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Abstract:

n-refined neutrosophic structures are considered as generalizations of classical structures,
and neutrosophic structures.

The main goal of this paper, is to study several structures generated by using 3-refined
neutrosophic numbers, where we find the mathematical formulas of 3-refined
neutrosophic real functions. Also, the inner products over 3-refined neutrosophic vector
spaces and orthogonal properties. In addition, we present the foundations of 3-refined
neutrosophic number theory, especially division, congruencies, and some related
equations.
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Introduction and basic concepts

The concept of neutrosophic structures plays an important role in the theory of algebraic
structures and analysis. Many concepts and structures were defined previously, such as

neutrosophic vector spaces, neutrosophic matrices, and algebraic rings [1-3, 5-7, 14-16].

Laterally, refined neutrosophic structures were defined to generalize the neutrosophic
structures, where refined neutrosophic rings, modules, and other structures were

presented [4, 8-11, 24-28].
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The concept of n-refined neutrosophic structure is considered as a generalization of refined

structure [12, 29]. For each value of the integer n, we get a generalized structure.

This work will study some of 3-refined neutrosophic structures, where we present the
formulas of 3-refined neutrosophic real functions, 3-refined neutrosophic inner products
defined over 3-refined neutrosophic vector spaces, and 3-refined number theoretical

concepts.
First, we recall some basic concepts.

Definition:

Let (R+,X)bearing, R(I) ={a + bl; a,b € R} is called the neutrosophic ring where I'is a
neutrosophic element with condition 12 = I.

Definition:

Let (R,+,%) be aring, (R(I1,1;),+,X) is called a refined neutrosophic ring generated by R

1, L.

Definition:

Let (R,+,X) be aring and Ii;1 < k < n be n indeterminacies. We define R, (I)={ay + a;I +
«++ayl, ; a; € R} to be n-refined neutrosophic ring.

Addition and multiplication on R (I) are defined as:

Yicoxili + Xioyili = Xico(xi + ¥, Xl xily X Xt yili = ij=o(xi X y)lil;.

Where x is the multiplication defined on the ring R.

For n=3, we get the 3-refined neutrosophic ring.

Main Discussion

Definition.

Let R3(I) be the 3-refined neutrosophic ring of reals, f:R3(I) = R3(I); f = f(X); X € R3(I).
f is called 3-refined neutrosophic real function with one variable.

Theorem.

Rs(I) = R%.

Proof.

We define g:R;(I) » R*;g(a+ bl +cl, +dl;) =(a,a+b+c+d,a+c+d,a+d).
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It is clear that g is well defined function.
ker(g) = {0}, thus g is injective.
Im(g) = R*, thus g is surjective, so that g is one-to-one.
Now, let A = ag + a1 + ayl, + azl3, B = by + byl; + by1, + b3l3,
A+ B =(ag+by) + (ay + b)I1 + (ay + by)I;, + (az + b3)I3
g(A+B) =g(A) +yg(B).
A.B = aygby + [(ag + a4 + a, + a3)(by + by + by, + b3) — (ag + a + a3)(by + by + b3)]I4
+ [(ao + az + az)(bo + by + b3) — (ao + az) (b + b3)l!;
+ [(ag + a3)(bo + bs) — agbolls
g(A.B) = g(A).g(B), hence g is a ring isomorphism.
Remark.
Let f:R3(I) = R3(I) be a 3-refined neutrosophic real function with one variable, then f
can be represented by four classical real functions by taking the direct isomorphic image
9(f ).
Example.
Take f(X)=Q+I1)DX*+Q—-1,—I;))X+1+2;+I,+13, f can be represented as
follows:
g(F0) = g+ 1)(9(0)" + 9@ = I = 1)g(X) + gL+ 211 + I +15)
g(f(X)) = (1,2,1,1)(x¢?, (xg + x1 + x5 + x3)%, (%o + x5 + x3)%, (%9 + x3)%)
+ (2,0,0,1)(xg, X + x1 + x5 + x3,x9 + x5 + X3, % + x3) + (1,5,3,2)
9(f(X)) = (xo? + 2x0 + 1,2(xp + %1 + x5 + x3)% + 5, (xg + x5 + x3)% + 3, (%0 + x3)?
+ (xg +x3) + 2)
The four classical functions that represent (f) are:
fi:R = R; f1(x) = x92 4+ 2x9 + 1
f2:R>R; folxg+x1 + x5 +x3) =2(xg +x1 + X, + x3)%+5
f3iR > R; f3(xg + x5 +x3) = (xg + x5 + x3)2 + 3
fa:R = R; fy(xo + x3) = (xg + x3)* + (0 + x3) + 2
Theorem.
Let g:R3(I) > R* be the isomorphism defined above, then:
g LR* > Ry(D; 97 a,b,c,d) =a+(b—0c) + (c—d), + (d —a)ls.
The proof is easy.

Remark.
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To find the formula of a 3-refined neutrosophic real function f:R3(I) = R3(I), we went

compute:

g7 (a(r0))-

Example.
For the function f(X) = (1 +I))X?+ (2 — I, — [3)X + 1 + 21, + I + I3, we compute:
gt (g(f(X))) = (x0%2 +2xo + 1) + [2(xg + x; + X5 + x3)% + 5 — (xg + x5 + x3)% — 3]I;
+ [(xo + x5 + x3)% + 3 — (xg + x3)% — (¢ + x3) — 2]I,
+ [(xg + x3)% + (0 + x3) + 2 — x% — 2xy — 1]I5
=x02 4+ 2x0 + 1+ [2(xg + x1 + x5 + x3)% — (%0 + x5 + x3)% + 2]1;
+ [(xro + 22 + x3)% = (0 + x3)% — (%o +x3) + 111,
+ [(xo + x3)% + (x0 + x3) — x02 — 2x¢ + 1]I5
Definition.
Let f:R3(I) > R3(I) be a 3-refined neutrosophic real function, and g(f (X)) =
(fu, f2, f3, fa), with fi:R - R;1 < i < 4, we say:
a). f is differentiable if and only if f; are differentiable.
b). f is integrable if and only if f; are integrable.
We mean by differentiable/integrable on all R not only for sub-domains ]a, b[ € R.

Example on famous functions.

1. f:R3() » R3(), f(X) = sin(X).
It's formula is f(X) =g7! (g(f(X))) = sin(xy) + [sin(xy + x1 + x5 + x3) — sin(xy + x5 +
x3)]I; + [sin(xg + x5 + x3) — sin(xg + x3)]1, + [sin(xy + x3) — sin(xy)]/l5.

2. f(X)=cos(X)=g"1 (g(f(X))) = cos(xg) + [cos(xg + x1 + x5 + x3) —
cos(xg + x5 + x3)]I; + [cos(xg + x5 + x3) — cos(xg + x3)]1, + [cos(xg + x3) —
cos(xg)]l5.

3. f(X) =tan(X) = tan(xy) + [tan(xy + x1 + x5 + x3) — tan(xg + x5 + x3)][; +
[tan(xg + x5 + x3) — tan(xy + x3)]I; + [tan(xy + x3) — tan(xy)]l;

4. f(X) = cot(X) = cot(xg) + [cot(xg + x1 + x5 + x3) — cot(xg + x5 + x3)][; +
[cot(xg + x5 + x3) — cot(xy + x3)]I, + [cot(xy + x3) — cot(xy)]l;5

5. f(X) = X = e¥o 4 [eXotX1+XatXs _ gXo+Xa#X3|[ 4 [@Xo+¥2tXs _ XotX3|[, 4

[exO+X3 — ex0]13
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6. f(X) =InX) = In(xy) + [In(xg + x1 + x5 + x3) — In(xg + x5 + x3)]1; + [In(xy +
Xy + x3) — In(xg + x3)]I, + [In(xy + x3) — In(xy)]l5, with X > 0.

7. fX)=X"=xp" 4+ [(xg + 21 + x5 +x3)™ — (0 + 23 + x3)" ][ + [(xg + x5 + x3)" —
(xg + x3)™]1, + [(xg + x3)™ — xo"]I3;n € N.

Definition.

Let V be vector space over R, the 3-refined neutrosophic vector space is defined as follows:

V3(I) =V +V11 + VIZ +VI3 = {x +y11 +ZIZ + t13 ;x,y,Z,t € R}

Remark.

Addition on V5(I) is defined:
(xo + Yoli + zoIo + tolz) + (X1 + y1 11 + 211, + t413)
= (xo +x1) + o + y1)l1 + (20 + z)r + (to + t1)]3
Where x;,y;,z,t; €V;0<i<1.
Multiplication on V3(I) is defined:
(a+bly +cly +dl3). (x + yI; + zI, + tl3)
= (a.x) + (ay + bx + by + bz + bt + cy + dy)]; + (az + cx + cz + ct + dz)I,
+ (at + dx + dt)l;
Where a,b,c,d €ER,x,y,z,t €V
Remark.
(V3(I), +,.) Isamodule over R3(I).
Definition.
Let f:V3(I) X V53(I) = R3(I) be a well defined mapping, we call f a 3-refined neutrosophic
real inner product if and only if the following conditions hold:
1. f(X,X) = 0; VX € V(D).
2). f(X,X) =0 X =0.
3). F(X,Y) = F(Y,X); VX, Y € V5 (D).
4). f(aX + BY,Z) = af (X,Z) + Bf(X,Z); VX,Y,Z € V5(I) ,a, B € Rs(D).
Theorem.
Let g:V XV - Rbe an inner production on V, then for X = xy + x11; + x50, + x313,Y =

Yo + ¥1l1 + 21 + y313 € V3(1), the mapping f:V3(I) X V3(I) = Rz(I)such that:
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f&X,Y) = g(x0,y0)
+(g(xo + %1 + x5 + X3, + y1 + ¥2 +¥3) — g(xg + %2 + ¥3,¥0 +¥2 + ¥3)) L4
+(g(xo + %2 + x3,¥0 + 2 +y3) — g(xo + X3, 50 + ¥3)) L2
+(g(xo + x3,¥0 +¥3) — 9(x0,¥0)) 13
Is a 3-refined neutrosophic inner product.
Proof.
fX,X) = g(x0,%0)
+ (9o + 21 + x5 + x3,%0 + 21 + X5 + x3) — g(xo + X3 + X3,%0 + X5 + x3)) 4
+ (g (xo + x5 + x3,x0 + x5 + x3) — g(x0 + X3, %0 + x3)) 15
+ (.g(xo + x3,x0 + X3) — g(xo;xo))13
= llxoll® + (llxg + 21 + %2 + %3117 = llxg + 22 + 2311211 + (llxg + 22 + 23117 = llxg + x3[1*)1
+ (llxo + 23112 = llx011)I5 = 0
According to the concept of partial ordering on R3(I).
fFX,X) =0 [lxoll? = llxo + x1 + x5 + 231> = llxg + x5 + 312 = [lxg + x3]|> = 0
Thus xg = x; = x, =x3 =0and X = 0.
Itis clear that f(X,Y) = f(Y,X).
Now, let A=aq+al; +ayl, +aszl3,B=by+ bil; + byl, + b3l €ER3(I) and Z =z, +
z11, + z,1, + 7315 € V3(1), we have:
AX + BY = (agxo + bgyp) + ((ao +a,+a,+az)(xg+x1+x +x3)—(apg+a, +az)(xy +
Xy +x3) + (bg + by + by + b3) (Yo +y1 + Y2 +¥3) — (bg + by + b3)(yp +y, + }’3))11 +
((ao +ay +az)(xg +x; +x3) — (ag + az)(xo +x3) + (bg + by + b3) (Yo +¥2 +¥3) —
(bo + b3)(yo + y3))lz + ((ao + a3)(xg + x3) — agxg + (bo + b3)(yo + y3) — bo}’0)13
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f(AX + BY,Z) = g(aoxo + boYo, Zo)
+ (g((ao +a,+ay+az)(xg+ x; +x, +x3)
+ (bo + by + by + b3) (Yo + y1 + ¥z +¥3), 20 + 21 + 2, + 23)
— 9((ao + az + az)(xo + %2 +x3) + (bg + by + b3) (o + ¥z +¥3), 20 + 2
+ 23)) L
+ (g((ao +a; + az)(xo +xz +x3) + (b + by + b3) (Vo + 2 + ¥3). 20 + 22
+ Z3) - 9((‘10 + az)(xo + x3) + (bo + b3)(yo + ¥3), 20 + 23)) I,
+ (9((‘10 + a3)(xo + x3) + (bg + b3) (Yo + ¥3), 20 + 23)
— g(apxo + boYo'Zo)) I
= (ap + arly + a1, + az13)f (X, Z) + (bg + b1l + by1, + b313)f (X, Z)
Theorem.
Let f:V3(I) x V3(I) = R3(I) be a 3-refined neutrosophic real inner product, then g:V X
V = R such that:
g(x,y) = f(x +0I; + 0l + 0I5,y + 0I; + 0I, + 0I3) is a classical inner product on V.
The proof is clear.
Definition.
Let X =x¢+x1I; +x,1, + x313 € V3(I) and f:V3(I) X V3(I) > R3(I) be a 3-refined
neutrosophic real inner product, then:
1. IfY=yy+yily +y.I, +y3l3 €V3(I), then X LY if and onlyif f(X,Y) =0.
2. [IXI1? = £(X, X).
Theorem.
Let f be a 3-refined neutrosophic real inner product on V3(I) and X = xy + x1I; + x,1, +

X3I3,Y =Y + .V111 + .VZIZ + y313 € V3(I), then:

Xo L Yo, X0 +x3 LYo+ Y3
1). X LY if and only if Xot+tx,+x3Lyoty,tys
Xot X1 +X2+xX3 LYyg+Yy1 +y, Y3

2). X1 = llxoll + (llxg + 21 + x5 + x31| = [[x0 + 22 + x3|) 11 + (llxg + x5 + x3][ —
lxo + x31D17 + (llxg + x311 = llxo 113

Proof.

1). X1Y o f(X,Y) =0 glxg, o) =9g(xo+x3,Y0 +¥3) = gxo +x1 + x5 +x3,¥0 +y1 +

Y2 +¥3) = g(xo + x5 + x3,¥0 + y2 + ¥3) = 0, hence the proof holds.
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2). We put T =lxoll+ (llxo+x1 +x2 +x3ll = llxo + x2 + 231011 + (llxp + x2 + x5l —
llxxo + %3117 + (llxo + 231l = llxo1D 13
We  compute T2 = |lxoll® + (llxg + 21 + x5 + x31% — llxo + %2 + %3121 + (llxg + x, +
13112 = llxo + x3l1) Iz + (llxo + 23112 = llxo 115 = £(X, X) = [IX[|?, thus T = |IX]|.
Example.
Let X=3+2,—1,— 13, xg =3, = 2,x, = —1,x3 = —1, then:
X1 =131+ (31 = [1DI + (1] = 12D + (12] = [3DIs =3 + 2L, = I, — I3
Example.
Let V = R?, V5(I) = Rs2(D), take X = (1,1) + (2, DI, + 3, - DI, + (-1,4) 1.
xo = (LD, lIxoll =V2 , xo+x3=(05)llxo +x3ll =5 , x0+x+x3=(34),llxo+x, +
x5l =5, +x1 + x5x0 + x3 = (5,5), I + x1 + x5 + x5]| = 5v2
IXIl =V2+ (5V2=5), + 5 =5, + (5=V2)I; =v2 + (5¥2 = 5)I; + (5 = V2)I5
Remark.
VX, Y € V3(I), then: |[X|[ =0, ||[X + Y| < [IXI| + Y]]
Theorem.
Let X,Y € V5(I), then [f(X, V)| < |IX]|. |IY]l.
Proof.
fX,Y) = g(x0,¥0)
+(g(xg +x1 + 23 +x3,¥0 +y1 + ¥z +y3) — g(xo + Xz + X3,¥0 + ¥2 +¥3))y
+(g(xo + %2 + x3,¥0 + 2 +y3) — g(xo + x3,¥0 + ¥3)) 12
+(g(xo + x3,¥0 +¥3) — 9(x0,¥0))13
According to Cauchy-Shwartz inequality on the space V, we have:
19 Cxo, ¥o) I < lIxoll-lyoll, 1gCxo + x2 + x3, 0 + ¥2 + y3)| < llxo + x2 + x3l. lyo + y2 + y3ll
|9 (x0 + x3,¥0 + ¥3)| < lIx0 + x3][- [ly0 + ¥5ll
lgCxo +x1 + %2+ X3,¥0 + y1 + Y2 + ¥3)| < llxo + x5 + 22 + x5l [lyo + ¥4 + 2 + 3l
Thus, |f(X,Y)| < [IX]].[IY]l, according to the definition of partial order relation.
Example.
Take V(1) = Rs2(I), X = (1,1) + (1,0)I; + (0,1)],, Y = (2,0) + (0,3)I; + (1,0)1, + (0,115

Xo = (L1),y0 = (2,0), 9(x0,¥0) = 2, Ixoll = V2, lIyoll =2, xo+x3 = (L,1), llxp + xs]|

V2,50 +¥3 = D), llyo + y3ll = V5,9(xo + x3,¥0 +¥3) =3, X+ x5 +x3 = (1,2),llxo +

x; + x3ll = V3,50 + 2 + y3 = 3, 1), llyo + y2 + y3ll = V10, , Xo + X1+ X3 +Xx3=
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(2,2), llxo + 21 + %2 + x3ll = 2V2, 50 + y1 + y2 +y3 = 34), Iy + y1 + 2 + y3ll =5 ,
g(xo+x; +x3,¥0+ Y2 +y3) =5 glxo +x1 + %2+ x3, 50 + y1 +¥2 +y3) = 14.
fFXY)=2+14-50L+(G-3),+B-2)I3=2+9 +2[,+ 15
IfX,V|=2+9L+2,+1;
IXIl = V2 + (2v2 = V5)I, + (V5 —V2) I, + (V2 — V2)I5

=vV2+ (2v2-V5)I, + (V5 = V2)1,
IXIl = 2+ (5 = vV10); + (V10 = V5)I, + (V5 = V2)I;
IXINYI = 2v2 + (10V2 = 5V2)1, + (5V2 = V10)I, + (V10 — 2v2)I5

= 2V2 + 5V2I; + (5V2 = V10)I, + (V10 — 2V2)I,
On the other hand, we have:

2<2v2,2+1=3<+10,5 < 5V2,14 < 10v2, hence |f(X,V)| < |IX|.IY]]

The Foundations 3-Refined Number Theory

Definition.
Let Z3(I) ={a+ bl + cl, +dlz;a,b,c,d € Z} be a set. It is called the ring of 3-refined
neutrosophic integers if ;. [; = Ininqi jy, Ii* =151 < i < 3.
It is a special case of the n-refined neutrosophic ring with n = 3.
Definition.
Let X = x¢ +x101 + X305 +x313,Y = yo + 114 +y205 + V313, Z = zy + 2111 + 251, + 2313 €
Z5(I), we define:
1). X \Y if there exists T =ty + t11, + t,1, + t3l3 € Z3(I) suchthat T.X =Y.
2). X=Y(modZ) ifand onlyif Z\ X —Y.
Xo = Yo
XotXxg+Xp2+ X3 2yt y1+y2t+y3

Xot Xy +X32Yo+Y2+ Y3
XotX32Yot+ Y3

3). X =Y if and only if

Theorem.
Let X,Y,Z be the previous 3-refined neutrosophic integers, then:
1. X\Y 1fand Onlylf X0 \yo,xO +x1 +x2 +x3 \yo +y1 +y2 +y3,x0 +x2 +x3 \yo +

Y2 +¥3,%0 +x3\ Yo + 3.
2. If X\Y, then X <Y.
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3. X =Y(mod Z) if and only if

Xo = Yo(mod zy)
Xog+x1+x,+x3=yo+y1 +y2 +y3(mod zy + 21 + 7, + 2z3)
Xog+x; +x3 = y9+y, +y3(mod zy + z, + 2z3)

Xg + x3 = yo + y3(mod zy + z3)

Proof.
1. Assume that X \ 'Y, this is true if and only if there exists T =ty + t;1; + t,I, + t3l3 €
Z3(I) such that Y = X.T.
We have:
X.T = (xg+x11; + x50 + x313) (g + t1 1 + to1, + t3l3)
= Xoty + (Xoty + x1tg + X1t1 + X1ty + Xqt3 + Xot; + x3t1)];
+ (xgty + xtg + Xaty + x3ty) ], + (Xots + x5ty + x3t3)];5
=Yo + yili + y2Iz + y313
Thus:

Yo = Xoto - (1)
Vi = x0t1 + xlto + xltl + xltz + x1t3 + thl + X3t1 (2)
y2 = thz + xzto + thz + x3t2 ™ (3)
Y3 = th3 + X3t0 + X3t3 (4)

Weadd (1) to (4), (1) to (2) to (4), (1) to (2) to (3) to (4).

Yo = Xoto
Yo +y3 = (xo + x3) (¢ + t3)
Yo+ ¥z +y3 = (xg +x; + x3)(t + t; + t3)
Yo+ Y1+ ¥z +y3 = (X0 +x1 + x5 +x3)(tg + £+t +t3)

Thus, the proof of (1) is complete.

2. If X\ Y, then x4\ yy, S0 X9 < Vp.

Also:
Xo+x3\ Yo +¥3,80x5+x3 <Yyy+Yy3
Xo+ X, +x3\Yo+Y2+Y3850% +x,+x3<y,+y2+Y3
Xo+x1+x+x3\ Yo+ Y1ty +Y3,80x0+x+x,+x3 <y, +y1 +y,+y;3

Thus X <Y.

3. X=Y(modZ) ifand onlyif Z\ X —Y, thus:

( Zo \ Xo — Yo
Zo+ 23\ (xg + x3) — (¥o + ¥3)
i Zo+z;+ 23\ (Xo +x2 +x3) — (Vo + Y2 +¥3)
Zo+ 21+ 7z, + 23\ (xg +x1 +x2 +x3) — (Vo +¥1 + Y2 +¥3)

Thus xg = yo(mod zy),xy + x3 = yo + ys(mod zy + 23),xg + x5, + x3 = yo + ¥, +

ys(mod zy + 2z, + 23), X0 + X1 + Xp + X3 = Yo + V1 + ¥o + y3(mod zy + 21 + z, + z3).
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Example.

Take X =3+ 2, +1, — I3,Y =3+ 4l; + 2], + I3, wehave X \ Y that is because:
3\33-1=2\3+41=43+1-1=3\3+2+1=63+2+1—-1\3+4+2+1=
10.

Example.

Take X =7 +3L, + 1, +5L,Y =4+, + 1, +15,Z =3+ 2, + I3, we have 7 = 4(mod 3),
7+5=12=4+1(mod3+4), 7+1+5=13=4+1+1(mod3+0+4), 7+3+1+
5=16=4+1+1+1(mod9) thus, X =Y (mod 2).

Theorem.

The relation (<) is a partial order relation.

Proof.

X <Y clearly.

If X<Y and Y<Z, then xg <yy<zy, Xg+x3 Yo+ Y329+ 23, Xg+ X, +x3 <Yy +
Vot V3 <ZzZy+z,+23,x0+x1 + X+ X3 Yo+ V1 +Y2+Y3=29+2;+2, + z3.

Thus X < Z.

If X<Y and Y <X, then xg =Yy, Xg+x3=Y9+ V3, Xo+ X2 +x3 =Y+ Yy, +¥y3, Xg +
X1+x,+x3=y9+y1 +y, +y3, thus X =Y.

Theorem.

Let X = x¢ + x114 + x305 + X313, Y = Yo +y1I1 + Yolp + Y313, Z = zg + 2111 + 251, + 2315, T =
to +t1ly +toly + t3l3,S = 5o + 5114 + 531, + 5315 € Z3 (1), then:

1). If X=Y(modZ), T=S(modZ) then X+T=Y+S(modZ) and X-T=Y —
S(mod Z),X.T =Y.S(mod Z).

2). X" =xo" 4 [(xg +x1 + x5 +2x3)™ — (xg + x5 + x3)" I + [(xg + x5 +2x3)™ — (x +

x3)" ]y + [(x0 + x3)" — %" ]Iz ;n €N,

3). X" =Y"(mod Z"™) ;n €N.

Proof.

D. X+T=(xg+ty) + O+t + (xy +t) + (x5 + t3)15.

Y+S5=00+50)+ Q1 +s)l+ 2+ 52+ (3 +53)15.

Since zo\Xo—Yo , Zo\to—So , then zy\ (xg+ty) —(o+s,) and xy+ty =y, +

so(mod zy).
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Zg+ 23\ (%o + x3) — (Yo + ¥3), 20 \ (o + t3) — (sp + 53), then:

Zo+ 73\ (xg + x5+ ty+t3) — (yo + y3 + So + 53), thus:

(xo + x3) + (Lo + t3) = (Vo +¥3) + (S0 + 53)(Mmod 2o + z3)

By a similar discussion, we get:

Zo+Zy+ 73\ (g +x,+x3+tg+t, +t3) — (Vo + VY, +y3 + 50+ 55+ 53)

Zo+z1+ 2, + 23\ (xg+x1 +x3 +x3+to+t +ty +t3)
—(o+y1+y2+ys+5o+s+5s,+5s3)

Sothat X+ T =Y + S(mod Z).

Itis easy check that X —T =Y — S(mod Z), X.T =Y.S(mod Z).

2). For n =1 itis true clearly.

Assume that it is true for n = k, we must prove it for n = k + 1.

X = X X% =[x + x.I; + x50, + x313][x™ + [(x0 + %1 + x5 + x3)™ — (xo + x5 + x3)"1]4
+ [Ceo + xz +x3)™ = (g + x3)" 11z + [(x0 + x3)™ — x0" ] 13]

= xo™ 1 + [xo (g + x4 + X5 + x3)™ — x0 (%0 + x5 + x3)™ + 21 (30 + X1 + x5 + x3)"
—x1(xg + x5 + x3)™ + x1x0™ + x1 (X9 + x5 + x3)™ — x1 (%9 + x3)"
+ 01 (xg + x3)™ — x72x0™ + x5 (g + X1 + x5 +x3)" — x5(xg + x5 + x3)"
+ x3(xg + x1 + x5 + x3)™ — x3(x0 + x5 + x3)"]1;
+ [xg(xg + x5 + x3)™ — x0 (%0 + 2x3)™ + x2%0™ + x5 (xg + X5 + x3)"
—x2 (%0 + x3)™ + x2 (g + x3)™ — x220™ + x3(xp + X2 + x3)™ — x3(xp + x3)"]],
+ [x0(xg + x3)™ — %™ + x3x0™ + x3 (0 + x3)™ — x3%0" |13

= xo™1 + [(xg + x1 + x5 + x3)" — (x0 + x5 + x3)" ]I
+ [(ro + x5 +x3)™ = (o + x3)™ Iy + [(x0 + x3)™ T — xo™HH]Ig

This implies that is true by induction.

3). It holds directly from (1) and (2).

Example.

Take X =1+ 2I; — I, + I3,n = 2, then:

X2=1+[3)2 -1l +[1 = Q%L + [(2)2 = 1]l = 1 + 8], — 31, + 315

Theorem.

Let X, Y€ Z3(I) , then gcd(X,Y) = gcd(xy,yo) + [gcd(xg +x1 + x5 + X3, 70 + V1 + Y2 +

¥3) — ged(xg + xz + x3, Y0 + Y2 + y3)lly + [ged(xg + x3 + x3, 0 + ¥2 + y3) — ged(xo +

x3,¥o + ¥3)llz + [ged (xo + x3,¥0 + y3) — ged(xo, ¥0)1l3

Example.

TakeX=4+311+512_I3,Y=7+11+12+313
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gcd(4,7) =1,9gcd(11,13) = 1,gcd(8,11) = 1,gcd(3,10) = 1, thus gcd(X,Y) = 1.
Remark.
X,Y are called coprime (relatively prime) if and only if gcd(X,Y) = 1, which is equivalent
to:
gcd(xg,¥0) = ged(xo + x3,¥0 +¥3) = ged(xg + X2 + x3,¥0 + Y2 +¥3) = ged(xo + x1 + x5 +
x3,Y0+y1+y2+y3) =1
Definition.
Let X = x¢ + x11; + x31, + x315 € Z3(I), with X > 0, we define:
Ps(X) = p(xo) + [p(xo + x1 + x5 +x3) — @(x0 + X2 + x3)]14
+ [p(xo + x2 + x3) — 9 (x0 + x3)]12 + [@(xg + x3) — P(x0)]13

where ¢ is the ordinary Euler's function, ¢; is called the special 3-refined neutrosophic
Euler's function.

Example.

Take X =3+0L+1L,+1>0;x=3,x; =1,x, =x3=1.

o(xo) = 2,0(x0 +x1 +x2 +x3) = 2,0(x0 + x2 + x3) = 4,90(xo + x3) = 2.

Thus

0 (X) =2+ [2—41L 4+ [4—2]I, +[2 - 2]l = 2 — 21, + 21, + OL.

It is clear that ¢4(X) > 0; VX > 0.

Theorem.

Let A=ay+ a1l; + a1, + azlz, M = my + myl; + myl, + m3l; € Z3(1), such that:

A>0,M >0 and gcd(A, M) = 1, then:

1). A?sM) =1 (mod M).

2). A (mod M) = ay™1 (modmy) + [(ay + a; + a, + az) " t(mod my + my + m, + m3) —
(ag + ay + az)"1(mod my + m, + m3)1l; + [(ag + a; + az)~t(mod my + my, + m3) —

(ap + az)"t(mod my + my)]l, + [(ag + az) " (mod my + m3) — ay~ ! (modmg)]ls.

Proof.

1). AP = q9Mo) 4 [(ag + ay + ap + az)®Mormitmatms) _ (g, 4 g, +
a3)"’(m0+m2+m3)]11 + [(ao + ay + az)?Motme+ms) _ (g0 4 a3)4"(m0+m3)]12 + [(ao +
az)?Mmotms) — g @mo)|1, = 1 (mod M).

2). It holds directly by computing the product AA™".

3-refined Diophantine equations:
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Definition.

Let A=ay+al; +ayl; +a3l3,B =bg+ bily +byl; +b3l3,C =cy+cily +cyl, +c303,X =
Xo + x114 + x50, + x315,Y = yo + y1 11 + y,1, + y315, where a;, b;, ¢;, x;, v; € Z3(1).

We define the 3-refined neutrosophic linear Diophantine equation with two variables as
follows:

AX +BY =C.

Example.

Consider the following 3-refined neutrosophic linear Diophantine equation:

G+2L + 1+ )X + (2 +4L)Y =3 +91I, — 71,

Theorem.

Let AX+ BY =C be a 3-refined neutrosophic linear Diophantine equation, then it is

equivalent to:

apXo + boyo = ¢o
(ag + a3)(xg + x3) + (bg + b3)(yo + ¥3) = ¢ + 3
(ap +a; +az)(xg +x; +x3) + (bg + by + b3) (Yo + ¥, +y3) =co+ ¢z +¢3
(ag+ay+ay,+ag)(xg+x;+x, +x3)+(bg+by+by+b3)(Yo+y,+Y2+y3)=co+ci+cp+c3

Proof.
We compute AX = agxg + [(ag + a1 + a; +az)(xg + x1 + x5 + x3) — (g + a; + az)(xg +
xy + x3)]11 + [(ag + az + az)(xo + X2 + x3) — (ag + az)(xo + x3)]l; + [(ao + a3)(xp + x3) —
agXoll3
On the other hand, we have:
BY = boyo + [(bo + by + by + b3)(yo +y1 +y2 +¥3) — (b + by + b3) (Vo + ¥2 + ¥3)111
+ [(bo + b2 + b3)(¥o + 2 +¥3) — (bo + b3) (Vo + y3)112
+ [(bo + b3)(yo + ¥3) — boyoll3
The equation AX + BY = C equivalents:

aopXo + boyo = ¢o
(ag + a3)(xg + x3) + (bg + b3)(yo + ¥3) = o + ¢35
(ap +a; +ag)(xg +x, +x3) + (bg + by + b3)(yo +¥2 +y3) =co+ ¢z +¢3
(ag+ay+ay+az)(xg+x;+x, +x3)+(bg+by+by+b3)Yo+y1 +Y2+Y3)=co+ci+cp+c3

Example.

Find a solution of the equation:

B+2L+ L+ L)X+ @2+4L)Y =3+9 - 713

We have ay=3,a,=2,a,=1a3=1,by=2,by=0,b, =4,b3=0,c9=3,¢c, =9,¢c, =
0,c3=-7
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The equivalent system is:

3x0 + Zyo =3.. (1)

(
4(xo +x3) +2(yo +y3) = —4... (2)
S5(xo +x2+x3) + 70 +y2 +y3) = —4... 3)
7(x0 +x1 +x2 +x3) + 6(y0 +y1 +y2 +y3) = 5 s (4’)

The equation (1) has a solution x5 = 1,y, = 0.

The equation (2) has a solution xy + x3 = —1,y, + y3 = 0, thus x3 = —2,y3 = 0.

The equation (3) has a solution xy + x, +x3 =9,y9 +y, + y3 = =7, thus x, =10,y, =
-7.

The equation (4) has a solution xo+x; +x, +x3 =5,y +y; + ¥, + y3 =5, thus x; =
—4,y, =12.

This means that X =1 —41; + 101, — 213,Y = 121; — 71,.

Future research directions and suggestions

3-refined neutrosophic number as generalizations of classical real numbers and integers,
may have a great impact on many areas of scientific knowledge.

In the following, we suggest many possible applications of 3-refined neutrosophic real
numbers.

1-) How can we build a crypto-system from 3-refined neutrosophic integers which
generalize RSA algorithm. [19]

2-) How can we build a crypto-system from 3-refined neutrosophic integers which
generalize El-Gamal algorithm. [20-21]

3-) How can we solve 3-refined neutrosophic differential equations, and integral equations.
4-) How can we define Hillbert and Banach 3-refined neutrosophic spaces, and do classical
functional inequalities still true in this case.
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