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Abstract. Neutrosophic (over, off, under) set and logic were defined for the first time in 1995 by 

Florentin Smarandache, and presented during 1995-2018 to various national and international 

conferences and seminars. The (over, off, under) neutrosophic geometric programming was put forward 

by Huda et al. in (2016) [8], in an attempt to define a new type of geometric programming using (over, 

off, under) neutrosophic less than or equal to. This paper completes the basic notions of (over, off, under) 

neutrosophic geometric programming illustrating its convexity condition, and its decomposition 

theorems. The definitions of (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡 and strong (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡 are introduced, and some of 

their important properties are proved. 

 

Keyword: Neutrosophic Set (NS), Neutrosophic Geometric Programming (NGP), (Over, Off, Under) 

Neutrosophic Convex Set, (sleeves, neut-sleeves, anti-sleeves) of Neutrosophic Sets, Ideal Sleeves, 

(α, β, γ) − cut, Strong (α, β, γ) − cut , Excluded Middle Law, Decomposition Theorems; 

Introduction 

B. Y. Cao set up the mathematical fundamentals of fuzzy geometric programming (FGP) [1], and 

introduced it at the second IFSA conference, in 1987, in (Tokyo). The formulation and uniqueness of the 

maximum solution of fuzzy neutrosophic geometric programming in the type of relational equations were 

firstly introduced by H.E. Khalid [14], later there was a novel method for finding the minimum solution 

in the same fuzzy neutrosophic relational equations on geometric programming presented on 2016  [15]. 

The most important paper which related with the basic role of this paper which regarded as the first 

attempt to present the notion of (over, off, under) neutrosophic less than or equal in geometric 

programming was established by Florentin S. and Huda E. [8]. The NGP method has been admitted by 

specialists and created a new branch of neutrosophic mathematics. Inspired by Smarandache’s 

neutrosophic sets theory and (over, off, under) neutrosophic set theory [2, 5, 6], neutrosophic geometric 

programming emerges from the combination of neutrosophic sets with geometric programming. The 

present paper intends to discuss the (over, off, under) convexity in neutrosophic sets, introducing a new 

definition for convexity, and graphing the geometrical representations for (over, off, under) convexity 

property. Neutrosophic sleeves, neutrosophic neut-sleeves and neutrosophic anti-sleeves are also 

introduced in this research. Because each neutrosophic set can uniquely be represented by the family of 

all its (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡, it is useful to enunciate the definition of (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡 and prove some of its 

properties, similarly talking for strong (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡. Any neutrosophic mathematical programming 

cannot be generated from the womb of fuzzy mathematical programming without the passage through 

intuitionistic fuzzy mathematical programming [17, 18], so we should be familiar with all aspects of 

intuitionistic mathematical programming fundamentals from the point of view of K. T. Atanassov [13, 

16]. 

1 (Over, Off, Under) Convexity Property in Neutrosophic Sets 

In this section, a new convexity behavior of the neutrosophic set will be given. Let X be an ordinary 

set whose generic elements are denoted by x.  N(X) is the set of all neutrosophic sets included in X. 
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1.1 Definition [19] 

A neutrosophic set A ∈ N(x) is defined as A = {< μA(x), σA(x), vA(x) >: x ∈ X} where 

μA(x), σA(x), vA(x) represent the membership function, the indeterminacy function, the non- 

membership function respectively. 

 

1.2 Definition [4] 

A mapping A: X → [0,1],   x → μA(x),   x → σA(x) , x → vA(x) is called a collection of 

neutrosophic elements, where μA a membership x corresponding to a neutrosophic set A, σA(x) an 

indeterminacy membership x corresponding to a neutrosophic set A, vA(x) a non-membership x 

corresponding to a neutrosophic set A. 

 

1.3 Definition 

Suppose A ∈ N(x). If  ∀x1, x2 ∈ X, we call that A is an (over, off, under) convex neutrosophic set, 

iff the following  conditions hold together: 

1- μA(λ x1 + (1 − λ )x2) > min(μA(x1) , μA(x2) ∀x1, x2 ∈ X. 

2- Let σA(x) = μA(x) ∩ vA(x) and  

a- σA(x) satisfies the convex condition, 

i.e. 𝜎𝐴(λ x1 + (1 − λ )x2) > min(𝜎𝐴(x1) , 𝜎𝐴(x2)  for some x1, x2 ∈ X. 

b- σA(x) satisfies the concave condition,  

                      i.e.σA(λ x1 + (1 − λ )x2) < max(σA(x1),  σA(x2)) for some x1, x2 ∈ X. 

c- σA(x) is neither convex nor concave at  𝑡1 ∈ 𝑋, where 𝑡1 = λ x2 + (1 − λ )x1, and λ = 0.5,  

( i.e.  σA(x1) = σA(x2) = 𝜎𝐴(𝑡1) = 0) . 

3- vA(λ x1 + (1 − λ )x2) < max(vA(x1),  vA(x2))  ∀x1, x2 ∈ X. 

For more details, see Figures 1, 2, and 3.   

2 Geometrical Representation  

This section illustrates the geometrical representation of the (over, off, under) convexity 

behavior in neutrosophic sets. Figures 1,2 and 3 illustrate the given notion as follow: 

 

 

Figure 1: The convex condition of the truth membership function μA(x). 

Here, μA(t) > min(μA(x1) , μA(x2) , where t = (λ x1 + (1 − λ )x2) ;  λ ∈ [0,1], satisfying the condition  

for all x1, x2 ∈ X . 
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Figure 2:  The concave condition of the falsehood membership function vA(x) 

Here, vA(t) < max  (vA(x1) , vA(x2)) , where t = (λ x1 + (1 − λ )x2) ;  λ ∈ [0,1]  the condition is 

happening for all  x1, x2 ∈ X. 

 

Figure 3: Here the indeterminate function is constructed from the intersection between the truth and 

falsehood membership functions; i.e. 𝜎𝐴(𝑥) = 𝜇𝐴(𝑥) ∩ 𝑣𝐴(𝑥). In this figure, the dashed point lines (i.e. 

shaded with green points represent the indeterminate region, here 𝜎𝐴(𝑥) is neither convex nor concave 

at 𝜎𝐴(𝑥1) = 𝜎𝐴(𝑥2) = 𝜎𝐴(𝑡1) = 0, where 𝑡1 = λ x2 + (1 − λ )x1, and  λ = 0.5. 

 

3 Neutrosophic Sleeves, Neutrosophic Anti-sleeves, Neutrosophic Neut-sleeves 

This section introduces for the first time the notion of neutrosophic sleeves, its contradiction and its 

neutrality. Together with the definitions of the neutrosophic sleeve, neutrosophic anti-sleeve, 

neutrosophic unit-sleeve, we provided graphs; however, the graphs are imprecise, offering an illustration 

of the meaning of composite sleeves. 
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3.1 Definition 

If a set-valued mapping H: [0,1] → N(x) satisfies ∀ α1, α2  ∈ [0,1] ,   α1 < α2 ⇒ H(α1) ⊇ H(α2), then  

𝐻 is called a collection neutrosophic sleeve on 𝑋 . A set composed of all the collections of neutrosophic 

sleeves on 𝑋 is written as (𝑋) . The ideal sleeve occurs when 𝐻(𝛼1) = 𝐻(𝛼2). 

 

 

 

Figure 5: Neutrosophic ideal sleeve  

 

 

3.2 Definition 

If a set-valued mapping 𝐻: [0,1] → 𝑁(𝑥) satisfies ∀ 𝛼1, 𝛼2, 2𝛼2 − 𝛼1  ∈ [0,1] , 𝛼2 < 2𝛼2 − 𝛼1  ⇒

𝐻(𝛼2) ⊇ 𝐻(2𝛼2 − 𝛼1), then  𝐻 is called a collection of neutrosophic anti-sleeves on 𝑋. A set composed 

of all the collection of neutrosophic anti-sleeves on 𝑋 is written as 𝑎𝑛𝑡𝑖 𝑈(𝑋). The ideal neutrosophic 

anti-sleeve on 𝑋 occures when 𝐻(𝛼2) = 𝐻(2𝛼2 − 𝛼1). 
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Figure 7: Neutrosophic ideal anti-sleeve  

 

3.3 Definition 

If a set-valued mapping 𝐻: [0,1] → 𝑁(𝑥) satisfies  ∀ 𝛼1, 𝛼2, 2𝛼2 − 𝛼1 ∈ [0,1] , 𝛼1 < 𝛼2 < 2𝛼2 − 𝛼1 ⇒

𝐻(𝛼1) ∧ 𝐻(2𝛼2 − 𝛼1) = min{ 𝐻(𝛼1), 𝐻(2𝛼2 − 𝛼1)} = 𝐻(𝛼2), then 𝐻 is called a collection of  

neutrosophic neut-sleeves on 𝑋 . A set composed of all the collection of neutrosophic neut-sleeves on 𝑋 

is written as 𝑛𝑒𝑢𝑡 𝑈(𝑋). The ideal neutrosophic neut-sleeve on 𝑋 occurs in the case of  0 < 𝛼1 < 𝛼2 <

2𝛼2 − 𝛼1 < 1 ⇒ 𝐻(𝛼1) = 𝐻(𝛼2) = 𝐻(2𝛼2 − 𝛼1) . 

 

Figure 6: Neutrosophic anti-sleeve  
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Note that:  

The ideal case of neutrosophic neut-sleeve is composed from the ideal case of the neutrosophic sleeve 

combined with the ideal case of the neutrosophic anti-sleeve. 

 

Figure 8: Neutrosophic neut-sleeve  

 
 

Figure 9: Neutrosophic ideal neut-sleeve 

 

Note that:  

All figures from 4 to 9 are just indicative graphs employed to understand the meaning of neutrosophic 

sleeves, neutrosophic anti-sleeves and neutrosophic neut-sleeves, but are not necessary accurate. 
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4 A new insight of the excluded-middle law in neutrosophic theory 

4.1 The excluded-middle law in classical and fuzzy logics 

In classical dialectics, the excluded middle law is the third of the three classic laws of thought. 

It states that for any proposal, either that proposal is true, or its contradictory is true. The earliest known 

formulation was in Aristotle’s discussion of the principle of non-contradiction, where he said that of two 

contradictory suggestions, one of them must be true, and the other is false. Aristotle 384 BC, said that it 

is necessary for every claim there are two opposite parts, either confirm or deny and it is unattainable 

that there should be anything between the two parts of an opposition. We point out that fuzzy logic, 

intuitionistic fuzzy logic and neutrosophic logic no longer satisfy the excluded-middle law [3]. 

 Let 𝑋 be an ordinary fuzzy set, whose generic elements are denoted by 𝑥, a mapping 𝐴: 𝑋 →

[0,1],   𝑥 → 𝜇𝐴(𝑥) called a fuzzy set 𝐴, and let the complement of 𝐴 be 𝐴𝑐  with its membership function 

meaning 𝜇𝐴𝑐(𝑥) = 1 − 𝜇𝐴(𝑥),  then it is obvious that the excluded-middle law is not satisfied. 𝜇𝐴(𝑥) ∪

𝜇𝐴𝑐(𝑥) ≠ 𝑋                                                                                                                                             (1) 

𝜇𝐴(𝑥) ∩ 𝜇𝐴𝑐(𝑥) ≠ ∅                                                                                                                                             (2) 

Example: 

Let 𝑋 = [0,1], 𝜇𝐴(𝑥) = 𝑥 , then 𝜇𝐴𝑐(𝑥) = 1 − 𝑥, while 

(𝜇𝐴 ∪ 𝜇𝐴𝑐)(𝑥) = {
1 − 𝑥        𝑥 ≤

1

2

𝑥                  𝑥 >
1

2

                                                                                                                 (3) 

(𝜇𝐴 ∩ 𝜇𝐴𝑐)(𝑥) = {
𝑥                     𝑥 ≤

1

2

1 − 𝑥              𝑥 >
1

2

                                                                                                          (4) 

Hence   

𝜇𝐴 ∪ 𝜇𝐴𝑐 ≠ 𝑋        &        𝜇𝐴 ∩ 𝜇𝐴𝑐 ≠ ∅ 

Especially, 

(𝜇𝐴 ∪ 𝜇𝐴𝑐) (
1

2
) = (𝜇𝐴 ∩ 𝜇𝐴𝑐) (

1

2
) =

1

2
                                                                                                          (5) 

A fuzzy set operation does not satisfy the excluded-middle law, which complicates the study of 

fuzzy sets. The fuzzy sets can provide more objective properties than the classical sets [1].  

4.2 The excluded middle law with the perspective of (over, off, under) neutrosophic 

geometric programming 

In the two-valued logic, all the designated values as types of truth and all the anti-designated values 

as types of untruth with gaps between truth-value (or falsehood-value). In the neutrosophic theory, one 

specifies the non-designated values as types of indeterminacy and thus, each neutrosophic consequences 

have degrees of designated, non-designated, and anti-designated values. However, the excluded middle 

law in the neutrosophic system does no longer work [7]. 

Even more, Smarandache (2014) [3] generalized the Law of Included Middle to the Law of Included 

Multiple-Middles, showing that in refined neutrosophic logic (2013), between truth (T) and falsehood 

(F) there are multiple types of sub-indeterminacies (I1, I2, …) [10,11,12]. 

In upcoming definitions, the authors affirm that  𝜇𝐴(𝑥) ∩ 𝜇𝐴𝑐(𝑥) ≠ ∅ in neutrosophic environment; for 

example but not limited to, the nonlinear neutrosophic programming ( i.e. example of neutrosophic 

geometric programming (NGP)). 
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4.2.1 Definition  

Let 𝑁(X) be the set of all neutrosophic variable vectors 𝑥𝑖  , 𝑖 = 1,2, … , 𝑚 , i.e. 𝑁(𝑋) =

{(𝑥1, 𝑥2, … , 𝑥𝑚)𝑇│𝑥𝑖 ∈ 𝑋}. The function g(x): N(X)  →  R ∪ 𝐼 is said to be neutrosophic GP function of 

𝑥, where 𝑔(𝑥) = ∑ 𝑐𝑘
𝐽
𝑘=1 ∏ 𝑥𝑙

𝛾𝑘𝑙𝑚
𝑙=1 ,   𝑐𝑘 ≥ 0 is a constant , 𝛾𝑘𝑙 being an arbitrary real number. 

 

4.2.2 Definition   

Let 𝑔(𝑥) be a neutrosophic geometric function in any neutrosophic geometric programming, and let 𝐴0 

be the neutrosophic set for all functions 𝑔(𝑥) that are neutrosophically less than or equal to one. 

 𝐴0 = {𝑥𝑖 ∈ X ∶  𝑔(𝑥) < ₦ 1} = {𝑥𝑖 ∈ X ∶  𝑔(𝑥) < 1, 𝑎𝑛𝑡𝑖( 𝑔(𝑥)) > 1, 𝑛𝑒𝑢𝑡( 𝑔(𝑥)) = 1}                   (6) 

4.2.3 Definition  

Let 𝑔(𝑥) be any neutrosophic geometric function written as a constraint in any neutrosophic geometric 

programming (NGP), where 𝑥𝑖 ∈ 𝑋 = [0,1] ∪ [0, 𝑛𝐼] and 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑚)𝑇 is an m-dimensional  

neutrosophic variable vector. 

Call the inequality 

 𝑔(𝑥) < ₦ 1                                                                                                                                                             (7)    

where " < ₦" denotes the neutrosophied version of " ≤ " with the linguistic  interpretation being "less 

than (the original claimed), greater than (the anti-claim of the original less than), or equal (neither the 

original claim nor the anti-claim)" 

The constraint  (7) can be redefined into three constraints as follow:- 

   

𝑔(𝑥) < 1

𝑎𝑛𝑡𝑖 (𝑔(𝑥)) > 1

𝑛𝑒𝑢𝑡( 𝑔(𝑥)) = 1

}                                                                                                                                             (8) 

 

4.2.4 Definition  

Let 𝐴0 be the set of all neutrosophic geometric functions that neutrosophically less than or equal to one, 

 i.e.   𝐴0 = {𝑥𝑖 ∈ X, 𝑔(𝑥) < ₦ 1} ⇔ 𝐴0 = {𝑥𝑖 ∈ X: 𝑔(𝑥) < 1, 𝑎𝑛𝑡𝑖( 𝑔(𝑥)) > 1, 𝑛𝑒𝑢𝑡( 𝑔(𝑥)) = 1} 

It is significant to define the following membership functions: 

𝜇𝐴𝑜
( 𝑔(𝑥)) = {

1                                                       ,                     0 ≤ 𝑔(𝑥) ≤ 1

(𝑒
−1
𝑑𝑜

(𝑔(𝑥)−1)
+ 𝑒

−1
𝑑𝑜

(𝑎𝑛𝑡𝑖( 𝑔(𝑥))−1)
− 1) ,            1 < 𝑔(𝑥) ≤ 1 − 𝑑𝑜 ln 0.5

                      (9) 

𝜇𝐴𝑜
(𝑎𝑛𝑡𝑖( 𝑔(𝑥))) = {

0                                                ,                    0 ≤ 𝑔(𝑥) ≤ 1

(1 − 𝑒
−1
𝑑𝑜

(𝑎𝑛𝑡𝑖( 𝑔(𝑥))−1)
− 𝑒

−1
𝑑𝑜

(𝑔(𝑥)−1)
) ,         1 − 𝑑𝑜 ln 0.5 ≤ 𝑔(𝑥) ≤ 1 + 𝑑𝑜

                  (10) 

It is clear that 𝜇𝐴𝑜
(𝑛𝑒𝑢𝑡( 𝑔(𝑥))) consists from the intersection of the following functions: 

 𝑒
−1

𝑑𝑜
(𝑔(𝑥)−1)

   ,    1 − 𝑒
−1

𝑑𝑜
(𝑎𝑛𝑡𝑖( 𝑔(𝑥))−1)

 

i.e.  

𝜇𝐴𝑜
(𝑛𝑒𝑢𝑡( 𝑔(𝑥))) = {

1 − 𝑒
−1
𝑑𝑜

(𝑎𝑛𝑡𝑖( 𝑔(𝑥))−1)
  ,         1 ≤ 𝑔(𝑥) ≤ 1 − 𝑑𝑜 ln 0.5

𝑒
−1
𝑑𝑜

(𝑔(𝑥)−1)
                      , 1 − 𝑑𝑜 ln 0.5 < 𝑔(𝑥) ≤ 1 + 𝑑𝑜

                           (11) 
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Note that 𝑑𝑜 > 0 is a constant expressing a limit of the admissible violation of the neutrosophic geometric 

function 𝑔(𝑥).  

Consequently, 

𝜇𝐴𝑜
( 𝑔(𝑥)) ∩ 𝜇𝐴𝑜

(𝑎𝑛𝑡𝑖( 𝑔(𝑥))) ≠ ∅ , 

Here 𝜇𝐴𝑜
( 𝑔(𝑥)) ∩ 𝜇𝐴𝑜

(𝑎𝑛𝑡𝑖( 𝑔(𝑥))) = 𝜇𝐴𝑜
(𝑛𝑒𝑢𝑡( 𝑔(𝑥))). 

5  (𝛂, 𝛃, 𝛄) − 𝐜𝐮𝐭  and strong (𝛂, 𝛃, 𝛄) − 𝐜𝐮𝐭  of Neutrosophic sets  

We put the following definitions as an initial step to prepare to prove  the properties of 

(𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡 and strong  (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡 of neutrosophic sets.  

 

5.1 Definition  

Let 𝐴 ∈ 𝑁(𝑥), ∀  (𝛼, 𝛽, 𝛾) ∈ [0,1] , written  𝐴(𝛼,𝛽,𝛾) = {𝑥: 𝜇𝐴(𝑥) ≥ 𝛼, 𝜎𝐴(𝑥) ≥ 𝛽, 𝑣𝐴(𝑥) ≤ 𝛾},  𝐴(𝛼,𝛽,𝛾) 

is said to be an (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡 set of a neutrosophic set 𝐴 . Again, we write 

𝐴(𝛼,𝛽,𝛾)+ = {𝑥: 𝜇𝐴(𝑥) > 𝛼, 𝜎𝐴(𝑥) > 𝛽, 𝑣𝐴(𝑥) < 𝛾}, 𝐴(𝛼,𝛽,𝛾)+ is said to be a strong  (𝛼, 𝛽, 𝛾) − 𝑐𝑢𝑡 set of 

a neutrosophic set 𝐴, (𝛼, 𝛽, 𝛾) are confidence levels and 𝛼 + 𝛽 + 𝛾 ≤ 3.  

 

5.2 Definition  

Let 𝐴 ∈ 𝑁(𝑥), written  𝐴(0,0,1)+ = {𝑥: 𝜇𝐴(𝑥) > 0, 𝜎𝐴(𝑥) > 0, 𝑣𝐴(𝑥) < 1} = 𝑠𝑢𝑝𝑝 𝐴, 𝐴(0,0,1)+ is called a 

support of a neutrosophic set 𝐴. Again, 𝑘𝑒𝑟 𝐴 = {𝑥: 𝜇𝐴(𝑥) = 1, 𝜎𝐴(𝑥) = 0, 𝑣𝐴(𝑥) = 0} is called a kernel 

of neutrosophic set 𝐴, and 𝐴 is a normal neutrosophic set for ker 𝐴 ≠ ∅. 

5.3 Definition 

Let 𝐴 ∈ 𝑁(𝑥), written 𝐴 ∪ 𝐵 = {⟨𝑥, max (𝜇
𝐴
(𝑥), 𝜇

𝐵
(𝑥)) ,

max(𝜎𝐴(𝑥), 𝜎𝐵(𝑥)),  min(𝑣𝐴(𝑥), 𝑣𝐵(𝑥))⟩: 𝑥 ∈ 𝑋}, the union of 𝐴&𝐵 

𝐴 ∩ 𝐵 = {⟨𝑥, min (𝜇
𝐴
(𝑥), 𝜇

𝐵
(𝑥)) , min(𝜎𝐴(𝑥), 𝜎𝐵(𝑥)), max(𝑣𝐴(𝑥), 𝑣𝐵(𝑥))⟩: 𝑥 ∈ 𝑋}, the 

intersection of 𝐴&𝐵. 

 

5.4 Theorem  

We have the following properties for (α, β, γ) − cut and strong (α, β, γ) − cut neutrosophic sets: 

1- A ⊆ B  ⇒  A(α,β,γ) ⊆ B(α,β,γ) 

2- (A ∪ B)(α,β,γ) ⊇ A(α,β,γ) ∪ B(α,β,γ) equality holds if α + β + γ = 3. 

       (A ∩ B)(α,β,γ) = A(α,β,γ) ∩ B(α,β,γ). 

3- (A ∪ B)(α,β,γ)+ ⊇ A(α,β,γ)+ ∪ B(α,β,γ)+, equality holds if α + β + γ = 3. 

       (A ∩ B)(α,β,γ)+ = A(α,β,γ)+ ∩ B(α,β,γ)+. 
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Proof  

1- Let 𝑥 ∈ 𝐴(𝛼,𝛽,𝛾)  ⇒ 𝜇
𝐴

(𝑥) ≥ 𝛼, 𝜎𝐴(𝑥) ≥ 𝛽, 𝑣𝐴(𝑥) ≤ 𝛾  

But B ⊇ A ⇒ 𝜇
𝐵

(𝑥) ≥ 𝜇
𝐴

(𝑥) ≥ 𝛼 , 𝜎𝐵(𝑥) ≥ 𝜎𝐴(𝑥) ≥ 𝛽, 𝑣𝐵(𝑥) ≤ 𝑣𝐴(𝑥) ≤ 𝛾   

⇒ 𝜇
𝐵

(𝑥) ≥ 𝛼, 𝜎𝐵(𝑥) ≥ 𝛽  , 𝑣𝐵(𝑥) ≤ 𝛾 

⇒ 𝑥 ∈ B(α,β,γ) , therefore  A(α,β,γ) ⊆ B(α,β,γ) 

 

2- (A ∪ B)(α,β,γ) ⊇ A(α,β,γ) ∪ B(α,β,γ) 

Since   A ⊆ (A ∪ B), B ⊆ (A ∪ B) and from 1 above, we have: 

A(α,β,γ) ⊆ (A ∪ B)(α,β,γ)                                                                                                                                     (12)  

B(α,β,γ) ⊆ (A ∪ B)(α,β,γ)                                                                                                                                     (13) 

Combine (12) with (13). The proof of property 2 is complete, i.e. 

 (A ∪ B)(α,β,γ) ⊇ A(α,β,γ) ∪ B(α,β,γ)                                                                                                                    (14) 

If 𝛼 + 𝛽 + 𝛾 = 3, we show that (A ∪ B)(α,β,γ) = A(α,β,γ) ∪ B(α,β,γ) 

Let 𝑥 ∈ (A ∪ B)(α,β,γ) ⇒ 𝜇𝐴(𝑥) ∪ 𝜇𝐵(𝑥) ≥ 𝛼, 𝜎𝐴(𝑥) ∪ 𝜎𝐵(𝑥) ≥ 𝛽, 𝑣𝐴(𝑥) ∪ 𝑣𝐵(𝑥) ≤ 𝛾        

if 𝜇𝐴(𝑥) ≥ 𝛼 𝑎𝑛𝑑 𝜎𝐴(𝑥) ≥ 𝛽 then 𝑣𝐴(𝑥) ≤ 3 − 𝛼 − 𝛽 = 𝛾  ⇒ 𝑥 ∈ A(α,β,γ) ⊆ A(α,β,γ) ∪ B(α,β,γ)  

also if  𝜇𝐵(𝑥) ≥ 𝛼 𝑎𝑛𝑑 𝜎𝐵(𝑥) ≥ 𝛽 then 𝑣𝐵(𝑥) ≤ 3 − 𝛼 − 𝛽 = 𝛾  ⇒ 𝑥 ∈ B(α,β,γ) ⊆ A(α,β,γ) ∪ B(α,β,γ)  

⇒ 𝑥 ∈ A(α,β,γ) ∪ B(α,β,γ) 

and so (A ∪ B)(α,β,γ) ⊆ A(α,β,γ) ∪ B(α,β,γ)                                                                                                     (15) 

From (14) and (15), we get 

 (A ∪ B)(α,β,γ) = A(α,β,γ) ∪ B(α,β,γ) 

We still need to prove that (A ∩ B)(α,β,γ) = A(α,β,γ) ∩ B(α,β,γ) 

Proof 

Since   A ∩ B ⊆ A  𝑎𝑛𝑑 𝐴 ∩ B ⊆ B 

 ⇒ (A ∩ B)(α,β,γ) ⊆ A(α,β,γ) & (A ∩ B)(α,β,γ)  ⊆ B(α,β,γ)                                                                              (16) 

Let 𝑥 ∈ A(α,β,γ) ∩ B(α,β,γ) 

⇒ 𝑥 ∈ A(α,β,γ) &  𝑥 ∈ B(α,β,γ) 

⇒ 𝜇𝐴(𝑥) ≥ 𝛼, 𝜎𝐴(𝑥) ≥ 𝛽, 𝑣𝐴(𝑥) ≤ 𝛾  and  𝜇𝐵(𝑥) ≥ 𝛼, 𝜎𝐵(𝑥) ≥ 𝛽, 𝑣𝐵(𝑥) ≤ 𝛾         

⇒ 𝜇𝐴(𝑥) ∩ 𝜇𝐵(𝑥) ≥ 𝛼, 𝜎𝐴(𝑥) ∩ 𝜎𝐵(𝑥) ≥ 𝛽, 𝑣𝐴(𝑥) ∪ 𝑣𝐵(𝑥) ≤ 𝛾    

⇒ 𝑥 ∈ (A ∩ B)(α,β,γ) 

⇒ A(α,β,γ) ∩ B(α,β,γ) ⊆ (A ∩ B)(α,β,γ)                                                                                                               (17) 

From (16) and (17), we have 

(A ∩ B)(α,β,γ) = A(α,β,γ) ∩ B(α,β,γ) 

Note that:  

The same technique that used for proving 2 will be employed to prove the properties of strong 

(α,β,γ)-cut in 3. 

 

6 Representations of neutrosophic sets 

The decomposition theorems of neutrosophic sets is a bridge between neutrosophic sets and ordinary 

ones. The principal feature of (α, β, γ) − cut and strong (α, β, γ) − cut sets in neutrosophic set theory is 

the capability to represent neutrosophic sets. We show in this section that each neutrosophic set can 

uniquely be represented by either the family of all its (α, β, γ) − cuts or the family of all its strong 

(α, β, γ) − cuts. 

We can convert each of  (α, β, γ) − cut and strong (α, β, γ) − cut to special neutrosophic sets denoted 

by 𝐴(α,β,γ)  𝑎𝑛𝑑 𝐴(α,β,γ)
+ , as follows: 

 

for α, β, γ ∈ [0,1] with α + β + γ ≤ 3 , we have:  

 

59 



Neutrosophic Sets and Systems, Vol. 22, 2018 

Huda E. Khalid, Florentin Smarandache & Ahmed K. Essa, The Basic Notions for (over, off, under) 
Neutrosophic Geometric Programming Problems       

 

𝐴(α,β,γ) = {
(α, β, γ)                𝑖𝑓 𝑥 ∈ A(α,β,γ)

(0,0,1)                 𝑖𝑓 𝑥 ∉ A(α,β,γ)
                                                                                              (18)   

 

𝐴(α,β,γ)
+ = {

(α, β, γ)              𝑖𝑓 𝑥 ∈ 𝐴(𝛼,𝛽,𝛾)+

(0,0,1)               𝑖𝑓 𝑥 ∉ 𝐴(𝛼,𝛽,𝛾)+
                                                                                             (19) 

 

The representation of an arbitrary neutrosophic set 𝐴  in terms of the special neutrosophic sets 

𝐴(α,β,γ)  , which are defined in terms of the (α, β, γ) − cuts of 𝐴 by (18), is usually referred to as 

decomposition of 𝐴. In the following, we formulate and prove two basic decomposition theorems of 

neutrosophic sets. 

 

6.1 First Decomposition theorem of neutrosophic set (NS) 

For every 𝐴 ∈ 𝑁(𝑥), 𝐴 =
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ)   , where 𝐴(α,β,γ)  is defined by (18) and ∪ denotes the 

standard neutrosophic union. 

Proof 

For each particular 𝑥 ∈ 𝑋, let  

𝜇𝐴(𝑥) = a, 𝜎𝐴(𝑥) = b, 𝑣𝐴(𝑥) = 𝑐. Then,     

 

(
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ) ) (𝑥) = (
sup 𝜇𝐴(𝑥)

𝛼 ∈ [0,1]

, sup 𝜎𝐴(𝑥),   

𝛽 ∈ [0,1]
inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
) 

 

= 𝑚𝑎𝑥 [(
sup 𝜇𝐴(𝑥)

𝛼 ∈ [0, 𝑎]

, sup 𝜎𝐴(𝑥),   

𝛽 ∈ [0,1]
inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
) , (

sup 𝜇𝐴(𝑥),   
𝛼 ∈ (𝑎, 1]

sup 𝜎𝐴(𝑥)

𝛽 ∈ [0,1]
, inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
)] 

For each 𝛼 ∈ (𝑎, 1], we have 𝜇𝐴(𝑥) = 𝑎 < 𝛼 and, therefore, 𝐴(α,β,γ) = (0,0,1). On the other hand, for 

each 𝛼 ∈ [0, 𝑎], we have 𝜇𝐴(𝑥) = 𝑎 ≥ 𝛼, therefore, 𝐴(α,β,γ) = (α, β, γ). 

The second step of the prove is to complete the maximum value for the second component 

( 𝑖. 𝑒.
sup 𝜎𝐴(𝑥)

𝛽 ∈ [0,1]
) as follow:     

   

(
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ) ) (𝑥) 

 

= 𝑚𝑎𝑥 [(
sup 𝜇𝐴(𝑥),   

𝛼 ∈ [0, 𝑎]

sup 𝜎𝐴(𝑥),   

𝛽 ∈ [0, 𝑏]
inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
) , (

sup 𝜇𝐴(𝑥),
𝛼 ∈ [0, 𝑎]

  sup 𝜎𝐴(𝑥),   
𝛽 ∈ (𝑏, 1]

inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
)] 

For each 𝛽 ∈ (𝑏, 1], we have 𝜎𝐴(𝑥) = 𝑏 < 𝛽 and, therefore, 𝐴(α,β,γ) = (0,0,1). On the other hand, for 

each 𝛽 ∈ [0, 𝑏], we have 𝜎𝐴(𝑥) = 𝑏 ≥ 𝛽, therefore, 𝐴(α,β,γ) = (α, β, γ). 

= (
sup 𝜇𝐴(𝑥),

𝛼 ∈ [0, 𝑎]

  sup 𝜎𝐴(𝑥),   

𝛽 ∈ [0, 𝑏]
inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
) 

The final step of the proof is to complete the maximum value for the third component ( 𝑖. 𝑒.
inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
), 

  

(
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ) ) (𝑥) 

= 𝑚𝑎𝑥 [(
sup 𝜇𝐴(𝑥),

𝛼 ∈ [0, 𝑎]

 sup 𝜎𝐴(𝑥),   

𝛽 ∈ [0, 𝑏]
inf 𝑣𝐴(𝑥)

𝛾 ∈ [0, 𝑐)
) , (

sup 𝜇𝐴(𝑥)

𝛼 ∈ [0, 𝑎]
, sup 𝜎𝐴(𝑥),
𝛽 ∈ [0, 𝑏]

inf 𝑣𝐴(𝑥)

𝛾 ∈ [𝑐, 1]
)] 

For each 𝛾 ∈ [𝑐, 1], we have 𝑣𝐴(𝑥) = 𝑐 ≤ 𝛾, therefore, 𝐴(α,β,γ) = (α, β, γ). On the other hand, for each 

𝛾 ∈ [0, 𝑐), we have 𝑣𝐴(𝑥) = 𝑐 > 𝛾, therefore, 𝐴(α,β,γ) = (0,0,1). 

Consequently,  

(
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ) ) (𝑥) = (
sup 𝜇𝐴(𝑥) ,

𝛼 ∈ [0, 𝑎]   

sup 𝜎𝐴(𝑥) ,

𝛽 ∈ [0, 𝑏]
  

inf 𝑣𝐴(𝑥)

𝛾 ∈ [𝑐, 1]
) = (α, β, γ) = 𝐴(𝑥) 
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Since the same argument is valid for each 𝑥 ∈ 𝑋, the theorem is proved. 

▀ 

6.2 Second Decomposition Theorem of Neutrosophic Set (NS)  

 

Let 𝑋 be any non-empty set. For a neutrosophic subset 𝐴 ∈ 𝑁(𝑋), 

𝐴 =
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ)
+   , where 𝐴(α,β,γ)

+  is defined by (19) ,and ∪ denotes the standard 

neutrosophic union. 

 

Proof:  

For each particular 𝑥 ∈ 𝑋, let 𝜇𝐴(𝑥) = a, 𝜎𝐴(𝑥) = b, 𝑣𝐴(𝑥) = 𝑐. Then      

 

(
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ)
+ ) (𝑥) = (

sup 𝜇𝐴(𝑥),   

𝛼 ∈ [0,1]

sup 𝜎𝐴(𝑥),   

𝛽 ∈ [0,1]
inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
) 

 

= 𝑚𝑎𝑥 [(
sup 𝜇𝐴(𝑥)

𝛼 ∈ [0, 𝑎)

, sup 𝜎𝐴(𝑥)

𝛽 ∈ [0,1]
, inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
) , (

sup 𝜇𝐴(𝑥),
𝛼 ∈ [𝑎, 1]

 sup 𝜎𝐴(𝑥),   

𝛽 ∈ [0,1]
inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
)] 

For each 𝛼 ∈ [𝑎, 1], we have 𝜇𝐴(𝑥) = 𝑎 ≤ 𝛼 and, therefore, 𝐴(α,β,γ)
+ = (0,0,1). On the other 

hand, for each 𝛼 ∈ [0, 𝑎), we have 𝜇𝐴(𝑥) = 𝑎 > 𝛼, therefore, 𝐴(α,β,γ)
+ = (α, β, γ) the second step of the 

proof is to complete the maximum value for the second component ( 𝑖. 𝑒.
sup 𝜎𝐴(𝑥)

𝛽 ∈ [0,1]
).  

Again,      

   

(
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ)
+ ) (𝑥) 

= 𝑚𝑎𝑥 [(
sup 𝜇𝐴(𝑥),   

𝛼 ∈ [0, 𝑎)
sup 𝜎𝐴(𝑥),
𝛽 ∈ [0, 𝑏)  

inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
) , (

sup 𝜇𝐴(𝑥),   
𝛼 ∈ [𝑎, 1]

sup 𝜎𝐴(𝑥),   
𝛽 ∈ [𝑏, 1]

inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
)] 

For each 𝛽 ∈ [𝑏, 1], we have 𝜎𝐴(𝑥) = 𝑏 ≤ 𝛽 and, therefore, 𝐴(α,β,γ)
+ = (0,0,1). On the other hand, for 

each 𝛽 ∈ [0, 𝑏), we have 𝜎𝐴(𝑥) = 𝑏 > 𝛽, therefore, 𝐴(α,β,γ)
+ = (α, β, γ). 

(
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ)
+ ) (𝑥) = (

sup 𝜇𝐴(𝑥)

𝛼 ∈ [0, 𝑎)
, sup 𝜎𝐴(𝑥),   

𝛽 ∈ [0, 𝑏)
 
inf 𝑣𝐴(𝑥)

𝛾 ∈ [0,1]
) 

The final step of the proof is to complete the maximum value for the third component ( 𝑖. 𝑒.
sup 𝜎𝐴(𝑥)

𝛽 ∈ [0,1]
). 

Finally, 

 (
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ)
+ ) (𝑥) 

= 𝑚𝑎𝑥 [(
sup 𝜇𝐴(𝑥),   

𝛼 ∈ [0, 𝑎)
sup 𝜎𝐴(𝑥),   
𝛽 ∈ [0, 𝑏)

inf 𝑣𝐴(𝑥)

𝛾 ∈ [0, 𝑐]
) , (

sup 𝜇𝐴(𝑥),   
𝛼 ∈ [0, 𝑎)

sup 𝜎𝐴(𝑥),   
𝛽 ∈ [0, 𝑏)

inf 𝑣𝐴(𝑥)

𝛾 ∈ (𝑐, 1]
)] 

For each 𝛾 ∈ (𝑐, 1], we have 𝑣𝐴(𝑥) = 𝑐 < 𝛾, therefore, 𝐴(α,β,γ)
+ = (α, β, γ). On the other hand, for each 

𝛾 ∈ [0, 𝑐], we have 𝑣𝐴(𝑥) = 𝑐 ≥ 𝛽, therefore, 𝐴(α,β,γ)
+ = (0,0,1). 

Consequently,  

 

(
∪

α, β, γ ∈ [0,1] 𝐴(α,β,γ)
+ ) (𝑥) = (

sup 𝜇𝐴(𝑥) ,
𝛼 ∈ [0, 𝑎)

  
sup 𝜎𝐴(𝑥),
𝛽 ∈ [0, 𝑏)  

inf 𝑣𝐴(𝑥)

𝛾 ∈ (𝑐, 1]
) = (α, β, γ) = 𝐴(𝑥) 

Since the same argument is valid for each 𝑥 ∈ 𝑋, therefore the theorem is proved. 

▀ 

Conclusion  

Neutrosophic geometric programming (NGP) can find many application areas, such as power 

engineering, postal services, look for exemplars for eliminating waste-water  in a power plant, or 

determining the power equipping radius in the electrical transformers. All the above-mentioned 

applications require building a strong neutrosophic theory for neutrosophic geometric programming 

(NGP), these aims lead the authors to present the (over, off, under) convexity condition in neutrosophic 

61 



Neutrosophic Sets and Systems, Vol. 22, 2018 

Huda E. Khalid, Florentin Smarandache & Ahmed K. Essa, The Basic Notions for (over, off, under) 
Neutrosophic Geometric Programming Problems       

 

geometric functions. The needed of establishing the aspects of sleeves, neut sleeves and anti-sleeves were 

necessary. Furthermore, the basic concept of (α,β,γ)-cut and strong (α,β,γ)-cut of neutrosophic sets have 

been given. By strong definitions and given example, the authors proved that the excluded middle law 

has no longer satisfied in neutrosophic theory, this proof has been made by neutrosophic geometrical 

programming. 
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