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Abstract

In this paper, we construct the equiform spacelike Smarandache curves
of spacelike anti-equiform Salkowski curves with timelike binormal accord-
ing to equiform frame in R‘;’. Furthermore, we calculate the equiform Frenet
apparatus of these curves. Finally, the latter curves were plotted.
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1 Introduction

In 1909, Erich Salkowski defined families of curve with constant torsion 7 but non-
constant curvature x which is called anti-Salkowski curve [8]. Recently, Senyurt
investegated the Smarandache curves of anti-Salkowski curve according to Sabban
frame and Frenet frame in Minkowski 3-space see [12, 13]. Smarandache curves
are constructed when the Frenet vectors of curve are taken as the position vector
[1]. Later many authors are studied Smarandache curves see [9, 10, 11, 14, 15].



44 Emad Solouma

Analogously, in this work, we introduce the spacelike anti-equiform Salkowski
curve with timelike binormal according to equiform frame in R? and constructing
the Frenet apparatus of the equiform spacelike Smarandache curves of these curve.

2 Basic concepts
The Lorentzian metric in 3-dimentional Minkowski space R? is defined as
H = —dui + duj + du3,

where (uy,us,u3) € R}. Any arbitrary curve ¢ = ¢(0) : I C R — R? can be
spacelike if H({'(0),¢'(0)) > 0, timelike if H({'(0),¢'(0)) < 0, and lightlike if
H(C'(0),¢'(0)) =016, 7].

Let ¢(0) be C3-spacelike curve with timelike binormal and have non vanishing
curvature k(6) # 0 in R. The Frenet frame of ¢ given as [6]:

t(6) 0 k(@) 0 ¢(6)
( n'(0) ) = ( —r(0) 0 7(0) ) ( n(0) ) 7 (1)
0 0 76) 0 b(0)

where (’ = c%)’ H(t, t) = H(n,n) = —H(b,b) = 1 and H(t,n) = H(t,b) =
H(n,b) =0. Also {t,n,b, k,7} of ( is defined as [2]

R0 O
Oeer " fowsoer MO =0
oy @@L det(C0).¢0).'6)

SOl O < COF

Now, let s be the equiform parameter of ( by s = / k(0)df. Then, the radius

do
of curvature of ( is given by p = T Recall {T', N1, N2} be the moving equiform
s
frame where T'(s) = pt(6), Ni(s) = pn(f) and Ny(s) = pb(#). Furthermore, the
equiform curvatures of the curve ¢ are defined by ki(0) = p/ and k(o) = (%)

Also, {T, N1, N»} satisfying [4]:

T(s) k1(s) 1 0 T(s
( Ni(s) ) = ( =1 ki(s)  ka(s) ) ( Ni(s) ) , (3)
Ny(s) 0 kao(s)  Ha(s) Ny(s)

d
where ( = d_>’ H(T,T) = %, H(N1, N1) = %, H(Na, No) = —p?, and

S
H(T, N1> = H(T, NQ) == H(Nl, Ng) — 0
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Figure 1: Anti-spacelike Salkowski curve for ¢ = {3, 6,10, 15}.

Definition 1. For any m € R*, we define the spacelike curve (anti-spacelike
Salkowski curve [13])

p(l-p . l+p . :
= h((1+2 — h((1-2 2 h
q(0) 1q <1+2p sin (( + p)@) T sin (( p)@) + 2p sinh (0)
1-— 1 1
: TQZ; cosh ((1 + 2p)d) — ] _—{_2}; cosh ((1 — 2p)d) + 2p cosh (6), 5(2190
— sinh (2p6)>> :
— q 4 . o .
where p = T (see Figure 1). Moreover, the geometric characteristic of §,(6)
are
1. The arc-length ¢ = M
q

2. The curvature functions are ks(f) = coth pf and 745(0) = 1.

3. The frenet frame are
—p cosh (0) sinh (pf) + sinh (0) cosh (pf),
—psinh () sinh (pf) + cosh () cosh (pf),

75(0) =
' —g sinh (pf)

Ns(0) = (—\/ 1 —p?cosh (0), —/1 — p?sinh (), —]% sinh (p9)> :

q\/i? ( sinh () sinh (pf) — p cosh () cosh (p@)) 7
Bs(s) = q\/i’_? < cosh (#) sinh (pf) — psinh (0) cosh (p&)),
/1 — p? cosh (ph)

1
Now, the equiform parameter s = —In (sinh (p@)), so we have
p

1 2ps ps, /e2ps 4 ] 1
0 = —In(e”+ Ve +1) and p = (e rever ot ) Furthermore,
P N
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Figure 2: Spacelike anti-equiform Salkowski curve for ¢ = {3,6, 10, 15}.

tanh (In (e”* + v + 1)) So, the spacehke anti-equiform Salkowski d,(s) de-
fined as (see Figure 2):

the equiform curvature are kq(s) = sechQ(ln (eP* + V€25 +1)) and ka(s) =

pf{1l—p . 14+2p 14+p
=— h( In (e?® + 2P5+1>—
dq(s) 4q<1 5y Si p n (e e ) )

1 - 1
Sinh( P 1 (ep8+\/62ps+ 1)) + 2p sinh (—ln (6p5+ e2ps | 1))
1— 142 1—2
, p cosh( + Py (ep8+\/62ps )) P cosh( P
1+2p p 1—2p D

In (eps + \/W)) + 2p cosh < In (eps + \/62T)> <2p In (eps
+Ves + 1) — sinh (21n (e + \/W)»),
(4)

also the equiform Frenet frame are defined as

—p cosh (}3 In (e”s + W)) sinh <ln (e”s + W))
+ sinh (l In (eps + \/GQT > cosh (ln ePs 4+ \/e2ps + 1 )
T,(s)=p —p sinh ( In (eps + \/62T)> sinh <ln (eps + \/62T))

+ cosh (1—1) In (eps + \/BQT ) cosh <ln eps + \/62T )
%p sinh (ln (eps + \/WD

(5)
Ny(s) =— p<\/1—7p2008h (% In (eps + m», ﬂsinh (% In (eps
+\/€2T)) g _12),

(6)
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Figure 3: The equiform spacelike I'py-Smarandache curve for ¢ = {3, 6,10, 15}.

sinh < In (eps + \/621”57)> sinh (ln (eps + W))
—p cosh (1 In (eps + W)) cosh <1n (eps + W))
By(s) = LQ cosh (1 In (eps + \/ezT)) sinh (ln (eps + \/eQT))

—psinh < In (eps + W)) cosh (In (eps + \/62T))
q(l%fz) cosh (ln (e’ps + \/BQT))

(7)

3 Main results

In this section, we investigate the equiform spacelike Smarandache curves of
spacelike anti-equiform Salkowski curve with timelike binormal via equiform frame
in Minkowski 3-space R3. Also, we obtain the equiform Frenet apparatus of these
curves.

Definition 2. Let §,(s) be spacelike anti-equiform Salkowski curve with time-
like binormal in R}. The equiform spacelike I'ry-Smarandache curve of §,(s) is

defined by

Trn(s) = (m( )+mN5(s)>, 2 rm?=2 (8)

\/_p

We can write Eq. (8) in the form (see Figure 3)

—lp cosh(1 In (eps—i—\/ez?T))smh(ln (eps—l—\/e%si))
smh(1 ln(e’”—i—\/e%si)) cosh(ln(epg—F\/eZT)) 1— p2
Cosh(1 In (6p3+\/62p57)) —Ip smh(1 In (eps+\/62T))
sinh (ln (eps + W)) + ¢ cosh (7 In (eps + \/621)57))
cosh (ln (eps + m)) - 1 — p?sinh (5 In (e”s + \/621"571)),

m —p2

FTN(S) =

Sl
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Theorem 1. Let I'rn(s) be equiform spacelike Smarandache curve of spacelike
anti-equiform Salkowski curve d,(s) with timelike binormal in R}. Then I'zy(s)
is equiform spacelike curve with timelike binormal. Additionally, its equiform
frame {Tr, Nr, Br} satisfying

Lk1—m mki+1 mkso
Tr P\ 2RI (M2 DRZ+2(m—Ok1  p\[2k3+H(m2+1)R3+2(m =0kt py/2kF+H(M2+)kZ+2(m—0)k Ts
N — m(egko—egki)tes m(e1ko—eg)—legky (Leg—meq )k —mez—ey N
r ©1 1 0, 5
Br €1 €23 €3 Bs
p«/e%Jrs%feg p‘/s%+s%75§ p,/e%Jrs%fsg
(10)
where

1

€1 = 52 [m(mky + 1)(2k1 ko + k5 — 1) — mhka(m(ki + k3 + K, — 1)+ ((+ k)],
1

2T o [m(Chky —m)(2kika + K — 1) — mka (C(k] + K)) — 2mk; +1)]

1
g3 = 2 [(mky + 1) (€(k7 + K}) — 2mky + 1) — (Cky — m) (m(k7 + k3 + ki — 1)
+ (04 k)],
O = p*y/e? + €2 — 5§\/2k% + (m? + 1)k2 +2(m — 0)ky.

Proof. Differentiationg Eq. (8) and using Eq. (3), we get

Prn(s) = f%p ((zzﬁ — m)Ty(s) + (mky + 1)Ns(s) + mks Bg(s)). (11)
Then
To(s) = (Cky — m)T(;Q(s) + (mky + 21)]\75(5) + mky Bs(s) 7 (12)
p\/2k3 + (m2 + 1)k2 + 2(m — O)k,
where
: V2K 4+ (m? 4+ 1)k3 + 2(m — Ok,
ITrw(s)]| = 7 : (13)
Now, from Eq. (11) we have
i 1 2 " _om, s m(k2 2 r
Frw(s) —\/_Tp([é(k’l + ki) — 2mky + 1] T5(s) + [m(k? + k3 + K, — 1) "
(€4 1) ] Ny(s) + [m(2kks + K5 — 1)] Ba(s) ).
and .
Frn(s) = o (e Ts(5) + @ Ni(s) + a5 Bs(s)), (15)
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where
o =k [0(kT + KY) — 2mky + 1] — [m(kT + k3 + k1) + (0 + Dk — m] + 2K (ks — m) + 0K,
o = ki [m(k? + k3 + k) — 1) + (€ + D)k ] + mko(2k1ks + Ky — 1) + 2m (ki k] + kokh — k1)
+ (20 + 1)k + CkT + mk{ + 1,

oz = ko [m(k? + k3 + k| — 1) + (€ + L)k ] + mky (2k1ko + Ky — 1) + 2m(ki ks + ki kb) + mk%’.
From Egs. (11) and (14), we have "
Trn(s) x Trn(s) = e1 Ts(s) 4 €2 Ns(s) + e5 Bs(s), (17)
where
€1 = g [mlmby + 1)(2kaks + K — 1) — mbs (m(k + K3 + K~ 1) + (0 + Dka)]

2

1
£y = o [m(Cky —m)(2kika + kb — 1) — mka (£(K7 + K}) — 2mky +1)]

1
=50 [(mky + 1) (€(kF + k1) — 2mky +1) = (Cky —m) (m(k] + k3 + K, — 1) + (0 + k)],

(18)
SO we obtain
1
BF(S) = p\/m(gl T(S(S) + &2 N(S(S) + &3 B(5(S>>7 (19)
From Egs. (12) and (19), we found
1
Nr(s) =o. |:[m(€2k2 —e3ky) + 53} Ts(s) + [m(elkg —&3) — €€3]€1}N5(5) 20)
1 20
+ [(£€2 — mel)kl — meg — 61] B5(8)] s
where ©1 = p?\/e? + &2 — e21/2k? + (m2 + 1)k3 + 2(m — {)k;. O

Theorem 2. Let I'ry(s) be equiform spacelike Smarandache curve of spacelike
anti-equiform Salkowski curve d,(s) with timelike binormal in R?. Then the
curvature functions of I'yn are given by

22/e? 4+ €} — €2

Kr(s) = 3
[2k3 + (m? + 1)k3 + 2(m — 0)kq] 2
o(s) = 2\@)3(&_%1 T {(thy — m) [mas (8 + K3 + K — 1) + (€4 D)

— 2mky + 1)] + mks [ (C(k7 + KY) — 2mky 4+ 1) — moa (k] + k3 + K, — 1)
€+ k)]
(21)
where {1, a9, a3} and {e, 9,3} are given by Eqgs. (16) and (18) respectively.
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Figure 4: The equiform spacelike W7 p-Smarandache curve for ¢ = {3,6, 10, 15}.

Proof. From Egs. (2), (13) and (17) directly we consider xr(s). Similarly, from
Egs. (2), (11), (14), (15) and (17) once can obtain 7r(s). O

Definition 3. Let J,(s) be spacelike anti-equiform Salkowski curve with time-
like binormal in R?. The equiform spacelike Urp-Smarandache curve of §,(s) is
defined by

Wpp(s) = (m( )—l—mBg(s)), 2 _m?=2, (22)

\fp

or equivalently (see Figure 4)

—{p cosh(1 In (epSJr\/eQT))smh(ln (eps+\/62T))
sinh (7 In (eps + \/621)57)) cosh (ln (eps + \/GQT))
qF(s1nh (7 In (epé—i—\/e%si)) smh(ln (epé—i-\/eQT))
—pcosh(1 In (ep“’—l—\/e%si)) cosh(ln (epb—i—\/e?T)))
—Ip blnh(l In (epg—i—\/eQT)) blnh(ln (eps—l—\/eQT”i))
+¢ cosh (1 In (eps + \/eQT)) cosh (111 (eps + W))
—1—(1\/17<cosh(1 ln(eps—i—\/eQPS—)) 81nh(1n(eps+\/e2T))
—psinh (7 In (e”s + \/621’5—)) cosh (ln (eps + W)))

#smh(ln(el)s—i—\/eQT)) 1—p? cosh(ln(eps—i—\/eQT))
(23)

+

\I/TB(S) =

Sl

Theorem 3. Let Urp(s) be equiform spacelike Smarandache curve of spacelike
anti-equiform Salkowski curve §,(s) with timelike binormal in R?. Then ¥rp(s)
is equiform spacelike curve with timelike binormal. Additionally, its equiform
frame {Ty, Ny, By} satisfying

Lk mko+/L mki
Ty P\/2K3+(mha+0)2  py/2k3+(mba+02  py/2k3+(mka+0)2 Ts
N, _ m(p2ks —psks)+eps k1 (mpn —£fus) mpy ko +H0(pu1 —p2ki) N
)\ O, O, O, 1) )
By 151 H2 S - B Bs

p\/ 13 +u3—13 p\/ 3 +p3—13 o\ 12312
(24)
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where

b1 = oo [(mbs + 0) (k2 + k) + Ea(mbs + ) — mby (m(kiks + K) + ka (mbs + 20)]

2p?
1
=g [0k (m(kT + K1) + ka(mks + £)) — mky (k7 + k7)) — m(mka +0))]
1
i =5 [y (m(kiks + k) + ki (mka + 20)) — (mky + 0) (0(k7 + k) — m(mks + 0))]

92 = pQ\/M% + 43 — 13 \/Qkf + (mky + 0)2.

Proof. Using Eq. (3) in differentiationg Eq. (22), we get

. 1
Uyp(s) = er (Ekl T5(s) + (mks + O)Ns(s) + mh B(;(s)).
Then

B V2k2 + (mky + ()2
\/5 )

Brp(s) :f%p ([608 + K) — m(mbks + O] T5() + [m(kaks + ) + by

1rs(s)ll

+ 26)] Ns(s) + [m(kf + kY) + ko(mkq + f)}36(3)>7
and

@TB(S) (01 Ts5(s) + 03 Ns(s) + o3 36(5)>7

1
V2p
where

o1 = 0(k3 + 3k k}) — m(ky + 3KL) + (K,

o9 = ki(3mky + 20) + k3 (mka + €) + (2m + 1) (K kg + kiky) + 20k) + mk},

o3 = mky (ki + 3k3 + ki + 3ky) + (m + 1)kokh + €(3k1ko + kb)) + mk,.

_ g/ﬁ T5(5> + (mkg + K)N(;(S) + mk1 Bg(S)

Tule) py/2k3 + (mks + )2 ’ >
and 1
By(s) = — e (i To(s) + 112 No(s) + 13 Bs(s) ), (26)
PV I+ e — [43
where

1
=55 [(mks + €) (m(k3 + k) + ka(mks + €)) — mky (m(kiks + Kb) + k1 (mks + 20))]
1

K2 22 [tky (m (kT + KY) + ka(mka + £)) — mky (£(k7 + ;) — m(mks + 0))]
p3 = % [ty (m(k1ka + Kb) + k1 (mka + 20)) — (mko + £) (€(kT + k) — m(mks + €))] ,

2p
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So, we have
1
Ny(s) =5, [[m(ﬂzkl — pigka) + Lz ] Ts(s) + (mpn — Lpz)ky Ny (s)
2

(27)
+ [myuky + (i — poky)] 35(5)} :

where Oy = p?\/ 13 + 13 — p2 \/2k} + (mky + 0)2.
Consequently, the curvature and torsion of Wrp(s) are given by

2V2/ 1} + 113 —

Ky(s) = 3
2k + (mky + £)?]°
1
Ty(S) = Cky (o3 (m(kiks + ky) + k1 (mky + 20)
\I/() 2\/§p3(,u%+,u§—,u§){ 1[3( (12 2) 1 2 )

— oo (m(k} + k1) + ko(mks + 0))] + (mks + €) [o1 (m(k] + &)
+ kz(mkg + 6)) — 03 (m(k‘lk’z + k’;) + k’l(mk‘g + 25))] + mk‘l [02 (m(k’lk'g

k) + ke (mky 4 20)) — oy (mkks + K) + ki (mks + 20))] }
(28)

]

Definition 4. Let §,(s) be spacelike anti-equiform Salkowski curve with time-
like binormal in R?. The equiform spacelike ® yp-Smarandache curve of §,(s) is
defined by

Dyp(s) = (EN(;( ) + mB(;(s)>, P —m?=2, (29)

\/_p

or equivalently (see Figure 5)

—{+/1 — p? cosh (l In (P + V25 + ))

+q\/%<sinh( ln(eP5+W)> Slnh(ln(eps—‘r-\/e%si))

—pcosh( ln(eps+\/€2T))cosh(ln(ei’s+\/@2p57)))
—EMSlnh( ln(epé+\/e2p5—))
+q\/”;f7(cosh( 1n(epe+\/ezps7))bmh(1n(eps+W))
—psinh( 1n(epg+\/e2p37))cosh<1n(em+\/82T)))

_sf/piv;__fﬁ +m+/1 — p? cosh <ln (eP* + Ve?Ps + 1))

(I)NB(S) =

Sl

(30)

Theorem 4. Let ®yp(s) be equiform spacelike Smarandache curve of spacelike
anti-equiform Salkowski curve d,(s) with timelike binormal in R}. Then ®yp(s)



Equiform spacelike Smarandache curve 53

Figure 5: The equiform spacelike @ yp-Smarandache curve for ¢ = {3, 6, 10, 15}.

is equiform spacelike curve with timelike binormal. Additionally, its equiform
frame {7, Ng, Bg } satisfying

Lk1+mko Lko+mky

Te /22 —k2)+ 2 k2 k2)+£2 P/ 2(k2—k2)+e2 A/ 2(k3—k2)+e2 Ts
N, _ L(y2ka— 'Ysk1) (y2k1—73k2)  L(y1k2+73)+myik: 5(71/€1+72 +m’Ylk2 N
e | = o 2) o s
s 3 3
Be /222 /2., .2 .2 /222 Bs
PN Y133 PN HYE 3 PN Y133
(31)
where

1
Caky [ (Cky + mbks) (C(kiks + KS) +m(kT + K})) — (Cha + mky) (€K7 + K — 1)

+ mlkks + K5)) .
1
2p?

1

Yo = [C(0(kiks + KS) +m(kT + K})) — (Chka + mky) (20ky + mks)]

O3 = pQ\/vf +75 — 73 \/Q(k‘% —k3) + 2.

Proof. Differentiationg Eq. (29) and using Eq. (3), we get

byp(s) = f%p( — 0Ty(s) + (€1 + mks)Ny(s) + (Ckz + mk;l)B(;(s)>.
Then
: V2(k? — k2) + (2
[PnE(s)]l = 7 ,
ba(s) :%2/)( — [20ky + mks)T5(s) + [€0K} + Ky — 1) + m(ki ks + 5)] Na(s)

+ [0(kaky + k) + m(k2 + )] B(g(s)>,

and

Bn(s) = —=— (n Ta(s) + 2 Nols) + 73 Bils) ).

1
V2p
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where

r1 = mky — 20ky + ky(20ky + mky) — [L(k7 + k) — 1) + m(kiks + )],

ro = 02k K} + kY) + m(K ks + Kokl + K5) + ki [0k + K — 1) + m(kiks + K))]
+ ko [0(kiky + KY) + m(ki + K})] + 20k, + mks,

ry = U(kiks + kil + k5) + m(2ki k] + K ko [0(kT + Ky — 1) + m(ki ko + k3)]
+ ky [0(ki ks + KY) + m(k3 + k)]

_ —LT5(s) + (Cky + mk3)Ns(s) + (Cka + mky)Bs(s)

fol®) ) 1 W
and
Ba(s) = — e (n To(s) + 72 No(s) + 3 Bo(s)). (39)
PNV T2 =3
where
= 2;2 [ = (O + o) (ks + K3) + (K3 + K1) — (s + mka) (€K7 + K — 1)

+m%@+%ﬂ,

1
1= g (ke + ) + m(kf + k1)) = (Cka +mkr) (20k1 + mks)]

1
— [0(e(kT + K = 1) + m(kiks + kb)) — (Cky + mks) (20k1 + mks)] .

73:2;)

So, we have

1

Na(s) ~0, W(%kz — 3k1) — m(yaky — 3k2)| Ts(s) + [€(ik2 + 73)

(34)
+myk | Ns(s) + [((vikr +72) +myik] 36(5)] :

where O3 = p*\/7? + 73 — 73 /2(k? — k2) + (2. Therefore, the curvature func-
tions of ®xp(s) are given by

_ 2V g -

Rp\S 3
[2(k7 — k3) + 2]
1
= Oy (0(kiks + K5) +m(k? + K)) — ra(0(k2 + K — 1
7(s) mpg(%ﬂ%_ﬁ){[rz((m )+ m(k? + ) — rs (0(K3 + kY — 1)

+ m(kika + k5))] + (Ck1 + mko) [r1 (€(kiks + K5) + m(ki 4+ K))) — r3(20k1 + mks)]

+ (kg + mky) [ro(20ky + mks) — ri(0(kT + Ky — 1) + m(kiks + k))] }
(35)
]
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Figure 6: The equiform spacelike {27y p-Smarandache curve for ¢ = {3, 6,10, 15}.

Definition 5. Let §,(s) be spacelike anti-equiform Salkowski curve with timelike

binormal in R?. The equiform spacelike Qryp-Smarandache curve of d,(s) is
defined by

Qrwg(s) = <€T5( ) +m Nj(s) + nB(;(s)>, Pirm?P-n?=2  (36)

\/_p

or equivalently (see Figure 6)

—lp cosh(1 In (eps—l—\/e?T)) smh(ln (eps—i—\/ezTD
sinh (1 In (ep“’ + \/62T)) cosh (ln (ep‘S + W))
—&—q\/li(smh(l ln(eps—i—\/eQT)) slnh(ln(@pg—i—\/e%”i))
—pCOSh(l In (epg—k\/ezT))cosh In (epg -‘1-\/62]737)))

1—p2? cosh(l ln(e”SJr\/eQT)

—{p sinh ( In (eps + \/eQT)) sinh (ln (e”s + \/621’5—)>
+¥¢ cosh (f In (eps + \/eQT)) cosh (ln (eps + W))
—|—q\/ﬁ(CObh (f In (e”S + \/eQT)) sinh (ln (eps + \/@21”7))
—pbmh(1 In (ep5—|—\/62T))cosh<ln (eps—l—\/eQT)))

1 — p2sinh <% In (eszr\/W)),
# sinh (ln (e”s + \/W)) + nﬂcosh <1n (eps + \/W))

_mpy/1-p?
V-1

Qryp(s) =

Sl

(37)

Theorem 5. Let Qryp(s) be equiform spacelike Smarandache curve of spacelike
anti-equiform Salkowski curve d,(s) with timelike binormal in R}. Then Qryp(s)
is equiform spacelike curve with timelike binormal. Additionally, its equiform
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frame {Tq, N, Bq} satisfying

(bky — m)Ts(s) + (mk1 + nka + £)Ns(s) + (mka 4+ nk1)Bs(s)
p/ (k3 + 1) + m2(k} — k3 + 1) — n2(k? — k3) + 2nlks

1
NQ(S) = 674{ [m(l/zk‘g — ngl) + n(ljgk'l — l/3k‘2) — fl/g] T(S(S) + [m(ljlkg + 1/3) —nuiky

— ngkl]Ng(S) + [f(l/gk‘l — Vl) — m(ulkl + UQ) — nljlk‘g] 35(8)},
v1 Ts(s) + v2 Ns(s) + v3 Bs(s)

Ta(s) =

Bq(s) = ,
) NGRS
(38)
where
1
“=35 [(mkl + nky + 0) (ko + m(2k1ka + kS) + n(ki + k3 + k1)) — (mko + nky) (20k;

(k2 4k — 1)+ n(2kiks + k:g))} ,

1
Uy = 52 [(ekl —m) (Cka + m(2k1ks + kb)) +n(ki + k3 + k1)) — (mko + nk) (€(k3 + k] — 1)

— 2mk1 - TL]CQ):| s
1
V3 = @ [(mkl + nko + E) (E(k‘% + k‘i — 1) —2mky — ’I”[,k‘g) — (fkl — m) (2@]61 + m(k% + k‘ll — 1)

+ n(2kiks + k) |,

04 = pP\1 + 13 —v3 \J(E + 1)+ m2(kE — K + 1) — n2(kE — k3) + 2nLk,.
Proof. Taking the derivative of Eq. (36) and using Eq. (3), we get

Qrwp(s) = \[LBP((é/ﬁ—m)n(s)+(mk1+nk2+em(s)+<mk2+nk1)Bg(s>). (39)

Then

(40)

1pmp(s)] = YEE D +m?(k — K +1) — (k] — k) + 2nlk,

7 :

. 1
Qrnp(s) :\/gpw(k% + K — 1) — 2mky — nks|Ts(s) + [20k +m(k3 + K, — 1)

+ n(2k1ks + k5)| Ns(s) + [Cha + m(2kiks + k5) + n(kT + k3 + K/ Bg(s)),
(41)

and

Qrnp(s) = \/_L?)p <§1 Ts5(s) + & Ns(s) + &5 BB(S>>= (42)
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where
& = 0(2k1 K} + k) + 2mK; — nkh + ki (0K + K} — 1) — 2mky — nks),
o = 20k +m(2K ko + 2k1 K + k) + n(2k ko + 2k1 Ky + KY) + ki (20k1 +m(kT + k] — 1)
+ n(2k1ka + kb)) + ko (Cka + m(2kika + k3) + (k3 + k3 + k1)) + €(k7 + K} — 1)
—2mki — nko,
&5 = Ckb + m(2k ko + 2k1 Ky + kYY) + n(2k1 k] + 2kokh + KY) + ko (20ky + m(ki + k) — 1)
+ n(2k1ka + kb)) + ki (Cka + m(2kika + k5) + (k7 + k3 + k7).

Then, from Egs. (39) and (40), we have

(ﬁ]fl — m)Tg(S) + (mkl + nkz + K)N(;(S) + (mkg + nkl)Bg(S) (43)

Ta(s) = ,
a(s) p /(K2 + 1) +m2(k? — k2 + 1) — n2(k? — k3) + 2nlk,
and
Bo(s) = ! (y Ts(s) + vs Ny(s) + 15 B (s)) (44)
Q P V12—{—V22—I/§ 146 24V§ 3 D5 )
where

1
V= @ |:(mk31 + nky + K) (Ek‘g + m(2k:1k:2 + kié) + n(k% + k‘% + k‘ll)) — (mk2 + ’nkl)(2€k1

+mkE + K = 1) + n(2kiks + K)) .
1
n= g5 [(Ekl — m) (Cky + m(2kiky + kb)) + (ki + k3 + k1)) — (mky + nky) ((kF + K — 1)
— 2mkq — nkg)] ,

1
V=35 [(mkl + nky + 0) (0(k7 + K — 1) — 2mky — nks) — (Cky —m) (20ky +m(kT + k] — 1)

- n(2kiks + k;))].
Now, from Egs. (43) and (44), we get

_ b
_@4
— nl/lk/’l — ngk’l] Ng(S) —|— [E(l/gkl — 1/1) — m(ullﬁ + VQ) — nl/lkfg} Bg(S)},
(45)

Nq(s) { [m(ygkg — v3ky) + n(voky — v3ks) — Eug} Ts(s) + [m(ylkz + v3)

where ©4 = p?\/v? + 13 — V2 /(K2 + 1) + m2(k? — k3 + 1) — n2(k? — k3) + 2nlks.
Also, from Egs. (39), (40), (41) and (42), we found

3\/5\/1/124—1/%—1/% (46)

[2(k2 + 1) + m?(k? — k3 + 1) — n?(k? — k3) + 2nlk,]

kao(s) =

(I
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1
3V3p3 (v} +v3 — 1)
— & (lka + m(2ky ks + K5) + (k7 + k3 + k1)] + (mky + nks + €)[& (Cha + m(2k ko
+ k) +n(ki + k3 + k) — & (kT + Ky — 1) — 2mky — nks)] + (mka + nk:) [ (67
K — 1) = 2mky — nka) — & (20ky + m(k2 + K, — 1) + n(2kiks + k)] }

{(ékl —m) [€3(20ky + m(k? + K, — 1)+ n(2k1ky + kb))

(47)
O
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