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Abstract: In this paper, we introduce and define for the first time the plithogenic
loss function, plithogenic risk function, plithogenic maximum likelihood function,
and plithogenic posterior risk function, which form a base to easily define the
plithogenic maximum a posteriori estimator (Plithogenic MAP) and its conditions,
algebraic isomorphism was used through equations, and finally, we worked on an
example of a plithogenic random variables sample exponentially distributed with
a gamma prior for the parameter distribution and used the quadratic loss function,
we found the posterior distribution of the parameter which is also a plithogenic
gamma distribution and taken the posterior mean as an estimate of the parameter,
such results are similar to the classical case of MAP taking in consideration the

plithogenic parts which represent generalized indeterminacy.
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1. Introduction

As Uncertainty and Ambiguity are more observed in real life applications,

traditional probability theory methods of studying such applications became less
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effective with capturing all information needed, which led us to define and work
with a new extension of probability theory that deals with the indeterminacy that
we face in life applications to better understand its complexity, this new extension
helps in many real life fields such as psychology, economics, mathematics, data
analysis, artificial intelligence, etc.

Neutrosophic probability theory was first introduced in 1995, which deals with the
probability as a triplet values, which represents the degree of truth, false, and
indeterminacy, F. Smarandache presented neutrosophic sets and its applications in
[1]-[7], M. Abobala and A. Hatip built the concept of Euclidean neutrosophic
geometry which opens the world of many mathematical concepts such as real
analysis and probability theory represented by using an algebraic structure
depending on the indeterminacy element I that satisfies I? = I [8]-[20].
Plithogenic probability theory is also an extension of classical probability theory that
studies the indeterminacy related to the occurrence or non-occurrence of an event,
it is a more generalized than neutrosophic since it deals with indeterminacy as two
parts, F. Smarandache et al also presented symbolic plithogenic algebraic structures
and plithogenic probability and statistics. Also, N. M. Taffach and A. Hatip gave a
review on symbolic 2-plithogenic algebraic structures, as there are lots of papers
related to plithogenic probability in many fields [21]-[37].

This paper deals with symbolic plithogenic numbers that take the form ap = a, +
a.P, + a,P,; P2 =P, P,>=P, P,.P, =P,.P, =P,, we will introduce important
classical definitions in terms of symbolic plithogenic and focus on the definition of
the plithogenic maximum a posteriori estimator (Plithogenic MAP), which can be

considered as a generalization of our work in [38].
2. Preliminaries:

Definition 2.1
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Let  R(P,P,) ={a+DbP,+cPyab,c€R,P’=P, P,” =Py, P,.P, = P,.P; = P,}
be the plithogenic field of reals. The one-dimensional AH-Isometry and its inverse

are defined as following:
T:R(P,P,) = R3;T(a+ bP, +cP,) = (a,a+b,a+b+c)
T Y%:R® — R(P,P,);T *(a,b,c)= a+ (b—a)P,+ (c—b)P,
Definition 2.2

Let f:R(Py,P;) — R(Py,Py); f = f(xp),xp € R(Py,P;), f is called a plithogenic real

function with one plithogenic variable.

Definition 2.3
Plithogenic random variable X, is defined as follows:
Xp:Qp — R(P, P); Qp = Qo X Q1(Py) X Q3(P,)
Xp = Xo + X, P, + X,Py; P,*> = P, P> = P,,P..P, = P,.P, = P,

Where X, X;, X, are classical random variables defined on Q, Q4,Q, respectively.

Definition 2.4

Let ap = Ay + a1P1 + azpz, bp = bO + b1P1 + bZPZ € R(Pl,Pz), we Say that ap Zp bp
if:

aozbo,a0+a12b0+b1,a0+a1+a22b0+b1+b2

3. Plithogenic Density, Plithogenic Conditional Density, Plithogenic

Conditional Expectation, Plithogenic Loss and Risk Functions:

Theorem 3.1

Let Xp be a plithogenic random variable that has a probability density function
f(xP; @p) Wlth @p = (elp, ey ekp); eip = Hio + Hilpl + HiZPZ ; i = 1,2, ey k a vector Of

parameters, then f(xp; ©p) is written in its formal plithogenic form as the following:
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f(xp;0p) = f(x0;00) +[f(xo + %1500 + 01)-f (x0; O9)] Pr+[f (%o +x1 +

X2;00 + 01+ 03)- f(xg+x1;00+ 01)]P,

1

Where: @0 = (910, ey Bko), G)O + @1 = (910 + 911, ...,eko + le), @0 + G)l + @2 =
(610 + 011 + 912' ] GkO + Bkl + 0](2)

Proof:

See [37].

Theorem 3.2

Let Xp,Yp be two plithogenic random variables, and let f(xp|yp;®p) be the
conditional probability density function of Xp given Y, with 0p =

(B1p, e, Op); Bip = B9 + 01 Py + 0P, ;i = 1,2, ..., k avector of parameters, then:

f(xplyp; ©®p) = f(xo0lY0; ©o)
+ [f (xo + x1|y0 + ¥1; 00 + 01) — f(x0|y0; ©0)]Py
+ [f(xo + %1 + x2|Y0 + 1 + V2,09 + 0, + 03)
— fCxo + y1lx0 + ¥1; 00 + 1) 1P,

Proof:

Straightforward using theorem 3.1.

Theorem 3.3

Let Xp,Yp be two plithogenic random variables, and let f(xp|yp) be the conditional
probability density function of Xp given Yp , then plithogenic conditional

expectation is:

E(Xp|Yp) = E(Xo|Yo) + [E(Xy + X1 |Yy + Y1) — E(Xo|Yo) 1Py

)
+[EXo+ X, + XYoo + Y1 + Vo) — E(Xo + X1 Yo + Y1) 1P,

Proof:
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E(Xp|Yp) = fof(xPlyP)-de

= f(xo + x1 Py + x%3P,) f (X0 + x1 Py + x2P|yo + y1P1 + y2P).d(xo

+ x,P; + x,P,)

Let’s take the one-dimensional AH-Isometry:
TEXplYp)) =T (f(xo + X1 Py + X2 P) f (X0 + X1 Py + x5P2|yo + y1P1 + y2P2). d(xo
+x,P; + x2P2)>

= ( f xof Colyo). do, f (o + X0 (o + X1y + ¥1)-d(xo +11), f (o + 31 + x2)f (X

+ %1+ X2|yo + y1 +¥2).-d(xg + x1 + x3))
=(EXolYo), EXg + X1|Yo + V) EXy + X1 + X, Yo + Y1 + Y5))

Now we take T~1:
= E(XplYp) = E(Xo|Yo) + [E(Xo + X1|Yo + Y1) — E(Xo|Y0)]Py
+ [E(XO +X1 +X2|Y0 + Y1 + Yz) - E(Xo +X1|Y0 + Yl) ]PZ

Theorem 3.4

Let 6p = 8, + 6,P; + 6,P, be a plithogenic parameter of a probability distribution,
and let 8p = 0, + 6,P; + 8,P, be an estimation of 6p, we can prove that the loss

function of 6p is:

Loss(0p,8p) = Loss(6y,0,) + [LOSS(HO + 64,8, + 0,) — Loss(6,, éo)]Pl

+ [Loss(Bg + 61 + 05,0, + 0, + 8,) — Loss(0, + 64,6, 4)
+6,)1P,

Proof

Straightforward.

Remark
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Classical loss could take the form: Loss(a, &) = |a — @| or Loss(a,d) = (a — @)%, or

other loss functions.

Theorem 3.5

Let 6p = 6, + 6,P; + 6,P, be a plithogenic parameter of a probability distribution,
and let 8p = 8, + 8, P, + 6,P, be an estimation of @p, the risk function of 6 is:
R(6p,0p) = E(Loss(6p,0p))
= R(60,00) + [R(6p + 61,8, + B1) — R(60,00)|Py + [R(6p + 61 + 62,0, + 6, (5)
+6,) — R(6y + 61,0, + 6))]P;
Proof

Straightforward.

Theorem 3.6

Let 6p = 6, + 6,P; + 6,P, be a plithogenic parameter of a probability distribution,
and let 8 = 0, + 6, P, + 0,P, be an estimation of 65, the posterior risk function of
Op given Xp is:
R(6p,0p1Xp) = E(Loss(6p, 0p)|Xp)
= R(60, 0o1X,) + [R(90 + 61,00 + 0,1X0 + X;) — R(90,§0|Xo)]P1 + [R(6,
+ 01+ 65,00+ 0, +0,|Xo + X1 + X3) — R(6, + 64,6, (6)
+ 011X, + X))]P,
Proof

Straightforward.

Theorem 3.7

Let Xp = (X1p, ..., Xnp) be a sample of independent and identically distributed
plithogenic random variables and ®p = (81p, ..., Op); 0ip = B9 + 01 Py + 0P, 50 =
1,2,...,k a vector of parameters. The plithogenic maximum likelihood function is

given by:

Nizar Altounji, Moustafa Mzher Ranna and Mohamed Bisher Zeina, Foundation of 2-Symbolic Plithogenic Maximum a
Posteriori Estimation



Neutrosophic Sets and Systems, Vol. 59, 2023 65

Lp(®p) = f(Xp;0p) = Hf(xipi 0p)

()
Lp(©p) = L(Op) + [L(Oy + O1) — L(Og)]P; + [L(Oy + O; + O;)

- L(G)O + Ol)]PZ

Where:
L(©p) = f(x0; 09)
L(®g + 01) = f(Xo + X1;09 + 0;)
L(Bg+0;+0;) = f(Xo +X; +Xp;0 + 01 +0;)
And:

09 = (B10) -, 0k0), O+ 01 = (O19 + 611, -, Ok + Ok1), O+ O, +0, =
(610 + 011 + 612, ..., Opo + Og1 + Or2)
Xo = X0, 0, Xp0), Xo+ X; = Xio+ X141, 0, X0 + X,1), Xo+ X, +X, =
(Xq0 + X171 + Xp2, o, Xpo + Xpg + Xp2)
Proof

Taking one-dim AH-Isometry:
n

T(Lp(0p)) = T( f(xio + xi1 Py + x12P5; 09 + 0, P; + @2P2)>

i=1

n
= nf((xioi Op, Xjo + Xi1; O + O, Xj0 + Xi1 + Xi2; 09 + 01 + 03))
i=1

n n n
= (nf(xioi 0o) »l_lf(xio + Xi1; 09 + 0,) 'l_[f(xio + X1 + Xi2; 09 + 01 + 0,))
i=1 i=1 i=1
= (L(0g),L(0g + 0,),L(0¢ + 0; + 0;))
Again, taking T~! yields:
LP(@p) = L(@)o) + [L(@o + @1) - L(Go)]P1 + [L(eo +0;, + @2) - L(@o + @1)]P2
4. Plithogenic Maximum a Posteriori Estimation:

Theorem 4.1
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Let Xp = (X1p, ..., Xnp) be a sample of independent and identically distributed
plithogenic random variables and ©p = (01p, ..., 0kp); Oip = O + 01 Py + 0;,P5 ;i =
1,2,..,k a vector of parameters, suppose Op is a random variable follows a
distribution that has a probability density function of g(©p), which we call it a prior
distribution, and suppose Lp(0p) is the plithogenic maximum likelihood function

of the sample, hence the posterior density function of 0, is given as follows:

f(@p[xp)~L(0g).g(0y) + [L(Bg + 01).g(0y + 1) — L(B).g(0y)] P
+ [L(Oy + 0, +0,).9(0y + 0, +0,) )
— L(0g + 0,).9(0g + 0)]P;

Proof
We write f(0p|xp) by using equation (2) as the following:

f(Oplxp) = f(Oglx0) + [f(Og + O1]% + X;) — f(Og]x%0)]P;
+ [f(0g + 01 + Oz]xg + X1 + X3) — (O + O1|xo + Xx4) P,

_ f(%0100)g(0o) n lf(xo +x4(0p + 0,)g(0, + 6,) _ f(%0100)g(0¢)
f(Xo) f(Xo +x1) f(Xo) !
[f(xo + X1 +x,[00 + 0, +0,)g(0y + 0, + 0;)
+
(X + x4 +%x3)

_ f(Xo + %1109 + 0,)g (00 + 01)
f (X0 +x1)

P,

By taking one-dim AH-Isometry and excluding the denominators due to they don’t
affect the final shape of the distribution then retaking the inverse isometry we get:
f(©plxp)~f(X0100)g(O0) + [f (%o + X109 + 01)g(0y + 01) — f(X0|09)g(O0)]Py
+ [f (X + X1 + X,|09 + 0; + 0,)g(0y + 0; + 0,)
— f(Xo + %4109 + 0,)g (0 + 0,) |7,
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= f(Op|xp)~L(0y).g(0g) + [L(Og + 01). g(0g + ;) — L(B). g(0y)]P;
+ [L(Og + 01 +0;).g(0g + 01 + 0;) — L(0y + 0,).g(0y + 0,)]P,

Theorem 4.2

If ©p is the posterior mean of @, for a plithogenic quadratic loss function, or ©p
the posterior median for a plithogenic absolute loss function, then ©p is the

estimator that minimizes the plithogenic posterior risk function.

Proof
The minimization of R(®p,0p|Xp) occurs when %R(@P, 0p1Xp) = 0, and by the
P

equation (6) we see that this happens when:

d ~
d_G)OR(@O' 0 |X0) =0

— 0,4+ 0,,0,+0,|X,+X,)=0
d(eo_l_@l)( 0 1 0 1| 0 1)

O,+0,+0,,0,+0,+60,|X,+X, +X,) =0
d(@0+®1+@2)( 0 1 2 0 1 2| 0 1 2)

We deal with these three conditions as we do in the classical case, i.e., for a quadratic

loss function, 8, must equal:

@0 = E(04]X,)
0o+0; = E(0y + 04X, + X;) (10)
@0"‘@1"’@2 = E(@O + @1 + @2|X0 + Xl + Xz)

@P = E(0p|Xp)

=

Which is the posterior mean.

And for the absolute loss function, we take the posterior median.

Example

Let Xip, ..., Xnp~Exp(6p), and let 6p be an unknown plithogenic random variable
that we want to estimate which is plithogenically gamma distributed with two

known parameters rp,Ap; 1p = 15 + 11 Py + 1,P5,Ap = Ag + A, P; + A, P,, then:
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rp
Ap

(rp — 1)!

HPrP_le—lpgp

g(@p) =

We write g(6p) using equation (1) as following:

Ao 1
9(0p) = 75607 e
To+T-
((/10 + Al) 0 )1 (90 + 91)r0+r1_1e_(Ao+ll)(90+91)
/101‘0 To—1 _—2A,0
BCREUA
+11+
(Ao + A4 + Ay)T017T2 O + 0. + 0,)0rT1+72=1 = (Ro+A1+12) (8o +61+62)
(ro+r+r,—1)! (B + 61 +62) )
o TN TN :
To+T
B ((Ao + A" )1 (8, + 6,)70*Ti~1e~(ho+A1)(6o+6:)] p,
Also:

n
L(HP) = 1_[91:6_9” Xip
i=1

Which can be written by (7) as:

n n
1_[(30 + gl)e—(90+91)(xio+xi1) — 1_[ 909—90 Xio
i=1 i=1
n

+ [ﬂ(go 0, + 0,)e—Oo+0+0:) Fig+xia +x)
i=1

Py

n
L(6p) = neoe—ﬁ’o Xio 4
i=1

n
_ 1_[(90 + 91)8—(90+91)(xi0+xi1)]})2
i=1

l

Hence by (9):

To
0

ro—1_-21,6
(ro—l)!go e~ oY%

F(Oplxp)~B,y" e 2o
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(A + Aq)0* M

0. 4+ 0 re~(Bo+0) X xjo+xy) X2~ 77
(B +61) (rg+m, — 1!

(00 + 91)T0+T1—le—(Ao+ll)(90+91)

To
Ao

-0 n,—60p Xxjo___Y
0 ¢ (ro — 1!

0,0 te~Aobo]p, +

To+1r1+T
(6o + 6, + B,)ne~(O0+0:+0) Ty v o+ A+ A2) 07

(ro+mr +r,—1)! (6 + 6

+ 92)1‘0+7‘1+7‘2—1e—(lo+ll+/12)(90+91+92)

To+T
—(6, + 91)"e_(9°+91)2(xi0+xi1) M

(r +7 — 1)' (00 + 91)r0+r1—le—(/10+/11)(90+91)]P2
0 1 :

Ap"®
- = ﬁeonﬁ'ro—le_eo(lo.y ¥ Xi0)
T‘O - H

(Ag + A" M

+ [m (90 + 91)"”0'”1_13‘(90+91)(7Lo+ll+2( Xig+xi1))
0 1— 1)
Ao"° )
+79—1 — _
h m@on 01 =0o(Ao+ X xi0)| p,

(AO + 11 + AZ)T0+T1+T2
(ro+m+r,—1)!

(6o + 64
+ 92)n+r0+r1+r2—1e—(90+91+92)(AO+11+/12+Z( Xio+Xi1+Xi2))

(Ao + )"
(ro+mr, — 1)!

(6, + 91)n+7"0+7”1—1e—(90"'91)(10"'7‘1"‘2( xi0+xi1))]P2
Excluding constants after taking suitable isomorphism and then taking its inverse
yields to:

= f(Op|xp)~0," 0t e 00 (Rot X Xi0)

+ [(90 + 91)n+7”0+7”1—1e—(90+91)@0+11+2( Xio+Xi1))
— 90n+r0_1e—90(lo+ ino)]Pl
+ [(60 + 61 + 92)n+r0+r1+r2—1e—(90+91+92)(AO+/11+/12+Z( Xi0+Xi1+Xi2))

— (6, + 91)n+7”0+7”1—1e—(90+91)(10+11+2( xi0+xi1))]p2

Which yields that p~Gamma(n + rp,Ap + X x;p)
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If we use the plithogenic quadratic loss function, then:

T(@p) = (@0, @0 + @1, @0 + @1 + @2) ES T(

n+r1p
Ap+ Txip

n+rp . T(n+m)
Ap + inP>_T(AP+ 2. Xip)
n+ron+rg+r,n+ryg+nr+nr)

@P=

(ot Txio Ao+ A+ T(xio + Xi1) Ao + A+ Ap + T(Xio + Xt + Xi2))

= A

n+r,
Ao + X Xig
n+ry+n
Ao + A1 + X(xi0 + x41)
n+ry+r+n

@0:

n+r,

Ao+ A1+ A5 + X(xi0 + X410 + X;2)

e

n+ry+n n+r, ]
1

+ [ -
Ao+ Xxio Mo+ A+ X(xio +xi1) Ao+ Xxio

n+rgt+r+rn n+ry+n

5. Conclusions and future research directions:

- P.
+ A+ X(xio +xi1 +xi2) Ao+ A+ X(xio + xi1) 2

We found the formal definitions of the plithogenic maximum a posteriori estimator,

posterior density function, and posterior risk function, which we used to find the

estimation of parameter that has a gamma prior with an exponentially distributed

plithogenic random variables, the results were similar to the classical case but takes

into consideration the plithogeny, we also defined the plithogenic maximum

likelihood function and other definitions related to our work, future researches will

focus on studying more cases of conjugate priors and non-informative priors, also

on finding formal definitions that deal with neutrosophic sample and plithogenic

prior or vice versa.
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