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1. Introduction

Generally, the inconvenience of previously established strategies and designs is overcome by
recently established fuzzy algebraic structures. Routine mathematics cannot always be used
because of unclear and missing knowledge in certain regular structures. Various methodolo-
gies were seen as alternative groups to deal with these issues and avoid vulnerabilities, like
probability, rough set, anda fuzzy set hypothesis. Unfortunately, each of these alternate math-
ematics has a side and inconveniences such as the majority of words like real, beautiful, famous
that are not clearly observed or indeed vague. Henceforth, the rules for such terms vary from
person to person.

Zadeh [1], proposed the idea of the fuzzy set which is focussed on the possibility of the
support highlight doling out an enrollment grade in [0,1] to deal with such sort of vague

and questionable data. Taking into account the possibility of enrolment and non-investment,

M.S. Hameed, Z. Ahmad, S. Ali, Characterization of y-Single Valued Neutrosophic Rings and Ideals



Neutrosophic Sets and Systems, Vol. 50, 2022

Atanassov [2}3] proposed an intuitionistic fuzzy set which is an augmentation of a fuzzy set.
As an extension of intuitionistic fuzzy set, Smarandache’s [45] introduced neutrosophic logic
and sets. A neutrosophic set is based on three degrees: the level of participation, indetermi-
nacy, and non-enrollment degree. The notion of a soft set is introduced in [6] by Molodtsov.
Several operations were added by Ali et al. in soft set in [7]. In [§]- [10], Yager has executed
the idea of the Pythagorean fuzzy set. Peng et al. presented several findings in [11,/12] on
the measurements of the Pythagorean fuzzy and soft sets. Moreover, several new models have
been investigated in [13]- [16].

In 1971, the concept of a fuzzy subgroup was proposed by Rosenfeld |17] and the investiga-
tion of fuzzy subgroups began. Later on, many algebraic structures; like groups, rings, fields,
graphs, and modules, etc. have been developed in |18]- [38]. In this piece of work, we investi-
gate the notion of y-single valued neutrosophic rings, ideals, and sum and product of y-single
valued neutrosophic ideals. The proposed work is the generalization of many existing algebraic
structures on fuzzy set, intuitionistic fuzzy set, («, §)-intuitionistic fuzzy set etc.

The paper is structured as follows: we provide some basic concepts relating to y-single valued
neutrosophic rings and ideals in Section We give an overview of the sum and product of
~v-single valued neutrosophic ideals, also suggested several suggested several characterizations

in Section [

2. Preliminaries

In this section neutrosophic subrings, neutrosophic normal subrings, and neutrosophic ideals

are defined.

Definition 2.1. [18] A single valued neutrosophic set U on the universe of discourse R is
defined as:

U = {{uw,iy(u), ty(u), fu(u)) | u € R},

where i,t, f : R — [0,1] and 0 < iy (u) + ty(u) + fu(u) < 3. Here, iy (u), ty(u) and fy(u) are

called membership function, hesitancy function and non-membership function respectively.

Definition 2.2. [18] Let U & V be two SVNS on R. Then
) UCV, & U) < V) ie i) < ivw), to() < ty(u) and fulu) > fi().
AlsoU=V < UCV and V CU.
(2) W =U UV such that W(u) = U(u) V V(u) where
Uu) VV(u) = (ig(u) Viy(u), ty(u) Viv(uw), fu(u) A fy(u)), for each u € R. i.e.
iw (u) = max{iy (u), iy (u) }, tw(u) = max{ty(u), ty(u)} and
Jw (u) = min{fy (u), fv(u)}.
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(3) W =U NV such that W(u) = U(u) A V(u) where
Uu) AN V(u) = (ig(u) A div(u), tu(u) A ty(u), fulu) vV fy(u)), for each u € R.
ie. iy (u) = min{iy(u), iy (u)}, tw(u) = min{ty(u), ty(u)} and
fw (u) = max{fu(u), fv(u)}.

(4) U¢(u) = (fu(u),1 —ty(u),iv(u)), for each v € R. Here (U¢)¢ =U.

Definition 2.3. [39] A single valued neutrosophic set (SVNS) U = (iy, ty, fu) of a ring R
is said to be an single valued neutrosophic subring (SVNSR) if

1) iv(u—v) > Nig(u), iv(v)}.
tu(u—v) = Mtu(u), tu}

fo(u—v) < V{fu(u), fu(v)}

v (uv) 2 Miv(u), iv(v)}

tu(uwv) = AMtu(u), tu(v)}.

fu(uwv) <V{fu(u), fu(v)}, YV u,veR.

Definition 2.4. [39] A subset U = (iy,ty, fu) of a ring R is said to be an single valued
neutrosophic normal subring (SVNNSR) of R if

(1) iy (uwv) = iy (vu).
(2) ty(uv) = ty(vu).
(3) fu(uwv) = fu(vu), ¥ u,v € R.

Definition 2.5. [39] A single valued neutrosophic set U = (iy, ty, fu) a ring R is said to be
an single valued neutrosophic left ideal (SV NLI) if

(1) iv(u—v) = Miv(w), ()}
(2) iy (uv) > iy(v).
(3) tr(u—v) =2 Mty (u), ty(v)}.
(4) ty(uww) > ty(v).
(5) fulu—v) <V{fu(u), fu(v)}.
(6) ful(

6) fu(uw) < fu(v), Vu,v € R.

Definition 2.6. [39] A single valued neutrosophic set U = (iy, ty, fr) a ring R is said to be
an single valued neutrosophic right ideal (SV NRI) if

(1) iv(u—wv) = AMiv(u), iv(v)}.

(2) iy (uv) > iy (u).

(3) tr(u—v) = Mtu(u), tu(v)}-

(4) ty(uww) > ty(u).

(5) fulu—v) <V{fu(u), fu(v)}.
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(6) fu(uww) < fu(u), VY u,veR.

Definition 2.7. [39] A single valued neutrosophic set U = (iy, ty, fu) a ring R is said to be
an single valued neutrosophic ideal (SVNI) if
(1) iv(u—v) =2 Miv(u), iv(v)}.
tu(u—v) =2 Mtu(u), tu(v)}
fU(u v) <V{fu(u), fu(v)}.
v) = Wiy (u), iv(v)}-
v) = V{tu(u), tu(v)}.
U(UU) <Mfo(w), fu(v)}, Yu,veR.
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3. 7-Single Valued Neutrosophic Subrings and Ideals

This section discusses some basic concepts and results related to v-single valued neutrosophic

subrings and ideals.

Definition 3.1. If U be a single valued neutrosophic subset of ring R then v-single valued

neutrosophic subset U is described as,

Ur = {(U,W(U)W(U), Fr) 117 (u) = Miv(u), v}, 17(u) = Mo (), v}, f7(u) = V{fo(u),v}, v e R},

where v € [0, 1].

Definition 3.2. Let U & V be two 7v-SVNS on R. Then

(1) UYC VY, & U(u) < V(u). ie. igr(u) <iyy(u), tyr(u) < tyy(u) and
fuv(u) > fyv(u). Also UY =V7 < U C VY and VY C U7,

(2) W7 =U"U V7 such that W7 (u) = U"(u) V V7 (u) where
UY(u) V V7 (u) = (igy(uw) Viyy(uw), tus (w) V ity (u), fur(u) A fyr(u)), for each u € R.
ie. iw~(u) = max{ip~ (u), iy~ (uw)}, tw~(u) = max{ty~(u),ty~(u)} and
fwo (w) = min{ fy (u), fr(u)}.

(3) W7 =U"N V7" such that W7(u) = U"(u) A V?(u) where
UY(u) AV (u) = (igy(u) Ay (u), tor (w) Aty (w), for(u) V fyv(u)), for each u € R.
ie. iy~ (u) = min{igy (u), iy~ (u)}, twv(u) = min{tyy (u), ty~(u)} and
fwor (w) = max{fu~ (u), fvr(u)}.

(4) U(u) = (fur(u),1 —ty~(u),ip~(u)), for each u € R. Here (U7¢)¢ = U".

Definition 3.3. A 7-single valued neutrosophic set (y-SVNS) U = (if;, t};, f;) of a ring R
is said to be an 7-single valued neutrosophic subring (y-SV NSR) if

(1) =) = A{i (W), )},

(2) 5 (u—v) = Mt (), ).
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Example 3.4. Let us consider the ring (Zs, +2, *2) where Zy = {0, 1}.

Let we define U = {(u, iy (u), ty(u), fu(u)) | w € Z2} such that

i (0) = 0.8, iy(1) = 0.4, ty(0) = 0.4, ty(1) = 0.3 and fi(0) = 0.3, fu(1) = 0.6.
Consider v = 0.5, then U7 = {(u,i};(u), t};(u), f;(w)) | u € Zs} where

i7,(0) = 0.5, i35 (1) = 0.4, £1,(0) = 0.4, £],(1) = 0.3 and £71(0) = 0.5, £}(1) = 0.6,
= SVNS U = {{u,iy(u), ty(u), fu(u)) | u € Za} is an 0.5-SVNSR of Zs.

Proposition 3.5. If U and V be two ~y-single-valued neutrosophic subset of ring R then
Unv)Y=urnv7.

Proof. Assume that U and V are two v-single-valued neutrosophic subset of ring R.

OOV () = { minfmingiv (u), iv (u)}, 7}, min{min{te (u), ty(u)}, 7} max{max{fo(w), fr(w}} |

= {min{min{iU(um}amin{iv(ﬂ),%Lmin{min{tu(wﬁhmin{tv(%),%Lmax{maX{fU(U)mLmaX{fv(U),v}} }
= {min({ ()}, {75 () ), min({8] ()}, {8 (w)}), max({ 7 ()}, {1 (@)} } = U@V (w), Yu e R.

O

Theorem 3.6. Let U and V be two v-SVNSRs of a ring R. Then UNV is also anv-SVNSR
of R.

Proof. Let U = {{u,iy(u),ty(u), fu(u)) | w € R} and V = {(u, iy (u),ty(u), fv(uw)) | v € R}
be any two v-SV N Rs of a ring R.

= U = {(u,ij;(u), tj;(w), fy(w)) | v € R} and V7 = {{u, iy (u), t),(w), fy(w)) | v € R}.
Then by using Proposition
UV =U" NV = {(u, (i; Niy)(w), (5 M) (w), (f V fP) () | w e R}

Now for any u,v € R, we have

(1) (i Ay ) (u —v) = Mgy (u = v), iy, (u — v)}
> MMy (), i ()}, M (u), i) (0) 1

= MM (w), iy (w)}, Mg (v), iy (v)

= Mg Ny (w), (i Ay ) (0) )

(if) (ig; Ady) (uv) = A{ifs (uv), iy (wv) }

> MM (u), ig ()}, AMiy (w), iy (v)

A
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= MA{ig(u), iy (u)}, { (), iy (v)}}

= M(ig; Ay (), (i Aifr) (v) ]

(iil) (¢ At))(uw—v) = A{t](u—v),t)(u—v)}
> MMty (w), ()} A8 (u), 1 (0) 1}
= MMt (), ()} At (v), 1 (v)
= M(t; At (), (t; A ) (0)}-

(iv) (¢ Aty)(uv) = At (uv),

t
t

<= QQ

ty (uw)}
> MMty (u), tf;(v) }, AT (u), 8, (v)
= MMt (w), Tp(u) b, Mt (v), 1 (v)
=Nt At (), (t] At))(v)}
(v) (f vV 1) (uw=v) = V{fj(u—v), fir(u—0)}
< VS (), £ () b VAR (), £y (0)} )

= V{V{fi(u), fo ()}, V{fE (), fr(0)} )
:V{(fg\/fv)(u) (fUva)(U)}

(vi) (fr V i) (uv) = V{fg(w), fi-(uv)}
< V{V{f (), fr ()b VA (), fr(0)}}
= V{V{fi(u), £ ()}, VS5 (), fo(0)}}
=V{(f§ vV /)W), (f5 V [i)(v)}.
Therefore (UNV) is an v-SVNSR of R.

(u

Remark 3.7. However, the union of two v-SV NSRs is not an v-SVNSR. For example,
consider the set R = {0,a,b,a + b}, wherea+a=0=b+band a+b=>b+a and u.v =0 for
every u,v € R. Then (R, +,.) is a ring.
Let U = {{u,ig(u), ty(u), fu(uw)) | v € R} and V = {{u, iy (u), tv(u), fy(v)) | u € R}, where
iy(0) = 0.8, iy(a) = 0.5, ig(b) =04 =iy(a+b).
ty(0) =0.7, ty(a) = 0.3, ty(b) =0.2 =ty(a+0b).
fu(0) =04, fu(a) =0.7, fu(b) =08 = fu(a+b).
iv(0) = 0.6, iy (a) = 0.1, iy(b) = 0.5,iy(a+ b) = 0.1.
(0) = 0.7, ty(a) = 0.1, ty(b) =0.3,ty(a+b) = 0.1.
fv(0)=0.1, fy(a) =0.2, fy(b) =0.2, fy(a+b) =0.2.
Consider v = 0.6 then U = {(u, i];(u),t};(uv), f}(u)) | v € R} and
V7 = {{u,i},(u), t],(w), fir(w) | ue R} where
ZU(O) = 0.6, i;(a) = 0.5, i};(b) = 0.4 =i}, (a + D).
t/,(0) = 0.6, t};(a) = 0.3, t};(b) = 2—t7(a+b)
J1(0) =06, f3(a) = 0.7, f1(b) = 0.8 = [ (a+b).
i,(0) = 0.6, i},(a) = 0.1, i,(b) = 0.5,i],(a + b) = 0.1.
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t1,(0) = 0.6, t},(a) =0.1, t],(b) = 0.3,¢),(a+b) = 0.1.

f(0) =0.6, fl(a)=0.6, f;(b)=0.6,f)(a+Db)=0.6.

Then U and V are v-SV NSRs of R. Now

U UV) == {{u, (iv Viv)")(u), (to V tv)" (), (ff A fv)(w), () | u € R},

Here (iy Viy)Y(0) = 0.8, (ir Viy)?(a) = 0.5, (iy Viy)Y(b) = 0.5, (iy Viy)?(a+b) = 0.4;
(ty Vty)7(0) = 0.7, (ty Vty)'(a) =0.3, (tuy Vty)7(b) =0.3, (tv Vty)'(a+0b) =0.2;

(FF A F)7(0) = 0.1, (£ A fv) (@) = 0.2, (FF A fir) () = 02, (f3 A fir)'(a+D) = 0.2.
Now

(i V iv) (a4 b) = 04 < A{((iF V iv) (@), (i V iv)") (b))} = 0.5

Therefore (U U V)7 is not an v-SVNSR of R.

Definition 3.8. A UY = (i, t/;, f{;) of a ring R is said to be an ~-single valued neutrosophic
normal subring v-SVNNSR of R if

(1) if; (wv) = if; (vu).

(2) t;(uv) =t (vu).

(3) fo(uv) = fi(vu), Y u,v € R.

Definition 3.9. A ~v-single valued neutrosophic set UY = (ig,tVU, f&) a ring R is said to be
an ~y-single valued neutrosophic left ideal (y-SV NLI) if

1) iy (u —v) = Mg (u), iy (v)}-

VG (), f ()}

fo(uv) < fli(v), Vu,veR.

Definition 3.10. A ~-single valued neutrosophic set U7 = (i/;,t];, f}) a ring R is said to be

an ~y-single valued neutrosophic right ideal (y-SV NRI) if

(u— ) > At (w), (v)}.

fg uv) < f&(u), Vu,v e R.

Definition 3.11. A ~-single valued neutrosophic set U7 = (i/;,t];, f}) a ring R is said to be
an ~y-single valued neutrosophic ideal (y-SVNI) if

(1) i =) = A{ig (), i)}
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(2) £y (u —v) = Mg (u), t(v)}

(3) fi(u—v) <V{fg(u), fi(v)}

(4) iy (uv) = V{i(u), ig(v)}-

(5) tg;(xv) = V{t)(u), tj(v)}.

(6) fi(w) < A{fj(u), fi(v)}, Yu,veR.

Example 3.12. Let us consider a ring (Z4, +4, X4) where Z4 = {0, 1,2,3} and

Consider U = {(iy, tv, fu) | w € Z4} be a single valued neutrosophic subset of Z,, where
iy(0) =04, iy(1) = 0.3 =1iy(3), iy(2) = 0.5.

t7(0) = 0.3, ty(1) = 0.2 = ty(3), ty(2) = 0.6. and

Jo(0) =02, fu(1) =0.7= fu(3), fu(2)=0.6.

Suppose v = 0.5 then U7 = {(i};, t/;, f{;) | w € Z4} be an v-single valued neutrosophic subset
of Z4, where

i,(0) = 0.4, i7,(1) = 0.3 =i7,(3), i7,(2) = 0.5.
t5(0) =03, t};(1) =02 =1t/,(3), t/;(2) =0
F0) =05, F1(1) = 0.7 = £(3), 3(2) = 0.6.
= U is an v-SV NI of Z4.

Theorem 3.13. If UY = {(i};,t};, f}}) | w€ R} is a v-SVNI of a ring R, then
i (0) > gy (u), t5(0) > t7(u), fr(0) < fii(w)
and if;(—u) = ij;(u), t}(—u) =t} (u), fi(—u) = F}(u), VueR.

Proof. Let if;(0) = i), (u — u) > A{if;(u), i}, (u)} = i} ().
50) = 6w — ) = AL (), 6 ()} = (),
Similarly f;(0) = f(u—u) < V{f}(w), fi(w)} = f}(u).

)
Also ij; (u) = i {0 — (—u)} = AMig(0), iy (—u)} = iy (—uw).
Therefore i}, (—u) = i} (u).
So ty;(—u) = t7;(0 — u) = AM{t;(0), t7;(u)} = t7;(u).
Also t};(u) = /{0 — (—u)} = Mt (0), 1 (—u)} =t/ ().
Therefore t];(—u) = t];(u).
Finally f(—u) = f(0 —u) < V{f5(0), fy(u)} = f(u).
Also frj(u) = fi{0— (—u)} = V{fi(—u), f7(0)} = fi(—uw).
Therefore f;(—u) = f(u). g

Remark 3.14. Every v-SV NI of a ring R is an v-SVNSR of R. However the converse is

not true.
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For example, let (R, +,.) be the ring of real numbers.

Define, U = {(u, iy (u), tr(u), iy (uw))| v € R} such that

iy (u) = 0.5 if u is rational, t;7(u) = 0.8 if w is rational, f/(u) = 0.1 if u is rational.

iy (u) = 0.4 if u is irrational, t;7(u) = 0.3 if w is irrational, fy(u) == 0.7 if u is irrational.
Consider v = 0.6, now define U = {(u, ij;(u),t];(uv), i;(u))| u € R} then

if;(u) = 0.5 if w is rational, ¢/;(u) = 0.6 if u is rational, f}(u) = 0.6 if u is rational.

i;(u) = 0.4 if w is irrational, ¢;(u) = 0.3 if w is irrational, f(u) = 0.7 if u is irrational.
Then U is an v-SVNSR of R.

But U is not an v-SV NI of R, since i};(2v/2) = 0.4 < V{i},(2),i};(v2)}.

Theorem 3.15. Let U and V be two v-SV NIs of a ring R. Then UNYV is also a v-SVINI
of R.

Proof. Let U = {(u,iy(u), tu(u), fu(uw)) | v € R} and V = {(u,iv(u),tv(u), fv(u)) | v € R}
be any two v-SV NIs of a ring R. Then,

U7 = {(u,i};(u), t);(u), f(u) | w € R} and VY = {(u, 4, (u), t],(u), fi;(uw)) | uw € R}, then by
using Proposition

(UNVY =07 AV = {Gu, (i A ), (6 AG) @), (£ V )W) | u € RY.

Now for any u,v € R, we have

1) (i Ay )(u—v) = Aify(u —v), i) (u—v)}

> MA{ig(u), iy (v) }, M@ (u), i3 (v) }}

= MA{ig (u), i3 (w)}, A (v), i (v) }}

= M@y A iy) (u), (i Ay ) (v) }-
(i) (ig; A i) (uv) = i (uv), iy (zv) }

> MV (u), dgr ()} VA (w), g (v) }
> VAN (u), iy (w)}, A{igr (v), gy (v) 1}
= V{(iy A iy) (@), (i Aiy) (o)}
(i) (¢ Aty)(u—v) = A{th(u—v), 17, (u —v)}
> Mt (u), g (0)}, At (u), £ (0)})
= MMty (w), 17 ()}, Mt (), 1 (0)})
(), (t; Aty)(v)}-

=N A
(iv) (t; A7) (uv) = Aty (uv), B, (uv) }

)
> MVAt (u), g (0)}, Vit (u), £ (0)})
)ty ty

(
> VAt (u), ty (W)}, Mty (0), £ ()}
= Vit Aty (w), (t) Aty)(v)}-
(V) (f5 vV ) =) = V{f(u—v), fi(u—-v)}

< VAV (W), fo ()} VI (u), /()1
= V{V{fo (W), fu ()}, VE{fi (), fo(0)}}
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= V{(f V ) ), (fg Vv R ()}
(vi) (f[’} \ fv)(uv) = \/{fU(uv),

Sy (uv)}
< VAN (), fo ()} AU (u), ()}
< MV (), o ()} v (0), fo (v) 1}

= /\{(f(} v fv)( u), (fU v fv)(v }
Therefore U NV is an y-SVNI of R.

Remark 3.16. Union of two v-SV NIs of R need not to be y-SV NI of R.

Remark 3.17. If U is an 4v-SVNSR and V is an v-SV NI of a ring R then U NV is an
~v-SVNSR of R but not an 7-SV NI of R. For example, consider the ring (R,+,.) of real
numbers and define,

U = {{u,iy(u),ty(u), fu(u)) | u € R} such that

iy (u) = 0.7 if u is rational, ty7(u) = 0.6 if w is rational, fir(u) = 0.1 if w is rational.

iy (u) = 0.2 if u is irrational, iy (u) = 0.1 if u is irrational, fyy(u) = 0.8 if  is irrational.

Also define V' = {(u, iy (u), ty(u), fy(u))|u € R} such that

iv(u) = 0.5, ty(u) = 0.4 and fy(u) =0.6 V u € R. Consider v = 0.5 then

if;(u) = 0.5 if w is rational, ¢/;(u) = 0.5 if u is rational, fJ}(u) = 0.5 if u is rational.

if;(u) = 0.2 if w is irrational, i};(u) = 0.1 if w is irrational, f}(u) = 0.8 if u is irrational.

Then U = {{(u,iy(u),ty(uw), fu(w)) | v € R} is an v-SVNSR of R.

Similarly, ¢},(u) = 0.5, t{,(u) = 0.4 and 4},(u) = 0.6 V u € R.

Then V = {(u,iv(u), tv(u), fy (u))|u € R} is an v-SV NI of R.

Then by using Proposition

(UNV)Y =070V = {{u, (i Niy) (), (t5 At (W), (fFV f)(w) | uw € R} is not an y-SVNT
of R, because (if; Ai},)(2v2) < V{(i}; Ai},)(2), (if; Nil)(V2)}.

4. Sum and Product of y-Single Valued Neutrosophic Ideal (7-SVNI)

In this section, we elaborate some fundamental principles and results related to the sum and

product of the «-single valued neutrosophic ideal.

Definition 4.1. Let U and V be two v-SV N1s of a ring R then their sum (U + V)7 is defined
as (U + V)7 = {{u, (i + ) (). () + ) (W), (ff + F)(w) | we R}, where
(ify + i) (u) = sup A {igy(a), iy (b)}},

u=a-+

(1 + 1)) = sup {A {1 (@), (1 ()}}, and

u=a-+
R+ R =t (v {73, 70
Definition 4.2. Let U and V be two 7-SV NIs of a ring R then their product (UV)7 is
defined as (UV)7 = {(u, (i};i},) (w), (t;t]) (w), (fr fiF)(w)) | w € R}, where
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(@i = s (A (A, 001,

1<00

@)W = sup A (A8 a0, (b))}, and
u=y a;b;

<00
(frfi) () = mf o LV {V{fo(ai), fr(0a)} 1}

’L<OO
Theorem 4.3. IfU and V are two v-SV NIs of a ring R, then U +V is also an v-SV NI of
R.

Proof. Let U = {(u,iy(u), ty(u), fu(uw)) | v € R} and V = {(u, iy (u), ty(u), fr(u) | v € R)}
be two 7-SV NTs of aring R, so U7 = {(u,};(u), t/;(u), f(v)) | v € R} and

V7 = {{u,i},(u), t],(uw), fir(u) | w € R)}, then their sum (U + V)7 is given by

U+ V) = {u, (@ + ) (w), (¢ + 1)) (w), (ff + [P (w) | v e R}

Let u,v € R and let A{(i;i])(uw), (i;i},)(v)} = 1. Then for any € > 0,

[ —e<(ify +iy)(u) = sup {A {igy(a),ig;(0)}},

u=a+

L= < (i} +i])(0) = gugd{A (e i)},
So there exist representations u = a + b, v = ¢+ d, where a,b,c,d € R such that

I —e < Mifi(a),i,(b)} and I — e < A{i};(c), i, (d)}.

= | —e<i}(a),i],(b) and | — € < i};(c),4};(d).

= 1 —e< Nifi(a),i;(0)} <if(a+c)and | — e < A{i},(D), ], (d)} < i) (b+d).
Thus we get u+v = (a+b) + (¢c+d) = (a+ c)+ (b+ d) such that

l—e< Mif(a+c),i,(b+d}.

= l—e< sup {nifi(a+c¢),il,(b+d)} = (i; + i) (u+ ).

utv=(a+c)+(b+d)
Since € is arbitrary, it follows that,

(i + i) (w +v) 2 1= M(if) + 7)) (w), (i, + i) (v)}-
Next, let m = V{(i; +i},)(w), (i}, +i},)(v)} = (i}, +4},)(u) (say) and € > 0.
Then m — e < (if; +i{,)(w) = sup {Ai};(a),],(b)}.

u=a+b
So there exists a representation v = a + b such that

m — e < Ni;(a), ()}

= m—e<i}(a),i}(b).

m —e < \V{i};(a),if;(c+d)} = i},(a(c+d)) , where v = ¢+,

and m — e < V{i},(b),},(c + d)} = i, (b(c + d)).

= m—e < N{i};(a(c+d)),},(b(c+d))}.

So we get, uv = (a +b)(c+ d) = a(c + d) + b(c + d), such that

m—e < Mij(a(c+d)), i, (b(c+d))}.

= m—e< sup {N{i;(a(c+ d)), i} (b(c+ d))}} = (i, + i} (uv).

uwv=a(c+d)+b(c+d)
Since € is arbitrary,
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(igy + iy ) (uwv) = m = V{(iy + i))(w), (i + i) (v) )

Similarly we can show that

(g + ) (wo) = s = Vit + 1) (w), (1 +17) (v)}-

Next let V{(f + fi)(w), (f + fir)(v)} =n and € > 0.

Then e > (f + f)(w) = inf {V{f(a), )},

andn+e > (fF + f)0) = inf (V{3 (@)},

So, there exist representations u = a + b and v = ¢ + d, for some a, b, c,d € R such that
n+e > V{fJa), )} and n+ € > V{f (o), F (D).

= n+e> fl(a), fi(b) and n+ e > fl(c), fi7(d).

= n+e>V{f(a), fi(0)} = fi(a+c), and n+ e > V{f(b), [} (d)} > f(b+d).
Thus we get, u +v = (a+0b) + (c+d) = (a+ c) + (b+ d), such that
n+e>V{fila+c), fl(b+d)}.

= nte< inf ){\/{f&(a—l—c),f{}(b—l—d)}}:(fg+f‘7/)(u—|—v).

utv=(a+c)+(b+d
Since € is arbitrary,

(fo + f)utv) <n=V{(f§ + f7)(w), (ff + f7) ()}

Finally, if w = AL + £, (7 + F@)) = (7 + ) (w) (say), and € > 0,
then w+ ¢ > (f+ f{)(w) = inf (V3 (@), ).

So there exists a representation u = a + b such that w + ¢ > V{f}(a), f{/(b)}.
= w+e> fi(a) and w+e > fL(b).

= w+e>N{fl(a), fi(c+d)} = f(alc+d)), and

w4 e > AN fLD), f(c+d)} = [l (bc+d)), where v = ¢+ d.

So, we get uv = (a + b)(c + d) = a(c + d) + b(c + d) such that

w+ e > V{f(a(c+d)), f(b(c+d))}.

Swtes b {V(flale+ ), e+ )} = (f + ) ().

uv=a(c+d)+b(c+d)
Since € is arbitrary,

(fo + f) (o) < w = M(f + FR) ), (fF + 7))}
Hence U + V is an v-SV NI of R.

Theorem 4.4. IfU and V' are two v-SV NIs of a ring R, then UV is also an v-SV NI of R.

Proof. Let U = {(u,iy(u),ty(u), fu(u)) | w € R} and V = {(u, iy (u), ty(u), fr(u) | v € R)}
be two v-SV NIs of a ring R, so

U = {3 (), 6 (), Fw)) | 0 € RY and V7 = {{u, i3 (w), £ (w), () | u € R)}.

Then (UV)Y = {(u, (i) (w), (£5£0) (), (FLF1)(w)) | w € R},

Let u,v € R and let A{(i};i],)(u), (i};i},)(v)} = .

Then for any € > 0,
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¢ —e<(ifiy)(uw) = sup {A {A{i}j(a),i/;(bi)}}}, and

u=>_a;b;
1<00
¢ —e<(ifyiy)(w) = sup AN {A{i(ma), i ()}
U=y min;
1<00
So we get representations u = %: <‘l£i and v = 2;2’:0"1 such that

¢—€e< {/\ {/\{Z’[Y](al)v'ﬂ[}(bl)}}}? and ¢ —e < {/\ {/\{Z’[y](ml)az’lyj(nl)}}}v
= ¢—e < M (ai),i;(bs)}, and ¢ — e < A{if;(ms), 3], (ni)} Y 4,
= ¢—e<if(a;),if;(bi), and ¢ —e < i}, (m;), i), (ni) V i,
ai), i (bi)} < ifi(a; +my), and ¢ — e < A{i];(my), i (na)} < i), (bi +ny) Vi
Thus, we get u+v = > (a;b; + m;n;), where a;, b;, m;,n; € R, such that
<00
c—e< {/\{’L?}(al +m;), Z?/(bl + nl)}}, Y 1,
= ¢—€< /\{/\{’L?}(az —+ ml),z?/(bl + nl)}},

= §—6</\{iU(i,U

cme<sup {AAG (st ma), il b+ ) = @)+ o).
u=Y(aib+min;) i

Since € is arb;‘?roafry, so we have,

(igriy ) (u +v) > ¢ = A{(igiy ) (w), (i) ()}

Next let g = V{(i;i{)(w), (i;i},)(v)} = (i;4),)(u) (say) and let € > 0, then

g — e < (igiy)(u) = _Sup {AN Mg (aa), {iybi) }

a;b; 1
’L<OO
So there exists a representation uw = ) a;b; such that
<00

g ¢ < AL @) L)Y = Al (e, {i7bi}, Vi
= g—e< i/(a;),i}(b;), Vi
If v= > myn; then

<00
g — e < Vi (i), i, (mq)} = il (aymy) V 4,
and g — e < V{4},(b;), 4}, (ns)} = i}, (bing), V i.
Thus, we get uv = Y (a;b;)(myn;) = > (aym;)(biny)
<00 <00

such that g — e < A{if;(aim;), i), (bing)}, Y.
= g —e < AN{Mig(aima), iy (bini) } -

= g—€< sup {/\{zg(alml),z?/(bml)}} = (zgzﬁ(/)(uv)
uv:Z(Zimi)(bini)

Since € is arbitrary

(igyiy) (uv) = g = VA{(igiy) (w), (igiy) ()}

Similarly, we can show that

() (u+v) > j = M(t5ty) (), (i) () }-

(13 (wv) > 6 = VA(t 1) (u). (113)(0) ).

Next, let I = V{(f /i) (), (fif{F)(v)} and € > 0, then
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= l+e> (flfi)(u) = lg {\/{V{fU(az) for(ba)

<00
S e (W =l (VVm), )},
1<00 !
So, we get representations u = Y a;b; and v = > m;n;, where a;, b;, m;,n; € R, such that
1<00 <00

[+e> V{\/{fU(az) fy (i)} and I+ € > V{\/{fU(mz) fy(na)}t}

= l+e>V{fl(a), f(bi)} and I + € > \/{fU(ml) f(ng)}, Vi
= l+e> fla), fr(b) and 1 + € > fii(my), fih(ng), Vi

= I+e>V{fi(a), fir(mi)} > fl(ai +m;) and 14 € > V{f(b:), i (na)} = [ (bi +n4), Vi
Thus, we get u+v = >_ (a;b; + m;n;), where a;, b;, m;,n; € R, such that
<00

[+ ¢€> \/{fg(az +m;), f;}(bz +n;)}, Vi

[+e> Z:(sup+ ){\/{\/{fU(az +my), fr(bi +ni)} 3 = (fofy)(u+v).

Since € is arbitrary, so we have,

(fo V) (u+v) < o=V{(fgfy)(w), (f5f)(v)}

Finally, let o = A{(f} 1) (w), (fEfi) (@)} = (f i) (u) (say) and let € > 0, then
o+e> (fify)(u) = o , VAV (a) Ly 0}

a;b; 7
'L<OO

So there exists a representation v = ) a;b; such that
<00

o+e> \/{V{fz} ai), {fybi)}y = V{fg(a), {fybi}, Vi
= 7"+€> fo(ai), fi(bi), V.
If v= > myn; then

<00

o+e> \/{fU(az) fU(mZ)} [}(aimi) Y1,
and o+ € > V{f{(b;), fi,(ni)} > fiH(bing), Vi
Thus, we get uv = ; (a;b;)(min;) = ; (aim;)(biny;)

such that o+ ¢ > V{f{ (aim;), s (biny)}, V i.
= 0+¢€> \/{\/{fg(alml), f‘v/(bmz)}}

= o+e> uv:z(?;i)(bmi){v{fg(aimi)’ fobing)}} = (fg fi))(uv).

Since € is arbitrary

(o i) () < o= M) W), (f5f7) ()}
Hence UV is an 7v-SV NI of R.

Remark 4.5. According to the definition given by Atanassov [1] the sum and product of two
v-SV NIs of a ring R is not necessarily an v-SV NI of R as shown by the following example:
Consider the ring R = {0,a,b,a + b} where a+a =0 =b+b,a+b =0b+ a and uv = 0
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2]

Y u, v € R. We define,
7(0) = 0.9 = i (a), i
t,(0) = 0.9 =t} (a), t],(
f5(0) = 0.1 = fy(a), fr(b) :
And },(0) = 0.7,i],(a) = 0.3 = i{,(a + b), ], (b) = 0.5;
i,(0) = 0.7,1,(a) = 0.3 = i, (a + b), 4], (b) = 0.5;

fv( ) = O-Qafv( a) =0.6 = fv(a+ b)va( ) =0.5.

Then U = {{(u,iy(u), ty(u), fu(uw)) | v € R} and V = {{u,iy(u),ty(u), fy(u)) | v € R} are
v-SV NIs of R. According to Atanassov [1],

(U+V) = {{u, iy (w) + iy, (u) — iy (w)iy (), tg; (u) + 1 (w) — 7, (w)t], (u), frr(w) frr(w) | w € R}
And (UV)T = {{u, if;(u)iy, (u), t} ()t (w), fir(u) + fi-(u) = fr(u) frp(w)) | uink}.

Now i;(a — b) 4+ 4{,(a — b) —i};(a — b)i},(a — b) = 0.4 4+ 0.3 — 0.12 = 0.58,

iy (a) + 1), (a) — if;(a)i},(a) = 0.9+ 0.3 — 0.27 = 0.93,

and i, (b) +4{,(b) — i};(b)i},(b) = 0.4 4 0.5 — 0.2 = 0.7.

Therefore,

i7 (a—b)-+i7(a=b) i}, (a=b)iT. (a=b) < ALi} @)+ (@)= (@)iT (@), i, (0T, (B)—if, (4)i5 ().
Hence U + V is not an v-SV NI of R. Again for the product, we see that

f(a—=b)+ fl(a—b) — fl(a—b)fi(a—b) = 0.76,
fi(@) + fy(a) = fya) fy(a) = 0.64,
and f1(b) + f(b) — f(b) f(b) = 0.7.

Therefore

fi(a=b)+ 7 (a=b)= fii(a=b) £y} (a=b) > V{f(a)+ £} (a)—f(a) £y (a), fr (0)+ 17 () — £ (D) £y (D) }.
Hence UV is not an v-SV NI of R.

5. Conclusions

A v-single valued neutrosophic set is a type of SVNS that can be used to tackle real-world
challenges for research and engineering. In this work, we introduce the notion of y-single valued
neutrosophic subrings, v-single valued neutrosophic ideals also the sum and product of y-single
valued neutrosophic ideals. On ~-single valued neutrosophic subrings and ideals, a variety of
characterizations have been proposed. Therefore, it is important for researchers to examine
~v-single valued neutrosophic subrings and ideals and their characteristics in applications and
to understand the basics of uncertainty. We agreed to include the concept of a v-SVNSR &
v-SVNI in research also examine its key feature. As a consequence of this research, various

principles are to be applied to achieve some adequate research value results of -SVNSR &
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~-SVNI. In further work, researchers can extend this idea in topological spaces, modules, and
fields.
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