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Abstract: The aim of this paper is to introduce the notion of neutrosophic X —ideals in semigroups
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1. Introduction

Throughout this paper, S denotes a semigroup and for any subsets A and B of S, the
multiplication of A and B is defined as AB = {abla € Aand b € B}. A nonempty subset A of S is
called a subsemigroup of S if A> S A. A subsemigroup A of S is called a left (resp., right) ideal of S
if AX € A (resp., XA € A). A subset A of S is called two-sided ideal orideal of S if it is both a left and
right ideal of S.

L.A. Zadeh introduced the concept of fuzzy subsets of a well-defined set in his paper [17] for
modeling the vague concepts in the real world. K. T. Atanassov [1] introduced the notion of an
Intuitionistic fuzzy set as a generalization of a fuzzy set. In fact from his point of view for each element
of the universe there are two degrees, one a degree of membership to a vague subset and the other is
a degree of non-membership to that given subset. Many researchers have been working on the theory
of this subject and developed it in interesting different branches.

As a more general platform which extends the notions of the classic set and fuzzy set,
intuitionistic fuzzy set and interval valued (intuitionistic) fuzzy set, Smarandache introduced the
notion of neutrosophic sets (see [15, 16]), which is useful mathematical tool for dealing with
incomplete, inconsistent and indeterminate information. This concept has been extensively studied
and investigated by several authors in different fields (see [2 — 8] and [10 — 14] ).

For further particulars on neutrosophic set theory, we refer the readers to the site
http://fs.gallup.unm.edu/FlorentinSmarandache.htm

In [9], M. Khan et al. introduced the notion of neutrosophic X —subsemigroup in semigroup and
investigated several properties. It motivates us to define the notion of neutrosophic X —ideal in
semigroup. In this paper, the notion of neutrosophic X —ideals in semigroups is introduced and
several properties are investigated. Conditions for neutrosophic X —structure to be neutrosophic
R —ideal are provided. We also discuss the concept of characteristic neutrosophic X —structure of
semigroups and its related properties.
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2. Neutrosophic X - structures

This section explains some basic definitions of neutrosophic X — structures of a semigroup S
that have been used in the sequel and introduce the notion of neutrosophic X — ideals in semigroups.
The collection of function from a set S to [—1,0] is denoted by J(S,[—1,0]). An element of
3(S,[—1,0]) is called a negative-valued function from S to [—1,0] (briefly, X — function on S). By a
X —structure, we mean an ordered pair (S,g) of Sand a X —function g on S.
For any family {xi | i € A} of real numbers, we define:
] max {x;|i € A} if Ais finite
\/{xi i€ 4} = {sup{xilli € A} if/jlcis in];inite
and
, min{x;|i € A} if Ais finite
/\{x" i€ 4} = {inf{a{c,-fil € A}}if/I;is in];”inite
For any real numbers x and y, we also use x V y and x A y instead of V{x,y} and A{x,y}
respectively.

Definition 2.1. [9] A neutrosophic X — structure over S defined to be the structure:

S X
SNT e P {TN(x>. G, Fve | X € S}’

where Ty, Iy and Fy are X — functions on S which are called the negative truth membership
function, the negative indeterminacy membership function and the negative falsity membership
function, respectively, on S. It is clear that for any neutrosophic X — structure Sy over S, we have
-3 < Ty(y)+ Iy(y) + Fy(y) <0 forally€es.

N

Definition 2.2. [9] Let Sy: = T
M, IM, I'M

S. Then

(i) Syis called a neutrosophic & — substructure of Sy over S, denote by Sy € Sy, if Ty(s) =
Tu(s), In(s) < Iy(s), Fy(s) = Fy(s) foralls€S.

If Sy € Sy and Sy € Sy, then we say that Sy = Sy.

(ii) The neutrosophic X — product of Sy and S, is defined to be a neutrosophic X —structure
over S

and Sy:= be neutrosophic X —structures over

S
(Tn, IN, Fn)

S s
SnOSy = (Tnom, INoM, FNom) {TNoM(S). Inom(s), Fnom(s) Is € S}’
where
/\{TN(u) vTy()} if 3u,v € Ssuchthats =uv
Them(s) =41
0 otherwise,
\/{IN(u) Aly(®)} if 3u,v € S suchthats = uv
Inom(s) =9, M0
0 otherwise,
/\{FN(u) vFy@)} if 3u,v € Ssuchthat s = uv
Fym(s) =1L\
0 otherwise.
For s €S, the element ————— s simply denoted by (SyOSw)(s) =

(TNom, INom, FNom)
(Tyom(S), Inom(s), Fnom(s)) for the sake of convenience.
(iii) The union of Sy and S, is defined to be a neutrosophic X —structure over S

Syum = (Si Tyum, Inum, FNUM)f
where

Tyym(a) = Ty(a) A Ty(a),
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Inym(a) = Iy(a) v Iy(a),
Fyom(@) = Fy(a) A Fy(a) foralla€s.
(iv) The intersection of Sy and Sy is defined to be a neutrosophic X —structure over S
Snom = (Si Tyom, Inom, FNnM)'
where
Tyam(a) = Ty(a) v Ty(a),
Iyom(a@) = Iy(a) A Iy(a),
Fyom(a) = Fy(a) v Fy(a) forall a € S.
Definition 2.3. [9] A neutrosophic X — structure Sy over S is called a neutrosophic
X —subsemigroup of S if it satisfies:
Ty(ab) < Ty(a)v Ty(b)
(Va,b €8)| Iy(ab) = Iy(a)viy(b)
Fy(ab) < Fy(a)v Fy(b)
Definition 2.4. A neutrosophic X —structure Sy over S is called a neutrosophic X —left (resp., right)
ideal of S if it satisfies:
Ty(ab) < Ty(a) (resp.,Ty(ab) < Ty(b))
(Va,b €8)| Iy(ab) = Iy(a) (resp., Iy(ab) = Iy(b))
Fy(ab) < Fy(a) (resp., Fy(ab) < Fy(b))
If Sy is both a neutrosophic X — left and neutrosophic X —right ideal of S, then it called a
neutrosophic X —ideal of S.

It is clear that every neutrosophic X —left and neutrosophic X —rightideal of S is a neutrosophic
X — subsemigroup of S, but neutrosophic X —subsemigroup of S is need not to be either a
neutrosophic X —left or a neutrosophic X —right ideal of S as can be seen by the following example.

Example 2.5. Let 5= {0,1,2,3,4,5 } be a semigroup with the following multiplication table:

. (0] 1 2 3 4 5
o o 0 (0] 0 0 0
1 0 1 1 1 1 1
2| 0 1 2 3 1 1
3| 0 1 1 1 2 3
41 0 1 4 5 1 1
5| 0 1 1 1 4 5
Then Sy ={(—0.9,—(()).1,—0.8)' (—0.5,—;.2,—0.6)'(—0.1,—(2).8,—0.1)'(—0.3,—(3;.6,—0.4)'(—0.1,—:.8,—0.1)'(—0.4,—3.3,—0.5)} is a

neutrosophic X —subsemigroup of S, but not a neutrosophic X —left ideal of S as Ty(3.5) %
Ty(5),Iy(3.5) £ Iy(5) and Fy(3.5) £ Fy(5).
O

Example 2.6. Let S = {a, b, c, d} be a semigroup with the following multiplication table:

al|lb|c|d

ala|a|a]|a

bla|la|a]|a

clalal|b|a

d|a|a|b|b
Then Sy = {(—0.9, —3.1, -0.8)" (=05, —(I:.z, -0.6)" (-03, —;.3, -04)" (-04, —Z.z, —0.5)} is a neutrosophic
N —ideal of S. o
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Definition 2.7. For a subset A of S, consider the neutrosophic R —structure
S

Xa(Sy) =
AN Ay xa(Dwy xa(F)y)
where
—-1ifse€A
T N _1;0 1] ]
Xa(Mn: 5= [ ] S_){O otherwise
OifscA
I N _1;0 ) I
xaDy: 5= ls- {—1 otherwise
-1ifseA

Xa(F)y: 5= [=1,0], s > {0 otherwise

which is called the characteristic neutrosophic X —structure of S.

Definition 2.8. [9] Let Sy be a neutrosophic X — structure over S and let a, B,y € [—1, 0] be such
that -3 < a+ B+ y < 0. Consider the following sets:
C={s€ES:Ty(s) < a},
15 ={seS:Iy(s) = B},
FY ={s€S:Fy(s) <7}
The set Sy(a,B,v) =1{s €S| Ty(s) < a, Iy(s) = B, Fy(s) <y} is called a (, B, y)-level set of Sn.
Note that Sy(a, B,¥) =T% N Ig n FL.

3. Neutrosophic X — ideals

Theorem 3.1 Let Sy be a neutrosophic X — structure over S and let a, 8,y € [—1,0] be such that
-3< a+ B+ y <0.If Sy isaneutrosophic X — left (resp., right) ideal of S, then (a, B,y) — level
set of Sy is a neutrosophic left (resp., right) ideal of S whenever it is non-empty.

Proof: Assume that Sy(a,B,¥) # @ for a, B,y € [-1,0] with —3 < a+ B+ y <0. Let Sy
be a neutrosophic X — leftideal of S and let x,y € Sy(a,B,¥). Then Ty(xy) < Ty(x) < a; Iy(xy) =
Iy(x) 2 B and Fy(xy) < Fy(x) <y which imply xy € Sy (a,B,y). Therefore Sy (a,B,y) is a
neutrosophic X — left ideal of S. o

Theorem 3.2. Let Sy be a neutrosophic X — structure over S and let a, 8,y € [—1,0] be such that
—3< a+ B+y <0 IUTY; If, and FX are left (resp., right) ideals of S, then Sy is a neutrosophic
R —left (resp., right) ideal of S whenever it is non-empty.

Proof: If there are a, b € S such that Ty(ab) > Ty(a). Then Ty(ab) > t, = Ty(a) for some
t, €[-1,0). Thus a € T,t\;‘ (a), but ab ¢ Tf\‘,"(a), a contradiction. So Ty(ab) < Ty(a). Similar way
we can get Ty(ab) < Ty(b).

If there are a,b € § such that Iy(ab) < Iy(a). Then Iy(ab) < tg < Iy(a) for some tgz€
(=1, 0]. Thus a € Iff (a), but ab ¢ Iltf (@), a contradiction. So Iy(ab) = Iy(a). Similar way we can
get Iy(ab) = Iy(b).

If there are a,b € S such that Fy(ab) > Fy(a). Then Fy(ab) >t, > Fy(a) for some t, €
[-1,0). Thus a € F;’,’(a), but ab ¢ Flt\}'(a), a contradiction. So Fy(ab) < Fy(a). Similar way we
can get Fy(ab) < Fy(b).

Hence Sy is a neutrosophic X —left ideal of S. o

Theorem 3.3. Let S be a semigroup. Then the intersection of two neutrosophic KX —left (resp., right)
ideals of S is also a neutrosophic X —left (resp., right) ideal of S.

N

Proof: Let Sy: = T Ior, Fon)
m In, Fyu

and Sy:= be neutrosophic X —left ideals of S. Then for

(Tn, In, Fy)
any x,y €S, we have

B. Elavarasan et al., Neutrosophic & —ideals in semigroups



Neutrosophic Sets and Systems, Vol. SS, 20SS 277

Tyom(xy) = Ty(xy) vTy(xy) < Ty(y) vTy () = Tnan (),
Inom(xy) = In(xy) Ay (xy) = Iy) Ay () = Inau (@),
Fyam(xy) = Fy(xy) v Fy(xy) < Fy(¥) v Fy () = Fyau ().
Therefore Xy, is a neutrosophic X —left ideal of S.
m

Corollary 3.4. Let S be a semigroup. Then {Xy,|i € N} is a family of neutrosophic X —left (resp.,
right) ideals of S, then so is X y;-

Theorem 3.5. For any non-empty subset A of S, the following conditions are equivalent:

(i) A is a neutrosophic X —left (resp., right) ideal of S,

(ii) The characteristic neutrosophic & —structure x,(Xy) over S is a neutrosophic X —left (resp.,
right) ideal of S.

Proof: Assume that A is a neutrosophic X —left ideal of S. For any x,y € A.

If YE€A then Xa(My(xy) <0 =x4(DNO); xa(Dyxy) = -1 = ), (Dy(y) and
Xa(F)y(xy) <0 =y (F)y(y). Otherwise ye€A. Then xy€eAd, so yi(T)ylxy) =-1=
Xa(My@); xaDyxy) =0 = x,(Dy(y) and x,(F)y(xy) = —1 = x4(F)y(¥). Therefore x,4(Sy)is a
neutrosophic X —leftideal of S.

Conversely, assume that x,(Sy) is a neutrosophic X —leftideal of S. Let a € A and x € S. Then
Xa(Myxa) < x4(T)y(a) = -1, x,(Dyxa) = x,(Dy(@) =0 and x,4(F)y(xa) < x,(Fy(a) = —1.
Thus y4(T)y(xa) = -1, y,(Dy(xa) =0 and y,(F)y(xa) = —1 and hence xa € A. Therefore Aisa
neutrosophic X —leftideal of S. O

Theorem 3.6. Let x,4(Sy) and xp(Sy) be characteristic neutrosophic X —structure over S for subsets
A and B of S. Then

(1) xa(Sx) N xB(Sxn) = XanB(Sn)-

(ii) xa(Sn) O xp(Sn) = Xap(Sn)-

Proof: (i) Let s€ S.
If s € AN B, then
Ua(My N xp(MIN)(S) = xa(Mn(s) v xp(TIn(s) = =1 = xanp(Tn(s),
XaDy N xpDp)(s) = xaDn(s) A xp(Dn(s) =0 = xanp(Dn(s),
Xa(F)y N xg(F)n)(s) = xa(F)n(s) v xg(F)n(s) = —1 = xanp(F)n(s).
Hence x,(Sy) N x5(Sn) = Xans(Sn)-
Ifs¢ ANB, thens& A4 ors ¢ B. Thus
Xa(M)y N xp(Mn)(S) = xa(Tn(s) v xp(Tn(s) = 0 = xanp(T)n((s)),
aDn N xp(DN)(S) = xa(Dn(S) A xp(Dn(S) = =1 = xanp(Dn(s),
Xa(F)y N xg(F)n)(s) = xa(F)n(s) v xg(F)n(s) = 0 = x4np(F)n(s).
Hence x4(Sn) N x(Sn) = Xanp(Sn)-

(ii) Let x € S. If x € AB, then x = ab for some a € A and b € B.
Now
(Xa(Mn o x8(MN)(xX) = Ar=selxa(T)n(s) v xp(Tn (1)}
< xa(Mn(@) v (xp(T)y (b)
= =1 = xp(T)n(x),
a5 = \/ XA v D))

x=st

= xa(Dy(a) v xg(D)y(b)
= 0 = ya5(Dy(x),

(a®w > 25D = \xa®n(®) v 25FIN®)

x=st

B. Elavarasan et al., Neutrosophic & —ideals in semigroups



Neutrosophic Sets and Systems, Vol. SS, 20SS 278

< xa(F)y(@) v (xp(F)y (b)
= —1 = yp(F)y(x).
Therefore x,(Sy) © xp(Sn) = XaB(Sn)- |
Note3.7.LetSy:= ————— and Sy:= — 5 pe neutrosophic X —structures over S. Then for
(Tn, In, FN) Tm, Im, Fm)

any subsets A and B of 5, we have

(i) XanB(Sn N Su) = (S: Xans(Mnam: XaneDnoms XansFnom),
where
XanB(Mnam(S) = Xan(TIN(GS) V Xa0e(TIu(s),
Xans(Dnom(8) = Xane(Dn(S) A X ang(Du(s),
XanB(F)noam(S) = Xang(F)n(S) v Xang(F)m(s) for s €S.
(i) xauB(Sn N Sy) = (S: Xave(Mnums Xavs(Drums Xavs(F)num),
where
Xaus(Mnum(S) = Xau(TIN(S) A Xaup(TIu(s),
Xaue(Dnum(8) = Xavg(Dn(S) v Xaus(Du(s),
XavB(F)num () = Xaus(F)n($) A Xaup(F)y(s) for s 8.

Theorem 3.8. Let Sy be a neutrosophic X — structure over S. Then Sy is a neutrosophic R — left
ideal of S if and only if Sy © Sy € Sy for any neutrosophic X — structure Sy over S.

Proof: Assume that Sy is a neutrosophic X — leftideal of S and lets,t,u € S. If s= tu, then

Ty(s) =Ty(tu) < Ty(u) < Ty(t) vTy(u) which impliesTy(s) < Ty.u(s). Otherwise s# tu.
Then Ty (s) <0 = Ty.u(s).

Iy(s) = Iy(tu) = Iy(u) = Iy (t) A Iy (t) which implies Iy(s) = Iy.y(s) . Otherwise s # tu.
Then Iy(s) = —1 = Iy.u(s).

Fy(s) = Fy(tu) < Fy(u) < Fy(t) v Fy(u) which implies Fy(s) < Fyou(s). Otherwise s# tu.
Then Fy(s) <0 = Fy y(s).

Conversely, assume that Sy is a neutrosophic X — structure over S such that Sy O Sy S Sy
for any neutrosophic X — structure Sy over S. Let x,y € S. If a = xy, then

Ty(xy) =Ty(a@) < (xx(Ty ° Ty)(a) = /\{XX(T)N ) vTy)} < xx(MyE) vTy(Y) =Tu®),

a=st

Iy(xy) =Iy(a) = (xx(Dy © Iy)(a) = \/{XX(I)N () A Iy(®)} = xx(Dy)V Iy@) = Iy(y),

a=st

Fy(xy) = Fy(a) < (xx(F)y ° Fy)(a) = /\{XX(F)N () vFy(®)} < xx(F)y(x) v Fy(y) = Fy ().

a=st
Therefore Sy isaneutrosophic X — left ideal of S. o

Similarly, we have the following.

Theorem 3.9. Let S be a neutrosophic X — structure over S. Then Sy is a neutrosophic X — left
ideal of S if and only if Sy © Sy € Sy for any neutrosophic X — structure Sy over S.

Theorem 3.10. Let Sy and Sy be neutrosophic X — structures over S. If Sy is a neutrosophic X —
left ideal of S, then so is the Sy © Sy.

Proof: Assume that Sy is a neutrosophic X — left ideal of S and let x,y € S. If there exist
a,b € S suchthat y = ab, then xy = x(ab) = (xa)b.
Now,

Ty oTw)@) = [\ T @ v Tu(b)}

y=ab
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< N\ @G vTu®
xy=(xa)b

= N\ T @ v Tu®) = @y o Tw) ),

xy=ch

Uy o 1)@ = \/ Un(®) r Lu(®)

y=ab

> \/ UuGa) n1ub))
xy=(xa)b

= \/ tn@n 1u®} = Uy o L)),
xy=cb

(FyoFu)) = [\ (Fx @v Fu(®))

y=ab

< N\ FyGavEu®)
xy=(xa)b

= /\ (Fy (©) v Fy(b)} = (Fy o Fy ) (xy).
xy=ch

Therefore Sy © Sy is a neutrosophic X — leftideal of S. i

Similarly, we have the following.

Theorem 3.11. Let Sy and Sy be neutrosophic X — structures over S. If Sy is a neutrosophic X —
right ideal of S, then so is the §y; O Sy.

Conclusions

In this paper, we have introduced the notion of neutrosophic X —ideals in semigroups and
investigated their properties, and discussed characterizations of neutrosophic X —ideals by using the
notion of neutrosophic X — product, also provided conditions for neutrosophic X —structure to be a
neutrosophic R — ideal in semigroup. We have also discussed the concept of characteristic
neutrosophic X —structure of semigroups and its related properties. Using this notions and results in
this paper, we will define the concept of neutrosophic X —bi-ideals in semigroups and study their
properties in future.
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