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Abstract 

The normal distribution has been extensively been used in the statistical inference and decision 

making problems. One of the main assumptions of the existing tests in classical statistics is that the 

data should be from normally distributed population.Shapiro- Wilk test is widely used to test the 

normality of data when the observations are precise or exact in nature. But in many areas including 

agriculture, engineering and reliability, the data may be in interval form, indeterminate form or 

uncertain.  In such cases, the existed Classical Shapiro- Wilk test fails to test the normality of data. 

In this paper, we proposed the Shapiro- Wilk test under neutrosophic environment to check whether 

the uncertain data is from neutrosophic normal distribution or not. The hypothesis testing process 

is executed on the observations based on lifetime of batteries. The comparative analysis has been 

done with the existed Shapiro- Wilk test.The comparison shows that the proposed test is efficacious, 

appropriate and well-suited to be applied in scenarios involving indeterminacy. 

Keywords: Neutrosophic Statistics, Shapiro- Wilk Test, Neutrosophic Normal Distribution, 

Classical Statistics, Hypothesis Testing. 

 

mailto:thakurrahul3394@gmail.com
mailto:sc_malik@rediffmail.com
mailto:nsinghnandal@gmail.com
mailto:sc_malik@rediffmail.com


Neutrosophic Sets and Systems, Vol. 58, 2023 150  

 

 

Rahul Thakur, S.C.Malik and N. Nandal,Normality testing under Neutrosophic Statistics 

1. Introduction 

Now a day, inferential statistics have been used commonly in all fields of the research to test the 

hypotheses and making predictions on the bases of data. The statistical tests in inferential statistics 

have common assumption about data that it should be taken from a population following a specific 

distribution. It is a crucial assumption for the selection of relevant test. The distribution from which 

the sample has been taken is always unknown in advance. In classical statistics, there are two ways 

to check the distribution of the data. First is graphical approach in which the graphs are formed on 

the bases of given data. Another strategy that yields more trustworthy and superior results is 

“goodness of fit”. These tests used the “cumulative distribution function” of the fitted or underlying 

distribution. For the testing of the assumption that the data follows the generalized Pareto 

distribution or not, Anderson- Darling test proposed by Arshad et al. [1]. Various tests, most notably 

"goodness-of-fit," are used to determine whether the sample has been taken from a specific 

distribution. The most commonly used “goodness-of-fit” tests are; Jarque–Bera [2-3], Kolmogorov–

Smirnov [4-5], Lilliefors [6], “Pearson's chi-square” [7], “Cramèr–von Mises” [8-9], D'Agostino–

Pearson [10] and Anderson–Darling [11-12]. Aslam [13] proposed a new test of “goodness of fit” 

under the presence of neutrosophic parameters. Ahsan-ul-Haq [14] discussed the Cramèr–von Mises 

test under uncertainty. Smarandache [15] proposed a generalisation of fuzzy logic known as 

neutrosophic logic. The advantages of neutrosophic logic over fuzzy logic and interval-based analysis 

were shown by Smarandache and Khalid [16].The more literature, related articles and books on the 

neutrosophic statistics can be view in [17-18]. Shapiro [19] proposed the Shapiro–Wilk test for 

checking the assumption of normality. Nornadiah and Yap [20] proved that the Shapiro–Wilk test is 

most powerful normality test as comparison to the Kolmogorov–Smirnov test, Lilliefors test and 

Anderson–Darling test.Jeyaraman et al. [21] defined the neutrosophic norms and made some finding 

regarding the respective categories. Uma and Nandhitha[22] determined the Quick Switching System 

using the Neutrosophic Poisson distribution and compared with the Fuzzy Poisson distribution by 

means of Operating Characteristic (OC) curves. Dey and Ray[23] investigated some properties of the 
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redefined neutrosophic composite relations. Utilizing the principles of neutrosophic science, Jdid and 

Smarandache [24]reformulated the Lagrangian multiplier technique originally designed for 

nonlinear models constrained by equality. 

Under uncertainty, the existed Classical Shapiro- Wilk test is failed to test the normality assumption. 

Here, we proposed the Shapiro-Wilk test under neutrosophic environment to check whether the 

uncertain data is from neutrosophic normal distribution or not. We discussed the hypothesis testing 

procedure on lifetime of batteries. The comparative analysis has been done with the existed Shapiro- 

Wilk test. 

2. Preliminaries 

Let us consider 𝐴𝑁 = 𝐴𝑙 + 𝐴𝑢𝐷𝑁  are the neutrosophic numbers, such that 𝐷𝑁 ∈ [𝐷𝑙 , 𝐷𝑢]  is an 

indeterminacy interval, follows that neutrosophic normal distribution (NND) [17-18]with the 

neutrosophic mean 𝜇𝑁 = 𝜇𝑙 + 𝜇𝑢𝐷𝑁 ; 𝐷𝑁 ∈ [𝐷𝑙 , 𝐷𝑢] and neutrosophic variance 𝜎𝑁
2 = 𝜎𝑙

2 + 𝜎𝑢
2𝐷𝑁 ;𝐷𝑁 ∈

[𝐷𝑙 , 𝐷𝑢]. The “probability density function” of the NND is given by  

𝑓𝑁(𝐴𝑁) =
1

𝜎𝑁√2𝜋
𝑒𝑥𝑝 {−

(𝐴𝑁−𝜇𝑁)2

2𝜎𝑁
2 } ; 𝜇𝑁 ∈ [𝜇𝑙 , 𝜇𝑢] , 𝜎𝑁

2 ∈ [𝜎𝑙
2, 𝜎𝑢

2], 𝐷𝑁 ∈ [𝐷𝑙 , 𝐷𝑢]                  (1) 

The NND given by equation (1) is the generalized version of existed normal distribution. NND will 

reduce to the classical normal distribution if the 𝐷𝑙 = 0.  
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3. Shapiro- Wilk Test Under Neutrosophic Statistics (NSW) 

The Shapiro- Wilk (SW) test is a frequently used test in classical statistics to access the normality of 

the data. Here, we extend the SW test under the neutrosophic environment. We'll go over the 

algorithm for determining whether the given data follows the NND or not. The neutrosophic 

parameters of NND are assumed to be unknown and estimated from the given neutrosophic data in 

order to develop the proposed test.  When compared to the traditional SW test, the proposed test 

will produce the results in terms of interval of indeterminacy. The assumptions of the NSW test are 

that the data should consist neutrosophic observations and observations should be independent of 

each other. The null and alternative hypothesis for the NSW test is: 

𝐻0𝑁: The data has been taken from the NND. 

𝐻𝑎𝑁: The data has not been from the NND. 

The intended application procedure for the neutrosophic Shapiro-Wilks test is outlined as follows: 

Step 1: Find the mean of neutrosophic observations 𝑨(𝒊)𝑵 where 𝒊 =1, 2,…, n i.e.  

𝐴(𝑖)𝑁
̅̅ ̅̅ ̅̅ =

1

𝑛
∑ 𝑨(𝒊)𝑵

𝑛
𝒊=𝟏                                                                                     (2) 

 

Step 2: Find the Neutrosophic Sum of Squares (NSS) by subtracting the neutrosophic mean value 

from neutrosophic observations then squaring and summing the obtained neutrosophic values as 

given below:  

𝑁𝑆𝑆 =  ∑ (𝐴(𝑖)𝑁 − 𝐴𝑖𝑁
̅̅ ̅̅ ̅)𝑛

𝑖=1

2
                 (3)  

 

Step 3: Now calculated𝑔𝑁as given below  

𝑔𝑁 =  (∑ 𝑤𝑖(𝐴(𝑛+1−𝑖)𝑁 − 𝐴(𝑖)𝑁
𝑛
𝑖=1 ))

2
                                                          (4) 

where 𝑤𝑖  weights taken from Shapiro-Wilk Table [19].  
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𝐴(𝑖)𝑁 is the ith smallest neutrosophic number or ith neutrosophic order statistic. The median value is 

not included if n is odd.  

Step 4: Compute the value of test statistic for NSW is given by  

𝑊𝑁 =
(∑ 𝑤𝑖(𝐴(𝑛+1−𝑖)𝑁−𝐴(𝑖)𝑁

𝑛
𝑖=1 ))

2

∑ (𝐴(𝑖)𝑁−𝐴𝑖𝑁̅̅ ̅̅ ̅)𝑛
𝑖=1

2  ; 𝑊𝑁 ∈ [𝑊𝑙 , 𝑊𝑢] 𝑎𝑛𝑑𝐷𝑁 ∈ [𝐷𝑙 , 𝐷𝑢]       (5) 

 

Figure 1. Testing procedure of NSW test 

From the Shapiro-Wilks table, we choose the critical value corresponding to significance level 𝛼. The 

null hypothesis, which assumes that the data conforms to theNND, is considered valid if the 

calculated Shapiro-Wilk test statistic (𝑊𝑁) lies within the range of critical values. Otherwise, we can 

conclude that the data do not conforms the NND 

4. Application 

In this section, we will delve into the implementation of the suggested test by utilizing data of 

life-span of batteries in which the life time is observed for twenty-three batteries. This data set was 

utilized by [13]. In practice, the failure time of the batteries cannot be measured precisely becauseit's 

tough to know exactly when they'll stop working.But it can be measured in neutrosophic form. The 

lifetime in 100h of twenty-three batteries are given below: 
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Table 1. The failure time of 23 batteries (in 100h) 

2.9,3.99 5.24,7.2 6.56,9.02 7.14,9.82 11.6,15.96 12.14,16.69 12.65,17.4 13.24,18.21 

13.67,18.79 13.88,19.09 15.64,21.51 17.05,23.45 17.4,23.93 17.8,24.48 19.01,26.14 19.34,26.59 

23.13,31.81 23.34,32.09 26.07,35.84 30.29,41.65 43.97,60.46 48.09,66.13 73.48,98.04  

The engineers make some claim that the average failure time of the batteries is somewhere 3000 

hours. For this they need to access whether the data has been taken from normally distributed 

population or not. From table 1, the data is in interval form that is indeterministic in nature. Hence, 

it is not possible to use the SW Test under classical statistics. Therefore, we use here proposed NSW 

to check the normality of data.  

𝐻0𝑁: The sample of batteries came from the neutrosophic Normal distribution. 

𝐻𝑎𝑁: The sample of batteries do not come from the neutrosophic Normal distribution. 

 

Step 1:the mean of neutrosophic observations given in table 1 is  

𝐴(𝑖)𝑁
̅̅ ̅̅ ̅̅ =

1

𝑛
∑ 𝐴(𝑖)𝑁

𝑛

𝑖=1

=
1

23
( 473.63,647.66) 

 

Step 2:By equation (3), theNeutrosophic Sum of Squares (NSS)is given by 

∑ (𝐴(𝑖)𝑁 − 𝐴𝑖𝑁
̅̅ ̅̅̅)𝑛

𝑖=1

2
= (6912.268,11460.13) 

 

Step 3:The value of sample size (n) = 23 which is odd. From Shapiro-Wilk Table [19], the weights𝑤𝑖  

values corresponding to n =23 are 0.4542, 0.3126, 0.2563, 0.2139, 0.1787, 0.1480, 0.1201, 0.0941, 0.0696, 

0.0459, 0.0228, 0.0000.  

(∑ 𝑤𝑖(𝐴(𝑛+1−𝑖)𝑁 − 𝐴(𝑖)𝑁
𝑛
𝑖=1 ))

2
=  (3736.699,9183.037) 

Step 4:The value of test statistic for NSW is given by  

𝑊𝑁 =
(3736.699,9183.037)

(6912.268,11460.13)
 

WN =  (0.540589,0.801303) where 𝑊𝑙 = 0.540589, 𝑊𝑢 = 0.801303 
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We found that the critical value corresponding to n = 23 and significance level 0.01 is 

(0.881,0.881). Since  WN < (0.881,0.881) ,   for the lifetime of batteries data. Hence it can be 

concluded that the lifetime of batteries follows the NND. 

5. Comparative Study & Discussion 

In this analysis, we compared the effectiveness of the provided NSW test with the traditional 

SW test. When working with data characterized by imprecise, uncertain, or ambiguous observations, 

the suggested test demonstrates greater efficiency by delivering outcomes in the form of 

indeterminacy.The obtained value of NSWtest statistic is WN ∈ (0.5406,0.8013). It can be written as 

WN =  0.5406 + 0.8013𝐷𝑁 ; 𝐷𝑁 ∈ [0,0.3254]. The critical value of neutrosophic Shapiro-Wilk Test is 

(0.881,0.881) at 0.01significance level. Here the value 0.5406 represents the value of Classical Shapiro-

Wilk Test when the 𝐷𝑁 = 0 .For the significance level 0.01, “the probability of the rejecting the null 

hypothesis when it is true is 0.01 and probability of accepting the null hypothesis when it is true will 

be 0.99 and measure of indeterminacy is 0.3254”. Hence it can be said that the proposed Shapiro-Wilk 

Test of normality under neutrosophic statistics gives the test statistic value with the measure 

indeterminacy (𝐷𝑁) while the existed Shapiro-Wilk Test of normality under classical statistics fails to 

provide any information about the measure of indeterminacy. Therefore, the proposed test of 

normality under uncertainty or neutrosophic statistic is more effective than the existed Shapiro-Wilk 

Test and Classical Shapiro-Wilk Test becomes special case of the suggested Shapiro-Wilk Test under 

neutrosophic environment when the indeterminacy (𝐷𝑁) = 0.  

6. Conclusion 

In this paper, we suggested the Shapiro-Wilk Test under the presence of neutrosophic data. 

We obtained the value of test statistic of the proposed test and decision rule. We take the data of the 



Neutrosophic Sets and Systems, Vol. 58, 2023 156  

 

 

Rahul Thakur, S.C.Malik and N. Nandal,Normality testing under Neutrosophic Statistics 

lifetime of batteries in neutrosophic form and used the proposed model to check whether the data is 

taken from neutrosophic normally distribution population or not. From the obtained value of test 

statistic, we conclude that the lifetime of batteries follows the neutrosophic normal distribution and 

data can be used for further analysis under neutrosophic statistical inferences where it is necessary 

that the obtained data should be from neutrosophic normally distributed population. From the 

comparative study, the proposed test of normality under uncertainty or neutrosophic statistic is more 

effective than the existed Shapiro-Wilk Test and Classical Shapiro-Wilk Test becomes special case of 

the proposed Shapiro-Wilk Test under neutrosophic statistics when the indeterminacy (𝐷𝑁) = 0. In 

future, the proposed test can be applied on some other data to check the neutrosophic normality. 
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