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1 Introduction

In today’s world, the most of our routine activities are full of uncertainty and ambiguity. Whenever solving any
problem arisen in decision making, political affairs, medicine, management, industrial and many other different
real worlds, analysts suffer from a major confusion instead of directly moving towards a positive decision.
The situation can be nicely conducted by practice of Neutrosophic set (Ng) theory introduced by Smarandache
[7,8]. This theory represents an object by an additional value namely indeterministic function beside another
two characters seen in Attanasov’s theory [16]. So, Attanasov’s theory can not be a proper choice in uncertain
situation. Hence, the Ng theory is more reliable to an analyst, since an object is estimated here by three
independent characters namely true value, indeterminate value and false value. The analysis of uncertain fact is
possible in a more convenient way on the availability of adequate parameters. The soft set theory innovated by
Molodtsov [5] brought that opportunity to practice the different theories in uncertain atmosphere.

Researchers are trying to extend the various mathematical structures over fuzzy set, intuitionistic fuzzy set,
soft set from the very beginning. Some attempts [1,2,3,4,6,11,12,21,32,33,45] allied to group and ring theory
are pointed out. Maji [22] took a successful effort to combine the neutrosophic logic with soft set theory and
thus the Nss theory was brought forth. Later, modifying the different operations of Nss theory using ¢-norm
and s-norm, Deli and Broumi [13] gave this Nss theory a new look. Doing the habit of this modified formation,
Bera and Mahapatra [36] began to study the notion of NSI. From initiation, the authors are making attempt to
unite with the neutrosophic logic in different mathematical areas and in many real sectors. These [9,10,14,15,
17-20, 23-31, 34-44] are some accomplishments.

The present study investigates the characteristics of NSI. Section 2 states some necessary definitions to carry
on the main result. In Section 3, the structural characteristics of NSIs are investigated. Section 4 introduces and
develops the concept of NSPI. Section 5 describes the nature of homomorphic image of NSI and the conclusion
is given in Section 6.
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2 Preliminaries

We shall remember some definitions here to make out the main thought.

2.1 Definition [38]

1. A continuous ¢-norm A maps [0, 1] x [0, 1] — [0, 1] and satisfies the followings.

(i) A is continuous and associative.

i)ymA q=qgAm, Ym,q € [0,1].

GgiymA1l=1Am=m, Vm € [0, 1].

iVymAg<nAs if m<n,q<s with m,q,n,s¢e|0,1].

m A q=mq,m A q=min{m,q},m A q=max{m + ¢ — 1,0} are some necessary continuous ¢-norms.
2. A continuous ¢ - conorm (s - norm) t7 maps [0, 1] x [0, 1] — [0, 1] and obeys the followings.

(i) 1/ is continuous and associative.

wsyp=pvw, Yw,pe|0,1].

(i)wy0=0y w=w, Yw € [0,1].

vy wyp<ovwygq if w<ov, p<qg with w,v,p,q € [0,1].
wp=w+p—wp,wyyp=max{w,p},wy p=min{w + p, 1} are some useful continuous s-norms.

2.2 Definition [7]

An element u of a universal set X is described under an Ng H by three characters viz. truth-membership
Ty, indeterminacy-membership 7y and falsity-membership Fjy such that Ty (u), Iy (u), Fy(u) €]70,11[ and
0 < supTy(u) + sup Iy(u) + sup Fy(u) < 3". For 1T = 1 + ¢, 1 is the standard part and ¢ is the non-
standard part and so on for ~0 also. The non-standard subsets of |~0, 17 is practiced in philosophical ground
but in real atmosphere, only the standard subsets of 70,17 i.e., [0,1] is used. Thus the Ng H is put as :
{<u,(Ty(u), Iy(u), Fg(u)) >:u € X}.

2.3 Definition [5]

Suppose X be the universe of discourse and £ be a parametric set. Then for B C E and (X ) being the set of
all subsets of X, a soft set is narrated by a pair (G, B) when G maps B — o(X).

2.4 Definition [22]

Suppose X be the universe of discourse and F be a parametric set. Then for B C F and Ng(X) being the set
of all Ngs over X, an Nss is narrated by a pair (G, B) when G maps B — Ng(X).

The Nss theory appeared in a new look by Deli and Broumi [13] as follows.

2.5 Definition [13]

Suppose X be the universe of discourse and I being a parametric set describes the elements of X. An Nss
D over (X, E) is put as : {(b,hp(b)) : b € E} where hp maps E — Ng(X) given by hp(b) = {<
Uy (Thp ) (W), Tnpy o) (), Frpy(w)) > u € X} Thpoys Inp ey Frpwy € [0, 1] are three characters of hp(b) as
mentioned in Definition [7] and they are connected by the relation 0 < T}, ) (w) + In ) (1) + Frpey(w) < 3.
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2.5.1 Definition [13]

Over (X, /), suppose P, () be two Nss. Vb € E and Vu € X, if T, 5y (1) < Thpm)(w)s Tnpe)(u) > Tngw)(u),
Fhp@) (1) > Fhye)(u), then P is called a neutrosophic soft subset of () (denoted as P C Q)

2.6 Proposition [34]

A neutrosophic soft group (NSG) D is an Nss on (V) 0), a classical group, obeying the inequalities mentioned
below with respect to m A ¢ = min{m, ¢} and p 7 n = max{p, n}.

Thp ) (wov™) = Ty (1) A Thpy 4y (0), Thp ) (w0v™) < Tnpy () 7 Tnp((v) and

Frpey(uov™) < Fy, o) (w) 7 Frpe)(v), Yu,v € V,Vb € E.

2.7 Definition [36]

1. For a neutrosophic soft ring (NSR) D on a ring (S, +, -) in crisp sense if each hp(b) is a neutrosophic left
ideal for b € FE, then D is called a neutrosophic soft left ideal (NSLI) i.e.,

(i) hp(b) is a neutrosophic subgroup of (.S, +) for every b € E and

() Thp ) (2-y) 2 Thp )W), Thp ) (29) < Tnpe)(¥), Frpw)(2-y) < Fupe)(y); forz,y € 5.
2. For an NSR D on (S,+,-) if each hp(b) is a neutrosophic right ideal for b € F, then D is called a
neutrosophic soft right ideal (NSRI) i.e.,

(i) hp(b) is a neutrosophic subgroup of (S, +) for every b € E and

(i1) ThD(b)(fE-y) > ThD(b)(C(,’), IhD(b)(u.v) < ]hD(b)(x), th(b)(l‘-y) < FhD(b)(x); for x,y € 5.
3. For an NSR D on (S, +, -) if each hp(b) is an NSLI as well as NSRI for b € E, then D is called an NSI i.e.,

(i) hp(b) is a neutrosophic subgroup of (.S, +) for every b € E and

(1) Thp ) (2.y) = max{Th, 1) (2), Thp) (W) }s Inpy(2-y) < min{ly,@)(2), lhpe)(y)}  and

FhD(b)(ZL'.y) < min{FhD(b)((E),FhD(b)(y)}; for T,y € S.

2.8 Definition [35]

1. Let M be an Ng on the universe of discourse X. Then M, s is called (0,7, d)-cut of M and is described
asaset{u € X : Tps(u) > o, Iy (u) < n, Fy(u) < 6} where o,n,6 € [0,1]and 0 < o +n+ d < 3. This
M, .5 is called (0,7, 6)-level set or (o, 7, §)-cut set of the Ng M and clearly, M, 5 C X.

2. Let D be an Nss on (X, E). Then the soft set D(,,,5) = {(b, [hp(D)](o,n,6)) : b € E} is called (o,, 6)-level
soft set or (o,7,d)-cut soft set for o,n,0 € [0,1] with 0 < o +n + 6 < 3. Here each [hp(b)](ss) is an
(0,7, d)-level set of the Ng hp(b) over X.

In the main results, we shall restrict ourselves by the ¢-norm as m A ¢ = min{m, ¢} and s-norm as p 7 n =
max{p,n} and shall take b € E, a parametric set, as an arbitrary parameter.

3 Neutrosophic soft ideal

Some features of NSI are studied by developing a number of theorems here.
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3.1 Proposition

Let K be an NSLI (NSRI) on (S, E). If Og is the additive identity of the ring S, then
1) ThK(b)(u) < ThK(b)(OS)a IhK(b)(u) > IhK(b)(OS)y FhK( )( ) > FhK b)(OS) Vu € Rand Vb € E.
(i) K(o,5) is aleft (right) ideal for 0 < o < T, 1)(0s), The@)(0s) <1 <1, Fpw(0s) <6 <1

Proof. (i) Here, for every b € F, hy(b) is a neutrosophic subgroup of (S, +). Then Vu € Sand Vb € E,
The®(0s) = Ty (u =) = Thyey () D Thye () () = The ey (w),

Dhe)(0s) = Tney(u =) < Do) (W) 7 Ty (0) = Tnge ) (1),
Frewy(0s) = Fhp)(u—u) < Fhp) (W) V7 Fhge o) (0) = Fioe ) (0);

(i) Let u,v € K56 and r € S. Then,

ThK(b)(u - U) > ThK b)(u) A ThK(b)(U) >ocANo= o,
Thewy(u —v) < ey (W) V7 Iney(v) <y =1,
Fhewy(=v) < Fuyey () V Frey (v) <076 =5;

and T ) (1u) > Thyewy(w) 2> 0, i) (ru) < Tnewy(u) <0y Frep)(ru) < Fhee)(u) < 6.
Hence u — v, ru € K45 and so K, ) is a left ideal of S. Similarly, one right ideal of S is K, s) also.

3.2 Theorem

(i) @ be a non-empty ideal of crisp ring S if and only if 3 an NSI K on (S, E) where hx : E — Ng(S) is
given as, Vb € F,

D ifue@ P ifueq@ D ifue@
ThK(b)()_{ 1(<101)1fu§§62 I )(u)—{ 2(>p2)1fu¢Q e )()_{5§(>p3)ifu¢Q.

: _J (pip2p3) whenuwe@
Briefly stated  hg(b)(u) = { (51, 52, 53) when u ¢ O,
where s; < p1, 8o > po, s3> ps and p;, s; € [0,1] foralli = 1,2, 3.
(i) Specifically, () is a non empty ideal of a crisp ring S iff it’s characteristic function A\, is an NSI on (S, E)
where A\ : B — Ng(S) is given as, Vb € E,

s it A ST R S

Proof.(i) First let () be a non empty ideal of .S in crisp sense and consider an Nss /& on (.5, E'). We now take the
following cases.

Case 1 : When u,v € Q, thenu — v € @, an ideal. So, Vb € F,

Thewy(u—2) = p1=p1 Apr=Thew(u) AT w(v)
Ihewy(u—v) = p2 =02V P2 = Inyev) (1) V Thre() (V)
FhK(b)<u_U) = pP3=pP3VDP3 :FhK b)(u)thK(b)(/U)
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Case2:Ifue Qbutv ¢ Q,thenu —v ¢ Q. So, Vb € E,

Thewy(u—v) = s1=pi Asi =Ty (u) A Thyewy(v)
Ihewy(u—v) = 89=paV 82 = D) (W) 7 Tnge vy (v)
Fremy(u—v) = s3=p3Vs3=Fnp)(u) V Faew(v)

Case 3: Ifu,v ¢ Q, then Vb € E,

They(u—v) > s1=s51 D51 =Thyeqy(u) A Ty (V)
Iy (u—v) < 82=52 82 = Iy (5) (W) V Lnye () (v)
Frem(u—v) < s3=53V 53 = Fhe)(u) V Fhen)(v)

Thus in any case Vu,v € Rand Vb € F,
Thsevy(w = 0) = Thyey (W) & Thye ) (V) Inery (= v) < Ingevy(w) 7 Ingevy(v)  and
Fhyey(u = v) < Fioye) (@) V Frye ) (v).-

‘We shall now test the 2nd condition of the Definition [2.7].

Case 1 : When u € () then uv, vu € ), anideal on S, forv € S. So, Vb € F,

Thy(uv) = Thk(b)(vu)z ZThK()(U),
Dy (o) = Iney(vu) = pa = I (),
Fhw(uv) = FhK(b>(W)— 3 = Fhpe ) (0);

Case 2 : If u ¢ @ then either uv € Q or uv ¢ () and so, Vb € E,

Ty (uv) > 51 = Thye) (), Thew)(vu) > 51 = Them(u),
]hK(b)(UU> < So = ‘[hK( )( ) ]hK(b)(’UU) < S9 = IhK (U),
FhK(b)(uv) < 53 = FhK(b)( ) FhK(b)(UU) < 53 = FhK b)(u)

This shows that K is NSLI and also NSRI on (S, E). Thus K is an NSI on (S, E).

Reversely, suppose K be an NSI on (S, F) in the specified form. We are to show Q(# ¢) is a crisp ideal of
S. Letu,v € (Qand a € S. Then ThK(b)(u) = ThK(b)(U) = p1, IhK(b)(u) = ]hK(b)(U) = pa, FhK(b)(u) =
FhK( )( ) = Ps. NOW

Thre)(w = 0) = Thpe ) (W) A Thev) (V) = P15 Tngev) (w0 — 0) < Doy (4) 7 Ingey(v) = p2 - and

Fhpe ey (v = 0) < Fhew)(u) 7 Fhy b)( v) = ps.

Further, as K is an NST over (.5, E) and as either 0g € Q) or 05 ¢ @,

They(uw —0) < Thpey(0s) < 1y Ingey(u—0) > Iy (08) > pay Frpey(u—v) > Fryey(0s) > ps.
This implies T3, ) (u—v) = p1, Iny ) (u—0) = pa, Fiev)(u—v) = p3 and so by construction of K, u—v € Q.
Next, K is an NSLI over (5, F') and so,

Thyewy(au) = Thye ) (1) = p1, Ingpy(au) < Iy (u) = p2, Faew(au) < Free)(w) = ps.

Again K is an NSLI over (S, E) and as either Og € Q) or Og ¢ @,

Thie vy (at) < Thye)(0s) < p1,y Tney(aw) > Inew)(0s) = p2, Fuewy(au) > Fryw)(0s) > ps.

This shows T}, ) (aw) = p1, In,cp)(aw) = pa, Fhpy(au) = ps. So, au € @ by structure of K. In a same
corner, ua € (). Therefore, () is a crisp ideal of .S.
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(ii) First suppose () be a non empty crisp ideal of S and on (5, E'), Ag be an Nss. Following cases are needed
to discuss.

Case 1 : When u,v € Q, thenu — v € @, an ideal. So, Vb € E,
Thomy(u—v) = 1=1A1=T\u)(u) A Tiw ()
])\Q(b)(u—v) = O_OVO—I)\Q (U)VI)\Q (U)
Exomy(u—v) = 0=0v0= Fy,u)(u) 7 Fm)(v)

Case2:Ifue Qbutv ¢ Q,thenu —v ¢ Q). ThenVb € E,
Thomy(u—v) = 0=1A0=T\u(u) A Tw)
Low(u—v) = 1=071=I,e)(w) v hywv)
F)\Q(b)(u—v) 1—0V1—F)\Q (U)VF)\Qb(’U)

Case 3 : If u,v ¢ Q, then Vb € E,

Thowy(u—20) > 0=0A0="T,wm)(u) A Tr,w(v)
]AQ(b)(u—v) < 1—1V1—I>\Q (u)V[AQb)Oj)
Frowu—v) < 1=1v1=F\u(u) v Fye)

Thus in any case Vu,v € S and Vb € F,
T,\Q(b)(u — 1}) > T)\Q ( ) A T)\Q (U), I,\Q(b)(u — ?}) < [)\Q ( ) \V [AQ ( ) and
Fxoy(u—v) < Faxgm)(u) 7 Fagp) (v).

We shall now test the 2nd condition of Definition [2.7].

Case 1 : When u € (Q then uv, vu € (Q, an ideal of S, forv € S. So, Vb € E,
Do) (uv) = Ty (vu) = 1= Tr,m)(w), Do (uv) = Iyey(vu) =0 = Iy,u)(u) and
Fxg(uv) = Fygp)(vu) = 0= Fy ) (u)

Case 2 : If u ¢ @ then either uv € Q or uv ¢ () and so Vb € E,

Thomy(uv) >0 =Tr,m)(u), Trge(vu) >0 =Ty\,w)(u),
Dow(uv) <1 =1L,m(u), Doe(vu) <1=DILge(u),
Fromy(uv) <1 = Fyx,)(u), Frxom(vu) <1 = Fy,e(u);

This shows that Ay is NSLI and NSRI on (S, E). Thus Ag is NSIon (S, E).
Reversely, let A\ be an NSI over (S, E) in the prescribed form. We shall have to show ()(# ¢) is a crisp ideal
of S. Letu,v € (Q and a € S. Then T,\Q(b)(u) = T)\Q(b)(v) =1, I)\Q(b)(u) = [,\Q(b)(v) = 0, F)\Q(b)(u) =
FAQ( )( ) =0. NOW
Tro)(u—v) > Ty (w) A Tagmy(v) =1, Lo (u—v) < Dow(w) V hoe(v) =0 and
Fxgy(u—v) < Faxgp)(u) v Faxgp(v) = 0.
Further, as A\ is an NSI over (S, F) and as either 0g € @ or Os ¢ Q,
Tromy(u—v) < Thgm(0s) < 1, Dge(u—v) = Ligw)(0s) 2 0, Fxge)(u —v) = Fig4)(0s) = 0.
This implies T, ) (u —v) = 1, I,y (u —v) = 0, Fy,@4)(u —v) = 0 and so by construction of Ag, u —v € Q.
Next, \g is an NSLI over (S, E) and so,
Tow(au) = Thgw(u) = 1, Do (au) < D (1) = 0, Frge(au) < Fage(u) = 0.

T Bera, S. Broumi and N. K. Mahapatra, Behaviour of ring ideal in neutrosophic and soft sense.



Neutrosophic Sets and Systems,Vol. 25, 2019 7

Again \g is an NSLI over (S, E) and as either Og € @ or Og ¢ @,

Thowy(auw) < Thw)(0s) < 1, Lywy(au) > I,w)(0s) > 0, Faxym(au) > Fy,@)(0s) > 0.
This shows Th, ) (au) = 1, Iy, (au) = 0, Fy,e)(au) = 0. So, au € Q by structure of \g. By same logic,
ua € ). Thus, () is a crisp ideal of S.

3.3 Theorem
Consider an NSLI (NSRI) @ over (S,E). Then, Qo = {u € S : Ty (v) = Thow)(0s), Ihgey(u) =
Tho)(0s), Fhg ) () = Fiy@)(0s)} is a crisp left (right) ideal of S for b € E.

Proof. Following the reverse part of Theorem [3.2], it will be as usual.

3.4 Theorem

Q. an Nss on (S, E), is an NSLI (NSRD) iff Q = {u € S : Thowy(u) =1, Ingwy(u) = 0, Fryw(u) = 0} with
0g € @ is a crisp left (right) ideal of S.

Proof. We can put ), an Nss on (S, F), as given below, Vb € E,

(1,0,0) when u € Q

ho(®)(u) = { (s1,892,83) when u ¢ Q.

where 0 < 571 < 1,0 < s <1,0< s3 <1. Assume @ be a crisp left ideal of S for () being an Nss on (S, E).
We shall now take the cases stated below.

Case 1 : When u,v € @ thenu —v € @ a crisp left ideal. So, Vb € E,

Thom(u—v) = 1=1A1=Th,wm)(u) A Thyw(v)
Lom(u—v) = 0=0v0= In,w)(u) V Ihyw)(v)
FhQ(b)(U—U) = O—OVO—F}LQ b)(u)thQ(b)(U)

CaseZ:Iqu@butvgﬁ@,thenu—vgé@. Then Vb € E,

ThQ(b) (u — U) = 81 = 1 A S1 = ThQ(b) (u) A ThQ(b)<U)
Ingy(u—v) = 53 =05 82 = Ing(v) () V g e (v)
FhQ(b)(U—U) = 83:0V83 FhQ (U)VFth(U)

Case3: Ifu,v ¢ CA), then Vb € F,

Thowy(u—v) > s1=51 081 =Thye (u) A The) (V)
Ihomy(u—v) < s3=52 82 = Inge)(w) V Inge)(v)
Frhowy(u—v) < s3=153V 83 = Fhy)(u) V Froe)(v)

Thus in any case Vu,v € S and Vb € F,
Thioo) (4 —v) 2 Thomy (W) A Thow)(v), Thge)(—v) < Thgey(u) 7 Ingey(v)  and
FhQ()(U_U) <FhQ ( )thQ(b( )

We are to test now the 2nd condition of Definition [2.7].
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Casel:Ifu € @ then vu € @, a crisp left ideal on .S, for v € S. So, Vb € E,
Thomy(vu) =1 = Thyw)(w), Thow(vu) =0 = Ih,m) (), Fuoe(vu) =0 = Fh,@m)(uw).
Case2:Ifu ¢ Q then either vu € Q or vu ¢ Q forv € RandsoVb € E,
Thoy(vu) > 51 = Thoey(u), Tnge)(vu) < s2 = Inom)(w), Frge(vu) < s3= Fhoe)(u).
This shows that () is an NSLI over (S, E).
Conversely, let @ be an NSLI on (.S, F) in the assumed structure. Let u, v € Qanda € S. Then T, ho ) (1) =
Thow) (V) = 1, Tng@) (1) = Ing@)(v) = 0, Fhgey(u) = Fig(v) = 0. Now,
Tho) (U —v) > Thow)(u) A Thow) (V) =1, g (v —v) < T (w) V Thow(v) =0  and
Fhgy(t =) < Fag)(w) V Frge)(v) = 0.
Further, as () is an NSLI over (R, F) and as either Og € @ orOg ¢ @,
Thoy) (U —v) < Thow)(0s) <1, Ty (u —v) > Loy (0s) > 0, Frpey(u—v) > Fhyw)(0s) > 0.
This implies Th,,) (v — v) = 1, Ino@)(u —v) = 0, Fj,)(u — v) = 0 and so by construction of @, u — v € Q.
Next, ) is an NSLI over (R, F) and so,
Thow(aw) > Thowy(u) =1, Tngey(au) < Thoey(u) = 0, Fuyey(au) < Fhye(u) = 0.
Again Q is an NSLI over (R, E) and as either Oy € Q or O ¢ Q,
Thowy(au) < Thow)(0r) < 1, Tngey(au) > Inym)(0r) > 0, Fhye(au) > Fryw)(0r) > 0.
This shows Tj,, @) (au) = 1, I, @) (au) = 0, Fj,m)(au) = 0ie., au € Q. Therefore, Q is a crisp left ideal of S

and so is () over S similarly.

3.5 Theorem

Let K be an Nss over (S, E). Then K is an NSLI (NSRI) iff each nonempty cut set [hx (b)](s,.0) of the Ng
hi (b) is a crisp left (right) ideal of S for 6 € Im Ty, ), 1 € Im In, @), 0 € I Fly, (1)

Proof. Let K be an NSLI (NSRI) over (S, E) and w, v € [hg(b)]@s,0),7 € S. Then,

ThK(b)(U — U) > ThK(b) (u) YA ThK(b) (U) >0NI=96

Tneoy(u = 0) < Ty (W) 7 Doy (0) <y =1
Frewy(u—v) < Fyoy(w) V Frey(v) <oy o =0 and

Thie) (1) = Thyeey(w) 2 0, Tnge () (1) < Dnjey(w) <0, Fhge vy (ru) < Fhyeey(u) < 0.
Hence u — v, ru € [hg(b)](51,0) and so [hg ()] (s,,0) is a crisp left ideal of S. By same way, [hx (D)](s,,0) is @
right ideal of S.

Reversely, assume [f ()] (s,,,0) be a crisp left (right) ideal of S and u,v € S. If possible, let

Thie(vy(w = 0) < The) () A Thge (5 (0); Tnge vy (4 = 0) > Tnge (5 (1) 7 Lnge v (v) and

Fhge) (=) > Fhe) (1) 7 Fhe (e (v)-
If Ty v)(u) A Thyey(v) = s (say), then Tj, 5)(u) > s and Tj, 5)(v) > s. As cut set is a crisp left ideal,
0 Th,v)(u —v) > s is natural. It shows a contradiction for 7}, (v — v) < s. Hence T}, )(u — v) >
T v) (1) A Th o (2)(v). Other two can be shown as usual.

Forr € S, let, ThK( )(TU) < ThK(b)(u), IhK(b)(TU) > IhK(b)(u) and FhK(b)(Tu) > FhK(b)(u).
If Ty, vy(u) = t, then T, py(ru) < t. As cut set is a crisp left ideal, then T}, (;)(ru) > t is obvious. It is
against our assumption. So, T}, (z)(ru) > Th, (z)(u). Other two can be set naturally. Thus K is an NSLI on
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(S, E). K can also be shown an NSRI over (.S, ) by same path and thus the theorem is ended.

4 Neutrosophic soft prime ideal

This section defines and illustrates NSPI along with the development of some theorems.

4.1 Definition

A constant Nss K on (S, E) is one whose hx () is constant Vb € E. It means, for every b € E, the triplet
(Thev) (W), Tne vy (1), Frpe)(u)) always gives same value Vu € S.

If for every b € E, the triplet (7}, 5) (), In vy (), Fry)(u)) is at least of two different kinds Vu € S, then K
is called a nonconstant Nss.

4.2 Definition

Let C, D be two Nss on (S, E). Then CoD (= P, say) is also an Nss on (S, F). Vb € E and Yu € S, it is
defined as :

_ [ maxy—pe[Tho (@) (V) A Thpy () (2)]
T (u) = { 0 ifuis notputas u = vz.

_J ming— [Thg () (V) 7 T () (2)]
Inp (1) = { 1 ifuis notputas u = vz.

o minu:vz [ic(ac) (/U) \V4 FhD (x) (Z)]
Fip(e) (1) = { 1 ifzis notputas u = vz.

4.3 Definition

AnNSI K over (S, E) is called an NSPI when (i) K is not constant NSI, (ii) for any two NSIs C, D over (S, E),
CoD C K implies either C C K or D C K.

4.3.1 Example

Consider the integer set Z and the parametric set £ = {b;, s, b3}. Take a division Z into 37 and Z — 3Z.
Consider an Nss K on (Z, E) given below.

Table 1 : Tabular form of Nss K
hi (b1) hi (bs) hi (bs)
37 (0.9,0.4,0.1) (0.4,0.3,0.4) (0.8,0.7,0.3)
Z—371(0.6,0.7,0.5) (0.1,0.6,0.5) (0.2,0.9,0.4)

Now the following several cases are taken into consideration.

Case 1 : Ifu,v € 3Z thenu — v,uv € 37.

Case2:lfu,ve Z—-3Zthenu—vedZorZ —3Zuv ez —32.
Case3:lfuedzZve 7 —-3Zthenu—veZ—37Zanduv € 37.
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Obviously, K is an NSI on (Z, E). To make out that, consider Case 3 with respect to the parameter ;. Other
two are as usual.

Thyy(w—2v) = 0.6 =min{0.9,0.6} = T, (by) (1) A Thye(r)(v)
IhK(bl)(u — ’U) =0.7= maX{O 4 0. 7} = [hK b1) (u) \V4 IhK(b1 (U)
FhK(bl)(u — U) =05= maX{O 1 0. 5} FhK(bl (U) VvV FhK b1)<U)
ThK(bl)('U/U) =09 = maX{O.9, 06} = maX{ThK(bl ( ) ThK b1) (U)}
IhK(bl)(uv) =04 = min{0'4> 0'7} = min{]hKU’l)( ) I bl)( )}
FhK(bl)(uU) = 0.1 = min{0.1,0.5} = min{FhK(bl ( ) FhK b1)( )}

To prove K as NSPI, we now let another two NSIs C' (by Table 2) and D (by Table 3) on (Z, E). Table 4 refers
the operation C'oD.

Table 2 : Table for NSI C
he(b1) hc(bs) hc(bs)
37 (0.3,0.4,0.6) (0.7,0.2,0.5) (0.6,0.5,0.1)
Z—371(0.1,0.5,0.8) (0.1,0.6,0.7) (0.3,0.8,0.2)

Table 3 : Table for NSI D
hp(b1) hp(b2) hp(bs)
37 (0.6,0.4,0.5) (0.3,0.5,0.6) (0.4,0.8,0.4)
Z—-371(0.2,0.8,0.9) (0.1,0.7,0.8) (0.1,1.0,0.5)

Table 4 : Table for CoD = ()(say)
hq(b1) hq(bs) hq(bs)
3Z (0.3,0.4,0.6) (0.3,0.5,0.6) (0.4,0.8,0.4)
Z—-371(0.1,0.8,0.9) (0.1,0.7,0.8) (0.1,1.0,0.5)

The discussion of h(b;) is provided to convince the Table 4.
When uv € 3Z, then either u,v € 37 or ue3Z,ve Z —-3Z or we Z —3Z,ve€34.
When uv € Z — 3Z, then u,v € Z — 3Z only. Now for w = uv € 37,

Thyvor) (w) = max{Th.,)(u) A Thp,)(v)} = max{0.3 A 0.6,0.3A0.2,0.1 A 0.6} = 0.3

Thon (W) = rrgn{[hc(bl)(u) <V Ihpen(v)} =min{0.470.4,0.4570.8,0.557 0.4} = 0.4

Froon(w) = Ian{ic(bl)(u) Y Frpen(v)} = min{0.6 7 0.5,0.6 57 0.9,0.8 57 0.5} = 0.6
Next foru =wv € Z — 37,

Tho(br) (u) = mgx{Thc(bl)(u) ATy e (v)} =max{0.1 A0.2} =0.1
Tho (o) (1) = man{]hc(bl)(u) < Lhpn)(v)} = min{0.5 7 0.8} = 0.8
Fhqen) () = min{ Fho ey () 7 Fup o) (v)} = min{0.8 7 0.9} = 0.9

Table 1, Table 3, Table 4 execute that D C K and CoD C K. Therefore, K is an NSPIon (Z, F).

4.4 Theorem
Consider an NSPI K on (S, E'). Then Vb € E, hi(b) exactly attains two distinct values on S i.e., |hx(b)| = 2.
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Proof. As K is non-constant, hence |hx(b)| > 2, Vb € E. Let |hg(b)| > 2. Take x = glb{T}, )(u)}, vy =
lub{Ip, vy (u)}, 2 = lub{Fy, vy (w)}. Then sy, p1, S2,p2, 53, p3 such that v < sy < py < Thyev )(OS) Yy > Sg >
P2 > Ine)(0s), 2 > s3> p3 > F o 1)(0g). Define two Nss C, D on (S, E) as :

Thowy) (W) = 2(s1 4+ p1), Inay(w) = 2(s2+p2)s Frop)(u) = 5(s3+p3), Vu € S and
ThD(b)(U) =, [hD(b)(u) =Y, FhD ( ) z ifu ¢ K(p17p27p3)’

Thp®)(1) = Ty (05), Inp(e) (1) = Tnge ) (05)s Fhpo) (1) = Fhew)(Os) if 10 € Ky ps)-
Clearly, C'is an NSI on (S, E). We are to prove that D is an NSI over (S, E). Since K is an NSI on (.5, E') then
K (p, pops) s a crisp ideal of S. Let u,v € S. Following facts are considered.

Case 1: When u,v € K, p, ps) thenu — v € Ky, ) 1) SO,

Thp)(t = v) = Thie)(05) = Thie)(05) A Thye)(05) = Thpy(w) A Thpy ) (v)
Ty (= v) = I ) (0s) = Do) (05) V7 L) (0s) = Tnpy vy () 7 Ty (V)
Frpe)(u —v) = Frpe)(0s) = Fre@)(05) V Frg)(0s) = Frpey (1) 7 Frpe)(v)

Case 2 : When u € Ky, p, ps)> U & K(py pops) thenu — v & Ky, p, 5,y and so,

Thp)(u—y) =2 = Thew)(0s) &z = Thype)(w) A Thye)(v)
Inpy(u—v) =y = Lne)(05) VY = Thp)(w) V Tnpn) (v)
Fhpmy(u—v) = 2= Fhe)(0s) V 2 = Frp) (1) V Fhpp) (v)

Case 3 : When u,v & K(p, p, ps) then,

Thpwy(u—v) =2 =2 Az =Th,m)(u) A Th,e )
Liywy(w—2) <y=y7y=Th,w(w) V Ihw(v)
Frym(u—v)<z=272=F,,u(u) 7 Fu,ev)

Thus in any case Vu,v € S and Vb € F,

Thp vy (U =) = Ty () & Thp) (), Ty (w—v) < Ty (W) V Inpy(v)  and
Fhpo) (U =) < Frp) () V Frp ) (v)-

We are to test the 2nd condition of Definition [2.7].

Case 1 : When u € Ky, p, ) then uwv, vu € K, , 1), a crisp ideal of S, for u,v € S. So,

Thpwy(uv) = Thye)(vu) = Thew)(0s) = Thpe)(u)

Ihpwy(uwv) = Inpey (V) = Ine ) (0s) = Thpm)(w)

Frpwy(wv) = Frpe)(vu) = Few)(0s) = Fpm)(w)
Case2: If u ¢ Ky, p, p,) then,

Thpy(w) > x = Thymy(u), Thpe)(vu) >z =Th,e)(u)
Tpy(uwv) <y = Ty (), Thpe)(vu) <y = Thym)(w)
Fupiy(w) < 2= Fym)(u), Fupe(vw) < 2= Fye)(u)

This shows that D is both NSLI and NSRI over (.S, E). So, D is an NSI on (S, E'). We claim CoD C K. We
require following cases to analyse.
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Case 1 : Tell P = CoD. Foru = 0g,

Thpwy(u) = max[Th.@)(v) & Thyey(w)] < %(51 +p1) A Thye ) (0s)

uU=vw

< ThK (05) AThK (Os) [as S1 < p1 < ThK(b)(OS)] = ThK(b)(OS)

. 1
Lnpy(w) = min [The) (V) V Tapy (w)] 2 5(52+12) V T (0s)
> Tne)(05) 7 Tngev)(0s) [as sz > po > L) (0s)] = Tnjev)(Os)
. 1
Fhpy(u) = min ey (V) 7 Frpey(w)] > 5(53 +p3) V Fr)(0s)
> Fhe)(08) V Frg)(0s) [as s3> p3 > Fhv)(0s)] = Fhy)(0s)

Case 2 : Foru # Og but u € K, 1, ps)»

Thpy(u) = max(Th.@)(v) A Thye)(w)] <

U=vw

(51 +p1) & The ) (05)

[\:JI)—l

1
= 5(51 +p1) [as s1 <p1 < Thyer)(05)]

< p1 [as st <py) < ThK(b)(U)

(82 +p2) V Lhyev)(0s)

N | —

Ipy(u) = min Lo w)(v) 7 Dnp ) (w)] >

uU=vw

1
= 5(82 +p2) [as S9 > po > [hK(b)(OS)]

> P2 [as to > mg} > [hK(b)(u)

Frpwy(u) = min[F ) (v) V Frpm(w)] >

U=vw

(83 +13) V Fhye@)(0s)

N | —

1
= 5(83 —I—pg) [as S3 > p3 > FhK(b)(OS)]

> p3 [as S3 > pg] Z FhK(b)(u)

Case 3 : When Og # u & Ky, py ps), for v,w € S such that u = vw, v € Ky, p, py) and w & Ky, 1, ps)»

1
Tipw(u) = max[Thow(0) ATy (w)] =551 +p1) Az =2 as @ < 51 <pi] < Thye ()

uU=vw

1
Inpy(uw) = min L) (0) 7 Inp ) (w)] = 5(32 +p)Vy=y [asy> s3> po] > Iey(u)

Frpy(u) = P}){})[ic b (V) V Frpy(w)] = 5(53 +p3)Vz=2 [as z> s3> p3] > Fhe(u)

—_

Therefore, CoD C K. Lastly, let v € S such that T}, 5)(v) = 51, lher)(v) = S2, Fremy(v) = ss.
Then, Ty (v) = 2(s1 + p1) > Thew(v). Then C € K. Again assume w € S for which Tj,, ) (w) =
P Dy (w) = p2, Fryey(w) = psie., w € K, pypy). Then Ty o) (w) = Thyer)(0s) > pr = Ty (w)
imply D ¢ K. Hence, neither C € K nor D ¢ K if CoD C K. Therefore, K is not an NSPI on (5, F) and it
is against the hypothesis. So, hx(b) exactly attains two distinct values on S for b € E i.e., |hg(b)| = 2.
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4.5 Theorem

If K isan NSPIon (S, E), then T}, 1)(0s) =1, I, 1)(0s) = 0, Fh,.1)(0s) =0, Vb € E.
Proof. For K being an NSPI on (S, E), |hg(b)] = 2,Vb € E. Assume T}, )(0s) < 1, In, ) (0s
0, Frew(0s) > 0. For K being nonconstant, 3u € S for which T}, 4)(u) < ThK(b)(Os) Ty (u

)

)
Inie)(0s), Fhuey(w) > Frie)(0s). Let Ty (u) = pr,Thyey(0s) = ma, ey (u) = p2vfhK 5)(0s)
ma, Fre@) () = p3, Fryey(0s) = mg. Take 51, 59,53 for that p; < my < 51 <1, pp > mg > 55 >0, p3
msz > s3 > 0. We assume two Nss C, D on (5, E) so that,

Thoy (W) = (01 +ma), Tnepy(u) = 5(p2 + ma), Fuow(w) = 2(ps +ms), Yu € S and

VoIl VvV

Ty (W) = D1, Inpwy (W) = 2, Frpmy(uw) =ps  foru ¢ Ko,

ThD(b)(u) = 81, [hD(b)(U) = So, FhD(b)(U) = S3 ifue KO

where Ko = {u € 5 Thye () () = Thye(t)(05), Inge (0)(0) = Tnge(v) (08), Fhe(v) () = Fre(v)(05)}-
Clearly, C'is an NSI on (S, E). D is an NSI on (S, E) for K, being an ideal of S. We are now to show that
CoD C K. Following facts are needed to consider.

Case 1 : Take (Q = CoD. For u = Og,

Tuo (1) = 10ax(To(0) 2 T ()] = max(5 -+ m1) &, 5 (o1 +1) & 51

uU=vw

1 1
= max/pi, 5(?1 +my)] = §(p1 +m1) < my = Th, 1) (0s)
1
Doy (u) = flglu[lhc 0) (V) V Inp ) (w)] = 5(]02 +mg) > mg = I, ) (0s)

From(u) = min[F.@)(v) v Fhpe)(w)] = %(ps +m3) > mz = Fy)(0s)

U=vw

Case 2 : When Og # u = vw € Ky forv,w € Ky C S,

1 1
Thow)(w) = max(Ty4)(v) A Thp ) (w)] = 5(?1 +my) A sy = §(P1 +mi) <mi = Thew)(0s) = Thye)(w)
1 1
Inqw(u) = min [Lio@) (V) V Ihp ) (w)] = 5 (P2 +1m2) A 52 = S (p2 +m2) > 2 = Ly (05) = Iy ()
. 1 1
Fhg(v(u) = 531}5}}[%@)(0) V Eup)(0)] = 5(ps +m3) & sy = 5(ps +mz) > my = Fhye) (Os) = Fhe(ry (u)

Case 3 : When Og # u = vw ¢ Kj forv,w € S — K,

(p1 +m1) Apy=p = ThK(b)(U)

[\J|>—t

Thov) (u) = max(Th, ) (v) A Thpy(w)] =

uU=vw

o

P2 +Ma) /P2 = P2 = IhK(b)<U)

Ing(wy(u) = min [T ) (0) 7 Ly (w)] = %

Frowy(u) = min [ic b)(V) V Frhpey(w)] = =(ps +m3) 7 p3s = ps = Fhye)(w)

l\')|'—‘

So including all, CoD C K. As T}, 4)(0s) = m1 < s1 = Th,)(0s), so D € K. Further Ju € S so that
Thiewy(u) =p1 < %(pl +my) = Thop)(u) impliy C' ¢ K. This means that K is not an NSPI which is against
the hypothesis. Therefore T}, 5)(0s) = 1, I, 5)(0s) = 0, Fp,.1)(0s) = 0, Vb € E.
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4.6 Theorem

For an Nss K on (S, E), let |hg(b)] = 2 and T}, 5)(0s) = 1, I, )(0s) = 0, Fr)(0g) = 0,Vb € E. If

KO = {u €S ThK(b) (u) = ThK(b)(OS>’ IhK(b)(u) = IhK(b)(OS)a FhK(b)(u) = FhK(b)(OS>} is aprime ideal on S,
then K is an NSPI on (S, F).

Proof. By hypothesis, 3 one u € S with sy = T}, 5)(u) < 1,50 = I y(u) > 0,83 = Fp(u) > 0. The
facts stated below are taken.

Case 1 : When u,v € Ky, thenu — v € K, an ideal. So Vb € F,
Thewy(u—v) = Thw0)=1=1A1=Ty @)(u) A Thew(v)
Ihewy(u—2v) = Ine)(0) =0=070= Ty (w) 7 Tngevy(v)
Frewy(u—=2) = Inw(0)=0=0v0= Fy@p)(u) V Frew)

Case2: Ifu € Kybutv ¢ Koy, thenu —v ¢ Ky. ThenVb € E,
Thewy(u—v) = s1=1A s = Thepy(u) A Thyew(v)

]hK(b)(u_U) = SQZOVSQ _IhK (u)V]hK(b)<U)
Frey(u—0v) = 53 =0 53 = Fiuer)(t) V Fhgev)(v)

Case 3: Ifu,v ¢ Ko, thenVb € F,

Thiey(u—v) > 51= The)(u) D Thye ) (v)
Dhey(u—v) < sy = Iny ) (W) V7 Dnge ) (0)
FhK(b) (U’ - U) S FhK (U) \V4 FhK (U>

Thus in any case Vu,v € S and Vb € F,

Thie vy (= v) 2 Thyevy () A The vy (V) Inge) (= 0) < Tnye v (W) V ey (v) - and
FhK(b)(u_v) <FhK ( )thK ( )

To verify the final item, we consider the following cases.

Case 1 : When u € Ky then uv, vu € Ky, an ideal over S, forv € s. SoVb € F,
Thicy(uv) = Thyey () = 1= Ty (), Tnyey (uv) = ey (vu) = 0 = In ey (w),
Fhe)(uv) = Frge)(vw) = 0 = Fhye ) (u).

Case 2 : If u ¢ K then,

ThK(b)(UU) 2 S1 — ThK(b)(U), ThK(b)(UU) Z S1 — ThK( )(U)
IhK(b)(uv) < S9 = ]hK( )( ) IhK(b)(vu) S S9 = IhK(b (u)
Fpoy(uwv) < s3= Fypemy(u), Fagwp(vu) < s3= Fpm)(u)

This shows that K is NST over (S, E). Let CoD C K but C K, D ¢ K for C, D being two NSIs on (S, E).
So,Vu,v € Sand Vb € E,

Thow) () > Thyew) (), Inew) (1) < Tngew) (), Fheey(t) < Fhew(u)  and

Thp5)(0) > Thie0)(0)s Tnp) (V) < Tne) (V) Frp)(0) < Fhey (V)
Clearly, these u,v ¢ K, otherwise Th. ) (u) > Thy)(u) = Thyew)(0s) = 1 and Ty ey (w) > Thew(u) =
Th.v)(0g) = 1 which are impossible. Then v, urv ¢ K, a prime ideal of .S, for r € S. Thus,
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ThK(b)(UT?}) = 851 = ThK(b)(u) = ThK(b)(U); [hK(b)(UTU) = S9 = IhK(b)(u) = IhK(b)(U) and
Fhgey(urv) = s3= Fpye ) (u) = Fiyye) (V).
Now, if () = C'oD then Vb € E and YVw € S,
Thow(w) = maX[Thc<b) (Y) & Thyp)(2)] = Thew) () A Thpm)(rv) = The)(w) A Ty (v)
> Thyey(u) D Thyewy(v) = 851 A 81 = Thye ) (W)

Hence CoD ¢ K. Then either C C K or D C K implies K is an NSPI on (S, E).

4.7 Theorem

For an NSPI K on (S, E), Ky, = {U € R : ThK(b)(u) = ThK(b)(OS),IhK(b)(U) = ]hK(b)(OS);FhK(b)(U) =
Fyc)(0g)} is a crisp prime ideal of S.

Proof. Here, K is a crisp ideal of S by Theorem [3.3]. To prove K| being prime, let A, B be two crisp ideals
of Ky with AB C K,. Assume C, D as two Nss on (S, E) as given below, Vb € E,

Clearly C, D are two NSIs on (R, E') by Theorem [3.2]. We are to prove CoD C K. Consider the following
facts.

Casel:If Q = CoD and u € K,

Thgey (1) = max[Ty.4) (V) A Thp)(2)] < Thiety(05) D Thie(v)(05) = Thie()(05) = The(ey (u)
Inge) (1) = min[L. ) (0) 7 Lhp0)(2)] 2 Dne(v)(05) 7 hie ) (05) = Tnse()(Os) = Tnge ) ()
Fhqy(u) = min[Fy ) (V) 7 Fhp)(2)] 2 Fie)(05) 7 Frie)(0s) = Fhie(v)(05) = Fgey (1)

Case2: If u ¢ K then for v,z € Rsuchthatu = vz, v ¢ Kyand z ¢ K,. Now,

Ty (w) = max(Tie) (V) A Ty (2)] = 0 < Thyey (w)
Ing@e) (1) = min[Lo ) (0) 7 Lhp o) (2)] = 1 2 Dnge (w)
Fhgy (1) = min[Fy ) (0) 7 Fhpe)(2)] = 12 Fayey (u)

Thus in either case CoD C K. Then either C' C K or D C K, an NSPI over (S, F). Suppose C' C K but
A g KO Then Ju € A such that u ¢ KO 1.€., ThK(b( ) # ThK(b (Os) IhK ( ) # IhK(b)(OS)thK(b)<u> #
FhK( ( ) Vx € E. This 1mphes ThK(b)< ) < ThK(b)<OS) IhK(b)( ) > IhK(b)(OS)thK(b)<u> > FhK(b)(OS)
by Proposition [3.11G). Thus Tho)(v) = The)(0s) > Thpe) (), Tney(w) = Ty (0s) < Ingey(u),
Frowy(u) = Fhpewy(0s) < Fhye(w) which is against the assumption C' C K. So, A C K. Identically,
D CK = B C Ky. Hence AB C Ky = either A C Kyor B C K, implies K is a prime ideal.
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4.8 Theorem

(i) @ is a non empty crisp prime ideal of S if and only if 3 an NSPI M on (S, E) where hy; : E — Ng(S5) is
putas, Vb € F,

(1,0,0) when u € )
(plap2ap3) when u g Q

hat(b) = {

with 0 < pq,pa,ps < 1.

(i) Particularly, () is a non empty crisp prime ideal of S if and only if it’s characteristic function \g is an NSPI
on (S, E) when A\ : E — Ng(S)is putas, Vb € E,

(1,0,0) when u € Q
1,1

Ag(b)(u) = { ((1), ,1) when u ¢ Q.

Proof. (i) If Q) be a crisp prime ideal, then M is an NSI on (S, E) by Theorem [3.2]. Consider two NSIs C, D
on (S, E) with CoD C MbutC € M and D € M. Foru,v € Sandb € E,

The vy (1) > Thy) (W), The(v)(w) < Lhp) (@), Fhoey(w) < Fipyey(w)  and

T ) (V) > Thag)(0)s Tnp () (V) < Tnpy ) (V) Frp()(v) < Frpyv) (V)
Obviously u,v ¢ @Q otherwise Th, ) (u) > 1, I )(u) < 0, Frowy(u) < 0and Ty, 0y (v) > 1,1, (v) <
0, F,,»)(v) < 0 which are impossible. Then z = uv ¢ Qi.e., Ty, ) (2) = D1, Thyv)(2) = P2, Fhyo)(2) = ps.
Now since C'oD C M, then

P = Thpy0)(2) 2 Theopv)(2) = maxemuy[Thom) (W) & Thp ) (v)] > Ty (W) A Thyyv)(v) = p1 Apr = pr
So p; > p; makes a contradiction and thus C' € M and D € M are false. Hence CoD C M implies either
CCMorDC Mie., Misan NSPIon (S, E).
The ‘only if* part can be drawn from Theorem [4.7] by taking 7}, ) (0s) = 1, I1,,)(0s) = 0, Fj,,)(0s) = 0.

(ii) Following the sense of 1st part, it can be easily proved.

4.9 Theorem

AnNss K on (S, F) with |hg (b)| = 2, Vb € E is an NSPI over (S, E) if and only if K = {fue S :Thmu) =
L Inewy(u) =0, Fiy(u) =0, Vb € E} with Og € K is a crisp prime ideal of S.

Proof. Combining Theorem [4.7] and Theorem [4.8], it can be proved.

4.10 Theorem
An Nss K on (5, E) is an NSPI iff each nonempty cut set [Ax ()] (s,,0) Of hi(b), an Ng, is a crisp prime ideal
of S when § € [mThK(b), ne [thK(b), o€ IthK(b), Vb e FE.

Proof. Let K be an NSPI over (S, E). Then, by Theorem [3.5], [k (b)](5,.0) is a crisp ideal of S. Consider
another two crisp ideals A, B of S so as AB C [hg(D)](s,,0)- On (S, E), define two Nss C, D as :

hopy— { (.00 ifued 0 [(50.0)  ifueB
T (0,n,0) otherwise . "V~ | (0,n,0) otherwise .

Then C, D are two NSIs over (R, E) and CoD C K. Since K is an NSPI over (R, F) then either C' C K
or D C K. Now if possible, suppose A Z [hx(b)](5n.0).- Then Ju € A such that u & [hg(D)](s4,0) i-€.s
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Ty () < 0, Ingy(u) > 1, Fhyw(u) > 0. Now foru € A,

Thc(b)(u) =0 > Th}((b)(u)a [hc(b)(u) =0<n< IhK(b)(u), ic(b)(u) =0<0< FhK(b)(u).
This shows C' € K. Also D ¢ K similarly. These are against the situation. Therefore A C [hx(b)](5,,0) means
[hic(b)](5,n,0) is @ crisp prime ideal of S.

Reversely, we need to clear that K is an NSPI over (S, E) if [hx (b)](59,0) is a crisp prime ideal of S. Take two
NSIs C, D on (S, E)soas CoD C K.LetC £ K, D ¢ K. Then Vu,v € S and Vb € E,

The) (W) > Thye@) (W), Tnee) (@) < Tng@y(w), Free)(u) < Fhyew)(u) and
Thp)(V) > Thye)(V), Tnp@) (V) < Ty (), Fape)(v) < Fhge) ().

Clearly Ty p)(u) # 1, Iney(w) # 0, Frewy(u) # 0 and Ty )(v) # 1, Inepy(v) # 0, Fryepy(v) # 0.
Let Ty (1) = Thyew )( v) = p, Ingw )( u) = Ine)(v) = ¢, Frepy(u) = Fryew(v) = 7. Then Thc(b)( u) >
p, Ihc(b)(u) < q, ic(b)(u) < r and ThD(b)(U) > p, Ihp(b)(”) < q, FhD( )( ) <7r ie. . U € [hc(b)](nqm) and
v € [hp(D)](p.g,r)- Now since CoD C K,

Thiewy(2) 2 max(The ) () & T e) (V)] > Ty (w) D Thp ) (0) > p

Tnge)(2) < minfLe ) (4) 7 Tnp ) (0)] < Tne ) (@) 7 Tnp(e)(v) < ¢
Fhe(v(2) < min[Fhe ) (w) 7 Fhp ) (0)] < Fhew) (@)  Fpy (v) <7

Thus z = wv € [hg(D)|pgr i€ [ha(D)] e hD(0)]par S [Pk (b)](pgr), a crisp prime ideal of S. Then

either [hC(b)](p,q,r) Q. [k (0)] gy OF [hD(O)](pgry S [ ()](pqr If [rc()]pgr) S [hr(b)]p.qr. then
u € [he(b)](pqry implies u € [hg(b)](pqr. This means Tj ) (u ) >p = Thew )( u) > p, Inopy(u) < q¢ =

(b)
Iy (w) < ¢, Fhoy(u) <7 = Fhyew)(u) < ries Thew) () = Tho) (1), ey () < Tneey(w), Fhep (@) <
Fh.v)(w). It is against the assumption. Therefore, C' C K or D g and the proof is reached.

5 Homomorphic image of NSI and NSPI

The homomorphic image of NSI and NSPI are analysed here. We let R;, 5 as two crisp rings and 7 : Ry —
R, being a ring homomorphism throughout this section.

5.1 Definition

If C, D be two Nss on (Ry, E), (Ry, E) respectively, then w(C),7~!(D) are also Nss over (Ry, E), (R, F)
respectively and these are described as :

(@) 7T(0> (U) = {(Thw(c)(b) (’U), Ihw(c)(b)(v)v Fhw(c)(b) (U)) tbe E}7 Vv € Ry where

)= { i) €0, 1 ) £
’T(C> 0 if 77Yv) = ¢.
{ min{Zy. @) (v) : v € n1(v)}, if 71 (v) # ¢
Ty v 1 if 7(v) = ¢.
{ min{ F, ) (u) : u € 7 v)}, if 7 (v) # ¢
“(C> if 77Yv)=2¢

(ii) W_I(D)<u) = {<Th,r71(D)(b) (u), [h,r71(D)(b) (u), Fhwfl(p)(b)(u)) b e E}, Yu € R; where
Th, sy (W) = Thpwlm ()]s In 0y (w) = Inplm(u)] and Fy ) (w) = Fhpelr(w)].
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5.2 Proposition

Let C' and D be two NSLIs (NSRIs) on (R;, E') and (R», E) respectively. Then,
(i) 7(C) is an NSLIs (NSRIs) over (R», E) if 7 is epimorphism.
(i) #~1(D) is an NSLIs (NSRIs) over (Ry, E).

Pl’OOf. (1) Let Ul) UQ; S € RQ. If 7T71(/U1) fd ¢ or 7-(-*1(1)2) = gb’ the proof is usual. SO, let 3“17 UQ, re Rl SO as
m(uy) = v1, m(uz) = va,m(r) = 5. Now,

Th, ey (V1 —v2) = max {Thc(b)(b)} > Thowy(ur — ug) > The ) (u1) A Thepy (u2),

w(u)=v1—v
Th, o) (501) = hax {Thc y (W)} = Thewy(rur) = Thew)y(ur)

As all the inequalities are carried Yuy, ug, 7 € Ry obeying m(uy) = vy, m(us) = vq, m(r) = s hence,

Thw(C)(b) (v1 —v2) > ( max {Tho(b) (u1)}) A ( max {Thc(b (u2)}) = Thﬂ(C)(b) (v1) & Thﬂ(C)(b) (v2),

m(u1)=v1 7(u2)=v
Thyey vy (s01) 2 ax {Thow)(u1)} = Th, oyp)(v 1)-Next,

Inyoym(0r —v2) = min {L ) (W)} < Inoy(ur — u2) < Ing)(ui) V e (u2),

m(u)=v1—v2

Iy (801) = ﬂ(g)lizgvl {Tnowy (W)} < Tnoey(rur) < Ingwy(ua).

As all the inequalities are carried Yuy, ug, 7 € Ry obeying m(u1) = y1, m(uz) = vq, m(r) = s hence,
Thecy(®) (v1 —va) < (W(gll;n {newy(w1)}) v (W({LI;;HUQ {Ihe)(u2)}) = Ty y(v1) v Ty ) (v2),

Ihﬂc)(b)(svl) < ﬂ(g}gm {]hc(b (u1)} = ]hﬂ<c)(b)( v1).

Similarly, we can show that

Fh oy (v1 —vg) < Fh,(c)(b)(?h) ¥V Fhioy ) (va), Fhw(c)(b)(svl) < Fhioy () (v1).
This brings the 1st result.
(i1) For uy, us € Ry, we have,

Thr ) ®) (un —uz) = Thpwlr(un —u2)] = Thpelr(ua) — m(us)]
> Thpm(u)] & Tapym(u2)] = Ty () A Th 0 (u2),
T,y (run) = Thpwy[m(run)] = Thpelr(r)m(ui)] = Thp @ ls7(ur)]
> Thpwm(w)] =Th -, 0)(u1)
Ths (o) ®) (ur —uz) = Inppylm(un = u2)] = Iy [w(ur) — m(uz)]
< Thpy[m(u)] 7 Inp [ (u2)] = Iy ) (ua) V7 Iy 0 (u2),
[h,fl(D)(b)(rul) = th(b)[ﬂ'(TUl)] = [hD(b [ ( )W( )] = [hD b)[577<u1)]
< Inpwym(ua)] = In 0 (0)-

In a similar fashion,
Fo oy —u2) < Fy o) (un) V Fu 2y (), Fa oy o (run) < P (),
This brings the 2nd result.
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5.3 Proposition

Take two NSLIs (NSRIs) C, D over (Ry, E) and (Rs, F), respectively. If 01, 0, are the additive identities of
Ry, Ry respectively, then (i) 7(C)(05) = C(01) (i) 7 1(D)(0,) = D(0y)
Proof. (i) Here W(C)(Og) = {(Thﬁ(@(b)(OQ); ]hﬂ(c>(b)(02), Fhw(c)(b)(OQ)) b e E} and
C(01) = {(The®)(01), Ino@) (01), Frow(01)) : b € E}; Now,

Thﬁ(c)(b)(OQ) = max {Thc(b)(u) LU € 7T71(02)} > Thc(b)(Ol) [as 7(01) = 02]
Since C is an NSLIs over (R;, E), soVu € Rand Vb € E,

Thc(b)(u) < Thc(b)(ol) = max {Thc(b)(u) TS 771(02)} < Thc(b)(Ol) = Thﬂ_(c)(b)(OQ) < Thc(b)(ol)
Thus Thﬂ(c>(b) (02) = Thc(b) (01) NCXt,

Inyey)(02) = min { Ty () s u € 771(02)} < Loy (01)  [as 7(01) = 0o
Since C'is an NSLIs over (Ry, E), soVu € Rand Vb € E,

Ine vy () > Tno)(01) = min { Ty (u) s u € 771 (02)} > Tney(01) = Tn, oy ) (02) > Thee)(01)-
Thus I, o, )(02) = Ine)(01). Similarly, Fj,_ . )(02) = Fi.)(01) and this follows the 1st result.
(i1) Here, we have

Th, 1y (01) = T [(00)] = T (5 (02), In__ 1y, 4)(01) = Lnp () [7(01)] = Iyt (02) and
FhFl(D)(b)(Ol) = Fhpw)[7(01)] = Fhp)(02). This follows the 2nd result.

5.4 Definition

Consider two nonempty sets X, I/ and a lattice [0,1]. Then K = {(Th,c), Thiv)s Frhu))|b € E} : X —
[0,1] x [0,1] x [0, 1] attains the sup property when T}, 5)(X) = {Th,»)(x) : © € X} (the image of T}, (1))
admits a maximal element and each of I, ) (X) = {Ih ) (x) : 2 € X}, Fi)(X) = {Frewy() 2 € X}
(the image of I, (1), I}, (v) respectively) admits a minimal element Vb € E.

5.5 Proposition

For two NSLIs (NSRIs) K, L on (Ry, E) and (R», E), respectively, followings hold.

(i) m(Kp) C (w(K))o (Theorem [3.3] describes Kj).

(i) m(Ko) = (w(K))o when K attains sup property.

(iii) 71 (Lo) = (7~ 1(L))o.

Proof. (i) If v € 7(Ky) signifies v = 7w(u) for u € Ko C Ry 50 as Ty, 5)(1) = Thyev)(01), Ty (u) =
IhK(b)(Ol), FhK(b)(u) = FhK(b)(Ol)- Now,

T y(v) = max{Ty,p)(u) :uen ' (v)} = max {Th,e4)(01)} = Ty 1)(01) = Th, e 1) (02)
I, oy (v) = min{lp, @)(u) :u € 7 '(v)} = min Unie)(01)} = Inge)(01) = In_ e ) (02)

Similarly, Fy,_ . t)(v) = Fh_ 1) (02). It signifies v € (7(K))o when v € 7(Kp) ie., m(Ko) C (7(K))o.
(ii)Take u € Ry soasv =7(u) € (7(K))o C Ry. ThenVb € E,
Th.,r(K)(b)(OQ) = Thﬁ(m(b)(v) = ThK(b)(Ol) = Imax {ThK(b) (t) ot - Wﬁl(v)} = ThK(b)<t)
fort € Ry soast € m'(v). Further,
Iy )(02) = T ey ) (V) = Tnye (v (01) = min {Z,e 1) (1) : T € 71 (0)} = Do) (1)
fort € Rysoast € 7 '(v).
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Identical picture is drawn for F' and thus t € Ky ie., 7(t) € n(Ky) = v = w(u) € 7(Ky). Therefore
(m(K))o C w(Kp). Then 7(Ky) = (7(K))o using (i).

(iii) uen Ly CR
< Thyw)lm(w)] = Thyw)(02) = Thy@)[7(01)]; Loy ) [T (w)] = Iny@)(02) = Iny@)[7(01)] and
FhL(b [ ()] = FhL )(02) = Fio o[ (01)];
& T o) =T o000, In ey (w) = In 2y o) (01), By oy (w) = Fu @) (O1);
e uc(r (L))o

Therefore, 7 *(Lg) = (71 (L))o.

5.6 Definition

Take a classical function 7 : Ry — R, and an Nss K (u) = {(Thee) (@), Inew)(w), Faew(u)) 1 b € E},
u € Ry. Then K is said to be 7- invariant if 7(u) = 7(v) = K(u) = K(v) foru,v € R;. K(u) = K(v) hold
if Thye ) (1) = Thgev) (V) Tnge(6) (W) = Ty (V)s Fnye vy (0) = Fheey (v), b € E.

5.7 Theorem

Let 7 : Ry — R be an epimorphism and K be a 7- invariant NSI on ( Ry, F). Then the followings hold.
(i) If K attains sup property, then (7(K))o is a crisp prime ideal of Ry when K| is a prime ideal of R;.
(ii) If K(R,) is finite and K is prime ideal of Ry, then 7(K)) is so of Ry and w(K) = (7 (K))o.

(iii) If K is an NSPI over (R1, E), then 7w(K) is also an NSPI over (R, F).

Proof. (i) By Theorem [5.5], 7(Ky) = (n(K))o obviously. Let y, 2z € R such that yz € 7(Ky) = (7(K))o.
Then there exists u,v € Ry so as 7(u) =y, n(v) = z and 7(wv) = 7(u)7(v) = yz € (7(K))o. Then Vb € F,

Th iy (0 @[T (uv)] = Th iy () (02) = max {Th, »)(t) : t € T (yz)} = Thev)(01),
I ey 0 wm(uw)] =1, o (02) = min {Inew(t) : t € 7 Hyz)} = Iy (01),
Eh ey (0) [7(uw)] = Eh ey (6 y(02) = min {Fj, . (t) : t € T y2)} = Fype)(01).

For w € n71(yz2) i.e., for m(w) = yz
Thie (W) = Thye () (01), ey (w )=
But as K is w-invariant, so K (w) = K(u Then Vb e E,
Thie ) (wv) = Thye () (01), Lnge() (v) = Inye(v)(01)s Fhyevy(uv) = Fhe (1) (01).
Therefore, uv € Ky. As K is a crisp prime ideal of Ry, so u € Ky orv € K. It refers w(u) € 7(Ky) or
7(v) € m(Ky). This furnishes the proof.

7(uv), sup property tells,
Inie@)(01), Fhiey(w) = Fhyey (O1)-
v).

(i1) Combining the Ist part and Theorem [5.5], the proof is onward.

(iii) By Proposition [5.2](i), 7(K) is an NSI over (R», F). Since K is an NSPI over (R, E), then |hx(b)| =
2, [hg()](01) = (1,0,0), Vb € E and using Theorems [4.4, 4.5, 4.7], K is a prime ideal. But [h(x)(D)](02) =
[hi(0)](01) = (1,0,0), ¥b € E and by 1st part, (7(K))o is a prime ideal of Rs. As |hx(b)| = 2, Ju € R; so
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as [hx(b)](u) = (p1, p2, ps3) for b € E. Then,

ThTr(K)(b) (W(U)) = maX{ThK(b) (u) tu € W_l(ﬂ(u))} =D
I, oo (m(w) = min{I, g (u) uen ' (7(w)} = ps
Fh,goe(m(w) = min{Fy, e (u) :uen(r(u)} = ps

S0, [ha)(D)]((u)) = (p1,p2,p3) = [hic(D)](u) for b € E. Then [hx(b)](R1) = [ha(s) (b
epimorphism and u is arbitrary. Now consider two NSIs L, M over (Rs, E) such that LoM

L& n(K)and M ¢ 7(K). Then forall y, z € Ry,
T )W) > Thoioy ) (®)s Tnp ) () < Tnp sy ) )y Frp)(¥) < Fhy ey 0 (y) and
ThM(b)(Z) > Thﬁ(K)(b)(Z)’ [hM(b)(Z) < [hw(K)( ( ) thu b)(’z) < Fhw(K) )(Z)
Fory,z € Ry — (W(K))O’ consider Thn(}()(b)( ) W(K) b)(z) = D1, W(K)(b)<y) = Ihﬂ(K)(b)(Z) = p2 and
Fh, o) = Fa e (2) = p3. Then,
Thywy(y) > 15 Inyv)(¥) < 2, Frpoy(y) <ps and Thy)(2) > pry Doy e)(2) < D2y Frop)(2) < ps.
Clearly, yz ¢ (7(K))oasy, z ¢ (m(K))o, a prime ideal of R;.
Then, Th_ .0 (Y2) = P15 In o, 0)(Y2) = D2, Fh e 0)(Y2) = p3.
Now, p; = Thw(K)(b)(yz> 2 Thpou(o )( z) = Thy o ( ) & Tharv) (2 (z)>pApr=p
The opposition p; > p; ensures L C w(K), M C 7(K) and this furnishes the 1st part.

)](R2) as  is
C 7(K) but

5.8 Theorem

Let () be an NSI over (R», F') and 7 is onto homomorphism. Then,
(i) (771(Q))o is a crisp prime ideal on R; when Q) is so over Rj.
(i) 7 1(Q) is NSPl on (R;, E) when @ is an NSPI over (Ry, F).
Proof. (i) We have by Theorem [5.5], 7 1(Q) = (771(Q))o. Let u,v € Ry so as uv € 7 (Qp). Then
m(uv) = m(u)m(v) € Qo. Again w(u) € Q or m(v) € Qp as () is a prime ideal.
ﬂ(u) - QO = ThQ(b) [W(u)] = ThQ(b)<02) = Thﬂ—l(Q)(b) (u) = Thw_1(Q)(b)(01) = U € (7‘(‘71(@))0.
Identically, v € (7~ 1(Q))o when 7(v) € Q. Therefore, uv € (774(Q))o refers u € (771(Q))o or v €
(771(Q))o. Hence, the 1st part follows.
(ii) By Theorem [5.2], 7~ 1(Q) is an NSI over (R, E) and by Theorem [5.3], 71 (Q)(0;) = Q(0,). Also since
@ is an NSPI over (Ry, E), then |hg(b)| = 2, [ho(b)](02) = (1,0,0) and Qo is a crisp prime ideal of Ry
respectively by Theorem [4.4], Theorem [4.5] and Theorem [4.7]. Then, by 1st result, (7?‘1(@))0 1s a crisp
prime ideal of R; and [h.-1(4)(0)](01) = (1,0,0). Construct [hg(b)](R2) = {(1,0,0) U (g1, g2, q3)} for a fixed
b e E with (1,0,0) # (¢1, g2, q3)- Let [ho(b)](v) = (¢1,¢2, ¢3) for v € Ry. Then Ju € Ry for which 7(u) = v
and [hr-1(0)(b)](u) = [ho(b)](v) = (¢1, 2, g3). Therefore, [171(Q)](R1) = Q(R,) as b € E is arbitrary and 7
is epimorphism.
For two NSIs A, Bon (R, E), let AoB C 77 1(Q) with A € 771(Q) and B € 77 *(Q). ThenVu,v € Ry,
Thawy(w) > Thy o (W), Tnay(w) < Iy o 0y (w), Faey(u) < Fi _y o, (u) and
Thp)(v) > Th s o ) (V) Inpy)(v) < Ty o ) (V) Fhpey(v) < Fio (V)
For w,v € Ry — (77 (Q))o, let Ty _, , )W) =Th _, o 0(V) = q1s Tn s o 0(w) = In s o (V) = @2
and Fh,rq(Q)(b) (u) = Fhﬂ,l(@(b)(U) = (3. Then,
Thay (@) > a1, Inyy (@) < G2, Fryy(w) < g3 and Thy0)(0) > q1s Inge)(v) < G25 Frp ) (0) < g3.
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It indicates uv ¢ (771(Q))o as u, v & (771(Q))o, a prime ideal of R;.
Then, Thﬂ,l(@(b)(UU) =q, Ihﬂ,l(@(b)(lw) =2, Fn__y
80, 1 =Th _, o, )(W0) =2 Thyp)(u0) = Ty (W) A Thpey(v) > 0 A u = q

The opposition ¢; > ¢ ensures A C 77 1(Q), B C 7~ !(Q) and this leads the 2nd part.

@ (uv) = g3 and

6 Conclusion

This effort is made to extend the notion of ideal and prime ideal of a classical ring in the parlance of Ng
theory and soft set theory. Their structural behaviours are innovated by developing a number of properties
and theorems. Using neutrosophic cut set, it is shown how an Nss will be an NSI or NSPI. The nature of
homomorphic image of NSI and NSPI are also studied in different aspect. This theoretical attempt will help to
cultivate the Ng theory in several mode in future, we think.
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