
 

                                    Neutrosophic Sets and Systems, Vol. 50, 20222 
University of New Mexico  

 
A.N. Mangayarkkarasi,  V. Jeyanthi, M. Jeyaraman and V.B. Shakila, Fixed Point Theorem of Weak Compatible Maps of Type 

(γ) In Neutrosophic Metric Spaces 
 

 

 
 

 
Fixed Point Theorem of Weak Compatible Maps of Type (𝜸) in Neutrosophic Metric Space 
 

A.N. Mangayarkkarasi1 V. Jeyanthi2, M. Jeyaraman3 and V.B. Shakila4 

1 Department of Mathematics, Nachiappa Swamigal Arts & Science College, Karaikudi. 

Affiliated to Alagappa University, Karaikudi, Tamilnadu, India; E-mail: murugappan.mangai@gmail.com 

2 Government Arts College for Women, Sivagangai. Affiliated to Alagappa University, Karaikudi, Tamilnadu, India;   

E-mail: jeykaliappa@gmail.com. 

3 P.G. and Research Department of Mathematics, Raja Doraisingam Government Arts College, Sivagangai. 

Affiliated to Alagappa University, Karaikudi, Tamilnadu, India; E-mail : jeya.math@gmail.com. 
4Department of Mathematics with CS (SF), Sourashtra College, Madurai, Tamilnadu, India. 

E-mail: vbshakila1977@gmail.com. 

 

Abstract: In this paper, we give definitions of compatible mappings of type (γ) in neutrosophic metric 

space, and obtain a common fixed point theorem under the conditions of weakly compatible mappings 

of type (γ) in complete neutrosophic metric spaces. Our research generalizes, extends and improves the 

results given by Sedghi et al.[19]. 
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1. Introduction : 

Fuzzy set was presented by Zadeh [30] as a class of elements with a grade of membership. Kramosil 

and Michalek [9] defined new notion called Fuzzy Metric Space (FMS). Later on, many authors have 

examined the concept of fuzzy metric in various aspects. Since then, many authors have obtained fixed 

point results in fuzzy metric space using these compatible notions. Also, Kutukcu et al.[11] obtained the 

common fixed points of compatible maps of type(β) on fuzzy metric spaces, and Sedghi et.al.[19] studied 

the common fixed point of compatible maps of type (γ) in complete fuzzy metric spaces.  

Atanassov [1] introduced and studied the notion of intuitionistic fuzzy set by generalizing the 

notion of fuzzy set.  Recently, Park[14] and Park et al. [17] defined the intuitionistic fuzzy metric space. 

Many authors [15, 16, 17] obtained a fixed point theorems in this space. Also, Park et al. [17] introduced 

the concept of compatible mappings of type(α) and type(β), and obtained common fixed point theorems  

in intuitionistic fuzzy metric space. 

 

mailto:murugappan.mangai@gmail.com
mailto:jeykaliappa@gmail.com
mailto:jeya.math@gmail.com


Neutrosophic Sets and Systems, Vol. 50, 2022     2  

 
A.N. Mangayarkkarasi,  V. Jeyanthi, M. Jeyaraman and V.B. Shakila, Fixed Point Theorem of Weak Compatible Maps of Type 

(γ) In Neutrosophic Metric Spaces 
 

 

In 1998, Smarandache [20, 21, 22] characterized the new concept called neutrosophic logic and 

neutrosophic set and explored many results in it. In the idea of neutrosophic sets, there is T degree of 

membership, I degree of indeterminacy and F degree of non-membership. Basset et al. [3] Explored the 

neutrosophic applications in dif and only iferent fields such as model for sustainable supply chain risk 

management, resource levelling problem in construction projects, Decision Making.  In 2020, Kirisci et al 

[10] defined NMS as a generalization of IFMS and brings about fixed point theorems in complete NMS.  

In 2020, Sowndrarajan et al. [23] proved some fixed point results for contraction theorems in neutrosophic 

metric spaces.  

In this paper, we give definitions of compatible mappings of type (γ) in neutrosophic metric space 

and obtain common fixed point theorem under the conditions of weak compatible mappings of type (γ) 

in complete neutrosophic metric space.  

 

2. Some Relevent Results: 

Definition: 2.1.[18] 

A binary operation * : [0, 1] x [0, 1] → [0, 1] is a continuous t-norm [CTN] if it satisfies the following 

conditions : 

1. * is commutative and associative, 

2. * is continuous, 

3. 휀1*1 = 휀1 for all  휀1∈ [0, 1], 

4. 휀1* 휀2  ≤ 휀3*휀4  whenever  휀1 ≤ 휀3 and  휀2  ≤ 휀4  , for each 휀1, 휀2, 휀3, 휀4∈ [0, 1]. 

Definition: 2.2.[18] 

A binary operation ⋄ : [0, 1] x [0, 1] → [0, 1] is a continuous t-conorm [CTC] if it satisfies the following 

conditions: 

1. ⋄ is commutative and associative, 

2. ⋄ is continuous, 

3. 휀1⋄ 0 = 휀1 for all 휀1∈ [0, 1], 

4. 휀1⋄ 휀2  ≤ 휀3⋄ 휀4  whenever  휀1 ≤ 휀3 and  휀2  ≤ 휀4  , for each 휀1, 휀2, 휀3 and 휀4 ∈ [0, 1]. 

Definition: 2.3.[23] 

A 6-tuple (Σ, Ξ, Θ, Υ,∗,⋄) is said to be an Neutrosophic Metric Space (shortly NMS), if Σ is an arbitrary 

non empty set, ∗ is a neutrosophic CTN, ⋄ is a neutrosophic CTC and Ξ, Θ 𝑎𝑛𝑑 Υ are neutrosophic on          

Σ2 × ℝ+ satisfying the following conditions:   

For all 휁, 휂, 𝛿,𝜔 ∈ Σ, 𝜆 ∈  ℝ+. 

1. 0 ≤ Ξ ( 휁, 휂,  𝜆) ≤ 1; 0 ≤ Θ ( 휁, 휂,  𝜆) ≤ 1; 0 ≤ Υ ( 휁, 휂,  𝜆) ≤ 1; 

2. Ξ ( 휁, 휂,  𝜆) + Θ ( 휁, 휂,  𝜆) + Υ ( 휁, 휂,  𝜆) ≤ 3; 

3. Ξ ( 휁, 휂,  𝜆) = 1  if and only if  휁 =  휂; 

4. Ξ ( 휁, 휂,  𝜆) = Ξ ( 휂, 휁, 𝜆),  

5. Ξ ( 휁, 휂,  𝜆)∗ Ξ ( 휂, 𝛿, 𝜇) ≤ Ξ ( 휁, 𝛿, 𝜆 + 𝜇), for all 𝜆 , 𝜇 > 0; 

6. Ξ ( 휁, 휂,  .) : (0, ∞ ) → ( 0 , 1] is neutrosophic continuous ; 

7. lim
𝜆→∞

Ξ ( 휁, 휂,  𝜆) = 1   for all  𝜆 > 0;  

8. Θ ( 휁, 휂,  𝜆) = 0  if and only if  휁 =  휂; 

9. Θ ( 휁, 휂,  𝜆) = Θ ( 휂, 휁, 𝜆) ; 

10. Θ ( 휁, 휂,  𝜆) ⋄ Θ ( 휂, 𝛿, 𝜇) ≥ Θ ( 휁,  𝛿, 𝜆 + 𝜇), for all 𝜆 , 𝜇> 0; 

http://fs.unm.edu/NSS2/index.php/111/article/view/753
http://fs.unm.edu/NSS2/index.php/111/article/view/753
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11. Θ ( 휁, 휂,  .) : (0, ∞ ) → ( 0 , 1] is neutrosophic continuous; 

12. lim
𝜆→∞

Θ ( 휁, 휂, 𝜆) = 0   for all  𝜆 > 0; 

13. Υ  ( 휁, 휂, 𝜆) = 0  if and only if  휁 =  휂 ; 

14. Υ  ( 휁, 휂,  𝜆) = Υ  ( 휂, 휁, 𝜆) ; 

15. Υ ( 휁, 휂,  𝜆) ⋄ Υ  ( 휂, 𝛿, 𝜇) ≥ Υ  ( 휁, 𝛿, 𝜆 + 𝜇), for all 𝜆 , 𝜇> 0; 

16. Υ( 휁, 휂,  .) : (0, ∞ ) → ( 0 , 1] is neutrosophic continuous; 

17. lim
𝜆→∞

Υ ( 휁, 휂,  𝜆) = 0   for all  𝜆 > 0; 

18. If 𝜆 ≤ 0 then Ξ ( 휁, 휂, 𝛿, 𝜆) = 0;  Θ ( 휁, 휂, 𝛿, 𝜆) = 1;  Υ  ( 휁, 휂, 𝛿, 𝜆) = 1.  

Then, ( Ξ, Θ, Υ ) is called an NMS on Σ . The functions Ξ, Θ and Υ denote degree of closedness, 

neturalness and non-closedness between 휁 and  휂  with respect to 𝜆 respectively. 

Example: 2.4.[23] 

Let ( Σ , d) be a metric space. Define 𝜔 ∗ 𝜏  = min { 𝜔 , 𝜏 } and  𝜔 ⋄ 𝜏  = max { 𝜔 , 𝜏 } and                             

Ξ, Θ, Υ  : Σ2 × ℝ + → [ 0, 1] defined by,we define Ξ  ( 휁 , 휂 ,   𝜆 ) = 
𝜆

𝜆 + 𝑑 (𝜁,   𝜂 )
 ; Θ  ( 휁 , 휂 ,   𝜆 ) = 

𝑑 (𝜁,𝜂 )

𝜆 + 𝑑 (𝜁,𝜂 )
 ;                            

Υ ( 휁, 휂,  𝜆) = 
𝑑 (𝜁,𝜂 )

𝜆 
 , for all 휁, 휂 ∈  Σ and 𝜆 > 0.  Then (Σ, Ξ, Θ, Υ,∗,⋄) is called NMS induced by a metric d the 

standard neutrosophic metric. 

Definition 2.5.[23] 

Let Σ be an NMS.  Then Ξ, Θ are said to be continuous on Σ2 × ℝ+  if  lim
  n→∞

 Ξ(ζ n, ηn, λn) = Ξ(ζ , η, λ) ;  

 lim
  n→∞

 Θ (ζ n, ηn, λn) = Θ (ζ , η, λ) ;  lim
  n→∞

 Υ(ζ n, ηn, λn) = Υ (ζ , η, λ), 

Whenever a sequence {(ζ n, ηn, λn)} Σ2 × ℝ+  converges to a point (ζ, η, λ)  Σ2 × ℝ+  . 

Definition 2.6. 

Let Γ and Ω be mappings from an NMS Σ into itself.  Then the mappings are said to be compatible if  

 lim
  n→∞

 Ξ(ΓΩζ n, ΩΓζ n, λ) = 1,  lim
  n→∞

 Θ(ΓΩζ n, ΩΓζ n, λ) = 0,  lim
  n→∞

 Υ(ΓΩζ n, ΩΓζ n, λ) = 0,  λ > 0, whenever {ζ n} 

is a sequence in Σ such that  lim
  n→∞

Γζ n =  lim
  n→∞

Ωζ n = ζ   Σ. 

Example 2.7. 

 Let Σ be an NMS, where Σ  = [0, 2], *,  defined a * b = min{a, b} , ab = max{a, b} for all a, b [0, 1] 

and Ξ ( 휁, 휂,  𝜆) = 
𝜆

𝜆 + 𝑑 (𝜁,   𝜂 )
 ; Θ ( 휁, 휂,  𝜆) = 

𝑑 (𝜁,𝜂 )

𝜆 + 𝑑 (𝜁,𝜂 )
 ; Υ ( 휁, 휂,  𝜆) = 

𝑑 (𝜁,𝜂 )

𝜆 
 , for all λ > 0 and ζ , η  Σ. Define 

self maps Γ  and Ω on Σ as follows: 

                                  Γ ζ  ={
2 𝑖𝑓 0 ≤  휁 ≤ 1
 𝜁

2
 𝑖𝑓 1 <  휁 ≤ 2

             and            Ωζ ={
2 𝑖𝑓  휁 = 1

 𝜁+3

3
 𝑜𝑡ℎ𝑒𝑟𝑒𝑤𝑖𝑠𝑒

 

and ζ n = 2 - 
1

2𝑛
. Then we have Ω1 = 2 = Γ1 and  Ω2= 1 = Γ2.   

Also, Ω Γ2 = Ω1 =2, ΓΩ2 = Γ1=2(Ω Γ2= ΓΩ2 =2), thus Γ and Ω are weak compatible.  

Also, since Γζ n = 
1

2
 (2 -

1

2𝑛
) = 1-

1

2𝑛
, Ωζ n = 

1 

2
(2 -

1

2𝑛
+3) =1- 

1

10𝑛
.   Thus  lim

  n→∞
 Γζ n =1 =  lim

  n→∞
Ωζ n.  

Furthermore, Ω Γζ n= Ω(1 -
1

4𝑛
) =

1

5
 (1 -

3

4𝑛
 +3) =

4

5
 -

1

20𝑛
, ΓΩζ n= Γ(1-

1

10𝑛
) = 2.  

Now, 

 lim
  n→∞

 Ξ (ΓΩζ n, Ω Γζ n, λ) =  lim
  n→∞

 Ξ (2, 
4

5
 -

1

20𝑛
,λ) = 

5𝑡

5𝑡+6
 , 

 lim
  n→∞

 Θ (ΓΩζ n, Ω Γζ n, λ) =  lim
  n→∞

 Θ (2, 
4

5
 -

1

20𝑛
,λ) = 

6

5𝑡+6
 , 

 lim
  n→∞

 Υ (ΓΩζ n, Ω Γζ n, λ) =  lim
  n→∞

Υ (2, 
4

5
 -

1

20𝑛
,λ) = 

6

5𝑡
 , 
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Hence Γ and Ω is not compatible. 

3. Weak Compatible mappings of type (𝜸): 

Definition 3.1. 

Let Γ and Ω be mappings from an NMS Σ into itself. Then the mappings Γ and Ω are said to be 

compatible maps of type (𝜸) if  satisfying: 

1. Γ and Ω are compatible, that is,   lim
  n→∞

 Ξ (ΓΩζ n, Ω Γζ n, λ) = 1,  lim
  n→∞

 Θ (ΓΩζ n, Ω Γζ n, λ) = 0,             

 lim
  n→∞

 Υ (ΓΩζ n, Ω Γζ n, λ) = 0, λ > 0.  

Whenever {ζ n}  Σ  such that  lim
  n→∞

  Γζ n =  lim
  n→∞

  Ω ζ n = ζ  Σ . 

2. They are continuous  at ζ .  On the other hand, we have   

Γζ  =  Γ(  lim
  n→∞

 Γζ n ) =  Γ(  lim
  n→∞

 Ω ζ n ) =  (  lim
  n→∞

 Ω Γ ζ n ) = Ω (  lim
  n→∞

Γ ζ n ) = Ω ζ . 

Definition 3.2. 

Let Γ and Ω be mappings from an NMS Σ into itself. The mappings Γ and Ω are said to be weak - 

compatible  of type ( 𝜸) if   lim
  n→∞

  Γζ n =  lim
  n→∞

  Ω ζ n = ζ  for some ζ  Σ implies that Γζ = Ωζ . 

Remark 3.3. 

If self maps Γ and Ω of an NMS Σ are compatible of type(𝛾), then they are weak compatible type(𝛾). 

But the converse is not true. 

Lemma 3.5. 

Let Σ be an NMS, 

1. If we define  Eα : Σ2 × ℝ+  by  

Eα (ζ , η ) = inf { λ > 0 ; Ξ ( 휁, 휂,  𝜆) > 1- 𝜆 , Θ (ζ , η, λ) <   𝜆 and Υ (ζ , η, λ) < 𝜆 } for each 𝜇 ∈ (0,1) there 

exists α ∈  (0,1) such that Eα (ζ1 , ζ n) ≤  Eα (ζ1 , ζ 2) + Eα (ζ2 , ζ 3) + … Eα (ζn-1 , ζ n)                                                      

for any ζ1 , ζ 2 … ζn Σ. 

2. The sequence { ζn}n N  is convergent in NMS  Σ  if and only if  Eα (ζn , ζ ) → 0 .  

Also, the sequence { ζn}n N   is Cauchy sequence if and only if it is Cauchy sequence with Eα  .  

Lemma 3.6. 

Let Σ be an NMS.  Ξ  (ζn , ζn+1, λ) ≥ Ξ  (ζ0 , ζ1, knλ), Θ  (ζn , ζn+1, λ) ≤ Θ  (ζ0 , ζ1, knλ) and                                  

Υ (ζn , ζn+1, λ) ≤ Υ (ζ0 , ζ1, knλ) for some k > 1 and for every n N . Then sequence { ζn} is a Cauchy 

sequence.  

Lemma 3.7. 

Let Σ be an NMS.  If there exists a number k (0, 1) such that for all ζ , η Σ and λ > 0.                         

Ξ (ζ , η, kλ) ≥ Ξ (ζ , η, λ), Θ (ζ , η, kλ) ≤ Θ (ζ , η, λ) and Υ (ζ , η, kλ) ≤ Υ (ζ , η, λ) then ζ  = η. 

4. Main Results 

Lemma 4.1. 

Let Γ and Ω are self – mappings of a complete NMS Σ satisfying: 

There exists a constant k  (0, 1) such that 
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Ξ 2(Γζ , Ωη, kλ) * [Ξ (ζ , Γζ , kλ) Ξ (η, Ωη, kλ)] * Ξ 2(η, Ωη, kλ) + a Ξ (η, Ωη, kλ) 

 Ξ (ζ , Ωη, 2kλ) ≥ [p Ξ (ζ , Γζ , λ) + q Ξ (ζ , η, λ)] Ξ (ζ , Ωη, 2kλ)                                            (4.1.1) 

Θ 2(Γζ , Ωη, kλ)  [Θ(ζ , Γζ , kλ) Θ (η, Ωη, kλ)]   Θ2(η, Ωη, kλ) + a Θ (η, Ωη, kλ) 

 Θ (ζ , Ωη, 2kλ) ≤ [p Θ (ζ , Γζ , λ) +q Θ (ζ , η, λ)] Θ (ζ , Ωη, 2kλ)                                                   (4.1.2) 

Υ 2(Γζ , Ωη, kλ)  [Υ (ζ , Γζ , kλ) Υ (η, Ωη, kλ)]  Υ 2(η, Ωη, kλ) + a Υ (η, Ωη, kλ) 

 Υ (ζ , Ωη, 2kλ) ≤ [p Υ (ζ , Γζ , λ) +q Υ (ζ , η, λ)] Υ (ζ , Ωη, 2kλ)                                                     (4.1.3) 

for every ζ , η  Σ and λ > 0, where 0 < p, q < 1, 0 ≤ a < 1 such that p + q – a =1.  Then Γ and Ω have a 

unique common fixed point in Σ. 

Proof: Let ζ 0 Σ be an arbitrary point, there exist ζ 1  Σ such that Γζ 0 = ζ 1, Ωζ 1= ζ 2.  Inductively, 

construct the sequences {ζ n}  Σ such that ζ 2n+1 = Γζ 2n, ζ 2n+2 = Ωζ 2n+1  

for n = 0, 1, 2, ..... Then we prove that {ζ n} is a Cauchy sequence.  

 For ζ  = ζ 2n, η = ζ 2n+1 by we have 

Ξ 2(Γζ 2n, Ωζ 2n+1, kλ) *[ Ξ (ζ 2n, Γζ 2n,kλ) Ξ (ζ 2n+1,Ωζ 2n+1, kλ)]* Ξ 2(ζ 2n+1, Ωζ 2n+1, kλ)  

+ a Ξ (ζ 2n+1, Ωζ 2n+1, kλ) Ξ (ζ 2n, Ωζ 2n+1, 2kλ) ≥[p Ξ (ζ 2n, Γζ 2n, λ) + q Ξ (ζ 2n, ζ 2n+1, λ)] ×  

         Ξ (ζ 2n, Ωζ 2n+1, 2kλ) and 

Ξ 2(ζ 2n+1, ζ 2n+2, kλ) *[ Ξ (ζ 2n, ζ 2n+1, kλ) Ξ (ζ 2n+1, ζ 2n+2, kλ)] * Ξ 2(ζ 2n+1, ζ 2n+2, kλ) 

+ a Ξ (ζ 2n+1, ζ 2n+2, kλ) Ξ (ζ 2n, ζ 2n+2, 2kλ) ≥ [p Ξ (ζ 2n, ζ 2n+1, λ) +q Ξ (ζ 2n, ζ 2n+1, λ)]  ×  

Ξ (ζ 2n, ζ 2n+2, 2kλ), 

Θ 2(Γζ 2n, Ωζ 2n+1, kλ) [ Θ (ζ 2n, Γζ 2n, kλ) Θ (ζ 2n+1, Ωζ 2n+1, kλ)]  Θ 2(ζ 2n+1, Ωζ 2n+1, kλ) 

         + a Θ (ζ 2n+1, Ωζ 2n+1, kλ) Θ (ζ 2n, Ωζ 2n+1, 2kλ) ≤ [p Θ (ζ 2n, Γζ 2n, λ) + q Θ (ζ 2n, ζ 2n+1, λ)]  × 

Θ (ζ 2n, Ωζ 2n+1, 2kλ) and 

Θ 2(ζ 2n+1, ζ 2n+2, kλ)  [Θ (ζ 2n, ζ 2n+1, kλ) Θ (ζ 2n+1, ζ 2n+2, kλ)]  Θ 2(ζ 2n+1, ζ 2n+2, kλ) 

+ a Θ (ζ 2n+1, ζ 2n+2, kλ) Θ (ζ 2n, ζ 2n+2, 2kλ) ≤ [p Θ (ζ 2n, ζ 2n+1,λ) +q Θ (ζ 2n, ζ 2n+1, λ)]  ×  

Θ (ζ 2n, ζ 2n+2, 2kλ). 

Υ2(Γζ 2n, Ωζ 2n+1, kλ) [ Υ(ζ 2n, Γζ 2n, kλ) Υ (ζ 2n+1, Ωζ 2n+1, kλ)]  Υ2(ζ 2n+1, Ωζ 2n+1, kλ) 

+ a Υ (ζ 2n+1, Ωζ 2n+1, kλ) Υ(ζ 2n, Ωζ 2n+1, 2kλ) ≤ [p Υ (ζ 2n, Γζ 2n, λ) + q Υ (ζ 2n, ζ 2n+1, λ)]  × 

Υ (ζ 2n, Ωζ 2n+1, 2kλ) and 

Υ 2(ζ 2n+1, ζ 2n+2, kλ)  [Υ (ζ 2n, ζ 2n+1, kλ) Υ (ζ 2n+1, ζ 2n+2, kλ)]  Υ 2(ζ 2n+1, ζ 2n+2, kλ) 

+ a Υ (ζ 2n+1, ζ 2n+2, kλ) Υ (ζ 2n, ζ 2n+2, 2kλ) ≤ [p Υ (ζ 2n, ζ 2n+1,λ) +q Υ (ζ 2n, ζ 2n+1, λ)] ×  

Υ (ζ 2n, ζ 2n+2, 2kλ). 

Then 

Ξ 2(ζ 2n+1, ζ 2n+2, kλ) *[ Ξ (ζ 2n, ζ 2n+1, kλ) Ξ (ζ 2n+1, ζ 2n+2, kλ)] + a Ξ (ζ 2n+1, ζ 2n+2, kλ) 

Ξ (ζ 2n, ζ 2n+2, 2kλ) ≥ (p + q) Ξ (ζ 2n, ζ 2n+1, λ) Ξ (ζ 2n, ζ 2n+2, 2kλ), 

Θ 2(ζ 2n+1, ζ 2n+2, kλ) [ Θ (ζ 2n, ζ 2n+1, kλ) Θ (ζ 2n+1, ζ 2n+2, kλ)] + a Θ (ζ 2n+1, ζ 2n+2, kλ) 

Θ (ζ 2n, ζ 2n+2, 2kλ) ≤ (p + q) Θ (ζ 2n, ζ 2n+1, λ) Θ (ζ 2n, ζ 2n+2, 2kλ), 

Υ 2(ζ 2n+1, ζ 2n+2, kλ) [ Υ (ζ 2n, ζ 2n+1, kλ) Υ (ζ 2n+1, ζ 2n+2, kλ)] + a Υ (ζ 2n+1, ζ 2n+2, kλ) 

Υ (ζ 2n, ζ 2n+2, 2kλ) ≤ (p + q) Υ (ζ 2n, ζ 2n+1, λ) Υ (ζ 2n, ζ 2n+2, 2kλ). 

So, 

Ξ (ζ 2n+1, ζ 2n+2, kλ) + a Ξ (ζ 2n+1, ζ 2n+2, kλ) ≥ (p + q) Ξ (ζ 2n, ζ 2n+1, λ) 

Θ (ζ 2n+1, ζ 2n+2, kλ) + a Θ (ζ 2n+1, ζ 2n+2, kλ) ≤ (p + q) Θ (ζ 2n, ζ 2n+1, λ) 

 Υ (ζ 2n+1, ζ 2n+2, kλ) + a  Υ (ζ 2n+1, ζ 2n+2, kλ) ≤ (p + q)  Υ (ζ 2n, ζ 2n+1, λ). 

Therefore 

Ξ (ζ 2n+1, ζ 2n+2, kλ) ≥ Ξ (ζ 2n ζ 2n+1, λ) , Θ (ζ 2n+1, ζ 2n+2, kλ) ≤ Θ (ζ 2n, ζ 2n+1, λ) and 

Υ(ζ 2n+1, ζ 2n+2, kλ) ≤ Υ (ζ 2n, ζ 2n+1, λ). 
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Similarly, we also have 

Ξ (ζ 2n+2, ζ 2n+3, kλ) ≥ Ξ (ζ 2n+1, ζ 2n+2, λ), Θ (ζ 2n+2, ζ 2n+3, kλ) ≤ Θ (ζ 2n+1, ζ 2n+2, λ), 

Υ (ζ 2n+2, ζ 2n+3, kλ) ≤ Υ (ζ 2n+1, ζ 2n+2, λ) . 

For k (0, 1) if k1 = 
1

𝑘
 > 1 and λ = k1 λ1, then we have 

Ξ (ζ n, ζ n+1, λ) ≥ Ξ (ζ 0, ζ 1, 𝑘1
𝑛 λ1), Θ (ζ n, ζ n+1, λ) ≤ Θ (ζ 0, ζ 1, 𝑘1

𝑛 λ1)and 

 Υ (ζ n, ζ n+1, λ) ≤ Υ (ζ 0, ζ 1, 𝑘1
𝑛 λ1) . 

By Lemma 3.6, since {ζ n} is a Cauchy sequence in Σ which is complete, {ζ n} converges to 𝜔 in Σ.  Hence 

 lim
  n→∞

Γζ 2n=  lim
  n→∞

ζ 2n+1 =  lim
  n→∞

ζ 2n+2=  lim
  n→∞

Ωζ 2n+1 = 𝜔. 

Now, taking ζ  = 𝜔 and η = ζ 2n+1 in (i), we have as n, 

Ξ 2(Γω, ω, kλ) * [Ξ (ω, Γω, kλ) Ξ (ω, ω, kλ)]  * Ξ 2(ω, ω, kλ) + a Ξ (ω, ω, kλ) Ξ (ω, ω, 2kλ) 

       ≥ [pΞ(ω, Γω, λ) + qΞ(ω, ω, λ)] Ξ(ω, ω, 2kλ), 

Θ 2(Γω, ω, kλ) * [Θ (ω, Γω, kλ) Θ (ω, ω, kλ)]   Θ 2(ω, ω, kλ) + a Θ (ω, ω, kλ) Θ (ω,ω, 2kλ) 

       ≤ [p Θ (ω, Γω, λ) + q Θ (ω, ω, λ)] Θ (ω, ω, 2kλ), 

Υ 2(Γω, ω, kλ) * [Υ (ω, Γω, kλ) Υ (ω, ω, kλ)]   Υ 2(ω, ω, kλ) + a Υ (ω, ω, kλ) Θ (ω,ω, 2kλ) 

       ≤ [p Υ(ω, Γω, λ) + q Υ (ω, ω, λ)] Υ (ω, ω, 2kλ). 

Therefore 

Ξ(Γω, ω, kλ) + a ≥ pΞ(ω, Γω, λ) + q,  Θ (Γω, ω, kλ) ≤ 0 , Υ (Γω, ω, kλ) ≤ 0 , 

for all λ > 0,  so Γω = ω.  Taking ζ = ζ 2n and η = ω in (i), we have as n  , 

Ξ(ω, Ωω, λ) + a ≥ p + q, Θ (ω, Ωω, λ) + a Θ (ω, Ωω, λ) ≤ 0 and  Υ  (ω, Ωω, λ) + a Υ  (ω, Ωω, λ) ≤ 0, 

for all λ > 0, so Ωω = ω.  Thus ω is a common fixed point of Γ and Ω, 

Let β be another common fixed point of Γ and Ω.  Then using (i), we have 

Ξ 2(ω, β , kλ) + a Ξ (ω, β , 2kλ) ≥ [p + q Ξ(ω, β , λ)] Ξ(ω, β , 2kλ), 

Θ 2(ω, β , kλ) ≤ q Θ (ω, β , λ) Θ (ω, β , 2kλ) and Υ 2(ω, β , kλ) ≤ q Υ (ω, β , λ) Υ (ω, β , 2kλ) 

and  

Ξ(ω, β , λ) Ξ(ω, β , 2kλ) + aΞ(ω, β , 2kλ) ≥[p + q Ξ(ω, β , λ)]Ξ(ω, β , 2kλ), 

Θ(ω, β , λ) Θ (ω, β , 2kλ) ≤ q Θ (ω, β , λ) Θ (ω, β , 2kλ), 

Υ (ω, β , λ) Υ  (ω, β , 2kλ) ≤ q Υ  (ω, β , λ) Υ  (ω, β , 2kλ). 

Thus, it follows that 

Ξ(ω, β , λ) ≥ 
𝑝−𝑎

1−𝑞
 =1, Θ (n, β , λ) ≤ 0, Υ (n, β , λ) ≤ 0, 

for all λ > 0, so ω = β .  Hence Γ and Ω have a unique common fixed point in Σ. 

Theorem 4.2. 

Let Γ, Ω, ⋀ and ⋁ be self mappings of a complete NMS Σ satisfying 

1. Γ (Σ)  ⋁(Σ), Ω(Σ)  ⋀ (Σ), 

2. There exists a constant k  (0, 1) such that 

Ξ2(Γζ , Ωη, kλ) * [Ξ( ⋀ ζ , Γζ , kλ) Ξ(⋁η, Ωη, kλ)] *Ξ2(⋁η, Ωη, kλ) + aΞ(⋁η, Ωη, kλ) 

Ξ( ⋀ ζ , Ωη, 2kλ) ≥ [pΞ( ⋀ζ , Γζ , λ) + qΞ( ⋀ ζ , ⋁η, λ)] Ξ(⋀ζ , Ωη, 2kλ)                                   (4.2.1) 

Θ 2(Γζ , Ωη, kλ)  [Θ ( ⋀ ζ , Γζ , kλ) Θ (⋁η, Ωη, kλ)]  Θ 2(⋁η, Ωη, kλ) + a Θ (⋁η, Ωη, kλ) 

 Θ ( ⋀ ζ , Ωη, 2kλ) ≤ [p Θ ( ⋀ζ , Γζ , λ) + q Θ ( ⋀ζ , ⋁η, λ)] Θ ( ⋀ ζ , Ωη, 2kλ)                                  (4.2.2) 

Υ 2(Γζ , Ωη, kλ)  [Υ( ⋀ ζ , Γζ , kλ) Υ (⋁η, Ωη, kλ)]  Υ 2(⋁η, Ωη, kλ) + a Υ (⋁η, Ωη, kλ) 

 Υ( ⋀ ζ , Ωη, 2kλ) ≤ [p Υ ( ⋀ζ , Γζ , λ) + q Υ ( ⋀ζ , ⋁η, λ)] Υ ( ⋀ ζ , Ωη, 2kλ)                                  (4.2.3) 

for every ζ , η  Σ and λ > 0, where 0 < p, q <1, 0 ≤ a < 1 such that p + q – a =1, 

3. The pairs (Γ,  ⋀ ) and (Ω, ⋁) are weak compatible of type (𝛾). 

Then Γ, Ω,  ⋀  and ⋁ have a unique common fixed point in Σ. 
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Proof: Let ζ 0  Σ be an arbitrary point.  Since Γ(Σ)  ⋁(Σ) and Ω(Σ)  ⋀ (Σ), there exists ζ 1, ζ 2  Σ such 

that Γζ 0 = ⋁ζ 1= η1, Ωζ 1 =  ⋀ ζ 2= η2.  Because we can construct the sequences {ζ n}, {ηn} Σ such that η2n+1 = 

Γζ 2n= ⋁ζ 2n+1, η2n+2 =Ωζ 2n+1=  ⋀ ζ 2n+2 , for n = 0, 1, 2, . . . , we prove {ηn} is Cauchy sequence.  

For ζ  = ζ 2n, η = ζ 2n+1 by (ii), we have 

 Ξ2(Γζ 2n, Ωζ 2n+1, kλ) *[Ξ( ⋀ ζ 2n, Γζ 2n, kλ) Ξ(⋁ζ 2n+1, Ωζ 2n+1, kλ) *Ξ2(⋁ζ 2n+1, Ωζ 2n+1, kλ)  

          + a Ξ(⋁ζ 2n+1, Ωζ 2n+1, kλ) Ξ( ⋀ ζ 2n, Ωζ 2n+1, 2kλ) ≥[pΞ( ⋀ ζ 2n, Γζ 2n, λ) + qΞ( ⋀ ζ 2n, ⋁ζ 2n+1, λ)] ×  

    Ξ( ⋀ ζ 2n, Ωζ 2n+1, 2kλ), 

Θ 2(Γζ 2n, Ωζ 2n+1, kλ)  [Θ ( ⋀ ζ 2n, Γζ 2n, kλ) Θ (⋁ζ 2n+1, Ωζ 2n+1, kλ)  Θ 2(⋁ζ 2n+1, Ωζ 2n+1, kλ)  

   + a Θ (⋁ζ 2n+1, Ωζ 2n+1, kλ) Θ ( ⋀ ζ 2n, Ωζ 2n+1, 2kλ) ≤ [p Θ ( ⋀ ζ 2n, Γζ 2n, λ) +q Θ ( ⋀ ζ 2n, ⋁ζ 2n+1, λ)] ×        

   Θ ( ⋀ ζ 2n, Ωζ 2n+1, 2kλ), 

Υ 2(Γζ 2n, Ωζ 2n+1, kλ)  [Υ ( ⋀ ζ 2n, Γζ 2n, kλ) Υ (⋁ζ 2n+1, Ωζ 2n+1, kλ)  Υ 2(⋁ζ 2n+1, Ωζ 2n+1, kλ)  

  + a Υ (⋁ζ 2n+1, Ωζ 2n+1, kλ) Υ ( ⋀ ζ 2n, Ωζ 2n+1, 2kλ)≤ [p Υ ( ⋀ ζ 2n, Γζ 2n, λ) + q Υ ( ⋀ ζ 2n, ⋁ζ 2n+1, λ)] ×   

  Υ ( ⋀ ζ 2n, Ωζ 2n+1, 2kλ). 

Hence 

Ξ(η2n+1, η2n+2, kλ) Ξ(η2n, η2n+2, 2kλ) + aΞ(η2n+1, η2n+2, kλ) Ξ(η2n, η2n+2, 2kλ) 

≥ (p + q) Ξ(η2n, η2n+1, λ) Ξ(η2n, η2n+2,2kλ), 

Θ (η2n+1, η2n+2, kλ) Θ (η2n, η2n+2, 2kλ) + a Θ (η2n+1, η2n+2, kλ) Θ (η2n, η2n+2, 2kλ) 

≤ (p + q) Θ (η2n, η2n+1, λ) Θ (η2n, η2n+2,2kλ), 

Υ (η2n+1, η2n+2, kλ) Υ (η2n, η2n+2, 2kλ) + a Υ (η2n+1, η2n+2, kλ) Υ (η2n, η2n+2, 2kλ) 

≤ (p + q) Υ (η2n, η2n+1, λ) Υ (η2n, η2n+2,2kλ). 

So, we have 

Ξ(η2n+1, η2n+2, kλ) ≥ Ξ(η2n, η2n+1, λ),  Θ (η2n+1, η2n+2, kλ) ≤ Θ (η2n, η2n+1, λ) and  

Υ(η2n+1, η2n+2, kλ) ≤ Υ (η2n, η2n+1, λ). 

Similarly, also we have 

Ξ(η2n+2, η2n+3, kλ) ≥ Ξ(η2n+1, η2n+2, λ), Θ (η2n+2, η2n+3, kλ) ≤ Θ (η2n+1, η2n+2, λ), 

Υ (η2n+2, η2n+3, kλ) ≤ Υ (η2n+1, η2n+2, λ), for k  (0, 1), if k1 = 
 1

𝑘
  > 1 and λ = k1 λ1, then 

Ξ(ηn, ηn+1, λ) ≥ Ξ(ηn-1, ηn, k1 λ1) ≥ . . . ≥ Ξ(η0, η1, 𝑘1
𝑛λ1), 

Θ (ηn, ηn+1, λ) ≤ Θ (ηn-1, ηn, k1, λ1) ≤ . . . ≤ Θ (η0, η1, 𝑘1
𝑛λ1), 

Υ (ηn, ηn+1, λ) ≤ Υ (ηn-1, ηn, k1, λ1) ≤ . . . ≤ Υ (η0, η1, 𝑘1
𝑛λ1). 

Thus {ηn} is a Cauchy sequence and completeness of Σ, {ηn} converges to ω  Σ. 

Hence 

 lim
  n→∞

Γζ 2n=  lim
  n→∞

 η2n+1 =  lim
  n→∞

 ⋁ζ 2n+1 =  lim
  n→∞

 η2n+2 =  lim
  n→∞

Ωζ 2n+1  =  lim
  n→∞

 ⋀ ζ 2n+2 =  lim
  n→∞

  ⋀ ζ 2n = ω. 

Since Γ,  ⋀  are weak compatible of type (𝛾), Aω = ⋀ ω. 

Now, taking ζ  = ω and η = ζ 2n+1 in (ii), we have as n  . 

Ξ2(Γω, ω, kλ) * [Ξ( ⋀ ω, Γω, kλ) Ξ(ω, ω, kλ)] *Ξ2(ω, ω, kλ) + aΞ(ω, ω, kλ) Ξ( ⋀ ω, ω, 2kλ) 

      ≥ [pΞ( ⋀ ω, Γω, λ) + qΞ( ⋀ ω, ω, λ)]Ξ( ⋀ ω, ω, 2kλ), 

Θ 2(Γω, ω, kλ)  [Θ ( ⋀ ω, Γω, kλ) Θ (ω, ω, kλ)]  Θ 2(ω, ω, kλ) + a Θ (ω, ω, kλ) Θ ( ⋀ ω, ω, 2kλ) 

      ≤ [p Θ ( ⋀ ω, Γω, λ) + q Θ ( ⋀ ω, ω, λ)] Θ ( ⋀ ω, ω, 2kλ), 

Υ 2(Γω, ω, kλ)  [Υ ( ⋀ ω, Γω, kλ) Υ (ω, ω, kλ)]  Υ 2(ω, ω, kλ) + a Υ (ω, ω, kλ) Υ ( ⋀ ω, ω, 2kλ) 

      ≤ [p Υ ( ⋀ ω, Γω, λ) + q Υ ( ⋀ ω, ω, λ)] Υ ( ⋀ ω, ω, 2kλ). 

It follows that 

Ξ2(Γω, ω, kλ) + aΞ(Γω, ω, 2kλ) ≥ [p + qΞ(Γω, ω, λ)]Ξ(Γω,ω, 2kλ), 

Θ 2(Γω,ω, kλ) ≤ q Θ (Γω, ω, λ) Θ (Γω, ω, 2kλ), Υ 2(Γω,ω, kλ) ≤ q Υ (Γω, ω, λ) Υ (Γω, ω, 2kλ). 
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Since Ξ(ζ, η, .) is nondecreasing , Θ (ζ ,η, .) is nonincreasing and Υ (ζ, η, .) is nonincreasing  for all ζ , η Σ, 

we have 

Ξ(Γω, ω, λ) ≥ 
𝑝−𝑎

1−𝑞
 =1, Θ (Γω, ω, λ) ≤ 

0

1−𝑞
 = 0, Υ (Γω, ω, λ) ≤ 

0

1−𝑞
 = 0. 

for all λ > 0, So Γω = ω.  Hence Γω =  ⋀ ω = ω. 

Similarly, since Ω, ⋁ are weak compatible of type (𝛾), we get Ωω = ⋁ω.   

For taking ζ  = ζ 2n and η = ω in (ii), we have as n  , 

Ξ2(ω, Ωω, kλ)* [Ξ(ω, ω, kλ) Ξ(⋁ω, Ωω, kλ)] * Ξ2(⋁ω, Ωω, kλ) + aΞ(⋁ω, Ωω, kλ) 

Ξ(ω, Ωω, 2kλ) ≥ [pΞ(ω, ω, λ) + qΞ(ω, ⋁ω, λ)] Ξ(ω, Ωω, 2kλ), 

Θ 2(ω, Ωω, kλ)  [Θ (ω, ω, kλ) Θ (⋁ω, Ωω, kλ)]  Θ 2(⋁ω, Ωω, kλ) + a Θ (⋁ω, Ωω, kλ) 

 Θ (ω, Ωω, 2kλ) ≤ [p Θ (ω, ω, λ) + q Θ (ω, ⋁ω, λ)] Θ (ω, Ωω, 2kλ), 

Υ 2(ω, Ωω, kλ)  [Υ (ω, ω, kλ) Υ (⋁ω, Ωω, kλ)]  Υ 2(⋁ω, Ωω, kλ) + a Υ (⋁ω, Ωω, kλ) 

 Υ (ω, Ωω, 2kλ) ≤ [p Υ (ω, ω, λ) + q Υ (ω, ⋁ω, λ)] Υ (ω, Ωω, 2kλ). 

Then, 

Ξ2(ω, Ωω, kλ) + aΞ(ω, Ωω, 2kλ) ≥ [p+qΞ(ω, ⋁ω, λ)] Ξ(ω, Ωω, 2kλ), 

Θ 2(ω, Ωω, kλ) ≤ q Θ (ω, ⋁ω, λ) Θ (ω, Ωω, 2kλ), Υ 2(ω, Ωω, kλ) ≤ q Υ (ω, ⋁ω, λ) Υ (ω, Ωω, 2kλ). 

Thus it follows that 

Ξ(ω, Ωω, λ) ≥ 
𝑝−𝑎

1−𝑞
 =1, Θ (ω, Ωω, λ) ≤ 

0

1−𝑞
 = 0 and Υ (ω, Ωω, λ) ≤  0, for all λ > 0, so Ωω = ω.  

Hence Ωω = ⋁ω = ω.  

Therefore ω is a common fixed point of  Γ, Ω,  ⋀  and ⋁. 

Let β  be another common fixed point of  Γ, Ω,  ⋀  and ⋁.  Then we have 

Ξ2(Γω, Ωβ , kλ) * [Ξ( ⋀ ω, Γω, kλ) Ξ(⋁β , Ωβ , kλ)] * Ξ2(⋁β , Ωβ , kλ) 

+ aΞ(⋁β ,Ωβ , kλ) Ξ( ⋀ β , Ωβ , 2kλ) ≥ [pΞ( ⋀ ω, Γω, λ) + qΞ( ⋀ ω, ⋁β , λ)]Ξ( ⋀ ω, Ωβ , 2kλ), 

 

Θ 2(Γω, Ωβ , kλ)  [Θ ( ⋀ ω, Γω, kλ) Θ (⋁β , Ωβ , kλ)] Θ 2(⋁β , Ωβ , kλ) 

+ a Θ (⋁β ,Ωβ , kλ) Θ ( ⋀ β, Ωβ, 2kλ) ≤[p Θ (⋀ ω, Γω, λ) +q Θ (⋀ ω, ⋁β, λ)] Θ (⋀ ω, Ωβ , 2kλ), 

Υ 2(Γω, Ωβ , kλ)  [Υ ( ⋀ ω, Γω, kλ) Υ (⋁β , Ωβ , kλ)] Υ 2(⋁β , Ωβ , kλ) 

+ a Υ (⋁β ,Ωβ , kλ) Υ ( ⋀ β, Ωβ, 2kλ) ≤[p Υ (⋀ ω, Γω, λ) +q Υ (⋀ ω, ⋁β, λ)] Υ (⋀ ω, Ωβ , 2kλ), 

So, 

Ξ2(ω, β , kλ) + aΞ(ω, β , 2kλ) ≥ [p + q Ξ(ω, β , λ)]Ξ(ω, β , 2kλ), 

Θ 2(ω, β , kλ) ≤ q Θ (ω, β , λ) Θ (ω, β , 2kλ) and Υ 2(ω, β , kλ) ≤ q Υ(ω, β , λ) Υ (ω, β , 2kλ). 

Therefore 

Ξ(ω, β , λ ) ≥ 
𝑝−𝑎

1−𝑞
 =1, Θ (ω, β , λ) ≤ 

0

1−𝑞
 = 0, Υ (ω, β , λ) ≤  0, 

for all λ > 0, so ω = β , hence Γ, Ω,  ⋀  and ⋁ have unique common fixed point on Σ. 

Example 4.3. 

Let (Σ, d) be a metric space with Σ = [0,1]. Denote 𝜔 ∗ 𝜏 = min { 𝜔 , 𝜏} and  𝜔 ⋄ 𝜏 = max { 𝜔, 𝜏} for     

𝜔, 𝜏 ∈  [0,1] and let Ξd , Θd ,  Υd be neutroshopic sets on Σ2 × [ 0, ∞] defined as follows; 

Ξd ( 휁, 휂,  𝜆) = 
𝜆

𝜆 + 𝑑 (𝜁,   𝜂 )
 ;  Θd ( 휁, 휂,  𝜆) = 

𝑑 (𝜁,𝜂 )

𝜆 + 𝑑 (𝜁,𝜂 )
 ; Υd ( 휁, 휂,  𝜆) = 

𝑑 (𝜁,𝜂 )

𝜆 
 . 

Then (Ξd , Θd ,  Υd ) is an NMS on Σ  and  (Σ, Ξd , Θd , Υd , ∗, ⋄)  is an NMS.  

Define self mappings Γ, Ω,  ⋀  and ⋁ by 

Γ(Σ) = 1 ;  Ω (Σ) = 1 ;   ⋀ (Σ) =  {
1 𝑖𝑓  휁 𝑖𝑠 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 

0 𝑖𝑓  휁 𝑖𝑠 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙
  ;   ⋁(Σ) =   

𝜁+1

2
 

If we define  {ζ n}  Σ  by ζ n = 1 - 
1

𝑛
 , then we have for   lim

  n→∞
  Γζ n =  lim

  n→∞
  Ω ζ n = 1 and  Γ1 = 1 = ⋀1. 
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 lim
  n→∞

 Ξ (⋀ Γζ n, 1, λ) ≤  Ξ ( Γ1, 1, λ) = 1 ;   lim
  n→∞

 Θ (⋀ Γζ n, 1, λ) ≥  Θ ( Γ1, 1, λ) = 0 ;  

 lim
  n→∞

 Υ (⋀ Γζ n, 1, λ) ≥  Υ ( Γ1, 1, λ) = 0 . 

Also,  for  lim
  n→∞

 Ω ζ n =  lim
  n→∞

 ⋁ ζ n = 1  and Ω 1 = 1 = ⋁1. 

 lim
  n→∞

 Ξ (⋁Ω ζ n, 1, λ) ≤  Ξ (Ω 1, 1, λ) = 1 ;   lim
  n→∞

 Θ (⋁Ω ζ n, 1, λ) ≥  Θ (Ω 1, 1, λ) = 0 ;  

 lim
  n→∞

 Υ (⋁Ω ζ n, 1, λ) ≥  Υ (Ω 1, 1, λ) = 0 . 

Therefore, (Γ,   ⋀ )  and (Ω , ⋁) are weak compatible  of type (𝛾). Then all the conditions of Theorem 4.2. 

are satisfied and 1  is a unique common fixed point of Γ, Ω,  ⋀  and ⋁ on Σ.  

Conclusion: In this study, we have made common fixed point results for weak compatiple maps of type 

in neutrosophic metric Space. There is a degree to set up many fixed point brings about the spaces like 

fuzzy metric, generalized fuzzy metric, bipolar and partial fuzzy metric spaces by utilizing the idea of 

Neutrosophic Set. 
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