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—————————————————————————————————————————-

1. Introduction

Generally, the inconvenience of previously established strategies and designs is overcome by

recently established fuzzy algebraic structures. Routine mathematics cannot always be used

because of unclear and missing knowledge in certain regular structures. Various methodolo-

gies were seen as alternative groups to deal with these issues and avoid vulnerabilities, like

probability, rough set, anda fuzzy set hypothesis. Unfortunately, each of these alternate math-

ematics has a side and inconveniences such as the majority of words like real, beautiful, famous

that are not clearly observed or indeed vague. Henceforth, the rules for such terms vary from

person to person.

Zadeh [1], proposed the idea of the fuzzy set which is focussed on the possibility of the

support highlight doling out an enrollment grade in [0, 1] to deal with such sort of vague

and questionable data. Taking into account the possibility of enrolment and non-investment,
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Atanassov [2, 3] proposed an intuitionistic fuzzy set which is an augmentation of a fuzzy set.

As an extension of intuitionistic fuzzy set, Smarandache’s [4, 5] introduced neutrosophic logic

and sets. A neutrosophic set is based on three degrees: the level of participation, indetermi-

nacy, and non-enrollment degree. The notion of a soft set is introduced in [6] by Molodtsov.

Several operations were added by Ali et al. in soft set in [7]. In [8]- [10], Yager has executed

the idea of the Pythagorean fuzzy set. Peng et al. presented several findings in [11, 12] on

the measurements of the Pythagorean fuzzy and soft sets. Moreover, several new models have

been investigated in [13]- [16].

In 1971, the concept of a fuzzy subgroup was proposed by Rosenfeld [17] and the investiga-

tion of fuzzy subgroups began. Later on, many algebraic structures; like groups, rings, fields,

graphs, and modules, etc. have been developed in [18]- [38]. In this piece of work, we investi-

gate the notion of γ-single valued neutrosophic rings, ideals, and sum and product of γ-single

valued neutrosophic ideals. The proposed work is the generalization of many existing algebraic

structures on fuzzy set, intuitionistic fuzzy set, (α, β)-intuitionistic fuzzy set etc.

The paper is structured as follows: we provide some basic concepts relating to γ-single valued

neutrosophic rings and ideals in Section 3. We give an overview of the sum and product of

γ-single valued neutrosophic ideals, also suggested several suggested several characterizations

in Section 4.

2. Preliminaries

In this section neutrosophic subrings, neutrosophic normal subrings, and neutrosophic ideals

are defined.

Definition 2.1. [18] A single valued neutrosophic set U on the universe of discourse R is

defined as:

U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ R},

where i, t, f : R→ [0, 1] and 0 ≤ iU (u) + tU (u) + fU (u) ≤ 3. Here, iU (u), tU (u) and fU (u) are

called membership function, hesitancy function and non-membership function respectively.

Definition 2.2. [18] Let U & V be two SVNS on R. Then

(1) U ⊆ V , ⇔ U(u) ≤ V (u). i.e. iU (u) ≤ iV (u), tU (u) ≤ tV (u) and fU (u) ≥ fV (u).

Also U = V ⇔ U ⊆ V and V ⊆ U .

(2) W = U ∪ V such that W (u) = U(u) ∨ V (u) where

U(u) ∨ V (u) = (iU (u) ∨ iV (u), tU (u) ∨ tV (u), fU (u) ∧ fV (u)), for each u ∈ R. i.e.

iW (u) = max{iU (u), iV (u)}, tW (u) = max{tU (u), tV (u)} and

fW (u) = min{fU (u), fV (u)}.
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(3) W = U ∩ V such that W (u) = U(u) ∧ V (u) where

U(u) ∧ V (u) = (iU (u) ∧ iV (u), tU (u) ∧ tV (u), fU (u) ∨ fV (u)), for each u ∈ R.

i.e. iW (u) = min{iU (u), iV (u)}, tW (u) = min{tU (u), tV (u)} and

fW (u) = max{fU (u), fV (u)}.
(4) U c(u) = (fU (u), 1− tU (u), iU (u)), for each u ∈ R. Here (U c)c = U .

Definition 2.3. [39] A single valued neutrosophic set (SV NS) U = (iU , tU , fU ) of a ring R

is said to be an single valued neutrosophic subring (SV NSR) if

(1) iU (u− v) ≥ ∧{iU (u), iU (v)}.
(2) tU (u− v) ≥ ∧{tU (u), tU}.
(3) fU (u− v) ≤ ∨{fU (u), fU (v)}.
(4) iU (uv) ≥ ∧{iU (u), iU (v)}.
(5) tU (uv) ≥ ∧{tU (u), tU (v)}.
(6) fU (uv) ≤ ∨{fU (u), fU (v)}, ∀ u, v ∈ R.

Definition 2.4. [39] A subset U = (iU , tU , fU ) of a ring R is said to be an single valued

neutrosophic normal subring (SV NNSR) of R if

(1) iU (uv) = iU (vu).

(2) tU (uv) = tU (vu).

(3) fU (uv) = fU (vu), ∀ u, v ∈ R.

Definition 2.5. [39] A single valued neutrosophic set U = (iU , tU , fU ) a ring R is said to be

an single valued neutrosophic left ideal (SV NLI) if

(1) iU (u− v) ≥ ∧{iU (u), iU (v)}.
(2) iU (uv) ≥ iU (v).

(3) tU (u− v) ≥ ∧{tU (u), tU (v)}.
(4) tU (uv) ≥ tU (v).

(5) fU (u− v) ≤ ∨{fU (u), fU (v)}.
(6) fU (uv) ≤ fU (v), ∀ u, v ∈ R.

Definition 2.6. [39] A single valued neutrosophic set U = (iU , tU , fU ) a ring R is said to be

an single valued neutrosophic right ideal (SV NRI) if

(1) iU (u− v) ≥ ∧{iU (u), iU (v)}.
(2) iU (uv) ≥ iU (u).

(3) tU (u− v) ≥ ∧{tU (u), tU (v)}.
(4) tU (uv) ≥ tU (u).

(5) fU (u− v) ≤ ∨{fU (u), fU (v)}.
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(6) fU (uv) ≤ fU (u), ∀ u, v ∈ R.

Definition 2.7. [39] A single valued neutrosophic set U = (iU , tU , fU ) a ring R is said to be

an single valued neutrosophic ideal (SV NI) if

(1) iU (u− v) ≥ ∧{iU (u), iU (v)}.
(2) tU (u− v) ≥ ∧{tU (u), tU (v)}.
(3) fU (u− v) ≤ ∨{fU (u), fU (v)}.
(4) iU (uv) ≥ ∨{iU (u), iU (v)}.
(5) tU (uv) ≥ ∨{tU (u), tU (v)}.
(6) fU (uv) ≤ ∧{fU (u), fU (v)}, ∀ u, v ∈ R.

3. γ-Single Valued Neutrosophic Subrings and Ideals

This section discusses some basic concepts and results related to γ-single valued neutrosophic

subrings and ideals.

Definition 3.1. If U be a single valued neutrosophic subset of ring R then γ-single valued

neutrosophic subset U is described as,

Uγ =
{
〈u, iγ(u), tγ(u), fγ(u)〉 | iγ(u) = ∧{iU (u), γ}, tγ(u) = ∧{tU (u), γ}, fγ(u) = ∨{fU (u), γ}, u ∈ R

}
,

where γ ∈ [0, 1].

Definition 3.2. Let U & V be two γ-SVNS on R. Then

(1) Uγ ⊆ V γ , ⇔ Uγ(u) ≤ V γ(u). i.e. iUγ (u) ≤ iV γ (u), tUγ (u) ≤ tV γ (u) and

fUγ (u) ≥ fV γ (u). Also Uγ = V γ ⇔ Uγ ⊆ V γ and V γ ⊆ Uγ .

(2) W γ = Uγ ∪ V γ such that W γ(u) = Uγ(u) ∨ V γ(u) where

Uγ(u) ∨ V γ(u) = (iUγ (u) ∨ iV γ (u), tUγ (u) ∨ tV γ (u), fUγ (u) ∧ fV γ (u)), for each u ∈ R.

i.e. iW γ (u) = max{iUγ (u), iV γ (u)}, tW γ (u) = max{tUγ (u), tV γ (u)} and

fW γ (u) = min{fUγ (u), fV γ (u)}.
(3) W γ = Uγ ∩ V γ such that W γ(u) = Uγ(u) ∧ V γ(u) where

Uγ(u) ∧ V γ(u) = (iUγ (u) ∧ iV γ (u), tUγ (u) ∧ tV γ (u), fUγ (u) ∨ fV γ (u)), for each u ∈ R.

i.e. iW γ (u) = min{iUγ (u), iV γ (u)}, tW γ (u) = min{tUγ (u), tV γ (u)} and

fW γ (u) = max{fUγ (u), fV γ (u)}.
(4) Uγc(u) = (fUγ (u), 1− tUγ (u), iUγ (u)), for each u ∈ R. Here (Uγc)c = Uγ .

Definition 3.3. A γ-single valued neutrosophic set (γ-SV NS) Uγ = (iγU , t
γ
U , f

γ
U ) of a ring R

is said to be an γ-single valued neutrosophic subring (γ-SV NSR) if

(1) iγU (u− v) ≥ ∧{iγU (u), iγU (v)}.
(2) tγU (u− v) ≥ ∧{tγU (u), tγU (v)}.
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(3) fγU (u− v) ≤ ∨{fγU (u), fγU (v)}.
(4) iγU (uv) ≥ ∧{iγU (u), iγU (v)}.
(5) tγU (uv) ≥ ∧{tγU (u), tγU (v)}.
(6) fγU (uv) ≤ ∨{fγU (u), fγU (v)}, ∀ u, v ∈ R.

Example 3.4. Let us consider the ring (Z2,+2, ∗2) where Z2 = {0, 1}.
Let we define U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ Z2} such that

iU (0) = 0.8, iU (1) = 0.4, tU (0) = 0.4, tU (1) = 0.3 and fU (0) = 0.3, fU (1) = 0.6.

Consider γ = 0.5, then Uγ = {〈u, iγU (u), tγU (u), fγU (u)〉 | u ∈ Z2} where

iγU (0) = 0.5, iγU (1) = 0.4, tγU (0) = 0.4, tγU (1) = 0.3 and fγU (0) = 0.5, fγU (1) = 0.6,

⇒ SV NS U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ Z2} is an 0.5-SV NSR of Z2.

Proposition 3.5. If U and V be two γ-single-valued neutrosophic subset of ring R then

(U ∩ V )γ=Uγ ∩ V γ.

Proof. Assume that U and V are two γ-single-valued neutrosophic subset of ring R.

(U∩V )γ(u) =
{

min{min{iU (u), iV (u)}, γ},min{min{tU (u), tV (u)}, γ},max{max{fU (u), fV (u)}, γ}
}

=
{

min{min{iU (u), γ},min{iV (u), γ}},min{min{tU (u), γ},min{tV (u), γ}},max{max{fU (u), γ},max{fV (u), γ}}
}

=
{

min({iγU (u)}, {iγV (u)}),min({tγU (u)}, {tγV (u)}),max({fγU (u)}, {fγV (u)})
}

= Uγ(u)∩V γ(u), ∀ u ∈ R.

Theorem 3.6. Let U and V be two γ-SV NSRs of a ring R. Then U∩V is also an γ-SV NSR

of R.

Proof. Let U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ R} and V = {〈u, iV (u), tV (u), fV (u)〉 | u ∈ R}
be any two γ-SV NRs of a ring R.

⇒ Uγ = {〈u, iγU (u), tγU (u), fγU (u)〉 | u ∈ R} and V γ = {〈u, iγV (u), tγV (u), fγV (u)〉 | u ∈ R}.

Then by using Proposition 3.5

(U ∩ V )γ = Uγ ∩ V γ = {〈u, (iγU ∧ i
γ
V )(u), (tγU ∧ t

γ
V )(u), (fγU ∨ f

γ
V )(u)〉 | u ∈ R}.

Now for any u, v ∈ R, we have

(i) (iγU ∧ i
γ
V )(u− v) = ∧{iγU (u− v), iγV (u− v)}

≥ ∧{∧{iγU (u), iγU (v)},∧{iγV (u), iγV (v)}}
= ∧{∧{iγU (u), iγV (u)},∧{iγU (v), iγU (v)}}
= ∧{(iγU ∧ i

γ
V )(u), (iγU ∧ i

γ
V )(v)}.

(ii) (iγU ∧ i
γ
V )(uv) = ∧{iγU (uv), iγV (uv)}

≥ ∧{∧{iγU (u), iγU (v)},∧{iγV (u), iγV (v)}}
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= ∧{∧{iγU (u), iγV (u)},∧{iγU (v), iγU (v)}}
= ∧{(iγU ∧ i

γ
V )(u), (iγU ∧ i

γ
V )(v)}.

(iii) (tγU ∧ t
γ
V )(u− v) = ∧{tγU (u− v), tγV (u− v)}

≥ ∧{∧{tγU (u), tγU (v)},∧{tγV (u), tγV (v)}}
= ∧{∧{tγU (u), tγV (u)},∧{tγU (v), tγU (v)}}
= ∧{(tγU ∧ t

γ
V )(u), (tγU ∧ t

γ
V )(v)}.

(iv) (tγU ∧ t
γ
V )(uv) = ∧{tγU (uv), tγV (uv)}

≥ ∧{∧{tγU (u), tγU (v)},∧{T γB(u), tγV (v)}}
= ∧{∧{tγU (u), T γB(u)},∧{tγU (v), tγU (v)}}
= ∧{(tγU ∧ t

γ
V )(u), (tγU ∧ t

γ
V )(v)}.

(v) (fγU ∨ f
γ
V )(u− v) = ∨{fγU (u− v), fγV (u− v)}

≤ ∨{∨{fγU (u), fγU (v)},∨{fγV (u), fγV (v)}}
= ∨{∨{fγU (u), fγV (u)},∨{fγU (v), fγU (v)}}
= ∨{(fγU ∨ f

γ
V )(u), (fγU ∨ f

γ
V )(v)}.

(vi) (fγU ∨ f
γ
V )(uv) = ∨{fγU (uv), fγV (uv)}

≤ ∨{∨{fγU (u), fγU (v)},∨{fγV (u), fγV (v)}}
= ∨{∨{fγU (u), fγV (u)},∨{fγU (v), fγU (v)}}
= ∨{(fγU ∨ f

γ
V )(u), (fγU ∨ f

γ
V )(v)}.

Therefore (U ∩ V ) is an γ-SV NSR of R.

Remark 3.7. However, the union of two γ-SV NSRs is not an γ-SV NSR. For example,

consider the set R = {0, a, b, a+ b}, where a+ a = 0 = b+ b and a+ b = b+ a and u.v = 0 for

every u, v ∈ R. Then (R,+, .) is a ring.

Let U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ R} and V = {〈u, iV (u), tV (u), fV (u)〉 | u ∈ R}, where

iU (0) = 0.8, iU (a) = 0.5, iU (b) = 0.4 = iU (a+ b).

tU (0) = 0.7, tU (a) = 0.3, tU (b) = 0.2 = tU (a+ b).

fU (0) = 0.4, fU (a) = 0.7, fU (b) = 0.8 = fU (a+ b).

iV (0) = 0.6, iV (a) = 0.1, iV (b) = 0.5, iV (a+ b) = 0.1.

tV (0) = 0.7, tV (a) = 0.1, tV (b) = 0.3, tV (a+ b) = 0.1.

fV (0) = 0.1, fV (a) = 0.2, fV (b) = 0.2, fV (a+ b) = 0.2.

Consider γ = 0.6 then Uγ = {〈u, iγU (u), tγU (u), fγU (u)〉 | u ∈ R} and

V γ = {〈u, iγV (u), tγV (u), fγV (u)〉 | u ∈ R}, where

iγU (0) = 0.6, iγU (a) = 0.5, iγU (b) = 0.4 = iγU (a+ b).

tγU (0) = 0.6, tγU (a) = 0.3, tγU (b) = 0.2 = tγU (a+ b).

fγU (0) = 0.6, fγU (a) = 0.7, fγU (b) = 0.8 = fγU (a+ b).

iγV (0) = 0.6, iγV (a) = 0.1, iγV (b) = 0.5, iγV (a+ b) = 0.1.
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tγV (0) = 0.6, tγV (a) = 0.1, tγV (b) = 0.3, tγV (a+ b) = 0.1.

fγV (0) = 0.6, fγV (a) = 0.6, fγV (b) = 0.6, fγV (a+ b) = 0.6.

Then U and V are γ-SV NSRs of R. Now

(U ∪ V )γ == {〈u, (iU ∨ iV )γ)(u), (tU ∨ tV )γ(u), (fγU ∧ fV )γ(u), (u)〉 | u ∈ R},
Here (iU ∨ iV )γ(0) = 0.8, (iU ∨ iV )γ(a) = 0.5, (iU ∨ iV )γ(b) = 0.5, (iU ∨ iV )γ(a+ b) = 0.4;

(tU ∨ tV )γ(0) = 0.7, (tU ∨ tV )γ(a) = 0.3, (tU ∨ tV )γ(b) = 0.3, (tU ∨ tV )γ(a+ b) = 0.2;

(fγU ∧ fV )γ(0) = 0.1, (fγU ∧ fV )γ(a) = 0.2, (fγU ∧ fV )γ(b) = 0.2, (fγU ∧ fV )γ(a+ b) = 0.2.

Now

(iU ∨ iV )γ(a+ b) = 0.4 < ∧{((iγU ∨ iV )γ(a), (iU ∨ iV )γ)(b))} = 0.5

Therefore (U ∪ V )γ is not an γ-SV NSR of R.

Definition 3.8. A Uγ = (iγU , t
γ
U , f

γ
U ) of a ring R is said to be an γ-single valued neutrosophic

normal subring γ-SV NNSR of R if

(1) iγU (uv) = iγU (vu).

(2) tγU (uv) = tγU (vu).

(3) fγU (uv) = fγU (vu), ∀ u, v ∈ R.

Definition 3.9. A γ-single valued neutrosophic set Uγ = (iγU , t
γ
U , f

γ
U ) a ring R is said to be

an γ-single valued neutrosophic left ideal (γ-SV NLI) if

(1) iγU (u− v) ≥ ∧{iγU (u), iγU (v)}.
(2) iγU (uv) ≥ iγU (v).

(3) tγU (u− v) ≥ ∧{tγU (u), tγU (v)}.
(4) tγU (uv) ≥ tγU (v).

(5) fγU (u− v) ≤ ∨{fγU (u), fγU (v)}.
(6) fγU (uv) ≤ fγU (v), ∀ u, v ∈ R.

Definition 3.10. A γ-single valued neutrosophic set Uγ = (iγU , t
γ
U , f

γ
U ) a ring R is said to be

an γ-single valued neutrosophic right ideal (γ-SV NRI) if

(1) iγU (u− v) ≥ ∧{iγU (u), iγU (v)}.
(2) iγU (uv) ≥ iγU (u).

(3) tγU (u− v) ≥ ∧{tγU (u), tγU (v)}.
(4) tγU (uv) ≥ tγU (u).

(5) fγU (u− v) ≤ ∨{fγU (u), fγU (v)}.
(6) fγU (uv) ≤ fγU (u), ∀ u, v ∈ R.

Definition 3.11. A γ-single valued neutrosophic set Uγ = (iγU , t
γ
U , f

γ
U ) a ring R is said to be

an γ-single valued neutrosophic ideal (γ-SVNI) if

(1) iγU (u− v) ≥ ∧{iγU (u), iγU (v)}.
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(2) tγU (u− v) ≥ ∧{tγU (u), tγU (v)}.
(3) fγU (u− v) ≤ ∨{fγU (u), fγU (v)}.
(4) iγU (uv) ≥ ∨{iγU (u), iγU (v)}.
(5) tγU (xv) ≥ ∨{tγU (u), tγU (v)}.
(6) fγU (uv) ≤ ∧{fγU (u), fγU (v)}, ∀ u, v ∈ R.

Example 3.12. Let us consider a ring (Z4,+4,×4) where Z4 = {0, 1, 2, 3} and

Consider U = {〈iU , tU , fU 〉 | u ∈ Z4} be a single valued neutrosophic subset of Z4, where

iU (0) = 0.4, iU (1) = 0.3 = iU (3), iU (2) = 0.5.

tU (0) = 0.3, tU (1) = 0.2 = tU (3), tU (2) = 0.6. and

fU (0) = 0.2, fU (1) = 0.7 = fU (3), fU (2) = 0.6.

Suppose γ = 0.5 then Uγ = {〈iγU , t
γ
U , f

γ
U 〉 | u ∈ Z4} be an γ-single valued neutrosophic subset

of Z4, where

iγU (0) = 0.4, iγU (1) = 0.3 = iγU (3), iγU (2) = 0.5.

tγU (0) = 0.3, tγU (1) = 0.2 = tγU (3), tγU (2) = 0.5. and

fγU (0) = 0.5, fγU (1) = 0.7 = fγU (3), fγU (2) = 0.6.

⇒ U is an γ-SV NI of Z4.

Theorem 3.13. If Uγ = {〈iγU , t
γ
U , f

γ
U 〉 | u ∈ R} is a γ-SV NI of a ring R, then

iγU (0) ≥ iγU (u), tγU (0) ≥ tγU (u), fγU (0) ≤ fγU (u)

and iγU (−u) = iγU (u), tγU (−u) = tγU (u), fγU (−u) = F γU (u), ∀ u ∈ R.

Proof. Let iγU (0) = iγU (u− u) ≥ ∧{iγU (u), iγU (u)} = iγU (u).

tγU (0) = tγU (u− u) ≥ ∧{tγU (u), tγU (u)} = tγU (u).

Similarly fγU (0) = fγU (u− u) ≤ ∨{fγU (u), fγU (u)} = fγU (u).

Next iγU (−x) = iγU (0− u) ≥ ∧{iγU (0), iγU (u)} = iγU (u).

Also iγU (u) = iγU{0− (−u)} ≥ ∧{iγU (0), iγU (−u)} = iγU (−u).

Therefore iγU (−u) = iγU (u).

So tγU (−u) = tγU (0− u) ≥ ∧{tγU (0), tγU (u)} = tγU (u).

Also tγU (u) = tγU{0− (−u)} ≥ ∧{tγU (0), tγU (−u)} = tγU (−u).

Therefore tγU (−u) = tγU (u).

Finally fγU (−u) = fγU (0− u) ≤ ∨{fγU (0), fγU (u)} = fγU (u).

Also fγU (u) = fγU{0− (−u)} ≥ ∨{fγU (−u), fγU (0)} = fγU (−u).

Therefore fγU (−u) = fγU (u).

Remark 3.14. Every γ-SV NI of a ring R is an γ-SV NSR of R. However the converse is

not true.
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For example, let (R,+, .) be the ring of real numbers.

Define, U = {〈u, iU (u), tU (u), iU (u)〉| u ∈ R} such that

iU (u) = 0.5 if u is rational, tU (u) = 0.8 if u is rational, fU (u) = 0.1 if u is rational.

iU (u) = 0.4 if u is irrational, tU (u) = 0.3 if u is irrational, fU (u) == 0.7 if u is irrational.

Consider γ = 0.6, now define Uγ = {〈u, iγU (u), tγU (u), iγU (u)〉| u ∈ R} then

iγU (u) = 0.5 if u is rational, tγU (u) = 0.6 if u is rational, fγU (u) = 0.6 if u is rational.

iγU (u) = 0.4 if u is irrational, tγU (u) = 0.3 if u is irrational, fγU (u) = 0.7 if u is irrational.

Then U is an γ-SV NSR of R.

But U is not an γ-SV NI of R, since iγU (2
√

2) = 0.4 < ∨{iγU (2), iγU (
√

2)}.

Theorem 3.15. Let U and V be two γ-SV NIs of a ring R. Then U ∩ V is also a γ-SV NI

of R.

Proof. Let U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ R} and V = {〈u, iV (u), tV (u), fV (u)〉 | u ∈ R}
be any two γ-SV NIs of a ring R. Then,

Uγ = {〈u, iγU (u), tγU (u), fγU (u)〉 | u ∈ R} and V γ = {〈u, iγV (u), tγV (u), fγV (u)〉 | u ∈ R}, then by

using Proposition 3.5

(U ∩ V )γ = Uγ ∩ V γ = {〈u, (iγU ∧ i
γ
V )(u), (tγU ∧ t

γ
V )(u), (fγU ∨ f

γ
V )(u)〉 | u ∈ R}.

Now for any u, v ∈ R, we have

(i) (iγU ∧ i
γ
V )(u− v) = ∧{iγU (u− v), iγV (u− v)}

≥ ∧{∧{iγU (u), iγU (v)},∧{iγV (u), iγV (v)}}
= ∧{∧{iγU (u), iγV (u)},∧{iγU (v), iγU (v)}}
= ∧{(iγU ∧ i

γ
V )(u), (iγU ∧ i

γ
V )(v)}.

(ii) (iγU ∧ i
γ
V )(uv) = ∧{iγU (uv), iγV (xv)}

≥ ∧{∨{iγU (u), iγU (v)},∨{iγV (u), iγV (v)}}
≥ ∨{∧{iγU (u), iγV (u)},∧{iγU (v), iγU (v)}}
= ∨{(iγU ∧ i

γ
V )(x), (iγU ∧ i

γ
V )(v)}.

(iii) (tγU ∧ t
γ
V )(u− v) = ∧{tγU (u− v), tγV (u− v)}

≥ ∧{∧{tγU (u), tγU (v)},∧{tγV (u), tγV (v)}}
= ∧{∧{tγU (u), tγV (u)},∧{tγU (v), tγU (v)}}
= ∧{(tγU ∧ t

γ
V )(u), (tγU ∧ t

γ
V )(v)}.

(iv) (tγU ∧ t
γ
V )(uv) = ∧{tγU (uv), tγV (uv)}

≥ ∧{∨{tγU (u), tγU (v)},∨{tγV (u), tγV (v)}}
≥ ∨{∧{tγU (u), tγV (u)},∧{tγU (v), tγU (v)}}
= ∨{(tγU ∧ t

γ
V )(u), (tγU ∧ t

γ
V )(v)}.

(v) (fγU ∨ f
γ
V )(u− v) = ∨{fγU (u− v), fγV (u− v)}

≤ ∨{∨{fγU (u), fγU (v)},∨{fγV (u), fγV (v)}}
= ∨{∨{fγU (u), fγV (u)},∨{fγU (v), fγU (v)}}
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= ∨{(fγU ∨ f
γ
V )(u), (fγU ∨ f

γ
V )(v)}.

(vi) (fγU ∨ f
γ
V )(uv) = ∨{fγU (uv), fγV (uv)}

≤ ∨{∧{fγU (u), fγU (v)},∧{fγV (u), fγV (v)}}
≤ ∧{∨{fγU (u), fγV (u)},∨{fγU (v), fγU (v)}}
= ∧{(fγU ∨ f

γ
V )(u), (fγU ∨ f

γ
V )(v)}.

Therefore U ∩ V is an γ-SVNI of R.

Remark 3.16. Union of two γ-SV NIs of R need not to be γ-SV NI of R.

Remark 3.17. If U is an γ-SV NSR and V is an γ-SV NI of a ring R then U ∩ V is an

γ-SV NSR of R but not an γ-SV NI of R. For example, consider the ring (R,+, .) of real

numbers and define,

U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ R} such that

iU (u) = 0.7 if u is rational, tU (u) = 0.6 if u is rational, fU (u) = 0.1 if u is rational.

iU (u) = 0.2 if u is irrational, iU (u) = 0.1 if u is irrational, fU (u) = 0.8 if u is irrational.

Also define V = {〈u, iV (u), tV (u), fV (u)〉|u ∈ R} such that

iV (u) = 0.5, tV (u) = 0.4 and fV (u) = 0.6 ∀ u ∈ R. Consider γ = 0.5 then

iγU (u) = 0.5 if u is rational, tγU (u) = 0.5 if u is rational, fγU (u) = 0.5 if u is rational.

iγU (u) = 0.2 if u is irrational, iγU (u) = 0.1 if u is irrational, fγU (u) = 0.8 if u is irrational.

Then U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ R} is an γ-SV NSR of R.

Similarly, iγV (u) = 0.5, tγV (u) = 0.4 and iγV (u) = 0.6 ∀ u ∈ R.

Then V = {〈u, iV (u), tV (u), fV (u)〉|u ∈ R} is an γ-SV NI of R.

Then by using Proposition 3.5

(U ∩V )γ = Uγ ∩V γ = {〈u, (iγU ∧ i
γ
V )(u), (tγU ∧ t

γ
V )(u), (fγU ∨f

γ
V )(u)〉 | u ∈ R} is not an γ-SV NI

of R, because (iγU ∧ i
γ
V )(2
√

2) < ∨{(iγU ∧ i
γ
V )(2), (iγU ∧ i

γ
V )(
√

2)}.

4. Sum and Product of γ-Single Valued Neutrosophic Ideal (γ-SVNI)

In this section, we elaborate some fundamental principles and results related to the sum and

product of the γ-single valued neutrosophic ideal.

Definition 4.1. Let U and V be two γ-SV NIs of a ring R then their sum (U+V )γ is defined

as (U + V )γ = {〈u, (iγU + iγV )(u), (tγU + tγV )(u), (fγU + fγV )(u)〉 | u ∈ R}, where

(iγU + iγV )(u) = sup
u=a+b

{∧ {iγU (a), iγU (b)}},

(tγU + tγV )(u) = sup
u=a+b

{∧ {tγU (a), tγU (b)}}, and

(fγU + fγV )(u) = inf
u=a+b

{∨ {fγU (a), fγU (b)}}.

Definition 4.2. Let U and V be two γ-SV NIs of a ring R then their product (UV )γ is

defined as (UV )γ = {〈u, (iγU i
γ
V )(u), (tγU t

γ
V )(u), (fγUf

γ
V )(u)〉 | u ∈ R}, where
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(iγU i
γ
V )(u) = sup

u=
∑
aibi

i<∞

{∧ {∧{iγU (ai), i
γ
U (bi)}}},

(tγU t
γ
V )(u) = sup

u=
∑
aibi

i<∞

{∧ {∧{tγU (ai), t
γ
U (bi)}}}, and

(fγUf
γ
V )(u) = inf

u=
∑
aibi

i<∞

{∨ {∨{fγU (ai), f
γ
U (bi)}}}.

Theorem 4.3. If U and V are two γ-SV NIs of a ring R, then U + V is also an γ-SV NI of

R.

Proof. Let U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ R} and V = {〈u, iV (u), tV (u), fV (u) | u ∈ R〉}
be two γ-SV NIs of a ring R, so Uγ = {〈u, iγU (u), tγU (u), fγU (u)〉 | u ∈ R} and

V γ = {〈u, iγV (u), tγV (u), fγV (u) | u ∈ R〉}, then their sum (U + V )γ is given by

(U + V )γ = {〈u, (iγU + iγV )(u), (tγU + tγV )(u), (fγU + fγV )(u)〉 | u ∈ R}.
Let u, v ∈ R and let ∧{(iγU i

γ
V )(u), (iγU i

γ
V )(v)} = l. Then for any ε > 0,

l − ε < (iγU + iγV )(u) = sup
u=a+b

{∧ {iγU (a), iγU (b)}},

l − ε < (iγU + iγV )(v) = sup
v=c+d

{∧ {iγU (c), iγU (d)}}.

So there exist representations u = a+ b, v = c+ d, where a, b, c, d ∈ R such that

l − ε < ∧{iγU (a), iγV (b)} and l − ε < ∧{iγU (c), iγU (d)}.
⇒ l − ε < iγU (a), iγV (b) and l − ε < iγU (c), iγU (d).

⇒ l − ε < ∧{iγU (a), iγU (c)} ≤ iγU (a+ c) and l − ε < ∧{iγV (b), iγV (d)} ≤ iγV (b+ d).

Thus we get u+ v = (a+ b) + (c+ d) = (a+ c) + (b+ d) such that

l − ε < ∧{iγU (a+ c), iγV (b+ d}.
⇒ l − ε < sup

u+v=(a+c)+(b+d)
{∧iγU (a+ c), iγV (b+ d)} = (iγU + iγV )(u+ v).

Since ε is arbitrary, it follows that,

(iγU + iγV )(u+ v) ≥ l = ∧{(iγU + iγV )(u), (iγU + iγV )(v)}.
Next, let m = ∨{(iγU + iγV )(u), (iγU + iγV )(v)} = (iγU + iγV )(u) (say) and ε > 0.

Then m− ε < (iγU + iγV )(u) = sup
u=a+b

{∧iγU (a), iγV (b)}.

So there exists a representation u = a+ b such that

m− ε < ∧{iγU (a), iγV (b)}.
⇒ m− ε < iγU (a), iγV (b).

m− ε < ∨{iγU (a), iγU (c+ d)} = iγU (a(c+ d)) , where v = c+ d,

and m− ε < ∨{iγV (b), iγV (c+ d)} = iγV (b(c+ d)).

⇒ m− ε < ∧{iγU (a(c+ d)), iγV (b(c+ d))}.
So we get, uv = (a+ b)(c+ d) = a(c+ d) + b(c+ d), such that

m− ε < ∧{iγU (a(c+ d)), iγV (b(c+ d))}.
⇒ m− ε < sup

uv=a(c+d)+b(c+d)
{∧{iγU (a(c+ d)), iγV (b(c+ d))}} = (iγU + iγV )(uv).

Since ε is arbitrary,
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(iγU + iγV )(uv) ≥ m = ∨{(iγU + iγV )(u), (iγU + iγV )(v)}.
Similarly we can show that

(tγU + tγV )(uv) ≥ s = ∨{(tγU + tγV )(u), (tγU + tγV )(v)}.
Next let ∨{(fγU + fγV )(u), (fγU + fγV )(v)} = n and ε > 0.

Then n+ ε > (fγU + fγV )(u) = inf
u=a+b

{∨{fγU (a), fγU (b)}},

and n+ ε > (fγU + fγV )(v) = inf
v=c+d

{∨{fγU (c), fγU (d)}}.
So, there exist representations u = a+ b and v = c+ d, for some a, b, c, d ∈ R such that

n+ ε > ∨{fγU (a), fγV (b)} and n+ ε > ∨{fγU (c), fγV (d)}.
⇒ n+ ε > fγU (a), fγV (b) and n+ ε > fγU (c), fγV (d).

⇒ n+ ε > ∨{fγU (a), fγU (c)} = fγU (a+ c), and n+ ε > ∨{fγU (b), fγU (d)} ≥ fγU (b+ d).

Thus we get, u+ v = (a+ b) + (c+ d) = (a+ c) + (b+ d), such that

n+ ε > ∨{fγU (a+ c), fγV (b+ d)}.
⇒ n+ ε < inf

u+v=(a+c)+(b+d)
{∨{fγU (a+ c), fγV (b+ d)}} = (fγU + fγV )(u+ v).

Since ε is arbitrary,

(fγU + fγV )(u+ v) ≤ n = ∨{(fγU + fγV )(u), (fγU + fγV )(v)}.
Finally, if w = ∧{(fγU + fγV )(u), (fγU + fγV )(v)} = (fγU + fγV )(u) (say), and ε > 0,

then w + ε > (fγU + fγV )(u) = inf
u=a+b

{∨fγU (a), fγU (b)}.

So there exists a representation u = a+ b such that w + ε > ∨{fγU (a), fγV (b)}.
⇒ w + ε > fγU (a) and w + ε > fγV (b).

⇒ w + ε > ∧{fγU (a), fγU (c+ d)} = fγU (a(c+ d)), and

w + ε > ∧{fγV (b), fγV (c+ d)} = fγV (b(c+ d)), where v = c+ d.

So, we get uv = (a+ b)(c+ d) = a(c+ d) + b(c+ d) such that

w + ε > ∨{fγU (a(c+ d)), fγV (b(c+ d))}.
⇒ w + ε > inf

uv=a(c+d)+b(c+d)
{∨(fγU (a(c+ d)), fγV (b(c+ d)))} = (fγU + fγV )(uv).

Since ε is arbitrary,

(fγU + fγV )(uv) ≤ w = ∧{(fγU + fγV )(u), (fγU + fγV )(v)}.
Hence U + V is an γ-SV NI of R.

Theorem 4.4. If U and V are two γ-SV NIs of a ring R, then UV is also an γ-SV NI of R.

Proof. Let U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ R} and V = {〈u, iV (u), tV (u), fV (u) | u ∈ R〉}
be two γ-SV NIs of a ring R, so

Uγ = {〈u, iγU (u), tγU (u), fγU (u)〉 | u ∈ R} and V γ = {〈u, iγV (u), tγV (u), fγV (u) | u ∈ R〉}.
Then (UV )γ = {〈u, (iγU i

γ
V )(u), (tγU t

γ
V )(u), (fγUf

γ
V )(u)〉 | u ∈ R}.

Let u, v ∈ R and let ∧{(iγU i
γ
V )(u), (iγU i

γ
V )(v)} = ς.

Then for any ε > 0,

M.S. Hameed, Z. Ahmad, S. Ali, Characterization of γ-Single Valued Neutrosophic Rings and Ideals

Neutrosophic Sets and Systems, Vol. 50, 2022                                                                                 58



ς − ε < (iγU i
γ
V )(u) = sup

u=
∑
aibi

i<∞

{∧ {∧{iγU (ai), i
γ
U (bi)}}}, and

ς − ε < (iγU i
γ
V )(v) = sup

u=
∑
mini

i<∞

{∧ {∧{iγU (mi), i
γ
U (ni)}}}.

So we get representations u =
∑
aibi

i<∞ and v =
∑
mini
i<∞ such that

ς − ε < {∧ {∧{iγU (ai), i
γ
U (bi)}}}, and ς − ε < {∧ {∧{iγU (mi), i

γ
U (ni)}}},

⇒ ς − ε < ∧{iγU (ai), i
γ
U (bi)}, and ς − ε < ∧{iγU (mi), i

γ
U (ni)} ∀ i,

⇒ ς − ε < iγU (ai), i
γ
U (bi), and ς − ε < iγU (mi), i

γ
U (ni) ∀ i,

⇒ ς − ε < ∧{iγU (ai), i
γ
U (bi)} ≤ iγU (ai +mi), and ς − ε < ∧{iγU (mi), i

γ
U (ni)} ≤ iγV (bi + ni) ∀ i.

Thus, we get u+ v =
∑
i<∞

(aibi +mini), where ai, bi,mi, ni ∈ R, such that

ς − ε < {∧{iγU (ai +mi), i
γ
V (bi + ni)}}, ∀ i,

⇒ ς − ε <
∧
i
{∧{iγU (ai +mi), i

γ
V (bi + ni)}},

ς − ε < sup
u=

∑
(aibi+mini)
i<∞

{
∧
i
{∧{iγU (ai +mi), i

γ
U (bi + ni)}}} = (iγU i

γ
V )(u+ v).

Since ε is arbitrary, so we have,

(iγU i
γ
V )(u+ v) ≥ ς = ∧{(iγU i

γ
V )(u), (iγU i

γ
V )(v)}.

Next let g = ∨{(iγU i
γ
V )(u), (iγU i

γ
V )(v)} = (iγU i

γ
V )(u) (say) and let ε > 0, then

g − ε < (iγU i
γ
V )(u) = sup

u=
∑
aibi

i<∞

{
∧
i
{∧{iγU (ai), {iγV bi)}}}.

So there exists a representation u =
∑
i<∞

aibi such that

g − ε <
∧
i
{∧{iγU (ai), {iγV bi)}} ⇒ ∧{i

γ
U (ai), {iγV bi}, ∀ i.

⇒ g − ε < iγU (ai), i
γ
V (bi), ∀ i.

If v =
∑
i<∞

mini then

g − ε < ∨{iγU (ai), i
γ
U (mi)} = iγU (aimi) ∀ i,

and g − ε < ∨{iγV (bi), i
γ
V (ni)} = iγV (bini), ∀ i.

Thus, we get uv =
∑
i<∞

(aibi)(mini) =
∑
i<∞

(aimi)(bini)

such that g − ε < ∧{iγU (aimi), i
γ
V (bini)}, ∀ i.

⇒ g − ε <
∧
i
{∧{iγU (aimi), i

γ
V (bini)}}.

⇒ g − ε < sup
uv=

∑
(aimi)(bini)
i<∞

{∧{iγU (aimi), i
γ
V (bini)}} = (iγU i

γ
V )(uv).

Since ε is arbitrary

(iγU i
γ
V )(uv) ≥ g = ∨{(iγU i

γ
V )(u), (iγU i

γ
V )(v)}.

Similarly, we can show that

(tγU t
γ
V )(u+ v) ≥ j = ∧{(tγU t

γ
V )(u), (tγU i

γ
V )(v)}.

(tγU t
γ
V )(uv) ≥ δ = ∨{(tγU t

γ
V )(u), (tγU t

γ
V )(v)}.

Next, let l = ∨{(fγUf
γ
V )(u), (fγUf

γ
V )(v)} and ε > 0, then
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⇒ l + ε > (fγUf
γ
V )(u) = inf

u=
∑
aibi

i<∞

{∨{
∨
i
{fγU (ai), f

γ
V (bi)}}},

⇒ l + ε > (fγUf
γ
V )(v) = inf

u=
∑
mini

i<∞

{∨{
∨
i
{fγU (mi), f

γ
V (ni)}}}.

So, we get representations u =
∑
i<∞

aibi and v =
∑
i<∞

mini, where ai, bi,mi, ni ∈ R, such that

l + ε >
∨
i
{∨{fγU (ai), f

γ
V (bi)} and l + ε >

∨
i
{∨{fγU (mi), f

γ
V (ni)}}.

⇒ l + ε > ∨{fγU (ai), f
γ
V (bi)} and l + ε > ∨{fγU (mi), f

γ
V (ni)}, ∀ i.

⇒ l + ε > fγU (ai), f
γ
V (bi) and l + ε > fγU (mi), f

γ
V (ni), ∀ i.

⇒ l+ ε > ∨{fγU (ai), f
γ
V (mi)} ≥ fγU (ai +mi) and l+ ε > ∨{fγU (bi), f

γ
V (ni)} ≥ fγU (bi + ni), ∀ i.

Thus, we get u+ v =
∑
i<∞

(aibi +mini), where ai, bi,mi, ni ∈ R, such that

l + ε > ∨{fγU (ai +mi), f
γ
V (bi + ni)}, ∀ i.

⇒ l + ε >
∨
i
{∨{fγU (ai +mi), f

γ
V (bi + ni)}},

l + ε > sup
u=

∑
(aibi+mini)
i<∞

{
∨
i
{∨{fγU (ai +mi), f

γ
U (bi + ni)}}} = (fγUf

γ
V )(u+ v).

Since ε is arbitrary, so we have,

(fγUf
γ
V )(u+ v) ≤ o = ∨{(fγUf

γ
V )(u), (fγUf

γ
V )(v)}.

Finally, let o = ∧{(fγUf
γ
V )(u), (fγUf

γ
V )(v)} = (fγUf

γ
V )(u) (say) and let ε > 0, then

o+ ε > (fγUf
γ
V )(u) = inf

u=
∑
aibi

i<∞

{
∨
i
{∨{fγU (ai), {fγV bi)}}}.

So there exists a representation u =
∑
i<∞

aibi such that

o+ ε >
∨
i
{∨{fγU (ai), {fγV bi)}} ⇒ ∨{f

γ
U (ai), {fγV bi}, ∀ i.

⇒ r + ε > fγU (ai), f
γ
V (bi), ∀ i.

If v =
∑
i<∞

mini then

o+ ε > ∨{fγU (ai), f
γ
U (mi)} ≥ fγU (aimi) ∀ i,

and o+ ε > ∨{fγV (bi), f
γ
V (ni)} ≥ fγV (bini), ∀ i.

Thus, we get uv =
∑
i<∞

(aibi)(mini) =
∑
i<∞

(aimi)(bini)

such that o+ ε > ∨{fγU (aimi), f
γ
V (bini)}, ∀ i.

⇒ o+ ε >
∨
i
{∨{fγU (aimi), f

γ
V (bini)}}.

⇒ o+ ε > inf
uv=

∑
(aimi)(bini)
i<∞

{∨{fγU (aimi), f
γ
V (bini)}} = (fγUf

γ
V )(uv).

Since ε is arbitrary

(fγUf
γ
V )(uv) ≤ o = ∧{(fγUf

γ
V )(u), (fγUf

γ
V )(v)}.

Hence UV is an γ-SV NI of R.

Remark 4.5. According to the definition given by Atanassov [1] the sum and product of two

γ-SV NIs of a ring R is not necessarily an γ-SV NI of R as shown by the following example:

Consider the ring R = {0, a, b, a + b} where a + a = 0 = b + b, a + b = b + a and uv = 0
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∀ u, v ∈ R. We define,

iγU (0) = 0.9 = iγU (a), iγU (b) = 0.4 = iγU (a+ b);

tγU (0) = 0.9 = tγU (a), tγU (b) = 0.4 = tγU (a+ b);

fγU (0) = 0.1 = fγU (a), fγU (b) = 0.4 = fγU (a+ b).

And iγV (0) = 0.7, iγV (a) = 0.3 = iγV (a+ b), iγV (b) = 0.5;

iγV (0) = 0.7, iγV (a) = 0.3 = iγV (a+ b), iγV (b) = 0.5;

fγV (0) = 0.2, fγV (a) = 0.6 = fγV (a+ b), fγV (b) = 0.5.

Then U = {〈u, iU (u), tU (u), fU (u)〉 | u ∈ R} and V = {〈u, iV (u), tV (u), fV (u)〉 | u ∈ R} are

γ-SV NIs of R. According to Atanassov [1],

(U +V )γ = {〈u, iγU (u) + iγV (u)− iγU (u)iγV (u), tγU (u) + tγV (u)− tγU (u)tγV (u), fγU (u)fγU (u)〉 | u ∈ R}.
And (UV )γ = {〈u, iγU (u)iγV (u), tγU (u)tγU (u), fγU (u) + fγV (u)− fγU (u)fγU (u)〉 | uinR}.
Now iγU (a− b) + iγV (a− b)− iγU (a− b)iγV (a− b) = 0.4 + 0.3− 0.12 = 0.58,

iγU (a) + iγV (a)− iγU (a)iγV (a) = 0.9 + 0.3− 0.27 = 0.93,

and iγU (b) + iγV (b)− iγU (b)iγV (b) = 0.4 + 0.5− 0.2 = 0.7.

Therefore,

iγU (a−b)+iγV (a−b)−iγU (a−b)iγV (a−b)< ∧{iγU (a)+iγV (a)−iγU (a)iγV (a), iγU (b)+iγV (b)−iγU (b)iγV (b)}.
Hence U + V is not an γ-SV NI of R. Again for the product, we see that

fγU (a− b) + fγV (a− b)− fγU (a− b)fγV (a− b) = 0.76,

fγU (a) + fγV (a)− fγU (a)fγV (a) = 0.64,

and fγU (b) + fγV (b)− fγU (b)fγV (b) = 0.7.

Therefore

fγU (a−b)+fγV (a−b)−fγU (a−b)fγV (a−b) > ∨{fγU (a)+fγV (a)−fγU (a)fγV (a), fγU (b)+fγV (b)−fγU (b)fγV (b)}.

Hence UV is not an γ-SV NI of R.

5. Conclusions

A γ-single valued neutrosophic set is a type of SVNS that can be used to tackle real-world

challenges for research and engineering. In this work, we introduce the notion of γ-single valued

neutrosophic subrings, γ-single valued neutrosophic ideals also the sum and product of γ-single

valued neutrosophic ideals. On γ-single valued neutrosophic subrings and ideals, a variety of

characterizations have been proposed. Therefore, it is important for researchers to examine

γ-single valued neutrosophic subrings and ideals and their characteristics in applications and

to understand the basics of uncertainty. We agreed to include the concept of a γ-SVNSR &

γ-SVNI in research also examine its key feature. As a consequence of this research, various

principles are to be applied to achieve some adequate research value results of γ-SVNSR &
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γ-SVNI. In further work, researchers can extend this idea in topological spaces, modules, and

fields.
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