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Abstract. Let N(R, ) be a commutative Neutrosophic ring with unity. Then the set of all Neutrosophic group units of
N(R, I)is denoted by N(R", I). In this paper, we studied concrete properties of N(R”, I)and presented some standard
examples with construction of different illustrations and also examine properties of N(R™, I) satisfied by certain general

collections of classical rings and fields. Further, we proved an important result N(Z,*x Z,*, 1) 2 N(Z,*, )x N(Z,", I)

m 2

for all positive integers m and n .
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1. Introduction

In recent years, the inter connection between classical structures and Neutrosophic structures is studied by
few researchers. For such kind of study, researchers defined new algebraic structures whose elements are
generated by elements in classical algebraic set and indeterminate of the real world problem with respect to
algebraic operations on the well defined Neutrosophic elements.

The idea of associating a Neutrosophic structure to a classical structure first appears in [1, 2]. For the
elements of the Neutrosophic set, Vasantha Kandasamy and Smarandache takes all elements of a classical ring

R together with indeterminate / . The notion N(R, I) of Neutrosophic ring was introduced by Vasantha
Kandasamy and Smarandache in 2006 and the Neutrosophic element in N(R, I)is denoted by a+5/ if for all

a,be Rand I’ =1 . Basically, they specify that N(R, I)is not a classical ring with respect to Neutrosophic

addition and Neutrosophic multiplication. Further investigation of Neutrosophic rings was done by Agboola,
Akinola and Oyebolain [3, 4]. Recently, Chalapathi and Kiran studied the enumeration of Neutrosophic self
additive inverse elements of Neutrosophic rings and fields in [5].

Neutrosophic rings are additive Neutrosophic groups with a new binary operation of Neutrosophic
multiplication. This new kind of Neutrosophic multiplication operation constrains the new generated algebraic
structures of classical rings and makes it more benefit than classical rings to obtained elementary structural
theorems of indeterminacy modeled situations. So, the use of Neutrosophic algebraic theory becomes inevitable

when a real world problem contains indeterminacy.
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In this paper, we study some concepts of Neutrosophic units of Neutrosophic rings and fields explained with
suitable examples, and examine properties satisfied by certain general collections of classical rings. The classical
rings of primary interest are finite, so many of the results about classical groups and Neutrosophic groups will be
helpful fundamentally.

2. Definitions and notations

In this section, we discuss the terminology used when working with the two Neutrosophic operations,
namely Neutrosophic addition and Neutrosophic multiplication, in an abstractly given Neutrosophic rings.
Before going to the abstract definition of a Neutrosophic ring, we get some definitions and notations by
considering the classical rings from [6].

Let R be aring. If there is an element 1 € R such that 1#0and 1a =a =al for each elementa € R,
we say that R is a ring with unity. The ring R is commutative if ab = ba for all a, b€ R. Suppose R has
unity 1. Then R* denote the units of R . So, an element u € R™is a unit of R if there exist u’ € R* such that
uu'=u'u=1,and R forms an abelian group under usual multiplication of R . Next the ring F is a field if its

multiplication is commutative and if every non zero element of F'is a unit. Now we recall that the following

well known results about R* and F”* from [6].

Theorem.2.1 Let R and S be finite commutative rings. Then (RxS)X;RXxSX as groups. Also,
[R s [=|R |5

Theorem.2.2 Let Z, be the ring of integers modulo n . Then (Z,xZ,) =Z, xZ, if and only
ifged(m, n)=1.

Theorem.2.3 Let R be a finite Boolean ring .Then |R*|=1.

Theorem.2.4 Let F' be a finite field of order n > 1. Then its unit group F* is a cyclic group of order n—1.
Now define the Neutrosophic group and these groups in general do not have classical group structure,

which are defined specifically with respect to Neutrosophic multiplication as follows.
Definition.2.5 Let (G, :) be a multiplicative group. Then the set <Gu1> = <a, al :aeG,I'= I) is called a
Neutrosophic group generated by G and [ under the operation on G, where [ is the Neutrosophic element.
Based on this definition we have the following.

1. Neutrosophic group (G ul > of G is also denoted by N(G, I).

2. N(G,I)=GuUGI,where GNGI =¢and Gl ={al : a € G} .

3. Gc NG, Nand NG,z G.

4. Let n2>1be a positive integer. Then (al)" =a"I forevery ae G.

Now we proceed on to define the Neutrosophic ring and consider their basic properties from [2].
Definition.2.6 Let (R,+,) be a ring. Then the Neutrosophic set N(R, I) ={a+bl:a,beR , I’ =1} is called
Neutrosophic ring generated by R and [ under the following Neutrosophic addition and Neutrosophic

multiplication operations.

1. (a+bl)+(c+dl) =(a+c)+(b+d)I.
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2. (a+bl)(c+dl)=ac+(bc+ad+bd)I .

Properties of N(R, I).2.7

1. Ris a commutative ring with unity 1 < N(R, [)is a commutative Neutrosophic ring with unity 1
and Neutrosophic unity / .

2. IfR is finite ring then |[N(R, 1)|=|R[ .

3. In general, [+ #1 and—I #1, where —/exist in N(R, I). In particular, —/ =7 if and only if
NR, NH=N(Z,, I).

4. ["=Iforeach n>1

For further details about Neutrosophy and Neutrosophic rings the reader should refer [7, 8].

3. Neutrosophic units

In this section we define Neutrosophic units of finite commutative rings, fields and study its concrete
properties which are comparing the group units of classical rings and fields.

Definition.3.1 Let R* be the set of group units of the commutative ring R . Then the set
NR*, ) =(u,ul ueR", I’ = I>
is called Neutrosophic group units or simply Neutrosophic units generated by R*and / under the operations

of R*, where I™' does not exist.
Examples.3.2
1. NZ , I)={,212I}.

2. Nz, 1) ={,51,5I}.

Properties of N(R*, I).3.3
1. N(R", I)is a Neutrosophic group but not a classical group.
2. RRcNR,I)cNR,I).
3. RIcNR,I)cNR, I).
4. R*NnRI=¢and N(R*, I) =R"UR"I.
5. For any u, u' € R, the Neutrosophic element u+u'l is a Neutrosophic unit if and only if either
u=0or u'=0.
6. Let N(R, I) be a Neutrosophic ring without zero devisors. Then for any u,u’eR* ,

ul =vli & ul —vI=0 & (u—v)I=0 ©u=v,since I #0.

R|=|R"I

Theorem. 3.4 For any non-trivial integral domain R we have
Proof. Define a map f:R* — R*I by the relation f(u)=u"'I for every u € R*, I =T and I does not exist.

Trivially, f(1)=1 . Further, for any u,ve R*, fuv)= wv)'I = uv'I= ' D'I) = f(u)f(v) this
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implies that f is a group homomorphism. Also, for each u € R*, there exist unique u™' € R* such that
fwY=@""'"I=ul, f isonto. Finally, f(u)= f(v)implies thatu™'I =v7'I .
Therefore, (1-uv™")I = 0implies # =Vbecause N(R, I)has no zero devisors and 7 # 0. This proves that there

is a one-one correspondence between R*and R*7, and hence |R*|=|R"[

Theorem.3.5 If |R| =1, then N(R", I)is empty.
Proof. Follows from well-known result that R = {0} if and only if N(R, I)={0}.

R

Theorem. 3.6 For any finite non-trivial commutative ring R we have 2 < |N (R, I )| <2
Proof. Suppose |R| =2. Then R*={l}and N(R*, I)={l, I}. Therefore, |N(R, I)| =2, it is one extremity of
the required inequality. Further, if |R| >2 , then by the definition of N(R, I) , we have
N(R*, I)=R* ORI and R°"R*I=¢. Thus, by the Theorem [3.4], [N(R*, )| =

R*|+|R*I

+

= 2|R*

, which

are maximum number of elements in N(R”, I). This completes the proof.

In what follows here onward, @(n) denotes the well known Euler-Totient function of the integer n > 1,
which gives the number of positive integers less than n that are relatively prime to n . For more details of
@(n) we refer [9]. The immediate results are consequences of the Theorem [3.6].

Corollary. 3.7 Let n > 1 be a positive integer. Then the maximum number of elements in N(Z,", I)is 2¢(n).
Moreover, this bound is sharp.

Proof. We know that Z *is the group of units of the ring Z, of integers modulo » . Then clearly, in view of

Theorem [3.6], |N(an, I)| =2

zZk

=2¢p(n).
Corollary.3.8 Let n>1. If R is a Boolean ring of order 2", then |N(RX, I)| =2.
Proof. By the Theorem [2.3], we know that R is a finite Boolean ring if and only if R* ={1} .
Hence|N(Rx, ])| =2.
Let F be a finite field of order |F | >1. Then F" = F-{0} = F* is a cyclic group with respect to

multiplication on F'. But N(F”™, I)is not a cyclic group with respect to either multiplication or Neutrosophic

multiplication. However, F*I is a Neutrosophic semigroup and it is generated by u/ where u generator of F™.
In this connection we have to prove that the following results and for further information of fields and

Neutrosophic field’s reader refer [10] and [5], respectively.

Theorem.3.9 The Neutrosophic group N(F™, I) is not a cyclic group.

Proof. By characterization of finite fields, it is well known that F be a finite field of order » if and only if F™ is
a cyclic group of order »n—1with respect to multiplication defined on F' . Therefore, for a generator u € F™ we

have F”* :<u>. To complete the proof, it is enough to show that the Neutrosophic group N(F™, I) is not a

cyclic. If possible assume that N(F™, I) generated by its Neutrosophic unit u/ , then
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INF™, D] =[ul| = (n=1)" =|ul|

— )" =1
2 (1Y
Su" T =1
=>u" =1,
. . . _1? 12 - . . . .
which is not possible because 7 =1, u"™" %1 andu"™"" is not multiplicative inverse of I .

The above theorem proves that the following result, which is of fundamental importance of Neutrosophic rings

and fields.
Theorem. 3.10 F* = (u) ifand only if F*I = (ul) .
Proof. Let u € F* . Then
F*=(u) < u"" =1where n=|F]|

su" ' =1

S =1

< (ul)=F1.

We usually write ul =u =1u for every u in R* and ul #u # Iu for every u#1in R* . So, the

element 1lis unity and / is not unity but it is Neutrosophic unit because 7> =7 and /' does not exist. The

most familiar examples of infinite Neutrosophic units of infinite rings Z and Z[i], respectively, are
N(z*, Iy ={1,-1,1,—1} and N(Z[i]", I) ={1, -1, i, =i, I ,—1, il, —il} where i’ =—land I* =1 . These
examples support our claim that the sum of elements in N(R", I)is zero. However, the following important
results showing that the sum of elements of a Neutrosophic ring is zero when char(R) # 2. This is one of

similar result of classical rings.

Theorem. 3.11 If char(R) = 2 then the sum of elements of N(R*, I)is not zero.
Proof.It is obvious because 1, / € N(R*, I) implies 1+7 #0.

Theorem. 3.12 Let N(R*, I)be a commutative Neutrosophic ring whose characteristic is not equal to 2,

then bl # —bI for every be R.
Proof. Suppose bl = -bI < 2bI =0and
20a=0 ©2(a+bl)=0 ©2a+bl)=0 & char(N(R, 1)):2because a+bl e N(R, I).

Theorem. 3.13 Let F be a finite field. If |F| > 2 then the sum of the elements of N(£™, I)is zero.

Proof. Suppose that |F |=n>2. Then the Neutrosophic units group N(F”™, I)is the disjoint union of

F*and F*I . By the Theorem [3.9] and Theorem [3.10], we have
u"=land wl)' =1 =>1-u"=0 and I —(ul)" =0
=(0-u) A+u+u’+---+u"")=0and

(I —ul) (I+ul +@l)> +-+@ul)™") =0.
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As ul # Iand u #1, these relations becomes
l+u+u’ +-+u"" =0 and

IT+ul +(ul)’ +-+wl)"™" =0.

This implies that the sum of elements in the Neutrosophic units group N(F”, I)is zero. Hence the result.

The following table illustrates the main differences between classical field and their Neutrosophic filed.

Classical filed Neutrosophic filed.

LLF[=p" [N(F, D= p”

2| F*is a group of | N(F*, I) is a Neutrosophic

order p" -1 group of order 2(p" —1)

31 F* is a cyclic | N(F*, I) is nota cyclic group

group

4 P =(u) FI = (ul)

5| 1eF” lg F*I

6| 7z ={1} NZ,, D=1}

4. Isomorphic properties of Neutrosophic units
Isomorphism of finite groups is central to the study of point symmetries and geometric symmetries of

any object in the nature. They also provide abundant relations of abelian and non-abelian groups. If the group
R* is isomorphic to the group §*, we write R* = S, the map f :R* — S™ is an isomorphism if there exist a one-
one and onto map such that the group operation preserved. The concept of isomorphism of groups is analogues

to the concept of Neutrosophic isomorphism of Neutrosophic groups. For this reason the authors Agboola et al.

[3, 4] and Chalapathi and Kiran [5] define Neutrosophic group isomorphism as follows.
Definition.4.1 Two Neutrosophic groups N(R*, I)and N(S™, I) are Neutrosophic isomorphic if there exist a
well-defined map ¢ : N(R", 1) > N(S”, I) such that

1. ¢(1)=1and ¢(/)=1,

2. ¢is a group homomorphism,

3. ¢ is one-one correspondence.

If N(R*, I)is Neutrosophic isomorphic to N(S*, I), we write N(R*, )= N(S*, I).
Theorem.4.2 [6]. Let R and S be any two non-trivial finite commutative rings. Then R = S if and only if
R =S".

An important consequence of above theorem is the following immediate in Neutrosophic rings which

we state as a theorem in view of its importance throughout our study of Neutrosophic ring theory.

Theorem.4.3 If R* = S*then N(R", I)= N(S™, I).
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Proof. Let R and S™be the set of units of the rings R and S respectively. Suppose, R* = S™. Then there exist
a group isomorphism f: R* — S™ such that f(1)=1. Now define a map ¢:N(R*, I) > N(S™, I) by setting
f(x) if xeR"
P(x) = , )
f)Iif xeRI
for all xe N(R", I) = R* UR"I . Because f is a group isomorphism, we get ¢ is well defined. For 7 € R*I ,

we have ¢(1)=¢(l1) = f(1) =11 =1 . Next, we show that ¢ is a homomorphism. Writing x for u/ and y for

u'l, where u, u' € R, §(xy) = ¢((ul)w'D)) = p(uu'l) = f(uu')] = f () f @) =(f@)D(f@)])
= ¢(x)@(y) .Clearly, ¢ is onto, since f is onto. Finally, we show that ¢is one-one. For this let ¢(x)=g(y),
then f(u)l = f(u) = (f(w)—f(u'))1=0
= f(u)- f(u")=0,since I #0and f is one-one. Hence, N(R*, I)= N(S", I).
In view of the Theorem [2.2] and Theorem [4.3], the proof of the following result is obvious.

Theorem. 4.4 Let mand 7 be two positive integers such that m >1and n >1. Then the following are equivalent.

1. ged(m,n)=1,

2. Z,7=2Z"%xZ",

3. N(Z,*,1)=N(Z,~,)xN(Z

mn 3 m

“I).

n 2

Theorem. 4.5 Let m >1and n > 1 be any two positive integers. Then

N(Z,xZ]

n 2

NZENCZ,), DxNZ,I).
Proof. Let m>1and n>1 be any two positive integers. By Theorem [2.1] and Corollary [3.7] we have

|2, |=¢(m).|z,

= g(m) and|N(Z," x Z,", D)| = 2p(m)p(m) . But

Nz, <Nz, D| =[Nz, DNz, D)

= 4¢(m)p(m) . Hence the result.
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