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Abstract.

Recently, vague sets and neutrosophic sets have received great attention among the scholars and have been applied in many
applications. But, the actual theoretical impacts of the combination of these two sets in dealing uncertainties are still not fully
explored until now. In this paper, a new generalized mathematical model called interval neutrosophic vague sets is proposed,
which is a combination of vague sets and interval neutrosophic sets and a generalization of interval neutrosophic vague sets.
Some definitions of interval neutrosophic vague set such as union, complement and intersection are presented. Furthermore,
the basic operations, the derivation of its properties and related example are included.
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1 Introduction

Many attempts that used classical mathematics to model uncertain data may not be successful. This is due to
the concept of uncertainty which is too complicated and not clearly defined. Therefore, many different theories
were developed to solve uncertainty and vagueness including the fuzzy set theory [1], intuitionistic fuzzy set [2],
rough sets theory [3], soft set [4], vague sets [5], soft expert set [6] and some other mathematical tools. There are
many real applications were solved using these theories related to the uncertainty of these applications [7], [8],
[9], [10] . However, these theories cannot deals with indeterminacy and consistent information. Furthermore, all
these theories have their inherent difficulties and weakness. Therefore, neutrosophic set is developed by
Smarandache in 1998 which is generalization of probability set, fuzzy set and intuitionistic fuzzy set [11]. The
neutrosophic set contains three independent membership functions. Unlike fuzzy and intuitionistic fuzzy sets, the
memberships in neutrosophic sets are truth, indeterminacy and falsity. The neutrosophic set has received more
and more attention since its appearance. Hybrid neutrosophic set were introduced by many researchers [12], [13],
[14], [15], [16]. In line with these developments, these extensions have been used in multi criteria decision
making problem such as ANP, VIKOR, TOPSIS and DEMATEL with different application [17]-[20].

Vague sets have been introduced by Gau and Buehrar in 1993 as an extension of fuzzy set theory [5]. Vague
sets is considered as an effective tool to deal with uncertainty since it provides more information as compared to
fuzzy sets [21]. Several studies have revealed that, many researchers have combined vague sets with others
theories. Xu et al. proposed vague soft sets and examined its properties [22]. Later, Hassan [23] have combined
vague set with soft expert set and its operations were introduced. In addition, others hybrid theories such as
complex vague soft set [24], interval valued vague soft set [25], generalized interval valued vague set [26] and
possibility vague soft set [27] were presented to solve uncertainty problem in decision making. Recently,
Al- Quran and Hassan [28] proposed new hybrid of neutrosophic vague such as [29], [30], [31] and [32].

Until now, there has been no study on interval neutrosophic vague set (INVS) and its combination
particularly with vague sets. Therefore, the objective of this paper is to develop a mathematical tool to solve
uncertainty problem, namely INVS which is a combination of vague sets and interval neutrosophic set and as a
generalization of interval neutrosophic vague set. This set theory provides an interval-based membership
structure to handle the neutrosophic vague data. This feature allows users to record their hesitancy in assigning
membership values which in turn better capture the vagueness and uncertainties of these data.

This paper is structured in the following manner. Section 2 presents some basic mathematical concepts to
enhance the understanding of INVS. Section 3 describes definitions IVNS and its properties together with
example. Finally, conclusion of INVS is stated in section 4.

Hazwani Hashim, Lazim Abdullah, Ashraf Al-Quran. Interval Neutrosophic Vague Sets


mailto:lazim_m@umt.edu.my

67 Neutrosophic Sets and Systems, Vol. 25, 2019

2 Preliminaries

Some basic concepts associated to neutrosophic sets and interval neutrosophic set are presented in this section.

2.1 Vague Set

Definition 2.1 [5]

Let e be a vague value, e = [f, 1 f, |wheref, <[03], f, [01]and0<f, <1—f, <1. If §, =1 and f, =0 then
e is named a unit vague value so ase=[L1] . Meanwhile if t, =0and f, =1, hence e is named a zero vague
value such that e =[0,0].

Definition 2.1.1 [5]

Let eand f be two vague values, where e:[t'e,l— fe]and f :[t'f 1- ff]. If f, =t; and f, = f; , then vague

values eand f are named equal (i.e.['fe - fe]: [’Ef - f, D

Definition 2.1.2 [5]
Let phe a vague set of the universe E . If Ve, €E, t,(e,)=1and f,(e,)=0, then pisnamed a unit vague set

where 1<n<m. If t (e,)=0 and t,(e,)=1 hence p named a zero vague set wherel<n<m.

2.2 Neutrosophic Set

Definition 2.2 [11]
A neutrosophic set ein E is described by three functions: truth membership functionvp(e), indeterminacy-

membership function W, (e) and falsity-membership function X ,(e)as p=1{<e:V,(e),W,(e) X ,(e).e cEf

where V,W, X :E — [ 01*[ and ~0<supV,(e)+supW,(e)+sup X ,(e)<3*

2.3 Interval Neutrosophic Set

Definition 2.3 [12]
Let E be a universe. An interval neutrosophic set denoted as (INS) can be defined as follows:

p= {(< [vpL(e),v;’ (e)l h/VpL(e),W;J (e)J X)X} (e))> lee E} where for each pointe  E , we have V ,(e) €[0,1],
W,(e) €[01], X ,(e)e[01] and “0<supV, (e)+supW,(e)+sup X ,(e)<3".

2.4 Neutrosophic Vague Set

Definition 2.4 [28]
A neutrosophic vague set pin E denoted (NVS) as an object of the form

Py = {< eV, (W, (€)X, ©)>ee E} and
VpNV(e):I.Vi'V% WpNv(e):hNi'Wﬂ XpNV(e):[X’,X*J
where

Vf=1-X",X*"=1-V~and 0<V +W™ +X <2".

Definition 2.4.1 [28]
Let o bea NVSin E.Then a iscalled a unit NVS where 1<n<m

Voo © =[12], W, (€)=[00], X, (6)=[0,0]

Definition 2.4.2 [28]
Let § beaNVSinE. Then gis called azero NVS where 1<n<m.

Vi ©=[00], Wy (e)=[11], X, (e)=[L1]
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For two NVS

Py ={<e:V @W, ., @)X, @< E} and

Uny =i<e:V @)W, , €)Xy (©)>ee E}

The relations of NVS is presented as follows:
(i) pny =dyy ifandonly if VPNV (e)=V

(e), W (e):W (e)andX (e):XqNV(e).

anv PNV

(i) pny <qny ifandonly if VpNv (e) quNV (e), WpNV (e) > qu (e)and X (e) > qNV (e).
(iii) The union of pand qis denoted by Ry, = pny W0y IS defined by,

VRNV( ) |:maX(VPNVe Vq_NVe ) maX(VpNVe VqJ;\JVe ﬂ
- + +
WRNV( ) l:mm(WPNVe WQNVe jmm(WPNVe WQNVe ﬂ’

- + +
XRNV() {mm(xpwe 'XCINVe jmm(XPNVe XQNVe ﬂ

(iv) The intersection of pand qis denoted by Sy, = pyy M0y 1S defined by;
VSNV( ) |:mm(VPNVe Vanve ] mln(V;NVe VqJ;\lVe ﬂ
WSNV( ) ‘:maX(WP_NVe ’Wq_NVe j maX(WFj—NVe Wq+NVe j:|’

XSNV( ) |:maX(XPNVe ’Xq_NVe )’maX(X;NVe Xa—NVe H
(v) The complement of a NVS p,, is denoted by p°®and is defined by
o @ =f-va-v-]

Wi @ =p-w"1-w"|

X @ =-x"1-x"]

3 Interval Neutrosophic Vague Sets
The formal definition of an INVS and its basic operations of complement, union and intersection are introduced.
Related properties and suitable examples are presented in this section.

Definition 3.1
An interval valued neutrosophic vague set Ay, also known as INVS in the universe of discourse E . An INVS

is characterized by truth membership, indeterminacy membership and fasilty-membership functions is defined
as:

Any = BVEEVE @) WE WY ()} [X k() XK €)|> e < E}

where

VE Z1o XL XY o1yt v 2o YT XY Z21-vY T and
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0<vh o +vY oawlh awY e xt axY <4t
0<VE v W WY e x T o x YT <at

An INVS A, when E is continuous is presented as follows:

I (ks el ey el Kie Re)

e

INV —

E
and when E is discrete an INVS A, can be presented as follows:

-3 (Verii @l ke @] ki) xR@)

€

=
0<supV, (e)+supW, (e)+sup X ,(e)<3
Example 3.1

Let E={e;,e,,e5}. Then

({0.2,0.5}[0.2,0.3]}, {[0.1,0.6?,1[0.3,0.6]}, {0.50.8}[0.7,0.8]})’

A = <{[O.4,0.5],[0.1,0.7]},{[0.5,0.5?,2[0.1,0.3]},{[0.5,0.6],[0.3,0.9]}>
({0.6,0.9}[0.2,0.5}; {[0.3,0.7(13[0.4,0.6]}, {0.10.4}[0.5,0.8]})

isan INVS subset of E .

Consider Example 3.1 .Then we check the INVS for e; by Definition 3.1 as follows:

Ve 1oxL 205+405=1, XY =1-v' =08+02=1
VU 21-xY 20340721, XY =1-vY —08+02=1

Using condition ~0<v: +vY swlt +wY +xbt +xY <a*,
therefore we have 0.2+0.2+0.1+0.3+0.5+0.7=2 and

o<Vt v awt awY T o x YT X YT <47 therefore we have
05+03+0.6+0.6+0.8+0.8=3.6

The calculations for INVS in Example 3.2, Example 3.3 are calculated similarly.

Definition 3.2
Consider @,y be an INVS of the universe E whereve, €E,

Vay (€)= 11V, (€)=[11],
Wi,y (€)=[0.0] Way (€)=[0.0],

>Z<1L>|Nv (e)=[00], Xgmv (e)=[0,0]
Therefore, @, is defined a unit INVS where 1<n<m
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Consider &,y be a INVS of the universe E where Ve, € E
\75|va (e) = [O'O] :\75l|JNV (e) = [010] :
VvéliNV (E) = [1’1] ’W}:NV (6) = [111] )

X5y ©)=[1], X5, (e)=[11]

Therefore, &,y is defined a zero INVS where 1<n<m
Definition 3.3

Let Ay is defined as complemnet of INVS

(\7&)C(e):[1—v“,1—v“] (\7k’)°(e):[1—vU+,1—vU‘],
6/?,&)°(e):[1—w“1—,w“] Mkf(e):[l-wU+,1-wU‘]
()Z',;)C(e):[l—XL+ ,1-x“] (ig)°(e)=[1—x“,1—x“‘]

Conitering Example 3.1, by using Defiiton 3.3, we e
ososo708] boaos] b7 o205] 6203l
i = o506] 63091 10505] 6709 oSl 6107
o ioae308] 3071 6408 o501 207]
Definition 3.5

Let Ay, and B,y be two INVS of the universe. If Ve, €E,

0,’1_(en):\78L(en) '\7/3 (en):\-/vEEJ (en)'vvk(en):VVBL(en)' Vvkl (en):V-\;I;‘l (en)' )zIA_(en): ilé(en) and
X2 (€q)=X5 (en)

Then the INVS A, and By, areequal, where 1<n<m

Definition 3.6
Let A,y and By, betwo INVS of the universe. If Ve, € E,

Vi(e,)<Ve(e,) and VY (e, )<V (e,).

Wi(e,)=We(e,)and WY (e,)=Wy (e, ),

Xk(e,)=X5(e,) and XY (e,)= X4 ()

Then the INVS A, are included by By, denoted by A, < B\, Wherel<n<m.

Definition 3.7
The union of two INVS A, and B\, isaINVS C,y, , written as C, = Ay Y By IS defined as follows:

VL (e)= [max(VAL,VBL), max(VAU,VBUﬂ and VU (6)= [max(vx,vgj, max(v;g* ,vg*ﬂ |
Wi(e)= [min(WAL ,WBij, min(WAL+ ,WBUH and WY (e)= [min(w,kJ Wy 7], min(W}\J T wy +”

[min(xk,xg‘j,min(xk*,xgﬂ and ig(e){min(xg,xg‘j,mm(xg*,xg”*ﬂ

X(e)

Hazwani Hashim, Lazim Abdullah, Ashraf Al-Quran. Interval Neutrosophic Vague Sets



71 Neutrosophic Sets and Systems, Vol. 25, 2019

Definition 3.8
The intersection of two INVS A, and By, isa INVS C,,, , written as Dy, = Any M By » is defined as

below:
Vk(e):[min(VAL,VBL), min(VA“,VB“H and VY (e){min(vg,vg), mm[v,y*,vg*ﬂ |
Wi, (6) = [max(WA,WBL),max(WF,WBH),} and WY (e):[max(w}g,wg), max(wg*,wg*ﬂ,

ik(e):[max(x ,xg‘j,max(x,g*,xgﬂ and ig(e):[max(xg,xg‘j,max(xg*,xg“*ﬂ

-

>r

Example 3.3
Consider that there are two INVS A, and B,y consist of E ={e,,e,, e, }defined as follows:

({0.2,0.5}[0.2,0.3]}, {[0.1,0.6?,1[0.3,0.6]}, {0.50.8}[0.7,0.8]})’
({0.4,0.5}[0.1,0.7]; {[0.5,0.5?,2[0.1,0.3]}, {0.5,0.6}[0.3,0.9]})
({0.6,0.9}[0.2,0.5}; {[0.3,0.7(13[0.4,0.6]}, {0.1.0.4}[0.5,0.8]})

Anv =

({0.2,0.6} [0.4,0.9]} {[0.5,0.5‘]3,1[0.3,0.6]}, {0.40.8][0.1.06]})
({0.2,0.6}[0.2,0.3]}, {[0.2,0.6],e [2.5,0.5]}, {{0.4,0.0.8] [0.7,0.8})

Binw =

({{0.4,0.9] [0.2,0.5]}; {[0.1,0.8(]3,3[0.2,0.6]}, {0.1.0.6][0.5,0.8]})

By using Definition 3.7, then we obtain INV union, Cy, = Ay By presented as follows:
({lo-20.6}[0.409]; {[0-1,0-5?[0-3,0-6]}, {o.4.0.8}[0.L06]})"
({lo.4.0.6}[020.7]; {[0-2,0-56],2 [0.1.0.3]1 {0.5.0.6}[0.30.8})
({lo.6.0.9}[0.205], {[0-1,0-7?,3[0-2,0-6]}, {o.10.4}[0508]})

Ciw =

Moreover, by using Definition 3.8, we obtained INV intersection, D, = Ay M By as follows:

({0.2,0.5}[0.2,0.3]; {[0.5,0.6i1[o.3,0.6]}, {0.50.8][0.7,0.8])"

({0.2,0.5}[0.1,0.3]; {[0.5,0.6i2[0.5,0.5]}, {0.50.8}[0.7,0.9])

Diw =

({0.4,0.9] [0.2,0.5], {[0.3,0.8?,3[0.4,0.6]}, {0.10.6][0.5,0.8]})
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Proposition 3.1 Let Ay and By betwo INVSin X . Then
() Ay Y AINY = Ay

(i) Any N Ay = Ay

(i) Ay W BNy =Biny Y ANy

(iv) Any NBiny =Binv N Ay

Proof (i):
If X is any arbitrary element in Ay U Ay = Ay DY definition of union, we have x e Ay OF X e Ay -

Hence x e Ayyy - Therefore Ay W ANy < Ay - Conversely, If X is any arbitrary element
in Ay WANY = Ay then xe Ay and x e Ay - Therefore,

Anv YANY € Ay Ay YAy = Ay

Proof (ii): similar to the proof of (i).

Proof (iii):
Let x is any arbitrary element in Ay UBnw =B WAN + then Dby definition of union,

xe Ay and x e Byyy - But, if xisin Ay, and B,y , thenitisin By, or Ay, , and by definition of union,
this means x e By, W Ay - Therefore, Ay W B S B Y Ay -

The other inclusion is identical: if x is any element B, WA,y .- Therefore, then we know
X € By Or X e Ay - But, xe By Or x e Ay implies that x is in Ay, or By ; hence, xe Ay UB W -

Therefore, By, W Any = Ay W By - Hence Ay UBy =By W Ay -

Proof (iv): same to the proof (iii)

Proposition 3.2 Let Ay, , B;yy and C,yy be three INVS over the common universe X . Then,
() Ay Y (Binv Y Ciw )=(Ay Y By )UCi

(i) Ay O (Biw N Cinv )=(Any M By )N Cipy

(iii) Ay W (Biny N Cinv )= (A VB )N (Ay W C iy )

(iv) Ay By Y Civ )=(Anv M By )V (A NCiny)

Proof (i):
First, let x be any element in Ay, U (B W Cny )- This means that x e Ay O xe(Byy UC)y ). If

xe Ay then xe (B, UCn ); hence, xe Ay U(Biw WC iy )- On the other side, if x e Ay , then

x e (Bjny UCny ) Thismeans x e By Or xeCyyy - If, xe By, then

xeApny UBny = xe(Any UBw )UCh - If xeChy s Then, x € (A U By )UCiny Hence,

Ay Y By UCin )= (Any U By )UC iy -

For the reverse inclusion, let x be any element of (A, By ) UC iy -Then, x e (Any U By ) Or X e Cppy -
If xe(An UBnw) » We know xeAyy OF xeB,y - If xeAy , then xe Apy U(Binw WCiw ) -
If xe By sthen xe (B WCn ) - Hence xe Ay U(Bjy WCiw ) - On the other side, if xeCyy ,
hence x € (Byy WC iy )» @nd s0, Ay V(B UCiIn )-

Therefore, Ay U (Binv WCiw )< (A UBinv )UC iy -

Thus, Ay U(Biny UCi )= (A WBiwy JUC iy -

Proof (ii): associativity of intersections is similar to the proof (i)
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Proof (iii): Distributive Laws are satisfied for INVS
Let x € Ay U(Bjny MCiay )- If x € Ay U(Bjny MCiy ) then xiis either in Ay, or in (B N Chyy )-

This means that x e Ay, Of X € (Byyy M Ciny )-
If xe Apy OF {xeByyy and xeCpy | -
Then, {x e Ay Or x e By } and {x e Ay Or xeCpy |-

So we have,
Xxe Apny OF By and xe Apy or Ciny

x e (Any UBy ) and xe(Any UBy )

xe(Any UBiny ) (Any VB )

Hence, Ay U (B N Cinv )= (Any W Biny )N (A W Ciy )

Therefore,

Ainv U(Ble NCiw )Q (Ale VB )m(Ale UCle)

Let x e (Any VB )N (Any WCiw ) If xe(Any UBy )N (Any WC i) then xis in (A or By )
and x (A 0r Ciny )-

So we have,
Xe (Ale or Biwy )and Xe (Ale or Cle)

{x e Ay Or xe By jand {x e Ay or xeCpyy |
X € Ay OF {x e By and x e Cpyy |

x € Ay U ixe (B and Cyyy )}

xe Ay Uixe (B N Ciwy )}

xe Any Y (Biw NCiy )

Xe (Ale U Biw )m(Ale UCle)3 X € A U(Ble mCle)
Therefore,
(Ale UBle)m(Ale UCle)Q Ainv U(Ble mcle)

2 Ay U (B N Ciy )= (Any U B )N (A UCHy )
Proof (iv): similar to the prove of (iii)

Proposition 3.3:

(1) (Ale VB )" = Afw M Bl

(1) (Ay OB )* = Al U Bl

(iii) (AICNV U Bjw Y Ciw ): (Ale N B NCiw )C

(iv) (AICNV N Biw N Civ ): (Ale U B WCiw )c

Proof (i):

Let x e (Any VB )°
=X & Ay YBiw

=X Apny and X & By

= xe Al and x e By
Since for all x € (A, U B,y ) such that x e Al M By

Therefore, (Any UBuw )° < A M Bfw

Proof (ii): similar to the prove of (i)
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Proof (ii):

Letx e (A.CNV UBjw YCiw )

= X e Ay UXe By UxeClhy
=Xe Ay UXeEB UXeChy
=X (AINV N By )mC,N\,

=X &\Any NBiny NCiwy
C
= Xe€ (Ale N B mc|Nv)

Since for all x e (A,CNV U B\ uC,CNV) such that x e (A,NV N B NCiwy )C

Therefore, (Alch UBjw YUCiw )Q (Anv "B NCipy )°

Proof (iv): similar to the prove of (iv)

4 Conclusion

In this paper, the concept of interval neutrosophic vague was successfully established. The idea of this concept
was taken from the theory of vague sets and interval neutrosophic. Neutrosophic set theory is mainly concerned
with indeterminate and inconsistent information. However, interval nutrosophic vague sets were developed to
improvise results in decision making problem. Meanwhile, vague set capturing vagueness of data. It is clear that,
interval neutrosophic vague sets, can be utilize in solving decision making problems that inherited uncertainties.
The basic operations involving union, complement, intersection for interval neutrosophic vague set was well
defined. Subsequently, the basic properties of these operations related to interval neutrosophic vague set were
given and mathematically proven. Finally, some examples are presented. In future, this new extension will
broaden the knowledge of existing set theories and subsequently, can be used in practical decision making
problem.
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