanar rooted maps when the root is not on the circuit
and then try to solve the equation.

E13.7 Establish an equation satisfied by the face partition func-
tion of planar rooted petal bundles and then try to solve the equation.

E13.8 Establish an equation satisfied by the face partition func-
tion of outerplanar rooted maps when the root is on the circuit and
then try to solve the equation.

E13.9 Establish an equation satisfied by the vertex partition
function of unicyclic maps when the root is not on a circuit and then
try to solve the equation.

E13.10 Establish an equation satisfied by the face partition
function of planar rooted supermaps of bouquets and then try to solve
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the equation.

E13.11 Establish an equation satisfied by the vertex partition
function of planar rooted maps with two vertex disjoint circuits and
then try to solve the equation.

XIIT1.9 Researches

R13.1 Determine the vertex partition function of general rooted
maps on the sphere.

R13.2 Determine the vertex partition function of general rooted
maps on all surfaces.

R13.3 Determine the vertex partition function of general Eu-
lerian rooted maps on all surfaces.

R13.4 Determine the vertex partition function of 2-edge con-
nected rooted maps on the sphere.

R13.5 Determine the vertex partition function of 2-edge con-
nected rooted maps on all surfaces.

R13.6 Determine the vertex partition function of nonseparable
rooted maps on the sphere.

R13.7 Determine the vertex partition function of nonseparable
rooted maps on all surfaces.

R13.8 Determine the vertex partition function of loopless rooted
maps on the sphere.

R13.9 Determine the vertex partition function of loopless rooted
maps on all surfaces.

R13.10 Determine the vertex partition function of rooted tri-
angulations on all surfaces.



Chapter XIV

Super Maps of a Graph

e A semi-automorphism of a graph is a bijection from its semiedge
set to itself generated by the binary group sticking on all edges
such that the partitions in correspondence.

e An automorphism of a graph is a bijection from the edge set to
itself such that the adjacency on edges in correspondence.

e The semi-automorphism group of a graph is different from its au-
tomorphism group if, and only if, a loop occurs.

e Nonisomorphic super rooted and unrooted maps of a graph can
be done from the embeddings of the graph via its automorphism
group or semi-automorphism group of the graph.

XIV.1 Semi-automorphisms on a graph

A pregraph is considered as a partition on the set of all semiedges
as shown in Chapter I. Let G = (X,d;7) be a pregraph where X,
0 and 7 are, respectively, the set of all semiedges, the permutation
determined by edges and the partition on X.

Two regraphs G = (X1, 61;m) and Gy = (X, d9; m2) are said to
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be seme-isomorphic if there is a bijection 7 : X1 — A5 such that

X — Xy
'YlJ( l% (14.1)
N(X) —— (X))

are commutative for v = 0 and 7 where 7,, is induced from 7 on
v1(&X1). The bijection 7 is called a semi-automorphism between Gy
and GQ.

Example 14.1 Given two pregraphs G = (X, §1; 1) where

8

Z{xz (1)}, 61 = [[(x:(0), (1))

7T1—{X,‘1§2§8} -
with
X1 ={21(0),26(0), z6(1) }, Xo = {z1(1),22(0),25(0)},
X3 = {3}2(1),3}5(0),3}7(0)}, X4 = {334(0
X5 = {wa(1),z5(1), 25(1)}
and H = (), dy; m2) where

N——
8
ot
S
[—
N—
8
EN|
S
[—
N—
8
0]
S
)
N—
——

Y= Z{yz (W} b = ] [w:(0), 3:(1);
7T2—{Yz\ 1<i<8}
with
Y1 = {44(0), 46(0), y7(0) }, Yo =

Yy ={y3(0),y5(1),ys(1)}, Y2 =
Ys = {y1(0), y1(1), 52(1)}.
Let 7: X — ) be a bijection with (14.1) commutative for ~; = ¢;,

1 =1 and 2, as

I I9 T3 T4 Ty Tg X7 g
02Y2 O2ys Y3 Ys Yo Y1 Y7 Ys |
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Because of
(7X1 = {721(0), 726(0), Tw6(1) } = {y2(1),41(0), 1 (1)} = Y5,
(1), 722(0), 723(0)} = {52(0), ya(1), y3(1)} = Vi,
TX3 = {7Tas(1), 725(0), T27(0) } = {4(0), y6(0), y(0)} = Y1,
7Xy = 7{x4(0), 25(1), x7(1), 25(0) }
= {y6(1),y7(1),45(0), ys(0) } = Y2,
7Xs = {ras(1), 72a(1), T25(1) } = {y3(0), ys(1), ys(1)} = Y3,

we have 7, m = moT, i.e., (14.1) is commutative for v; = m;, i = 1 and
2. Therefore, 7 is a semi-isomorphism between G and H.

TXQZ{T,Il

\

Lemma 14.1 If two pregraphs G and H are semi-isomorphic,
then they have the same number of connected components provided
omission of isolated vertex.

Proof By contradiction. Suppose G and H are semi-isomorphic
with a semi-isomorphism 7 : G — H but G = G; + G5 with two
components: G and Gy and H, a component itself. From the the
commutativity of (14.1), H has two components as well. This contra-
dicts to the assumption that H is a component itself. [l

If G = H, then a semi-isomorphism between G and H is called
a semi-automorphism of GG. Lemma 14.1 enables us to discuss semi-
automorphism of only a graph instead of a pregraph without loss gen-
erality.

Lemma 14.1 allows us to consider only graphs instead of pre-
graphs for semi-automorphisms.

Moreover for the sake of brevity, only graphs of order greater
than 4 are considered as the general case in what follows.

Theorem 14.1 The set of all semi-automorphisms of a graph
forms a group.

Proof Because of all semi-automorphisms as permutations act-
ing on the set of semi-edges, the commutativity leads to the closedness
in the set of all semi-automorphisms under composition with the as-
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sociate law. Moreover, easy to check that the identity permutation is
a semi-automorphisms and the inverse of a semi-automorphism is still
a semi-automorphism. This theorem holds. [l

This group in Theorem 14.1 is called the semi-automorphism
group of the graph.

Example 14.2 In Example 14.1, the pregraph G = (X, dy; 1)
is a graph. It is easily checked that

_( 1 2 X3 Ty X5 T Ty T8 | _
e <$1 Ty T3 T4 Ts 01T 7 $8> _(x6(0)>x6(1))

is a semi-automorphism on G. It can also be checked that the semi-
automorphism group of G is Autye(G) = {7;|0 < ¢ < 11} where

(79 = 1, the identity;

T4, T3);

Ty 513}5)(337, 513}8)

, 23) (5, 0128) (17, 0174);

L7 = (26(0), 26(1)) 76, 6 <@ < 11.

o~ o~ o~ =

XIV.2 Automorphisms on a graph

Now, let us be back to the usual form of a graph G = (V| E)
where V' and F are, respectively, the vertex and edge sets. In fact, if
X; as described in §XIV.1 is denoted by v;, then V' = {wg|i = 0.1.2.-- -}
and B = {z;|j =0,1,2,---}.

An edge-isomorphism of two pregraphs G; = (V;, E;), i = 1 and
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2, is defined as a bijection 7 : E; — FE5 with diagram

B, ———— Py
ﬁll lﬁz (14.2)
o 1

commutative where n;, i = 1 and 2, are seen a mapping 2% — V.
When G = G7 = (9, an edge-isomorphism between GG; and G5
becomes an edge-automorphism on G.

Lemma 14.2 If two pregraphs G and H are edge-isomorphic,
then they have the same number of components provided omission of
isolated vertex.

Proof Similar to the proof of Lemma 14.1. O]

This lemma enables us to discuss only graphs instead of pre-
graphs for edge-isomorphisms or edge-automorphisms.

Theorem 14.2 All edge-automorphisms of a graph G forms a
group, denoted by Aute.(G).

Proof Similar to the proof of Theorem 14.1. O]

Example 14.3 The graph G In Example 14.2 has its Aute.(G) =
{1;]0 < i <5} where

An isomorphism, or in the sense above vertex-isomorphism, be-
tween two pregraphs G; = (V;, E;), i = 1 and 2, is defined as a bijection
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7 : Vi — V5 which satisfies that the diagram

Vi — Va

“ | E (14.3)

7—51

ELCVixVi ———— ECVaxVy

is commutative where §;(v;) = E;,, for v; € V;, i =1 and 2.
When G = 7 = GGy, a isomorphism between G; and (G is called
an automorphism of G.

Lemma 14.3 If two pregraphs GG and H are isomorphic, then
they have the same number of components.

Proof Similar to the proof of Lemma 14.2. O

This lemma enables us to discuss only graphs instead of pre-
graphs for isomorphisms or automorphisms.

Theorem 14.3 all automorphisms of a graph G form a group,
denoted by Aut(G).

Proof Similar to the proof of Theorem 14.2. ]

The group mentioned in this theorem is called the automorphism
group of G.

Example 14.4 The graph G In Example 14.2 has its Aut(G) =

{r;]0 < i <1} where
{ To = 1, the identity;
™ = (Xg, X5)

Because of no influence on the automorphism group of a graph when
deleting loops, or replacing multiedge by a single edge, 7;, ¢ = 1,2 and
3 in Example 14.3 are to the identity 79 and 74 and 75 in Example 14.3
to 7 here.
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XIV.3 Relationships

Fundamental relationships among those groups mentioned in the
last section are then explained for the coming usages.

Theorem 14.4 Autp(G) ~ Aute(G) if, and only if, G is loop-
less.

Proof Necessity. By contradiction. Suppose Autpe(G) ~ Aute(G)
with an edge-automorphism 7 but G has a loop denoted by z =
(2(0),2(1)). Assume 7(I) = [ without loss of generality. However,
both the semi-automorphisms: 7 and 7 corresponding to 7 are found

as
), when x # z;

0), when x = 2(0);
1), when x = z(1)

3
S

N

Tl(x) =

N

and

=

0), when x = z(1);
1), when z = z(0).
This implies Autpe(G) % Aute(G), a contradiction.

Sufficiency. Because of no loop in GG, the symmetry between two
ends of a link leads to Auty(G) ~ Aute(G). O

N

() =

N

(
(
(
(), when x # z;
(
(

From the proof of Theorem 14.4, the following corollary can be
done.

Corollary 14.1 Let [ be the number of loops in G, then
Authf(G) ~ Sé X Autee(G)

where S5 is the symmetric group of order 2.

Proof Because of exact two semi-automorphisms deduced from
an edge-automorphism and a loop, the conclusion is done. [l

From this corollary, we can soon find
auty(G) = 2! x aute(G). (14.4)
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Because of no contribution of a loop to the automorphism group
of G, the graph G has its automorphism group Aut(G) always for that
obtained by deleting all loops on G.

Theorem 14.5 Aute.(G) ~ Aut(G) if, and only if, G is simple.

Proof Because of no contribution of either loops or multiedges
to the automorphism group Aut(G), the theorem holds. O

In virtue of the proof of Theorem 12.5, a graph with multi-edges
G has its automorphism group Aut(G) always for its underlying simple
graph, i.e., one obtained by substituting a link for each multi-edge on

G.

Lemma 14.4 Let G be a graph with i-edges of number m;,
1 > 2. Then, its edge-automorphism group

Autee(G) = )~ m;S; x Aut(G)

i>2
where 5; is the symmetric group of order ¢, ¢ > 2.

Proof In virtue of S, as the edge-automorphism group of link
bundle P, of size m, m > 2, the lemma is done. Il

On the basis of Lemma 14.4, we can obtain

Corollary 14.2 Let [ and m; be, respectively, the number of
loops and i-edges, [ > 1,7 > 2 in GG, then

auty(G) = 2'nyeaut(G) (14.5)

where

Nme = Nme(G) = Zz'mZ

i>1
which is called the multiplicity of G.

Proof By considering Corollary 14.1, the conclusion is done. []
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XIV.4 Nonisomorphic super maps

For map M = (X,s,P), its automorphisms are discussed with
asymmetrization in Chapter VIII. Let M(G) be the set of all noniso-
morphic maps with underlying graph G.

Lemma 14.5 For an automorphism ¢ on map M = (X, s(X), P),
we have exhaustively

C|6(X) < Authf(G) and CO“(S(X) € Authf(G)
where G = G(M), the under graph of M, and 6(X) = X + §X.

Proof Because X,5(X) = (X +6X) + (aX + adX) = 6(X) +
ad(X), by Conjugate Axiom each ¢ € Aut(M) has exhaustively two
possibilities: (|5x) € Auty(G) and (alsx) € Autye(G). O

On the basis of Lemma 14.5, we can find

Theorem 14.6 Let £,(G) be the set of all embeddings of a
graph G on a surface of genus g(orientable or nonorientable), then the
number of nonisomorphic maps in £,(G) is

my(G) ! S e (14.6)

— 2 X authf(G) reAutn(G)

where ®(7) = {M € £,(G)|7(M) = M or Ta(M) = M}.

Proof Suppose X1, Xo, -+, X, are all the equivalent classes of
X = &;(G) under the group Autye(G) x (a), then m = my(G). Let

S(x) = {7 € Autpe(G) x ()] 7(x) = x}
be the stabilizer at z, a subgroup of Autys(G) x («). Because
[Auty(G) x ()] = [S(x)[IXil,

ri€ X;,1=1,2,---,m, we have

m|Auty(G) x ()] = Z [S0a) Xl (1)
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By observing |S(x;)| independent of the choice of z; in the class X,
the right hand side of (1) is

SIsel=3 >

reX zeX TS ()

= >, 21 (2)

TEAutLs (G) X () =T (x)

= ) el

TEAutys (G) X (a)

From (1) and (2), the theorem can be soon derived. O

The theorem above shows how to find nonisomorphic super maps
of a graph when the semi-automorphism group of the graph is known.

Theorem 14.7 Let G be a graph with [ loops and m; multi-
edges of multiplier ¢ and £,(G), the set of all embeddings of G on a
surface of genus g(orientable or nonorientable), then the number of
nonisomorphic maps in £,(G) is

1
= d 14.
my(G) 2+ eaut(G) EA;(G) |D(7)] (14.7)

where ®(7) = {M € &,(G)|7(M) = M or Ta(M) = M} and nye is
the multiplicity of G.

Proof On the basis of Theorem 14.6, the conclusion is soon de-
rived from Corollary 14.2. L

Corollary 14.3 Let G be a simple graph. Then, the number
of nonisomorphic maps in &,(G) is

Q)= s > 1000 (14.8)

TEAutys (G)

where ®(7) = {M € &/(G)|T(M) = M or Ta(M) = M} and nye is
the multiplicity of G.
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Proof A direct result of Theorem 14.7 via considering G with
neither loop nor multi-edge. 0]

XIV.5 Via rooted super maps

Another approach for determining nonisomorphic super maps of
a graph is via rooted ones whenever its distinct embeddings are known.

Theorem 14.8 For a graph G, let R,(G) and £,(G) be, respec-
tively, the sets of all nonisomorphic rooted super maps and all distinct
embeddings of G with size €(G) on a surface of genus g(orientable or
nonorientable). Then,

R, (G = =)

= mﬁg(@\- (14.9)

Proof Let M,(G) be the set of all nonisomorphic super maps
of G. By (11.3), we have

RiGI= 3

MeM,(G)

i.e.,

4€(G) Z 2 X authf(G)
2 x autye(G) MeML(G) aut(M)

By considering that 2 x autys(G) = |[Autn(G) X ()] is
[(Autng(G) x ()| > [Autns (G) x () (M)]

and (Autp(G) x (@) )|m = Aut(M) from Lemma 14.5, we have |R,(G))|
1s

4e(@)
|Auty(G) x ()] Me;g((;) |Autpe(G) x (a)(M)]
249 e, )l

- authf (G)
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This is (14.9). O

This theorem enables us to determine all the super rooted maps
of a graph when the semi-automorphism group of the graph is known.

Theorem 14.9 For a graph G with [, [ > 1, loops and m;
multi-edges of multiplier ¢, ¢ > 2, let R,(G) and £,(G) be, respec-
tively, the sets of all nonisomorphic rooted super maps and all distinct
embeddings of G with size €(G) on a surface of genus g(orientable or
nonorientable). Then,

€(G)

RO = gy €€ (14.10

where ny,e is the multiplicity of G.

Proof A direct result of Theorem 14.8 from Lemma 12.2.  [J

Corollary 14.4 For a simple graph G, let R,(G) and &,(G)
be, respectively, the sets of all nonisomorphic rooted super maps and
all distinct embeddings of G with size ¢(G) on a surface of genus
g(orientable or nonorientable). Then,

2¢(@)

RGN = i

1£,(G)]. (14.11)

Proof The case of [ =0 and m; =0, ¢ > 2, of Theorem 14.9. [

Corollary 14.5 The number of rooted super maps of a simple
graph GG with n; vertices of valency i, ¢ > 1, on orientable surfaces is

auf(EQ TG -1y (14.12)

1>2

where € is the size of G.

Proof Because of the number of distinct embeddings on ori-
entable surfaces

> (G =G =1 (14.13)

9>0 i>2
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known, Corollary 14.4 leads to the conclusion. L

Corollary 14.6 The number of rooted super maps of bouquet

B,,, m > 1, on orientable surfaces is
(2m)!
2mm!’

(14.14)

Proof Because of the number of all distinct embeddings of B,,
on orientable surfaces (2m;)! and the order of its semi-automorphism
group 2"'m! known, the conclusion is deduced from Theorem 14.8. []

In virtue of petal bundles all super maps of bouquets, (14.14) is
in coincidence with (9.9).

The number of nonisomorphic super maps of a graph can also be
derived from rooted ones.

Theorem 14.10 For a given graph G, let E(G) be the set of all
its nonequivalent embeddings with automorphism group order k. Then
we have the number of all nonisomorphic unrooted supper maps of G

18
1

m(G) = GErTaay > lE(@)]) (14.15)

i|de
1<i<de

where € = €(G) is the size of G and I(G) is the number of loops in G.
Proof On the basis of Theorem 14.8, we have

RG] = —Qt(f?g)

€i(G)]
where R;(G) is rooted super maps of G with automorphism group
order 7. By Theorem 14.4 and Corollary 14.1,

€(G)
2@ aue(G) )

Ri(G)| =

Because of 4¢(G) /i rooted maps produced by an unrooted map
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in R;(G) as known in the proof of Theorem 11.1, we have

i o (@)
4e(G) RG] = 4e(@) 221G -1aut(G) E(G)]
1
UG aut(Q) E(G)1
Overall possible i|4¢(G) is the conclusion of the theorem. O

Further, this theorem can be generalized for any types a set of
graphs.

Theorem 14.11 For a set of graphs G, the number of noniso-
morphic unrooted super maps of all graphs in G is

(@) =Y s o IO (14.16)

Geg i4e(G)
1<i<4e(@)

Proof From Theorem 14.10 overall G € G, the theorem is soon
done. 0]

For a given genus ¢ of an orientable or nonorientable surface, let
Er(G; g) be the set of all nonequivalent embeddings of a graph G on
the surface with automorphism group order k.

Theorem 14.12 For a given genus g of an orientable or nonori-
entable surface, the number of all nonisomorphic unrooted supper maps
of a G on the surface is

n(G:9) = g 2 i16(C:g)) (14.17)

i|de
1<i<de

where € = €(G) is the size of G.

Proof By classification of maps and embeddings as well with
genus, from Theorem 14.11 the theorem is done. [l

Furthermore, this theorem can also generalized for any types a
set of graphs.
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Theorem 14.13  For a given genus g of an orientable or nonori-
entable surface, the number of nonisomorphic unrooted super maps of
all graphs in a set of graphs Gp with a given property P is

wlGi0) = Y o Y GGl (1419

Gegp4( ) il4e(G)

1<i<4e(Q)

Proof A particular case of Theorem 14.11. Il
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XIV.6 Observations

Let B, be the bouquet of n loops for n > 1.
0O14.1 Find the semi-automorphism group of B, for n > 1.
014.2 Find the edge-automorphism group of B,, for n > 1.

014.3 Find the automorphism group of B,, for n > 1.

Let D,, be the dipole which is of order two and size m for m > 1
without loop.

014.4 Show Autpe(D,,) ~ Autee(D,,) ~ S, where S, is the
symmetric group of order m for m > 1.

014.5 Find a condition for Aut(D,,) ~ Autys(D,,), m > 1.
014.6 Determine the number of super maps of K.
014.7 Determine the number of rooted super maps of K.

014.8 Determine the number of super maps of K3 3 rooted and
unrooted.

014.9 Determine the number of super maps of K44 rooted and
unrooted.

014.10 Suppose A;, be the number of distinct embeddings of
By, I > 1, on the orientable surface of genus p > 0, determine the
number of rooted and unrooted super maps of B; on the orientable
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surface of genus p > 0.

XIV.7 Exercises

E14.1 Show that the number of rooted super maps of K, the
complete graph of order n, n > 4, is

(n —2)" %
E14.2 Show that the number of rooted super maps of K,
the complete bipartite graph of order m +n, m,n > 3, is
2(m — )" (n —1)Im L,
E14.3 Let 7, be the set of non-isomorphic trees of order n,
n > 2. Show that

[T =D (2n—1)!
Z Aut(T)]  nl(n+ 1)

TeT,

the number of rooted plane trees of order n = Zz‘z1 n;, where n; is the
number of vertices of valency 7, ¢ > 1.

E14.4 Determine the distribution of rooted super maps of the
complete graph K, n > 4, by automorphism group orders.

E14.5 Determine the distribution of rooted super maps of the
complete bipartite graphs Km,n), m,n > 3, by automorphism group
orders.

E14.6 Determine the distribution of rooted super maps of su-
per cube (), n > 4, by automorphism group orders.

E14.7 Determine the distribution of rooted super maps of the
complete tripartite graph K;,m.,n, [,m,n > 2, by automorphism
group orders.

E14.8 Determine the distribution of rooted super maps of the
complete equi-bipartite K, ,, n > 3, by automorphism group orders.
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E14.9 Determine the distribution of rooted super maps of the
complete equi-tripartite K(n,n,n), n > 2, by automorphism group
orders.

E14.10 Determine the distribution of rooted super maps of the
complete quadpartite graph Kjmn, £, [, m,n > 2, by automorphism
group orders.

E14.11 Determine the distribution of rooted super maps of the
complete equi-quadpartite graph K, ,nn, n > 2, by automorphism
group orders.

E14.12 Determine the distribution of rooted super maps of su-
per wheel W,,, n > 4, by automorphism group orders.

XIV.8 Researches

R14.1 For given integer n > 1, determine the distribution of
outer planar graphs of order n by the order of their semi-automorphism
groups.

R14.2 For given integer n > 1, determine the distribution of
Eulerian planar graphs of order n by the order of their semi-automorphism
groups.

R14.3 For given integer n > 1, determine the distribution of
general planar graphs of order n by the order of their semi-automorphism
groups.

R14.4 For given integer n > 1, determine the distribution of
nonseparable planar graphs of order n by the order of their semi-
automorphism groups.

R14.5 For given integer n > 1, determine the distribution of
cubic planar graphs of order n by the order of their semi-automorphism
groups.

R14.6 For given integer n > 1, determine the distribution
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of 4-regular planar graphs of order n by the order of their semi-
automorphism groups.

R14.7 For given integer n > 1, determine the distribution of
nonseparable graphs of order n by the order of their semi-automorphism
groups.

R14.8 For given integer n > 1, determine the distribution of
general graphs of order n by the order of their semi-automorphism
groups.

R14.9 For given integer n > 1, determine the distribution of
Elerian graphs of order n by the order of their semi-automorphism
groups.

R14.10 For given integer n > 1, determine the distribution of
general graphs of order n by the order of their semi-automorphism
groups.

R14.11 For given integer n > 1, determine the distribution
of cubic graphs of order n by the order of their semi-automorphism
groups.

R14.12 For given integer n > 1, determine the distribution of
4-regular graphs of order n by the order of their semi-automorphism
groups.

R14.13 For given integer n > 1, determine the distribution of
b-regular graphs of order n by the order of their semi-automorphism
groups.



Chapter XV

Equations with Partitions

e The meson functional is used for describing equations discovered
from census of maps via vertex, or face, partition as parameters.

e Functional equations are extracted form the census of general maps
and nonseparable maps with the root-vertex valency and the vertex
partition vector on the sphere.

e By observing maps without cut-edge on general surfaces, a func-
tional equation has also be found with vertex partition.

e Functional equations satisfied by the vertex partition functions of
Eulerian maps on the sphere and general surfaces are derived from
suitable decompositions of related sets of maps.

e All these equations can be shown to be well definedness. However,
they are not yet solved in any way.

XV.1 The meson functional

Let f(y) € R{y}, where y = (y1,%2,--), be a function, and
V(f,y:) >0, i=1,2,--.

A transformation is established as / oy = oy, o= 1,,2,-

v
convinced y° = 1 — 1.
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Since / is a function from the function space F with basis

y
{1,9,9% ---} to the vector space V with basis {yo,y1, %2, -}, it is
called the meson functional. i.e., the Blissard operator. For any

Ui:Zaijyj; 1= 1,2,

J=0

it is easy to check that

/y(vl +v9) = Z(alj + as)) /yyj

720 |
= E a15y; + E 25
j>0 j>0

:/Ul—l‘/?)Q.
Yy Yy

Hence, the meson functional is linear.

-1
The inverse of the meson functional / is denoted by / Ly
y y

-1
y/,i=1,2,---, convinced / Yo = 1, or simply yo = 1. However, 1
y

is seen as a vector in V.

Two linear operators called left an dright projection, denoted
by, respectively, 3, and R,, are defined in the space V as: let v =
> i0ay; €V, then

%yv = Z(] + 1)Clj+1yj;
Jj=0

1
§Ryv = Z ECLj_lyj.

J=1

(15.1)

In other words, if y; is considered as the vector with all entries 0 but
only the ¢-th 1, then the matrices corresponding to S, and ¥, are,
respectively, as

L= (Ilrvlgal?:rv e ) (15.2&)
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where
{O when 7 = 1;
=

(] - 1>1j 1 Whenj > 2

for 1, being the infinite vector of all entries 0 but only the (j — 1)-st
1 and

R = (ry,ry,13, ) (15.2b)
where
0, when 57 =1;
.= 1
L ——1, 4, when j > 2
j—1

for the super index ‘T’ as the transpose.
Fasy to check that

I 0"
e (19) ma

where [ is the identity.

~IO

) , (15.3)

~1
Theorem 15.1 For v = v(yp,11,---) € V, let f(y) = / v,
y

" —f( / Sy v; /f dy—/ Ryv. (15.4)

Proof By equating the coefficients of terms in same type on the
two sides, the theorem is done. [l

If f(z,y) is a function with two types of unknowns, and assume
f(z,y) € V(z,y), a bilinear space, then it is easily checked that

/x_l /y_l ey = /y_1 /; fz y). (15.5)

Denoted by F(z,y) the function in (15.5). Conversely, for F(z,y)

€ R(z,y), we have
fey) = [ [Fay) (15.6)

because of interchangeable between / and / :
x y
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Let f(2) € R{z}. The following two operators on f as

T —y
and

r—Y
are, respectively, called the (x,y)-difference and (x, y)-difference of f
with respect to z.

Lemma 15.1 For any function f(z) € R{z}, let f = f(2),
then
Ory(2f) = 2ybsy . (15.9)
Proof Because of the linearity of the two operators 0, ,, and 9, ,,
this enables us only to discuss f(z) = 2", n > 0. Then, it is seen

Opy2f = 8Iyz +1

yx n+l _ xyn—i—l
= p—
" — yn
r—Y
= 2Ydy 2"
= 2Y0yy f.
This is what we want to prove. [l
Theorem 15.2 For any f € R{z}, we have
2 (2F) = 0% o (2f) = 2%y°0,0 0 (2 f7). (15.10)

Proof From (15.7) and (15.8), the left hand side of (15.10) is
(@) = f (1) — 2P (f (%) — F(5%)?)
22 — 42
AP = )
—y?
From (15.7), this is the right hand side of (15.10). O
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For a set of maps A, let
falz,y) = Z xm(A)gﬂ(A) (15.11)
AcA

where m(A) and n(A) are, respectively, the invariant parameter and
vector on A. Let F4(z,y) be such a function of two unknowns that

um@:/mmw. (15.12)

The powers of z and y in F(x,y) are, respectively, called the
first parameter and the second parameter.

Theorem 15.3 Let S and 7 be two sets of maps. If there is a
mapping A(T') = {S1, 52, -+ -, Sp(r)+1} such that S; and {i, m(T") +2 —
i} are with a 1-1 correspondence from 7 to S for any 7' € 7, where i
and m(7T) 4+ 2 — i are the contributions to, respectively, the first and

the second parameters, i = 1,2, -+, m(T) + 1, with the condition as
S=) (T).
TeT
then
Fs(x,y) = 2ydry(2f1) (15.13)

where fr = fr(2) = fr(z,y).
Proof From the definition of A, we have

m(T)+1

Fs(z,y)=>Y_ Y  a'ymT-itzysd

This is (15.13). O

Theorem 15.4 Let S and 7 be two sets of maps. If there exists
a mapping A(T') = {51, 52, - -, Syu(r)—1} such that S; and {7, m(T") —i}
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are in a 1-1 correspondence for T' € 7, where ¢ and m(7T) 4+ 2 — i are
the contributions to, respectively, the first and the second parameters,
i=1,2,---,m(T) — 1, with the condition

S=>Y (D),
TeT

then
Fs(z,y) = Opy(fr) (15.14)

where fr = fr(z) = fr(z,y).

Proof From the definition of A\, we have

m(T)—1
Fs(w,y) =Y Y a'y"@iy®
TeT i=1
—ay ya ) — aym ) A0)
TeT =y
= Ory(f1)
This is (15.14). [

XV.2 General maps on the sphere

A map is said to be general if both loops and multi-edges are
allowed. Of course, the vertex map ¢ is also treated as degenerate. Let
M., be the set of all rooted general planar maps. For any M € M,
let a = e, (M) be the root-edge. Then, M, can be divided into three
classes: Mep,s Mep,; and M, , t.e.,

Mgep - Mgepo + Mgep1 + Mgepz (15-15)

such that M, consists of a single map 9,

g€Po

Mo, = {M|VM € M,.,,ais a loop}.

Of course,
M, = {M|VM € M,,,ais a link}
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in its own right.

Lemma 15.2 Let M,
have

={M —a|VM € M,,, }. Then, we

gep gep1

Mgepyy = Mgy O Moy (15.16)
where © is the 1-production as defined in §2.1.

Proof For a map M € M,,,,, because there is a map M €
M e, such that M = M — @,a = e, (M), the root-edge of M, by
considering the root-edge @ as a loop we see that M = M;+Ms,, pro-
vided M; N My = o, the common root-vertex of M and M. Since M,
and M, are allowed to be any maps in M
¥, this implies that M € M,,, © M,,.

Conversely, for any M € M,., ® M,,, since M = M;+M,, M,
M, € M,,, we may always construct a map M by adding a loop a
at the common vertex of M; and M as the root-edge of M such that
M; and M, are in different domains of the loop. Of course, M is a
general map. Because the root-edge of M is a loop added, M € M
However, it is easily seen that M = M — a. Therefore, M € M gen),

In consequence, the lemma is proved. D

«p Including the vertex map

gepy *

For M,,,, because the root-edges are all links we consider the
set M (yp), = {M@a|VM € M, }, a = e,(M), the root-edge as usual.
The smallest map in M,,, is the link map L = (K, (r)(afr)) and
it is seen that L e a = 1. Thus, J € M,,,. For any M € M,,,
because the root-edge of M is not a loop we know that M e a €
M,.,. Conversely, for any M € M,,, we may always construct a map
M € M., by splitting the root-vertex of M into two vertices with
a new edge a as the root-edge connecting them. This implies that

Meda=MEc M gep),- Therefore we have

(gep)2

M(gcp)z = Mgep' (15'17>
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Lemma 15.3 For M,,,, we have
My, = > {ViM| 0 < i <m(M)} (15.18)
MeMgep

where m(M) is the valency of the root-vertex of M and V; is the
operator defined in §7.1.

Proof For any M € M,,,, because the root-edge a is a link, we
may assume a = (01, 02) such that

o1 = (r,S) and 0y = (afr,T).

Let M be the map obtained by contracting the root-edge a into a
vertex 0 = (7', 5) as the root-vertex of M. It is easily checked that
M e M, from (15.17) and that

M=V|5|M, 0< |5 < m(M)

where m(M) = |S| + |T|, and |Z|,Z = S or T, stands for the cardi-
nality of Z. That implies M is a member of the set on the right hand
side of (15.18).

Conversely, for any M in the set on the right, because there
exist a map M € M,, and an integer i,0 < i < m(M), such that
M = V;M, we may soon find that M € M., by considering that the
root-edge of M is always a link and that M € M, as well. Thus,
M e M,,,.

Therefore the lemma follows. ]

gep

From the two Lemmas above we are now allowed to determine

the contributions of M,,, 7 = 0,1, 2, to the enufunction

IMe () = Y 2" (15.19)
MeMgep
where n(M) = (ny(M),na(M), -+, n;(M),---), n;(m) is the number

of vertices of valency ¢ in M and m(M), the valency of the root-vertex
of M.



XV.3 Nonseparable maps on the sphere 353

First, since ¢ has neither non-rooted vertex nor edge we soon see
that

IMeep, = 1- (15.20)
Then, by Lemma 15.3,
IMyep, = TG (15.21)

where g = g, (7, y) defined by (15.19).
Further, from Lemma 15.3

m(M)+1
Mg, = / Z Z gy (D=2 | u),
Y MeMgep i=1

By Theorem 15.3,

My, = / (46, (29)). (15.22)

Theorem 15.5 The enufunction g defined by (15..5) satisfies
the following functional equation:

g=1+2°¢+u / (Y04.4(29)). (15.23)
y

Proof According to (15.15), from (15.20-22) the theorem is soon
obtained. ]

XV.3 Nonseparable maps on the sphere

Let M, be the set of all rooted nonseparable planar maps with
the convention that the loop map Ly = (K, (r,afr)) is included but
the link map L = (K, (r)(afr)) is not for convenience.

Then, M, is divided into two parts M, and M, ,i.e.,

M,y = Moy, + Moy, (15.24)

such that M, consists of only the loop map L.
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Lemma 15.4 A map M € M,,, M # L, if, and only if, its
dual M* € M,,..

Proof By contradiction. Assume M = (X, 3,P) € M,,, M #
Ly and its dual M* = (X34, Paf) ¢ M,.. Let

v = (z,Pafx, -, (Paf)"x)

be a cut-vertex of M*. Then we have a face f* = (z,Pz,---,P"x)
on M* such that there exists an integer 5,1 < j < n, on f* satisfying
Plx = (Paf)'x for some i,1 < i < m, i.c., v} = v5,, = v*. However,
f* is a vertex of M which has the face v* having the symmetry and
hence f* is a cut-vertex of M. A contradiction to the assumption
appears. The necessity is true.

Conversely, from the duality the sufficiency is true as well.  [J

For any M € M., let m(M) be the valency of the root-vertex
and n(M) = (n1(M),na(M),--+),n;(M) be the number of nonrooted
vertices of valency 7,7 > 1.

From the nonimputability, the root-edge a = (vy, vg,) of any map
M in M, is always a link. The map M e a obtained by contracting
the root-edge a in M has the same number of faces as M does.

Lemma 15.5 For any M € M, thereis an integer £ > 1 with
k

Mea=) "M, (15.25)
i=1

such that all M; are allowed to be any map in M, and that M;,i =
1,2,---,k, does not have the form (15.25) for k > 1.

Proof In fact, from what were mentioned in §6.2, we see that
k is the root-index of M and that all M;,1 < i < k, do not have the
form (15.2) for k£ > 1. From the nonseparability of M, by considering
that all vertices of M; except for the root-vertex are the same as those
of M for i =1,2,---,k, since M; does not have the form (15.2) for
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k > 1, the root-vertex is not a cut-vertex for « = 1,2,---,k. That
implies all M;,1 <1 < k, are allowed to be any map in M, including
the loop map. The lemma follows. [l

Now let us write

k
My ={D M| VM; € M, 1 <i <k}, (15.26)
=1
and
M), =AM e alVM € M, }, (15.27)

where a = e,, the root-edge of M.

Lemma 15.6 For M, , we have

M(ns)l = Z Mk7
k>1
My, = M (15.28)

where x is the inner lv-production.

Proof By the definition of inner lv-product, the last form of
(15.28) is easily seen.
From Lemma 15.5 we can find that

My, = [ M.
k>1

Moreover, for any 7, 7,7 # j, we always have
Mi(Y\M; = 0.
Therefore, the first form of (15.28) is true. O

Based on the two lemmas above, we are allowed to evaluate the
contributions of M, and M, to the enufunction fu, of M,, with
vertex partition, i.e.,

f= = ) a"Myh (15.29)
MeMypg
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where m(M) is the valency of root-vertex and
n(M) = (ni (M), ny(M), ---)

with n;(M) being the number of nonroot-vertices of valency 4,7 > 1.
Since M, consists of only the loop map, which has the root-
vertex of valency 2 without nonrooted vertex, we have

Fi, = 7°. (15.30)
For M,,,, we have to evaluate the function
f(z,2) = Z xm(M)zs(M)gﬂ(M) (15.31)
MeMns,

where s(M) is the valency of the nonrooted vertex vg, incident with
the root-edge e, of M.

By considering that for M € M,,,, m(M ea) = (m(M) —1) +
(s(M) —1), we soon find

f(x, z) = w2 Z xm(M)—S(M)ZS(M)gﬂ(M)
MeMus,

where s(M) is the contribution of the valency of the nonrooted end of
the root-edge of M to the valency of the root-vertex of M = Mea, M €
M,.,. Because s(M) is allowed to be any number between 1 and
m(M) — 1, from Lemma 15.2 we have

r m Z\i o
fla,z) =22 Y o) (=)'
E>1 \ MeMyg 1=1

By Theorem 15.4,
flo,z) =az) (Ou:f)"

k>1
w20, f
1= 0, f

where f = f(u) = fa,(u,y), and hence

S, = /yf(x,y)
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YOy f
— g | (15.32)

Theorem 15.6 The enufunction of M, defined by (15.29) sat-
isfies the following functional equation:

Oy f
:x2+x/ POl 15.33
f T—0,,] (15.33)

Proof Since fa,, = [Myg, T fMye, > from (15.30) and (15.32) the
theorem is obtained. U

XV.4 Maps without cut-edge on surfaces

In this section, only maps without cut-edge(or, 2-connected)are
considered. Let M be the set of all(including both orientable and
nonorientable) rooted maps without cut-edge. Classify M into three
classes as

M= Mo+ Mi+ M, (15.34)

where M consists of only the vertex map ¢/, M; is of all with the
root-edge self-loop and, of course, M is of all with the root-edge not
self-loop.

Lemma 15.7 The contribution of the set My to f = fa(z.y)
1S
Jo=1, (15.35)
where fo = fu, (2, ).

Proof Because of ¥ neither cut-edge nor nonrooted vertex, m(v) =
0 and n(¥) = 0. Thus, the lemma is obtained. O

In order to determine the enufunction of My, how to decompose
M should first be considered.

Lemma 15.8 For M, we have

My =M, (15.36)
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where My = {M — a|VM € M}, a = Kr(M).

Proof Because of Ly = (r,yr) € My, v = af, we have L} —a =
v e M.

For any S € M, since there exists M € M such that § =
M — a, by considering the root-edge of M not cut-edge, it is seen
S € M. Thus, My € M.

Conversely, for any M = (X, J) € M, a new edge a’ = K1’ is
added to the root-vertex (1) for getting .S;, whose root-vertex is

(r'r,-- Tr,yr', T, jm(M)—lr)’

where 0 < i < m(M) — 1. Because of S; —a' = M, we have S; € M.
Hence, M C M. ]

From this lemma, it is seen that each map M = (X, J) in M
not only produces S; € M1,0 < i < m(M) — 1 but also S,, € M;
nonisomorphic to them. Its root-vertex is (1, (r)s,yr'). For M € M,
let

Sy ={5i0<i<m(M)}. (15.37)
Lemma 15.9 The set M; has a decomposition as
M= > Sy, (15.38)
MeM

where Sy is given from (15.37).

Proof First, for M € My, because of M' = M —a € My,
Lemma 15.8 enables us to have M’ € M. Via (15.37), M € Sy is
obtained. Thus, what on the left hand side of (7.4.5) is a subset of
that on the right hand side.

Conversely, for a map M on the left hand side of (15.38), because
of the root-edge a self-loop,we have M € M. Thus, the set on the
left hand side of (15.38) is a subset of that on the right hand side. [J

On the basis of this lemma, we have

Lemma 15.10 For g1 = grp(2.y) = fae(2? y), we have

fi=2*(f + i

=), (15.39)
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where f = fup(z,y).
Proof From Lemma 15.9,

fr=Y (m(M)+ 1)a" Dy

MeM
By Lemma 9.10, we get
af
— 2 “J
This is the conclusion of the lemma. U]

In what follows, My is considered.

Lemma 15.11 For My, let M9y = {M e a|VM € My}, then
My =M -1, (15.40)

where 1} is the vertex map.

Proof For any M € My, there is a map M’ € My such that
M = M’ e d'. Because of a’ neither cut-edge nor self-loop, M € M.
And, sice the link map Lo = (K7, (r)(yr)) € Ma, M € M — 9.

Conversely, for any M = (X, J) € M—19, let U; 41 be obtained by
splitting the root-vertex (r)s of M with an additional edge o' = K7’
whose two ends are (7/,r,---, J') and

(yr!, T TNy 1 < < m(M).

Because of a' not cut-edge, U; € My, 1 < i < m(M). And, because
of M =U;ed, M € M. Thus, M C 9 C M. O

For any M = (X, J) € M — 9, let
Uy ={Ui|1 <i<m(M)}, (15.41)
where U; is appeared in the proof of Lemma 15.11.
Lemma 15.12 The set M? has the following decomposition:

My= D" Uy, (15.42)
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where Uy, is given from (15.41).

Proof First, for any M € M, from Lemma 15.5, M' = M ea €
M — ¢ and further M € Uy. This implies that

My= | U
MeM—19

Then, for any bM;, My € M — 19, because of M; not isomorphic
to MQ,

Ung, (Uas, = 0.
Thus, (15.42) is right. The lemma is obtained. O

This lemma enables us to determine the contribution of My to
Lemma 15.13 For fo = fa,(2,y), we have

Y

where f = f(z) = fm(z,y)-
Proof From Lemma 15.12,

£, :/ Z ( Z Ly m(M) 2y n(0).

YMeM—v i=1
By employing Theorem 15.4, (15.43) is obtained. O

On the basis of those having been done, the main result can be
deduced in what follows.

Theorem 15.7 The functional equation about f

0
x2@—£ = 1+ (1—-2%)f - x/yy@x,yf (15.44)

is well defined on the field L{®; z,y}. And, its solution is f = f(z) =
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Proof The first statement can be proved in a usual way except
for involving a certain complication.

The second statement is derived from (15.34) in companion with
(15.35), (15.39), and (15.43). U

XV.5 Eulerian maps on the sphere

A map is called Fulerian if all the valencies of its vertices are
even (or say, all vertices are even). Let U be the set of all the rooted
planar Eulerian maps with the convention that the vertex map 1 is in
U for convenience.

Further, U is divided into 3 classes: Uy, U; and Us, i.e.,

U=Uy+ U, +Us (15.45)
such that Uy = {7}, or simply write {J} = ¢, and

Uy = {UVU € U with a = e, (U) being a loop}.

Lemma 15.14 Any Eulerian map (not necessarily planar) has
no cut-edge.

Proof By contradiction. Assume that a Eulerian map M has a
cut-edge e = (u, v) such that M = My Ue U My, My N My = (), where
My and M, are submaps of M with the property that M; is incident
to u and My, to v. From the Eulerianity of M, u and v are the unique
odd vertex in M; and M, respectively. This contradicts to that both
M; and M, are a submap of M because the number of odd vertices in
a map is even. [l

Lemma 15.15 Let U,y = {U — a|VU € U} where a = e,(U)
is the root-edge. Then, we have

Uy =UOU (15.46)

where © is the lv-production.
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Proof Because for U € U, the root-edge a is a loop, we see that
U —a = U;+U, where U; and U, are in the inner and outer domain of
a respectively. Of course, it can be checked that both U; and U, are
maps in U. Thus, the set on the left hand side of (15.46) is a subset
of that on the right.

On the other hand, for any U = U+U,, U;,Uy € U, we may
uniquely construct a map U’ by adding a loop at the common vertex
of Uy and Us. The root-edge of U’ is chosen to be the loop such that
U, and U, are respectively in its inner and outer domains. It is easily
checked that U’ is a Eulerian map and hence U’ € U;. However,
U =U"—a € Uyy. That implies the set on the right hand side of
(15.46) is a subset of that on the left as well. O

For any map U € Us, we see that the root-edge a of U has to be
a link. From Lemma 15.14, if U ea = U;+U; such that the root-vertex
is the common vertex, then the valencies of the vertices in both U; and
U, are odd. Further for any U € U, if U = U,+Us, then the valencies
of the common vertex between U; and U, are both even as well.

Lemma 15.16 Let Up) = {U e a|VU € Uy} where a is the
root-edge of U. Then, we have

Uy =U -1 (15.47)
where 1 = U, for simplicity.

Proof From what has just been discussed, the set on the left
hand side of (15.47) is a subset of that on the right.

Conversely for any U € U — v/, we may always construct a map
U’ by splitting the root-vertex into o; and oy with the new edge ' =
(01,09) as the root-edge of U’ such that the valencies of 0; and 0y in
U’ are both even. However, U = U’ ® a’ € U5). That implies the set
on the right hand side of (15.47) is a subset of that on the left. [

For a map U € U — ¥, assume the valency of the root-vertex
0 is 2k, k > 1,without loss of generality. The map U’ obtained by
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splitting the root-vertex into 0; and 0o with the new edge a’ = (01, 09)
such that the valency p(o1;U’) = 2i and hence p(09; U’) = 2k — 2i 4 2
is denoted by Uy, =1,2,--- k.

From Lemma 15.14, we see that the procedure works and that
all the resultant maps Up;) are also Eulerian maps.

Lemma 15.17 For Uy, we have

Ueld—v

where 2m(U) is the valency of the root-vertex of U.

Proof First, we show that for any U € U, it appears in the set
on the right hand side of (15.48) only once. Assume that a = (0, v) is
the root-edge of U and that p(o) = 2s and p(v) = 2t. Let U’ be the
map obtained by contracting the root-edge a,i.e., U' = U e a. Then,
there is the only possibility that U = U, [’25] in the set on the right hand
side of (15.48).

Then, we show that for any map U in the set on the right hand
side of (15.48), it appears also only once in Us. This is obvious from
Lemma 15.16 because all elements are distinguished and they are all
maps in Uy by considering the Fulerianity with the root-edges being
links. O

In what follows, we see what kind of equation should be satis-
fied by the enufunction u of rooted planar Eulerian maps with vertex
partition. Write

u = Z x2m(U)gﬂ(U) (15.49)

where 2m/(U) is the valency of the root-vertex as mentioned above and
n(U) = (ne(U),---,n9(U),---),n9(U) is the number of nonrooted
vertices of valency 2i, + > 1.

Theorem 15.8 The function u defined in (15.5) satisfies the
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following functional equation:
w=14+ 222+ 22 / (y25x2,y2(u(¢z))) (15.50)
y

where u(z) = u,—. = u(z,y).

Proof 'The contribution of U to u is
ug =1 (15.51)

since 2m(v¥) = 0 and n(J) = 0.
From Lemma 15.15, the contribution of U; to w is

UEZ/{<1>
= 2%u’. (15.52)
The contribution of U to u is denoted by us. Let

a(z) = Z x2m(U)Z2j(U)gﬁ(U)
Uelds

where 2j(U) is the valency of the nonrooted end of the root-edge
and n(U) = (no(U),ng(U), - -, n9i(U), - - ), Ng;(U) is the number of
vertices of valency 2¢ except for the two ends of the root-edge. It is
easily seen that

n(U) =n(U) — ezjw)

where ey;) is the vector with all the components 0 except only for
the j(U)-th which is 1. In addition, it can be verified that

s = / i(y). (15.53)

From Lemma 15.17, we have

m(U)
fL(Z) _ Z Z x2222m(U)—2z+2 g@(U)

UeU—v 1=1
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By Theorem 15.3,
U(z) = 122262 2 (u(V1)).
Then by (15.53), we find that

Uy = 332/y25y2’x2(u(\/%)). (15.54)

From (15.51), (15.52) and (15.54), the theorem is obtained. [

XV.6 Eulerian maps on the surfaces

Let Mgy be the set of all orientable Euler rooted maps on sur-
faces. Because of no cut-edge for any Eulerian map, Eulerian maps
are classified into three classes as MY, Mg and M% | such that
MY, | consists of only the vertex map ¥, Mg, has all its maps with
the root-edge self-loop and

M%)ul - MEUI - M%ul - M%)ul' (1555)

Naturally, M% , has all maps with the root-edge a link.

The enufunction g = fa,, (7, y) is of the powers 2m and n =
(ng, ny, -+ -) of, respectively, x and y_as the valency of root-vertex and
the the vertex partition operator. -

Lemma 15.18 For MY |, we have
g0 =1, (15.56)

where go = fug, (2% 3).

Proof Because of ¥ with neither root-edge nor nonrooted vertex,
m(v) = 0 and n(¥) = 0. The lemma is done. O

In order to determine the enufunction of Mﬁul, a suitable decom-
position of Mg, ; should be first considered.

Lemma 15.19 For My, we have

M = Mgy, (15.57)
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where MY = {M — a|vM € ML}, a = Kr(M), the root-edge.

Proof Because of Ly = (r,yr) € Mgy, vaB, L1 —a =19 € Mgy
is seen.

For any S € M<Eu11>, since there is a map M € Mgy such that
S = M — a, from M as a Eulerian map, S € Mgy is known. Thus,
M<E11>11 - MEul-

Conversely, for any M = (X,J) € Mgy, By adding a new
root-edge a’ = K7’ at the vertex (r)s to get S;, whose root-vertex is
(r'ry - T, yr!, T e, oo JPmM=10) 0 < < 2m(M) — 1. From
S;—d =M, S; € ML, Thus, Mgy C M. 0

In the proof of this lemma, it is seen that each map M = (X, J)
in Mg, produces not only S; € Mg 1,0 < i < 2m(M) — 1, but also
Som € Mg,q nonisomorphic to them. Its root-vertex is (r/, (r) 7, y7").

For M € Mgy, let

Sy = {Si]0 < i < 2m(M)}. (15.58)

Lemma 15.20 Set My, has the following decomposition:

My = Z Sum, (15.59)

where Sy is given from (15.58).

Proof First, for any M € My, from Lemma 15.19, M’ =
M —a € Mgy, and hence M € Sy;.. Thus,

Then, for any M;, My € Mgy, because of nonisomorphic be-
tween them,

S, [\ S, = 0.

Therefore, the conclusion of the lemma is true. (]

On the basis of this lemma, the following lemma can be seen.
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Lemma 15.21 For g; = gMy (z.y) = fM]{:ul(xz,g), we have

dg
2 2
where g = gMEul(x7y) = fMEul(xQO)-
Proof From (15.59),
gi= > (2m(M)+ 1)z"Mym
MEMEul
By employing Lemma 9.10, (15.60) is obtained. O

In what follows, M2 | is investigated.

Lemma 15.22 For M2 |, let M(E231 = {M e a|VM € Mg},
then
M = Mg — 9, (15.61)

where 1} is the vertex map.

Proof Because of L1 ¢ M2, 9 ¢ M1(3u1(2))~ Then, M2, C

Conversely, for any M = (X, P) € Mgy — ¥, since My; = (X +
Kryj, Pyj) € ME , where the two ends of ay; = Kry; is obtained by
splitting the root-vertex (r)p of M, i.e.,

(T2j)732j - (7”2]'7 TP (P)2j_2)

and |
(’Y?“2j)7>2j = (ﬂyr% 73)21—17ﬁ’ . (P)Zm—l)’

1 <i < m-—1. Because of M = My; ® ayj, Myj € M3 . Thus,
MEul — v C M%)ul' ]

For any M = (X, J) € Mgu — ¥, let
Moy = {My;|1 < j <m(M)}, (15.62)

where Ms;, 1 < j < m(M) — 1, have appeared in the proof of Lemma
15.22.
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Lemma 15.23 Set Mpy” has the following decomposition:

Med® = > My (15.63)

where M is given from (15.62).

Proof First, for any M € M3, because of M’ = M e a €
Mgy — ¥, Lemma 15.22 tells us that M € MM). Thus,

Then, for any My, My € Mgy — 9, because of nonisomorphic
between M; and M,

MMI ﬂ MM2 7 0.
This implies (15.63). O
On the basis of this lemma, the following conclusion can be seen.

Lemma 15.24 For g» = fue (,y), we have
gs = 3}2/y25x27y29(\/2) (1564)
y

where g = g(x) = fMEul(xz,g).
Proof From Lemma 15.23,

gy = Z /( Z x?jy2m(M)+2—2j)gQ.

MeMgy—-9“Y  j=1
By employing Theorem 15.3,

gy = ﬁ/yzdxz,yzg(\/}).

Y

This is the lemma. U]

Now, the main result of this section can be described.
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Theorem 15.9 The functional equation about g

2334@ = 1+ (1—a?)g —2? /5xz,yzg(\/2) (15.65)

Ox? y
is well defined on the field L{R;z,y}. Further, its solution is g =
gMEul(x7y) - fMEul(xvg)'
Proof The last conclusion is deduced from (15.55), in compan-
ion with (15.56), (15.60), and (15.64).

The former conclusion is a result of the well definedness for the
equation system obtained by equating the coefficients on the two sides

of (15.65). 0



Activities on Chapter XV

XV.7 Observations

015.1 Let f = fy(z.y) be the vertex partition function of a
set U of maps. Suppose U, = {U + d'|VU € U} where o’ = Kr' is the
root-edge of U’ = U + a’. To evaluate f, = fy, (z,y) from f.

015.2 Let A be the set of supermaps of K4, the complete graph
of order 4. To evaluate f4(x,y).

015.3 Let B; be the set of all bipartite rooted maps with the
root-edge a cut-edge and B(l1) = {B — a|VB € B;}. Suppose the
vertex partition function f of all bipartite rooted maps on surfaces is
known. To evaluate fg, (z,y) from f.

015.4 For a set of maps M, observe the relationship between
vertex partition function fi¢(z,y) and the enufunction fu(z,y) of two
parameters: the valency of root-vertex and the size.

015.5 For a set of maps M, observe the relationship between
vertex partition function fi¢(z,y) and the enufunction fu(z,y) of two
parameters: the valency of root-vertex and the order.

015.6 For a set of maps M, observe the relationship between
vertex partition function fa¢(z, y) and the enufunction fa(z,y) of two
parameters: the valency of root-vertex and the coorder.

015.7 Consider the conditions satisfied by the face partition
of petal bundle with size n > 1.

015.8 Consider the conditions satisfied by the face partition
of a supermap of the complete graph K,, with order n > 4.
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015.9 Show a 1-to-1 correspondence between the two sets U’
and M where U’ = {U — a|VU = (X, J) € U,a = Kr(U),yr €
(r)g,r =7r(U)}, U consists of all rooted maps on the projective plane
and M is of all rooted planar maps.

015.10 Observe the relationship between the vertex partition
function of plane rooted trees and the face partition function of out-
erplanar rooted maps.

015.11 Observe the existence of a tree for a given vector n as
its vertex partition.

XV.8 Exercises

E15.1 Prove that the vertex partition function of planted trees
satisfies the functional equation about f as

MZ(L—ngyﬂf (15.66)

E15.2 Solve the functional equation (15.66) in a direct way.

E15.3 If the vertex partition function of Halin rooted maps is
taken to have the root-face valency instead of root-vertex valency, then
show that the function satisfies the functional equation about f as

_ v fy
= 2%y3 + f/ iy (15.67)

where f = f(x) = f(z,y) and f, = f(y

E15.4 Provide a method for Solvmg the functional equation
shown in (15.67).

E15.5 Prove that the vertex partition function of Wintersweets
with root not on a circuit satisfies the following functional equation
about f as

LY3 o
u—l_ygf—1+xly%uw». (15.68)
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E15.6 Find a way for solving the functional equation shown in
(15.68).

E15.7 Prove that the vertex partition function of unicyclic
maps with root not on the circuit satisfies the functional equation
about f as

f=a'n+a / YOy f- (15.69)
Y

where 7 is the vertex partition function of planted trees, which is
known in E15.1.

E15.8 Solve the functional equation shown in (15.69).

E15.9 Show that the following functional equation about f is
satisfied by the vertex partition function of outerplanar rooted maps
as

(1=a20)f =1+ [ ubyla) (15.70)

y
where

o= (1= V/T—122).

2z
E15.10 Solve the functional equation shown in (15.70).

E15.11 Find a functional equation satisfied by the vertex par-
tition function of general planar rooted maps.

XV.9 Researches

R15.1 For given orientable genus p # 0, determine a functional
equation satisfied by the vertex function of a set of maps on the surface
of genus p.

R15.2 For given nonorientable genus ¢ > 1, determine a func-
tional equation satisfied by the vertex function of a set of maps on the
surface of genus gq.

R15.3 Determine a functional equation satisfied by the vertex
partition function of nonseparable rooted maps on the Klein bottle.
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R15.4 Determine a functional equation satisfied by the vertex
partition function of nonseparable rooted maps on the torus.

R15.5 Determine a functional equation satisfied by the vertex
partition function of bipartite rooted maps on the torus.

R15.6 Solve the functional equation about f as

(1 —22f)f = 1+:z:/y5x’y(zfz). (15.71)
y
R15.7 Solve the functional equation about f as
(xf+/yfy).f:/y(fy+y25x2,y2fﬁ). (15.72)
R15.8 Solve the functional equation about f as
Jorms—etns= [t 057
R15.9 Solve the functional equation about f as
1
f= /y Y (15.74)
R15.10 Solve the functional equation about f as
2z
f= / 55 fo) _(xfyf; AL (15.75)
R15.11 Solve the functional equation about f as
Foat x/y 19_6)—@81];]( (15.76)
R15.12 Solve the functional equation about f as
f=a2+ x2/ V02 fye . (15.77)
y (1= 02 2)? — (Y022 f /2)?

R15.13 Solve the functional equation about f as

(1—a22f)f =1+ 2? /y25x2,y2f\/;. (15.78)
Y



Appendix I

Concepts of Polyhedra, Surfaces,
Embeddings and Maps

This appendix provides a fundamental of basic concepts of poly-
hedra, surfaces, embeddings and maps from original to developed as a
compensation for Chapters I-II. Only those available in the usage from
combinatorization to algebraication are particularly concentrated on.

Ax.I.1 Polyhedra

A polyhedron P is a set {C;|1 <i < k}, k > 1, of cycles of letters
such that each letter occurs exactly twice with the same power (or
index) or different powers: 1(always omitted) and —1 and denoted by
P =({Ci]1 <i<k}). It is seen as a set of all the cycles in any cyclic
order.

This is a general statement of Heffter’s[Hef1] (and more than half
a century later Edmonds’[Edm1] as dual case) which has the minimal-
ity of no proper subset as a polyhedron for the convenience usages.

A polyhedron is orientable if there is an orientation of each cycle,
clockwise or anticlockwise, such that the two occurrences of each letter
with different powers; nonorientable, otherwise.

The support of polyhedron P = ({C;|1 < i < k}) is the graph
G = (Vp, Ep) with a weight w on Ep where Vp = {C;|1 < i < k},
(C;,C;) € Ep if, and only if, C; and C}, 1 <4,j < k, have a common
letter, and

(L.1)

(e) { 0, when two powers are different;
w =

1, otherwise
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for e € Ep.
The set of all the edges with weight 1 is called the 1-set of the
polyhedron.

Theorem I.1 A polyhedron P = ({C}|1 < i < k}) is orientable
if, and only if, one of the following statements is satisfied:

(1) What obtained by contracting all edges of weight 0 on the
support is a bipartite graph;

(2) No odd weight fundamental circuit is on the support;

(3) No odd weight circuit is on the support;
(4) The 1-set forms a cocycle;
(5) The equation system about z; = x¢,, C; € Vp, on GF(2)

for (C;,C;) € Ep has a solution.

Proof Because P is orientable, the two occurrences of each let-
ter are with different powers. Since the weights of all edges are the
constant 0, the equation system (I.2) has a solution of x; = 0 for all
C; € Vp, 1 <4 < k. Further, by considering that the consistency of
equation system (I.2) is not changed from switching the orientation
of a cycle between ce clockwise and anticlockwise while interchanging
the weights between 0 and 1 of all the edges incident with the cycle on
the support, statement (5) is satisfied for any orientable polyhedron.

On the basis of statement (5), from a solution of equation system
(I.2) the vertices of Gp are classified into two classes by z; = 1 or 0:
1-class or O-class respectively. According to equation (I.2), each edge
with weight 1 has its two ends in different classes and hence the 1-set
is a cocycle. This is statement (4).

On the basis of statement (4), since any circuit meets even num-
ber of edges with a cocycle, all circuits are with even weight. This
means no odd weight circuit. Therefore, statement (3) is satisfied.

On the basis of statement (3), the statement (2) is naturally
deduced because a fundamental circuit is a circuit in its own right.
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On the basis of statement (2), by contracting all edges of weight
0 in each fundamental circuit on the support, (1) is satisfied.

On the basis of statement (1),the vertices are partitioned into two
classes by the equivalence that two vertices are joined by even weight
path. By switching the orientation of all vertices in one of the two
classes and those in the other class unchanged, a polyhedron without
weight 1 edge is found. This implies that P is orientable.

In summary, the theorem is proved. [l

On the support Gp = (Vp, Ep) of a polyhedron P, the operation
of switching the orientations of all vertices in a subset of Vp between
clockwise and anticlockwise and the weights of all edges incident with
just one end in the subset interchanged between 0 and 1 is called a
switch on P.

Theorem 1.2 The orientability of a polyhedron does not change
under switches.

Proof From the definition of orientability, the conclusion of this
theorem is true. 0]

Let T" be a minimal set of edges having an edge in common with
all cocycles in the support of a polyhedron. In fact, it can seen that
T is a spanning tree.

All the polyhedra obtained by switching on a polyhedron P are
seen to be the same as P; different, otherwise. From Theorem 1.2, in
order to discuss all different polyhedra it enables us only to consider
all such polyhedra of the support with weight 0 on all tree edge for
a spanning tree chosen independently in any convenient way. Such a
polyhedron is said to be classic.

Theorem 1.3 A classic polyhedron is orientable if, and only if,
all edges as letters have their two occurrences with different powers. A
classic polyhedron is nonorientable if, and only if, the set of letters each
of which has its two occurrences with same power does not contain a
cocycle.
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Proof The first statement is deduced from Theorem 1.1(3). The
second statement is by contradiction derived from Theorem I.1 and
Theorem [.2. U

Now, a polyhedron(always summed to be classic below) P is con-
sidered as a permutation formed by its cycles. Let 6 be the permuta-
tion with each cycle only consists of the two occurrences of each letter
in P. Then, the dual, denoted by P*, of P is defined to be P* = P¢
such that their supports are with the same weight. The cycles in P
are called faces and those in P* are vertices. Cycles in ¢ are edges. Let
v(P), €(P) and ¢(P) be, respectively, the number of vertices, edges
and faces on P, then v(P) —e(P)+ ¢(P) is the Eulerian characteristic
of P. The graph which is formed by vertices and edges of P is called
a skeleton of P. Of course, the skeleton of P is the support of P*.

Theorem 1.4 P*is a polyhedron and P** = P. P*isorientable
if, and only if, so is P with the same Eulerian characteristic.

Proof 1t is easily checked that P* is a polyhedron from P as a
polyhedron. Since §% = 1, the identity, we have

P* = P*§ = (P§)d = P(6*) = P.

This is the first statement. From Theorem 1.3, the second statement
is obtained. (]

Ax.1.2 Surfaces

Surfaces seen as polyhedral polygons can be topologically classi-
fied by a type of equivalence. Let P be the set of all such polygons.

For P = ({(4;)|i > 1}) € P, the following three operations
including their inverses are called elementary transformation:

Operation 0: For (4;) = (Xaa™Y), (4;) & (XY) where at
least one of X and Y is not empty;

Operation 1: For (4;) = (XabYab)(or (XabYb ta™)), (4) &
(XaYa)(or XaYa™t);
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Operation 2: For (4;) = (Xa) and (4;) = (a7Y), i # j,
({(Ai), (A))}) & (XY) where at least one of X and Y is not empty.
Particularly, ({(4;), (4;)}) & (XaYa ') when both (X) and (V) are
polyhedra.

If a polyhedron P can be obtained by elementary transformation
into another polyhedron (), then they are called elementary equiva-
lence, denoted by P ~q (). In topology, the elementary equivalence is
topological in 2-dimensional sense.

Lemma I.1 For P € P, there exists a polyhedron @ = (X) €
P where X is a linear order such that P ~q Q).

Proof Let P = ({(A)|1 <i<k}). If k=1, P isin the form
as (Q itself. If £ > 2, by employing Operation 2 step by step to reduce
the number of cycles 1 by 1 if any, the form () can be found. O]

Lemma 1.2 For P € P, if P = ((A)(B)) with both (A) and
(B) as polyhedra, then for any © ¢ AU B, P ~q ((A)z(B)xz™1).

Proof 1t is seen that

P = (AB) ~q (Azz~'B) (by Operation 0)

~e ((Az)(27'B)) (by Operation 2)

_ -1

— ((A)a(B)a™Y). -
From Lemmas 1.1-2, for classifying P it suffices to only discuss

polygons as ().
Lemma 1.3 Let Q = (AzByCx 'Dy™1), then
Q ~a (ADzyBx~'Cy™h). (1.3)

Proof 1t is seen that
Q ~a ((Azz)(z 'ByCz "Dy~ 1)) (by Operation 2)
~a (2zADy 1271 ByC) (by Operation 2)
— (ADxyBx'Cy ™). O
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Lemma 1.4 Let Q = (AzByCx 'Dy™1), then

Q ~a (BAxyx_lDCy_l). (1.4)

Proof 1t is seen that

Q ~a ((z7'Dy ' Azz)(ByCz ™)) (by Operation 2)
~o (BAzzz ' DCz') (by Operation 2)
— (BAzyx'DCy ™). ]

Lemma 1.5 Let Q = (AxByCx~'Dy™1), then

Q ~o (ADCBxyz 'y ™). (L.5)

Proof From Lemma I.4 and then Lemma I.3, the lemma is soon
done. ]

According to Lemma [.5, if A is replaced by FA in polyhedron
(ADCB), then the relation is soon derived as

Relation 1: (AzByCax Dy 'E) ~q (ADCBEzyx~'y™1).
Lemma 1.6 Let Q = (AxBz) € P, then Q ~q (AB ax).
Proof 1t is seen that

Q ~a ((Azz)(27'Bxr)) = ((2Az)(27'B~'2)) (by Operation 2)
~d (2AB7'2) = (AB 'zx) (by Operation 2). o

According to Lemma 1.6, if A is replaced by C'A in polyhedron
(AB™1), then the relation is soon derived as

Relation 2: (AzBxC) ~q (AB 'Czx).

Lemma 1.7 LetQ = (Axyz~ 'y '22) € P, thenQ ~q (Azyzyzz).
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Proof 1t is seen that
Q ~a ((zAzyt)(t 127y~ 12)) (by Operation 2)
~e (Azytyxt) (by Operation 2)
= (Azyzyxz). 0

According to Lemma 1.7, then by Relation 2 twice for z and y,
the relation is soon derived as

Relation 3: (Azyzly '22) ~q (Azzyyzz).

Lemma 1.8 If Q € P orientable not as (AxByCz 1Dy 'E),
then Q ~¢ (zx71) (= Oy).

Proof Because () is not in the above form, () has to be in form as
(Azz~'B). If both A and B are empty, them Q ~¢ (zz71); otherwise,
Q) ~a (AB). Because (AB) still satisfies the given condition, by the
finite recursion principle, (zz~!) can be found. O

Theorem 1.5 For any Q € P orientable, if Q ¢ (zz™!), then
there exists an integer p > 1 such that

p
Q ~a (] [zwiwi 'y ) (= 0y). (L.5)
1=1

Proof Because Q ~q (AzBy,Cz;'Dy;'E), by Relation 1 we
have
Q ~ea (ADCBEz iy 'y ).

If (ADCBE) ~q (z27Y), the Q ~q (219127 'y; ). That is the case
p = 1. Otherwise (ADCBE) = (Alszlngla:ngly;lEl). Because

(ADCBExyyiay 'y, ) = (A12eBiyesCrvy  Dyyy "By ) yynay Myt

is still in the given condition. By the finite recursion principle, (I1.5)
is found. ]
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Theorem 1.6 For any () € P nonorientable, there exists an
integer ¢ > 1 such that

Q ~a (H i) (= Q). (L.6)

Proof Because () is nonorientable, there is a letter x; in @)
such that Q = (Az1Bx1C). By Relation 2, D ~q (AB™1Cx21).
If (AB71C) ~g (zz™1), then by Operation 0 we have Q ~g (7171).
This is the case of ¢ = 1. Otherwise, there exits an integer k£ > 1 such
that

k
Q ~a (AH%%)(: Qq)

and (A) 2 (xz~!) is orientable. By Theorem 1.5, there exists an
integer s > 1 such that

(A) ~a (H ziyir; ;) (= Op)-

Thus, by Relation 3 for s times, we have

Thisis ¢q=2s+k > 1. 0]

On the basis of Lemma [.8 and Theorems [.5-6, surfaces in topol-
ogy are in fact the classes of polyhedra under the elementary equiv-
alence. Surfaces Oy, Op, p > 1, are, respectively, orientable standard
surfaces of genus 0, p, p > 1. Surfaces ),, ¢ > 1, are nonorientable
standard surfaces of genus gq.

Ax.I1.3  Embeddings

An embedding(i.e., cellular embedding in early references particu-
larly in topology and geometry) of a graph is such a polyhedron whose
skeleton is the graph.
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The distinction of embeddings are the same as polyhedra. Pre-
cisely speaking, two distinct embeddings on a 2-dimensional manifold
are not equivalent topologically in 1-dimensional sense.

According to Ax.I.1, all embeddings always imply to be classic.

For a graph G = (V, F), Heffter-Edmonds’ model of an embed-
ding of GG by rotation system at vertices, in fact, only for orientable
case [Hefl] and [Edm1].

Let 0 = {o,|v € V'} be the rotation system on G where o, is the
cyclic order of semi-edges at v € V. Then, by the following procedure
to find an embedding of G:

Procedure 1.1 First, put different vertices in different position
marked by a hole circle or a bold point on the plane. Draw lines for
edges such that no interior point passes through a vertex and o, is in
clockwise when v is a hole circle; in anticlockwise, otherwise.

Then, by travelling along an edge in the rule: passing through
on the same side when the two ends of the edges are in same type;
crossing to the other side, otherwise. Find all cycles such that each
edge occurs just twice. The set of cycles is denoted by Fg.

Lemma 1.9 F; is a polyhedron.

Proof Because it is easily checked from the definition of a poly-
hedron. [

Lemma I.10 Fp is orientable.

Proof Because the dual is orientable, from Theorem 1.4, the
lemma is true. [

Theorem 1.7 The dual of Py is an orientable embedding of G.

Proof Because the support of the dual of Py is G itself, the
theorem is deduced. [l

However, Py in general is not classic except for all vertices are of
same type.
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Theorem 1.8 For a given rotation system o of a graph G, let
Pg(0;0) be the polyhedron obtained by the procedure above for all
vertices of same type, then Pg(0;0) is unique.

Proof From the uniqueness of classic polyhedron in this case,
the theorem is done. [l

On the basis of Theorem 1.8, it suffices only to make all vertices
with the same type, e.g., in clockwise. Further, in order to extend
to nonorientable case, on account of Theorem [.3, edges in a set not
containing cocycle are marked for crossing one side to the other in
the Heffter-Edmonds’ model. The marked edges are called twist. This
model as well as the Procedure I.1 here is called an expansion.

Theorem 1.9 The dual of what is obtained in an expansion is
a unique nonorientable embedding of G for twist edges fixed.

Proof Because one obtained in an expansion is a classic poly-
hedron, from the uniqueness of the dual of a polyhedron, the theorem
deduced. ]

Theorem 1.10 All embeddings of a graph G obtained by ex-
pansions for all possible rotation system and twist edges in a subset
of the cotree T of a given spanning tree 7' on G are distinct.

Proof As a result of Theorem 1.9. O

This theorem enables us to choose a spanning tree T on a graph
G for discussing all embeddings of G on surfaces.

Let T} and T be two spanning trees of a graph G. The sets

of all embeddings of GG as shown in Theorem I1.10 for 77 and 75 are,
respectively, denoted by & and &.

Theorem I.11 Let £ and &Y be, respectively, the subsets of &
and & on surfaces of genus g(orientable g = p > 0, or nonorientable
g=q>1). Then &/ = &7.
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Proof Because of Theorem 1.10, it suffices only to discuss ex-
pansions for T} and Ty. Since |Ty| = |T3|, Theorems 1.8-9 implies the
theorem. 0]

For an embedding P € &Y, if P ¢ &£, then there exits a twist
edge e in Ty. By doing a switch with the fundamental cocircuit con-
taining e for 75, an embedding P’ in the same distinct class with P is
found. If no twit edge is in Ty, then P’ is the classic embedding in £
corresponding to P. Otherwise, by the finite recursion, a classic em-
bedding @ € & in the same distinct class with P is finally found. In
this way, the 1-to-1 correspondence between £ and &£ is established.

The last two theorems form the foundation of the joint tree model
shown in [Liul3-14]. Related topics are referred to [Stal-2].

Ax.I1.4 Maps

Maps as polyhedra or embeddings of its underlying graph had
been being no specific meaning until 1979 when Tutte(William T.,
1917-2002) clarified that a map is a particular type of permutation
on a set formed as a union of quadricells[Tut1-3]. All quadricells are
with similar construction that four elements have the symmetry as a
straight line segment with two ends and two sides.

This idea would go back to Klein(Felix, 1849-1925) who consid-
ered a triangulation of an embedding on a surface by inserting a vertex
in the interior of each face and each edge and then connecting all line
segments from a vertex in the interior of a face to all vertices on the
boundary of the face. It is seen that each edge is adjacent to four
triangles called flags as a quadricell. So, such a pattern of map used
in this course can be named as Klein—Tutte’s model. Related topics
are referred to [Vinl-2].

Now, we have seen that a surfaces is determined by an elementary
class of polyhedra, an embedding is by a distinct class of polyhedra and
a map is by an isomorphic class of embeddings. The distinction of em-
beddings is based on edges labelled by letters, or numbers. This is also



Ax.1.4 Maps 385

a kind of asymmetrization. But edges on a map are without labelling.
Isomorphic maps are combinatorially considered with symmetry. So,
a map is an isomorphic class of embeddings of its underlying graph.

Let G = (V, E) be a graph. As shown in Sect. 1.1, V' = Par(X)
and F = {Bzx|r € X} where Par(X) is a partition on B(X) =
Uzex Bz, Bx = {z(0),z(1)} for a set X. Two graphs G; = (V4, Ey)
and Gy = (Vs, E») are isomorphic if, and only if, there exists a bijection
t: X1 — Xy such that the diagrams

Xl—L>X2

.l | (L7)

L Xo

for o; = B;,Par;, i = 1,2, are commutative. Let Aut(G) be the
automorphism group of G.

On the other hand, a semi-arc isomorphism between two graphs
G1 = (W1, E1) and Gy = (V,, E») is defined to be such a bijection 7:
Bl(Xl) — B2(X2) that

Bi(X1) ————— Bs(Xy)

.l |- (18)

Bi(X)) ————— By(Xy)

T

for o; = B;,Par;, © = 1,2, are commutative. Let Aut;y(G) be the
semi-arc automorphism group of G.

Theorem 1.12 If Aut(G) and Aut,/y(G) are, resp., the auto-
morphism and semi-arc automorphism groups of graph G, then

Auty j»(G) = Aut(G) x S} (1.9)

where [ is the number of self-loops on G and 5 is the symmetric group
of degree 2.

Proof Because each automorphism of G just induces two semi-
arc isomorphisms of GG for a self-loop, the theorem is true. (]
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For map M = (X, 3,P), its automorphisms are discussed with
asymmetrization in Chapter VIII. Let M(G) be the set of all noniso-
morphic maps with underlying graph G.

Lemma I.11 For an automorphism ¢ on map M = (X, 3(X), P),
we have exhaustively (|px) € Auty)o(G) and (alpx) € Auty)(G)
where G = G(M), the underlying graph of M, and B(X) = X + X.

Proof Because X, g(X) = (X + X))+ (e X +apX) = B(X)+
aB(X), by Conjugate Axiom each ( € Aut(M) has exhaustively two
possibilities: (|p(x) € Aut;)»(G) and (a|px) € Auty2(G). O

Theorem 1.13 Let £,(G) be the set of all embeddings of a
graph G on a surface of genus g(orientable or nonorientable), then the
number of nonisomorphic maps in £,(G) is

1
my(G) = d(T [.10
0= ) 10 (1.10)

where O(7) = {M € £,(G)|7(M) = M or ta(M) = M}.

Proof Suppose X1, Xo, ---, X, are all the equivalent classes of
X = &,(GQ) under the group Auty/»(G) x (a), then m = m,(G). Let

S(2) = {7 € Autyo(G) x ()] 7(2) = o}

be the stabilizer at x, a subgroup of Auty /5(G) x (). Because |Aut; jo(G)x
()| = [S(z)|| Xi], i € X;, i =1,2,---,m, we have

mlAuty 5 (G) x {a)] = Z |5 () [ Xil. (1)

By observing |S(x;)| independent of the choice of z; in the class X,
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the right hand side of (1) is

2 I5@l=2>, > 1

zeX reX 7eS(x)

= 2 2!
2
TEAut, /2(G) x () z=7(x) ( )
= |[P(7)]-
TEAut; /5 (G)x ()

From (1) and (2), the theorem can be soon derived. O

The theorem above shows how to find nonisomorphic super maps
of a graph when the automorphism group of the graph is known.

Theorem I.14 For a graph G, let R,(G) and £;(G) be, respec-
tively, the sets of all nonisomorphic rooted super maps and all distinct
embeddings of G with size €(G) on a surface of genus g(orientable or
nonorientable). Then,

2¢(@)

Ry(G)] = it (@)

€4(G)]- (L11)

Proof Let M,(G) be the set of all nonisomorphic super maps
of G. By (11.3),

4e(G) Z 2 x autl/g(G).

Ry(G)] = 2 x auty j5(G) aut(M)

MeMy(G)
By considering that
2 x autyo(G) = |Auty 5(G) x ()]
= [(Autyo(G) x (@) |ar| x [Autyo(G) x (@) (M)
and (Aut/»(G) x (a))|y = Aut(M), we have

RO = Tty S |Autna(G) x (o) ()

MeM,(G)

tA(EE

_ 2¢(G)
N autl/z(G)
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This is (I.11). O

This theorem enables us to determine all the super rooted maps
of a graph when the automorphism group of the graph is known. How-
ever, the problem of finding an automorphism of a graph is much more
difficult than that of finding an automorphism of a map on the basis
of Chapter VIII in general. For asymmetric graphs the two theo-
rems above provide results much simpler. More results are referred to
[MLW1].



Appendix 11

Table of Genus Polynomials for
Embeddings and Maps of
Small Size

For a graph G, let pg(z), ua(x) and pg(z) be, respectively, the
orientable genus distributions of embeddings, super maps and rooted
super maps of G, or called orientable genus polynomials. Similarly,
let go(z71), ve(z™!) and v (x!) be, respectively, the nonorientable
genus distributions of embeddings, super maps and rooted super maps
of G, or called nonorientable genus polynomials.

Ax.II.1  Triconnected cubic graphs

First, list all nonisomorphic 3-connected cubic graphs from size
6 through 15.

Size 6

Cs,1
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Size 9
o X
Cy 1 Cy,o
Size 12
&
Ci21 Ci22
=
Ci2.3 Ci2.4

)

Size 15
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& & W

Cis.7 Ciss Cis,9
C1s,10 Cis,11 Ci5,12
C15713 015,14

In what follows, the orientable and nonorientable genus poly-
nomials of embeddings, super maps and rooted super maps of 3-
connected cubic graphs shown above are provided.

Case of size 6:

Orientable
pcm(x) =2+ 14z,
,ucﬁjl(x) =1+ 2z,
feg, (x) =14 Tx.
Nonorientable

qcs. (x71) = 14z + 422* + 562°,
Ve, (271 = 22 4 32 + 327,
Vgﬁ,l(x_l) = Tx 4 212° + 2823,
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Case of size 9:

Orientable
pey, (x) = 2 + 38z + 2427,
ficy, (z) = 1+ 5z + 227,
M?}E,yl(ﬂ?) = 3 + 57x + 362
pey,(x) = 40z + 2427,
,UCM(SU) =2z + 3327
pe, ,(x) = 10z + 622,
Nonorientable

goy, (271) = 221 + 12227 + 4242° + 3922,
vey, (7Y = 3z + 1222 4 2827 + 232",
v, (@71) = 33z + 1832” + 6362° + 5882,

qc,,(v71) = 122 4+ 10822 + 4322° 4 4082,
ch,g(x_l) =1+ 222 + 62° + 6x4;
Vi, (1) = 3z 4 2727 + 1082° + 1022,

Case of size 12:
Orientable
pcl2,1(x) =24 70z + 184,%2,

:uclz,l(x) =1+ 152+ 28.%2,
pe,,  (2) = 12 + 420z + 110427
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PCis 5 ('I) = 64 + 192.%2,
ficy, (T) = 4o + 1227,
pe,, , () = 1282 + 3842%;

Pers () = 562 + 20027,
ficy, o (T) = b + 1327,
He,, () = 84z + 3002%;

PCis 4 ('I) =2+ 54z + 200%2,
1u012.,4<x) =145z + 8332,
fey, () = 1427z + 10022,

Nonorientable

O (71) = 302 + 24227 + 14482° + 32722 + 29442°,
Ve, (271) = Ta + 442” + 21727 + 4522 + 382°,
Vi, (271) = 180z + 145227 4 86881 4 19632z + 176642”;

Cr,(271) = 122 + 18027 + 13602° + 33122 + 30722,
Ve, (271) = o+ 927 + 642° + 1492 + 13727,
Vi, (#71) = 242 4 3602 4 27202° + 66242" + 61442;

Crs(27) = 102 + 15827 + 12722° + 32962 + 32002,
Vers(v71) = 20 4+ 112”4 572° 4+ 1332 + 11827
Vi, (a7 = 152 4 2372% + 1908z + 2944z* + 48002°;

oy, (71) = 24a + 19227 + 12882° + 32642 + 31682,
V012,4($_1) = x + 72 + 242° + 582 + 402°;
Ve, (7h) = 122 + 962° + 6442° + 16322 4 1584a°.
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Case of size 15:

Orientable
Poys, (2) = 2 + 1022 + 664> + 2562,
/1015)1(.%) =1+4+272 4+ 176x2 + 68%3,
1, () = 30 + 15302 + 99602 + 3840z°;

P, (7) = T22 + 66427 + 28827,
f1cy, () = 20z + 18022 + 6722°,
(z) =

e, () = 10802 + 99602 + 4320:1:3;
Doy, (1) = 562 + 6482° + 3202,
HCis.5 (33) = 12x + 96332 + 443;3’

He. () = 420 + 48602 + 24002
PCis 4 (3:) = 80x + 6883;2 + 256333,
lu015,4(x) =1lz + 93%2 —+ 32x3’

s, () = 600z + 516027 + 19202

Doy () = 2 + 118z + 6482% + 25627,

ficys s (1) = 1+ 27z + 8827 + 3627,

pe,, (x) = 15 + 885z + 48602° + 192035
(

PCys o (T) = 2+ 110z + 6882” + 22427,
/“L0156(33) =1+ 14z + 69332 -+ 203}3,
1y o () = 10 4 550z + 34402 + 11202%;

N—

PCis 5 ('I) = 96z + 672%2 -+ 256$3,
HCis8 ('I) =9z + 4972 + 18%3,
pe, (@) = 360z + 25202 + 9602%;
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PCis (x) = 48x + 656%2 + 320%3,
HCis59 (x) = 8z + 59.%2 + 25%37
By o () = 1802 4 24602° + 12002

PCiso() = 88z + 64827 + 28847,
HCis10 (aj) = 5T + 31332 + 163337
'u615,10 (x) = 220z + 1620%2 + 720%3,

p015,11< ) =2+ 70z + 632332 + 320373,
ficys (@) = 145z + 2827 + 102°,
Heo (@) = 3 4 1052 + 94827 + 4802%;

PCis 10 ('I) 727 + 632$ + 320$

HCys, 12(33) = 6x + 2433 + 1433
feys ,,(2) = 1082 + 94822 + 480:13
PCis.15 ('I) = 487 + 720x + 256x

HCys13 (x) 2z 4 152% + 62° )
1, o (2) = 30 + 4502° + 1602°;
()

PCy514\T) = 40z + 664x + 320x

ficys 1, (2) = @ + T2 + 227,

feys,, (@) = 10z + 16622 4 80a°.
Nonorientable

ey, (71) = 38z + 3942% + 33362° + 127442" + 270082°
+ 209922°,

Ve, (271) = 10z + 1042”4 8382” + 3220z + 67682 + 53002°;
Vs, (371 = 5702 4 591027 4 500402 + 191160z + 4051202
+ 314880z
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ey, (71) = 102 + 214a2% + 25762° + 11664x" + 274242°
+ 2262425,
Veys,(@71) = 4o + 602 + 6762° + 2988z" + 69522° 4 56882°;
Vs, (27 = 1502 + 321027 4 386402 + 174960z + 4113602
+ 33936025;

G0y 5 (27 1) = 62 + 15827 + 21882” 4 109122 + 275042°
+ 237442°,
Ve o(71) = 22 + 272 + 3132° + 14662" + 35722° + 304425,
Vs, (27 = 452 + 118527 4 164102 + 81840z + 206280z
+ 1780802°;

oy, (71) = 122 + 24427 + 28162° + 122242 + 274562°
+ 217605,
Vey,, (7)) = 22 + 332”4 3682° + 15652" + 34802 + 273627,
Ve, (271) = 90z + 183027 4 211202 4 91680z + 2059202
+ 1632002°;

oy (71) = 382 + 41027 + 34962° 4 129522" + 268802°
+ 207365,
Ve s (71) = 82 + 762 + 5242° + 1768z" + 34602° + 265225,
Vs, (271 = 3852 + 30752 4 262202 4 97140z + 2016002
+ 1555202°;

ey o (271) = 38z + 40227 + 34482° + 130402" + 270722°
+ 205125,
Ve o(@7") = 62 + 442” + 3192° + 11572" + 23542° + 174425,
Vs o (271) = 190z + 201027 4 172402 4 65200z + 1353602
+ 1025602°;



Ax.II.1 Triconnected cubic graphs 397

ey, (271) = 322 + 31227 + 28002° 4 118002* + 272002°
+ 223685,
Ve, (71) = ba + 352 + 2672 + 1077x" + 23582° + 186627,
Vs, (271 = 160z + 156027 4 140002 4 59000z + 1360002
+ 11184025;

GCys 5 (x71) = 122 + 26027 + 29762° + 124322" + 273282°
+ 2150445,
Veys(27) = 22 + 212”4 2072% + 828z + 17722° 4 138225;
Vs (@7h) = 452 + 9752 + 111602” + 266202 + 1924802°
+ 806402°;

oy (27) = dx + 13227 + 20492° + 107202 + 276162°
+ 2400025,
Veyo(x71) = x + 162% + 1522° + 753z + 18112° 4 15592;
Vs, (x71) = 152 + 49527 4 76502 + 40200z + 1035602
+ 900002";

0y 10 (1) = 122 4 2522° 4 28642° + 121362 4 272642”
+ 2198445,

Vorsro(®7h) = 2 + 1127 4+ 1242° + 5172 + 11542° + 94125;

Vo o(@ 1) = 30z + 63027 4 71602 + 30340z + 6815602
+ 5496025;

ey (271) = 302 + 2822% 4 25602° + 112402 4 271682°
+ 232322°,

Ve (271) = 22 + 1727 + 922% + 3512 + 75427 + 62425,

Vs (271) = 452 + 42327 + 38402 4 16860z + 407522
+ 3484825,
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0y 1 (271) = 122 4 2202° 4 24802° + 112402" 4 272642”
+ 2329625,

Vers 1, (271) = 22 + 112% + 902% + 3432* + 7562° + 63825;

Vs (2 1) = 182 + 33027 + 37202 4 16860z + 408962
+ 3494425,

0y 15 (27 1) = 12027 + 223227 4 115682" + 279362°
+ 2265625,

Vey (27 = da? + 282% + 1442 4 3072° + 2592°;

Vs (27 1) = 7527 + 13952° + 72302" + 174602°
+ 141602°;

0y 1 (271) = 4o + 12027 + 19002° 4 104402" + 276642°
+ 243842°,
Yoy (27Y) = & + 22% 4 162° + 6221 + 1422° + 11125,
Ve, (@) = 2+ 3027 + 4742° + 26102 + 69162
+ 60392°.

Ax.I1.2 Bouquets

Let B,, be the bouquet of size m, m > 1.

Case of m = 1:

Orientable
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Nonorientable

Case of m = 2:

Orientable
pBQ(':E) =4+ 2337
H B, (33) =14z,
g, (T) =2+ .
Nonorientable

qp,(x7") = 10z + 8%,
VBQ(:U_l) = 2z + 222,

vp, (x7") = bx + 42”.

Case of m = 3:

Orientable
pp,(r) = 40 + 80,
pB, () = 2 + 3,
py,(r) =5+ 10z.
Nonorientable

qp,(x7) = 1762 + 3362° + 32827,
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vp,(x7 1) = 5x + 8x% + 827,
v, (z7') =22z + 422% + 41

Case of m = 4:

Orientable

pB, () = 672 4 3360z + 10087,
g, () =3 + 10z + 422,
1, (v) = 14 + 70z + 2127,

Nonorientable

qp,(x71) = 4464x + 145922% 4 331202° + 234242*,
vp,(x71) = 122 + 332% + 642° + 472",
Vi, (7)) = 93z 4 3042* + 6902° + 488",

Case of m = b5:

Orientable

pp, () = 16128 + 161280 + 18547227,
,UBS(.I) =6+ 3dxr + 38x2,
pip, () = 42 + 4202 + 4832,

Nonorientable

g, (x7 ) = 1482242 + 7180802 + 2745600 + 44774402
+ 31599362°,

vp,(z71) = 33z + 1312% + 4422° + 6862 + 4732°,

vp (27) = 3862 + 18702 + 71502° + 11660z* + 82292°.
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Case of m = 6:

Orientable

P () = 506880 + 8870400z + 2483712022 4 57024003,
g, (x) = 12 + 1322 + 32827 + 822,
pip, (x) = 132 + 2310z + 64682° + 14852°.

Ax.I[.3 Wheels

Let W, be the wheel of order n, n > 4, i.e., all vertices are of
valency (or degree) 3 but one and all 3-valent vertices form a circuit.

Case of n = 4:

Orientable
pw,(x) = 2+ 14z,
MW4(33) =1+ 2337
iy, () = 14 7.
Nonorientable

qw,(z71) = 142 + 422* + 5627,
v, (x71) = 22 + 32* + 32°,
vip,(z7") = Tz + 2122 4 282,

Case of n = b:
Orientable
pw, () = 2+ 58z + 3627,

s (1) = 14 8z + 422,
iy, (1) = 4+ 1162 + 7222,
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Nonorientable

qw. (z71) = 282 + 1762 + 6402° 4 5962°,
v (271) = 4o + 1822 4 522° + 482*,
iy, (z7") = 56z + 3522” + 12802" + 11922,

Case of n = 6:

Orientable
pw, (1) = 2 + 1902 + 57627,
o, (1) = 14 142 + 4127,
fiy, () = 4+ 3802 + 115227,
Nonorientable

qw, (x71) = 52x + 5802% + 40802° + 98802 + 921627,
v, (271) = 62 + 3827 + 2272% + 5392 + 4942°,
Viy, (z7") = 1042 + 11602 + 81602° + 19760z* + 184322°.

Case of n = T:

Orientable

pw, (z) = 2 + 5502 + 49682* + 21602,
pw, () = 1+ 34 + 2402° + 1062,
fiy. (2) = 4 4 1100z + 9936z + 43202°.

Nonorientable

qw, (z71) = 94z + 168022 + 194822 4 875362 + 2054962°
4 1695522°,
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v, (271) = 8 + 8922 4 8782% + 38292 + 87882 + 724145,
iy (z7") = 188z + 33602 + 38964x° + 1750722" + 4109922°
+ 33910425

Case of order n = &:

Orientable

pw,(7) = 2 + 1484z + 3117827 + 5949622,
pwe (1) = 14 632 + 11762% + 22462,
fhy (2) = 4 4 2968z + 623562° + 11899227,

Ax.I[.4 Link bundles

Let L,, be the link bundle of size m, m > 3. A link bundle is a
graph of order 2 without loop.

Case of size m = 3:

Orientable
pr,(x) =2 + 2x,
pr,(z) =1+ z,
pr,(r) =1+ 1.
Nonorientable

qr,(x7") = 62 + 622,
vp, (271 = 1o + 222,
vi (7)) =3z + 322,
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Case of size m = 4:

Orientable
pL4(x) =0 + 30'177
,LLL4(Q7) =142z,
pr,(x) =1+ 5.
Nonorientable

qr,(x71) = 36z + 962 + 12027,
vr, (271 = 20 + 42® + 323,
vi (z7') = 62 + 162% + 202°.

Case of size m = 5:

Orientable
pr.(7) = 24 + 3602 + 19222
pr,(r) =1+ 3z + 322,
py (r) =1+ 152 + 82°.
Nonorientable

qr. (1) = 2402 + 120022 + 38402° 4 33602",
vp (x71) = 22 4 T2? + 142° + 142*,
vi (z7') = 102 + 502° + 160z° + 140z™.

Case of size m = 06:

Orientable

pr,(x) = 120 4 42002 4 1008022,
piry(r) = 14 62 + 1022,
1y (z) =1+ 35z + 84a”.
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Nonorientable

qr,(z~ 1) = 1800z + 144002* 4 841202° + 1843202 + 1617602,
v (271 = 3z + 142% + 482° + 962" + 7227,
vi (27") = 15z + 1202° 4+ 7012 + 15362" + 13482°.

Case of size m = 7:

Orientable

pr,(z) = 720 + 50400z + 337680x% + 1296002°,
pr(z) =14 8z + 312% 4 162,
py (z) =1+ 70z + 4692° + 1802°.

Ax.II.5 Complete bipartite graphs

Let K, be the complete bipartite graph of order m +n, m,n >

Case of order m +n = 6:

Orientable
Pics(7) = 40z + 2427,
iy, (7) = 20 + z2,
fg, (7)) = 102 + 62°.
Nonorientable

G, (271 = 122 + 1082% + 4322° + 4082",
VK3,3($_1) =+ 22% + 62° + 6x4,
Vi, o(r71) = 3z + 2727 + 1082 + 102",
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Case of order m +n = T7:

Orientable

Prcs (%) = 1567 + 224427 + 105627,
PK, (1) = 32 + 1622 + 1027,
Wi, (x) = 262 + 374a” + 1762°.

Nonorientable

Qe (271) = 122 + 4322° 4 68522° + 36288z" + 933602”
+ 8078445,
vic,(271) = @ + 42 4 332° 4 1562* + 3582 + 31725,
Vie, (271) = 20 + 7227 + 114227 4 6048z + 155602
+ +134642°.

Case of order m +n = 8:

Orientable

P, (@) = 1087 + 24984a® + 5650202° + 10895042,
pi, ,(r) = 2z + 2527 + 3182 + 530z,
phe, (€)= 3z 4 6942 + 156952° + 302642,

Pics (%) = 240z + 375842” + 2908802° + 113664,
fK, - () = & + 332 + 22527 4 10527,
Wi, . (x) = 10z + 156627 4 121202 + 47362,
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Ax.II1.6  Complete graphs
Let K, be the complete graph of order n, n > 4.

Case of order n = 4:

Because of Ky, = Wy, seen from Case of order n = 4 in Ax.IL.3.

Case of order n = 5:

Orientable

K, (x) = 462z + 49742 4 324027,
pux, (x) = 62 + 312? + 1327,
1. () = TTx + 82927 + 3902°.

Nonorientable

qr.(v7) = 54z + 13202 + 174902° + 846602
+ +208776x° + 1775882,
v, (171) = 20 + 112 4+ 992° + 4172" + 9552° 4 7962,
Vic.(x71) = 92 + 2202” 4 29152° + 14110z" 4 347962°
+ 4-295982°.

Case of order n = 6:

Orientable

pi,(r) = 18002 4 65457622 + 24613800.X3
+ +1242502082* + 4158259227,
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Nonorientable

qr, (1) = 24z + 45602* + 3709202° + 108284402
+ 1922645762° + 19275430322 + 119055609607
+ 423861019202° + 79831388160°
+ 592442818562,
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Atlas of Rooted and Unrooted Maps
for Small Graphs

In the symbol X : a,b,c for a map appearing under a figure
below, X is the under graph of the map, a = oy or qy are, respectively,
orientable or nonorientable genus y, b is the series number with two
digits and c¢ is the number of ways to assign a root. And, T on a

1

surface is for =, or —x, x =1,2,---.

Ax.III.1 Bouquets B, of size 4 > m > 1
Case m = 1:

Orientable genus 0

1

>

1

By :00-01-01

Nonorientable genus 1

1

Biy:ql-01-01
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Case m = 2:

Orientable genus 0

[l

By :00—-01-02

Orientable genus 1

By :01—-01-01

Nonorientable genus 1

1 1
1 J* 2 2 f 2
\
2 1

Byiql—01—04 By :ql—02-01
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Nonorientable genus 2

1 1
2 Ho 1 2 Hoo 2
2 1
By :q2—-01-02 By :q2—-02-02

Case m = 3:

Orientable genus 0

[\

Bs : 00 —-01—-02 Bs :00—-02-03

Orientable genus 1

Bs:01—-01-04 B3 :01 —-02-03 Bs:01 —-03-03



412

Nonorientable genus 1

Bs:ql—04—03

Nonorientable genus 2

Wl

1

Bs:q2—04—06

Appendix I11:

Bs:ql—02—06

Bs:ql—03—06

B3 :ql — 05— 01

1 1
1 3 1
N~
al
2 2 2
3 3

Bs:q2—03—06

Bs:q2—06—-03

Atlas of Rooted and Unrooted Maps
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1 3
Bs:q2—07—03 Bs:q2—08—03
Nonorientable genus 3
1 1
3 1 1 3 1
|~
3 2 2 2 2
2 3
Bs:q3—01—02 Bs:q3—02—06 Bs:q3—03—12
1 1
2 1 2 2
|~
3 2 1 1
3
Bs:q3—04—03 Bs:¢3—05—06 By :
1
3 2 2
A~
2 1 3
3

B :q3—07—03 Bs:q3— 08— 03
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Case m = 4:

Orientable genus 0

1

N
N

3

1
2
B 4
2 3
&
4
By :00—-01-02 By :00—-02—-08 By :00—-03—-04

Orientable genus 1

1 1
0 N4
3 3 ; 2 i
¥
4 3 4
2 3
By :ol —01—08 By:ol —02—08 By:ol —03—08

1
f

1
&
4
By :01—-04-08 By:01—-05-16 By 01 —06—-08
1

fay
e

4

By:0l1-07-04 By :0l —08 —04 By :o0l —09—-04
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By:01—-10-02

Orientable genus 2

1

.
&

By :02-02-08

1
1
B ¢
3
&
1

By :02-04-01

1
N

()24

=
w

=
w

NI
w

2

By :02-03-08

Ax.IIL.2 Link bundles L,,,6 > m > 3

Case m = 3:

Orientable genus 0
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NI

L3z :00—-01-01

Orientable genus 1

Ls:01-01-01

Nonorientable genus 1

Ls:ql —01-03

Nonorientable genus 2
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Ls:q2—01-03

Case m = 4:

Orientable genus 0

=l

Orientable genus 1

Wi
=
[}

[\

Ly:01—-01—-01 Lsy:01-02—-04
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Nonorientable genus 1

Ly:ql—01—02 Ly:ql—02—04

Nonorientable genus 2

wl
[}

2 1 2 1 3
N 4

1 3 o 1 3 = 1
¥t

[\
[\

Ly:q2—-01-02 Ly:q2—02—-08 Ly:q2—-03—-02

H

Li:q2—04—04

Nonorientable genus 3
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Ly:q3—01—08 Li:q3—02—08 Ly:q3—03—04

Case m = b5:

Orientable genus 0

Orientable genus 1

Ls:01—-01-05 Ls:01—-02-05 Ls:01—-03—-05

Orientable genus 2
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Ls: 02— 01— 02 Ls:02—02—05 Ls: 02 — 03— 01

Nonorientable genus 1

Ls:ql —01—05 Ls:ql —02—05

Nonorientable genus 2

Ls:q2—01-05 Ls:q2—02—10 Ls:q2—03—10

Ls:q2—04—-05 Ls:q2—-05-10 Ls:q2—06—-05
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NI

Ls:q3—01-10 Ls:q3—02—-20 Ls:q3—03—-20

Ls:q3—04—10 Ls:q3—05—20 Ls: g3 — 06— 05

Ls:q3—07—10 Ls:q3—08—10 Ls:q3— 09— 20
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Ls:q3—10-10 Ls:q3—11-10 Ls:q3—-12-05

Ls:q3—13—05 Ls:q3—14—05

Nonorientable genus 4

Ls:qd—01—10 Ls:qd—02—10 Ls:qd—03—10

Ls:q4—04—-10 Ls:q4—05-10 Ls:qd4d—06—-10
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Ls:qd—07—05 Ls:qd—08—20 Ls:qd—09—10

Ls:qd—10—05 Ls:qgd—11-05 Ls:gd — 12— 20

Ls:q4—13-10 Ls:q4—14—-05

Case m = 6:

Orientable genus 0
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Lg : 00 — 01 — 01

Orientable genus 1

5 5 3
2 1 1
3 2 33
5 t 5 ~ 4 15 t
A’l*
4 4 4
3 3 3
Lg:01—01-02 Lg:01—-02—12 Lg:01—03—-03
4 2 5
5 3
1 1
5 t 5 4
4 ! 4 '
3 3 3

Lg:01—-04—-06 Lg:01—-05—06 Lg:o0l—06-—06

Orientable genus 2



Ax.II1.2

Lg:02—01—-12
5
i
1
5 t
4
3
102 —04 - 06
5

=

Lo :
XX
=
V'

3 2
i
4
5 il 1
) iy = .

3

Lg :02—-07—-12

2
1
5 ~ 1
“~
4 “4

L6202—08—12 Lﬁ
3

Link bundles L,,,7 > m > 3

Lg:02—02—-06
5

4

1

5 }
4

3

Lg

Lg : 02 — 05— 02
1

Lg

3 3

Lg : 02 —-01-01

Case m=T:
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Ax.IIL.3  Complete bipartite graphs K, ,,4 > m,n > 3

Case m +n = 6:

Orientable genus 1

K373101—01—09 K3)3201—02—01

Orientable genus 2

Kgyg 102 —-01-06

Nonorientable genus 1

Nonorientable genus 2
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K3732q2—01—18 K3,3Zq2—02—09

Nonorientable genus 3

K3732q3—01—18 K3732q3—02—18 K3,32q3—03—36

K33:9¢3—04—-09 K33:¢3—-05—-18 Ks33:9¢3—-06—-09

Nonorientable genus 4
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K3732q4—01—03 K3731q4—02—18 K3)32q4—03—36

Ksg:qd—04—18 Kss: g4 — 05— 09 Kss:qd—06—18

Case m+n=7":

Orientable genus 1

K43:01 —01-06 Ky3:01—-02-12 K43:01—-03-08

Orientable genus 2



435

4>m,n

Ax.II1.3 Complete bipartite graphs Ky, p,

Ky3:02—-02—-24 Ky3:02—-03-12

K473 :02—01-02

Ky3:02—-05—-24 Ky3:02—-06—24

Kis:02—04—24

Ky3:02—-08—24 Ky3:02—-09—04

K473 02 —07—-12

—48

Ky3:02—12

K473 :02—11-24

— 48

K473 102 —10
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K473202—13—24 K473102—14—48 K4)3202—15—08

K4)3 102 —16—24

Orientable genus 3

Kis:03—01—24 Kig:03—02—24 Ki3:03—03—08
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Kis3:03—07—08 Ki3:03—08—24 Kis3: 03— 09— 06

Ky3:03—-10—-02

Ax.III.4 Wheels W,,,5>n >4

Case n = 4(i.e., the complete graph K, of order 4):

Orientable genus 0
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Wy :00—-01-01

Orientable genus 1

Wy 0l —01—-03 Wy:0l —02—-04

Nonorientable genus 1

Wy :ql —01—06 Wy :ql —02—01

Nonorientable genus 2



Ax.II1.4 Wheels W,, of order 6 > n > 4 439

Wy :q2—01—06 Wy :q2—02—12 Wy :q2—03—03

Nonorientable genus 3

Wy :q3—01—12 Wy :q3—02—12 Wy :¢3—03—04

Case n = 5:

Orientable genus 0
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Orientable genus 1

Ws:01l—01-16 Ws:01—-02—16 Ws:01 —03—04

Ws:0l —04—32 Ws:0l —05—16 Ws :01 —06— 16

Ws 10l — 07 — 08 Ws : 01 — 08 — 08

Orientable genus 2



Ax.II1.4 Wheels W,, of order 6 > n > 4 441

Ws:02—-01-16 Ws 02 —-02—-08 Ws:02—-03—-16

=

Ws:02 —04— 32

Case n = 6:

Orientable genus 0

We : 00 —01 — 04

Orientable genus 1
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We 101 —02 — 20 We 01l —03 — 40

We : 01 —06 — 40

We 0l —07—20 We : 0l —08 =20 We : 01 —09 — 20

We 101 —10 — 40 We 01l —11 —40 We:0l —12—20
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We 101l —13 — 20 We:0l —14 —20

Orientable genus 2

We 02 —01—20 We 102 —02 — 20 We 03 —03—20

Ws : 02 — 04 — 20 Ws : 02 — 05 — 04 Ws : 02 — 06 — 40
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We:02—-10—-20 We:02 —11—40 We 02 —-12 —40

We:02—-13—-40 We 02 —14 - 40 We 02 —15—40

Ws : 02 — 16 — 20 We : 02 — 17 — 40 Ws : 02 — 18 — 20



Ax.III.4 Wheels W,, of order 6 > n >4 445

We:02—-19 —20 We 102 —20—20 We : 02 —21 —40

We 02 —22—-40 We 102 —23—-40 We : 02 —24 —40

We : 02 —25—40 We : 02 —26 — 40 We : 02 —27—20

We 02 — 28 — 20 We 102 —29 — 40 We : 02 — 30 — 40
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We 202 —31—40 We 02 —32—40 We 02 —33—-20

We : 02 —40 — 04 We 02 —41—-04



Ax.II1.5 Complete graphs K,, of order 5 >n >4
Ax.IIL.5  Complete graphs of order 5 > n > 4
Size 4: (K, = Wy, Wy is known in Ax.I111.4).

Size 5:

Orientable genus 1

Ks:01—-02-20 K5:01—-03-10

K5:01—-04—-02

Orientable genus 2

K5 :02—-01-04 K5 :02—-02—-20 K5 :02 —-03—20

447
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K5 :02—-04-20 K5 :02—05—-40 Ks:02—-06—-20

K5 :02—-10-20 Ks:02—-11-40 Ks:02—-12-20

Ks:02—-13-20 Ks5:02—14—40 Ks5:02—15—-140
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Ks5:02—-16—40 K5 :02—-17—-40 Ks:02—-18—-20

3 1

5 2

K5 :02—-19—40

K5 :02—-23—-40 K5 :02—24—-20

Ks5:02—-27—-20

K5 :02—-25-10 K5 :02 —26—40
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K5 :02—-28—-20 K5 :02—29—40 K5 :02 —-30—-10

K5:02—-31-20

Orientable genus 3

K5 :03 —01—-40 K5 :03 —02—-20 K5 :03 —03 —40
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K5 :03—-10—-40 Ks:03—-11—-40 Ks:03—-12-20

Ks:03—-13—-20
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AxIIL.6  Triconnected cubic graphs of size in [6, 15]
Size 6: (Cs1 = Ky = Wy, Wy is known above).

Size 9: (0972 = Kg’g)

Cg’li

Orientable genus 0

=l

Coq : 00 — 01 — 03

Orientable genus 1

0971101—01—09 0971:01—02—18 0911:01—03—18
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09)1201—04—09 09)1201—05—18

Orientable genus 2

09’2:

Orientable genus 1

09)2201—01—01 09)2201—02—09

Orientable genus 2



454 Appendix III:  Atlas of Rooted and Unrooted Maps

0972 02 —01-06

Size 12: (C}a4 is the cube)

Cia:

Orientable genus 0

01271 00 —01—-12

Orientable genus 1

01271 01 —01—-24 01271 01 —02—-24 01271 01 —03—-12
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2

01271101—04—24 0121201—05—48 012)1201—06—24

01271 01l — 07 —48 01271 0l —08 —24 012)1 0l — 09 — 48

01271 0l —10—-24 01271 0l —11-24 01271 0l —12—148
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01271 0l —13—-12 01271 0l —14—-24 01271 0l —15—-12

Orientable genus 2

0121102—01—28 0121202—02—48

01271 102 — 04 — 48 01271 102 — 05 — 48 01271 102 — 06 — 24
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0121102—07—24 0121202—08—24 012)1202—09—48

1 2 1

01271 102 —10—48 01271 102 —11—148 01271 102 —12—148

2 3 2

01271 102—13—-24 01271 02— 14— 48 01271 102 —15—148
3 2 2

01271 102 —16 — 48 01271 02— 17 —48 01271 102 — 18 —48
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01271 102 —19—-24 01271 102 —20—48 012)1 102 —21—-24

012)1 102 —27—24

01271 102 — 28 — 24
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012,21

Orientable genus 1

01272 01 —01—-08 01272 01 —-02—-24 01272 01 —03 —48

01272 o0l — 04 — 48

Orientable genus 2

01272 :02—01—-24 01272 102 —02—48 01272 :02—03—24
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0122102—04—24 0122202—05—48 0122202—06—24

0122102—07—24 0122202—08—08 0122202—09—48

01272 102 —10—48 01272 :02—11-16 01272 102 —12—148

Orientable genus 1
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01273 01 —01—-12 01273 01 —02—-24 01273 01 —03—-24

01273 01 —04—-12 01273 01 —05—12

Orientable genus 2

01273 :02—01—-24 01273 :02—02—-03 01273 :02—03—24
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01273 102 —04—24 01273 102 —05—148 012)3 102 —06—24

0123102—07—48 01273202—08—24 012)3202—09—24

01273 :02—10—06 01273 02—11-24 01273 102 —12—-24
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3

01273 102 — 13 — 03

Cla

Orientable genus 0

01274 :00—-01-01

Orientable genus 1

01274 01 —01-03 01274 01 —02—-12 01274 101 —03—-03
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012,4 0l —04—-08 012,4 01l —05—-01

Orientable genus 2

01274 :02—01-04 01274 :02—02—-24 01274 :02—-03—-12

01274 102 —04—-04 01274 :02—05—-12 01274 102 —06—24
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01274 02 —07—-08 01274 102 —08 —12

Size 15: Two chosen where C}5 14 is the Petersen graph.

C'15,111

Orientable genus 0

015711 :00—-01—-03

Orientable genus 1

015711 01 —01-30 015711 101 —02—-30 015711 :02—-03—-15
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015711 o0l — 04 — 15

Orientable genus 2

015711 :02—01-60 015711 :02—-02-30 015)11 :02—03—-60

NI

015711 :02—05—-15 015)11 02 —06—30

015711 02 —07—-60 015711 102 —08—30 015711 102 —09—30
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015711 102 — 10 — 30 015711 02 —11— 30 015711 02 —12 — 30

015711 :02—13—-60 015711 102 —14—-30 015)11 :02—15-30

015711 :02—16—-03 015711 102 —17-60 015)11 :02—18 -30

015711 102 — 19 — 30 015711 102 — 20 — 30 015711 102 —21— 30
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015711 02 —25—-30 015711 02 —26—30 015)11 102 —-27—-15

Orientable genus 3

1 6

ou

1

015711 :03—01-60 015711 103 —02—-60 015711 03— 03 —60
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1 6

015711 03 —05—60 015711 03 — 06 — 60

015711 03 —07—-60 015711 103 —08—30 015711 103 —09—30

015711 103 —10—-30

Orientable genus 1
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015714 o0l — 01 — 10

Orientable genus 2

015714 :02—01-30 015714 :02—-02—-30 015714 :02—-03—-30

015714 02 —04—-20 015714 102 —05—-30 015714 :02—06—10
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015714 02 —07—-06

Orientable genus 3

015714 03 —01—-60 015714 03 —02—-20
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Terminology

(x,y)-difference, 348
1-addition, 244
1-product, 244

C*-oriented planarity, 309

H-valency, 209
1-connected, 35

1-cut, 35

t-map, 57

1-section, 301
i-vertex, 194

j-face, 194

J*-map, 58

n-cube, 141
N-standard map, 149
O-standard map, 126
s-manifold, 29
V-code, 298

1-set, 375

1st level segment, 285
2-partition, 34, 122
3-map, 123

absolute genus, 158
absolute norm, 307

admissible, 284
appending an edge, 86

arc, 2

articulate vertex, 187, 262
articulation, 303

assignment, 283

associate net, 121

associate surface, 283
associate surface graph, 288
automorphism, 190, 331
automorphism group, 192, 331

balanced, 121

barfly, 146

Base map, 317

base map, 262

basic adding, 96

basic appending, 96

basic contracting, 96

basic contracting irreducible, 101
basic deleting, 96

basic deleting edge irreducible, 101
basic equivalence, 112

basic partition, 45

basic permutation, 43

basic set, 41

basic splitting, 96

basic subtracting, 96

basic subtracting irreducible, 102
basic transformation, 96

Betti number, 17

bi-matching map, 208

bi-pole map, 232

biboundary, 310

480



Terminology

bijection, 42, 101

bipartite, 100

bipartite graph, 6

bipole, 37

Blissard operator, 346
boundary identification, 306
boundary identifier, 306
bouquet, 37, 213

branch, 287

butterfly, 125

cavity, 209

cellular embedding, 381
celluliform, 300

chromatic number, 40
circuit, 5

circuit partition, 7

class of basic equivalence, 113
co-order, 113

cocircuit oriented map, 309
cocircuit oriented planarity, 309
cocircular map, 309
cocirculation, 310

cocycle, 34, 122
commutative, 168
completely symmetrical, 197
composition, 4

conjugate axiom, 46
conjugate), 46

connected, 5

contractible, 10

contractible point, 300
contracting, 76

contraction, 300
coorder, 19, 169

corank, 17
cosemiedge, 56
crosscap polynomial, 289
crosscap, 13

crossing number, 40
cubic, 209

cut-vertex, 59
cuttable, 68, 69
cutting, 68

cutting face, 69
cutting graph, 69
cutting vertex, 68
cycle, 43

cyclic number, 17
cyclic permutation, 43

decomposition, 37
decreasing duplition, 112
decreasing subdivision, 112
degree, 7

deleting, 72

different indices, 19
different signs, 187
digraph, 5

dipole, 341

directed pregraph, 2
distinct, 283

distinct, 376

double edge, 70

double H-map, 210
double leaf, 308

double link, 70

double loop, 70

double side curve), 10
down-embeddable, 20

481



482

dual, 49, 65, 377

dual Eulerian map), 100
dual H-map, 210

dual map, 66

dual matching, 208

dual matching map, 208
dual regular, 57

dual trail code, 179

edge, 2

edge independent partition), 59

edge rooted, 202

edge-automorphism, 330

edge-isomorphism, 329

efficient, 176

elementary equivalence, 378

elementary transformation, 377

embedding, 381

embedding), 17

empty pregraph, 2

end segment, 286

end, 1, 56

enumerating function, 241

equilibrious embedding, 64

equilibrium, 64

equivalent class, 113

Euler characteristic, 20

Euler characteristic(Euler charac-
teristic), 113

Fuler graph, 7

Eulerian, 361

Eulerian characteristic, 377

even, 361

even assigned conjecture, 102

even assigned map, 100

Terminology

even pregraph, 7
eves-cyclic, 231
exchanger, 287
expanded tree, 283
expansion, 383

face, 17, 49, 377

face regular, 57

face representative, 121

face rooted, 202

face-algorithm, 172

face-regular, 195

fan-flower, 317

father, 286

favorable embedding, 60

favorable map, 60

favorable segment, 301

feasible segment, 300

feasible sequence, 298

finite pregraph), 2

finite recursion principle), 6

finite restrict recursion principle,
6

first operation, 47

first parameter, 349

fixed point, 191

flag, 384

full cavity, 209

general, 350

generalized Halin graph, 38
generated group, 50

genus polynomial, 289
genus, 138

graph, 5



Terminology

ground set, 2, 42

Halin graph, 307

Halin map, 262
Hamilton map, 123
Hamiltonian circuit, 122
Hamiltonian graph, 122
handle polynomial, 289
handle, 13

harmonic link, 70
harmonic loop, 70
hexagonalization), 102
homotopic), 10

identity, 192

immersion, 33

incidence equation, 34
incident pair, 100
included angle, 56
increasing duplition, 112
increasing subdivision, 112
independent face set, 209
independent pair, 100
independent set, 100
induced, 44, 99

infinite pregraph, 2
initial end, 2

inner rooted, 311

inner vertex, 262
interlaced, 134
interpolation theorem, 21
irreducible, 140, 299
isomorphic, 385
isomorphic class, 168
isomorphism, 165, 330

483

joint sequence, 187
joint tree, 18, 187

Klein group, 22
Klein model, 31

ladder, 293

left projection, 346
link, 70

link bundle, 37, 403
link map, 194

loop, 70

loop bundle, 37
loop map, 67
loopless map, 265

map, 0

map geometry, 29

maximum genus, 21

maximum genus embedding, 162

maximum nonorientable face num-
ber embedding, 63

maximum nonorientable genus, 162

maximum orientable face number
embedding, 63

meson functional, 346

minimum genus, 21

minimum genus embedding, 162

minimum nonorientable genus, 162

minimum nonorientable genus em-
bedding, 63

minimum orientable genus embed-
ding, 63

multiplicity, 333

near quadrangulation, 261
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near regular, 266

near triangulation, 261

necklace, 293

network, 6

node, 2

noncuttable, 68, 69

noncuttable block, 69

nonorientable form, 290

nonorientable, 10, 104, 374

nonorientable favorable genus, 162

nonorientable genus, 11, 158, 162

nonorientable pan-tour conjecture,
163

nonorientable pan-tour genus, 162

nonorientable pan-tour maximum
genus, 162

nonorientable preproper genus, 162

nonorientable proper map conjec-
ture, 163

nonorientable rule, 153

nonorientable rule 3, 155

nonorientable single peak conjec-
ture, 39

nonorientable small face proper map

conjecture, 163
nonorientable tour genus, 162
nonorientable tour map conjecture,

163
nonorientable tour maximum genus,

162
nonseparable, 58

odd circuit, 34
orbit, 23, 43
order, 19, 40, 43, 169, 192

Terminology

orientable genus polynomial, 389

orientable, 10, 104, 374

orientable genus, 11, 138

orientable minimum pan-tour genus,
142

orientable pan-tour conjecture, 142

orientable pan-tour maximum genus,
143

orientable proper map conjecture,
142

orientable single peak conjecture,
39

orientable tour conjecture, 142

pan-Halin map, 262
pan-tour face), 142
pan-tour map, 142
parallel, 134

partition, 2

path, 5

petal bundle, 125, 213
planar graph, 35

planar map, 141

planar pedal bundle, 217
plane tree, 297

planted tree, 263, 297
point partition, 300
polygonal map, 62
polyhedral sequence, 298
polyhedron, 374
pre-standard, 317
pre-standard pan-Halin map), 262
prefect dual matching, 208
prefect primal matching, 208
pregenus, 11



Terminology

pregraph, 2

premap, 47
preproper map, 60
primal H-map, 210
primal matching, 208

primal matching map, 208

primal regular, 57
primal trail code, 179
principle segment, 286
problem of type 1, 270
problem of type 2, 273
proper circuit, 99
proper cocircuit, 99
proper embedding, 60
proper map, 60

quadcircularity, 308
quadcirculation, 308
quadrangulation, 57
quadregular map, 306
quadricell, 42
quaternity, 306
quinquangulation, 102

rank, 17

reduced rule, 134
reduction, 299
relative genus, 158
reversed vector, 258
right projection, 346
Ringel ladder, 294
root, 203

root edge, 203

root face, 203

root vertex, 203

rooted edge, 202

rooted element, 201, 202
rooted face, 202

rooted map, 203, 236
rooted set, 201

rooted vertex, 202
rotation, 17

same, 283, 376

same sign, 187

second operation, 47
second parameter, 349
segmentation edge, 75
self-dual, 98

semi-arc isomorphism, 385
semi-automorphism, 328
semi-automorphism group, 329
semi-isomorphic, 327
semi-isomorphism, 327
semi-regular map, 61
semiedge, 56

separable, 35

set rooted), 201

sharp, 194

shearing loop, 82

side, 56

simple map, 265, 305
simplified barfly, 151
simplified butterfly, 128
single edge, 70

single link, 70

single loop, 70

single peak, 39

single side curve, 10
single vertex map, 125
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singular link, 70

singular loop, 70

size, 19, 40, 169

skeleton, 377

small face favorable embedding, 61

small face proper embedding, 61

Smarandache geometry, 29

Smarandache multi-space, 28

son, 286

spanning cavity, 209

spanning tree, 17

specific face, 262

splitting, 88

splitting block, 35

splitting edge, 88

splitting pair, 35

standard, 317

standard, 303

standard form, 12

standard pan-Halin map), 263

standard splitting block, 35

standard splitting block decompo-
sition, 36

standard surface, 381

straight line embedding, 17

strong embedding, 60

strong map, 60

subsidiary graph, 121

super premap, o0

support, 374

surface closed curve axiom, 10

surface embedding graph, 288

surface embedding, 17

switch, 376

Terminology

symmetric, 190
symmetrical map, 197

terminal, 262
terminal end, 2
terminal link, 75
terminal loop, 81
thickness, 40

tour, 5, 142

tour map, 142

trail, 5

transitive, 5, 33, 50
transitive axiom, 50
transitive block, 66
transitive decomposition, 66
travel and traverse rule, 33
travel, 5

tree, 17

tri-pole map, 232
triangulation, 57
trivial, 192

trivial map, 127
TT-rule, 33

twist, 383

twist loop, 81

under pregraph, 50
uniboundary, 310
unicyclic, 324

unisheet, 230
up-embeddable, 20, 189
up-integer, 233

vertex, 2, 47, 377
vertex partition, 298
vertex regular, 57



Terminology

vertex rooted, 202
vertex-algorithm, 172
vertex-isomorphism, 330
vertex-regular, 194

walk, 5
wheel, 38
wintersweet, 324
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Abstract: A Smarandache system (X;R) is such a mathematical system with at least
one Smarandachely denied rule 7 in R such that it behaves in at least two different ways
within the same set X, i.e., validated and invalided, or only invalided but in multiple dis-
tinct ways. A map is a 2-cell decomposition of surface, which can be seen as a connected
graphs in development from partition to permutation, also a basis for constructing Smaran-
dache systems, particularly, Smarandache 2-manifolds for Smarandache geometry. As an
introductory book, this book contains the elementary materials in map theory, including
embeddings of a graph, abstract maps, duality, orientable and non-orientable maps, iso-
morphisms of maps and the enumeration of rooted or unrooted maps, particularly, the
joint tree representation of an embedding of a graph on two dimensional manifolds, which
enables one to make the complication much simpler on map enumeration. All of these
are valuable for researchers and students in combinatorics, graphs and low dimensional

topology.
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