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Abstract:

The objective of this paper is to study for the first time the concept of square real
matrices with symbolic 2-plithogenic split-complex entries. Many of their
algebraic properties will be discussed and handled, where we find the formula of
computing inverses, exponents, and powers of these matrices by building a ring
isomorphism between the ring of split-complex symbolic 2-plithogenic matrices
and the direct product of the symbolic 2-plithogenic matrices with itself. Also, we
give the interested reader many related examples to clarify the validity of our

work.

Keywords: split-complex number, symbolic 2-plithogenic number, split-complex
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Introduction

The concept of symbolic 2-plithogenic rings is considered as a generalization of
algebraic rings [1], and these rings were used by many authors to generalize
classical algebraic structures such as vector space, modules, and functions into

novel symbolic 2-plithogenic and 3-plithogenic versions, see [2-9].

Oliver Von Shtawzen, Ammar Rawashdeh, Karla Zayood, On The Symbolic 2-Plithogenic Split-Complex Real Square
Matrices and Their Algebraic Properties

zenodo.10031206/10.5281


mailto:Vonshtawzen1970abc@gmail.com
mailto:ammarrawashde8932@gmail.com

Neutrosophic Sets and Systems, Vol. 59, 2023 212

Symbolic 2-plithogenic matrices and other types have been studied in [10], where
many results were obtained such as diagonalizations, and eigenvalues.

Symbolic 2-plithogenic split-complex numbers were defined as a combination
between split-complex numbers, and symbolic 2-plithogenic numbers, for more
details about split-complex structures and their applications, see [11-13]. For similar
results about neutrosophic matrices and n-plithogenic matrices check [14-19].

In this paper, we define symbolic 2-plithogenic split-complex matrices, and we
present many elementary properties of these matrices, especially those are related
to classical matrix theory and applications.

Main Discussion

Definition.

Let A = (a;;) be a matrix, it is called symbolic 2-plithogenic split-complex if and
only if:

a;; = (a;;9 + a;; VP, + a;;PP,) + (bij(o) + bl-j(l)Pl + bl-j(z)Pz)] , where
a;;®,b; % € RJ? =1, P, X P, = Ppyaxijy, P2 = P..

Example.

142P,+P, +J(1—-P,) (P, + P)J

The matrix 4 = <(2 —P)+J(3+P +P,) 5—(P,+4P,)]

) is a 2 X2 symbolic

2-plithogenic split-complex matrix.

- 2—-P, 5 J 3+P+P, —(P,+4P,)

Remark.

Any symbolic 2-plithogenic split-complex matrix can be written as follows A =T +
KJ; T,K are two symbolic 2-plithogenic real matrices.

Also, it can be written as follows:

A= (Ay+ APy + A;P,) + J(By + B1Py + B,P,); A;,B; are classical square real
matrices.

The matrix presented in the previous example can be written as:

G 986 J*rCy )G )@ Z)+n( L)
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Remark.

We denote the ring of all symbolic 2-plithogenic split-complex matrices by 2 —
SPys-

(2 —SPys,+,.) isaring.

Definition.

Let X = My + NoJ,Y = My + NyJ; My, Ny, My, N; € 2 — Py, then:

X+Y =My + M)+ (Ny+ Nyp)J.

X.Y = (MyM; + NgN;) + (MyN; + NoM,)]J.

Example.

Take:

_(1+P P, 24P —P, 3P1)_

x=("n "t Cnar) I htn 2p) =Mt

_ 1+P1_P2 2_P2 2_P2 Pl_PZ)_

Y‘( 1+ P, 1+P1) ](1+P1 p, )=M+NJ
_(2+42P,—P, 2—P1+P2) (4+P1—2P2 4P1—P2>

X+Y_<1+P1+P2 1+p, )T \142p,—p, 3P,

0 1= Pl _P1+P2 1+P2 1+P1 o P1 _P1+2P2

NN_(2+P1—P2 3P1)(2—P2 P1—P2>_<4+8P1—4P2 3P1>
ot =\ p—p, 2p)\14+P, P, )T\ 2P, +2P, P, +P,

. _(1+P1 P, )(2—192 P1—P2)_<2+2P1 2P1—P2)

01 — Pl _P1+P2 1+P1 PZ - PZ Pl_PZ

N _(2+P1—P2 3P1)(1+P1—P2 2—P2)_<1+7P1—P2 4+5P1—P2)
o1 =\ p —p, 2P, 1+P, 1+P) "\ 2P, +2P, P, + 2P,
So that:

Xy_<5+11P1—4P2 2+3P1+2P2) <4+9P1—P2 2+3P1+2P2)

© =\ 3P, +2P, 3P, 2P, + 3P, 2P, + P,
Theorem.

Let 2—SPys be the ring of all nXxn symbolic 2-plithogenic split-complex
matrices, let 2 — Py be the ring of all n X n square symbolic 2-plithogenic real
matrices, then:

fi12—SPys > 2—Py X2 — Py
Such that:

Oliver Von Shtawzen, Ammar Rawashdeh, Karla Zayood, On The Symbolic 2-Plithogenic Split-Complex Real Square
Matrices and Their Algebraic Properties



Neutrosophic Sets and Systems, Vol. 59, 2023 214

f(M+NJ) =M+ N,M—N); M,N € 2 — Py is aring isomorphism.

Proof.

For My + NyJ = M; + N;J, we have:

M, = M;,N, = N;, thus (M, + Ny, My — Ny) = (M; + N;,M; — N,),

hence f(My + NoJ) = f(M; + N.J).

For X = My + NoJ,Y = M, + NyJ € 2 — SPys,

we have:

fX+Y)=(My+ Ny +M; +N;,My+M; —Ny—N;) = f(X) + f(Y).

fX.Y) = f[(MgMy 4+ NoN,) + (MoNy + NoMy)J] = [(Mg + No)(My + Ny), (M, —

No)(M,; — N1)] = f(X)-f(Y)-
My+ Ny =0

f(X):O@{MO_N():O(:)MO:NO:O

Thus, ker(f) = {0}.

For any arbitrary element (M,N) € 2 — Py, X 2 — Py, there exists X = %(M +N) +
%(M — N)J € 2 — Py, such that f(X) = (M, N), so that f is a ring isomorphism.
Remark.

The inverse isomorphism is:

f7h2= Py X 2= Py > 2 = SPygs; fX(M,N) =2 (M + N) +5 (M — N)].

Example.

Consider:

1+P1+P2 3_P2 1+P1 1+P1_P2 1 1
X=< Pl_PZ 5+P1 PZ >+]<4‘+2P1_P2 Pl 2P2>=M+N],

P1+P2 2P1 _PZ 2P1_P2 Pl 5P1
then:
2+2P1 4‘_P2 1+P1 2P2 Z_PZ _1+P1
2P1 3P1 5P1_P2 _P1+2P2 P1 _SPI_PZ

Results from the isomorphism.
Let X=M+N]eZ_SPM;M=M0+M1P1+M2P2,N=N0+N1P1+N2P2 EZ_PM,

then:
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1). X isinvertible if and only if M + N,M — N are invertible, which is equivalent to:
My + No, My — No, (Mg + My) + (Ng + Ny), (Mo + M;) — (No + Ny),

(Mg + My + M) + (Ng + Ny + Ny), (Mg + My + M) + (Ng + N; — N,),

Are invertible matrices.

2).If X isinverible, then:
1 1
Xt= E[(M +N) T+ M -N)+ E[(M +N)t—-M-N)1Y)

Where:
(M+N)™t =My + Ny)™t + [(My + My + Ny + Ny)™t — (Mg + No) 1P,

+ [(My + My + My + Ny + Ny + N,)™t — (Mg + M; + Ny + N;) 1P,
(M —=N)™t = (Mo — No)™" + [(Mg + My — Ny — N;)™" — (Mo — No)~']P; +
[(Mo + My + My — Ng — Ny — Np)™' — (Mo + My — No — N;) 7P,
3). detX =—[det(M + N) + det(M — N)] + 3 [det(M + N) — det(M — N)J
det(M + N) = det(My + Ny) + [det(My + M; + Ny + N;) — det(M, + Ny)|P; +
[det(My + M; + M, + Ny + N; + N,) — det(My, + M; + Ny + N,)|P,.
det(M — N) = det(My — Ny) + [det(My + M; — N, — N,) — det(M, — Ny)]P; +
[det(My + M; + M, — Ny — N; — N,) — det(My, + M; — N, — N,)|P,.

4). X" =

N R

[(M +N)™ + (M — N)"] + 2 [(M + N)" = (M — N)"]]

(M + N)* = (My+ No)™ + [(My + My + Ny + N))™ — (Mg + No)" 1P, + [(My + M, +
M, + Ny + N; + Ny)" — (Mg + M; + Ny + N |P,.

(M —-N)" = (Mo - No)n + [(Mo +M; — Ny — N)™ — (Mo - No)n]P1 + [(Mo + M, +
M, — Ny — Ny — Np)™ — (Mo + My — Ny — Ny P;.

Example.

Consider the following 2 X 2 symbolic 2-plithogenic split-complex matrix:

243P +4p, E 1-Ip+2P, 1-pP +P,
X = 2 2 +]J 2 2 =M+
3 3 1 1 3 1 3 1
EPl E+EP1+EP2 EP1_3P2 E_Epl_gpz
NJ, where:
3 1 7 1
2+EP1+4’P2 E 1_§P1+2P2 E_P1+P2
" 3P 3+1P +1P e 3P 3P ! 3P 1P
21 2 271272 21 22 27t 272
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_ (3— P, +6P, 1—a+5)
M+N‘(3a—35 2-P,

_ 1+2P1+2P2 Pl_PZ )
M N‘( 3P, 1+2P, +P,
We write:

M+N:K0+K1P1+K2P2,M_N:L0+L1P1+L2P2,Where:

o= Nok=(T Nk=(8 Hokorki=(F O

0 2 3

=5 1)

1 -3 0 3

1

) Ko+ Ky + K,

= Nota=C D= Dotor1a=C Dototia+i=(}

det(M + N) = det(Ko) + [det(Ko + Kl) - det(Ko)]Pl + [det(KO + K1 + Kz) -

det(M - N) = det(Lo) + [det(LO + Ll) - det(Lo)]Pl + [det(Lo + L1 + Lz) -

detX = 1[det(M + N) +det(M — N)] + 1 [det(M + N) — det(M — N)]J

2 2

1 1
=5 (7 +17P;) +5](5 ~ 16P; = 5P,)

_(7 17P> (5 ap SP)
BAVEE RO ARA VI i

now, let's find the inverse of X:

S Wk

114 1 1 1

-1 _ _ - S —_—

(Ko + K1 + K3) —4(0 4) <6L 14
1 1
1_(1 0 4 13 —1y_ (3 9
Lo _(O 1).(L0+L1) —9(0 3)— . 1
3

1 0

1,4 o0 5
-1 _ —
(Lo + Ly + L) _20L3 5) R
20 4

1
i f(Ko+K1)_1:_%<1 0):
2
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M+ N = (Kp)™ + [(Kp + K) ™ = (Kp)~HPy
+[(Ko + Ky + K)™' = (Ko + K1) 7P,

1 1 -5 1 3 1
_[3 6 6 6 4 4
|, 2 3 1|/t 3 . P,
2 2 2 2
1 5P +3P 1+1P 1P
_[3 61" 4% 6 6" 47
3 3 1 1
~p,—=P —+ZP
2°1 272 ;toh
(M - N)_l = (Lo)_l + [(Lo + L1)_1 - (Lo)_l]P1 + [(Lo + L1 + Lz)_l - (Lo + Ll)_l]Pz
-2 -1 2 1
(1 0 3 9 15 9
_(0 1)+ , 2 Pt{ 73 1 | P2
3 20 12
1—=P 2P 1P +1P
_ 3’1 1572 9"t 972
3 2 1
——P 1—=p, ——P
20 2 3’1 1272
1 1
X1= E[(M +N) 1+ M -N)+ E[(M +N) =M -N)1
4 3P+37P 1+1P 5P
_1(3 277602 6 18°' 367
2 3P 33 3 1 1P
2°1 202 2 61 12°°
-3 11D 53 1+51D 13
+1]261602 6 18 ' 36 2
2 3P 27 1+7P+1P
21 202 2 617127
23P+371D 1+1P 5P
_[3 4 1'71200% 12 36" 727
3 33 3 1 1
~p,—=—P ~__—_p ——P
41 407 4 1271 2477
-1 1P+531D 1+5P 13P
+]31211202 12 36 1 722
3P 271D 1+7P+1P
471 402 4 1271 2472

As an additional application of the matrix ring isomorphism between 2 — SPy,, and
2—Pyx2—Py is to find all possible eigenvalues/vectors for the symbolic

2-plithogenic split-complex matrix.
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To find the eigenvalue for a symbolic 2-plithogenic split-complex matrix, we must
find all symbolic 2-plithogenic eigen values of M + N,M — N.

For the matrix defined in the previous example, we can see:

The eigenvalues of K, are {3,2} = Q.

The eigenvalues of Ky + K; are {—2,1} = Q;.

The eigenvalues of Ky + K; + K, are {4,1} = Q,.

The eigenvalues of M + N are:

Q ={ag + (a; —ag)P; + (a; —ay)Py;a; € Q;} = {3 —5P; + 6P;,3 —5P; +3P,,3 —
2P, + 3Py, 3 — 2P;,2 — 4P, + 6P,,2 — 4P, + 3P, 2 — P, + 3P,,2 — P,}.

The eigenvalue of L, is {1} = s,.

The eigenvalue of L, + L, is {3} = S;.

The eigenvalues of Ly + Ly + L, are {54} = S,.

The eigenvalues of M — N are:

S ={bg + (by — bp)P; + (b, — b1)P,; b; € 5;} = {1+ 2P, + 2P,,1 + 2P; + P,}

The eigen values of the duplet (M + N,M — N) are:

{(3=5P, 4+ 6P,, 1+ 2P, + 2P,), (3 — 5P, + 6P,, 1+ 2P, + P,), (3 — 5P, + 3P,, 1 +
2P, + P,),(3 — 5P, + 3P, 1+ 2P, + 2P,), (3 — 2P, + 3P,, 1 + 2P, + 2P,),(3 — 2P, +
3P, 14 2P, + P,), (2= P, 1+ 2P, + 2P,), (2 — P, 1+ 2P, + P,), (2 — 4P, + 6P,, 1 +
2P, + 2P,), (2 — 4P, + 6P,, 1+ 2P, + P,), (2 — 4P, + 3P,, 1+ 2P, + 2P,),(2 — P, +
3P,,1+ 2P, + 2P,),(2 — P, +3P,,1+ 2P, + P,),(3 —2P;,1 4+ 2P, + 2P,),(3 —

2P;, 1+ 2P, + P,)}.

We put:

T, = (3 — 5P, + 6P, 1 + 2P, + 2P,)

fAT) =24 =3P, +8P) +2(2— 7P, +4Py)) = (2- 2P, +4P,) + (1-2P +

2P,)J.
T2=(3_5P1+6P2,1+2P1+P2)

— 1 1 3 7 7
fAT) =54 =3P +7P) +2(2— 7P, +5P)] = (2= 3P +2P,) + (1 - 2P, +
5
2P,)J.

T3:(3_2P1+3P2,1+2P1+2P2)
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fAT) =2(4+5P) +2(2— 4P, + P)] = (2+42P,) + (1 - 2P, +3P, ).
T, = (3— 2P, + 3P, 1+ 2P, + P,)

fTUTL) = S (4 +4P,) + (2 — 4Py + 2P)] = (2 + 2P;) + (1 — 2P, + Py)).

Ts = (3 — 5P, + 3P, 1+ 2P, + 2P,)

[T =34 =3P, +5P) +2(2 = 7P+ P)] = (2 =3P +2P,) + (1- 2P +
“P,)J.

Ts = (3 — 5P, + 3P, 1+ 2P, + P,)

[ Te) =3(4 =3P, +4P) +2(2— 7P, +2P)) = (2= 2P, +2P,) + (1= 1P +
Py)J.

T, = (2= P, 1+ 2P, + 2P,)

fAT) =3B +P+2P) +5(1 =3P = 2P)] = (3435P + Py) + (5-2P = P,) ).
Ty = (2 — P, 1+ 2P, + P,)

AT =3@+P+P)+5(1 =3P, —P)] = (3+2P +3P) + (5-2P = 3Py) .
Ty = (2 — 4P, + 6P,, 1 + 2P, + 2P,)

fTH(Ts) =3(3 2P, +8P,) +2(1— 6P, +4P)] = (3= P+ 4P;) + (- 3P, +
2P,)J.

Tio = (2 — 4Py + 6P, 1+ 2P, + P,)

[ (Ty0) =3B = 2P, +7P) +5(1— 6P +5P)] = (3= P +2P,) + (5-3P, +
)

Ty = (2 — 4Py + 6P,, 1 + 2P, + 2P,)

fTn) =23 —2P, +5P) +3(1—6P + P)] = (- P +2P) + (- 3P +
0]

Tiz = (2 — 4P, + 3P, 1+ 2P, + P,)

fTHT) =5 (3= 2P, +4P) +5 (1= 6P, +2P)] = (5= Py +2P,) + (5 — 3P, +
Pz)].

T13:(2_P1+3P2,1+2P1+2P2)
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- 1 1 301 5 1 3

[ T) =3B+ P +5P) +2(1=3P, +P)] = (43P +2P) + (5-2P +
1

EPZ)].

T14=(2_P1+3P2,1+2P1+P2)

- 1 1 3 1 1 3
fHT1) =58+ Py +4Py) + (1 - 3P +2Py)] = (5+5P1 +2P2) + (E—Ep1 +

P,)J.
T15 = (3_2P1,1+2P1+2P2)
fTU(Tis) =5 (4+2P) +5(2 — 4P, = 2P,)] = 2+ Pp) + (1 — 2P, — P,)].
T16 = (3_2P1,1+2P1+P2)
— 1 1 1 1
[N (Te) =5 (4+P) +5(2— 4P, — Py)] = (2 +5P2) + (1 —2p, —EPZ)].

Conclusion

In this paper, we studied for the first time the concept of square real matrices with
symbolic 2-plithogenic split-complex entries, where we find the formula of
computing inverses, exponents, and powers of these matrices by building a ring
isomorphism between the ring of split-complex symbolic 2-plithogenic matrices
and the direct product of the symbolic 2-plithogenic matrices with itself. Also, we
give the interested reader many related examples to clarify the validity of our
work.
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