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Abstract: Group is the basic algebraic structure describing symmetry based on associative law. In
order to express more general symmetry (or variation symmetry), the concept of group is
generalized in various ways, for examples, regular semigroups, generalized groups, neutrosophic
extended triplet groups and AG-groupoids. In this paper, based on the law of cyclic association and
the background of non-associative ring, left weakly Novikov algebra and CA-AG-groupoid, a new
concept of cyclic associative groupoid (CA-groupoid) is firstly proposed, and some examples and
basic properties are presented. Moreover, as a combination of neutrosophic extended triplet group
(NETG) and CA-groupoid, the notion of cyclic associative neutrosophic extended triplet groupoid
(CA-NET-groupoid) is introduced, some important results are obtained, particularly, a
decomposition theorem of CA-NET-groupoid is proved.
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1. Introduction

For algebraic operations, the associative law is very important, and it also characterizes the
symmetry of operation: since from (ab)c = a(bc), turn it upside down, we have (cb)a = c(ba). This is also
associative, that is, symmetry. Based on associative law, the concept of group is studied as basic
algebraic structure describing symmetry. In order to express more general symmetry (or variation
symmetry), group is generalized in various ways, for examples, regular semigroups, generalized
groups, neutrosophic extended triplet groups and AG-groupoids (see [1, 16, 17, 22-24, 32]).

In many fields (such as non-associative rings and non-associative algebras [5, 18, 20, 21]), image
processing [14] and networks [7]), non-associativity has important research significance. This paper
focuses on non-associative algebraic structures satisfying the following operation law:

x(yz) = z(xy). (Cyclic associative law)

As early as 1995, M. Kleinfeld studied the rings with x(yz) = z(xy) in [13], this research comes
from the study of Novikov rings. After then, A. Behn, I. Correa, I. R. Hentzel and D. Samanta further
investigated this kind of ring and algebra in [2, 3, 19]. Moreover, Zhan and Tan [34] introduced the
notion of left weakly Novikov algebra: a non-associative algebra is called left weakly Novikov if it
satisfies

(xy)z = (zx)y. (Left weakly Novikov law)

Obviously, the equation above is antithetical parallelism of the cyclic associative law (turn it

upside down, y(xz) = z(yx), that is cyclic associative).
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Not only that, cyclic associativity is also applied to the research of AG-groupoids: in 2016, M.
Igbal, I. Ahmad, M. Shah and M.I. Ali [11] proposed the notion of cyclic associative AG-groupoid
(CA-AG-groupoid), some new results are obtained in [9, 10].

Since cyclic associative law is widely used in algebraic systems, so we focus on basic algebra
structure endow with a binary operation satisfying cyclic associative law in this paper, call it cyclic
associative groupoid (CA-groupoid). We will also study the relationships between CA-groupoids
and other related algebraic structures (see [4, 8, 12, 15, 26-31]).

The rest of this paper is organized as follows: in Section 2, we give some basic concepts and
properties on semigroup, AG-groupoid and neutrosophic extended triplet groupoid (NETG); in
Section 3, we give the definition of CA-groupoid and some interesting examples; in Section 4, we
discuss the basic properties of CA-groupoids and analyze the relationships among some related
algebraic systems; specially, we prove that every CA-groupoid with a left (or right) identity element
is a commutative semigroup; in Section 5, we propose the new notion of cyclic associative
neutrosophic extended triplet groupoid (CA-NET-groupoid), investigate basic properties of
CA-NET-groupoids, and prove the composition theorem of CA-NET-groupoids.

2. Preliminaries

In this paper, a groupoid means that an algebraic structure consisting of a non-empty set with a
single binary operation acting on it.

Let (S, -) be a groupoid. Some concepts are defined as follows (traditionally, the dot operator is
omitted without confusion):

(1) S is called left nuclear square if for any a4, b, c€S, a?(bc) = (a2b)c; middle nuclear square if a(b?c)
= (ab?)c; right nuclear square if a(bc?) = (ab)c2. S is called nuclear square if it is left, middle, and right
nuclear square.

(2) Sis called a Bol*-groupoid if (Va, b, ¢, deS) a((bc)d) = ((ab)c)d.

(3) Sis called left alternative if for all a, beS, (aa)b = a(ab); and is called right alternative if b(aa)=
(ba)a. S is called alternative, if it is both left alternative and right alternative.

(4) S is called right commutative if for all a, b, c€S, a(bc) = a(cb); and is called left commutative if
(ab)c = (ba)c. S is called bi-commutative groupoid, if it is right and left commutative.

(5) An element a€S is called idempotent if a?=a.

(7) S is called transitively commutative if ab = ba and bc = cb implies ac = ca for all a, b, c€S.

(8) S is called semigroup, if for any a4, b, ceS, a(bc) = (ab)c. A semigroup (S, -) is commutative, if
for all a, beS, ab = ba. A semigroup (S, *) is called band, if for all aS, a>=a.

Definition 1. ([24]) Assume that (S, -) is a groupoid. S is called an Abel-Grassmann’s groupoid (or
simply AG-groupoid), if S satisfying the left invertive law:
Va, b, ceS, (ab)c = (cb)a.
For any AG-groupoid (S, ), the medial law holds, that is,
(ab)(cd) = (ac)(bd), Va, b, ceS.
Definition 2. ([10, 11]) Let (S, -) be an AG-groupoid. (1) S is called an AG*-groupoid, if (ab)c = b(ac)
for all 4, b, ceS. (2) S is called an AG**-groupoid, if (Va, b, ceS) a(bc) = b(ac). (3) S is called an
T1-AG-groupoid, if (Va, b, ¢, deS) ab = cd = ba = dc.
Definition 3. ([22, 23]) Suppose that N is a non-empty set and - is a binary operation on N. If for any
a e N, there exist neut(a), anti(a)eN such that
neut(a) - a=a - neut(a) =a;
anti(a) - a = a - anti(a) = neut(a).
Then (N, -) is called a neutrosophic extended triplet set, neut(a) is called a neutral of “a”, anti(a) is
called an opposite of “a”, and (a, neut(a), anti(a)) is called a neutrosophic extended triplet.
Definition 4. ([22, 23]) Assume that (N, -) is a neutrosophic extended triplet set. If
(1) (N, ) is well-defined, that is, (Va, beN) a-beN.
(2) (N, -) is associative, that is, (Va, b, ceN) (a-b)-c=a-(b-c).

Xiaohong Zhang, Zhirou Ma and Wangtao Yuan, Cyclic Associative Groupoids (CA-Groupoids) and Neutrosophic
Extended Triplet Groupoids (CA-NET-Groupoids)



Neutrosophic Sets and Systems, Vol. 29, 2019 21

Then, (N, -) is called a neutrosophic extended triplet group (NETG).
Theorem 1. ([30, 32]) Suppose that (N, -) is a neutrosophic extended triplet group (NETG). Then
(VaeN) neut(a) is unique.

3. Cyclic Associative Groupoids (CA-Groupoids)
Definition 5. Assume that (S, -) is a groupoid. If

a(b-c)y=c(ab),Va b ceS,
then (S, -) is called a cyclic associative groupoid (shortly, CA-groupoid). By convention, operator -
can be omitted without confusion.
Example 1. Considering the regular pentagon as shown in Figure 1, the center is at the origin of the
x-y plane and the bottom side is parallel to the x-axis, the vertices are labeled 4, b, ¢, d, e.
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Figure 1. Regular pentagon
Denote S={I, R, R?, R3, R#}, representing some transformations of the regular pentagon, where I is
0 degrees clockwise around the center, R is 72 degrees clockwise around the center, R? is 144 degrees
clockwise around the center, R® is 216 degrees clockwise around the center, R* is 288 degrees
clockwise around the center. Define binary operation as a composition of functions in S, for arbitrary
U, VeS, U-V is that the first transforming V and then transforming U. We can verity that (5, °) is a
CA-groupoid, the Cayley table can be presented as Table 1.

Table 1. The operation e on S = {I, R, R?, R?, R*}

° I R R? R? R*

I I R R? R3 R4
R R R? R3 R* I
R? R? R3 R4 I R
R3 R3 R4 I R R?
R¢ R* I R R? R3

Example 2. Suppose that Z is the set of all integer and neZ. Denote Wi = {a2+nb?|a, be Z}, then (Ws, -)
is a CA-groupoid, where - is the normal multiplication. In fact, for arbitrary element w1 = ai>+nb12, wa=
a2+nb22, ws= as>+nbs2e Wa, we have
w1+ (w2 ws) = (a1a2a3 - narb2bs - nb1azbs - nbib2bs)*+n(a1a2bs + ai1b2as + biazas - nbib2bs)? = ws-(wi-w2).

Moreover, the result above can be extended and applied to solving binary indefinite equation, please
see [6, 25]. We can obtain the following results (the proof is omitted).
Proposition 1. (1) Every commutative semigroup is a CA-groupoid. (2) Assume that (S, -) is a
CA-groupoid. If S is commutative, then S is a commutative semigroup.

The following example shows that there exists CA-groupoid which is not a semigroup and not
an AG-groupoid.
Example 3. Suppose S = {1, 2, 3, 4}, define a binary operation - on S in Table 2. Then, (S, ) is a
CA-groupoid.
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Table 2. The operation - on S

1 2 3 4
1 1 1 1 1
2 1 1 2 1
3 1 1 4 2
4 1 1 2 1

Moreover, S is not a AG-groupoid because (4-3)-3 # (3-3)-4. S isn’t a semigroup because (3-4)- 3 #
3-(4-3).

From the following example, we know that there exists CA-groupoid which is a semigroup and
but it is not commutative.
Example 4. Assume S = {1, 2, 3, 4}, define a binary operation - on S by Table 3. Then, (S, ) is a
CA-groupoid, and (S, -) is a semigroup, but - is not commutation because 2-4 # 4-2.

Table 3. The operation - on S

1 2 3 4
1 1 1 1 1
2 1 3 1 3
3 1 1 1 1
4 1 1 1 3

Example 5. ([2]) Let A be an algebra (i.e. A be a linear space over a field F) with basis x1, x2, X3, X4, X5,
and the following nonzero products of basis elements
X2:X1 = X3, X4 X2 = X3, X5'X1 = -X3, X3:X1=X4, X3'X2=X5. (NZP)

5 5 ..
For any 4, b€ A, denote a=z;1aixi , b= ijlbjx where a;, bje F (i, j=1, 2, 3, 4, 5), then

Iy

a-b=(3,,a%) (X ,byx;) =abx +ahbx, +abx +abx —abx,

= (a)b, +a,b, —a)x; +abx, +ab,x
This means that A?=<x3, x4, x5>. Moreover, AA?=(0, since for any c€A, c= Zizl c X, , where ckeF (k=1, 2,
3,4,5),

5

c-(a-b)= (Zk:1 cXy)-[(axby +a,by —ash,)x; +asb,x, +azb, x5 ]
Note that, all nonzero products of basis elements are presented in (NZP), therefore, other products
of basis elements are zero, that is, x1-x3=x1.x4 = x1-x5 = ... = 0. Hence, (4, -) is a CA-groupoid, since it
satisfies the stronger identity a-(b-c) =0=c-(a'b), Va, b, c€A.
Example 6. ([2]) Let N = {x1, x2, x3, ...} a countably infinite set of indeterminates, for any element
xieN, call it is a letter. Denote P that is the set of the words in the letters x:i such that each letter
occurs at most once in each word. For any word ueP, if it is formed by k letters x;, then say that u
has length k, denote by length(u) = k. Obviously, length(u)21 for any u<P. Suppose K is a field and A
is the set of finite formal sums of words of P and with coefficient in K. For any u, veP, define
multiplication - by:
(1) uv =0, if length(v) >1, u=v or v is a letter that is in the composition of u;
(2) uv=uv, if v is a letter that is not in the composition of 1, where uv is the word obtained adding
the letter v at the end of the word u.

For any a, be A, denote a= Znil a;p; , b= Z; b,q;, where a;, bjeK, p;, gieP (i1, 2, ..., m, j=1, 2, ..., n),

then

a-b= (Zilaipi)'(zzlzl bqu) - Zfswzn dythy
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Where, dieK, u:eP. By the definition of the multiplication in A, u:= 0 or length(u:)>1. Therefore,
AA?=(, since for any ceA, c= Zl,l c,v, , where cseK, vseP (s=1, 2, ..., ),

@)= o), dm)=0

Hence, (4, -) is a CA-groupoid, since it satisfies the stronger identity a-(b-c) =0 = c:(a'b), Va, b, ceA.

Example 7. Let S =[1, 2] (real number interval). For any 4, beS, define the multiplication - by
a+b-1, if a+b<3

:{a+b—2, if a+b>3

Then (S, -) is a CA-groupoid, since it satisfies a-(b-c) = c:(a-b), Va, b, ceS, the proof is as follows:

Case 1: a+b+c-1<3. It follows that b+c < a+b+c-1< 3 and a+b < a+b+c-1< 3. Then a-(b-c) = a-(b+c-1)
= g+b+c-2 = ¢-(a+b-1) = c:(a-b).

Case 2: a+b+c-1>3, b+c<3 and a+b<3. Then a-(b-c) = a-(b+c-1) = a+b+c-3 = c:(a+b-1) = c-(a‘D).

Case 3: a+b+c-1>3, b+c<3 and a+b>3. It follows that a+b+c-2 < a+3-2 = a+1 < 3. Then a-(b-c) =
a-(b+c-1) = a+b+c-3 = c:(a+b-2) = c:(a'b).

Case 4: a+b+c-1>3, b+c>3 and a+b<3. It follows that a+b+c-2 < 3+c-2 = c+1 < 3. Then a-(b-c) =
a-(b+c-2) = a+b+c-3 = c:(a+b-1) = c-(a'b).

Case 5: at+b+c-1>3, b+c>3 and a+b>3. When a+b+c-2<3, a:(b-c) = a-(b+c-2) = a+b+c-3 = c-(a+b-2) =
c-(a-b); When a+b+c-2>3, a-(b-c) = a-(b+c-2) = a+b+c—4 = c-(a+b-2) = c-(a-b).

4. Some Properties of CA-Groupoids
Proposition 2. If (S, -) is a CA-groupoid, then, for any,
(1) Yab,c deS, (ab)(cd) = (da)(ch);
(2) Va, b,c d x yeS, (ab)((cd)(xy)) = (da)((ch)(xy)).
Proof. Assume that g, b, ¢, d, x, yeS, by Definition 5 we have
(ab)(cd) = d((ab)c) = c(d(ab)) = c(b(da)) = (da)(ch).
(ab)((cd)(xy)) = (xy)((ab)(cd)) = (xy)((da)(cb)) = (da)((cb)(xy)). O
Theorem 2. Let (5, -) be a CA-groupoid.
(1) If S have a left identity element, that is, there exists e€S such that e:a=a for all a€S, then S is a
commutative semigroup.
(2) If eeSis aleftidentity element in S, then e€S is an identity element in S.
(3) If eeSis aright identity element in S, that is, a-e=a for all a€S, then e<S is an identity element in
S.
(4) If S have a right identity element, then S is a commutative semigroup.
Proof. (1) Suppose a, beS, a'b = a-(eb) = b-(a-e) = e-(b-a) = b-a. It follows that (S, -) is a commutative
CA-groupoid. By Proposition 1 (2) we know that (S, -) is a commutative semigroup.
(2) Assume that e€S is a left identity element in S, then for any a€S5, a-e=a-(e-e) = e-(a-e) = e-(e-a) =
e-a = a. This means that eeS is an identity element in S.
(3) Assume that e<S is a right identity element in S, then for any a€S, e:a =e-(a-e) = e:(e-a) = a-(e-e)
= g-¢ = q. This means that e S is an identity element in S.
(4) It follows from (1) and (3). o
Theorem 3. Let (5, -) be a semigroup.
1) When S is right commutative CA-groupoid, S is an AG-groupoid.
2) When S is right commutative CA-groupoid, S is left commutative CA-groupoid.

W

) When S is left commutative CA-groupoid, S is right commutative CA-groupoid
) When S is left commutative CA-groupoid, S is an AG-groupoid.

) When S is left commutative AG-groupoid, S is an CA-groupoid.

) When S is left commutative AG-groupoid, S is right commutative AG-groupoid.
)

)

A U1

7
8

When S is right commutative AG-groupoid, S is left commutative AG-groupoid.

(
(
(
(
(
(
(
(8) When (S, *) is right commutative AG-groupoid, S is an CA-groupoid.
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Proof. (1) If (S, ) is right commutative CA-groupoid, then, Va, b, ceS, (ab)-c=a-(b-c) = c:(a-b) = c:(b-a).
It follows that (S, -) is an AG-groupoid by Definition 1.

(2) If (S, +) is right commutative CA-groupoid, then, Va, b, c€S, (a-b)-c = a-(b-c) = a-(c:b) =b-(ac) =
(b-a)-c. That is, (S, -) is left commutative CA-groupoid.

(3) Assume that (S, ) is left commutative CA-groupoid. Then, for any 4, b, c€S, a-(b-c) = c:(a'b) =
(c-a)-b = (ac):b=a(ch). This means that (S, -) is right commutative CA-groupoid.

(4) It follows from (1) and (3).

(5) Suppose that (S, -) is left commutative AG-groupoid. Then, for any 4, b, ceS,

a-(b-c) = (a-b)-c = (b-a)-c = c:(a‘b).

Using Definition 5, (S, -) is a CA-groupoid.

(6) If (S, ) is left commutative AG-groupoid, then, Va, b, ceS, a-(b-c) = (ab)-c = (c:b)-a= (b-c)a=
(a.c)b=a(ch). Thatis, (S, -) is right commutative AG-groupoid.

(7) If (S, -) is right commutative AG-groupoid, then, Va, b, ceS,

(a-b)-c=a(b-c) = a(cb) = (a-c):b = (b-c)-a=b-(ca)=b-(ac) = (b-a)-c.

This means that (S, -) is left commutative AG-groupoid.

(8) It follows from (5) and (7). O
Example 8. Let S = {a, b, ¢, d}. Define the operate - on S in Table 4. Then, (S, ) is a CA-groupoid, but
isn’t a CA-AG-groupoid because (b-d)-d # (d-d)-b.

Table 4. The operation on S

a b c d
a a a a a
b a a a b
c a a c c
d a a c c

Example 9. Let S={a, b, ¢, d, e}. Define the operate - on S in Table 5. Then, (5, -) is a CA-AG-groupoid,
and (S, -) is not a semigroup, because (a-a)-a # a-(a-a).

Table 5. The operation on S

a b c d e
a b c c c e
b d c c c e
c c c c c e
d c c c c e
e e e e e c

From Proposition 1, Theorem 3, Example 4, Example 8 and Example 9, we know the
relationships among some algebraic systems, we can present as Figure 2.

&J

Figure 2. The relationships among some algebraic systems
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Theorem 4. Let (S, -) be a CA-groupoid. If for all a€S, a>=a, then S is commutative.
Proof. Suppose that (S, -) is a CA-groupoid and Vg, beS, we have
a-b=(a-a)-(b-b)=b-((a-a) -b)=b-(b-(a-a))=b-(a-(b-a))=(b-a) -(b-a)=b-a;
hence S is commutative.
It follows that (S, -) is a commutative CA-groupoid, and it is a commutative semigroup.
Definition 6. Let (S1, 1) and (S, 2) be two CA-groupoids, S1xS; = {(a, b)|a€S,, beS,}. Define binary
operation - on 51x5, as following: (a1, a2) - (b1, bz) = (411 by, a22b), V(a1, a2), (b1, b2) €51%5,.
(51%5y, *) is called the direct product of (S, 1) and (S, -2), and S; and S, are called the direct factors of
51xS,.
Theorem 5. Let (51, 1) and (Sz, -2) be two CA-groupoids. Then the direct product (51xS,, -) defined in
Definition 7 is a CA-groupoid.
Proof. If (m, a2), (b, b2), (c1, c2) € S1%5,, then
(a1, @2) - ((b1, b2) - (c1, c2)) = (a1, @2) - (b1 -1 ¢1, b2-2¢2) = (a1 -1 (b1 1 1), a2-2(b2-2¢2))

=(c1 1 (a1 1), c22(a22b2)) = (c1, 2) - (a1 -1 b1, a22b2) = (1, ¢2) - (11, @2) - (b1, D2)).

Hence, (S1x5,, -) is a CA-groupoid.

5. Cyclic Associative Neutrosophic Extended Triplet Groupoids (CA-NET-Groupoids)

In this section, we mainly study a class of important CA-groupoids, called CA-NET-groupoids.
The research ideas are derived from regular semigroups in classical semigroup theory and the recent
research results on neutrosophic extended triplet groupoids (NETGs, see [15, 22-23, 26, 30, 32-33]).
After giving the basic definitions and properties, this section focuses on the structure of
CA-NET-groupoids. The results show that every CA-NET-groupoid can be decomposed into
disjoint union of some of its subgroups, which is actually an extension of the famous Clifford’s
theorem in semigroup theory.
Definition 7. Assume that (N, -) be a neutrosophic extended triplet set. If
(1) (N, -) is well-defined, thatis, (V a, be N) a*b e N;
(2) (N, -) is cyclic associative, that is, (V a, b, c € N) a-(b-c) = c+(a-b).
Then (N, -) is called a cyclic associative neutrosophic extended triplet groupoid (shortly,
CA-NET-groupoid). A CA-NET-groupoid (N, -) is commutative, if (V 2, be N) ab = b-a.
Theorem 6. If (N, -) is a CA-NET-groupoid and a € N. Then the local unit element neut(a) is unique
in N.
Proof. Suppose that local unit element neut(a) is not unique in S. Then, there exists s, t e {neut(a)}
such that (p, g€ N)

as =sa=qa and ap=pa=s; at=ta=aand ag=qa ="t.

(1) s = ts. Since s = pa = p(at) = t(pa) = ts.

(2) t =st. Since t = qa = q(as) = s(qa) = st.

(3) s =ss and t = tt. Since s = pa = p(as) = s(pa) = ss, and t = qa = q(at) = t(qa) = tt.

(4) ts = st. Since ts = t(ts) = s(tt) = st.
Hence s=t and neut(a) is unique in N. O

From the following example, we know that anti(a) may be not unique.
Example 10. Denote N = {1, 2, 3, 4}. Define the operate - on N in Table 6. Then, (N, -) is CA-NET-
groupoid. Moreover, neut(1) =1 and {anti(1)} = {1, 2, 3, 4}.

Table 6. The operation - on N

1 2 3 4
1 1 1 1 1
2 1 4 1 2
3 1 1 3 1
4 1 2 1 4

Theorem 7. If (N, -) be a CA-NET-groupoid, then
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(1) VY aeN, neut(a)neut(a) = neut(a);
(2) VY aeN, neut(neut(a)) = neut(a);
(3) YaeN, V anti(neut(a)) e {anti(neut(a))}, anti(neut(a))a = a.
Proof. (1) By a(anti(a)) = anti(a)a = neut(a), we get
neut(a)neut(a) = neut(a)(a(anti(a))) = anti(a)(neut(a)a) = anti(a)a = neut(a).
(2) For any a € N, using the definition of neut(neut(a)) we have
neut(neut(a))neut(a) = neut(a)neut(neut(a)) = neut(a).
By the definition of anti(neut(a)) we have
anti(neut(a))neut(a) = neut(a)anti(neut(a)) = neut(neut(a)).

By (1) and Theorem 7, we get that neut(neut(a)) = neut(a).

(3) Using Definition 5, Definition 8 and above (1), for allae N,

anti(neut(a))a = anti(neut(a))(neut(a)a) = a(anti(neut(a))neut(a)) = a(neut(neut(a))) = a(neut(a)) =a.
It follows that anti(neut(a))a = a. o

From the following example, neut(anti(a)) may be not equal to neut(a).

Example 11. Denote N = {1, 2, 3, 4}. Define the operate - on N in Table 7. Then, (N, -) is CA-NET-
groupoid. Moreover, neut(1) = 1, neut(2) = 2, {anti(1)} = {1, 2, 3, 4}. While anti(1) = 2, neut(anti(a)) #
neut(a), because neut(anti(1)) = neut(2) =2 # 1 = neut(1).

Table 7. The operation - on N

1 2 3 4
1 1 1 1 1
2 1 2 1 4
3 1 1 3 1
4 1 4 1 2

Theorem 8. If (N, -) is a CA-NET-groupoid. Then
(1) YaeN, Vp, gelanti(a)}, p(neut(a)) = q(neut(a));
(2) YaeN, VY anti(a) € {anti(a)}, anti(neut(a))anti(a) € {anti(a)};
(3) YaeN, V gefanti(a)}, anti(q)neut(a) = a(neut(q));
Proof. (1) YaeN, Vp, qelanti(a)}, by the definition of neutral and opposite element, using
Theorem 7, we get
pa = ap = neut(a), qa = aq = neut(a).
p(neut(a)) = p(aq) = q(pa) = q(neut(a)).
(2) aeN, V anti(a) e{anti(a)}, V anti(neut(a)) e {anti(neut(a))},
alanti(neut(a))anti(a)] = anti(a){alanti(neut(a))]} = anti(neut(a))[anti(a)a]l = anti(neut(a))neut(a)
neut(neut(a)) = neut(a);
[anti(neut(a))anti(a)]a = [anti(neut(a))anti(a) {a[neut(a)]} = neut(a){[anti(neut(a))anti(a)]a} =
a{neut(a)[anti(neut(a))anti(a)]} = afanti(a)[neut(a)anti(neut(a))] = alanti(a)neut(a)] = neut(a)a(anti(a))]
neut(a)neut(a) = neut(a).
Thus, anti(neut(a))anti(a) e{anti(a)}.
(B) YaeN, V gelanti(a)}, by ag=qa =neut(a) and g(anti(q)) = anti(q)q = neut(q), we get
a(neut(q)) = alg(anti(q))] = anti(q)(aq) = anti(q)neut(a).
This shows that anti(q)neut(a) = a(neut(q)).
Proposition 3. If (N, -) is a CA-NET-groupoid. Then
(1) Y a, b, ceN, ab=ac= b(neut(a)) = c(neut(a));
(2) Y a,b, ceN, ba=caif and only if b(neut(a)) = c(neut(a)).
Proof. (1) Assume ab = ac. For aeN, by the definition of CA-NET-groupoid, anti(a) e N. Multiply
anti(a) to the left side with ab = ac,
anti(a)(ab) = anti(a)(ac), blanti(a)a] = c[anti(a)a], b(neut(a)) = c(neut(a)).
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(2) Assume ba = ca. Then,
anti(a)(ba) = anti(a)(ca), alanti(a)b] = a[anti(a)c], ba(anti(a))] = c[a(anti(a))], b(neut(a)) = c(neut(a)).
Conversely, suppose that b(neut(a)) = c(neut(a)). By Definition 5,
a[b(neut(a))] = a[c(neut(a))], neut(a)(ab) = neut(a)(ac), b[neut(a)a] = c[neut(a)a], ba = ca.
Proposition 4. Suppose that (N, -) is a commutative CA-NET-groupoid. Then
Y a, b e N, neut(a)neut(b) = neut(ab).
Proof. Because the local unit element of every element is unique in N, consider left hand side,
neut(a)neut(b). Now multiply to the left with ab,
(ab)[neut(a)neut(b)] = neut(b)[(ab)neut(a)] = neut(a)[neut(b)(ab)] = neut(a)[b(neut(b)a)] =
= neut(a){a[b(neut(b))]} = neut(a)(ab) = b[neut(a)a] = ba = ab.
And multiply to the right with ab for neut(a)neut(b), we can get
[neut(a)neut(b)](ab) = b{[neut(a)neut(b)la} = a{b[neut(a)neut(b)} = a{neut(b)[b(neut(a))]} =
a{neut(a)[neut(b)b]} = a[neut(a)b] = bla(neut(a))] = ba = ab.
Therefore, neut(a)neut(b) = neut(ab).
Definition 8. Let (N, -) be a CA-NET-groupoid. If (V a, b € N) a(neut(b)) = neut(b)a, then N is called a
weak commutative CA-NET-groupoid (briefly, WC-CA-NET-groupoid).
Theorem 9. Assume that (N, ) is a CA-NET-groupoid. Then N is a commutative CA-NET-groupoid
if and only if N is a weak commutative CA-NET-groupoid.
Proof. Suppose that N is a commutative CA-NET-groupoid. Obviously, N is a weak commutative
CA-NET-groupoid. Conversely, if N is a weak commutative CA-NET-groupoid, then (V 4, be N)

ab = a[neut(b)b] = bla(neut(b))] = neut(b)(ba) = neut(b)[b(neut(a)a)] = neut(b){a[b(neut(a))]}
= neut(b)[neut(a)(ab)] = (ab)[neut(b)neut(a)] = neut(a)[(ab)neut(b)] = neut(a)[neut(b)(ab)]
= neut(a)[b(neut(b)a)] = neut(a){a(b[neut(b)]) = neut(a)(ab) = b[neut(a)a] = ba.

Therefore, N is a commutative CA-NET-groupoid. o
Theorem 10. Suppose that (N, -) is a CA-NET-groupoid. Denote the set of all different neutral
element in N by E(N). For any e € E(N), denote N(e) = {ne N| neut(a) = ¢}. Then
(1) VY eeE(N), N(e)is a subgroup of N.
(2) Ve, e2eE(N), er#e2 = N(er) N N(e2)=¢.
) N= UeeE(N)N(e) .
Proof. (1) V xeN(e), neut(x) = e. This means that e is an identity element in N(e). Moreover, by
Theorem 8 (1), ee = e.

If x, ye N(e), then neut(x) = neut(y) = e. We prove that neut(xy) = e. In fact, by Definition 5 and
Proposition 2 (1) we have

(xy)e = (xy)(ee) = (ex)(ey) = xy; e(xy) = y(ex) = x(ye) = xy.
On the other hand, V anti(x) e {anti(x)}, V anti(y)e {anti(y)}, by Proposition 2 (1),
(xy)[anti(x)anti(y)] = (anti(y)x)(anti(x)y) = [y(anti(y))](anti(x)x) = neut(y)neut(x) = ee = e.
[anti(x)anti(y)](xy) = [y(anti(x))][x(anti(y))] = (anti(y)y)[x(anti(x))] = neut(y)neut(x) = ee = e.

Thus, by the definition of neutral element and Theorem 7, we know that neut(xy) = e. It follows that
xy € N(e), that is, N(e) is closed under operation .

Moreover, V x € N(e), there exists ge N and g € {anti(x)}. Using Theorem 11 (1), g(neut(x))
e {anti(x)}; and using Theorem 11 (5), neut(q(neut(x))) = neut(x). Denote t = q(neut(x)), then

t = g(neut(x)) € {anti(x)}, and neut(t) = neut(q(neut(x))) = neut(x) = e.

This means that there exists t € {anti(x)}, neut(t) = e, that is, t € N(e).

Combing above results, we know that (N(e), -) is a subgroup of N.

(2) Assume that x € N(e1) N N(e2) and e1, e2 € E(N). Then neut(x) = e1, neut(x) = e2. By Theorem 7 we
get e1= e2. Therefore, e1# e2 = N(er) N N(e2) =¢.

(3) V xeN, there exists neut(x) e N. Denote e = neut(x), then ee E(N) and x € N(e). This means
that N=U,_n N(e). O
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6. Conclusions

In this paper, the concept of cyclic associative groupoid (CA-groupoid) is introduced for the
first time from various backgrounds, such as non-associative rings and non-associative algebras,
weak Novikov algebras and CA-AG-groupoids. The research results of this paper show that
CA-groupoid, as a non-associative algebraic structure, has typical representativeness and rich
connotation, and is closely related to many kinds of algebraic structures. This paper obtains many
interesting conclusions. Here are some important results:

(1) Every commutative semigroup is CA-groupoid, every commutative CA-groupoid is a semi-
group. (see Example 1, 2 and Proposition 1)

(2) From some non-associative and non-commutative algebras (as vector spaces over fields), we
can get some CA-groupoids. (see Example 5 and 6)

(3) Every CA-groupoid with left (or right) identity element is a commutative semigroup, every
left cancellative element of a CA-groupoid is right cancellative. (see Theorem 2 and 4)

(4) CA-groupoids and AG-groupoids are closely related, but they do not contain each other.
(see Theorem 3 and Figure 2)

(5) For cyclic associative neutrosophic extended triplet groupoids (CA-NET- groupoids), there
are some interesting properties. (see Theorem 7, 8, 9 and 11)

(6) A CA-groupoid is weak commutative if and only if it is commutative CA-NET-groupoid.
(see Definition 9 and Theorem 10)

(7) Every CA-NET- groupoid is a disjoint union of its subgroup. (Decomposition Theorem of
the CA-NET-groupoids, see Theorem 12)

As a direction of future research, we’ll investigate regularity, cancellability and the
relationships among CA-groupoids, CA-NET-groupoids and related algebraic systems.

Acknowledgments: The research was supported by National Natural Science Foundation of China (No.
61976130).

Author Contributions: Xiaohong Zhang and Zhirou Ma initiated the research and wrote the paper, Wangtao
Yuan added some new properties.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Akinmoyewa, J. T. (2009). A study of some properties of generalized groups. Octogon Mathematical
Magazine, 17(2), 599-626.

2. Behn, A, Correa, I, Hentzel, LR. (2008). Semiprimality and nilpotency of nonassociative rings
satisfying x(yz)= y(zx). Comm. Algebra, 36, 132-141.

3. Behn, A, Correa, I, Hentzel, LR. (2010). On Flexible Algebras Satisfying x(yz)=y(zx). Algebra
Colloguium, 17(Spec 1), 881-886.

4. Broumi, S, Nagarajan, D., Bakali, A., Talea, M., Smarandache, F., Lathamaheswari, M., Kavikumar, J.
(2019). Implementation of Neutrosophic Function Memberships Using MATLAB Program.
Neutrosophic Sets and Systems, 44-52.

5. Chajda, I, Halas, R., Langer, H. (2019). Operations and structures derived from non-associative
MV-algebras. Soft Comput, 23, 3935-3944.

6. Chen, H.L., Sun, H.A. (2008). Application of commutative semi-group in solving a binary indefinite
quadratic equation. ]. Gannan Normal University, 3, 11-14.

7. Hirsch, R, Jackson, M., Kowalski, T. (2019). Algebraic foundations for qualitative calculi and
networks. Theoret. Comput. Sci, 768, 99-116.

8. Elavarasan B., Smarandache F., Jun Y. B. (2019). Neutrosophic ideals in semigroups. Neutrosophic Sets
and Systems. vol. 28, 273-280.

9. Igbal, M., Ahmad, I. (2018). Ideals in CA-AG-groupoids, Indian ]. Pure Appl. Math., 49(2), 265-284.

Xiaohong Zhang, Zhirou Ma and Wangtao Yuan, Cyclic Associative Groupoids (CA-Groupoids) and Neutrosophic
Extended Triplet Groupoids (CA-NET-Groupoids)



Neutrosophic Sets and Systems, Vol. 29, 2019 29

10.

11.

12.

13.
14.

15.

16.
17.

18.

19.

20.
21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

[Igbal, M., Ahmad, 1. (2016). On further study of CA-AG-groupoids. Proc. Pakistan Acad. Sci.: A.
Physical and Computational Sciences, 53 (3), 325-337.

Igbal, M., Ahmad, I, Shah, M., Ali, M.I.. (2016). On cyclic associative Abel-Grassman groupoids.
British . Math. Computer Sci., 12(5),1-16.

Khademan, S., Zahedi, M.M., Borzooei, R.A.,, Jun, Y.B. (2019). Neutrosophic hyper BCK-ideals.
Neutrosophic Sets and Systems. vol. 27, 201-217.

Kleinfeld, M. (1995). Rings with x(yz)=y(zx). Comm. Algebra, 23(13), 5085-5093.

Lazendic, S., Pizurica, A., De Bie, H. (2018). Hypercomplex algebras for dictionary learning. Early
Proceedings of the AGACSE 2018 Conference. (pp. 57-64). Campinas, Brazil: Unicamp/IMECC.

Ma, Y.C,, Zhang, X.H., Yang, X.F., Zhou; X. (2019). Generalized neutrosophic extended triplet group.
Symmetry, 11(3), 327. https://doi.org/10.3390/sym11030327.

Petrich, M., Reilly, N.R. (1999). Completely regular semigroups. Wiley-IEEE..

Petrich, M. (1974). The structure of completely regular semigroups. Transactions of the American
Mathematical Society, 189: 211-236.

Sabinin, L., Sbitneva, L., Shestakov, I. (2006). Non-associative Algebra and its Applications, CRC
Press.

Samanta, D., Hentzel, I. R. (2019). Nonassociative rings satisfying a(bc) = b(ca) and (a, a, b) = (b, a, a).
Comm. Algebra, 47(10), 3915-3920.

Schafer, R. D. (1966). An Introduction to Nonassociative Algebras. Academic Press.

Shah, T., Razzaque, A., Rehman, I. et al. (2019). Literature survey on non-associative rings and
developments. Eur. |. Pure Appl. Math, 12(2), 370-408.

Smarandache, F., Ali, M. (2018). Neutrosophic triplet group, Neural Comput. Appl., 29, 595-601.
Smarandache, F. (2017). Neutrosophic Perspectives: Triplets, Duplets, Multisets, Hybrid Operators,
Modal Logic, Hedge Algebras. And Applications. Pons Publishing House: Brussels, Belgium.
Stevanovi¢, N., Proti¢, P. V. (1997). Some decompositions on Abel-Grassmann’s groupoids. Pure
Mathematics and Applications, 8(2—4), 355-366.

Wu, S.M.. (2006). An expression of commutative semi-group Element, ]. Maoming College, 16(6), 43-45.
Wu, X.Y., Zhang, X.H. (2019). The decomposition theorems of AG-neutrosophic extended triplet loops
and strong AG-(l, I)-loops. Mathematics, 7(3), 268. https://doi.org/10.3390/math7030268.

Zhang, X.H., Bo, C.X., Smarandache, F., Dai, ].H. (2018). New inclusion relation of neutrosophic sets
with applications and related lattice structure. Int. ]. Mach. Learn. Cyber. https://doi.org/10.1007/s13042-
018-0817-6.

Zhang, X.H. Bo, CJX., Smarandache, F., Park, C. (2018). New operations of totally
dependent-neutrosophic sets and totally dependent-neutrosophic soft sets. Symmetry, 10(6), 187.
https://doi.org/10.3390/ sym10060187.

Zhang, X.H., Borzooei, R.A., Jun, Y.B. (2018). Q-filters of quantum B-algebras and basic implication
algebras. Symmetry, 10(11), 573. https://doi.org/10.3390/sym10110573.

Zhang, X.H., Hu, Q.Q., Smarandache, F., An, X.G. (2018). On neutrosophic triplet groups: basic
properties, NT-subgroups, and some notes. Symmetry, 10(7), 289.
https://doi.org/10.3390/sym10070289.

Zhang, X.H., Mao, X.Y., Wu, Y.T., Zhai, X.H. (2018). Neutrosophic filters in pseudo-BCI algebras. Int. ].
Uncertain. Quan, 8(6), 511-526.

Zhang, X.H., Wang, XJ., Smarandache, F., Jaiyeola, T.G., Lian, T.Y. (2019). Singular neutrosophic
extended triplet groups and generalized groups, Cognitive Systems Research, 57, 32—40.

Zhang, X.H., Wu, X.Y, Mao, X.Y., Smarandache, F., C, Park. On neutrosophic extended triplet groups
(Loops) and Abel-Grassmann’s Groupoids (AG-Groupoids). Journal of Intelligent & Fuzzy Systems, in
press.[34] Zhan, J. M., Tan, Z. S. (2005). Left weakly Novikov algebra. J. Math. (Wuhan), 25 (2),
135-138.

Received: June 13, 2019. Accepted: October 20, 2019

Xiaohong Zhang, Zhirou Ma and Wangtao Yuan, Cyclic Associative Groupoids (CA-Groupoids) and Neutrosophic
Extended Triplet Groupoids (CA-NET-Groupoids)


https://doi.org/10.3390/sym10070289.

