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Abstract:

The equation AX + BY = C is called symbolic 2-plithogenic linear Diophantine
equation with two variables if A,B,X,Y,C are symbolic 2-plithogenic

split-complex integers.

This paper aims to find an algebraic formula for solving the symbolic 2-plithogenic
split-complex linear Diophantine equation with two variables with necessary and
sufficient conditions for the solvability of this class. Also, some related examples

will be illustrated.
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Introduction.

Diophantine equation is very interesting concept in Number theory, where they are
considered as algebraic equations with integer solutions [1].

In the literature, we find many generalized kinds of Diophantine equations handled
by many authors, see [2-5].

A classical linear Diophantine equation an equation with the following formula:
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AX + BY = C, where A,B,C,X,Y are integers.
Split-complex numbers were built over real numbers a generalization of them with
a similar structure to the complex numbers, where a split-complex number is
defined as follows:

a+bJ; a,b €R,J* =1,] # {—1,1}, and they are studied by many authors in [6-10].
If a,b € Z, then a + bJ is called a split-complex integer.
The concept of symbolic 2-plithogenic split-complex numbers was defined as an
extension of symbolic 2-plithogenic numbers [12]. The generalizations of real
numbers, especially the plithogenic numbers have many applications in many
scientific fields, see [13-20].
In this work, we present an effective algorithm to find all solutions of the symbolic
2-plithogenic split-complex linear Diophantine equation with two variables.
Preliminaries
Main discussion.
Definition.
Let AX + BY = C with:
A= (ag+ asP; + ayP,) + J(dy + d; Py + d,P;)
B = (bo + by Py + byP;) + ] (bo + by Py + b, P;)
C = (co+ 1Py + c3P;) +](Cp + €1 Py + &, P)
X = (%9 + x1P; +x,P,) + J(%y + X1 Py + X, P;)
Y = (o +y1Pr +¥2P2) +] (Yo + 1P + ¥, P2)

,

Where x;,y;, a;, b;, ¢;, X, ¥,,d, b, ¢, € Z.

The previous equation is called symbolic 2-plithogenic split-complex Diophantine
equation with two variables X and Y.

Example

[Q4+P,+P)+]J(1+P)IX+[(1—P,+3P,)+]J(4—5P, +P,)]Y =P, + P,

Is a symbolic 2-plithogenic split-complex Diophantine equation with two variables.
How can we find the solutions?

First, we must transform the equation to classical Diophantine equations.
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For this goal, we must compute the products AX,BY.
AX = (ag + a1 Py + ayPy)(xg + x1P; + x,P;) + (dg + d Py + dpPy) (Xg + X1 Py +
X,Py) +J[(ag + a1 Py + ayPy)(Xy + X1 Py + X, Py) + (do + dy Py + dyPy)(xg + x1 Py +
x2P2)].
We have:
(ap + arPy + ayPy) (xg + x1Py + x,P2) = agxo + Pi[(ao + a1)(xo + x1) — agxo] +
Py[(ag + ay + az) (xo + x1 + x2) — (ag + a1) (xo + x1)],
(do + dy Py + daPy) (Xy + X1 Py + X5 Py) = doXo + Py[(do + dy) (X + %) — doXo] +
Py[(do + dy + dp) (X + %1 + %2) — (do + d1) (%o + %1)],
(ag + a1 Py + ayPy) (Xy + X%, Py + X5 P;) = apXo + Pi[(ag + a1) (X + %1) — apXo] +
Py[(ap + a; + az)(¥g + %1 + x5) — (ap + a,) (X + X1)],
(do + dy Py + daPy) (Xg + X%, Py + X5 P;) = doxo + Py[(do + dy) (xg + x1) — doxo] +
Py[(do + dy + d3)(xg + x1 + x3) — (dp + d1)(xp + x1)],
So that.
AX = (agxo + doXo) + Pi[(ag + ay)(xo + x1) + (do + d1) (¥p + %1) — agxo — do¥Xo]
+ Py[(ag + a1 + ay)(xg + x1 + x5) + (dy + dy + dy) (X + %, + X5)
— (ap + ay)(xg + x1) — (dp + d1) (X + %1)]
+][(aox'o + doxo)
+ Pi[(ag + ar)(¥o + 1) + (do + d1) (%o + x1) — apXp — doXo]
+ Py[(ag + a1 +ay)(Xy + X1 + xX,) + (dy + dy + dy)(xg + x1 + x3)
— (ap + ay)(Xp + 1) — (dp + dy)(xo + x1)]]
By a similar argument, we can write:
BY = (boJ’O + 503"0) + P1[(bo +b)(o +y1) + (50 + 51)(3;0 + 1) — boyo — 60};0]
+ Pz[(bo + by + b)) (Yo +y1 +y2) + (50 + b, + b,z)(y'o + 1 +2)
—(bo+ b)Y +y1) — (50 + 51)(3;0 + )"1)]
+] [(bOyIO + 503’0)
+ P1[(b0 + b)) + V1) + (50 + 51)(3’0 +y1) — boYo — Bo}’o]
+ Pz[(bo + by + b)) (Vo + V1 + ) + (50 + b, + 52)()’0 +y1 +¥2)

— (by + b)) Yo + 1) — (50 + 51)(3’0 + }’1)]]
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The equation AX + BY = C is equivalent to the following system of Diophantine

equations:

Equation (1):

agXo + doXy + boYo + boYo = ¢o

Equation (2):

(ap + ay)(xo + x1) + (dp + dy)(Xg + %) + (bo + b)) (Yo + 1) + (50 + 51)(}"0 + 1) —

aoXxo — doXy — boyo — boYo = ¢y, thus:

(ao + a1)(xo + x1) + (do + d1) (%o + %1) + (bo + b)) (Yo + ¥1) + (bo + b1) O + ¥1)
=co+ ¢

Equation (3):

(ag +as +az)(xg +x1 +x3) + (do + dy +dy)(Xp + X1 +x5) + (bg + by + by)(yo +

yit+y2)+ (60 + 51 + 52)(3;0 + 91+ 2) — (ag + a)(xo + x1) — (do + d) (X + %1) —

(bo + b)) (Yo +y1) — (50 + 19’1)(3"0 + ¥1) = ¢, thus:

(ap+ ay +az)(xg + x1 + x3) + (dy + dy + dy)(%y + X1 + X3)
+ (bg + by + b)) (Yo +y1 +y2) + (50 +b; + b,z)(ylo + 1 +2)
=co+c+0y

Equation (4):

agXo + doXo + boYo + boyo = €

Equation (5):

(ap + ay) Xy + %) + (do + dy) (%9 + x1) + (b + b)) (Yo + Y1) + (50 + 51)(3’0 +y1)
=y + ¢

Equation (6):

(ap+ay +ay) (X + X + X,) + (dy + dy + dy)(xg + x1 + x3)
+ (bg + by + b)) Vo + Y1 +¥2) + (50 +b; + 52)()’0 +y1 +y2)
=+ + 6

By now, we have six linear Diophantine equation with four variables.

We will transform them into easier forms.

We add equation (1) to (4), we get:

(ag + do)(xo + X)) + (bo + 50)(}’0 + o) =co+ o ()

We add equation (2) to (5), we get:
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(ao + as + do + di) (%o + X1 + %o + %1) + (bo + by + by + b1) o + y1 + Yo + ¥1)
=cog+cg+ o+ UI)

We add equation (3) to (6), we get:

(ag+a;+a, +dy+d; +dy)(xg +x1 + x5 + Xy + X1 + X5)
+(b0+b1+b2 +50+51+52)()’0+}’1+3’2+y’0+y’1+y,2)
=co+ci+c, +¢++ ¢ ()

We subtract equation (3) from (1), we get:

(ag — do)(xg — %o) + (bo — bo) o — ¥o) = co — ¢y (IV)

We subtract equation (5) to (2), we get:

(ao + ay — do — dy) (g + x1 — %o — %1) + (bo + by — by — by) Yo + y1 — Yo — Y1)
=co+cy—Ccy—¢ UIV)

We subtract equation (6) from (3), we get:

(ap+a,+a;, —dy—dy —dy)(xg+x1 + x5 — Xy — X1 — %)
+ (bo + by + by — by — by — by) (Yo + Y1 + Y2 — Yo — Y1 — ¥2)
=co+ci+c,—C¢y—¢—¢ (V)

We change the variables by the following:

( Xo + Xy = tg, Xg — X =t
Xo+ X, +Xg+ X =t,x0+x, —X% —% =t
<%+M+@+%+@+ﬁ=@%+@+@—%—@—@=Q
Yo+ Yo =50,YotYo=So
Yot yi+Yot+tyi=suYo+Y1—Yo—Y1=51
Yo+ Y1+ Yo+ Yo+t Vit Yo=Y+ V1 +Yo—YVo—V1— V2 =5

The equation can be written as follows:

(ao + do)(to) + (bo + 60)(50) =co+c (D)

(ap+ay +do+d)(t) + (bg+ by +bo+by)(s)) =co+cy+ 6+ D

(ao + ay + ay + do + dy + d3)(t;) + (bo + by + by + by + by + b,)(s2)
=co+ci+c,+C+ ¢+ (I

(ag — do)(ty) + (bo - 50)(5'0) =cy— ¢ UV)

(ap + ay — dy — dy)(t)) + (bo + by — by — 51)(5'1) =cotc—co—¢ UIV)

(ap + a1 + a; — dy — dy — dy)(t7) + (bo + by + by, — by — by — 52)(512)
=cotci+c,—¢y—¢—¢ V)
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According to the previous argument, we can see that the symbolic 2-plithogenic
split-complex Diophantine equation AX + BY = C is solvable if and only if the
equations (I,I1,111,1V,1IV,I1IV) are solvable, which is equivalent to:

( ged(ag + do, by + bo) \ co + €
gcd(ao—do,bo—lfo)\co+c'0
ged(ag+ ay +dy +dy, by + by + by + by) \ co+c1 + o+ &
ged(ag + ay —do — dy,bg+ by — by — by) \ co+ ¢1 — o — ¢4
ged(ag+ay +ay +do+dy +dy by + by +by+by+ by +by)\coteg e, +é+¢E+6
kgcd(a0+a1+a2—a’O—a’l—a'z,bo+b1+b2—50—51—52)\co+cl+cz—c'0—c’1—c'2

The algorithm for solution:

To solve AX+BY =C; A, X,B,Y,C are symbolic 2-plithogenic split-complex
integers, we follow these steps:

Step (1).

We transform AX + BY = C to the equivalent system of classical Diophantine
equations (I) - (I11V).

Step (2).

We check if equations (I) = (I/IV) are solvable in Z.

If there exists one equation which is not solvable, then AX + BY = C Inot solvable.
Step (3).

We solve the system (I) — (I11V).

Step (4).

1 , 1 N oo L ,

*o =7 (b + 10,70 = 5 (S0 +50), Xo = 5 (Fo = t0), Yo = 5 (50 = 50)
1 , 1 , 1 , 1 ,

X1 =E(tl + t1) —E(t0+to),3’1 =§(51 +59) _5(50-"50)

7 1 ’ 1 ’ e 1 7 1 4
X1 =E(t1 —t1) —E(to_to)lh =§(51 —51) —5(50_50)

1 , 1 3 1 ; 1 ,
Xy = E(tz +t3) _E(tl +t1), Y = 5(52 + 55) —5(51 +51)

1 Lo 1 L, 1 1 .
E(tz—tz)_z(tl_ﬁ);}’z=§(52_52)_§(51—51)

Remark.

.X{Zz

The available solutions are under the conditions
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to+ to, to —to, ty +t,t; —ty,ty +t,t, —t, € 2Z
So + S0, S0 — Sp, 51+ 51,51 — 1,5, + 55,5, — S, € 27
Example.

Take the symbolic 2-plithogenic split-complex Diophantine equation with two

variable:

[(A+P, —P,)+]J(2+ 2P, +3P,)|X+[(3+P,+2P,)+]J(1—3P, +P,)]Y
We have:

(Ag = 1,a1 = 1,a2 =-1

do = 2,d1 =2,d2 == 3

bo = 3,b1 = 1,b3 = 2

< b,O = 1,61 = _3,b,2 = 1

Co = 11,C1 = 7,C3 =8

\ C,O :6,C,1 :6,b,2 :6

The equivalent system is:

( 3to+4s,=17 ()
6t; +2s; =30 (II)
8t, + 55, = 44 (III)
—to+25,=5 (V)
—2t;+ 65, =6 (IIV)
\—6t, + 75, =8s (II1IV)

All equation (I) — (IIIV) are solvable, that is because:

gcd(3,4) =1\ 17,gcd(6,2) =2\ 30,gcd(8,5) =1\ 44,gcd(—1,2) =1\
5,gcd(—2,6) =2\ 6,gcd(—6,7) =1\8

We will take one solution for each equation:

to = 3,59 = 2 is a solution of (I).

ty = —1,5, = 2 isa solution of (IV).

t; = 5,s; = 0 is a solution of (II).

t; = —3,5, = 2 is a solution of (IIV).

t, = 3,s, =4 is a solution of (III).

t, = 1,5, = 2 is a solution of (IIIV).

1 , 1 ) 1 , , 1 ,
Xo =§(t0+t0) =1,y =§(So+50) = 2,% =§(to_to) = 2,% 25(50_50) =0
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1 , 1 , 1 , 1 ,
Xy =§(t1+t1)_§(to+to) =0,y =§(51+51)_§(50+50) =2

1 ,
=(t; —t) —

x1:2

1 , ., 1 , 1 ,
E(to—to) =2, 25(31—51)—2(50—50) =0

1 o1 , 1 1 ;
Xp=5(ttt) -t +t) =Ly, =c(s;+52) =5 (51 +51) =3

b= (b~ ) 5 (6~ ) = =33 =5 (52— 5) 5 (51 ) = 1

Thus X =1 +P,) +J(2+ 2P, —3P,),Y = (2 — 2P, + 3P,) + J(8P,) is a solution of
the original equation.

Conclusion

In this paper, we have presented an effective algorithm to solve a symbolic
2-plithogenic split-complex linear Diophantine equation with two variables. Also,
we have illustrated a related example to clarify the strength of the presented
algorithm.

In the future, we aim to study other Diophantine equations with symbolic
2-plithogenic and 3-plithogenic split-complex linear and non-linear Diophantine
equations.
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