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Abstract: In this paper, we proposed a different approach on bipolar neutrosophic soft sets and discussed their prop-
erties with examples which was initially introduced by Mumtaz Ali et al.[15]. Also we defined some similarity and
entropy measurements between any two bipolar neutrosophic soft sets. Further, we proposed the representation of
a 2-D digital image in bipolar neutrosophic soft domain. Finally, based on similarity measurements, we propose a
decision making process of real-time problem in image analysis.
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1 Introduction

In our physical world, many real life situations don’t have an exact solution. For that problems, we cannot use
conventional method to determine the solution. To avoid those difficulties in dealing with uncertainities, we ap-
ply the concepts of Neutrosophy. Neutrosophy is the branch of philosophy which was introduced by Florentin
Smarandache [10]. Neutrosophy deals with three components truth-membership, indeterminacy-membership
and falsity-membership. Apparently, in the case of uncertainty, we have different solution methods like fuzzy
theory, rough theory, vague theory etc. Since Neutrosophy is the extension of fuzzy theory, it is one of the
efficient method among those. By using Neutrosophy, we can analyze the origin, nature and scope of the
neutralities. Neutrosophy is the base for neutrosophic sets. Neutrosophic set was introduced by Smarandache
which has three components called Truth-membership, Indeterminacy-membership and Falsity-membership
ranges in the non-standard interval | =0, 17[.

But for engineering and real life problems we prefer specific solution. Since it will be difficult to apply in
real life problems, Wang et al. [11] introduced the concept of single valued neutrosophic set (SVNS) which
is the immediate result of neutrosophic set by taking standard interval [0,1] instead of non-standard interval
]70,17[. Single valued neutrosophic theory is useful in modeling uncertain imprecision. Yanhui et al. [8]
proposed image segmentation through neutrosophy whereas A. A. Salama et al. [7] proposed a neutrosophic
approach to grayscale images. Majundar et al. [5, 6] introduced some measures of similarity and entropy of
neutrosophic sets (as well as SVNS). Aydogdu [4] proposed these similarity and entropy to Interval valued
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neutrosophic sets (IVNS). Also ahin and Kk [1] proposed the concepts similarity and entropy to neutrosophic
soft sets.

In 2015, Deli et al. [2] introduced the concepts of bipolar neutrosophic sets (BNS) as an extension of
neutrosophic sets. In 2016, Uluay et al. [3] proposed some measures of similarities of bipolar neutrosophic
sets. In 2017, Mumtaz Ali et al.[15] introduced the concepts of bipolar neutrosophic soft sets which is a
combined version of bipolar neutrosophic set and neutrosophic soft set. Neutrosophic set concepts are very
useful in decision making problem. Abdel-Basset et al.[18, 19, 20] proposed some decision making algorithms
for problems in engineering and medical fields.

In this paper, we proposed slightly different approach on bipolar neutrosophic soft sets(BNSS). Section 2
contains important preliminary definitions. In section 3, we propose different approach on bipolar neutrosophic
soft set which was introduced by Ali et al.[15] and also we discuss their properties with examples. In section
4, we define entropy measurement to calculate the indeterminacy. In section 5, we defined various distances
between any two BNSSs to calculate the similarity between them. In section 6, we propose the representation
of 2-D digital image in bipolar neutrosophic soft domain. In section 7, we propose the decision making
process of image based on similarity measurements for a real-time problem in image analysis. Finally, section
8 contains conclusion of our work.

2 Preliminaries

Definition 2.1. [12]
Let X be a universal set which contains arbitrary points . A Neutrosophic set A is defined by

A= {{x,Ta(x),I4(z), Fa(x)) : x € X}

where Ta(z), [4(x), Fa(x) referred as truth-membership function, indeterminacy-membership function and
falsity-membership function respectively.
Here

Ty(z), Ia(x), Fa(z): X — |70, 1*[.
Further it satisfies the condition

Example 2.2. Let X = {x1, 25, x3} be the universal set. Here, 1, x9, 3 represents capacity, trustworthiness
and price of a machine, respectively. Then T4 (z), Ia(x), Fa(z) gives the degree of *good service’, degree of
indeterminacy, degree of ’poor service’ respectively. The neutrosophic set is defined by

A ={(x1,0.3,0.4,0.5) , (22,0.5,0.2,0.3) , (x3,0.7,0.2,0.2) }

where 0 < Ty(x) + Ia(z) + Fa(z) < 37

Definition 2.3. [11]

Neutrosophic set(NS) is defined over the non-standard unit interval |0, 17| whereas single valued neutro-
sophic set is defined over standard unit interval [0,1].

It means a single valued neutrosophic set A is defined by

A= {{x,Ta(x),la(z), Fa(x)) : x € X}
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where

Ta(x),la(x), Fa(z): X —[0,1]
such that

0 < Ta(x)+ La(x) 4+ Fa(x) < 3.

Definition 2.4. [13, 16]
A pair (F, A) is a soft set over X if

F:A— P(x)

That means the soft set is a parameterized family of subsets of the set X.
For any parameter e € A, F'(e) C X is the set of e-approximation elements of the soft set (F, A).

Example 2.5. Let X = {21, 29,23, 24} be a set of 2-dimensional images and let A = {e;, e, €3} be set of
parameters. where e;=contrast, es=saturation and es=sharpness.
suppose that

F(el) = {331,332}
F(e2) = {1, 23}
F(eg) = {ZEQ, 1’4}.

Then, the set
F(A) ={F(e1), F(e2), F(es)}
is the parameterized family of subsets of X.

Definition 2.6. [14]
A neutrosophic soft set (Fa, E) over X is defined by the set

(Fa, E) = {(e,Fa(e)) : e € E,Fa(e) € NS(X)}

where Fy : E — NS(x) such that Fa(e) = pife ¢ A.
Also, since F)4(e) is a neutrosophic set over X is defined by

Fale) = {(#,up, () (2), vry(e) (2), wry (o) (2)) : w € X}

where up,(e)(7), Vp,(e)(T), Wr, ) () represents truth-membership degree of x which holds the parameter e,
indeterminacy-membership degree of = which holds the parameter e and falsity-membership degree of z which
holds the parameter e.

Example 2.7. Let X = {z, 25, x3, 24} be a set of houses under consideration. Let A = {ej, es, e3} be set of
parameters where eq, eo, e3 represents beautiful, wooden and costly, respectively.
Then we define

(FAv E) = {<617 FA(61)> ) <627 FA(€2)> ) <€37 FA(€3)>}
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Here

Fale)) = {m, 0.4,0.3), (22,0.5,0.6,0.7) , {x3,0.5,0.6,0.7) , (24,0.5,0.6, 0.7)}
Fale)) = {@1, 0.5,0.6,0.3) , (22,0.4,0.7,0.6) , (x3,0.6,0.2,0.3) , (24,0.7,0.2, 0.3>}
Fa(es) = {<x1, 0.6,0.3,0.5) , (2,0.7,0.4,0.3) , (x3,0.8,0.1,0.2) , (24,0.7,0.1, 0.3>}

Fa(es) = {(xl, 0.7,0.4,0.3) , (22,0.6,0.1,0.2) , (x3,0.7,0.2,0.5) , (x4,0.5,0.2, 0.6)}
Hence (F4, F) is a neutrosophic soft set.

Definition 2.8. [2, 3]
Let X be the universal set which contains arbitrary points z. A bipolar neutrosophic set (BNS) A is defined by

A= {<x7T+(x),]+(a7),F+(:1:),T($),I(:v),F(x)) Lx € X}

where

T, It F*: E — [0,1] (positive membership-degrees)
T-,17,F~ : E — [—1,0] (negative membership-degrees)

such that
0<TH(x)+ T (x)+ FH(x)<3,-3<T (z)+I (x)+F (x)<O0.
Example 2.9. Let X = {2, 9, z3} be the universal set. A bipolar neutrosophic set (BNS) is defined by
A= {(21,0.3,0.4,0.5,—0.2,—0.4, —0.1)
(x9,0.5,0.2,0.3,—0.2, 0.7, —0.5) ,
(23,0.7,0.2,0.2, —0.5, 0.4, —0.5) }

Fi(z)<3and -3 < Ty (x)+ I;(x)+ Fy(z) <O0.

where 0 < T4 (z) + I} (z) + F}
0,1] and T (x), I, (x), Fy (z) — [-1,0].

I (x) +
Also T (z), I} (z), Fi(z) —
3 Different approach on bipolar neutrosophic soft set
In this section, we propose a slightly different approach on bipolar neutrosophic soft sets which is the com-
bined version of neutrosophic soft set and bipolar neutrosophic set and this was initially introduced by Mumtaz

Ali et al.[15]. He defined a bipolar neutrosophic soft set associated with the whole parameter set .

In our approach, we define a bipolar neutrosophic soft set associated with only subset of a parameter set F.
Because, there is a possibility to exist different bipolar neutrosophic soft sets associated with different subsets
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of E.

Ali et al.[15] definition is given below.

Definition 3.1. Let U be a universe and £ be a set of parameters that are describing the elements of U. A
bipolar neutrosophic soft set B in U is defined as:

B = {(e, {(u,T*(w), I'"(u), F"(u), T (u),] (u), F (u):ueU}:e€E}

where Tt I, Ft — [0,1]and T~,I~, F~ — [—1,0]. The positive membership degree T (u), I (u), F'*(u),
denotes the truth membership, indeterminate membership and false membership of an element corresponding
to a bipolar neutrosophic soft set B and the negative membership degree 7~ (u), I~ (u), F~(u) denotes the
truth membership, indeterminate membership and false membership of an element v € U to some implicit
counter-property corresponding to a bipolar neutrosophic soft set B.

Our approach is given below.

Definition 3.2. Let X be the universe and F be the parameter set. Let A be subset of the parameter set F.
A bipolar neutrosophic soft set B over X is defined by

B=(F4, FE) = {(e,FA(e)) ce€ E, Fa(e) € BNS(X)}

Here
FA<€) = {<x7 U;A(e) (.T), U;‘:A(e)<x>7w;14(e) ('T)7 u;‘A(e)(x)7U;A(e) (I)7 w;A(€)<x)> Y E X}

where u};A(e) (x), UZCA(&) (x), w;CA(e) (x) represents positive truth-membership degree , positive indeterminacy-
membership degree and positive falsity-membership degree of  which holds the parametrer e, and simi-
larly up, (e)(a:),v;A(e) (x), W, (o) (x) represents negative truth-membership degree , negative indeterminacy-
membership degree and negative falsity-membership degree of x which holds the parameter e .

Example 3.3. Let X = {21, xo, 23,24} be a universal set and let £ = {e;, €2, e3} be the parameter set.
Also, let A = {ey,e2} C E and B = {e3} C F be two subsets of E.

Then we define

By = (Fa,E)={(e,Fale)) :e € E,Fa(e) € BNS(X)}
By = (Gp,E) ={{e,Gp(e)) : e € E,Gg(e) € BNS(X)}

where,
Fa(e) = {(wl, 0.5,0.4,0.3,—0.02, —0.4, —0.5) , (x2,0.4,0.7,0.6, —0.3, —0.5, —0.02) ,

(23,0.4,0.3,0.5,—0.6, —0.4, —0.2) , (x4, 0.4, 0.6, 0.3, —0.6, —0.2, —0.3)}
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Fales) = {<x1, 0.6,0.3,0.2, —0.4, —0.5, —0.04) , (x5, 0.5,0.2, 0.3, —0.1, —0.3, —0.6) ,

(z3,0.3,0.4,0.2, —0.3,—0.4, —0.7) , (x4,0.8,0.2,0.01, —0.4, —0.5, —o.1>}

Gples) = {(xl, 0.6,0.3,0.4, —0.4, —0.5, —0.3) , {z2,0.4,0.5,0.1, —0.2, —0.6, —0.4) ,

(23,0.2,0.3,0.1,—0.4, —0.4, —0.2) , (z4,0.3,0.4,0.4, —0.5, —0.3, —0.2>}

Then B; and B, are the parameterized family of bipolar neutrosophic soft sets over X.

3.1 Properties of Bipolar Neutrosophic soft sets

In this section, we have discussed some basic properties of Bipolar neutrosophic soft sets.

3.1.1 Subsets and Eqiuvalent sets

Let X be universal set and E be a parameter set. Let A, B C FE. Suppose B; and B be two bipolar neutro-
sophic soft sets. Then B; C B, if and only if A C B and
Upye) () S UG 0 () Vs (0)(8) 2 0G0 (), W () (2) 2 W () and

Up,(e)(8) 2 U (T), V5, (o () S0, 0 (0), W, () (1) < Wy (7).
Also By and B, are called equivalent sets only if A = B and all the parameters of B; and B, are corre-
sponding to each other.

Example 3.4. Suppose B; and B; be two bipolar neutrosophic soft sets associated with A = {es} and B =

{61,62}.
Let Bl = (FA, E)
Here,

e,Fa(e)) :e € E}and By = (G, E) = {(e,Gp(e)) : e € E'}

) (z1,0.4,0.3,0.9, —0.2,—0.3, —0.4) , (2,0.5,0.6,0.7, —0.3, —0.4, —0.6)}

=
Fa(es) = {

Ggple) = {(x1,0.5,0.4,0.3, —0.6,—0.2,-0.4), (x2,0.6,0.3,0.2, —0.5,—0.3, —0.2>}
Gple) = {(x1,0.6,0.4,0.2, —0.5,-0.1,-0.1), (22,0.7,0.6,0.3, —0.4, —0.2, —0.3}}
This implies By C Bs.

3.1.2 Union and Intersection

The union is defined by

Uy () (@) + V0 (7)
BiUB, = (FAUGB) = {<ma$(u;,4(e)(x)7ugg(e)(x))a fate) 5 G5

S _ Vg (e)<5’7) + Vg (e)<37) _ _
Tmn(uFA(e)(:16),uGB(e)(x))7 A - B ,max(wFA(e)(x),wGB(e)(x))

: mm(w;A(e) (x), wgB(e) (x)),
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The intersection is defined by

Bm&:(FAﬂGBvE):{<ml'n<ua<e><x>,uéB@(m)),“FA‘@("”)”Gﬂe)(ﬂmax( b0 @) wh, @),

9 W (e)\T): Wag(e)

_ _ V(o) (8) T Vg (@) _
max(uFA(e)(x),uGB(e)(x)), - 5 = ,mzn(wFA(e)(x),wGB(e)($))

Example 3.5. Suppose
By = (Fa, F) = {(x1,0.4,0.3,0.9,-0.5, 0.2, —0.1) , (22,0.5,0.6,0.7,—0.3,—0.4, —0.6) }

By = (Gp, E) = {{x1,0.5,0.4,0.3,—0.6, —0.3, —0.4) , (x2,0.6,0.3,0.2,—0.5, —0.3, —0.2)}

be two bipolar neutrosophic sets. Then the union is
BiUBy = (Fy4 U Gp, E) = {(x1,0.5,0.35,0.3, —0.6, —0.25, —0.1) , (22,0.6,0.45,0.2,—0.5, —0.35, —0.2) }
the intersection is

BiNBy = (Fa\Gp. E) = {(21,0.4,0.35,0.9, —0.3, -0.25, —0.4) , (x2,0.5,0.45,0.7,—0.3, —0.35, —0.6) }

3.1.3 The complement

The complement of a BNSS is

B° = (Fp, E) = (F,—E) = <w;A(e) (2),1 = v, (@), 0 (@) w0 o (@), =1 = V5 o) (@), 05 (;c)>
Example 3.6. Let B be a bipolar neutrosophic soft set.
B = (F4, F)={(x1,0.4,0.3,0.9,—-0.5,-0.2, —0.1) , (x5,0.5,0.6,0.7, —0.3, —0.4, —0.6) }
Then the complement is defined by

B° = (Fu, E)° = {{21,0.9,0.7,0.4, —0.1, —0.8, —0.5) , (x5, 0.7,0.4,0.5, —0.6, —0.6, —0.3) }

3.1.4 Complete BNSS and null BNSS

The complete bipolar neutrosophic soft set comp — B is defined by
comp — B ={e,)z;,1,0,0,0,—1,—-1) :e € E;x € X}

The null bipolar neutrosophic soft set is defined by
null — B=1{e,)x;,0,1,1,-1,0,0) : e € E;z € X}

The following propositions were given by Ali et al. for bipolar neutrosophic soft set associated with the
whole parameter set. These propositions are also suitable for our approach.
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Proposition 3.7. Let X be a universe and E be a parameter set. Also, A,B,C € E. Let B = (F4,F) =
{{e, FA(E)) :e € E,Fs(E) € BNS(X)}, B, = (Gp,E) = {{e,Gp(E)):e€ E,Gg(F) € BNS(X)},
By = (Ho,E) = {{e,Ho(E)) :e € E,Ho(FE) € BNS(X)} be three bipolar neutrosophic soft sets over
X. Then,

1. BiUBy =By UB;
2. BiNBy=B2N By
3. BiU (B UB3) = (B UDBy) U By
4. BiN(BaNB3) = (ByNBz) N By
Proof. This proof is obvious. [

Proposition 3.8. Let X be a universe and E be a parameter set. Also, A,B € E. Let By = (Fa,E) =
{{e, Fa(E)) :e € E,F4(FE) € BNS(X)}, By = (Gg,E) = {{e,Gp(E)) :e € E,Gg(FE) € BNS(X)} be
two bipolar neutrosophic soft sets over X. Then the following De Morgan’s laws are valid.

1. (ByUBy)® = (By)°N(By)°

2. (BiNBy) = (B1)°U (By)°
Proof. Let By = {e, <x, u;A(e)(:v),v;;A(e) (x), wItA(e)(x),u}A(e) (@); Vg, () (@), W, (o) (x)> e € E}
B, = {@a <.’,U,U,EB(6)($),UEB(G)('ZU),wgB(e)(x),u&B(e)(fE),U&B(e)(l‘)7w&3(e)(x)> rec E}
Then,

(BrUBy)" = {67 <CU7 maw(ﬂﬁ(e)(l’)’UEB(E)(I)),mm(va(e)(fﬁ%véB(e) (x)), min(w;A(e) (), wéB(e)(x)),

min(ug, (), Ug, o (®)), maz(ve, ) (7), Vg, ) (), maz(wg, (), we, o (x))> e € E}

= {e, <93, min(wi, o (), W, (%)), 1 = min(vg, ) (@), 04, o (%), maz(ug, o (@), ub, o (),

+

maz(Wg, (%) Wg, o) (7)), =1 — maz(vg, (@), vg, o) (@), min(ug, (@), ug, o (x))> re€ E}
= {e, <:z;, min(wp, (%), Wi, o (7)), maz(l = vf (), 1 = vl (7)), maz(uf, (7)), ud, o (),

maz(Wp, (o) (%), g, (@), min(=1 —vg, o (2), =1 = vg_ o (@), min(ug, . (2), uGB(e)(:c))> cee b

= {e, <x, wZZA(E)(x), 1-— U;SA(E) (x), u;;A(e)(x), Wey(o)(@), =1 = v (@), u;A(e)($)> re€ E}

N {e, <x, wgB(e)(x), 1-— ’UEB(e)(ZB), ugB(e)(a:), Wa (o (@), =1 = vg, ) (2), uaB(e)(:B)> re€ B
= (B1)" N (By)°
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(811 Ba)° = { e (min(u, i (0015 () (0, 0), 0 ) G0, ), 0 )

maz(up, (%), ug, o (@), min(vg, ) (2), 06, o (@), min(we, ) (@), we, o (x))> re€ E}

= {e, <x, max(w;A(e) (x), wgB(e) (x)),1— max(v;;A(e) (x), UZSB(E)(x)), min(ngA(e)(m), UEB(E)(x)),

+

min(wg, ) (7), g, (), =1 —min(vg, (), v, (@), maz(ug, . (7), uaB(e)(m))> te € E}
= {e, <x, ma:v(w;A(e) (x), wgB(e)(:B)), min(l —vp, o (2),1 = vd, (@), min(ug, (), ugB(e)(:B)),

min(Wg, (%), e, (), maz(—1 —vg (%), =1 = v, (@), maz(ug, . (2), uaB(e)(x))> reel

= {e, <x,w;A(e)(x), 1=l (@), uf, o (), Wi, o (), =1 = UFA(E)(x),u;A(e)(x)> e € E}

U {e, <x, wgB(E)(x), 1-— UEB(E)(x), ugB(e)(x), Wape)(®), =1 = vg, (@), uC_;B(E)(x)> ee b

Proposition 3.9. Let X be a universe and E be a parameter set. Also, A, B,C € E. Let By = (Fy, E) =
{{e, FA(E)) :e € E,F4(E) € BNS(X)}, B, = (G, E) = {(e,Gg(E)):e€ E,Gg(F) € BNS(X)},
By = (He,E) = {(e,Hc(F)) :e € E,Ho(F) € BNS(X)} be three bipolar neutrosophic soft sets over
X. Then,

1. BN (ByUBs) = (BN By) U (B NBs3)
2. BiU(ByNBs) = (B UBy) N (B U Bs)

Proof. This proof is obvious.

4 Entropy measure of bipolar neutrosophic soft sets

Generally Entropy measures are used to calculate indeterminacy of sets. In this section, we define entropy
measurement for bipolar neutrosophic soft sets.

Definition 4.1. Let X = {z, 25, ..., x,,} be a universe of discourse set and £ = {ej, es, ..., e, } be subset of
a parameter set A. Let By = (Fa, F) and By = (G 4, E) be two bipolar neutrosophic soft sets. The mapping
€ : BNSS(X) — R* U{0} is called an entropy on bipolar neutrosophic soft sets if £ satisfies the following
conditions.
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1. £&(B)=0ifandonlyif B € IFSS(X) (Intiutionistic fuzzy soft set)

2. &(B) is maximum if and only if uy, \(2) = vg, () = wp, ,(2) and up, (@) = v, (@) =
W, () foralle € Eandz € X

3. £(B) = &(B°) forall B € BNSS(X)

4. E(By) < E(By)if B, C By.

Definition 4.2. Let 5 be a bipolar neutrosophic soft set. Then, entropy of B is denoted by £(B) and defined as
follows:

m

£8) = 1= 3= 3 3 (e o)+ i () o 09 = i 09

=1 j5=1

Example 4.3. Let X = {2, 29,3, 24} be a universal set and let £ = {ey, 5, e3} be the parameter set.
Let A = {e1, 2} be a subset of E.

= (¥ () + e ()« | (82) = Vi 2

1. D;:lﬁne By = (Fa, E) = {{e1, Fa(e1)), (€2, Fa(ea))}

Faley) = {<x1, 0.6,0,0.4,—0.3,0,—0.7) , (x2,0.3,0,0.7, —0.2,0, —0.8) ,

(z3,0.4,0,0.6,—0.6,0,—0.4) , (x4,0.1,0,0.9, —0.5,0, —0.5>}

Fales) = {<x1, 0.5,0,0.5,—0.4,0,—0.6) , (x2,0.2,0,0.8,—0.1,0, —0.9) ,

(x3,0.3,0,0.7,—0.7,0,—0.3) , {x4,0.8,0,0.2, —0.4, 0, —0.6>}

Since all the indeterminacy degrees are zero, I3; becomes intituitionistic fuzzy soft set(IFSS).
By Definition 4.2, £(B;) =0

2. Define By = (Fa, E) = {{e1, Fa(e1)), (e2, Fa(es))} where,

Fale)) = {m, 0.5,0.5,0.5,—0.9, —0.9, —0.9) , (2, 0.3,0.3,0.3, —0.8, —0.8, —0.8) ,

(x3,0.4,0.4,0.4, —0.5,—0.5, —0.5) , (x4,0.5,0.5,0.5, —0.5, —0.5, —0.5)}
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Fa(es) = {(:pl, 0.4,0.4,0.4, 0.4, —0.4, —0.4) , (x5, 0.5,0.5,0.5, —0.1, —0.1, —0.1) ,

(z5,0.3,0.3,0.3, 0.5, —0.5, —0.5) , (x4,0.8,0.8,0.8, —0.2, —0.2, —o.2>}

Since truth-membership, indeterminacy and falsity-membership degrees are equal,
By Definition 4.2, £(B;) = 1 (i.e maximum).

3. Define By = (Fa, E) = {(e1, Fa(e1)), (€2, Fa(e2))} where,

Faler) = {(:vl, 0.5,0.4,0.7,—0.2, —0.5, —0.7) , (x5, 0.4,0.7,0.3, 0.6, —0.2, —0.1) ,

(13,0.4,0.6,0.2, —0.5,—0.3, —0.7) , (x4,0.6,0.3,0.2, —0.7, —0.5, —0.3>}

Fales) = {<x1, 0.6,0.3,0.7,—0.4, —0.2, —0.4) , (2, 0.4,0.7,0.3, —0.7, —0.3, —0.4) ,

(13,0.3,0.5,0.1, -0.5,—0.7, —0.3) , (x4,0.8,0.3,0.1, —0.5, —0.2, —0.4>}

Then,
(B3)® = (F4,~E) = {(e1, Fii(er)) , (e2, Fii(e2)) }

where,

F(e)) = {(ml, 0.7,0.6,0.5, 0.7, —0.5, —0.2) , {x5,0.3,0.3,0.4, —0.1, —0.8, —0.6) ,

(13,0.2,0.4,0.4, —0.7,—0.7, —0.5) , (x4,0.2,0.7,0.6, —0.3, —0.5, —0.7>}

Fé(es) = {<x1, 0.7,0.7,0.6, —0.4, —0.8, —0.4) , (2,0.3,0.3, 0.4, 0.4, —0.7, —0.7) ,

(x3,0.1,0.5,0.7,—0.3,—0.3, —0.5) , (x4,0.1,0.7,0.8,—0.4, —0.8, —0.5>}
Since the sum of indeterminacy and its complement is one and complement of truth-membership be-

comes falsify-membership and vice versa,
By Definition 4.2, &(B) = £(B°) for any BNSS.

4. Let By = (Fa, E) ={(e, Fa(e)) :e € E} and By = (G, FE) = {(e,Gp(e)) : e € E}
Here,

Fales) = {<x1, 0.4,0.3,0.9,-0.2, —0.3,—0.4) , (x,0.5,0.6,0.7, —0.3, —0.4, —0.6>}
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Gpley) = {<x1,0.5,0.4,0.3, —0.6,—0.2,—0.4) , (x2,0.6,0.3,0.2, —0.5, —0.3, —o.2>}

Gples) = {<x1,0.6,0.4,0.2, —0.5,—0.1,—0.1), (z2,0.7,0.6,0.3,—0.4, —0.2, —0.3>}

Here B; C B,.
By Definition 4.2,
E(By) =0.705
E(By) = 0.6725
Hence

E(By) < E(By) if By C By

5 Distance between bipolar neutrosophic soft sets

In this section, we will define some distance measures of bipolar neutrosophic soft sets. Let X be a universe,
E be a parameter set and let A, B be two subsets of .
Let By = (Fa, F) and B, = (G, E) be two bipolar neutrosophic soft sets.

Here
Fae) = {<$,U;A(e)(x),U;A(e)(.I),w;A(e)(CC),U;,A(e)(x),U;A(e)($>,w;A(e)($)> ‘T e X}

Gp(e) = {<x,u23(e)(l’),vgB(e)(:€),wgB(e)(x),uaB(e)(x),UaB(e)(x),wéB(e)(:U)> LT e X}

Definition 5.1. Consider the two Bipolar neutrosophic soft sets B; = (F4, F) and By = (Gp, E) defined
above. Let d be a mapping defined as d : BNSS(z) x BNSS(x) — R* U {0} and it satisfies the following
conditions.

i) d(B1,B2) > 0

ZZ) d(Bl, Bg) - d(BQ, Bl)

i11) d(By,Ba) = 0if fBy = By

iv) d(By, By) + d(Ba, Bs) > d(By, Bs) (for any Bs)

Then, d(B;, Bs) is called a distance measure between two bipolar neutrosopihic soft sets 31 and B, .

Definition 5.2. A real function S : BNSS(X) x BNSS(X) — [0, 1] is called a similarity measure between
two bipolar neutrosophic soft sets By = [@;;|mxn and Ba = [b;;]mxn if S satisfies the following conditions.
i)S(B1, Bs) € [0, 1]

11)S(By, By) = S(Bs, By)

119)S (B, Ba) = 1if faijlmxn = [bijlmxn

iv)S(Bl, Bg) S S(Bl, Bg) (BQ, 83) Zf Bl g 82 g Bg (fO?" any 83)
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5.1 Hamming distance between two bipolar neutrosophic soft sets

A os(By, Ba) = ZZ |Au(x)] + [Viju(x)| 4+ |Av(x)] —E (Viv(@)] + | Ajw(z)| 4+ |Viw(x )|

7j=1 =1

where

Proof. 1) Since |Ajju(z)|, |Viu(x)|, |Ajyv(x)], [ Vio(z)|, |Ajw(z)|, |Vijw(z)| are all positive,

diinss(Bi, B2) > 0

i) Since ‘uB (o) (@) = W (o (@) | = [, oy (T0) = wjs (o (@),

|Ajju(X)| is same for both d% v g5(B1, B2) and di y o5 (Bz, By).

Also this is true for all membership degrees.

Hence dyg5(Bi, B2) = dfiygs(Bo, Bi)

iii) Since Ayju(X) = ug |, @) = UEQ(ej)(ZEi) and Viu(X) = ug, (. (i) — ug, ,(x:) = 0 are both zero for
Bi = B,

iv) Let
Azu +Vzu +AZ/U —|—V1’U —|—Alw +Vzw
dgNSS<BlaBZ ZZ’ gt ()] 4 [ Viguy ()] + [Agjv (2 )!6] 1 ()] + [Ajwr ()] + [Vijw ()]
=1 =1
Agju + |Viju + A v + |V, AW V,w
Hiyss(Bo By = 30 37 1B+ D) 18yt 91|+ 1Byl + 19t
7j=1 =1

dinss(B1, B2) + diyss(Ba, Bs)

(i) = U, ) () +‘“§2<e>(xi)_“§3(ej>($i) +‘“Euej)(xi)_“z?xej)(f”i) +

nom (ugl(ej) _ j
=>> ;

j=1 i=1

[V ) (@) = Vo) (©0) | F |V, e,) () — gy (20) | +

‘“éxej)(‘”i) = Upsy(e,) (%)

Ui (o) (1) — Upy ey ()| + ‘%wj)(xi) ~ Uy(ep) ()| + ‘w;(ej)(a:i) — Wy e (T3)|

Wi (o) (1) = Wy (o (T) | + ’wz%(ej)(f"i)_wz?g(ej)(f"i) W) (i) = Wpy ey (21)

W m ‘uzgl(e_)(xi)—ugs(e_)(zi) +)Ugl(e_)(xi)—vgg(ej)(xi) 1w oy (@) = W, (@2)

Z J J J ;

7=1 =1

This implies
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diinss(B1, B2) + dfyss(B2, Bs) > djyss(Bi, Bs)

O
5.2 Normalized Hamming distance
d8 v s5(B1, By)
d B B _ BNSS )
BNSS( 15 2) mn
Proof. Since d2,45(B1, Bs) satisfies definition 5.1, for any positive m, n
d v ss(Bi, Bo)
" B..B BNSS )
Wss(Bi, Ba) = .
also satisfies definition 5.1 ]
5.3 Euclidean distance between two BNSS
(A, ij >+ (A >+ (Vy 2+ (A >+ (Vy 2k
BBy [ZZ () + (Fy(a)f + (A + (Tl + (Byn(a)f + (9

7j=1 =1

where

Alju(x) = ugl(@j)<xi> o u23r2(€j)(xi)
Viju(z) = ul;(ej)(xi) a ugz(ej)(xi)

Proof. 1) Since (Aju(x))?, (Viju(z))?, (Ayv(x))?, (Vio(x))?, (Ajw(x))?, (Vijw(x))? are all positive,
dinss(Bi, B2) > 0

ii) Since (ugl(ej) (xi)—u;gQ(ej) (2;))2 = (ua(ej) (xi)—ugl(ej) (z:))% (Ajju(X))? is same for both d% v g5 (B1, Ba)
and dgNSS(B27 Bl)
Also this is true for all membership degrees.
Hence dfyg5(B1, B2) = dfyss(B2, Bi)

iii) Since A;;u(X) = ugl(ej)(xi) - UEQ(ej)($i) and V;;u(X) = ugl(ej)(xz) Ug, e, (i) = 0 are both zero
for B = B,,

iv) Let
dhnss(Br, B2) = [il il (Ajur (@)? + (Vi (2))* + (Aijon (@) E (Vi1 (x))? 4 (Agjws (x))? + (Vijun(x))T 2
A5y ss(Ba, Bs) = { ' Z (Ajus(2))? + (Viua(x))? + (Agva(a))? E (Vijva(2))? + (Agjws(2))? + (Vijwa()) } 2
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By the definition of Euclidean norm, we take
d%Nss(BhBﬁ = HBl - B2H2

dBNSS(627B3) = HB2 - B3H2

Then, Bl — Bg||2 == HBI - Bg + BQ - BgHQ

By Triangle inequality,

1B1 = Bslly < [|B1 — Bally + || B2 — Bsl|,

Hence dfygs(Bi, B2) + diyss(Bs2, Bs) > dfyss(Bi, Bs)

O
5.4 Normalized Euclidean distance
dE . «o(By, B
d%}z;vss(Bh B2) = BNSS/—STWIL 2
Proof. Since, d&\¢5(By, By) satisfies Definition 5.1,
dk By, B
difss(Bu, By) = —BNSS—fn; 2
also satisfies Definition 5.1 for all m, n. L]

Note 5.3. From the above measurements, we conclude the following conditions.

i) 0 < d\s(By, Ba) < mn [Obviously true]
i1) 0 < d¥ o(B1, By) < 1 [from i) ]
ii1) 0 < d&yg5(B1, B2) < /mn [Obvious from i) |
iv) 0 < dhgs(B1, Ba) < 1 [from iii) ]

Based on these distance measures, we can calculate the similarity between two BNSSs using the following
measures.

) 1
i) SgNss(Bla B2) =

1+ dgNS%(Bl, By)

“) SgNss(Blv B2) =

1+ dgNSS(Bl 7132)

1it) S"Hpnss(Br, Ba) = 1 d"Hpnss (B, Bs)
1 Y

i) 8" Epss(Br B) = g By

6 Representation of image in bipolar neutrosophic soft Domain

In this section, we convert 2-dimensional digital image into bipolar neutrosophic set. A digital image con-
tains many pixels. According to pixel intensity values, we classified digital image as foreground image and
background image.

we define bipolar neutrosophic soft set as parameterization of family of subsets which contains positive
mebership degrees and negative membership degrees. Here we assign positive membership degrees to fore-
ground image and negative membership degree to background image.
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For example, Let us consider a 2-dimensional digital image as X = {x1, 2, T3, 1, Y2, Y3} . Here x1, x9, x5
represents foreground pixels and y1, y2, y3 represents background pixels. Let A = {ey, e3, e3} be set of param-
eters, where ey, e9, e denotes contrast, brightness and sharpness of given image respectively.

Define B = (Fa, E) = (e, Fa(e)) : e € E, Fy(e) € BNS(X)

Here

Faley) = {<:c1,u}A(el)(xl),v}rA(el)(xl),w}A(el)(atl),uFA(el)(xl),vFA(el)(atl Wy (o) (x
<x2’“E@g(“"?)vUftA<e1><x2)awftA<e1)($2)7“FA(en(x?)’“FA(el)(@ Wy (en) (®

<x3’“FA(el><f”3)v“;A(el)(@)vw;fx(el)(“)’“FA<e1>($3)7UFA<e1>(x ) Whyen) (73)

Fa(es) = {<:v1,u}A(GQ)(asl),v;A(ez)(:vl),w}A(GQ)(ml),u;A(ez)(xl),v;,A(eQ)(ml Wi\ (e) (x
<5”2’“E(w)(m?%“E(ez)(w?)’w;,q(ez)(“)’“h(ez)(x?) Ukaea) (82)s Wiy (cg) (2

<x3’“ﬁ<ez><x3)’%(e () Wy () ()5 Wy (0 (3)s Vs () (88) Wy 0 (5)

FA(63) B { <l’1, u;A(eza) (xl)’ U;A(ezs)(ml)’ w}—A(@a) (xl)’ UEA(EB)(xﬁ’ U;A(efs) (xl wFA (e3)

)
)
)
)
)
)
)
)

<CL’2’ UFA(%) (2), U;‘:A(GZS)(CCz)’ w}_A(eii) (2), ul;A(ezs)(xQ)’ U;A(eii) (2), wFA (e3) (
<$3> U (65)(T3)s Vp (09 (3)s Wi (00 (23) U (0 (23), Vi () (3), IUEA(@3)($3)>}

where u;A © (x), v;;A © (x), w}A (o) () represents positive truth-membership degree , positive indeterminacy-
membership degree and positive falsity-membership degree of a pixel = which holds the parametrer e, and sim-
ilarly u;A(e)(x), Uk, (o) (x), w;A(e)(x) represents negative truth-membership degree , negative indeterminacy-
membership degree and negative falsity-membership degree of a pixel x which holds the parameter e .

Remark 6.1. We assume the pixels are already classified as foreground and background pixels based on their
intensity values. This assumption leads us to the following conditions.

For absolute foreground pixels,
ut(z) =[0,1] u (x) =0

v (z) =1[0,1] v (x) =—1
wt(x) =[0,1] w(z) = -1
For absolute background pixels,
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ut(z) =0 u (z) = [-1,0]
vi(x) =1 v (z) = [-1,0]
wh(z) =1 w(x) =[-1,0]

6.1 Pixels in BNSS domain

Digital images are just array of pixels; each and every pixel has particular intensity values. Initially, Yanhui et
al.,[8, 17] proposed the technique to transform image into neutrosophic domain. In this subsection, we extend
this technique to bipolar neutrosophic domain.

We allocate membership values for each pixel according to their attributes. For foreground pixels
ut(i,7),v" (i, 7),w" (i, 7) named as positive truth-membership, positive indeterminacy, positive falsity-membership
respectively and for background pixels u~ (7, j), v~ (4, 7), w™ (i, j) named as negative truth-membership, nega-
tive indeterminacy, negative falsity-membership respectively.

An arbitrary pixel can be represented as follows:
PBNS(iyj) = {qu(ivj):er(iaj)vw+(iaj)7ui(i7j)7vi(i7j)7wi(@j)}'
Here
g(l .]) gmin +r0N 5(17]) _5mm
(Z j) gma:c - gmzn v (273) B 5max - 5mm
w+(i,j):1—u (Z j) M
9maz — Ymin
m'm_A-al —e . 6mzn_57
Gmin —9(13) (i, f) = (i,7)
gmax 9min 6max - 5mzn
g(Z j) gmax

gmam — Gmin

u(i,j) =

wo(i,j) = =1 =u(i,)) =

where g(i, j) represents mean intensity of foreground pixel in some neighbourhoods W and §(7, j) represents
the mean intensity of background pixel in some neighbourhoods W*.
Here

i+w/2  jtw/2

I <
m=i—w/2n=j—w/2
i+w* /2 jtw* /2

(i, j) = W*XW* > D> 9

mei—w* 2 n=j—w /2
(2, 7) = lg(é,5) — g(i,7)]
6(i,5) = 19(i,5) — 94, )|
Omaz = maxd(i, ) Smin = mind(i, j)

Example 6.2. Let X = {f1, f2, b1, b2} be pixel set of a 2-D image. Also let £ = {ey, 3, €3} be the subset of
the parameter set A with parameters ey, 5, €3 as contrast, brightness and sharpness, respectively.
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Now we define
(FA,E) = {<€,FA(€)> e c E, FA(E) € BNS(X)}
Here

Fley) = {(f1,0.5,0.4, 0.3,0,—1,—1), (f2,0.4,0.7,0.6,0, -1, —1) , (f3,0.4,0.3,0.5,0, =1, —1)

(b1,0,1,1,—0.6, —0.2,—0.3) , (b,0,1,1, 0.7, —0.1,—0.3) , (b3, 0,1, 1, —0.4, —0.2, —0.3>}

Fley) = {(fl, 0.6,0.3,0.2,0,—1,—1), (f»,0.5,0.2,0.3,0, —1, —1), (f3,0.3,0.4,0.2,0, =1, —1) ,

(b1,0,1,1,-0.4,—0.5,—0.1) , (by,0,1,1,—0.6, —0.2, 0.3, (b5,0, 1,1, —0.4, —0.5, —0.1>}

F(es) = {(f1,0.6,().3,0.4, 0,—1,-1),(f,0.4,0.5,0.1,0,—1, —1), (f3,0.2,0.3,0.1,0, =1, —1)

(b1,0,1,1,-0.5,—0.3,—0.2) , (by,0,1,1,—0.5, —0.4, —0.2) , (b5,0, 1,1, —0.7, —0.9, —0.1)}

Then (F'4, E) is a bipolar neutrosophic soft set which is the parameterized family of soft subsets of X.

7 Decision making process based on similarity measurements

Since neutrosophic set theory deals with uncertainities, it is useful for decision making problems. Due to lack
of parametrization tools in neutrosophic sets alone, we have some difficulties while making decisions. There
fore, neutrosophic set along with parameters are more favorable for decision making problems.

In this evaluation criteria, we have two types of membership degrees as positive and negative membership
degrees. So we consider positive membership degrees for foreground pixels and negative membership de-
grees for background pixels. This means, we expect maximum positive truth-membership value and minimum
negative truth-membership value for foreground pixels while maximum negative truth-membership value and
minimum positive truth-membership value for background pixels.

So we define ideal neutrosophic values for our criteria in the following way.

[fi;] = {ej, <max(u;(ej)(xi)),min(v;(ej)(xi)),min(w;(ej)(xi)),ma:v(u;(ej)(xi)) min(vp, ) (2:)),

min(wF(ej)(aci))> e; € Byoe X

[bi5] {ej, <min(u;(ej)(xi)),max(v;(ej)(xi)), max(w;(ej)(xi)),min(u}(ej)(xi)),max(vF(e (x;)),
max(w;(ej)(xi))> rej € B € X}

So our aim is to select the most relevant foreground and background set of pixels by their brightness,
contrast level and sharpness level from the image samples of a particular image. The different types of lena
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images and their corresponding neutrosophic values are given below.

(a) Blur image (b) Noisy image (c) Low resolution

Figure 1: Different types of Lena images

Brightness(e;) Contrast(es) Sharpness(es)

(0.5,0.4,0.3,-0.2,-0.3,-0.9)  (0.8,0.2,0.4,-0.3,-0.4,-0.8) (0.4,0.7,0.6,-0.2,-0.3,-0.9)
(0.2,0.3,0.7,-0.1,-0.4,-0.3)  (0.6,0.3,0.3,-0.6,-0.3,-0.5)  (0.5,0.6,0.3,-0.4,-0.6,-0.8)
(0.7,0.2,0.4,-0.5,-0.6,-0.9)  (0.5,0.6,0.2,-0.7,-0.3,-0.2)  (0.2,0.1,0.3,-0.7,-0.5,-0.5)
(0.4,0.6,0.8,-0.7,-0.3,-0.3)  (0.6,0.6,0.8,-0.7,-0.2,-0.2)  (0.3,0.4,0.3,-0.9,-0.1,-0.2)

Table 1:Neutrosophic values of (a) Blur image.

B

Brightness(e;) Contrast(es) Sharpness(es)

h
f2

by

(0.6,0.5,0.4,-0.1,-0.2,-0.8)  (0.7,0.1,0.3,-0.4,-0.5,-0.9)  (0.3,0.6,0.5,-0.3,-0.4,-0.9)
(0.8,0.3,0.5,-0.4,-0.5,-0.8) (0.4,0.5,0.1,-0.8,-0.4,-0.3)  (0.4,0.3,0.5,-0.5,-0.3,-0.5)

(0.5,0,0.2,-0.7,-0.4,-0.7)  (0.3,0.4,0.4,-0.8,-0.4,-0.3) (0.4,0.3,0.5,-0.5,-0.3,-0.3)
(0.2,0.4,0.6,-0.9,-0.1,-0.1)  (0.4,0.4,0.8,-0.5,-0.2,-0.2)  (0.2,0.2,0.3,-0.5,-0.1,-0.4)

Table 2:Neutrosophic values of (b) Noisy image.

Brightness(e;) Contrast(es) Sharpness(es)

(0.4,0.5,0.7,-0.9,-0.8,-0.2)  (0.3,0.8,0.7,-0.6,-0.5,-0.1)  (0.7,0.4,0.5,-0.7,-0.6,-0.1)
(0.2,0.7,0.5,-0.6,-0.5,-0.2)  (0.6,0.5,0.9,-0.2,-0.6,-0.7)  (0.6,0.7,0.5,-0.5,-0.7,-0.5)
(0.5,0.4,0.8,-0.3,-0.6,-0.3)  (0.7,0.4,0.6,-0.2,-0.6,-0.7)  (0.6,0.7,0.5,-0.5,-0.7,-0.7)
(0.8,0.6,0.4,-0.1,-0.9,-0.9)  (0.6,0.6,0.2,-0.5,-0.8,-0.8) (0.8,0.8,0.7,-0.5,-0.9,-0.6)

Following table shows that the neutrosophic values of absolute foreground and background pixels.

Table 3:Neutrosophic values of (c) Low resolution image.

model — B Brightness(e;)  Contrast(e;)  Sharpness(es)
f (1,0,0,0,-1,-1) (1,0,0,0,-1,-1) (1,0,0,0,-1,-1)
b (0’171’_11050) (0’1’1’_170?0) (051’17_11070)
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By our criteria, we define ideal neutrosobhic values as follows.

B Brightness(e;) Contrast(es) Sharpness(es)

fi (0.6,0.4,0.3,-0.1,-0.8,-0.9) (0.8,0.1,0.3,-0.6,-0.5,-0.9) (0.7,0.4,0.5,-0.2,-0.6,-0.9)
f> (0.8,0.3,0.5,-0.1,-0.5,-0.9) (0.6,0.5,0.9,-0.2,-0.3,-0.3) (0.6,0.3,0.3,-0.4,-0.7,-0.8)
b1 (0.5,0.4,0.8,-0.7,-0.4,-0.3) (0.3,0.6,0.6,-0.8,-0.3,-0.2) (0.2,0.7,0.5,-0.7,-0.3,-0.3)
by (0.2,0.6,0.8,-0.9,-0.1,-0.1) (0.4,0.6,0.8,-0.7,-0.2,-0.2) (0.2,0.8,0.7,-0.9,-0.1,-0.2)

Now we compute the Hamming distance between our ideal bipolar neutrosophic soft set and the bipolar
neutrosophic set of each images to find the similarity.

dinss(B,Bi) = 1.9
dgNSS<B7 83) =3.6

Then the similarity values are,

1

Shinss(B.Bi) = 1 T BB 0.3448
1
SgNss(& B;) = 1 +dgNSS(B By) =0.3614

1+ dgNSS(B7 B?))

Based on these similarity scores, we choose 55 as the reliable bipolar neutrosophic soft set. This means
among these three types of image samples, second image is more favorable to our criteria.

8 Conclusion and Future work

In this paper, we proposed a different approach on bipolar neutrosophic soft sets and discussed their properties
which was initially introduced by Ali et al. Further we defined some distance measures between any two bipo-
lar neutrosophic soft sets to check similarity between them. And also we defined entropy measure to calculate
indeterminacy. In section 6, we gave the representation of 2-D image in bipolar neutrosophic domain. Finally,
the proposed similarity measurements have been applied to decision making problem in image analysis. Our
future work will include more decision making methods based upon different similarity measurements.
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