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Abstract: The objective of this paper is to find the necessary and sufficient

conditions for a symbolic 3-plithogenic quadruple

l,P, + I3P3) to be a Pythagoras quadruple, i.e. to be a solution for the non-linear

Diophantine equation in four variables X% +Y? + Z% = T2.

Also, many examples will be illustrated and presented to explain how the

theorems work.

Keywords: symbolic 3-plithogenic ring, Pythagoras quadruple, Pythagoras

Diophantine equation

Introduction and Preliminaries.

Symbolic n-plithogenic sets were defined by Smarandache in [1-3], where these
sets were used in generalizing classical algebraic structures such as symbolic
2-plithogenic and symbolic 3-plithogenic structures [4-9], with many applications in
other fields [10-12].

It is useful to refer that symbolic n-plithogenic algebraic structures are very similar

to neutrosophic and refined neutrosophic structures, see [13-22].
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In this paper, we continue other efforts to study Pythagoras triples in many
different rings [23-26].

We present the concept of Pythagoras triple in a symbolic 3-plithogenic
commutative ring with many clear examples that clarify the validity of our work.
Definition.

Let R be aring, the symbolic 3-plithogenic ring is defined as follows:

3 —SPg = {ag + a;P; + a,P, + a3Ps; a; € R, P> = P, Py X P = Proas(i ) -
Smarandache has defined algebraic operations on 3 — SPy as follows:

Addition:

[ag + a1 Py + ayP, + asP3] + [bg + by Py + byP, + b3Ps] = (ag + by) + (ay + by)P; +
(az + b)P; + (az + b3)Ps.

Multiplication:

[aop + aiPy + ayP, + azPs].[bg + by Py + by P, + b3P3] = agby + agh, Py + agh, P, +
aobsP; + a;boPy? + ab, PP, + ayboP; + ayby PP, + ayb,Py* + agbs P3Py +

ayb3P,P3 + azbs(P3)* + azbgPs + azby P3Py + azb,PoPs + a;bi PPy = agby +

(aphy + a;by + a1b;)P; + (agh, + ai1b, + azby + aby + azby)P, + (aghbs + aibs +
a;bs + azbs + azby + azb; + azb;)Ps.

Definition.

Let T =ty + t,Py +t,P, +t3P3,S = 5o+ 51P; + S,P, + 53P3, K = ko + k Py + kP, +
k3Ps;,L = ly + 11 P; + [P, + I3P; be four symbolic 3-plithogenic elements of a
symbolic 3-plithogenic commutative ring 3 — SP, then (T,S,K,L) is called a
symbolic 3-plithogenic Pythagoras quadruple if and only if T% + $% + K2 = L%
Theorem.

Let T =ty + t,P; +t,P, +t3P3,S = 5o+ 51P; + S,P, +53P3, K = ko + k Py + k, Py +
ksP3;,L =1y + 14P; + [,P, + I3P3 € 3 — SPg, then (T,S,K,L) is a Pythagoras
quadruple if and only if:

(to, S0, ko, lo), (tg + 1,50 + 51, kg + kq, lg + 11), (tg + t1 + t5, 50 + 51 + S5, kg + kq +
ko lo+ 1+ 1), (tg+t,+t, +t3,50+S1+5S,+53,kg+ky +ky + k3, g+ + 1, +
l3) are four Pythagoras quadruples in R.

Proof.
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We have:
T? = to® + [(to + t1)* — to%]Py + [(to + t1 + t2)* — (to + t1)?]P,
+ [(to 4+ t5 +ty +t3)% — (to + t1 + t5)*]Ps
5% =502+ [(so +51)% — 50%]P; + [(sg + 51 + 52)% — (5o + 51)?]P,
+ [(so + 51+ 55 + 53)% — (5o + 51 + 52)%]P3
K% = ko® + [(ko + k1) — ko”|Py + [(ko + ky + k3)? — (ko + k1)?]P,
+ [(ko + ky + ky + k3)* — (ko + ky + k3)?]Ps
L2 =1o" +[(lo + 1% = Lo°|Py + [Uo + L + 1)% = (o + L)*1P;
+ U+ UL+ L+ )=+ 1+ 1L)*]Ps
The equation T% + S? + K* = L* I equivalent to:
to? + 502 + ko’ =1o° (1)
(to + t1)% + (So + 51)% + (ko + k1)? = (ly + 11)? (2)
(to+ts +t)* +(So+s1+52)2+ (ko +ky +h)*> =+ 1L + L)% (3)
(to+ 1ty +ty +t3)% + (5o + 51+ 5, +53)2 + (ko + ky + ky + k3)?
=+ L+ +13)* (4)
Thus, the proof holds.
Theorem.
Let  (to,So, ko, lo), (t1,51, k1, 11), (t2, 52, ko, 1), (t3,53,k3,13)  be four Pythagoras
quadruples in R, then the corresponding pythagoras quadruple in 3 —SPy is
(T,S,K, L), where:
T =ty + [ty — to] Py + [ty — t1]1P; + [t3 — t5]P3
S =50+ [s1—So]P1 + [53 — 51]P, + [53 — 5,]P3
K =ky+ [ky — ko]Py + [ky — k1]Py + [k3 — k,]P;
L=1y+ [l = ]P + [, = L]P, + [I5 = 1,]Ps
Proof.

We must compute T? + S? + K?,
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T? + 8%+ K* = to* + (t;° — tg®)P; + (t;* — t;°)P, + (t3* — t,*)P3 + 507
+ (517 = S0P + (522 = 5:2)P + (532 = 5,)Ps + ko” + (k12 - koz)P1
+ (ky? = k)P, + (k3® — k%) Ps
= (to? + 502 + ko*) + (622 + 512 + ky” — to% — 50% — ko” )P,

+ (62 + 5,2 +ky* —t,2 — 5,2 — k%) P,
+ (ts2 + 532 + k3® — 6,2 — 5,2 — k,°)Ps
= 1o’ + (1.* = 10°)Py + (I,° = L*)P, + (1% — [,*)Py = 12

O that, the proof is complete.

Example:

We have L,=@1,-1,i,1),L, = (i,1,-1,-1),L; = (—i,—1,1,-1),L, =

(1,—i,—1,—1) are four Pythagoras quadruplesin C.

The corresponding 3-plithogenic Pythagoras quadruple is (T, S, K, L), where:

T=1+4 (=14 )P, —2iP, + (1 + )P,

S=—1+2P, — 2P, + (1 —i)P;

K=i+(—1—i)P, +2P, — 2P,

L=1-2P, +2P, — 2P,

On the other hand, we have:

T2 =1 — 2iP, — 4P, + 2iP; + 2(—1 + i)P; — 4iP, + 2(1 + {)P; — 4iP,
+2(=1+ (1 +)P; — 4i(1 + i)P;
=14 (=2i — 2+ 20)P, + (—4 — 4i + 4i + 4)P,
+(Qi+2+2i—4—4i+4)P; =1—2P, + 2P,

SZ =1+ 4P, + 4P, — 2iP; — 4P, + 4P, + 2(—1 + )P; — 8P, + 4(1 — i) P,
—4(1—i)Ps
=1+(@A—4)P,+(4+4—8)P,+(—2i—2+2i+4—4i — 4+ 4P,
=1-2P,

K2 =—-1+2P,

[?=1=T%+S*+K?

Example.

Consider the following four Pythagoras quadruples in Z,:

Ll = (0,0,0,0), LZ = (1111111)1L3 = (1111010)1L4 = (0101111)
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For every quadruple (Li,Lj,LS,Lk); 1<i,j,,k<4, we can get a symbolic
3-plithogenic pythagoras quadruple.
We will find some symbolic 3-plithogenic Pythagoras quadruple in 3 — SPy,.

Let us discuss the following cases:

case (1).
Y1:0
Y, =0
L{,L{,L{,Lq): "
(L1, Ly, Ly, Ly) v,” =0
Y1,”:0
case (2).
Y2=P3
Y,2:P3
L,L,L,L . "
(L1, Ly, Ly, Ly) Y,” = P,
YZIII:P3
case (3).
(Ys—Ps
Y,'3=P3
Ly,Ly, Ly, L3): "
(Ly L Ly L) iyg s
Y3III_O
case (4).
Y,=0
Y,=0
(L’LIL’L): !
1Ly, L, Ly Y4'=P3
Y4_”,=P3
case (5).
Y5:P2+P3
Y,5=P2+P3
L., L{,L,,L;): )
(1’ 1, &2, 1) Y5,=P2+P3
Y5”,=P2+P3
case (6).
Y6=P2+P3
Y6:P2+P3
(Ly, Ly, L3, Ly): "
1 1 3 1 Y6 :P2+P3
Y6”,:P2+P3
case (7).
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( Y7 == 0
Y,7 = 0
Li,Lq, Ly, Lq): "
(1141) Y7 =P2+P3
Y7,” = P2 + P3
case (8).
( Yo =P, +P,
Yo=P, +P,
Ly, Ly, Ly, L "
(L Lo L L) iys i
Y8,” = Pl + PZ
case (9)
Yg = Pl + PZ
Yo=P +P
(Ly,L3, Ly, Ly): [ ? " ! 2
Yg =
Yg’” — 0
case (10).
Yio=0
Yo =0
Li,Ls L, L "
( 1' 4-) 1' 1) [Ylo — [)1 + PZ
YlOI” =P1+P2
case (11).
Y11 1+P;
(LZI Lll Llr ) i =1 +P1
"' =14+P
case (12).
Yi,=1+4+P;
Y, = 1 + P
(Ls, Ly, Ly, Ly): { A
case (13).
Yi3=0
Y.=0
(Lzl-le; Llr 1) { 1113_ 1+P1
"' =1+P

case (14).
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Vi, =1
Y, =1
(L !L ;L ;L ): "
2oL, Ly, Ly v, =1
Y14’” — 1
case (15).
{ Y15 = 1 + P3
) Yis=1+P;
(Lz, Lo, Lz, Ly): 1Y15” =1+P;
Y15,” = 1 + P3
case (16).
( Ylﬁ = 1
Yie =1
L, L, L, L "
(Lo Loy Ly L) in6 ap
Y16”, - 1 + P3
case (17).
Yi,=1+4+P;
Y, =1+P
(La, Ly, Ly, Ly): { 117/17” =1 ’
Y17III — 1
case (18).
Y18 = 1 + Pz + P3
Yig=1+P,+P;
(L2 Lz, Ly, L): {Y =1+P,+P;
Y. I”—1+P2+P3
case (19).
Yio =1
Y19 =1
(Ly, Ly, Ls, Ly): {Y "= 14P,
Y. no_ =14+ P3
case (20).
Yoo =1+ P, +P;
Yoo=1+P,+P
(Ly Ly, Ly, Ly): {20 7772703
Yzo = 1
YZOHI — 1
case (21).
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Y21=1+P1+P2
Y21 =1+P +P,
Y21”:1+P1+P2
Y21”’:1+P1+P2

;=1

Y, =1
Y, =1+P, +P,
Y,,' =1+P, +P,

Y23=1+P1+P2
Y£3=1+P1+P2

(LZ»LL Lz»Lz)i
case (22).
(LZ»Ls»Lz»Lz)i
case (23).
(Lz, Ly, Ly, Ly): Y23" _
Y23IH — 1
Permutation (24).
{ Yo, = Py
. Y£4 =P
(LlrLZJLZJLZ)' Y24” — P1
Y24”I — Pl
case (25).
{ Y25 = 1
) Ys=1
(L3,L2,L2,L2). iYZSH — Pl
Y25III — P1
case (26).
Y6 = Py
Yéa =P
(Ly, Ly, Ly, Ly): "
4, Ly, Lo,y Ly Y, =1
Y26III — 1
case (27).
Yo, =1
) Yy =1
(L3'L31L3:L3)- Y27/r — O
Y27III — 0
case (28).
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Y33=1+P2+P3
Y?:3=1+P2+P3

L,L,L,L : "
(3 3,4 3) Y33 :P2+P3
Y33,”:P2+P3
case (34).

Y34=1+P2+P3

Ys=14+P, +P

(Ly, Ly, Ly, L) 4727 "
34

161
Y28 = 1 + P3
Yoo =1+P.
(arLas Lo, L) 3%y w
Y28III - O
case (29).
( Y29 = 1
. Yo =1
(L3, Ly, La, L): ingn = P;
Y29HI - P3
case (30).
Y30 = 1 + P3
Y0 =1+ P;
(L IL JL JL ): "
3, L3, L3, Ly Yo' = P
Y30 =P
case (31).
Y31 = 1 + P3
Y?,)l = 1 + P3
(L ,L ,L ,L ): "
3, L3, L, L3 Yy, = P
Y31HI — P3
case (32).
Y3 =1
Ys =1
(L3!L31L21L3)' {YSZH — PZ + P3
Y32”’ :P2+P3
case (33).

case (35).
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{ Y35 - 1
(L, Ly, Lg, Ls): 1Y35” = P, + P,
Y35”’ :P1+P2
case (36).
Y36 = 1 + Pl + Pz
|Yee=1+P +P,
(L3, Ly, Lg, L3): { Y36” — P, +P,
Y36,” =P1+P2
case (37).
Y3 =P
. YC::7 =P
(Ly,Ls, L3, L3): Y37u —0
Y37III — 0
case (38).
Y3 =1
. Y?,)g = 1
(Ly, L3, Lg, Ls): {Y38” —1+P,
Y38/H =14+ P1
case (39).
Y30 = P;
. Y;9 =P
(L4; L3; L3'L3)' Y39” — 1 + P1
Y39,” = 1 + P1
case (40).
. Y0 =0
(Lgs Lgy Ly, Ly): {Y40” =1
Y40”’ — 1
case (41).
. Y‘;l == O
(Lg Ly, La, Ly): {Y41” =1+0P;
Yy =14 P;
case (42).

Abuobida Mohammed A. Alfahal, Yaser Anmad Alhasan, Raja Abdullah Abdulfatah, Sara Sawalmeh, On The Conditions for
Symbolic 3-Plithogenic Pythagoras Quadruples



Neutrosophic Sets and Systems, Vol. 59, 2023

163

(L) Ly, Ly, Ly):

case (43).

(Lgy Ly, Ly, L3):

case (44).

(L4' Ly Ly, L4)3

case (45).

(L4' Ly, Ly, L4)3

case (46).

(L4-r L4-1 L31 L4-):

case (47).

(Lay Ly, Ly, Ly):

case (48).

(L4; Ly, Ly, L4)3

case (49).

{Y42=P3
Yyo = P;

i

Y4-2
12z

Y4-2

=1
=1

Y47:0
Y;-7=0
:1+P1+P2

:1+P1+P2
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{ Y49 = Pl + P2
Y49 =P, +P
(L4,L3,L4, L4) i — 1 +P1 +P2
”_1+ﬂ+5
case (50).
( Y50 =0
. Y&,;o =0
(Ll’ L4' L4' L4)‘ YSOH — Pl
YSOIII — P1
case (51).
{Y51 = 1 + Pl
Ye,=1+P
(Lz, Ly, Ly, Ly): 5;51,, -1 !
Y51III — 1
case (52).

Yo, =1+ P,

Yoo =1+ P
(La, Ly Ly Ly): {22 !

case (53).

(Llr LZ' LS' L4)

case (54).

Yoo =P, + P, + Py
Yo, =P, + P,
Yo' =P+ P,

(Llr LZJ L4-1 L3)

{
{Y54 =P, +P,+P;

case (55).
Yec =P, + Pg
Yis = Py + P
(Llr L3J L2, L4) 5; " i PZ 3
Y III P
— 12
case (56).
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{Y56=P1+P2+P3
Yoo = P, + P, + P;

Li,L3, Ly, Ly): '
(1 3 4 2) Y56 =P2
Y56I”_P2
case (57).
( Ys7 =P,
Y57 = P,
L,L ,L ,L . 17
(142 3) Y57 =P1+P3
Y57”’=P1+P3
case (58).
Ysg = P,
Ysg = P,

(Ly, La, La, Ly): Yo =P, + P, + P,

Y”—ﬂ+5+&
case (59).

{Y59=1+P1+P2+P3
Yeo=1+P; + P, + P;
Y59”:1+P1+P3
Y59”,:1+P1+P3

(Ly, Ly, L3, Ly):

case (60).
{Y60—1+P1+P3
Y60—1+P1+P3
Lo, Ly,Ls4, L "
(2143>i A
”’:P2+P3
case (61).
Yoo=1+P +P,+ Py
Y61—1+P1+P2+P3
Ly, Ly,L,, L "
(L, L, Ly 4){ v p,
Y61HI:P2
case (62).
Yoo =1+ P; +P3
Y,=1+P,+P
(L3, Ly, Ly, Ly): {62 v, ,,21132 :
Y III=P2
case (63).
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{ Y5 = P,
Yé3=P2
L,L,L,L . 17
(4 1 2 3) iYGZ‘; =1+P2+P3
Y63”I=1+P2+P3
case (64).
( You = P,
Yé4=P2
L,L,L,L . 17
(Lo Lo Loy L2) iyﬁ“ o
Y64”I=1+P3
case (65).
{Y65—1+P2
Yos =1+ P,
L,L,L,L . "
(Lo Lo Ly L) iyﬁ o
Y65,”:1+P3

case (66).
Y66 - 1 + Pz

( ;
. Y66 =14+ Pz
(L2, Ly Lay Ly ): iY%” =1+P +P,+P;

Y66,” = 1+P1+P2+P3
case (67).

Y67=1+P2
Yé7=1+P2
Y67”:P1+P2+P3

nr

Y67 :P1+P2+P3

{
Y68=1+P2
.{Y;81+P2

(L3; LZ' Ll! L4)
case (68).

(L3' LZ'L4'L1) Y68” — 1 + P3

Y68”’ = 1 +P3

case (64).
Yoo = P,
Ye's4 =P,
Ls,Li, Lo, L 7
Y64”’ :P1+P3
case (69).
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(L3»L4»L1»L2)3

case (70).

Y;o=1+P + P, +P;
Y70”=P1+P3
Y70,”=P1+P3

(L3, Ly, Ly, Ly):

case (71).

Y,y =P, + P, +P;
Yoy =P, +P,+P;
Y,," =1+ P;
Y., =1+ P;

(L4 L3, Ly, Ly):

{
{Y701+P1+P2+P3

case (72).
Y72:P1+P3
Y., =P, +P;
L, Ly, Lz, L,): "
(4’ b3 2) Y72 =1+P1+P2+P3
Y72”I=1+P1+P2+P3
case (73).

Y,3 =P, +P, +P;
Yo =P, +P,+P;
Y3 =1+ P,
Y,3"" =1+P,

(L4r LZ' Ll! LS):

|
|
|

case (74).
Yo, =P, +P;
Li Li, L2, Ly): ,
( 4y 41,23, 2) Y74 ! — 1 + PZ
Y74_I” =1+ PZ
case (75).
Y75 = 1 + P1 + P3
Yo =1+4+P, +P;
Lo, Ls, Ly, L2):
( 20 ~4, 41 3) Y75” — 1+P2
Y75,” = 1 + P2
case (76).
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(
Ye=1+P, +P,+ P
(L2!L41L31L1) 176 ! 2 3

V6" =1+ P,
V6" =14+ P,
case (77).
{ Y77 = 1
. Y;7 = 1
(L, Lz, L3, Ly): iYW” =1+P
Y77”, = 1 + PZ
case (78).
( Y78 —_ 1 + PZ
Y78 =1+4+P
(L21L2:L1! ) i n_ =1+ P2
" = 1 + PZ
case (79).
Y79 — 1 + Pz
Yoo=14+P
(Lz, L21L41L4) { 7;79” = 1 ’
Y79/II — 1
case (80).
Yg0 = P,
. Yg0 = P,
(L1, Ly, Ly, Lo): Ygo' =P,
Y80III — PZ

Conclusion.

In this paper, we have studied Pythagoras quadruples in symbolic 3-plithogenic
commutative rings, where necessary and sufficient conditions for a symbolic
3-plithogenic quadruple (x,y,z,t) to be a Pythagoras quadruple.

Also, we have presented some related examples that explain how to find

3-plithogenic quadruples from classical triples.
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