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î�Æ¬`µ/@´Ï<�ú«wØ
��§vk�éÔ'�"Ó�§��<�

)·���X!ÕàXú=2.26·c!1000·c�'§¢3´éá6§aúØ��É

��Ï"0

ù�§¨f�,�å��¯K¯î�Æ¬µ//¥´¤23�¥�´e¡k�

|:§| X§Øe�Qº0î�Æ¬£�`µ/´¤2X��0̈ f�f¯ç�µ/ù

��{§@/¥ØÒKe�
íºP�3�þùÚî3°JäewÖ§Ò4äþK

e5�°J+�Þþ"XJ/¥e¡v|:§@/¥Ø´��°J����Ke�

íº�k§XJ/¥e¡vk|:§3/¥é¡�<ØÒK���p�
oº0î

�Æ¬�
�`µ/ùÒ´Úå�^�\�±ÁXa�e§́ Ø´aúk��Ã.X

\§Ø4\aå5Qº0¨f3�/a
�e`µ/ý´ù��@Úå´No�)�

Qº0î�Æ¬£�`µ/Úå��)�Ï'�E,"ÚîrÚå¡��kÚå§=
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ÔN��k�þ§�pmÒ¬�3kÚå§O�úª�

F = G · m1 ·m2

r2
,

ùp§G = 6.67× 10−11N ·m2/kg2�Úå~ê§m1Úm2�ü�ÔN��þ§r´§

��m�ål"é
§eÌ\3°>w�°YÞ�§\��´�o�Ïíº0

¨f~
~Þ`µ/Ø��§�´aú

°YþÞé¯§�¬�ÒvL
°>þ�

ÿ�
�0î�Æ¬lÖ�p<Ñ5g,ó

Æ�êÆ�n6§�m�ãéå�`µ/ù´

Úî���g,óÆ�Ö§¦´ù�o(

�§̀ ´¢�ÚU©Æ*ÿÊHw«§/¥

±����UN�/¥å¤áÚ§¿�

Ùå�§��g¹k�Ô��þ¤'~§

K�¥Ó�UìÔ��þ�/¥å¤á

Ú",��¡§§�w«§·��°���
ã1.15 °J+¥Úî

¥å¤áÚ§¿���1(�p�å¤áÚ§Þ(Ó�����å¤áÚ"

duù�5K§·�7LÊH«@§��ÔN§ØØ´�o§Ñ�D�
�pÚå

��n§�âù�L��±�Ñ§��ÔNm�3�kÚå�Øy"0

î�Æ¬�X`§·�25``�N"�N´�«°Y±Ï5Þá�y�"¥

I<��rxU¡��§��¡�I"ù�§°YxUÚ���ÞáÒ¡�/�N0"

¥I�<é�)�N��Ï¿Ø�Ù"[%�<�uy�N���k'"5ì°²6

��À²¥QJ�À°>��ìþk�Þ���Ú�ãË§�x��fvkÚ�§

=k��Lf"ù�ãËÑ\°Y�§�½k�º�����§uÑ��1XÓ�

�Ú����§m�J��N���Ú�¥�'X"�
ÀÇ�Ï§�¿�5Øï6

�Ö¥K²(�Ñ/7�å�§��,P0§=�6�N���J"�'X§o(�

Ny����k'".Ê.d�âÚî��kÚå½Æ§lêÆþy²�Ny�(

¢´d��Ú���Ì�´���ÚåE¤�")¹3°>þ�<§zUÑ�±w

�°Yk5Æ/,áüg"�NÅ´dÀ�Ü§÷±F$Ä���DÂ§�g�N

Þá��m����ÒF§=12��25©"

���Ú�å�,Ø�§��K��N���"k�§§��¥/¤Üå§k�

q´½å�p-�"��/§3#�½÷��§��Ú�¥Úå3Ó���þ§�

�½�����\Úå§�)p�¶3þu�§�¥Úå���Úåé|�^§�

Ì$�"�c¥�S©Ú¢©�§XJ/¥!�¥Ú��A�3Ó�²¡þ§ù�

Ú�å'Ù¦�°�§/¤�c¥SG!¢Güg�Np�"



20 11Ù r�¯U

ù�§̈ f¯î�Æ¬µ/Uù«`{§k�þÒkÚå§��o<Ú<�ma

úØ�Qº>Àì¥�IåÌ����¨�´Ø´ÚåQº0î�Æ¬)º`µ/Ú

å�ÔN��þ¦È¤�'§�§��m�ål¤�'§äN�Úåê���¦þ

���kÚå~êG§ù��e5§ü�<�m�Úå´��é��ê�§�±�

ÑØO"ù�Ò´<Ú<�maúØ��kÚå��Ï"�,§éu(¥�m§K

I��ÄÙm�Úå�^§Ï�Úå3�½§Ýþr¦
¦��m��é$Ä"�

u>Àì¥IåÌ�m�)���¨�§@Ø´�kÚå��Ï´<�<�m�

a�½ö¿g�)�"0

@o§��oÔN��k�þÒkÚå

Qºî�Æ¬UY)º`§Úî3JÑ�k

Úå½Æ�vk�Ñ)º§´�
��

VÐ§OÏd"JÑ
2Â�éØ§�Ñ


�«�<�~£Ø���)º§=Ô�

�m3�þ��^e´��§Ø´<

�Ï~@��@�§�Ò´`§��Ø´²

��§Ò��*l3w�þ§lp?gÄe

w§Ð�´e¡k�«VÚå��§Òë1

��Ø~	"OÏd"31916cJÑ
u�

2Â�éØ�¢�§=Y(;�CF:�?

ã1.16 ���

Ä!1Å3��NC� òÚ1Å�åù£�n�²;¢�§Ñ�<�y¢"Ù

¥§1Å3��NC� ò�¢�(J3������#ª§¿�r�3���Ù

�Þ�"ù�¢�u1919cdæÙ.O¶îù¬�<Ü�?1§|^F� *	��

NC�((§Ï���1��Ï§²FpÃ{éX��?1*ÿ"*ÿÓ�3nÜ

lC19�³ÜW��õ{ÚÊ�Ü'?1"ù�§'��µð(3�C����

 ��±ÿþ1����§�OÏd"�O��A���§OÏd"9Ù2Â�

éØ�ÏdÞª¶"

�F1� óÆ[CÄ��Qäóµ/bX�·��|:Ú��v
��m\§

·Ò�±~Ä/¥"0î�Æ¬¯¨fµ/\U��Ñù´õ�!õr���m\íº0

¨f£�`µ/�ØÑ5�0î�Æ¬)º`µ/¦�*:�,3nØþ¤á�E´�

¸�"�¯<a3=p�±é�ù���m\§q3�o/��±é�ù��|:

QºéØ���»¥Ø�3ù��m\§�vkù��|:�0̈ f�¯`µ/ù��

m\�UØ�3§�|:Ø´3/¥	�?¿��(¥þÑ�±oº0î�Æ¬w

�¨§/¥�þ�5.965× 1024kg§Ù¦(¥¤�~Ä/¥|:§7L´����(
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¥§Ù�þ�/¥�'¿©�§Ï��kù�§~Ä/¥����^âØ�uK�

Ù$1;�§ÄKò»��»$1�S§��»$�<a�5¤«5�Â§ù�

�(N3�»¥¿Ø�3"¤±§¦+CÄ���äó3nØþ´¤á�§�ù´

��N^���¸(Ø§<��U/Ïu å?1��"ù¿�X���Æ(ØØ

UølÙ¤á^�A^"�d�éA§�kÚånØC½
<an)�»�Ä:§

´�Æ[�zu<auÐ���¢¢33�nØ§¿�J�"

14!�ÔH/

�Ô´/¥þ1�XÚg�)¹��«)·/���§�¹ä7!/7!Ba!

�ú!la!9É>!/��<aÙG�§́ d�/��_��)Ô"ÐÚ�O§.

þy���k350000��Ô«a§k287655�±þÔ«�<a¤(@§k258650«

�Ôms§k��16000«��a!11000«laÚ8000«É>a�Ô�§�Ô´Ä

Ô)��Ä:§X�<aJø ¬!�¬ÚÌè§Àz)��¸§{z)¹�¸�§

´�<a)¹�C��a�»û)Ô"

k�U§¨fl��þ,£Âp���É

ii��¢§O�1�U�Æ�<��*l�

w"̈ w�î�Æ¬§ù´¨3åå��e§r

������/�3�p§zU�ügY§�


�õU�¤J"wXå�«�¤õ��U�§

î�Æ¬��¨fÊ9:�Ô�£§̄ ¨µ/\

����´No5�íº0¨f£�`µ/´å

å3è½|ï£5�"0î�Æ¬q¯µ/è½

|þ���´No5�Qº0¨f£�µ/´à

¬ËËr/p«��<Ñ5ñ��0î�Æ¬U

Yéu¨¯µ/à¬ËË«3/p��´l=p

5�Qº0̈ f�
��¯`µ/´Ø´¦åå
ã1.17 ¨f«�

3è½|�¦ï�º0î�Æ¬w�¨§�U´¦gCþ�c3e���/«f0§

��U´¦½¦åå3½|þï���/«f0§«è�kÌè«f§«���k�

�«f§«ä�k�ä¢§�ä¢´«f��¤"ù�w§ÃØ´÷ �´�J

Ìè§Ñ´d«fuÞ��Ú�Ú���"k�AG)§é¯��§XÌè�A

G ¬§k�K�kms�(J§²{/SÂ!g�!¢Â0n�G!§XØ;§3

¤�L§¥§lØm�1Êì§lØm�³_d"
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î�Æ¬¯¨f1�â«f´No5�§̈ f�ò^,µ/Ø��§́ No5�

Qº0î�Æ¬w�¨§U��©�)Ô?z*:§=)Ôd$?�p?�ª³uÐ

Ú?zw§�Ô�åA�'ÄÔ@§'<aÑy���@"

4.1.)·å. )·å§=/¥þ�)·)uÛ�§�uÛ/§q´N��)

��é)·�4¯§́ ��Z��)��§ÑyLõ«b`½ {"Xþ28FM

`Ú¥Iþ� {¥�åiz)�Ô�D`�§�k�«g)Ø§@�)Ô�±

d�)Ô½´,�
�,ØÓ�Ô��)�§� MØaq"�¥I�S¢��§

Pf35��²6pé�Ôå�/�)�§�)�§�)n§n)�Ô0§�m M

Ø§̂ �Ô�g,?z½üz5K§=/z)50�ºÔ«å"éA�§�ÊV

��©d)Ô?zJÑ�?zØ§�æ^?zg��m)·å�5
�jÜ1"

zÆå`´�«ÊH�É�)·åb`"ù�b`@�§)·å��»

�åÚüz���'§/¥þ�)·´3/¥§ÝÅÚeü±�§3�»û��

üzL§¥§d�)·Ô�²LE,�zÆL§�Ú�Ú/üz¤�§Ï�)·

�¤¥�Ä���§X%!�!�!�!�Ú1�§þ´5g�»��¿����

üz"ù�üzL§�«ÑÔ«å�c�§=�»üzL§¥§,
)Ôü©f§

XRÄ�!�M!�å�§3��¿§ÝÅìü$!e%L§¥§�Ð�U´/¤u

(S�D½và��
(�¥§31(L¡�½�^�e§Ü¤
�õ/!õàØ

���)Ôp©f§2²deZc)Ôü

z§�ª/¤
/¥þ��©)ÔXÚ§=

äk�©[�(��)·§¦/¥ä�


)Ôüz�Ä:§2²dü[��õ[�!

{ü)·�E,)·�?z!CÉ�üz§

/¤
·�8Uw��E,)·/�"î

�Æ¬w�å�§�y¢1�â«f´d

�)·Ô�üz5�,)ÔÆ[3¢�¿ ã1.18 °�)Ô

S?1
�þ��[¢�§3¢�¿p^�
{ü©fÜ¤)Ô�©f§±��)

ÔüzL§§=b�3/¥@Ï¹k�þ��©�í�§X`�!Rí!Y!�í§

±9°��§XJ/¥þ�ð>�^uù
íN§Ò¬àÜ¤Ñõ«RÄ�§ù


RÄ�3~§~Øe§3ÛÜß ��±?�Úüz¤�x�ÚÙ¦�õ0a§±

9Ù¦�
p©f�a"ù�§3�½�^�eÒU
)�Ñ)·"�,§ù
ï

Ä´Äu<agCé)·å�b`§��)·�å"

î�Æ¬é¨fo(`§3ù«)·zÆåb`e§�����Ôm©��

k��[�§=�Ø[�§ØUÏL1Ü�^áÂ�©§�U�áÂ�¸¥�E�
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Ô�üz¤g��Ô§X7>�§Åìüz¤d>aÚÿj|¤�/��$��Ô!

���Ô§2üz!?z�la�Ô§Ñy
«f�Ô"@o§/¥þ��Ô´N�

?z�Qºî�Æ¬¯¨f¿)ºX"

4.2.�Ô?z�©a./¥þ��Ô§�¹
ä7!/7!Ba!�ú!la9É

>!/��ÙG�)Ô§êþ�O350�«±þ"/¥þ�@Ñy��Ôáuÿa

Ú>a§>a�Ý�~��"��34.38·cc§É>�Ô{ø
Y��¸�åP§

�ºº/§?z�àla�ÔÚla�Ô"��3.6·cc§àla�Ô!la�Ô

Åì«ý§�Ô?z��ta!	�a!ýlaÚ«fla�Ô§m©/¤�½5

��êLÜ�"��2.48·cc§/¥@ÏÑy��ÔA�«ý§àf�Ô,å§�


�Ô{ø
éY��6§Ü�m©/¤"3��1.4·cc§�f�Ôlàf�Ô

¥©zÑ5"?\#)�±�§�f�Ô3¢D!u�±9ª��(�þ§cÙ´

3sù«��ìþLyÑ�?Ú§¦§�U
3Aég,þ§d¢DCÉ·A�

¸^��Cz§©zÑ�õ�Ôa."

/¥þ~���Ôkla§�)µ�àf�Ô§́ �)Ô¥��«§A�HÙ

u��º§kz7!/7!B7�a.¶��f�Ô§́ ks��Ô§ÏLs`5�

���§��Óâ
�Ô«a�50%¶����Ô§́ ©Ù42!�~Fÿ��a�

Ô§U�3���¸¥)�§3/¥4/!9��/ÑU��§��pÝ2cm-5cm§

�p�Ò´30cm¶�la�Ô§́ ¤k$�/)��7)�Ô�o¡§Ù��`{§

*üd�p§́ s§½|þ��«*��Ô¶�>a�Ô§́ �«31Ü�^e¬

�)Uþ�{ü�Ô¶�«f�Ô§́ àf�ÔÚ�f�Ô�Ú¡§́ �Ô.�p

�!NSk�+|�!U�)«f¿����a�Ô"~X§tä!yä!�vä

�¶�/��Ô§́ /¥L¡ýÿ�>a�

)�)��a�Ô§é�íÀ/�©¯a§

����íÀ/��«�Ô"U/��	

/§k�G!�G!{G/��aO§X�

�ú/þ�/òá!��áÚ)3ñ�½

ä�þ�r�á�¶�ÿa�Ô§́ <��

± ^��.ýÿ�o¡§��.ýÿ¥U

/¤äk��½S��f¢N½fà|�§

¿U ^½�^�ÿa§�(z!7�!ü

Þÿ!Æ¬!���" ã1.19 �Ô(�

4.3.�Ô(�.�Ô��/¥þ�«)·/ª§(�þ��d�!ª!�!s!J

¢Ú«f�8�ì(|Ü¤"ù�¥§�´�Ô�E�ì(§��S�u/L±
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e§áÂè1p¡�Y©ÚÙ¦E�¤©,M)Ù¥�lf§äk|±!Ñ�Ü¤k

ÅÔ���^"��/§�Ô��d�9!�+!�o!Å�Ú©)�|��¤¶ª

´�ÔN�¥¶Ü©§Ñ�E�Ô�ÚY©±9|±�!sÚJ¢)�§k��ä

k1Ü�^!ÑõE�Ô�Ú��õU¶�´�±�ÔE��ì(§�S¹k�É

�§�±���u)1Ü�^,?1kÅÜ¤§��Xl	.áÂYÚ¶�E�Jø

Äå"

�Ô�s�3s÷þ§�	¡´s�§¥m�KX<`½_`§́ ¢y�ÔD

m���)�ì("��/§s�9Ùmý�Úç´�áÚ&Ác5æ®§�¤Ç

®§¢yDm��"�
úa!ä7�sôÚV�!vk�í§ùa�Ô��´�º

å�¤Ç®"

ã1.20 �ÔÇ®

�Ô�J¢´DÂ«f�x0§ds�_`u��¤"�õê�Ô�J¢p¡

�KX�Ô�«f§k�k�d§k�Kkõâ"ØÓ�J¢¤Ù�§k�L¹Y

©§k�KCZ"��/§@
¹Y�J¢ÚLmý§áÚÄÔòÙ¯K�ò«f

� ��§3ù
ÄÔr«düÑN	�¬3�/þ)�uÞ¶�
Î��Ô§3

J¢¤Ù�¬gÄ��m§ò«fÑá�NC�/þpÅuÞ¶k�
�Ô�J¢

é�§�º�����/�Ñá3/þ¶�k�
�Ô�J¢L¡�kfe§�±

Ë�ÄÔ�þ§�ÙlÄÔ�þøá�3/þ)�uÞ§��Ô�«xòYJø^

�"Òù�§�ÔÚÄÔ3�Ï)�ÚuÐ�L§¥§/¤
�«�p·A!�p

���'X"��¡§�Ô_�ÄÔ§ÄÔk6u�Ô)�¶,��¡§ÄÔ�Ï

�ÔD®§�Ï�ÔDÂJ¢Ú«f§k|u�Ô��§*��Ô�©Ù��"

î�Æ¬4¨fo(�e�����«�Ô§§�«fÚJ¢´�o"̈ f�


�`µ/·3��p«��§̂ �´�������§���«fAT´��j"�

·«����vkms(JQ§���J¢´�o·Ø��"0î�Æ¬w�¨µ/�

��J¢�´��§d�Ð����¤���Þ��§p¡�UkÐõ���"0

4.4.�Ô�^. �Ôë�g,Ì���^Ì�küa"�a´1Ü�^§�a´

�á�^"ùp§�Ô�1Ü�^§�ÉÚ�ÔáÂ1U§r��z%ÚYÜ¤L
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U�kÅÔ§Ó�º�Ñ�í�L§§�)1U�áÂ!D4Ú=�§r1U=�

¤>U§2r>U=C�zÆU"�Ô�1Ü�^´/¥þ�ÊH!5����g

,�AL§, §3kÅÔÜ¤!��UOÈÚ�íÀz��¡åX�«U,N!�

^§́ �<aà�)�ÚÄÔJø�í�g,Ä:"

�Ô��á�^§´�ÔNS#����ÍÝ"�ÔÏL�á�^©)Ô�§

±JøNS��«)·¹Ä¤IUþ§Ü¤��kÅÔ"Ó�§Or�Ô�|¾

Uå§©�k��áÚÃ��áü«"��/§p��Ô±k��á�Ì§�3"

�^�Ú�
AÏ|�¥§�Ô��?1Ã��á§±�±#�����~?1"

�Ô�1Ü�^Ú�á�^§́ �±)�²ï�g,Å�"î�Æ¬o(`§

ùÌ�Cy3µ��Ôd1Ü�^r��

z%!Y=z��ÚkÅÔ§d�á�^ò

�ÚkÅÔ©)���z%ÚY§ù«1

Ü�^3g,.¥åXÃ�O���±g

,.%-�²ï��^"Ó�§1Ü�^�

<a�Ù¦)ÔÚ²�?Jø
Ô��æ¶

��Ô3g,.Ô�Ì�¥åX�½�N

!�^"·���§g,.�Ô�?uØÊ

�$Ä�¥§�Ô3Ô�$Ä�¥åX ã1.21 1Ü�^

�«��N!�^"~X§Y´g,¥�±)·�Ä:"g,.¥§�Ôd�CO

\�íY©§lè1¥��¤IY©§2±íN/ª�£��¸¥§g,�YÌ�

?u�é²ïG�"Ó�§ÉÚ�Ô31Ü�^L§¥§Øäº��í±¿¢ÄÔ

�á!-���ÑÚå��íØv§�±g,¥��²ï¶��Ôé�¸��o

�^"<a¹Äé/¥��¸À/§®î%��<a�)�§��z1!��z

%�k³íN��í¥Yu)zÆ�A�)��§�þü�¬��ä7 k!÷ 

~�Ú<ak�;¾O\��J"�Ô�±k�áN�í¥���§=z�í¥

k³Ô�§~��í¥�kÓÔ�¹þ§ÏL�C�^O\�í�ÝÚüY§å�

�±)�²ï��^¶��Ôk�±Yè��^"�Ô�/þ{�Uk�~��Y

éè1�ÀÂå§/e��XU;;84è1§��Ù��YÀr!e'�Yè6

�¶��Ô�àÓ³ÿ�^"�
�^�Ô3Ù)nL§¥º�Ñäk�½³ÿ�

^��u5Ô�§é�Ø�í¥�[ÿ¾Ó§Or<N�¼åäk�½��^¶�

{z)��¸§¦<%���"ÉÚ4<%²íÚ§ùÚ!®Ú4<U�!�¯"<

�)��¸¥§sú��Ô´<�%èx�g,N!J§éN!<�%�Ú° !

�);ÜÚ�C!½�X§4<%���k�½N!�^§ù´<a{z)��
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¸�8�¤3"

ÈT�¦§<��Ô´�«�)'X""XI	q´¥ÝÀ/��íÚØ�å

��1§î�Æ¬¯å�´Ä²
�íÀ/��Ï§̈ f�¯�µ/ww§´Ø´É

Ú�Ô��<a�Ñ�À/Ôq�õº0î�Æ¬�½
å��£�§̀ µ/´ù

����±�í�#�Ä�^�´<aü��À/Ô�ÉÚ�Ô¤�B"ù
c§

<auÐ¥§_8/vxÜ�Úä7§~�àXÚY�§±9éØ4�¸¥�/L

?1Mz?n�§�½§Ýþ{N
íN3�¥�/e�g,Ì�"lù�¿Âþ

w§)��¸��oÄk´<agC�~�À/Ô3g,.�ü�§Ó���*�

Ü�ÚÉÚ���¡È§�og,.�)�²ï"0�Ô´/¥þ�«�~�!�Ê

H�)·/ª§î�Æ¬¯¨fµ/�ÔUÄ�ÄÔ@�§�¿�3º/þ5£rÄ

Qº0̈ f�ú«`µ/ØUj§@�Ø´ÚÄÔ��
í�0î�Æ¬`µ/�(��
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*ÿ��'éu�§�ÏÙ�6�´�§́ <é�*ÿÔ�a�§3dÄ:þ�ï
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(7X��^=��ºù�¯Kwq3�»¥Ïé��¥%:§¢K�¯�»/G
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Äkù�����t∞¦U
o(t∞) = U§½´t → ∞�kU o(t) → U"5¿§<é�

��*�3T �@��6u<éT�A�a�"b�3,���t'uT®��A�
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)⋃(⋃
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Ø��Ø�.´=�«�(Qº�Y´ùü«*:ÑÑw ¹§Ø���Äk§<
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¢�u�´éT�*�3�@�^<éÙa���?1'é§=���{§cJ´
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·

Ag,Cz)��cJØ�´ég,��(@�í�5¿§ùpJ��ég,�
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ÄU4<*ÿ'[ÿ!¾Ó����*âf§X�f!�f!¥f!>f½§�Qº
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5.1.����Û�. ����Û�§�<�8�é,��*�3äka�Uå

�Ï�*^����§¦<Ã{a��Ù�3"k�U§̈ fép,/w�î�Æ

¬§̀ P��¨Sü
� #ÓS§́ fl	�½=ÆL5�§è<�5��Ý§3

�å�ém%"î�Æ¬¯å�µ/�c\�@£íº0̈ f£�`µ/Ø@£§´

f=Æ�·����0î�Æ¬`µ/@�Ò´`§\3ù�c¿Ø��¨��3§é

Øéº0̈ f£�`µ/éÜ§�c·�Ø@£�0î�Æ¬¯å�µ/dù�¯§\ú

�\�@�Uå´k��´Ã��Qº0̈ f`µ/AT´k��j§Ï��c·¿

Ø��¨��3�0î�Æ¬�½
å��£�§̀ <^8�a��Ô§=´�»¥

@
U
�<a���*�3âUa�"��Ø@�§<�8��±a���*�

3�½U
@�"�ù�*:�Ø%3u§<�Uå´Äv±éÙ@�º�Y¿Ø

�½´�½��~X§<�Àú3�½��S��§�Ñ�À���¯Ô§<3*

ÿ�ÀØ�½´Ù*ÿ���
Ø�§$�¬Ø�(Ø"~X§uÑ�>^ÅªÇ

�Ñ�>"�º(¯ÝÚ�m©EÇ½ØuÑ>^Å���(X§=B´æ^�>
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<Ø
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<aé�Ô�@�"

<a�Ø���*�3�Û�kn«�/µ

11«.�*�3Øäk<Ua��A�" �*�3´�Ô�g,A�"ù�

¥§U
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ù«�*�3¶ØU�<a

a��§ÏØU�<aa�§Ø¬é<�¿£�)K�§�k<?Ø"@o§<ØU

a���*�3´Ä3�»¥�½Ø�3Q?�Y´Ä½��Äk§<�a(dú!

�!&!�!�!¿�¤§U
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d<�Àú!fú!
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(Ñ§�Ã�½ØÑuí�§Ø�<a�>§<aÒÃ{a��ù«�*�3§�

Ø��A�æ^�o��A�éÙ?1�x"�Æ¤ì3�½§Ýþò�
<�a

�Uå§�=´é<�a�Uå3�½§Ýþ�ò�¶Ùg§�ÔA�=�<�À

ú!fú!�ú!BúÚ>úa���Ø
"Ó�§<é�Ô�@�´��ÌSì

?�L§"~X§<aé>^|�@�Ò´��~f"3>^nØÑyc§�k<

�&§´�«�*�3§Ï�<�Àú!fú!�ú!BúÚ>úé>^|Ã{a

�"�8Uvk<~¦>^|´�«�*�3"aq>^|ù��~f�»¥�k

éõ"�d§ØU{ü½�Ø/@�<aa�Ø���*�3�»¥Ò�½Ø�3§

´�â»<a�a�Û��@��»¥��*�3§�g,�NuÐ"

12«.�*�3äk<Ua��A���Ñ
<�a���"ù«�/¥§̄

Ôäk<�8�a��,��½,A�A�§�A����Ñ
<a�a���

�"~X§<�ú«���>^ÅÅ��400-760nm§Å��u400nm�´b	�§

�u760nm�´ù	�§þØ�<ú¤�I/Ï¤ì&ÿ"g,.¥��
Ä

Ô§X��]�³Sú�±w�ù	�!b	�!X���¶<��ùUf��(
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u20000Hz���(Å§�u20Hz��g(Å§<�þfØ�"Ù¥§�(Å��5
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ÿ���y¢§I?�Ú?1&¢"

5.3.^�@�Û�.�»�Ô¥§<a�@��Ô�=Ó��»Ô�oþ�4.6%§

3é�Ô@�þ§<a´3^éù4.6%Ô��@�§=ÛÜ@�íü�»�Ô"�

,§ù«�{<aØ�½U��é�Ô��(@�§Û¹é�»¥ù4.6%Ô��@

��õq´^�@�"̂ �@�§�<a3�½^�eé,��*�3��é@�§
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§
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éíº0̈ f`µ/é¦�£�·��é¦¾§�mkå:Ò�½kå:�c"�§
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@�Û�5¦,§�¿Ø�½L²@���(5"
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<é�*�3@�þ�Û�5����Ùé�*�3��N@�´��|Ü

(Ø§́ é�«ÛÜ@�3�½��mÿÀ(�e�|Ü"ùp§|Ü´��*�

3¥��N�ÛÜ�'X§�¤�N�@
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�'X|Ü¤"ù�§̈ f®3�¤Í¶¥ÆÒÖ"î�Æ¬é¨f`§ùl�

�Í¶�g��.§=_<¹��ûó¥�±��@��é&"

[_<¹�] ù´Ã²¥��Í¶��¯§Ù%¹X<aé�Ô�@�´dÛÜ

@�|Ü¤�óÆg�§Ï�<a@��Ô�L§Tq_<¹�"̀ ´éÈéÈ

±c§k8 _<fO<`å��XÛ Û§��������o�f"3ù8 

_<��2�¦e§k�U§� �<V5
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���n`µ/G§\�`�ÑØé§��ØL´��ú-f�0¦�Ñ@�gCé�

��a��(§j±C��ØØ>"ù�§� úörþc`µ/\�é���a

�Ñ�(!0úö`µ/�¤±\�@����/GØÓ§́ Ï�\�z�<¹���

��NÜ ØÓ"¢Sþ§��äk\�z�<¤`�@
A��0

é���~Àå�<ó§���	/3Ùú¥´Xã3.1¤«@����Ù§

é_<�£�ØBu�µ��¹))���3_<�a�¥§NoÒ¤
��Îf!
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��¢Ã´Ã{^ú«EO�Ô�/G"î�Æ¬¯å�µ/\ú�ù
_<��Y

��íº0̈ f£�`µ/k:���·3ÄÔ	w�L��§������f"0î

�Æ¬�X`§\3�L��I��g�§́ ��o\ú¥���3_<ú¥¤
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Îf!-f!ÙÔ!Æ÷!p½+f���§ù�<a@��Ôq´�o'X"¢S

þ§<a@��Ô§AO´@��»¥@
ÿ��<a@���*�3§�_<¹

�a����	/�/��§Ï�<aé@
ÿ�@���*�3§k�´Ãla

�§k���X_<¹���´ÛÜ@��

@o§ý¢���/G´�o�f§���/G3úö�ú¥q´�o�fQº

_<¹�ù�ûó§��¡�º
<a@£g,�Û�5§=<a@£g,/¤�

�Æ�£�ÛÜ5½k¡¡5¶,��¡§��º
@£�*�3�XÚ!�N½

�Û5��5"@o§XÛÅ�<aù«ÛÜa��5� �½öØ�(@�§

(½�*�3��5¡8QºùÒI�é���*�3�ÛÜ@�?1|Ü§±/

¤<aéù��*�3���@�"

î�Æ¬w�¨f§_<¹��ûó¥úö{�¥�/��äk\�z�<¤

`�@
A�0§�´w�8 _<é��	/ÛÜa���«|Ü@�"Uù8�

_<a�����N�ØÓÜ §���8 _<©)¤
8�a�Ü ½Ä�§

=���ï!�n!&f!�ù!ÜfÚß¸§�ã3.2£a¤¶a��(J½A�´_

<®��8«/�Ô§=Îf!-f!+f!Æ÷!pÚÙÔ§�ã3.2£b¤"

£a¤ £b¤

ã3.2 ��a5@�

ù�§úöw�_<���/G�

��/G = {4�Îf}
⋃
{1�-f}

⋃
{2�ä{}⋃

{ 2rÆ÷}
⋃
{ 1×p}

⋃
{ 1��ÙÔ}

�?�Ú§XJr���M�!�ù!&f!ß¸!Îf!Üf!ïÚ�n©

OÄ�����m:§ØÓ����NÜ XJ�q�§X�ù!&f!ß¸��

��M�§ï!�n�Üf�§K3ü��m:�më��^�±«§��m�q
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�'X"ù�§���	/��±^�«:�(�L«§�ã3.3¤«"ùp§Î

Òa = {ß¸}§b = {&f}§c1, c2 = {�ù}§d = {M�}§e = {Îf}§f = {Ü
f}§g1, g2, g3, g4 = {ï}§h = {�n}"ù���«ã«¡���	/�|Ü(�§
Ùþ�i1a!b!c1!c2!d!e!f!g1!g2!g3!g4Úh¡�ã�IÒ"5¿§ã3.3¥

�:�(�¥§®��
:Ú�éA��äNÜ �Ôn¹Â"~X§:béA��

�&f§ã3.3¥K´r&fÄ��b§=���m:"

q qq q
q q

q q

q q

q q

a

b

c1

c2

d e f h

g1 g2

g3 g4

ã3.3 ��	/(�ã

aq/§X11Ù¤ã§�»¥��*�3���»§���*âf§§��m

�pK�!�p��§ÃØ�3aqã3.3�ù«:�|Ü(�±éAéX"�d§

Ä�ïÄù«:�|Ü(�§=ÿÀã���5��üz5Æ§é<�@��»�

ÔØÃÃ?"

1.1.Ä�ã.<a@��Ô´däN�Ä�§2dÄ��äN�L§"î�Æ¬

w�å�§k�«�ú�{§rÄ���N�'Xx3�Ü�þ§aqã3.3^:L

«Ä�§̂ �ë�q��ü�Ä�"ù«�{�?�ÚÄ�Òk
Ä�ã�Vg"�

�Ä�ã´8Üþ��'X��«ã«§{¡�ã"��/§�V´Ä�|¤���

k�8Ü§E ⊂ V ×V§=�3��'X�Ä�é(v, u)|¤�8Ü§I : E → V ×V§
K3-�kS|(V,E, I)½Â���ãG§¡V�º:8§E�>8§I�>�º:�

éA'X"k�§�rN´ãG�º:8!>8½éA'X§þãÎÒ�©OP

�V (G)!E(G)ÚI(G)">(v, u) ∈ E(G)þ�½�½Â�v → u§ù�½Â�ã¡�

k�ã"��ãG¥§XJz^>(v, u)þÑ�3½�v → uÚu→ v§=V�§K¡

�Ã�ã§>(v, u)�{ü/P�vu ∈ E(G)"5¿§ùp½Â�ã#N>E/Ñ

y"XJ��ãGØ#N>EÑy§KG¡�{üã"

��ãH = (V1, E1; I1)¡�´ãG = (V,E; I)�fã§XJ§g�´��ã

�V1 ⊆ V§E1 ⊆ E�kI1 : E1 → V1 × V1§P�H ≺ G"�?�Ú§XJkV1 = V§

=ãHÚGk�Ó�º:8§K¡H�G���| fã§=�±| G�z�º:"

î�Æ¬éå�`§��ãGdÙSÜ�fã�x"��*�§´b�k��
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�°(3ãG�º:Ú>þ1r§wrL�è,û½G�(�Ú5�"ãG¥��

^i,��´G¥���º:�>��OS�u1, e1, u2, e2, · · · , un, en, un+1"ùp§

>ei = (ui, ui+1)§1 ≤ i ≤ n§�ên¡�i,��Ý"XJ�^i,¥ku1 = un+1§

=£��:§Kù^i,¡�´4�¶ÄK§¡�´m�"AO/§XJG��^i

,¥¤k>ÑØEÑy§K¡�,¶XJ¤k�:ÑØEÑy§K¡�´"�

^4´�¡���Ì�½�"ã3.3 ¥§adefhfeda´�^4�i,§adefhK´�

^´"

@o§N�3²¡þr��ãG�8
,/L«Ñ5Qºî�Æ¬w�å�§

é���½�ãG§rÙº:véA�²¡R2þ�:p(v)§�u 6= v�kp(u) 6= p(v)§

º:vÚum�>(v, u)éA�ë�ü�:�m��^�§K��ãG3²¡þ�

ã)"ùp§N�p : G → R2"ã3.4¥�Ñ
��Ã�ãG = (V,E; I)�ã)"

Ù¥§V = {v1, v2, v3, v4}§E = {ei; 1 ≤ i ≤ 11}§I(ei) = (vi, vi), 1 ≤ i ≤
4¶I(e5) = (v1, v2) = (v2, v1)§I(e6) = I(e7) = (v2, v3) = (v3, v2)§I(e8) = (v3, v4) =

(v4, v3)§I(e9) = I(e10) = (v4, v1) = (v1, v4)§I(e11) = (v2, v4) = (v4, v2)"

��
��

��
��

��
��

��
��

r r

rr

v1 v2

v3v4

e1 e2

e3e4

e5

e6e7

e8

e9
e10

e11

ã3.4 ã)

�½ü�ãG1 = (V1, E1; I1), G2 = (V2, E2; I2)§¡§�Ó�§P�G1
∼= G2§�

�´�3��1-1N�φ : V1 → V2§φ : E1 → E2¦�é∀e ∈ E1kφI1(e) = I2φ(e)§

=φ(v, u) = (φ(v), φ(u))§(v, u) ∈ E (G1)"¢Sþ§ü�Ó��ã=´IPþ�Ø

Ó§Ù|Ü(�����"ã3.5¥�Ñ
ü�Ó�ã�~f"

��
�� ��

��
r

r r

r

r r

e4
f4

v1

v2v3

u1

u2u3

e1

e2

e3 f1
f2

f3

φ

1− 1
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ã3.5 ãÓ�~f

ùp§Ó�N�φ : E1

⋃
V1 → E2

⋃
V2½Â�φ(e1) = f2, φ(e2) = f3, φ(e3) =

f1, φ(e4) = f4Úφ(vi) = ui§1 ≤ i ≤ 3"́ u�yéu∀e ∈ E1 kφI1(e) = I2φ(e)"

5¿§î�Æ¬`§ã=U�x���*�3�SÜ(�Ä�m�|Ü'X§¿

ØU��Ny���*�3��5¡8"¢Sþ§<a�,´d���*�3�Û

Üa�@��*�3§�%´ÄuÛÜa��@�|ÜéT�*�3�@�§¿�

=´éÙ|Ü'X�@�"2£��e_<¹�ûó¥@ úö{�m�%¿§<

aé���*�3��@�I���ãþ�z�º:¤Ä�K�¢ÔA�§±9z

^>¤O��¢Ôm�q��{§ùÒ´Xã3.3¤«�@«IÒãGL"@o§�o

´IÒãQº�G ´��ã§L ´��8Ü£¢Ô½Ä�8Ü¤"IÒãGL´3Gþ

½ÂIÒL : V (G)
⋃
E(G) → L§=æ^L¥��éG�º:Ú>?1IP"~X§

ã3.6¤«IÒã¥§ã£a¤æ^Z+¥���êéº:I½§>æ^'é�º:I½

ê���ú�êI½§=~`�IÒã¶ã£b¤æ^��Néº:A!B!CÚDI½§

��/é>a!b!cÚdI½§=A!B!C!D�^gq�?�����/§�A�C�

q�?��ã��"�d§ã3.6£b¤�L�´���mAÛN"

r r

r r

r r

r r

4 62

2 6

3
6 9

A B

CD

a

b

c

d e

ã3.6 IÒã

1.2.ã~. �
;.ãaéAu¢Ô(�§äk�E{ü!(�²(§́ u(½

Ùã5��A:"î�Æ¬éå�`§ùp~Þ�
ãaXe"

�å.���åBn = (Vb, Eb; Ib)´éd��:ÑuõgÑ£�å:�i,�x§

Ùº:8Vb = { O }§>8Eb = {e1, e2, · · · , en} ÚIb(ei) = (O,O)§1 ≤ i ≤ n§́

kn^>�ü:ã§�ã3.7"

�
�
�
�

'
&
$
%

'

&

$

%
tO e1 e2 en

ã3.7 �å

V4ã. ��V4ãDs.l.t = (Vd, Ed; Id)aqué^c^å���x§Ùº:
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8Vd = {O1, O2}§>8Ed = {e1, e2, · · · , es, es+1, · · · , es+l, es+l+1, · · · , es+l+t}"e1 ≤
i ≤ s§kId(ei) = (O1, O1)¶es + 1 ≤ i ≤ s + lkId(ei) = (O1, O2)¶es + l + 1 ≤
i ≤ s+ l + tkId(ei) = (O2, O2)§�ã3.8"

s s
O1 O2

�
�
�
�

'
&
$
%

�
�
�
�
'
&
$
%

#
"

 
!e1es

es+1

es+2

es+l

es+l+1 es+l+t

ã3.8 V4ã

´. é?¿�ên ≥ 1§�^�Ý�n − 1�´Pn´�^rLn�µ:Ã�E�

´��x§Ùº:8V (Pn) = {v1, v2, · · · , vn}§>8E (Pn) = {(vi, vi+1); 1 ≤ i ≤
n− 1}�I(vi, vi+1) = (vi, vi+1)§1 ≤ i ≤ n− 1§�ã3.9"

r rrr r
v1 v2 vn−1 vn

ã3.9 ´

�. é?¿�ên ≥ 2§�Cn´�^4Ü�´Pn+1§=v1 = vn+1§�ã3.10"

'

&

$

%

r

rrr

r v1 rv2vn

ã3.10 �

ä. ��ä´g,.äZ!ä{��["ä´��Ã�ã§=?¿ü:�m�

k�^´�ë§Ø�3£´"~X§ã3.3��	/(�ãÒ´��ä"

��ã. ����ãKn = (Vc, Ec; Ic)´éÄ�m�p�^!�pK��/��

x§Ùº:8Vc = {v1, v2, · · · , vn}§>8Ec = {eij, 1 ≤ i, j ≤ n, i 6= j}�Ic(eij) =

(vi, vj)"ã3.11¥�Ñ
n = 4Ún = 6ü���ã"

r r
r r

r
r r

r
rr

n = 4 n = 6

v1 v2

v3v4

v1 v2

v3

v4v5

v6

ã3.11 ��ã

õÜã. é?¿�êr ≥ 1§��r-ÜãG = (V,E; I)��3��y©§òº:
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8Vy©�r�f8V1, V2, · · · , Vr¦�∀e ∈ E§I(e) = (vi, vj)"ùp§vi ∈ Vi§vj ∈
Vj�i 6= j, 1 ≤ i, j ≤ r§=é?¿�ê1 ≤ i ≤ r§Vi¥�º:pØ�ë§éA�Ä�

pØK�"��/§XJr = 2§K¡ù�r-Üã�2-Üã½óã"

�Kã. é��º:v ∈ V (G)§�º:v�'é�>ê¡�º:v�g½Ýê"

~X§��ãK6¥§z�:�gê�5¶�Cn ¥z�:�gê�2¶�åBn¥§º

:O�gê�n�"��/§XJ��ãG¥z�:�Ýê�Ó§K¡��Kã§́ é

?¿��Ä�ÉÙ¦Ä�K�§Ý�Ó�/��x"~X§��ãKn�(n− 1)−�
Kã§�Cn�2-�Kã"ã3.12¥�Ñ
��10�º:�3-�Kã§¡�Petersenã"r

r

r r

rr r r
rr

v1

v2

v3v4

v5
u1

u2

u3u4

u5

ã3.12 Petersenã

1.3.ã�i\. Ä�ã´�¤���*�3Ä�'X��x"3<�Àú¥§

��ý¢��*�3§~X���ã(�´?3u��3-�î¼�mR3¥�§�

ØÓ�>�mvk��§ùÒI�ïÄÄ�ã½IÒã��mi\¯K§±�x

�*�3�Cz�uÐG�"��/§�G´��ã§T´���m£î¼�m½
´ÛÜÓ�uî¼�m�ÿÀ�m¤"ãG¡��±i\T§��´�3��ëY
�1 − 1N�f : G → T§¦�XJp, q 6∈ V (G)Kf(p) 6= f(q)§=ãGN���

>=3º:?�U��"AO/§XJTTÐ´��î¼²¡R2§KG¡��²¡

ã"Ù¥§¡��´dk�^>�Ñ���«�§=Ù¥�?Û�^{ü�4�

�±3Ølmù�¡�^�eëY/Â �Ùþ���:§q¡�Ó�u���

�B2 = {(x1, x2)|x2
1 + x2

2 < 1}"~X§ã3.13£a¤´��ã3²¡þ�i\§Ù¥

�v1u1u2v2v1 Ò´��¡§£b¤́ Ù33-�î¼�m¥i\§éAu�8¡N"r r

r

v1 v2

v3v4

r r

rr

r r

rr

v1
v2

v3v4

u1 u2

u3u4

(a) (b)

r r
r r r

u1 u2

u3u4

ã3.13 i\ã
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î�Æ¬w�å�§��Ä�ãG½IÒãGL33-��mR3½ö�ên ≥ 3�

�mRn¥��i\5´w,�§Ï�?¿��Ô�Ñ´<ú33-��m¤�ãG½

IÒãGL´Ô��Ä��Ô",§<�¿Ø�¡?¿��ã´Ä�½éAu,�

�Ô�§I���5/�y?¿��ãG�±i\��ên ≤ 3��mRn§Ï�X

JG�i\,���mT§KIÒãGL�G=´IÒ��É§ØK�i\5§�½�

�±i\T"�?�Ú§é?��ëÏ�{üãG§=Ùþzü�º:�mk�^´
�ë§<��±�yãGØ=�±i\��±��i\��mR3¥§=z^>é

AuR3¥��^��ã"

Äk§�γ = (t, t2, t3)��^�m�"3�γþ�n�:(t1, t
2
1, t

3
1), (t2, t

2
2, t

3
2),

· · · , (tn, t2n, t3n)§ùp§t1, t2, · · · , tn�n�ØÓ�¢ê"A^)ÛAÛ¥�'un:
���(Ø§é?¿n��êi, j, k, l, 1 ≤ i, j, k, l ≤ n§XJ�3�^��²L

:(ti, t
2
i , t

3
i )§(tj, t

2
j , t

3
j) Ú:(tk, t

2
k, t

3
k)§K�½k∣∣∣∣∣∣∣∣

tk − ti tj − ti tl − tk
t2k − t2i t2j − t2i t2l − t2k
t3k − t3i t3j − t3i t3l − t3k

∣∣∣∣∣∣∣∣ = 0◦

ù�§A^1�ª�5�§�½�3�ês, f ∈ {k, l, i, j}§s 6= f¦�ts = tf§�b

�gñ"l§�γþ�?¿n�:�½Ø��"

Ùg§�ãG�º:8�V (G) = {v1, v2, · · · , vn}"é?¿�ê1 ≤ i ≤ n§½

ÂN�π : G → R3�π(vi) = (ti, t
2
i , t

3
i )§÷vXJ(vi, vj) ∈ E(G)K�π(vivj)�

:(ti, t
2
i , t

3
i )Ú(tj, t

2
j , t

3
j)m���ã"�d§πÒòãGi\3-��mR3¦�Ùz^>

�R3¥��^��ã"

ù�§��Ä�ãG3�m��i\¯KÒ��en = 1Ú2I�?Ø"5¿§n =

1��/´G3��þ�i\§Ø´Pn½´Ù¿8/¤�ãa	§Ù§ãaþØUi

\���¶n = 2��/=²¡i\¯K§I�÷vî.úªp − q + r = 2"ùp§

ãG�º:ê�p§>ê�q§�Ù3²¡þ/¤r�¡"r

r

r
r
r

¿© -

Â �

v

u

v

w

u

ã3.14 >��gÐ�¿©

��ãG�Ð�¿©½Â�3Gþ��X�O\½~�º:!>�(J§=3�
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^>e = vu¥O\��#º:w§�K>e = vu§O\>vw,wu§½´3G¥Â g

ê�2�º:w§̂ �^#>>e = vu��>vw, uw§Xã3.14¤«"éA�§ãG�

��¿©�3Gþ?1
�X��Ð�¿©���ã"¡��ãHÓ�uãG§��

´H ∼= G½´H�G���¿©Ó�"3dÄ:þ§¥.÷dÄ?�Ú�Ñ
��

ãG�²¡�A�§=��ã´�²¡�§��=�ÙØ¹kÓ�uK5½K(3, 3)�

fã"~X§K(2, 2, 2, 2, 2)Ø´�²¡ã§ÏÙ¹kfãK5"

ãG½IÒãGL´���*�3Ä��¤'X�Ä�"@o§3<�@��

�3-�AÛN½÷*ÔN�§qA�XÛæ^i\ã?1�xQº��/§�x�

�÷*ÔN�N�	35�§=Ø�ÄSÜÄ��p�^�§~òÙÄ����A

Û:�ï��nØ"~X§�:ÄåÆÒ´ù��nØ",§=B´<ú¥�÷

*ÔN§�þ��ØUæ^ù«{ü��x"~X§1($1��pmÚå�K�§

ü�½+NÄÔ�1�§�Ô�)�Cz�§ÑØUòÙ{üÄ����AÛ:§

I��Ä�¤�N�Ä�m��pK�"3ù«�/e§é�*�3�@�I�

��5/ïÄÄ�m��pK�½'X§±i\IÒã�ïÄé�§�xÙuÐ½

Cz5Æ§ùÒ´Äui\IÒã�ï�ëY6nØ"

12!Ôn|Ü

<aé�*�3�@�§���»!��Ä�âf�@�§́ 3éÔ�ÛÜ@

�½é�*�3�¤��Ä��@�Ä:þ��«|Ü@�"î�Æ¬J2å�

`§<�3ùp%@
��k�b�§=XJrº
���¤Ä��A�½Cz5

Æ§Ò�±rº?Û�«Ô��A��Cz5Æ§(½Ù,�«¤�1�½G�´

d=��½=A��¤Ä�¤�"ù«g�¡���Ø§3<a@��Ô¥�3


AZc§=B�
8U§ù«g�3é÷*.�@�¥E,´�«Ì��{"@

o§ù«|Ü@��g�é�*.´Ä�Ó�·^Qº�Y´�½��é�*

.�@��½§ÝþÉ�<a3@£þ�Û�5K�§¿vká�Ù(�§=´J

Ñ
�
|Ü@��."

2.1.1(XÚ. <aé1(XÚ�@�©ª?3�«ì?L§§Ï���8F§

<�ÿØ�Ù�»¥�.kõ��1(§��±�½�´§1(m�3Úå�^§

�g3?1X�±$Ä§=g=½ú="

/FXÚ. /FXÚ´ÛÜ�x/¥Ú��m�é'X�$ÄXÚ§q¡�2-

N¯K§=/¥g=!/¥7��ú=ù�KL
2IÒã"ùp§K

L
2�º:IÒ��

�!/¥§>�IÒ�§��m��kÚå§=Fes = G · mearth·msun

|rearth−rsun|2
§�ã3.15£a¤§
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Ù�¤/F$ÄXÚ§=ã3.15£b¤"ùp§rearth, rsunL«/¥!��3���IX

¥� ��þ"

ã3.15 /FXÚ

/F�XÚ./F�XÚ´ÛÜ�x�¥!/¥Ú��m�é'X�$ÄXÚ§

q¡�3-NXÚ§=�¥g=!�¥7/¥=§/¥g=!/¥�X�¥7��=

ù�KL
3IÒã"ùp§½:IÒ�/¥!��!��§>IÒ�§��m��kÚ

åFes§FemÚFms§�ã3.16£a¤§Ù�¤�/F�$ÄXÚ§=ã3.16£b¤"d�§

Ï�����m�Úå�§XJ�Ñ§/F�XÚ��±^PL
3 IÒãCq"

ã3.16 /F�XÚ

��X1(XÚ. ��1(XÚ´ÛÜ�x��X�l�1(m�é'X�$

ÄXÚ§q¡�9-NXÚ§=Y(!7(!/¥!»(!7(!è(!U�(!°�(

�g=§7��ú=ù�KL
9IÒã§ùp§º:IÒ���Úl�1(§>IÒ�

§��m��kÚåFij"ùp§i, j���X¥�?¿ü�1(§�ã3.17£a¤§Ù

�¤���X$ÄXÚ§=ã3.17£b¤"

��/§?¿��dn�1(�¤�$ÄXÚ�±dIÒãKL
n�x§Ùþ�º
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:IÒ�1(§>IÒ�ü�1(m��kÚåFs1s2 = G· ms1 ·ms2|rs1−rs2|
2"ùp§s1Ús2�

T$ÄXÚ¥�ü�1(§rs1 , rs2L«ü�1(3�IX¥��þ"

ã3.17 ��X1(XÚ

2.2.Ô�(�. <a@��ÔL§¥§��ò/�ÔdÄ�|Ü0��@��Ô

�5�Ä:"�F1ó<@�§�Ô���´�fÚJ�"=?Û�«Ô�Ñ´d

�f|Ü¤�¶J�´�f$Ä�|¤"@��f3��þ´�Ó�§§�vk

/SÜ/�0§ØÓ�Ô�´Ï�¤Ù��f3êþ!/GÚü�|Üþ�ØÓE¤

�"ùp§�f�Ø�2©�Ô��â§Cq����»Ã���¥N"�,§ÉE

â^����§�F1ó<ú¥�f�/Ø�2©0§aqu8U<�ú¥�©f§

=d�fUì�½��Ü^SÚ�mü�|Ü3�å�ÔN"~X§ã3.19¥£a¤

�Ñ
Y©f9Ù��£X¤�©f(�§£b¤��=¬N(�9ÙéA�©f(

�§=IÒãGL"

ã3.18 ©f(�

F1ó<ú¥�/�fØ�2©0§=�fCq���:��.§�X<a�Æ

Eâ�?Ú®Ø2�("�ÊV"���Vn�c�§�
Ôn¢�L²§�

f¿�´��;��¢N"éd§©Ù4JÑ
�f�Ü��.§=�f´d�f
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ØÚ7Ø$Ä�>f§aquÜ�f�¤"Ù¥§�fØ��>Ö§�>f�K>

Ö��"�d�éA§Å�a'1($ÄJÑ
�f�À��."

£1¤Å��f�.. Å�r�fØÚ>fb�����»Ã���3-�¥N§

a'��X1($ÄJÑ
�«�f(�����.§=�fØaqu�� u

¥%§>faqu1( uØÓU?þ71�fØ��±$Ä"��ã3.17ØÓ�

´§�f¥§>fm��^å�C�0�½å§�pm�^��ÑØO"ù�§�

fÒ´æ^�fØ!>féº:IÒ§^>^åFhei , 1 ≤ i ≤ né>IÒ���¥

%äTL½K(1, n)L"ùp§Fhei = K · q1·q2
r2
§K = 8.9880 × 109§q1�>f�>Ö

ê1.6021892× 10−19§q2��fØ>Öê§r��fØ�>f�k�ål§n�>f�

ê"~X§ã3.19¥�Ñ
n = 8����f�."Ù¥§>f1�>f2!>f3�>

f4!>f5�>f6Ú>f7�>f8?3Ó�U?;�þ"

ã3.19 �f(�

Nõ<@�Å���f�.´�Ø�§@�<aØUÓ���>f�âf�

 �Ú�Ý§=âf �Ø(½5�u�uÊK�~ê~ = 6.6 × 10−34��/¦Ø

u4π"�d§<�b�âfN�ÅÄ5§æ^VÇÅΨ(x; t)§=âf3t��Ñy3

 �x = (x1, x2, x3)�VÇ|Ψ(x; t)|2�x>f�âf"5¿§��âf�½¬3�
mR3¥�,?Ñy§VÇÅΨ(x; t)I�÷v8�z^�§=

∫
R3 |Ψ(x; t)|2 dx = 1§¡

�âf|"ù«�{^âf3��¥Ñy�VÇ�xâf§́ Äuâf3��¥Ñ

y��U53@�âf§Ó�´Ø�õ��

@o§>f�âf´ÄvkO(� �Ú�ÝQº�,Ø´§́ <a@��Û

�5§Ã{Ó�ÿO>f�âf� �Ú�Ý=Ø��¦,�Å���f�.�Ñ

�´�f�|Ü(�¶âf|´^�«âf3�m{¤þÑy�VÇ�xâf§�

öÑØ´âf��5¡8§́ lØÓý¡3�x>f�âf"�'�ó§Å��

�f�.aquã3.3�x���	/(�§n)þ��*
¶âf|râf�Óu

DkVÇ���(x, t)§aqu¥I<æ 5̂´²6¥�64%��·§ýÿ��¯�
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�38½¯�r³"

¢Sþ§<�é�f�(���8U�¿Ø�©�Ù§®k�@�Ñ´ÛÜ@

�"@o§ùü«�.�.=�«�k|u<a@��ÔQº�,Ì6�Æ u

âf|�¿vk½Ø§I?�ÚKÜM#§�Ñ#��*.@��{"~X§<

���o@�V¿¢�Ø�gÆÚ\âfÅ§Ï�U<a®k�~£§u���

âf�u���f���§�o²L��S1�o²LS2§ØUÓ�²LS1ÚS2",

§V¿¢��(J´âf�±Ó�²LS1ÚS2§�.´=pÑ
¯Kº�(§â

fÅb��±)ºV¿¢�¥�%Éy�§�����´âf|Ψ(x; t)§=âf

Ñy�{¤¿÷���m�b�§ù�½Â�âf�Uw�´�¤Ô��Ä�ü 

½<a@��Ô¥�/�f0oº

�»ù«@�I��g�§́ >f�âf´Ä3Àúþ�Óu���»Ã��

�3-�¥N§ù´>f�âfb��Ä:�âf|�Ð©¿vkÄ@ù�b�§�

´ÏÿØOâf� �Ú�Ý§̂ âfÑy3��¥�VÇ½{¤�xâf§D�

ÙÅÄ5±)ºâf�±Ó�²LS1ÚS2��y�§�ù3�½§ÝþqÄ@
â

f�b�§=âfØ2´���»Ã���3-�¥N�@o§�X_<¹�¤J¦

�§âf�	/�.´�o��º§Ø´���»Ã���3-�¥N§�½�Ø´

âf|�x�¦^�3-��mR3§@§q´�oQº5¿§<a)¹33-��m§Ã

l�¡¤3�m3��Ý	�Ù¦�Ý"ù�§<a33-��mÀú¥�:½´�»

Ã���¥N§34-�½ö�p��m¥´ÄE´��:½�»Ã���¥NQº

�Y´Ø�½��U´§��UØ´�V¿¢�y¢�§T´>f�âfØ´��

�»Ã���¥N"

r

rr

γ
(x1, y1, z1, w1)

(x2, y2, z2, w2)

(x3, y3, z3, w3)

r r r
(x1, y1, z1) (x2, y2, z2) (x3, y3, z3)

(a) (b)

ã3.20 âf|Ü(�

@o§3êÆþN��xùaAÛNQºùé{ü§=b�âf3<a3-�Àú

�m��Ý�Ó3Ù�	�Ýþ��IØÓ=�"~X§b���âfPÓ�Ñ

y3<a�3-�Àú�m(x1, y1, z1)§(x2, y2, z2)Ú(x3, y3, z3)n� �§3<a�À
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�mR3	���AÛNP¦�P
⋂
R3 = {(x1, y1, z1), (x2, y2, z2), (x3, y3, z3)} =�"

ù�§âfP3<aÀúeE´���»Ã����±Ó�Ñy3n� ��AÛ

N"ù«g�$��±=3<a�Àú�mR3	O\���Ýw ¢y"~X§b�

âfP´(z, w)²¡þ��^�γ§γ
⋂
R3 = {(x1, y1, z1), (x2, y2, z2), (x3, y3, z3)}§

Xã3.20£a¤¤«§KâfP3<�Àú�mR3¥=Ly�n�:§ÙéA�|Ü

(�´�^IÒ´PL
3 §�ã3.20£b¤"ùp§w1, w2, w3´R3�	�Ýþ�n��I§

¦��γ²L:(x1, y1, z1, w1)§(x2, y2, z2, w2)Ú(x3, y3, z3, w3)"

£2¤�fØ(�. Å���f�.±Ñ
�fd�fØ�7Ø$Ä�>f�

¤"��/§�f��»��2 × 10−10m§�fØ��Ý��1017kg/m3§�»�

�2 × 10−15m§=��fº��10−5§�3X�þ���"@o§N�é�fØ&

¢§uyÙÔ��¤Qº

î�Æ¬é¨f`§w�º�,3�½§Ýþ*Ð
<��*Àú§�EÃ{

*ÿ�fØù����ºÝ"��/§æ^âfåñÂ�fØ§©Û-E��âf;

,&��fØ(�"©Ù4l1909cå^Y��Ñ�αâfñÂ��fØ§uy
�

f§JÑ�fØd�f|¤§Ù¤��>Ö�>f¤�K>Ö��§¥y>¥5"ù

éu�k���f!>f���f´�(�"�U>Öm/Ó5�½!É5�á0�

5�§�fØXJÑd�f|¤§�fmÃ{|Ü3�å§©Ù4JÑA��k�«

Ø�>Ö�¥5âf©Ùu�f�m§±¦��fØ´�«;�Ô�"1932c§B.�

�%�uy
�fØS��f3�å�,�«A�Ú�f���Ø�>Öâf§

=¥f"ù�§Ò/¤
�fØd�fÚ¥f�¤�nØ§�ã3.21£a¤"yX8§<

�®²��§�f�þ�1.672621637× 10−27kg§¥f�þ�1.6749286× 10−27kg"

d	§�
�f��þØÓ§k�Ó�>fê½�fê§�äkØÓ�¥fê§¡

�Ó �"~X§��f���f¥§Ñ¹k���f!��>f§���fØ¥k

��¥f��fØ¥vk¥f§�ã3.21£b¤"

y
�
�

i
i
ii
i
yy

��y y

i

£a¤

y
P

P

P

P

P

N

N

N

N

N
N

P

z

re−
P

1H

| l�

P N

2H

te−

(b)

ã3.21 �f�¥f�ÜÚ�Ó �
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©Ù4¦^���5Ô�¥��Ñ�αâfUþ�é�$§��Øv7MeV"�

�)pUþ�âfå§<�ï�Ñ>féEÅ!rféEÅ�pU\�ì�)âfå

&¢Ô�(�"~X§{I3SLAC\�ì¥%ïE��K>féEÅPEPII§Uþ

�9GeV ×3.1GeV£1GeV = 109eV¤¶F�3KEKïE��K>féEÅKEKB§U

þ�8GeV ×3.5Gev¶î³ØfïÄ¥%£CERN¤3a¬!{I�.?��26640m�

�/e��SïE�LHCrféEÅ§Ù�få�Uþp�7TeV +7TeV£1TeV =

1012eV¤�"ã3.22£a¤́ LHCrféEÅUþ\�+�§£b¤́ éEØ%|�"

ã3.22 LHCrféEÅ

£3¤§��.. §�´<�ïÄ�fØ(��§��x�f!¥f!0f�r

f�1�JÑ��«����¤Ä�§<�3¢�¥=´��Xérf�*ÿ&

¢§���3§��8vkuyÕá�§�"5¿§§�´���f!¥fÚ0f

��¤Ä�JÑ��«âf§�ã3.23§Ù¥�ã£a¤!£b¤!£c¤©O´�f!¥f

Ú0f��¤"ã3.24±§��Ä�§�Ñ
�f!¥fÚ0f�IÒã§©O�ü

�Ó��KL
3Ú��K

L
2"

ã3.23 §��¤�.

r

r r r

r

r r r
d

u u

u

d d

u d

(a) (b) (c)

ã3.24 rf|Ü(�
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õê�Æ[@�§�´�«Ä�âf§��k�
�Æ[1µò§���Ä�

âf§@�§=´�«b��¢N§́ �?�Ú)ºrf1�JÑ�Ä�"

2.3.Ä�âf. Ä�âf§´�3ØUCÔ�á5�cJe<��@���¤

Ô����Ä�§<�uyâf�Ì�å»´3�»��!pUâfåñÂ�fØ

ÚØ�Aæ¥|Ïâf"5¿§Ä�âf´Ô��¤����éVg§Ï�3�½

�Eâ^�e?Û��âfÑ�±?�Ú[©§�)Ä�âf"

�Ôd�f�¤§�fd�fØÚ>f�¤§�fØqd�fÚ¥f�¤§<

�ºYuy
>f!1f!�fÚ¥f§2�5§quy
�>f!¥�f!0f!

�f!�f!§�!ÀÚf�k700õ«�*âf§��X�ÆEâ�?Ú§�*â

f[x�3Øä*�§±Ñ
�Ô|Ü��Ì{wãx"

�*âf�$Ä�ªÌ�kn«§=PC!Ñ�ÚË�"ùp§PC´���â

fgu/©)�,	A�âf"~X§βPCn→ p+ e−+ νe§=��¥fgu/©

)����f!��>fÚ���¥�f¶Ñ�u)3âfm�-E!Uþ-u�

�/e§�Aª�a1 +a2 + · · ·+an → b1 + b2 + · · ·+ bm"~X§p+γ → n+ e+ + νe§

=��1f��f-EÑ��¥f!���>fÚ��¥�f¶Ë��>fdU?

�p;�a�$U?;�þu�1f�L§§=e− → e− + γ"

@o§�*âf�±^=
A��xQºaqu_<¹�§<�^8�A��x

�*âfµ1©�þ§�·��þ"~X§>f�þ�0.511MeV§µf�þ�105.7MeV§

�f�þ�938.3MeV�¶2©>Ö§±�f½>f�>Öe = 1.6 × 10−19C�Ä�ü

 §ïþâf¤�>Öê§���>f>Öê��ê�§î��Ì>ÖÅðÆ¶3©Æ
·�PC"Ø�êA«âf§Xγ!e±!p!p!ν�½	§�õêâf´Ø½�§

3�ã�m�¬PC§PCL§�É�ÔnÅð½Æ���"âf�Æ·§��±

·���þâf�²þÆ·Ýþ¶4©g^s"�1(aq§âfÑkg^§äk�Ä

þ�5�"��/§̂ ↑L«âfm^§̂ ↓L«âf�^"�
~��âfg^�
L3.1"âfUg^©�üa§=g^��

�ê�¡�¤�f§g^��ê�¡�ÀÚ

f¶5©Ã�5λ§=âfg^�Äþs3$Ä

��þ�ÝKλ = k · s/|k|§¡��Ã½m
Ã��"~X§>f´mÃ�Kλ = +1/2§

>f´�Ã�Kλ = −1/2¶6©^Ýµ´ïþ
g^�Äþ�s�>âf��ëþ§=µ =

g · e
2m

s"Ù¥§e´âf¤�>Ö§m´âf ã3.25 âfÃ�5

��þ"é:âf|§Ïfg÷v'Xgs = 1"~X§és = 1/2 �g^âfg = 2"
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5¿§¢�¥ÿÑ����´gs−1§¡��~^Ýg/2"~X§ég^�1/2�>f§

�~^Ý©O�1.0011596522209(31)"

âf¶¡ e µ p n π γ W± Z

g^ 1/2 1/2 1/2 1/2 0 1 1 1

L3.1. âfg^L

ïÄL²§�Ô��¤�$Ä�±8(�o«�p�^§=�kÚå!>^�

^å!r�p�^Úf�p�^"ùo«�p�^�Ô�(��éA'X�µ�k

Úå↔�»/(X/(¥§>^�^å↔©f/�f§r�^å↔�fØ/rf/§�§

f�^å↔�f"Uâf��^�5�§âf�±©��f!§�!x0f!rf
ÚHiggsâf�Ê�aµ

£1¤�f. �fë�f�p�^�Øë�r�p�^§�)>fe−!µf!τf

Ú¥�fνe!νµ!ντ§©�n�"Ù¥§>fe
−!µfÚτf��k��>Ö§¥

�fνe!νµÚντØ�>Ö"\þ�âfe
+!µ+!τ+§νe!νµÚντ�k12�§©�±

e6éµ

{e−, νe}, {µ−, νµ}, {τ−, ντ},
{e+, νe}, {µ+, νµ}, {τ+, ντ}◦

£2¤§�. §�´�¤rf�Ä�§©�n�§k8«§=þ§�u!e§�d§

ÛÉ§�s!ì§�c!.§�bÚº§�t§\þ�§�u!d!s!c!b!t�k12�§©

�±e8éµ

{u, d}, {s, c}, {b, t},
{u, d}, {s, c}, {b, t}◦

ù�¥§§�d!s!b�−1/3>Ö§u!c!t�+2/3>Ö§§�Që�r�p�^që

�f�p�^"��5¿�´§<��8vkuygd§�§=uyn��|½´

�é��§�åP3�å"�d§<�JÑ
§�B4§=ùn�§�½��§�

ØU�<a�»�b`"

£3¤0f.0f´D4�p�^å�âf"U�»¥âfm��p�^§éA�

ko«0f§=Úå�^0f→Úåfg§>^�^0f→ 1fγ§r�^0f→�
fgk, 1 ≤ k ≤ 8§f�^0f→¥mÀÚfW±!Z"Ù¥§Úåf!1f!�fÚ¥

mÀÚfZØ�>Ö§W+ ÚW−©O����>Ö½K>Ö"

£4¤rf. rf©�fÚ0fü«"Ù¥§�fÚ¥fdn�§��¤¶0

fd��ü�§��¤"rf´âf�õ���[x§®uy�õ�Az�§§�

=ë�r�p�^që�f�p�^"
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£5¤F�dÀÚf. F�dÀÚf´âfIO�.ýó��«ÀÚf§b�Ù

3f�p�^¥¦¥mÀÚf¼��þ"2012c7�§î³ØfïÄ¥%£CERN¤

3�.rféEÅLHC¢��§\Ùuy
F�dÀÚf"

L3.2¥§�Ñ
<�®uy�61«âf�Ä��¹"

âf¶¡ «a � �âf Úê ê8

�f 2 3 ¤é ÃÚ 12

§� 2 3 ¤é 3 36

�f 1 1 g� 8 8

W±âf 1 1 ¤é ÃÚ 2

Zâf 1 1 g� ÃÚ 1

1f 1 1 g� ÃÚ 1

F�dâÀÚf 1 1 g� ÃÚ 1

L3.2. âfÚOL

13!zÆ|Ü

ØÓuïÄÄ�âf�Ôn|Ü§zÆ´3©f!�f§�)��!©f!lf

£ì¤!zÆ���¡ïÄÔ��|Ü(�!5�!�)�Cz5Æ§́ <a@£Ô

�.§?MEÔ��Ì��{"î�Æ¬w�¨f§<3ég,@£þ�Û�

57,/¤�Æ�U3�½^�§=�Æ(Ø¤á�g,�<�^�e?1A^§

ÑÖu<a�¬�uÐ§@«Ã!��A^3�½§Ýþ7,E¤<aég,��

6§%�X<a�Ù¦)Ô�)�"~X§zÆó�)�¥@
g,ØUü)�¢

ïÔ§ü��g,.7,K��¸§Ï���8F§<a¿Ø�Ù�»�N$15

K§=´3�
ÛÜ���5ÆÄ:þJÑ
�
@�b`"

3.1.©f(�. ©f´Ô�¥U
Õá�3��é½¿�±TÔ�ÔnzÆ

A5���ü�§´d�fUì�½��Ü^SÚ�mü�(Ü3�å����

N"ù«�Ü^SÚ�mü�¡�©f(�§�9�f��m �§3é�§Ýþ

K�zÆÔ���A5!45!��/G!ôÚ!^5Ú)Ô¹5§��(�zÆ

�«a§�)��!��±9��n���m��¡�k'"?Û��©f§aq

uã3.24§Ñ´���mIÒã§Ùº:IÒ��f§>�IÒ��fm�è"©f

¥��f|Ü�ªÚ�m(�´��E,�§k
©f�d���f�¤§¡�ü

�f©f§X±!C!��"ü�f©fQ´�fq´©f¶k
©fdü��f

�¤"~X§�©fdü���f!��z%©fd��%©fÚ���©f�¤"
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�<a)����'�©f�õdü�±þ��f�¤"~X§���©f�¹8

�%�fÚ8���f§��)Ô�©fdAZ�ê����f�¤�"

£1¤��±ÏÆ. zÆ��´äk�ÓØ>Öê��a�f�o¡"��5�

�X����fSê§=�fØS�Ø>Öê4O¥y�«±Ï5�Cz5Æ§¡

���±ÏÆ§�uy¤kÔ��¤��§?���±ÏLJø
^�Ú©Û�â"

5¿§��±ÏL¥����¤
é©fº:IÒ¥�IÒ8"é��±ÏÆ�z

���´�I��$�Å§¦JÑ
1�Ü��±ÏL§�ã
��±ÏÆ�Ä�

�:§=µ�r��U�fþ��^Sü�§��35�þ¥y²w�±Ï5¶�

�fþ���û½
���A5¶�U��±ÏÆ�±ýÿ����¶���,�

��Óa���§�±?�T����fþ�"

ã3.26 ��±ÏL

��±ÏL�Ô�(�½�Ô|ÜnØJø
�*�â§�ýÿ#���(

�Ú5�Jø
È4��¢"~X§3�$�ÅU�fþ4O�^Sü����§

k4� ��IÑ�f§3AT���ÎÒ�/�%�
��¯Ò§Ï�¦ä½v

AT�7áuÓ�x§3W�v�mAT�3X����§3Ñ
��� "a

q/§3 ��!����m�A3e� "¦ýó
ùn�������fþ

�45!68!7095�§·¶�a'!a¾!a7"ùn«��©O31875c!1879c

Ú1886c��Æ[uy"

£2¤�f(Ü. �f½lf�6u§��m�(Üå§=zÆ�(Ü3�å§

�¤©f"ùp§lf��f½�fÄì��½����½A�>f/¤��>

Ö�âf¶zÆ��XÀÔ©fS½¬NS���f½lfm�^å�Ú¡§�)
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lf�!�d�!7á�n«"ù�¥§lf�´d·>�^§ÏL�fm>f=£

/¤�Klf"lf����´·>�^§�)Ò!�lfm�·>áÚÚ>fm!

�fØm�·>ü½�^¶�d�ÏL�fm�^�é½õé>f/¤�"���

fkA��¤é>f§B�±ÚA�g^�����>f�é¤�"U�^>fé

�ê8§�d�kü�!V�!n��«©¶7á�Ì��3u7á¥§́ �«U5

��d�§dgd>f9ü�¤¬�G�7álf�m�·>áÚå|Ü¤"

lf��^3��ÎÒmþ�L«Ñ¤��!K>Öê�ÎÒ§=Xn+½Xn−L

«"ùp§XL«��ÎÒ½�fì�zÆª§Xmþ��n+½n−L«��½��
�>fê§/+0½/-0L«lf��´�>Ö½K>Ö"~X§a�f����>

f�¤�alfK+§Å�f¼���>f�¤�ÅlfCl−¶zÆ�^ë��f½

lf�>þ�IÒL«§Xã3.27£c¤¤«"

ã3.27 NaCl�lf(�ã

£3¤©fª�þ. ©fª´^��ÎÒL«©f�|¤9�é©f�þ�zÆ

ªf"©fªØ=L«Ô��|¤§§�UL«Ô����©f9Ù¤©!©f¥

����f�ê8!©fþÚ�¤©���

þ'��¤"~X§��©fª�O2§L«�

��©fdü���f�¤¶Y©f�©fª

�H2O§L«��Y©fdü���fÚ��

��f�¤¶���©fªC6H6L«��d8

�%�fÚ8���f�¤§Ù�G(�=é

A�IÒã�ã3.28"

²Lÿ½§����f��þ�1.674 ×
10−27kg§����f��þ�2.657×10−26kg§ ã3.28 ��©f(�

��%12�f��þ�1.993 × 10−26kg"�d§���©f��þ�2 × 2.657 ×
10−26 = 5.314×10−26kg§��Y©f��þ�2×1.674×10−27kg+2.657×10−26kg =

3.0018×10−26kg§����©f��þ�6×1.674×10−27kg+6×1.993×10−26kg =
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1.29624× 10−25kg"dd§���f½©f��þé�§̂ uO��~�æ�"

��/§<�æ^�f��é�þ�x�f�þ"���f��é�þ½Â�

%12�f�þ�1/12§{¡��fþ"~X§��fþ�12× (1.674×10−27/1.993×
10−26) ≈ 1§��fþ�12 × (2.657 × 10−26/1.993 × 10−26) ≈ 16§%�fþCq

�12"éA�§�©fO2�©fþCq�32§Y©fH2O�©fþCq�18§��

z%CO2�©fþCq�44§��C6H6�©fþCq�78�"

5¿§<3Àúþ�Û�5§é�*âf§�)�f!©f�*ÿÃãÿØv±

éÙSÜ[�(�!$Ä½Cz?1*ÿ§�Um�/æ^¢�êâ§X1Ìêâ

�êÆ$��(Ü§é�
{ü�©f(�§XY©f/GÚ�m(�?1�äÚ

ýó"Ó�§©f(�¥��Ü©?uëY�$Ä¥§�§Ýk'"d	§©f¤?

���!��!í�!M)3M�¥½áN3,�Ô�L¡þ�ØÓ§(½�©fº

��ØÓ"ã3.29¥�Ñ
Y©f��3�m��Ü(�§±9��Y©fH2O¥

ü���fHÚ����fO��Ü/G§X���105.3o�"

ã3.29 Y©f�¤

3.2.zÆ�A. zÆ�A´©f3�½^�e»�¤�f§�f3�m#|

Ü)¤#©f!�)#Ô��L§§Ù��´zÆ�ä��/¤�L§"��/§�

±UzÆ�AÔ�)¤Ô�a.©oa§=zÜ�A!©)�A!���AÚE©

)�A"ù�¥§zÜ�A´dü«½ü«±þ�Ô�)¤�«#Ô���A§�A

ª�A+B → AB"~X§�í-�)¤Y��Aª�2H2 +O2 → 2H2O¶©)�A§

=�«zÜÔ3A½^�e©)¤ü«½ü«±þ�{ü�ü�½zÜÔ��A§

�Aª�AB → A + B"~X§Y3�6>�^e�©)�A2H2O → 2H2 + O2¶

���A§��«ü�Ú�«zÜÔ)¤,�«ü�Ú,�«zÜÔ��A§�

Aª�A + BC → B + AC"~X§c�\Dí�¥�����AFe + 2HCl →
FeCl2 + H2µE©)�A§=ü«zÜÔp���¤©)¤ü«#�zÜÔ§�A

ª�AB+CD → AD+CB"~X§�w¥Ú�AHCl+NaOH → NaCl+H2O�"
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£1¤Ô�Ø«½Æ. Ô�Ø«½Æ=Ô�Åð½Æ§´�Ô��3äk�Ã

�![ð!ýé�5�§=ÃØ3<�ÀúeÔ�u)Û«Cz§Ù�¤Ä�Ø

¬���Ø¬³��)�§�Ud�«|ÜÔ�=z¤,�«|ÜÔ�§d�«

/�=�¤,�«/�"Ô�Ø«½Æ3zÆ�A¥�Ly§´ë\�A��«

�AÔ��f3�Ac��f£��¤�«avkUC!�f£��¤�ê8vk

O~Ú�Ac�Ô��þvkCz�Åð�n"âd§<��±ïázÆ�A�

§ª§=A1 + A2 + · · · + Ak = B1 + B2 + · · · + Bs��ª"ùp§Ai, 1 ≤ i ≤
k´ë��A��AÔ§Bj, 1 ≤ j ≤ s´�A���ÑÔ§I÷v

∑k
i=1 m (Ai) =∑s

j=1 m (Bj)§
∑k

i=1 n (Ai) =
∑s

j=1 n (Bj)§
∑k

i=1 o (Ai) =
∑s

j=1 o (Bj) n��ª"ù

p§m(A), n(A), o(A)©OL«Ô�A��þ!¹k��f�êÚaO"~X§3�

��A�§Fe+ 2HCl = FeCl2 +H2¥§�Ack��cFe�f!ü���fHÚ

ü�Å�fCl¶�A�Ek��cFe�f!ü���fHÚü�Å�fCl"

£2¤Ô�M#. <a)�^��Uõ�ézÆ�A�@�k'"(��`§�

´<aé�f£lf¤zÆ|Ü�@�§A^zÆ�AMEÔ�Uõ
<a�� 

41�)�^�"ùp§~Þ�
zÆ|ÜUõ<a)�^��¯~9éA�zÆ

�§ª"

1¤».»´<a©²�å§́ <a©²�I�"<a@Ï�Ì��zÆuy�

�´»§=æ^ä{½Zú��í¥��íO2u)zÆ�A)»§�� Ô½�æ§

¡�-��A"ùp§ä{½[úÌ�¤©´%C§¿©-��)¤��z%CO2§

Ø¿©-�)¤��z%CO§�A�§©O�C +O2 = CO2 Ú2C +O2 = 2CO"

Ó�§»�´�«-�U§��<a��¬¢�JøÄå"~X§̀ �!Ë°

3�í¥-�CH4 + 2O2 = CO2 + 2H2O!C2H6O + 3O2 = 2CO2 + 3H2O§±9ð

h3�í¥-�2C8H8 + 25O2 = 16CO2 + 18H2O§�uÄÅJøÄå§*�<a

3º!°Ú���Ñ1���"

2¤á�. á�§��©�7á!Ü7Ú�7áá�§́ I¬²L!<¬F~)

¹9I�ó�!�ÆEâuÐ7Ø���Ä:á�Ú��ÔÑÔ]§Xàä!Å

�"�!F~[^¬!�Å!��!¥(§±9>À!ÏÕ!X�!O�Å�ÑlØ

m7á"7ádæ8�¶�Jõ§́ �X��f|§=zÆ�AL§"~X§õc

±�(�-�§�)õcÚØU�ó²§ÙzÆ�AL§Xeµ��(-�Jp¬

§C+O2 = CO2¶��(��)¤��z%CO2+C = 2CO¶�õcFe2O3+3CO =

2Fe+ 3CO2¶�Ø,EUCaCO3 = CaO + CO2§CaO + SiO2 = CaSiO3�"

��!��Ún��Ü¤á��
<a�)�)¹Jø
B|§��dÓ�§

�é�¸E¤�½�K�"ù�¥§���Ì�¤©´ä�§́ <a�)�)¹¥
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Ø�½"�7I¬§X��+á!�á!����!���!«!!��!́ �¶Ü

¤��´d$©fÔ�Ü¤��a�5AO��.pàÔ§2�^uÓ�!��

�¶Ü¤n�´d,
$©fÔ�²àÜ�A�¤��/pàÔ§XZ9!*×Ú

<E�f(àZL�)�§äkF�!F¡!Ø Y�A:"ã3.30¤«�§́ F~)

¹¥~��àÅ¯L��9Ù�A�§"

ã3.30 àÅ¯L��

ïÓá�§�)gá!7á!YY!<!�!â!�!>b!Àæ!��§±9

�
EÜá�!¤¬!�¤¬�§4�/Uõ
<a�Ø4�¸"ù�¥§YY�

â�!Yu)zÆ�A/¤�½rÝ�·vè§�¤
ïÓó§Ø�½"�|�"

~X§7�íYY�â��ÜY�§Ù¥�Ì�Ù�¶Ô�Y��A�§ko�§

©O�3CaO · SiO2 + 6H2O = 3CaO · 2SiO2 · 3H2O + 3Ca(OH)2§2CaO · SiO2 +

4H2O = 3CaO · 2SiO2 · 3H2O+Ca(OH)2§3CaO ·Al2O3 + 6H2O = 3CaO ·Al2O3 ·
6H2OÚ4CaO ·Al2O3 ·Fe2O3 + 7H2O = 3CaO ·Al2O3 · 6H2O+CaO ·Fe2O3 ·H2O"

�ª§/¤·vèù«ïÓþ��«Ì�|�"

3¤�Ô. �Ô´K�ÅN)n!)zÚ¾nL§§̂ ±ý�!�ä!£�;¾

ÚOy)��zÆÔ�"zÆ�¬§©��ÔzÆ�!zÆÜ¤�!|)�!�Ü¤

|)�!)ÔzÆ��"zÆ�¬�)�L§d���Ú�J|¤"Ù¥§���

´�¬)��Ô�Ä:"ØÓ��ÔkXØÓ�)�A:§)¤ó²��Xeµ

ã3.31 zÆ��ó²

��L§¥§�Ié¢Y!¢íÚÙ¦¢ïÔ?1Ã³?n§±�o)��¸"
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z�§�)��!��!a�!��!EÜ���§äk¤©üX!�©¹þp§

��¯!�§�§äkUõè1�å§Jp�Ô�þ�A:¶à�´�o�Ô§£

nà�Ô)�¥u)�¾Áúà³§~��þ���Ì���£����§́ à�

)�¥�9Ï¬"�z�!à��¦^§�½§Ýþ¬E¤è17áÚkÓ��§

XZn!Cu!CoÚCr�O\§è1�z��!�z\ì§à�3�Ôþ�í3§�³

<aèx�B�^§I?�ÚéÙ|°Uû§3A^þ?15����"

14!)Ô|Ü

)Ô��)Ô�é§́ �3g,^�e§ÏLzÆ�A)¤�äk)�Ú��

Uå�)·N"§�é	.�e-�Ñ�A§�	.��¸�pr?§�äk¢D

�CÉ�A5"ùp§¢D´��f�m±9f��N�m5G�3�q5§=5

G�±l��D4�f�"î�Æ¬w�¨f§��<�ÇÚ!�p!Ê!ú«!

&f!eCÚ�ù/G�§¬¢D�f�§=f��ù
A��I��q"�d§3

�*âf½´zÆ|Ü�Ä:þ§)Ô|Ü�õ�´ïÄ)ÔNÄ�§=[�|Ü§

±9¢DÄ�§=ÄÏ|Ü§?é)Ô�5G?1©Û!�äÚýÿ"

4.1.)Ô÷*XÚ.)Ô�(��g§d����g�[�!|�!ì(!XÚ!

�N!«+!+á!)�XÚÚ)Ô�"ù�¥§[�´)Ô�¤Ä�§<ú���

XÚ§X)Ô)¿(����|�!ì(!«+!+á!)Ô+�¡�)Ô�÷*X

Ú"5¿§<�g,�NuÐ�cJ§́ <�Ù¦)Ô«+�Ú��?"�d§I�

é)Ô§�)�ÔÚÄÔ�|Ü(�l÷*��*?1@�§�o)��¸§?

�o<agC�[	"

£1¤+á. +á´)Ô«+|Ü�Ô§�)¹3��«�S��Ô!ÄÔÚ�

)Ô��«)ÔN�¤�8Ü§́ ØÓ)Ômdp|!�)!¿�!M)!Ó �«

+'X/¤���kÅ|Ü�N"~X§,/

��Ü�¥����Ô�Ù¥ÑE�ÄÔJø

4?Ú Ô§,
ÄÔ±Ù¦ÄÔ� §è1¥

)���þ�)Ô�©)á�í®�)�§|

¤ù�/«�)Ô+á"��+á�/¤§�

±l��à/§=��l5vk�Ô)��/

ãþ§Ï//C[!íÿCz!)Ô�^!<a

K��Ã¥)k§��±���
®k+áÃ ã3.32 )Ô+á

¥)k"��/§��)Ô+á/¤�¬k��u�!CzÚuÐL§§�)·A
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G!!íÿCzÚ«+�#�"+á3(�þ§©��m(�!�m|�Ú«a(

�n«|ÜA5"�m(�§��Ô©�§=ØÓ�Ô)¹3�å§§��E�ì

(��3ØÓpÝ½�Ý)/¤�/þÌZÚ{�!/e�X�©�¶�m|�§

�+á)Ô3�mþ�p/Ö¿§~X§�Ü©�Ô)�3S¢G§�Ü©�Ô)�

3gG¶�
ÄÔxU¹Ä§�
3�³�¹Ä§�k�
ÄÔS.u�m¹Ä�¶

«a(�§=z��)Ô+ád�é�½�«+�¤"Ù¥§z�«+ÓâXgC

�)��¸§¿�3UE+á�¸^�!|^�¸]��¡åXÕA��^"

£2¤«+. «+´d)Ô�N�|Ü�Ô§dÓâX�½�m�Ó�«)Ô�

¤"«+´?z�Ä�ü §ÏL���XX«+��û§ò«+ÄÏD���"�

�«�,«)Ô�Õ�½õ�§���ûuT«)Ô���Uå!«fDÂå»±

9T«��]Ú)Ô)��mN��^��û½§¿ÏL«+S�g·N!±�

±Ù�é½"

5¿§+á�«+m�'X�±^IÒãL«§=^º:L«+á¥�«+§

^º:m�>L«�p�6!�pK��ü�«+"@o§+áÒ´��IÒãGL"

Ó�§+á��±^IÒãGL�Ä�Cz§�xÙuÐCzL§"~X§,�aÔ

«�Ñy½´��§éA�´ù�IÒãþO\½´íØéAùaÔ«�º:§X

ã3.33¤«"Ù¥§£a¤´Ô«6���§£b¤´+á¥Ñy
Ô«7§±9Ù�+á

¥Ù¦)Ô�'X�"

q
r

r r

r
r @

@
@

r r
r r

r
Ô«1 Ô«2 Ô«1 Ô«2

Ô«3
Ô«3

Ô«4Ô«5 Ô«4Ô«5

Ô«6 -

£a¤

@
@@

PPPP

-

r r
r r
r r

r rr r
r
rs

r
Ô«1 Ô«2

Ô«3

Ô«4Ô«5

Ô«6
Ô«6

Ô«1
Ô«7

Ô«2

Ô«3

Ô«4Ô«5

£b¤

ã3.33 )Ô+áCz

�?�Ú§��±3z�º:þI½TÔ«�A5§Xêþ!pÝ!«+Ó/«�!
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¡È�êþ�I�¤�õ�ê|v§̂ v�Cz�x)Ô+áGL�Cz�"aq/§

«+��N�'X��±^IÒãGL�x"Ù¥§º:8��¤«+��N8Ü§

>8��3�p��'X§X�ó!If'X��¤�8Ü"

£3¤�N. )Ô�N§�)ÄÔ!�ÔÚ�)Ô´)ÔS��«|�!ì(Ú

XÚ�|Ü�Ô"ù�¥§�ÔÚÄÔ�	/(��é{ü§ÑäkäG(�"<

aé)Ôõc�*	¢�§±9é)Ô�N�)¿L²§�Ô�N�¤���´²

«fu�/¤r¢§r¢²L�ã�m�)�¤��¿äk�!ª!��E�ì(

��¿§�¿)�u���½�ÿm©/¤sÞ§,�´ms!(J§¢y�Ô�

û�L§"ùp§sÞ�/¤=�Ô)�)��m©§ms!(JL²Ùä�
)

��ûe���õU"

5¿§�ÔE��Ñxkü^´»"�^E�Ñx´de�þ§=��Ô�á

ÂY©Ú�©§de�þøA{ZÚ�¡¶,�^E�Ñx´dþ�e§ÏL�Ô

�¡�1Ü�^�E%YzÜÔ§dþ�eøA{Z!�X�¤IE�"Ó�§º

�ù�L§�)��í"~X§��ä�E�Ñxdä%Úä��¤"Ù¥§ä�

$ÑY©Ú�©§ä%$Ñ�¡�E�1Ü�Ô§ù�L§�±dä�IÒã�x"

ã3.34¥§£a¤´��ä�ä�!äZ!ä{Ú�3/þ!/e�©ÙG¹§£b¤´

ÙE�ÑxXÚ§́ ��IÒäTL"

ã3.34 �ÔE�áÂ�Ì�

ÄÔ�	/(�§Xã3.3¤«�����IÒä"�ÄÔ���«3�/þ1

r�)Ô§I�ä�Ä�õU§Ù(��,Ø¬ùo{ü§�ÙNS��zXÚ!�

áXÚ!Ì�XÚ!�¼XÚÚS©�XÚ��õU�Ø�©"3ù�:þ§ÄÔ

á�E��L§��Ô²d�Xá�Y©ÚE�!�¡á�%YzÜÔØÓ§́  

Ôd�n² �?\��z§2²d�Ú�áÂE�Ô!üï¢Ô�L§�±^�

�PL
6 IÒã�x§�ã3.35£c¤"Ù¥§£a¤´��S9©Ùã§£b¤´E�3NS
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�zXÚ£�!�¤!�áXÚ£¡!��¤!Ì�XÚ£%!�B¤!�¼XÚ£_!

ÿ¤ÚS©�XÚ£%9¤¥Ì�§�±^IÒãCL
5�x"

ã3.35 ÄÔE�áÂ�Ì�

<aSú����)Ô§X��!(z�§dÿjNÚf¢NüÜ©|Ü¤"

Ù¥§ÿjN´E�ì(§dÿjp�MÜ/¤§kî�§/ºà)���§�õ

xÚ![�§�fG¶f¢N´��ì(§3¤Ù���r m��Ð"��¤Ù�

��½(z3(�þ§dÿj!ÿY!ÿ�!ÿX�|¤§���IÒä§Xã3.36

£b¤¤«"

ã3.36 ��(�ã

4.2.)Ô�*XÚ. �Ôd�f!©f�¤§)Ô�Ø~	§�´�f!©f�

|ÜN")Ôk)·!PÁ§�kÑ)!¤�!F�Ú�����L§§ù´)Ô

kOu�»Ù¦Ô��;.A�"�d§)ÔØU{ü/w�´�f!©f�|Ü§

I3dÄ:þ§u÷)ÔÚPÁÄ�§=[�ÚÄÏn))Ô§�)<agC"

£1¤[�. ��¤Ô��Ä�âfaq§[�´�¤)ÔN����Ä�õU

ü §äk�)Ô¤I�Ô�$Ñ!Uþ=�!&E=�![�£O![�|±�$

ÄÚ[��z����Ä�õU"Ø¾Ó�	§)Ô´[�3�½�m(�e�|
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ÜN§Xã3.37£a¤¤«"[���©��Ø[�ÚýØ[�ü�a"Ù¥§�Ø[

�¥vk;.�[�Ø¶ýØ[�kØ�ò[��Ú[�Ø©��ü�Ü©"3>

fw�ºe§ýØ[��±©�[��![��Ú[�Øn�Ü©§�ã3.37£b¤"

(a) (b)

ã3.37 [�(�

ùp§�[��´��3[�L¡��4���§Ì�¤©´�aÚ�x�¶�[

��dÄ�![�ìÚS¹Ô|¤§?3[��±S![�Ø±	§�¥�ß²!þ

��G�§Ê¢5�$"ùp§Ä�´[��¥Ø�[�ì±	�þ��ß²��

GÔ§Ì�¤©�Y!ÃÅí!lf!|a!0a!RÄ�!Ø��§±9�x�!

��x!õ0!RNAÚsa¶[�ì´[��Sk�½/�(�ÚõU�kÅ¤©§

�)¶�âN!Ø0N!S��!p�ÄN!MsN!L�zÔsN!¥%â!�+!

�jÚ¥�n��¶�[�Ø´)Ô¢D&E;�|¤§dØ�!Ø;!/Ú�!Ø

Ä�ÚØ�e|¤"Ù¥§Ø�dü�ü��¤¶Ø;´Ã�������¥/(

�§ÙÌ�zÆ¤©´RNA!�x�Ú�þDNA¶/Ú�´¢D&E�1N§¥4

[�n�G¶Ø�e´ýØ[�SØØ�!/Ú�ÚØ;	�d�|�xn�|

¤��ä(�"

��)ÔN�¤±k)·§¬d�

��§�ÙNS�[�O�Ú©z§=

[�©��)#��N½#�[�§±

O\!Ö¿NSPP½k��[��

'"[�©���kj©�§Ãj©�§

~ê©��n«�ª"Ù¥§kj©�

´<!ÄÔ!�Ô!ýÿ�ýØ)Ô¥ ã3.38 [�kj©�

��«ÊH�ª§́ ýØ[�O��Ì��ª"ù�¥§[�©z�Ó�5�[

���)Ñ/�(�!õUA���Ø�Ó�[�a+�L§§Ù(J¦�[�3

�m!�mþ�)�É§�Ùlc�G�ØÓ"
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[�PP´[�O��©zUåÚ)nõUu)Pò�§X[�ØO�§/Ú

�và!� !��§��ÊÝO\!6Ä5ü$§�âNê8~�!NÈO�§Ø

�S��Ly"�A�§[�k�´)·�(å§�)[�ÌÄk�!§S5k�!

[�I�Ú[��Äk���/§́ �±|�ÅUÚ/�¤7L�)ÔL§"

¤c<Nþ�[�ê��4×1014−6×1014�§�M�[�ê��1.2×1010�§

Bú[���4.9 × 106�"�'�e§��o��Bú'<(¯§Ï���Bú[

�ê��2.205× 108�§́ <�45�"

£2¤ÄÏ. ÄÏ´�3u[��/ÚNþ�)ÔN¢D�Ä�ü §́ /ÚN

þ�k¢DÕE�DNA¡ã")Ôy�¥§��of�ÚI�	m��§��o�


;¾I�¬D�f�§�¦��m�Ä

ÏØÃ'X"��/§ÄÏ;�X«x!É

.!)�!)�!I��)·&E§kü�

A:§�´§¢/?1g·E�§�±I�

�Ä�A�¶�´U
/âC0§3(�þ

u)wÄé|Ü½ü�^S�UC§3�

��Ly¥ÑyI�l�k�5G" ã3.39 ÄÏ
<aÄÏ|´d23é£�46�¤/ÚN�¤��mVÚ^(�§�ã3.40£a¤

Ú£b¤"Ù¥§z^/ÚN�¹k1-2�DNA©f§z�DNA©fþkõ�ÄÏ§z

�ÄÏ¹k¤zþZ�ø�Ø��"Ó�§ÄÏ�ÄÏmk�ã�U¹kN�S�

Ú�?èDNA�ÄÏ¡ã"<aPk24«/ÚN§Ù¥�22��N/ÚN§,	ü

�/ÚNû½5O§=X/ÚN�Y/ÚN"d1Ò�22Ò/ÚN�?Ò^S§��

ÎÜ¦�d����º�ü�"Ù¥§���/ÚN�¹k2.5 ·�wÄé§��

��k3800��wÄé"éA�§ê�N[�¥k32é/ÚN§¼�k31é/ÚN§

Â�k19é/ÚN�§þ�VÚ^IÒã(K2 × Pn)L , n = 23, 32, 31Ú19"

(a) (b)

ã3.40 ÄÏ(�
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ÄÏ�±{ün)�)·5GÑy��Ï§©�?è�x��ÄÏ!vk�È

�Ô�ÄÏÚØ=¹�DNA«ã�n«a."z�ÄÏ3/ÚNþÑkgCA½

� �§;�X)·5G�¢D&E"Ù¥§Óâ�Ó ��kØÓ/��ÄÏ¡

�� ÄÏ"g,+N¥Óõê�� ÄÏ¡��).ÄÏ"�éu�).ÄÏ§

Ù¦� ÄÏ¡�âC.ÄÏ"

ÄÏQ,´)·¢D5G�ü�§�<a��
;¾§Xxz¾!pÉØ!0

k¾!)%¾!��!�F¾�7,kX��½m�'X§z�<�ÄÏ�)è5

���k,
;¾�/SÏ0"@o§́ Äk�U±�Ñ<a�ÄÏ|ãÌ§Ýº<

�)P¾k5Æ!;¾��äÚ£�§¢y<aèxuÐQºùÒ´<aÄÏ|O

y§=�ªÿ½|¤<a/ÚN�¹�30·�wÄé|¤�Ø��S�§E£Ù1

k�ÄÏ9ÙS�§éÑ§�3/ÚNþ� �"

<aÄÏ|Oyd{I�Æ[u1985cJÑ§õ�I[ë�§u1990c�ªé

Ä§2003c�ª�¤<aÄÏãÌ�±�ó�§é)ÔÆ!��ÆD���)·�

Æ�uÐ�)
�K�"~X§ÏL ���§Ïé��)ÔzÆõU�;¾Ä

Ï§?çÀ�Ô�q:§ïuq��Ô§é�¬5�'�JÄÏ!¬5³�ÄÏ

�?1q�£��ïu�"

£3¤�)Ô. <aJ±^Sú��*	���)Ô¡��)Ô§�)[ÿ!¾

Ó!ýÿÚ�ê>a�"�)Ô�<a�)�Ú)¹EEk'§é/¥íÿ�Cz

åX��^§�<aèx���'"~X§�
 ¬!ó�¬Ú�¬��6u�)

Ôu��"�±`§XJvk�)Ô§�þ�)ÔÒ��
Ù7I�E�5§Ä

Ô!�Ô�íNÒÃl©)§Òvkg,.��J��S"

£a¤[ÿ £b¤COVID-19¾Ó £c¤ýÿ

ã3.41. �)Ô

ù�¥§[ÿ´�a[�[á!(�{ü!�9j>§õ±�©��ª��Ú

Y)5r!ü[���Ø)Ô§�ã3.40£a¤¶¾Ó´�«vk[�(���$?�

)·N§�UM)3,«A½�¹[�SâU)¹"¾Ó��d��½õ�Ø�©

f|¤§Ù	¡k���x½��x��o5	�§¡���§dØ�Ú���x
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¤�¤"�E,�¾Ó	�d��Ú0�x�¤��"ù�¥§)G¾Ó3©aþ

á)G¾Ó�§�F�§k��§��þ�35â§ØÓ�)G¾Ó�5âk²w

��É§Úå�<a;¾Ì�´�áXÚa/�"ã3.40£b¤¤«�§́ 2019cå

3�¥DÂ�#.)G¾ÓCOVID-19"��5¿�´§3|ÂCOVID-19L§¥§

�õæ�é¾Ó���ÄÏ?1ÿS�±
)¾ÓÑy�Þ!C«��¹§?

�¾k�é5�����¶ýÿ´�aýØ)Ô§Ù[�Ø¹�ÉN§�vk�

N§́ É�)Ô§�)M)Ú@)ü«§=lÄÔ!�Ô¹N9Ùü�Ô!Ä�Ô�

N±9è1@��¥áÂÚ©)Ù¥�kÅÔ§©��1ÿ!tÿÚ�.ýÿ�n

a"<�Sú����.ýÿ§X��!7�!Æ¬�¶>a´�)��aY)ýØ

)Ô§©�2i>a!£2>aÚ.Ñ>a�na"�õê�>a3)¹¥I��

í§̂ Ù�«�ÉN©f?11Ü�^"

4.3.Ô«Uû.Ô«Uû´|^)Ô¢D5U§UõÙ)���~�ê!�¸^

�½´ÄÏS�§X`�!,�!=ÄÏ��{§¦)Ô,
¢D5G��Uû§X

OrY�|�Ï!|¾Á³Uå�§±�o)Ôõ�5§¢yO�OÂ�8�"

£1¤,��«. �ØÓ«!á½¬«�Ä!�Ô?1����V�ÄÏ#|

Ü��f���{",«`³´)Ô.�«ÊHy�§XÛ|^ù«`³Jpà

�Ô�þÚ¬�´à�J¦§ÙØ%3u�«§���)J`À�,���!Á�

«�,���!«��,«á�!J`ÀÑp�!̀ �!5GÐ�¬«�L§"

,�Y�´à�Ô,�O����;.~f"���à�ÔØÓ§Y�´gs

Ç®�Ô§_<`)3Ó�ùLsp"?1ØÓ�«�,�§k�ò��¬«�<

`�<½àk§2ò,�¬«�<`s®Ç��<�@�¬«"~X§üX,�Y

�|^�´1§¯Ø�XY�"ù«Y�3gG½�Fì!p§^�eLy�<5

Ø�§3¢G!áFì!$§eqC¤
�~�Y�§gC��gC"

d	§,�Eâ�ÊH^u��!pú!��!Yè!�i!Áè!�F¾!Ü

=s�à�Ô��«ÚO�"

£2¤g�. g�´ò`û¬«�{

½Þ£��,��¿þ§¦§�)�3

�å/¤��Õá�#�¿���

�{"���§���{!Þ���§

«É����¿¡�ÿ7"g���n

3u§�����ÿ7(ÜÜ /¤�

9[��2)Uå§/¤�Ü|�§¦ ã3.42 g�

���ÿ7��(Ü§?¦��Úÿ7�5�Ñ�|��ë�§¦üö��©!
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Y©þe�Ï§/¤��#��¿"s7~^�g��{©�{�!Þ�Ú���

n«"g��§�¿�±Or|¾Uå!JpF$§Uå!k|u�Ñë��³§*

�
�XáÂ��ÚUå§?Jpà�Ô�þ§÷v<a�)�I¦"

£3¤ÄÏEâ. (½
)Ô�ÄÏãÌ�§�«�����{´²dÔ«�Ä

ÏS�UõÔ«§¿ddmuÑ
=ÄÏÚÄÏ?6�ÄÏEâ§Ù¢�´éÔ

«ÄÏS�§=ÄÏ�|Ü(�UQ½8I?1Uû"

=ÄÏEâ´r��)ÔN�ÄÏ=£�,��)ÔNDNA¡ã���)Ô

Eâ"���DNA¡ã�=\,��)ÔN§�T)ÔN���ÄÏ|?1|§

Úu)ÔN5G!�¢D�?»UC§2l|N¥?1<óÀ�§��Ñp�!̀

�!|¾Ó!|Á!|»!|Â!|U!

|íw!|ØúJ���Ô#¬«§¼

�äk½Ly�¢D5G��N"

ÄÏ?6Eâ´�«|^ÄÏã

Ì§ÏLöpCRISPR/Cas9ùrÄÏ

}§�}m�^��§íØ½\\¹

NÄÏS�þ���ãDNA§é)ÔN

ÄÏ|A½8IÄÏ?1?6§¢yé
ã3.43 =ÄÏ�ÄÏ?6

A½DNA¡ã�?»Eâ"ùp§CRISPR/Cas9´[ÿÚ�[ÿ3�ÏüzL§

¥/¤��«·A5�¼��§�^5é|\��¾Ó9	DNA"

=ÄÏ�ÄÏ?6�Eâ«O§3uÄÏ?6Eâ}�½\\
=�ãDNA§

±93�o ��Ù§��§Ýp¶=ÄÏ3�o �\\,��)ÔN�DNA¡

ãØ�Ù§Ø��§Ýp"lù�¿Âþw§ÄÏ?6Eâ'=ÄÏEâk`³"

�N�½?Ug,/¤�Ô«ÄÏS�§Ø+´=�«ÄÏEâ§î�Æ¬éå�

`§Ñ´<agCéÔ«ÄÏS��ÛÜ@�½�e@�§I�²d��Ï�¢�

u�"ÄK§Ñ�UE¤éÔ«�g,.Ø�_�ú³§�)<agC"

15!�Ô��

g,.¥§?Û�«¯ÔÑØ´�á/Ñy½�3´ÊHéX����"3

ù«�/e§rº¯Ô�m´@�¯Ô�ý�7²L§",§<3�Ô@£þ�

Û�5E¤<  wØ���¯Ô��m§=Ué¯Ô��
ÝþA�dÛÜ@�

�N"~X§Ô«¤
��ê!)�«�½�mºÝ�"@o§kvk�«Ú���

{dÛÜ@�¼�ùaÝþ��NA�QºXJk§<aÒ�dù
ÛÜ@�*Ð
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�é¯Ô��N@�§?3�½§Ýþrº¯Ô��ý"éd§î�Æ¬w�¨

f§|ÜÆ¥kü�é���n§¡�N½�nÚ|��n§�±��5/)û

dÛÜ��N�Oê§ä½«+,«5���3�"

5.1.«+Oê.Oêq¡�êê§=Ã�XOêé����/ê§̂ g,ê1, 2, 3,

4, · · ·éOêé�Å�IÒ§�E��S�x1, x2, x3, · · · , xn, · · ·"�½��«+½8
ÜS§���Ä��¯K´�¡S¥kõ��¤
§P�|S|§q¡�8Ü�³"~X§
^SL«,ÄÔ	¥�Pm§TÄÔ	��r�
3�Pm§@oÒk|S| = 3"

ÄÔ	r��ÄÔ�±���/êÑ5§�	ÄÔK�U³/<�*	!�O

Úý�§éA�Oê�/�éE,§Ï��	ÄÔ1rÃ>.��§�?Û�«Ä

ÔÑk��Uå§<aI�3�Ï*	Ä:þo(Ù��5Æ§�Ñ«+�5��

�"ÜÅ@êÍ¶�êf¯K§Ò´ùa«+Oê¯K����L"

[ÜÅ@ê¯K] ,�àÅ�Ð�
�é�êf§�êf2��ÒU�¤�êf§

�é�êfz��U
)Ñ�é�êf"̄ 3112��TàÅkõ�éêfº

U¯K�½�^�§·��±ÁX�Ú�Ú¦)ù�¯Kµ

Äk§Ub�àÅ11��k�é

�ê¶12���êv��§�´�

ê§àÅ312��E,�k�éêf¶

13��§�é�ê��¿)Ñ
�é

�ê§ù�àÅk1 + 1 = 2éêf¶

14��§#Ñ)��é�ê�v��§

�é�êq)Ñ�é�ê"ù�àÅÒ

k2+1 = 3éêf¶15��§c¡13� ã3.43 �éêf

�Ñ)��ê��§ä�)�Uå§�±)Ñüé�ê"d�§àÅk3 + 2 = 5é

êf¶16��§c¡14��Ñ)��ê��§ä�)�Uå§�±�Ñné�ê§

�k5 + 3 = 8éêf"

�±ù���í�e�§=��cü��Ñ)��ê��§ä�
)�Uå§

��àÅPk�êféê�cü��êféê\þc����êféê§=17�

�k5 + 8 = 13 é§18��k8 + 13 = 21é§19��k13 + 21 = 34é§110 ��

k21 + 34 = 55é§111��k34 + 55 = 89é§112��k55 + 89 = 144é"ù�§

Ò��àÅ3112��k144éêf"

3ù�¯K¥§é?¿�ên ≥ 3§´Ä�±¦�1n��àÅkõ�éêf

Qºb�àÅ31n��kFnéêf§þ¡�í�L²§F1 = F2 = 1§=11�

�!12��êféê�1§l13��m©§��êféêFn�cü��êfé
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êFn−1ÚFn−2�Ú§=÷v4í'X

Fn = Fn−1 + Fn−2◦ (3.1)

@o§N�¦)�§(3.1)��FnQºb�

F (t) =
∑
i≥0

Fit
i−1 = F0 + F1t+ F2t

2 + · · ·+ Fnt
n + · · · , (3.2)

ùp§F0 = 0"K

F (t)− tF (t)− t2F (t) =
(
F1t+ F2t

2 − F1t
2
)

+
∑
n≥3

(Fn − Fn−1 − Fn−2) tn−1

=
(
F1t+ F2t

2 − F1t
2
)

= t◦

ù�§Òk

F (t) =
t

1− t− t2
=

t(
1− 1+

√
5

2
t
)(

1− 1−
√

5
2
t
)

=
1√
5

(
1

1− 1+
√

5
2
t
− 1

1− 1−
√

5
2
t

)

=
1√
5

∑
n≥1

[(
1 +
√

5

2

)n

−

(
1−
√

5

2

)n]
tn ◦ (3.3)

'��ª(3.2)Ú(3.3)§Òk

Fn =
1√
5

[(
1 +
√

5

2

)n

−

(
1−
√

5

2

)n]
◦ (3.4)

�ª(3.4)ék¿g§Ï�Fn´êf�éê§́ ����ê§�%´æ^�Ãn

ê(1 +
√

5)/2Ú(1−
√

5)/2L«Ñ5�"

ÜÅ@ê¯K¥§vk�Äêf�)P¾k±9]�«1Uå§=êf�±

Ã���O�§ù�,ØÎÜg,5Æ"b�êféê�±Cq/æ^¼êF (t)�

[§�K´]N�Ñy���«+¤
ê§=]«1å§r´êf�S�O�Ç§

Kêf�O�Ç�rF
(
1− F

K

)
§ù�§ÒkLogisitic�§

dF

dt
= rF

(
1− F

K

)
=
rF (K − F )

K
⇒

(
1

F
+

1

K − F

)
dF = rdt ◦ (3.5)
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é(3.5) ªüàÈ©§Òk

ln |F | − ln |K − F | = rt+ C ⇒ ln

∣∣∣∣ F

K − F

∣∣∣∣ = rt+ C ⇒
∣∣∣∣ F

K − F

∣∣∣∣ = C1e
rt
◦

ùp§C1 = eC , C´��~ê"l§k

F (t) =
KC1e

rt

1 + C1ert
◦ (3.6)

b�t = 0�kF (0) = F0"ù�d(3.6)ª���C1 = F0

K−F0
§=

F (t) =
KF0e

rt

(K − F0) + F0ert
◦ (3.7)

é��A½�/«§þã~êr,K�±²d¢�ÿ�Ñ"~X§ÿÑK = 1.2×
106, F0 = 1§r = 0.2311§KàÅ3t��Pk�êféê�

F (t) =
1.2× 106e0.2311t

(1.2× 106 − 1) + e0.2311t
◦ (3.8)

5.2.N½�n. «+Oê�õI��Ù¦«+�ÓO�"î�Æ¬¯å�§b

X\����gÏª�Á§�©�95©±þ�14<§êÆ�95©±þ�18 <§ü�

�Ñ395©±þ�12<"@o§ü��k���395©±þ�õ�<º̈ f�
�§

`µ/32<ºÏ��©395©±þ�14<§êÆ395 ©±þ�18<0î�Æ¬J2¨

`µ/ù32<¥§ü��Ñ395©±þ�12<�)3�©¤195©±þ�14<¥§�

�)3êÆ¤195©±þ�21<¥"ù�§\��Y32<¥§ù12<�EO�
§

I��KEO��<ê"0̈ f`µ/@´20<§���o´20<Ø´32<Qº0

î�Æ¬£�`§ù´8Ü��Oê¯K"8ÜA,Bþ½Â�/¿$�∪0, ´a'

ê�/¦Ú$�0§=rü�8Ü

���3�å|¤��#8Ü§½

ÂA
⋃
B = { x | x ∈ A½öx ∈ B}§

�ã3.45"@o§´Äk|A
⋃
B| =

|A| + |B|QºXJA,B´ê§¦Ú�
uz�ê��\´��Ä�{K§�

éu8Ü$�§|A
⋃
B| = |A|+ |B|´ ã3.45 8Ü¿!�$�

k^��§Ï�8ÜA
⋃
B¥����x�U´A¥��§�U´B¥��§��UÓ

�Ñy38ÜAÚB¥"ù���«�/¡�8ÜAÚB��§P�A
⋂
B = {x|x ∈

A�x ∈ B}§�ã3.45"��/§k�ª|A
⋃
B| = |A|+ |B|− |A

⋂
B|§Ï�A

⋃
B�
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�æ^|A| + |B|Oê�§A
⋂
B¥��EOê
�g§I�~�|A

⋂
B|"��k

3|A
⋂
B| = 0§=AÚB��´�8�§âk|A

⋃
B| = |A|+ |B|"éþ¡@�Oê¯

K§�8ÜAÚ8ÜB ©OL«�©!êÆ©ê395©±þ�<§K|A| = 14, |B| =
18"A

⋂
B´�©ÚêÆ¤1Ñ395©±þ�<§=|A

⋂
B| = 12¶A

⋃
B ´�©½

êÆ¤1395 ©±þ�<§k|A
⋃
B| = |A|+ |B| − |A

⋂
B| = 14 + 18− 12 = 20"

@o§���/´N��Qºkwn�

8Ü��/§=éA!BÚCn�8Ü§3

�o^�ek|A
⋃
B
⋃
C| = |A| + |B| +

|C|" aquü�8Ü��/§ d�I�
n��8A

⋂
B!A

⋂
CÚB

⋂
Cþ��8§

=|A
⋂
B| = |A

⋂
C| = |B

⋂
C| = 0§Ï��

�/§k�ª|A
⋃
B
⋃
C| = |A|+ |B|+ |C|−

(|A
⋂
B|+|A

⋂
C|+|B

⋂
C|)+|A

⋂
B
⋂
C|" ã3.46 n�8Ü

��o¬´ù�QºÄk§d8Ü¿Ú��½Â§k

A
⋃

B
⋃

C =
(
A
⋃

B
)⋃

C,
(
A
⋂

B
)⋃

C =
(
A
⋃

C
)⋂(

B
⋃

C
)
◦

ù�§Uìü�8Ü��Oêúª§Òk∣∣∣A⋃B
⋃
C
∣∣∣ =

∣∣∣(A⋃B
)⋃

C
∣∣∣

=
∣∣∣A⋃B

∣∣∣+ |C| − ∣∣∣(A⋃B
)⋂

C
∣∣∣

=
∣∣∣A⋃B

∣∣∣+ |C| − ∣∣∣(A⋂C
)⋃(

B
⋂
C
)∣∣∣

=
∣∣∣A⋃B

∣∣∣+ |C| − (∣∣∣A⋂C
∣∣∣+ ∣∣∣B⋂C

∣∣∣− ∣∣∣(A⋂C
)⋂(

B
⋂
C
)∣∣∣)

= |A|+ |B|+ |C| −
(∣∣∣A⋂B

∣∣∣+ ∣∣∣A⋂C
∣∣∣+ ∣∣∣B⋂C

∣∣∣)+ ∣∣∣A⋂B
⋂
C
∣∣∣ ◦

��/§N½�n=´�ª∣∣∣∣∣
n⋃
i=1

Xi

∣∣∣∣∣ =
n∑
s=1

(−1)s+1
∑

1≤i1<i2<···<is≤n

∣∣∣Xi1

⋂
Xi2

⋂
· · ·
⋂

Xis

∣∣∣ (3.9)

é?Û���ên ≥ 2¤á"Ù¥§n = 2Ún = 3��/þ¡®²�y§�én = 3�

/��y�{�·^u�ên ≥ 3��/"¢Sþ§b�(3.9)ª®é�ên = k¤á§
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Kén = k + 1��/k∣∣∣∣∣
k+1⋃
i=1

Xi

∣∣∣∣∣ =

∣∣∣∣∣
(

k⋃
i=1

Xi

)⋃
Xk+1

∣∣∣∣∣
=

∣∣∣∣∣
k⋃
i=1

Xi

∣∣∣∣∣+ |Xk+1| −

∣∣∣∣∣
(

k⋃
i=1

Xi

)⋂
Xk+1

∣∣∣∣∣
=

∣∣∣∣∣
k⋃
i=1

Xi

∣∣∣∣∣+ |Xk+1| −

∣∣∣∣∣
k⋃
i=1

(
Xi

⋂
Xk+1

)∣∣∣∣∣
=

k∑
s=1

(−1)s+1
∑

1≤i1<i2<···<is≤k

∣∣∣Xi1

⋂
· · ·
⋂
Xis

∣∣∣+ |Xk+1|

−
k∑
s=1

(−1)s+1
∑

1≤i1<i2<···<is≤k

∣∣∣(Xi1

⋂
Xk+1

)⋂
· · ·
⋂(

Xis

⋂
Xk+1

)∣∣∣
=

k∑
s=1

(−1)s+1
∑

1≤i1<i2<···<is≤k

∣∣∣Xi1

⋂
· · ·
⋂
Xis

∣∣∣+ |Xk+1|

−
k∑
s=1

(−1)s+1
∑

1≤i1<i2<···<is≤k

∣∣∣(Xi1

⋂
· · ·
⋂
Xis

)⋂
Xk+1

∣∣∣
=

k+1∑
i=1

|Xi|+
k+1∑
s=2

(−1)s+1
∑

1≤i1<i2<···<is≤k+1

∣∣∣Xi1

⋂
· · ·
⋂
Xis

∣∣∣
=

k+1∑
s=1

(−1)s+1
∑

1≤i1<i2<···<is≤k+1

∣∣∣Xi1

⋂
Xi2

⋂
· · ·
⋂
Xis

∣∣∣ ◦
=�ª(3.9)én = k + 1�¤á"ù�§dêÆ8B{��ª(3.9)é?¿���

ên ≥ 2þ¤á"

é?¿�ên ≥ 2§8ÜX1, X2, · · · , Xnþ��ãG [Xn
1 ]�º:8Ú>8½Â�

V (G [Xn
1 ]) = {X1, X2, · · · , Xn};

E (G [Xn
1 ]) = {(Xi, Xj) |Xi

⋂
Xj 6= ∅, 1 ≤ i, j ≤ n}"

é?¿��ê|{i1, · · · , is} ⊂ {1, 2, · · · , n}§XJXi1

⋂
Xi2

⋂
· · ·
⋂
Xis 6= ∅§

KXi1 , Xi2 , · · · , Xis3G [Xn
1 ]¥��Ñfã´��s����ã"ù�§N½�n(3.9)�

æ^ãG [Xn
1 ]���fãL«�∣∣∣∣∣

n⋃
i=1

Xi

∣∣∣∣∣ =
n∑
s=1

(−1)s+1
∑

Ks'G[Xis
i1

]≺G[Xn
1 ]

∣∣∣Xi1

⋂
Xi2

⋂
· · ·
⋂

Xis

∣∣∣ ◦ (3.10)

5¿§XJ�ãG [Xn
1 ]¥�3��fãKm§K�½�3�ê≤ m���fã"
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AO/§XJG [Xn
1 ]¥vkÓ�uK3�fã§K�ª(3.9)Ú(3.10)�{z�∣∣∣∣∣
n⋃
i=1

Xi

∣∣∣∣∣ =
n∑
i=1

|Xi| −
∑

(Xi,Xj)∈E(G[Xn
1 ])

∣∣∣Xi

⋂
Xj

∣∣∣ ◦ (3.11)

5.3.|��n. |��n´«+¤
�

ê���½êþ���«¤
m�5�L

y§kNõ��í2"ù��n�{ü�

n«/ªXeµ

�n5.1. n+ 1�|f�\n�|�§�

�k���¥kü�½�õ�|f"

�n5.1��(5Øó��Ï�XJ

z�|��õ�\��|f§Kn�|�� ã3.47 |�

õU�\
n�|f",§y3�?�
n+ 1�|f"¤±§�½k��|��\


ü�½�õ�|f"

�n5.2 rn(r − 1) + 1��¥�\n�Ýf¥§��k��Ýf¥�¥êþØ

�ur�"

b�z�Ýf¥�¥�êþÑØ�Lr − 1§K�õkn(r − 1)��¥§�y3

kn(r − 1) + 1��¥§�½k��Ýf�¥êþØ�ur�"

�n5.3 rÃê��¥�\n�Ýf¥§��k��ÝfpkÃê��¥"

�n5.3�y²�5.2aq"XJz�Ýf¥�¥êk�§Kn�Ýf¥��¥o

ê�½k�§�y3n�Ýf¥�\
Ãê��¥§�½k��Ýf¥�¥êÃ�"

A^|��n�±��Nõk��(Ø"~X§3�m�NB1500�� �Z

��÷�§��k5�*¯Ó�ÓFÑ)§ÏXJ�õk4�*¯Ó�ÓFÑ)§K

�õk4 × 366 = 1464�<§�y31500 > 1464§��Z��÷�§��k5�<

Ó�ÓFÑ)¶2X§�k<��gC�Þþkõ��Þu§�A^|��n�±

í�§¥I�º��k14000�<Þuêþ´��õ�k�(Ø§Ï�2021cI[

ÚOw«§¥I�ºo<�ê�141178�§�«<Þuêþ²þ310���m§

�141178 > 14000× 10"�d§¥I�º��k14000�<�Þuêþ´���"

Ramsey¯K. |��n�x�§´«+¤
ê��'²þê¦±|��ê

��õ�§�3��|��|fê�u²þê�5�"aq�§ù«5G�ké

õ"1958c6-7�Ò{I5êÆ�r6þr1
��k��¯K§�öRamsey3ù�

©Ù¥�Ñ
��k��(Ø§=?Û6�<�à¬§Ù¥�½k3�<�p@£§

½3�<�pØ@£§�<¡��Ramsey¯K"
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A^|��n§�±éN´y²ù�(Ø"Äk§̂ ²¡þ�6�:L«ù6�

<"XJü�<�£§K3§��më�^ù�¶XJØ�£§Kë�^É�"3

ù6�:¥?¿À���:v"�â|��n§:v�,	�5�<¥§��k3�<@

£½´��3�<Ø@£"Ø�ÊH5§b½v�u!wÚx@£§=§��më�´

ù�§�ã3.48£a¤"d�§XJ3�:u!w!xmk�^ù�§Ø�ÊH5§b�´

3u�w�m§Kv!u!wn�:m�ë�þ´ù�§=v!u!wù3�<�p@£§X

ã3.48£b¤"��§n�:u!w!x�mö��´É�§=ù3�<pØ�£"ùÒy

²
Ramsey�(Ø"

ã3.48 8<�£'X

5¿§�ê63Ramsey¯K¥äk��5§=��<êØ�u6§�½�33�<

p�@£½´3�<pØ�£§5�<ÒØ1"@o§é?¿�êm,n ≥ 3§́ Ä�

3�����êR(m,n)§¦�?¿R(m,n)�<¥§��km�<�p@£½´��

kn�<�pØ@£Qº�Y´�½��Ó�§Ramseyêäké¡5§=R(m,n) =

R(n,m)§÷v

R(m,n) ≤ R(m− 1, n) +R(m,n− 1)◦ (3.12)

ù�§dR(m, 2) = mÚR(2, n) = n§Ò�±��R(m,n)��35"

,§N�y²Ø�ª(3.12)Qºù�y²R(3, 3)��/aq§̂ ²¡þ�:L

«<§̂ ù>!É>©OL«ü�<�£½´Ø�£"Äk§3R(m−1, n)+R(m,n−
1)�<¥?¿À���<v"�â|��n§v�Ù¦R(m− 1, n) +R(m,n− 1)− 1

�<¥���R(m − 1, n)�<�£½´���R(m,n − 1)�<Ø�£§©O?Ø

Xeµ1©XJv���R(m − 1, n)�<�£§3ùR(m − 1, n)�<¥§d½Â½ö

km− 1�<�p@£§�<vÜ3�åÒkm �<�p@£¶½ö�3n�<pØ

�£¶2©XJv���R(m,n− 1)�<Ø�£§3ùR(m,n− 1)�<¥§d½Â½ö

�3m�<�p@£¶½ö�3n − 1 �<pØ�£§�vÜ3�åÒ´n�<pØ

�£"nÜùü«�/§ÒkR(m,n) ≤ R(m− 1, n) +R(m,n− 1)�(Ø§=é?

¿�êm,n ≥ 2§RamseyêR(m,n)�3"

^ãØâ�R(m,n)��35L²§̂ ü«ôÚ§'XùÚÚÉÚé��ãKl?
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1/Ú"ùp§l = R(m,n)"K�½¬ÑyüÚ���ãKm½Kn"5¿§?Û��

ãGÑ´��ãK|G|�fã"�G,H ´?¿�ü�ã"@o§R(m,n),m, n ≥ 2�

�35�±��íÑR(G,H)��35§=^ü«ôÚéº:ê�R(G,H)���

ã/Ú§�½¬ÑyüÚ�ãG½H"

@o§́ Ä�±(½ÑR(m,n)��Qºî�Æ¬w�¨f§ù´���©(J

�¯K"RamseygC=(½
R(3, 3) = 6"�5§<�ºY(½
m,n ≤ 5 ��


�§±9R(m,n)þ.!e.��
��§�é�êm,n ≥ 5(½R(m,n)��8FE

´�)û�¯K"L3.3�Ñ
®�R(m,n)��§Ù¥�J�L«ÿ�(½Ü©"

3

4

5

6

3 4 5 6 7 8 9

6 9 14 18 23 28 36

7

8

9

9

14

18

23

28

36

18 25

mn

25

L3.3. R(m,n)®��

�,��/(½R(m,n)´�é(J�¯K§�é�
ãaG,H§(½R(G,H)k

�K�éN´
"f�ùp§̈ fk:
æ
§̄ î�Æ¬µ/ww§N½�nÚ|

��nék¿g§�§�é�Æ@�«+k�o�^Qº0î�Æ¬)º`§«+

Oê�Ø%3uØEOê§N½�n�Ñ�§T´¤
m��U��Oê�{§

ù�:3�ÆïÄ¥�©�"~X§̂ (k, n) L«�êk Ún m���ú�ê"î

�Æ¬w�¨f§î.½Â
��¼ê

ϕ(n) = |{k ∈ Z|(k, n) = 1, 0 < k ≤ n }|◦

XJné�§ϕ(n)�±Uì§�½Â(½§�éu����:�n§(½ϕ(n)Ò´�

�éE,�¯"k��k¶�O�úª§=

ϕ(n) = n
l∏

i=1

(
1− 1

pi

)
◦ (3.13)

ùp§p1, p2, · · · , pl��ên��êÏf"A^N½�n§·��±éN´/y²ù�
úª"Äk§é?¿�êi, 1 ≤ i ≤ l§½Â8ÜXi = {k ∈ Z| (k, n) = pi, 0 < k ≤ n }§
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KdN½�n(3.9)ª§k

ϕ(n) = |{k ∈ Z|(k, n) = 1, 0 < k ≤ n }| =

∣∣∣∣∣{1, 2, · · · , n} \
(

l⋃
i

Xi

)∣∣∣∣∣
= n−

n∑
s=1

(−1)s+1
∑

1≤i1<···<is≤l

∣∣∣Xi1

⋂
Xi2

⋂
· · ·
⋂

Xis

∣∣∣
= n

[
1−

∑
1≤i≤l

1

pi
+
∑

1≤i,j≤l

1

pipj
− · · ·+ (−1)l

1

p1p2 · · · pl

]

= n

(
1− 1

p1

)(
1− 1

p2

) · · · (1− 1

pl

)
= n

l∏
i=1

(
1− 1

pi

)
◦

|��n´é¤
ê���½§Ý�«+Ñy,«A���½§Ramsey¯

KK�±w�´N½�n��«í2"î�Æ¬w�¨f§F~)¹¥§é<ò�

A�§X<ò!ú«!&f!�!ß¸�/G9Cz�A�×£!PÁÚ'é§?1

<ò£OEâ§Ò´|��n��«A^"�?�Ú§A^RamseyêR(m,n)��

35�±����k��(Ø§=�'é<ê¿©���ÿ§<+¥�½kü��

��¹���<"̈ fX�ú§k:¯¯/¯î�Æ¬µ/Ø¬j�·Nov��

LÚ·���¹���<Qº0î�Æ¬�Xw�å�§@´Ï�¨���<ê�

��§�Ø´ùp�¿©��@o§/¥þk72.6·õ<�§´Ø´÷vRamseyê

�^�QºXJ÷v§̈ fÒ�½U���¨���¹���<§�Ø´¨f�Ì

)*~"���vk���`²�oºù`²72.6·�Ø´¤�¦Ramseyê�¿©

�"�ó�§4ü����¹���<Ñy�@�Ramseyê¢3´��§/¥þ�

]Øv±�¹ùoõ<�"

16!5º�µØ

6.1.<3é�Ô�@�¥§/�Ô´|Ü�0́ 3óÆþ)û<@�Û���«

g�§=òé��¯ÔØÓ�@�(J|Ü3�å§/¤éT¯Ô���@�§%

¹3/_<¹�0ûó�¯¥@ �ö�_<��o(§Ï�3é�»��¯Ô�

@�þ§<�ûó¥�_<aq§Ñ´3é��¯Ô�ÛÜa�þ?1@�"{¤

þ§ù«|Ü@�g�¡�/8�Ø0½/��Ø0§òéÔ��@����@�¥

���ü -�f§áu�ÆóÆ��Æ§�)Ô��¤nØ!Ô�=z¥��f=

z�|5Æ�"y��Æ¥§ò�fØ¥��f!¥fÚ0f�?�Ú[©��
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Ä��âf-§�§�´Äu�f!¥fÚ0fS%�ÿÀ(�K3, K2?1��x§

�©z[Nam]![Mat] Ú[XiL]"aq/§)ÔÆ¥ò)Ô���[�ÚÄÏDNA§A

O´éDNAVÚ^(��@��Ñ´ù«@�g�§�[Jin]Ú[Yan]"3ù«g�Ú

�e§ÿÀÆ!|ÜêÆ!ãØ�ÿÀãØ¥�½5!½þ�{�E|Ò´¯Ô@

�¥�Ä��{§�)é¯Ô�Ä�!|°m'XÚ|°1���[��x�§�

©z[Arm]![ChL]![GrT]![GrW]![Liu1]-[Liu2]Ú[MoT]�"ù�¥§�~^��.

´IÒÿÀã§�©z[Mao10]![Mao16]-[Mao17]![Mao23]Ú[Mao39]"

6.2. Eâ´�÷v<ag�I¦§3·Ag,¥�lg,5Æ§ØäÈ\��

£!²�!E|ÚÃã§́ <a·Ag,��{!EUÚÃã�oÚ"@o§3/�

Ô´|Ü�0g��Úe§N�w��ÆÚ+�Eâ��Qº�¬uÐNyu<·

Ag,Uå�Jp§Ly3<Eìä!C�½���U?�M#þ§Eâ´r¤

ù
ìä!C�½����{!EUÚÃã"�Ô�(�aq§Eâ�´d���8

¤¬|Ü¤§kÙg��|Ü(�"ù�¥§8¤¬´d�©f|Ü¤�äA

½õU�õU¬§́ g�?�Eâ¶8¤¬2dg�?�8¤¬�¤§́ 2g�?

�Eâ"ù�§�?�?/©)§�ª��Eâ�¤¥aquÄ�âf�Ä�"�§

��ØÓ�Eâþ´dÄ�"�/õU0½/�A0�|Ü§�W.Brain Arthur�©

z[Art]"éA/§�Æ�Eâ�'X§´�«3/|Ü(�0þ�pr?�Fy'

X§Ï���¡§�Æ�EâJø�n§ØÓ�n�|ÜéAuØÓ�Eâ§Ly

�ØÓ�õU¶,��¡§Eâ���ÆÚ+�¢��Ô§3íÄ<aÔ�©²?

Ú�Ó�§q��ÆuÐJÑI�?�Ú)û�¯K§�)ØÓ�|Ü(�!ØÓ

�Æ�n�|ÜÚ��ØÓEâN�¢y<�g,�N�)�¯K§Ï��Æ�E

â�m�´¢y<a�ª48I§=�g,�N�)"

6.3.(½)Ô«+5�´�«;.�|ÜOê§=(½8Ü¥,�a�½äk

,«A½(����ê¯K§��d4í½48�ª)û"|ÜÆ¥kü�Ä�O

ê�n§�´N½�n§(½�xU8Ü¥��o�ê§¢�´(½U8Ü�

�ê��«�K§�©z[GrW]"N½�n3êØ¥��¡�ÅÚ=��K§��

�í�ÑêØ¥�
��úª§Xî.úª(3.13)�§�uÛ�[Hua]¶�´|�

�n§q¡�ÄT�n§3�\|��|fêõu|�ê��äk�õ|f�|�

¥���|f�ê¯K"Ramsey¯K´|��n�í2§�±��5/)û8Ü�

��ê���½§Ý�,�aAÏf8��35¯K§�©z[GrW]§¿���


�©k��«+Oê(Ø"
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11!�éL�

�»¥�?Û¯ÔÑ´3ØÊ/$Ä�§=�*¯Ô$Ä´ýé�§·�´�

é�"<a3@�þ�Û�5§��Ùé¯Ô�@�´�«|Ü@�§́ ^|Ü

g�é�*¯Ô?1@�§rºÙ�*5Æ"3ù«�/e§<aAN�é��¯

ÔLyÑ5��
A�?1½þ�xQº3��Up�����§î�Æ¬�X�

¥���¯¨fµ/\w§��3�¥Ð�´�

ÄØÄ�"@o§§�.´·���´$Ä�

Qº0̈ f£�`µ/��´$Ä��P�3g,

�þ�·�ùL§��´7X/¥=Ä���

U,¥("Ó�§§gC�3ØÊ/=ÄX"0

î�Æ¬UY¯µ/·��e�/¥´·���

´$Ä�º̈ f£�`µ/$Ä��/¥Q�7

��ú=§��g="0î�Æ¬�
éuå�
ã4.1 �é$Ä

g�§?�Ú¯¨µ/4�èÕ3ùp�ÄØÄ§´·���´$Ä�Qº0¨f�

�`µ/Q,4è�ÄØÄ§�,´·��
�0î�Æ¬q¯µ/\2��§4èwq

ØÄ§�/¥3$Ä�4èÕ3/¥þ�.´·���´$Ä�Qº0î�Æ¬ù�

�¯§̈ fk

æ
`µ/ù·k:�Ø²x
§Ï�3·�ú¥s´·��§�

�´r/¥�Ä3S§sÚ·qÑ´$Ä�"ww§��oÓ���¯Ô§Q´·

��q´$Ä�Qº0î�Æ¬w�¨f§ùÒ´�*¯Ô$Ä��é5�=<�`

��¯Ô$Ä�Ð§·��v§ÙcJ´wé=

��ëìÔó§=�éuù�ëìÔ´$Ä

�½·��§ù´?Ø¯Ô$Ä�ÄO"~X§

��o3¨f�ú¥î�Æ¬´·��§´r

¨f��ÄO½ëìÔó�"aq/§��

o`î�Æ¬´$Ä�§´±/¥	�,�(

¥½:§X����ÄO½ëìÔó�"ùÒ

´��o�ïá�IX{O;x, y, z}��Ï§= ã4.2 �IX

b½´3��Ú��ëìXeïÄ¯Ô3x!yÚzn���þ�Ýþ§q¡��

I(x, y, z)�Cz1�"~X§:P3x!yÚz¶þéA��©O�5, 4Ú6§P:��

I�(5, 4, 6)§�ã4.2"ùp§l�IX�:O�:P�k��ã
−→
OP¡�:P� �
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�þ§P�rP"ù�§:PÒ�±^�I(x, y, z)½´ ��þrP?1�x
"

�?�Ú§��x¯Ô1�§3�»¥ïáù����IX§¦<�´u�x

¿rº¯Ô1�Ò´���©k¿Â�¯�"<a)¹3/¥þ§l,«¿Âþw§

±/¥��:ïá��IXA��Bu<�@�Úu��»¯Ô"�/¥���3

$Ä§Q�7��±�Çv = 29.8km/sú=§��±�Çω = 0.466km/sg=§X

ã4.3 ¤«"

-

6

+

r -

6

	

ry

z

x

O O
y

x

z

-v

y �
ω ω

ã4.3 $Ä¥��IX

5¿§3±/¥��:��IX¥§�xÙ¦1(�$1;,��E,§�Ø

���7/¥��±$Ä@�{ü"@o§�»¥´Ä�3���éu�Ô[ðØ

Ä§=Äu���½��IX�:£ã�»�Ô��IXÚ{O; x, y, z}§¡�ýé
�IXQºnØþ§ù��ýé�IX�½�3§Ï�<��±�»¥À½,��

�½:��:O§À½�n�Ø3��²¡þ��m���x!yÚz�I¶"�´§

ù�(½�ýé�IX=´�«nØÀJvk¢�¿Â§Ï�$Ä´ýé�§<

aé�Ô�¤k*ÿ(JÑ´3,���é�IX¥?1�§Ã{3ù�ïá�ý

é�IX¥?1u�§�Ø|urº¯Ô1�"

1.1.���I.��/§�x�m¯Ô1���IX¡����IX"3���

IX¥§�I¶�m¿Ø�½�pR�§���I¶ØÓ�3�Ý�$����m

S=�"<ú��À�m�3-��mT 3§=À3�Ø3��²¡��I¶�±��(

½Ù¥�:"ù�§���m¥?��:��:O§n�Ø�¡�ü ��e1, e2, e3§

=�Ý|e1| = |e2| = e3| = 1��I¶��§�ï���IX{O; e1, e2, e3}§q¡�
�Ie§÷vé?�:P�3����I�x!yÚz§=AÛ:

P ∈ T 3 ↔ (x, y, z) ½/ªP� rP = xe1 + ye2 + ze3 (4.1)

´�«1− 1éA'X"ùp§x!yÚz©O´:P3x-¶!y-¶Úz-¶þ�ÝK�"A

O/§��I¶��e1, e2, e3m�pR��§¡{O; e1, e2, e3}����IX§Xã4.2

¤«§ù�´¢�¥�~^��«�IX"ù«�ï�IX�g��±��z§ÿ

2<�3-��À���n-�T n, n ≥ 2§=�n�ü ��e1, e2, · · · , en�ïn-��
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IX{O; e1, e2, · · · , en}"d�§éAP ∈ Tn��I�(x1, x2, · · · , xn)§=1− 1éA

P ∈ T n ↔ (x1, x2, · · · , xn) ½/ªP� rP = x1e1 + x2e2 + · · ·+ xnen◦ (4.2)

ù�§î�Æ¬w�¨f§?��AÛN´AÛ:�8Ü§|^AÛ:��I

�1− 1éA'X(4.1)Ú(4.2)§AÛN�æ^���IX¥�:8?1L«"

£1¤�ã. �ã§=�m,�^�γþü�:A!Bm��ãAB"AO/§X

Jγ��^���¡���ã§�ã4.4(a)Ú(b)"

A B

(a)

q q q
q

A

B γ

γ

(b)

ã4.4 �ã

��γ�gCþ�t§=γ(t),−∞ < t < +∞�A = γ(a), B = γ(b), b ≥ a§

K�ãAB�±L«�AB = { x ∈ γ | a ≤ t ≤ b}"AO�§�γ´���§�±
�γ����I¶§Xx¶ïá�IX{O; e1, e2, e3}§b�:AÚB3x-¶þ��I©

O�(a, 0, 0)§(b, 0, 0)�b ≥ a§K�ãAB = { (x, 0, 0) | a ≤ x ≤ b}"
£2¤²¡. ²¡´�m¥§��½��:P0 = (x0, y0, z0)�ë�R�u�½�

�(A,B,C)�¤k:�¤�8Ü"3���IX{O; e1, e2, e3}¥§²¡�±^:8
L«�{P = (x, y, z) ∈ R3|P0P⊥(A,B,C)}"ùp§ÎÒ⊥L«�ãP0PR�u�½

��(A,B,C)"î�Æ¬w�¨f§�ÆS
�þSÈ��IL«�§²¡�k�

{'�:8L«§={(x, y, x) ∈ R3|Ax + By + Cz = D}"ùp§D´��~ê§�
§Ax+By+Cz = D¡�²¡�§"��/§3î¼�mRn¥¡a1x1 +a2x2 + · · ·+
anxn = b��²¡�§§Ù¢�´��n− 1��î¼�m"

£3¤��N. ��N∆�z��¡´��

/§¡�¡����¡���N�c§��N

^c���:¡���N�º:"5¿§��

N¥§���ü�¡�pR�§���ü�c�

pR�"�d§�±�n^c��:��:O§

n^c©O�x!yÚz¶ïá���IX§�

ã4.5"b�:C1��I�(a, b, c)§K��N3

T�IX¥L«�:8 ã4.5 ��N

{ (x, y, z) | 0 ≤ x ≤ a, 0 ≤ y ≤ b, 0 ≤ z ≤ c}◦ (4.3)
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XJx!yÚz¶Ø´��N�n^���c´�Ùn^��c²1�n��

�e1, e2, e3§b�:A3ù��IX¥��I�(a1, b1, c1)§:C1��I�(a2, b2, c2)§

Xã4.5¤«§K��N∆3T�IX¥�:8L«�

{ (x, y, z) | a1 ≤ x ≤ a2, b1 ≤ y ≤ b2, c1 ≤ z ≤ c2}◦ (4.4)

é?¿�ên ≥ 3§:8L«(4.4)�±í2�n-����IX§=3n-����

IX¥§��NL«�

{ (x1, x2, · · · , xn) | a1 ≤ x1 ≤ a2, b1 ≤ x2 ≤ b2, · · · , c1 ≤ xn ≤ c2}◦ (4.5)

AO/§XJa2 − a1 = b2 − b1 = · · · = c2 − c1§=��N�c����§(4.5)ª�

����N"

£4¤¥N.�m¥§���½:O�ål�

u½��¤k:|¤�ã/��¥¡§d¥¡

3�m�¤�AÛN¡�¥N"33-��m¥§

¥¡S2�;.A�´Ùþ�:P�¥%O�å

l§=|OP |���~êR"@o§N�(½�m
ü�:(x1, y1, z1)�(x2, y2, z2)m�ålQº3

ê¶þ�±éN´(½�ãAB��Ý§=A!B ã4.6 ¥N

ü:m�ål"�A!B3ê¶þ��I�x1Úx2�x2 ≥ x1§K�ãAB��Ý

�|AB| = |x2 − x1|§�ã4.7£a¤"éA�§N�(½3-��m¥ü�:A!Bm

�ål§=�ã|AB|��ÝQº

-r
O

x1

A

x2

B

x -

6

	x

y

z

(a)
(b)

q
qA

B

x2

x1

O q y1 y2
z1

z2

(x2, y2, z2)

(x1, y1, z1)

ã4.7 ü:mål

|^Ð�AÛÆ¥���½n§=��n�/��>��Ù��>�²�Ú�²�

�§dã4.7£b¤́ �

|AB| =
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2

◦
(4.6)
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ù�d½Â§é±¥%O��:ïá��IX§¥¡Ú¥N�:8L«©O�

S2 =
{

(x, y, z) | x2 + y2 + z2 = R2
}
,

B3 =
{

(x, y, z) | x2 + y2 + z2 ≤ R2
}
◦

(4.7)

aq/§�»�R���:8L«�S = { (x, y) | x2 + y2 = R2 }§���B2 =

{ (x, y) | x2 + y2 ≤ R2 }"��/§3n-����IX¥§n ≥ 3§¥¡Ú¥N�:8

L«©O�

Sn−1 =
{

(x1, x2, · · · , xn) | x2
1 + x2

2 + · · ·+ x2
n = R2

}
,

Bn =
{

(x1, x2, · · · , xn) | x2
1 + x2

2 + · · ·+ x2
n ≤ R2

}
◦

(4.8)

���/§XJ�IX�:Ø3¥%§�¥%��I�(x0
1, x

0
2, · · · , x0

n)§K¥¡

Ú¥N�:8L«©O�{
(x1, x2, · · · , xn) |

(
x1 − x0

1

)2
+
(
x2 − x0

2

)2
+ · · ·+

(
xn − x0

n

)2
= R2

}
,{

(x1, x2, · · · , xn) |
(
x1 − x0

1

)2
+
(
x2 − x0

2

)2
+ · · ·+

(
xn − x0

n

)2 ≤ R2
}
◦ (4.9)

AO/§²¡þ��!2-����:8L«©O�{
(x, y) |

(
x− x0

)2
+
(
y − y0

)2
= R2

}
,{

(x, y) |
(
x− x0

)2
+
(
y − y0

)2 ≤ R2
}
, (4.10)

±92-�¥¡!3-�¥N�:8L«©O�{
(x, y, z) |

(
x− x0

)2
+
(
y − y0

)2
+
(
z − z0

)2
= R2

}
,{

(x, y, z) |
(
x− x0

)2
+
(
y − y0

)2
+
(
z − z0

)2 ≤ R2
}
◦ (4.11)

ùp§(x0, y0)Ú(x0, y0, z0)©O�2-�¥%Ú3-�¥%��I"

£5¤ÎN. ÎNC´��õ¡N§Ù¥k
ü�¡p�²1���§{e�z���ü�

¡���p�²1§�ã4.8"ÎN�±w�

´(x, y)²¡þ��2-�¡3�m13��Ýzþ

�²£"ù��5§ÎN�±^:8��5/

L«�

C = { (x, y, z) | F (x, y) ≤ 0, a ≤ z ≤ b}◦ ã4.8 ÎN
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ùp§F (x, y) = 0�(x, y)²¡þ��2-�¡§a, b�~ê"~X§�F (x, y) = (x− x0)
2
+

(y − y0)
2 −R2 = 0�²¡þ���§K

{ (x, y, z) |
(
x− x0

)2
+
(
y − y0

)2 ≤ R2, a ≤ z ≤ b} (4.12)

��Î�:8L«§Ù¥§(x0, y0)�2-��%��I"

1.2.�IC�. ��x��¯Ô�1�§�ï���IX{O; e1, e2, e3}��{
kõ«§�)ÀJØÓ��:OÚØÓ��I¶��e1, e2, e3�"ùp§��g,�

¯K´µé?¿ü����IX{O; e1, e2, e3}Ú{O′; e′1, e
′
2, e
′
3}§´Ä�3��X

ã4.9¤«�1− 1C�T§

T : {O; e1, e2, e3} ↔ {O′; e′1, e
′
2, e
′
3} ,

¦?�:P3�IX{O; e1, e2, e3}!{O′; e′1, e
′
2, e
′
3}¥��I(x, y, z) Ú(x′, y′, z′)m

�3X'X  (x′, y′, z′) = T (x, y, z),

(x, y, z) = T−1(x′, y′, z′),

3

]

�

r
y′

z′

x′

O′(x0, y0, z0)

6

-

+

r
O(0, 0, 0)

y

x

z

ã4.9 �IC�

î�Æ¬w�¨f§3AÛþéN´/��ù��C�T"Äk§dã4.9§�

�±²£C�§4ü��IX��:OÚO′Ü3�å"�O′3{O; e1, e2, e3}¥�
�I�(x0, y0, z0)§½ÂC�

Tp =


x′ = x+ x0,

y′ = y + y0,

z′ = z + z0

(4.13)

=�¶Ùg§^=�I¶e1�e′1Ü�±e2, e3ØC§Pù��C��T1¶2Ù

g§̂ =e2�e′2Ü�±e′1, e3ØC§Pù�C��T2¶��§̂ =e3�e′3Ü�
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±e′1, e
′
2ØC§P�T3"ù�§²dC�²£TpÚ^=T1, T2, T3Ò��C�T§=

T = T3T2T1Tp◦ (4.14)

5¿§þ¡�ETpÚT1, T2, T3�z�ÚÑ´�_�§lT´�_�§=T
−1�3"

�?�Ú§î�Æ¬w�¨f§��±í�ÑþãC�T��êL«ª"Äk§

b�C�T1, T2, T3 ©O�
T1 : e′1 = a11e1 + a12e2 + a13e3,

T2 : e′2 = a21e1 + a22e2 + a23e3,

T3 : e′3 = a31e1 + a32e2 + a33e3◦

(4.15)

ùp§aij, 1 ≤ i, j ≤ 3©O�e1, e2, e3n����C�Xê¶Ùg§�:P3�I

X{O; e1, e2, e3}Ú{O′; e′1, e
′
2, e
′
3}¥��I©O�(x, y, z)Ú(x′, y′, z′)§dã4.8Úþ

¡�AÛC��

xe1 + ye2 + ze3 =
(
x0e1 + y0e2 + z0e3

)
+ (x′e′1 + y′e′2 + z′e′3)

= x0e1 + y0e2 + z0e3 + x′ (a11e1 + a21e2 + a31e3)

+y′ (a12e1 + a22e2 + a32e3) + z′ (a13e1 + a23e2 + a33e3)

=
(
x0 + a11x

′ + a12y
′ + a13z

′) e1

+
(
y0 + a21x

′ + a22y
′ + a23z

′) e2

+
(
z0 + a31x

′ + a32y
′ + a33z

′) e3◦

lk 
x = x0 + a11x

′ + a12y
′ + a13z

′,

y = y0 + a21x
′ + a22y

′ + a23z
′,

z = z0 + a31x
′ + a32y

′ + a33z
′

½Ý
L«

(x, y, z)t = (x0, y0, z0)t + (aij)3×3 (x′, y′, z′)t◦ (4.16)

ùp§

(x, y, z)t =


x

y

z

 , (aij)3×3 =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 , (x′, y′, z′)t =


x′

y′

z′
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�:P3�IX{O; e1, e2, e3}¥��I=�!��C�Ý
Ú:P3{O′; e′1, e
′
2, e
′
3}¥

��I=�§Ù¥�Ý
\{!¦{½Â�

(aij)3×3 + (bij)3×3 = (aij + bij)3×3 ,

(aij)3×3 (bij)3×3 =



3∑
i=1

a1ibi1
3∑
i=1

a1ibi2
3∑
i=1

a1ibi3

3∑
i=1

a2ibi1
3∑
i=1

a2ibi2
3∑
i=1

a2ibi3

3∑
i=1

a3ibi1
3∑
i=1

a3ibi2
3∑
i=1

a3ibi3

 ◦

AO/§î�Æ¬w�¨f§XJ�IX{O; e1, e2, e3}Ú{O′; e′1, e
′
2, e
′
3}��

��IX§K´u�y(4.16)¥�Ý
A÷vAAt = I3×3§ù��Ý
A¡���Ý


§uÙ����IXC����"

3���IX¥§:�I(x, y, z)¥�x, y, z´ù�:3x-¶!y-¶Úz-¶þå�

:O�ål§���/§x, y, z��±Ø��æ^�ÝÝþ"~X§4�IXÒ´

ù�"4�I´3���IÄ:þò���«�IX"�P��m¥�?�:§ë

�P��:O§�xOy¡þ:P���ÝK:P ′§�OP ′�Ox�Y��α (0 ≤ α <

2π)§OP�xOy²¡�Y��β (−π/2 ≤ β ≤ π/2)§OP��Ý�ρ§K¡(ρ, α, β)�

:P �4�I§Xã4.10¤«"

-

6

=

qO

x

y

z q

qα

β

ρ

P (ρ, α, β)

P ′

ã4.10 4�IX

@o§N�(½:P����I(x, y, z)�4�I(ρ, α, β)m�'XQºdã4.9¥

�:PéA�|OP | = ρÚα, β§éN´(½(x, y, z)�(ρ, α, β)m�C�
x = ρ cosα cos β,

y = ρ sinα cos β,

z = ρ sin β

(4.17)

�´�«�IC�§=T : (x, y, z)↔ (ρ, α, β)"
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1.3.�é5�n. ��/§ØÓ��IXéÓ���¯Ô��x�§´Ø��

�"~X§X±�:O½´�IX¥�:(x0, y0, z0)�¥%§¥¡Ú¥N©Od�

§(4.7)½(4.11)�x§äkØÓ�Ly/ª"�¥¡�´@�¥¡§¥N��´@�

¥N§¿vk¢�þ�ØÓ"�d§ùp��§(4.7)�(4.11)�ØÓ§́ Ïïá��

IXØÓ����§/ªØÓ§¿��x�¥¡½¥N�3�É"�ó�§æ^

�§�x¯Ô1��6¤�ï��IX§́ �«�éu�IX�Ly"

ù3@�þ�9��Ä��óÆ¯K§î�Æ¬w�¨f§Ò´�*¯Ô´Ä

¬±<�¿��=£QºXJ´§<aÒ�±ö��»�Ô¤��»¥�pÃþ

��åPkö§�No�ÒNo��ù�´�
��K¡L��ÌK",§Pf

35��²6¥kó§=U/À�Ô�F��ùp�/U/0��»"<aAZc�

©²¤L²§<aØ=ØUÌ0�»§��I��{!É�uU/§=Pf`�/<

{/!/{U!U{�!�{g,0§Ï�<3g,�¡c�Óu/�¬0§�©§

�"3ù«�/e§�Ø<a@�¥ég,�_8Â~½��§�)Ï<a�@�

I�Ú\��
9ÏÃã§~X§��x¯Ô1�Ú\��IX�§?ý�

rº¯Ô1�Ò´���©��¯�
"@o§N��ØÏ�ï��IXØÓ

����x¯Ô1���§ØÓ§��¯Ô�ýQºî�Æ¬w�¨f§£�ù�

¯K�cJ´é<aÚ\�9ÏÃã§X�IX�9ÏÃã��(@�"éd§O

Ïd"u1916cuL�2Â�éØ§q¡��C5�n§́ é<a@��ÔÚ\

�9ÏÃã��g§Ù¢� /́�*¯ÔØ±<�¿��=£0ù�óÆg�3�

Ô@�þ�Ny§äNLãXeµ

�é5�n £����*¯ÔuÐ5Æ��§ªA�3¤k��IX¥äk

�Ó�Ly/ª"

@o§AN�n)OÏd"�2Â�éØ½´�é5�nQºî�Æ¬`§�

(n)OÏd"�2Â�éØ�9ü�¯�µ�´�x�*¯ÔuÐ5Æ��§/

ª¶�´�*¯ÔuÐ5Æ�Sº"éu1��¯�§OÏd"JÑ£�Ôn½Æ

��§A�3¤k�IC�T�^e/ªØC§=�C/ª§¿3/Úå�^�.

5�^�db�0�Ä:þJÑ
�C/ª�Úå|�§"ùp"OÏd"¦^�

�C/ª§¢Sþ´�©/ªØC5��«í2"@o§�o´�©/ªØC5Qº

î�Æ¬)º`§�y = f(x)§x = φ(t)=y = f(φ(t))���¼ê§KdEÜ¼ê¦

�{K§k
dy

dt
=
dy

dx

dx

dt
⇔ dy =

dy

dx

dx

dt
dt =

dy

dx
dx =

dy

dt
dt, (4.18)

=�©dy = y′xdx�dy = y′tdt/ª��§ØÉ�IC�x = φ(t)�K�"é?¿��

�ên ≥ 3§ò(4.18)ù«C�ØC5í2�n-��m§��n-�Üþ�m§¿3Ù
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þ?ØAÛ5�§ùÒ´iùAÛ"éA�§æ^�C/ªU�<�®��¯Ôu

Ð�§§X�:$Ä�§!>^|�§�§���(J�½÷v�é5�n§ù´

��VOÏd"�<9Ù¯õJ�öæ^�é5�n�¤�Ì�ó�"

@o§æ^�é5�nU�<�®��¯ÔuÐ5Æ��§§�.´/ªþ�

�·�´é¯Ô@�þ�J,Qºî�Æ¬w�¨f§�±�½/`§ù´�|�

§/ªþ��·�<a@�Uåþ�J,§Ù¢�´ò�IXÛ¹3z�:��

�¥§3/ªþLy�;nÚ5�§�jÎvkUC½ÿÐ<�é¯ÔuÐ®�5

Æ�@�"@o§A�N�n)½µd�IX3é�Ô@�þ�õ^Qº5¿§O

Ïd"JÑ�2Â�éØ¿�´Ä½�IX3�Ô@�þ�õ^´3��*

¯ÔuÐØ±<�¿��=£§ØA��6u�IX�ØÓ���Ly/ªØÓ

�º�ÔCz5Æ§jÎvkÄû�IX�¹Â§Ï��IX´<a½þ�x¯Ô

uÐCz�ÄOµe"�d§î�Æ¬`§d�é5�n�±g,/�Ñe¡�²

�5�n§é<a@��ÔØÃÃ?"

²�5�n ?Û���IX3£�¯ÔuÐ5Æ�äkÓ��5§þ�3

Ù¥^�§�x¯Ô�uÐ5Æ"

²�5�nL²§<aé�Ô�@�¥§��3ué¯Ô�uÐCz�@�

ØÛ�uLy/ª"�d§é2Â�éØ½´�IX�é5�n��«#�n)§

Ø´`��ï�IXù�<a@��Ô�ÄOµe§üXJ¦¯ÔuÐCz�§�

�C/ª§´��é¯ÔuÐ�A:Ú@�I��ï@«Bu*ÿ§Bué@�

(Ju���IX±rº¯Ô�uÐ�Cz§ùâ´<aÚ\�IX�m�"

12!�þ$�

g,¥�¯Ô�Ñ´÷X,����uÐCz�"~X§àY6Ä!ºå9Ù

��§±9�xÔN$Ä�å!�Ý! £�"ù«Qk��qk���þ¡�

/�þ0§́ �x�ÔCz1�¥�«��Ä�Vg§��^�^�k�Þ��ã

/
−→
AB0½´çNi1a,b, c, · · · L«"éA�§@
�k��vk���þ§X1
(�ê!X�¡È!Y*Nþ�¡�Iþ"

�UeÌ�Æ�§̈ fp,/w�î�

Æ¬§̀ eÌ3$Ä|þ¨�3oà'm¥

Ô�
��§P���þz�ëmÓÆøy


�¡�ùá" î�Æ¬��å�Ê9: ã4.11 oà'm

�þ�£§̄ ¨µ/oà'm�§ëmÓÆ^å´�X=���:-f�º0̈ f£�
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`µ/�,´�XgCù���^å:§Ï��k-þLX�ùÌf?\gCù�.

Sâ�I�0î�Æ¬UY¯¨µ/\��þkvk<�Xé�ÓÆ���:-fº0

¨f�1µ/�,vk§@��<Ø´�äo§Ø´3�Ïé���
íº0î�Æ

¬)º`§z�<o-f�åÑk��Ú��§́ �«�þ"XJkëmÓÆ�X

é����^å§Ò¬-�gCù���oàÜå"�k��þ¤këmÓÆÑ�

XgCù��^åo�§å�����§Üå�uz�<oàå�Ú§��koà

Üå�ué�Üå�âU3'm¥¼�§ù´oà'm¼��^�"

��/§5½�Ý��!���Ó�k��ãL«Ó���þa§=�þa�±

3�m²1£Ä§�±?Û��:�å:"�þa���=Ù�Ý§P�|a|¶�Ý
�0��þ¡�"�þ§P�0"5¿§"�þ���Ø(½¶�Ý�1��þ¡�ü

 �þ"~X§(4.1)!(4.2)¥�ü ��e1, e2, · · · , en=�ü �þ¶��þa�Ý

�Ó�������þ¡�a���þ§P�−a"

î�Æ¬w�¨f§��þ�Ì�A�§3u���þÓ��^��J�"�

þ"~X§̈ �¥ë\oà�ÓÆ¥§XJk<�Xé����^åo-f§=¬

-�¨�gCù���oàÜå§�U¬ÑK'm"@o§́ Ä�±rù«å��

^��z§a'ê�$�o(§���^5Æ§�x�Ô¥��^½'XQºî�

Æ¬`§ù«��zÒ´�þ\{!ê¦Ú�þ�SÈ!	È"

2.1.�þ\{.��ê�,��ê�\´Xêþ�\§X2+3 = 5§Ï�ê2Ú3v

k��"����þ�,���þ�\§î�Æ¬w�¨f§Q��Äêþ§��

�Ä��§±�yÙÚE´���þ"5¿§�þ�±�m¥?�:�å:"ù�§

éu�þaÚb§�±b��þb�å:��þa�ª:§½Â�þa+b�d�þa�

å:��þb�ª:����þ§Xã4.12(a)¤«"�,§��±b��þaÚ�

þb �å:O�Ó§±aÚb���>�E��²1o>/"@o§²1o>/¥å

:�O�@^é��Ò´�þa + b§Xã4.12(b)¤«"

-

�
*

q q
q

b
a + b

(a) (b)
-

�
1

qOa a

b a + b

ã4.12 �þ\{

ù�§dn�Ø�ª§���/k|a + b| ≤ |a| + |b|��ª¤á��=��
þaÚb�����"éu¨f¤3Æ�|��oà'm§Ï?¿�é�è
oå�

���§oàÜå�Ùè
�goå�¦Ú§=|a1|+ |a2|+ · · ·+ |as|"ùp§s��
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èë�oà�<ê"@o§XJ,�<�oå���gCùé��§=�Xé��

��¦å§ÙoåÒ´����þ−F§�J´-�Ø´�zoàÜå§I�3þ

¡�oàÜå¥~�F"AO/§���þa�Ù��þ−a�Ú§=a + (−a) = 0�

��"�þ"

��/§î�Æ¬`§é�þaÚb½Â�þa − b = a + (−b)"ù�§���

þa�Ù��þ−a�Úq�±�¤a− a = 0"

é?¿��þa!bÚc§d�þ\{�½Â�±éN´/��µ

(1) ��Æ§=a + b = b + a;

(2) (ÜÆ§=(a + b) + c = a + (b + c);

(3) "�þ��§=é?¿���þa§�3����0�þ¦�a + 0 = a;

(4)��þ��§=é?¿���þa§�3�����þ−a¦�a+(−a) = 0"

ù�¥§�þ\{���ÆÚ(ÜÆ�©Odã4.13¥�(a)Ú(b)ã«��"

-

�
-
7*

a

a

b ba + b

-

7

Y

a

b

c�

*

6

a
+
b

+
c

a + b

b
+

c

qOqO
(a) (b)

ã4.13 �þ\{ã«

@o§N����þ0���5Qºî�Æ¬`§b��k���þx¦�a+x =

a§ªfüàþ~��þakx = 0§=ù��þ�½´0"aq/§b��3���

þy¦�a + y = 0§ªfüàþ~��þaka − a + y = 0 − a§?�Ú{z�Ò

ky = −a§=��þ�½´−a"ùÒ`²
�þ0���5§±9é�½��þa§

�þ−a���5"

2.2.�þê¦.�þê¦q¡��þ��¦§î�Æ¬`§�ê�ê�¦aq§=

é�½�¢êλÚ�þa§½Âλa����þ§§��Ý�|λa| = |λ||a|"�λ > 0�§

ù��þ�����þa�Ó¶�λ < 0�§ù��þ�����þa ��"

é?¿¢êλÚ�þ0§d½Âk|0a| = 0|a| = 0§�0a = 0"aq/§kλ0 = 0"

��/§é?¿�þa!bÚ¢êλ!µ§keã�ª

(1) 1a = a, (−1)a = −a;

(2) λ(µa) = (λµ)a;

(3) (λ+ µ)a = λa + µa;

(4) λ(a + b) = λa + λb"
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ù�§k
�þ\{Úê¦�Vg§î�Æ¬w�¨f§c¡(4.1)Ú(4.2)¥�

 ��þrP = xe1 + ye2 + ze3ÚrP = 1e1 + x2e2 + · · ·+ xnenÒØ2´:P �

��«/ªIP´�þrP½
−→
OP"�A�§é3-����IX¥�ü��þrP1 =

x1e1 + y1e2 + z1e3§rP2 = x2e1 + y2e2 + z2e3§k�þ\{

rP1 + rP2 = (x1e1 + y1e2 + z1e3) + (x2e1 + y2e2 + z2e3)

= (x1 + x2) e1 + (y1 + y2) e2 + (z1 + z2) e3,

=rP1 + rP2��IL«�

(x1, y1, z1) + (x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2)◦ (4.19)

5¿§(4.19)ª´�þ\{½²1o>/{K3�IXe�Ly§=�þ¦Ú

�uz��þ�I©þ�¦Ú"ù�(Jéu?��n ≥ 2�n-��mþ¤á"

��5¿�´§ü��þa!bm�3��Y�θ§�ã4.14"|^ù�Y�θ§�

þb3�þa��þ�ÝK�b cos θ"Ó�§3��þa�R���þ�ÝK�b sin θ§

ù3�½§Ýþ��NÑ�þbé�þa�

K�§�x�Ô¥��p�^1�§î�Æ

¬w�¨f§ùI�Ú\�þSÈ�	È"

2.3.�þSÈ.�þaÚb�SÈ´��

Iþa·b§éA�´�þa��þb cos θ��

Ý¦È§=a·b = |a||b| cos θ"d�þa!b� ã4.14 �þÝK

SÈ�½Â§��Ñcos θ = a · b/|a||b|"�d§�þSÈ�JÑ�±)û��þ�
Ý½�þmY��'�¯K"AO/§X�þa��þbR�=a⊥b§Kkθ = 90◦§

=cos θ = 0"lka · b = |a||b| cos θ = 0§���½,"�k

a⊥b ⇔ a · b = 0◦ (4.20)

?¿�þa!bÚc�SÈäk±e5�µ

(1) �½5§=a · a ≥ 0��Ò=�a = 0�¤á¶

(2) é¡5§=a · b = b · a¶
(3) �5'X§=é?¿¢êλ§k(λa) · b = λ(a · b)¶

(4) ©�Æ§=a · (b + c) = a · b + a · c"

ù�¥§�ª(1) − (3)þd�þSÈ�½Â�±����"éu(4)§5¿b +

c3a��þ�ÝK�ub3a��þ�ÝKb cosα�c3a��þ�ÝKc cosα¦Ú§
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�ã4.15"�k

a · (b + c) = |a||b + c| cos γ = |a|(|OM |+ |MN |) cos γ

= |a|(|b| cosα + |c| cos β) = |a||b| cosα + |a||c| cos β

= a · b + a · c◦

-

:

*�

α

γ

β

qO
a

b

c
b + c

M N

ã4.15 �þÝK

aq/§�ka · λb = λ(a · b)§(a + b) · c = a · c + b · c�"
3�����IX{O; e1, e2, e3}¥§Ïke1⊥e2§e1⊥e3§e2⊥e3§=e1 · e2 =

0§e1 · e3 = 0§e2 · e3 = 0§�þSÈ�k�{ü�Ly/ª"~X§��þa =

x1e1 + y1e2 + z1e3§b = x2e1 + y2e2 + z2e3"Kd�þSÈ�5�k

a · b = (x1e1 + y1e2 + z1e3) · (x2e1 + y2e2 + z2e3)

= x1x2e1 · e1 + y1y2e2 · e2 + z1z2e3 · e3 + x1y2e1 · e2

+x1z2e1 · e3 + y1x1e2 · e1 + y1z2e2 · e3 + z1x2e3 · e1 + z1y2e3 · e2

= x1x2e1 · e1 + y1y2e2 · e2 + z1z2e3 · e3 = x1x2 + y1y2 + z1z2,

=d�þa · b��IL«§k

(x1, y1, z1) · (x2, y2, z2) = x1x2 + y1y2 + z1z2◦ (4.21)

5¿§(4.21)´�þSÈ3���IX¥�Ly§=�þSÈ�uz��þéA�

I©þ�¦�¦Ú"AO/§�þa⊥b��=�§�éA��I©þ¦ÈÚ�0"~

X§�þa = (3, 0, 5)�b = (0, 6, 0)��"aq/§(4.21)ªé?�n-����IXÑ

¤á§ùp§n ≥ 2 ��ê§=k

(x1, x2, · · · , xn) · (x′1, x′2, · · · , x′n) = x1x
′
1 + x2x

′
2 + · · ·+ xnx

′
n◦ (4.22)

y3§î�Æ¬w�¨f§·��±y²��oî¼�mRn¥��²¡�§´

�g�§a1x1 + a2x2 + · · · + anxn = b
"Äk§w�wn = 3 ��/"�â²¡
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�½Â§�:P0 = (x0, y0, z0)§P = (x, y, z)´²¡þ�?¿�:§�½�����

þv = (A,B,C)§Kd
−−→
P0P⊥vk

−−→
P0P⊥v ⇒ (x− x0, y − y0, z − z0)⊥(A,B,C)

⇒ (x− x0, y − y0, z − z0) · (A,B,C) = 0

⇒ Ax+By + Cz = D,

=3-�î¼�m�²¡�§��g�§Ax+By+

Cz = D§ùp§D = Ax0 +By0 +Cz0���~ê§

�ã4.16" ã4.16 ²¡

aq/§�P ′0 = (x10, x20, · · · , xn0)´n-�î¼�mRn¥����½:§P ′ =

(x1, x2, · · · , xn)´Rn¥�²¡þ�?¿�:§�½�����þv′ = (a1, a2, · · · , an)§

K�±íÑRn¥��²¡�§��g�§a1x1 + a2x2 + · · ·+ anxn = b§ùp§b =

a1x10 + a2x20 + · · ·+ anxn0���~ê"

2.4.�þ	È. ü��þaÚb�	Èa ×
bE´���þ§Ù�Ý½Â�|a||b| sin θ§�
����þa§bþR�§¿¦�{a,b, a×b}�
��mÃX"�o´mÃX§�oq´�ÃX

Qºî�Æ¬4¨f�mmÃ§4mÃ �U

�þa���§¥�U�þb���§ü�m

Y��u180o§�-������þa × b�

��§Xã4.17¤«K¡�mÃX"��§þ ã4.17 mÃX

¡n��þ��Ã �!¥�Ú-������§K¡��ÃX"ùp§θ��

þa�b�m�Y�"

d½Â§XJa×b = 0§="�þ§Kk|a||b| sin θ = 0"�k|a| = 0§|b| = 0½

ösin θ = 0"XJ|a| = 0½|b| = 0§K�þa½�þb´"�þ¶XJsin θ = 0§K�

þa��þb�m�Y��0§=a��þb²1½��§P�a//b"ù�§Ò�

a× b = 0 ⇔ a = 0§b = 0 ½ a//b" (4.23)

5¿§��þaØ��þb²1�§²£¦§��å:�Ó�:O"K�þa�b�

¤��²1o>/��>§a × b��Ý§=|a × b| = |a||b| sin θ�Ð´ù�²
1o>/�¡È§�þa × bR�uù�²1o>/"�d§d�þSÈ�½Â§

k(a× b) · a = a · (a× b) = 0§(a× b) · b = b · (a× b) = 0"

�?�Ú§d�þ	È�½Â§XJ{O; e1, e2, e3}´��mÃ���IX§=
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ke1⊥e2, e1⊥e3, e2⊥e3§î�Æ¬`§ù�Òk

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2◦ (4.24)

��/§é?¿�þa!bÚcÚ¢êλ§�þ�	È$��le�5Æµ

(1) ���Æ§=a× b = −b× a"��o´ù�Q§Ï�a× b�b× a��Ý

���UmÃX§§�������¶

(2) �5'X§=(λa) × b = a × (λb) = λ(a × b)"��o´ù�Q§Ï��

�þa�b�Y��θ§Kd�þ	È�½Âk|(λa)× b| = |λa||b| sin θ = |λ||a× b|§
�eλ > 0 Kλa�aÓ�§�λa × b�λ(a × b)Ó�¶eλ < 0Kλa�a��§l

λa× b�a× b��§�λa× b�λ(a× b)Ó�"ù�§(λa)× b = λ(a× b)"aq

/§ka× (λb) = λ(a× b)¶

(3)©�Æ§=a×(b+c) = a×b+a×c£�©�Æ¤§(a+b)×c = a×c+b×c£m

©�Æ¤"

Äk§Ø�ÊH5§d(4.23)ª§b��©�Æ¥a⊥b!a⊥c"ÏXeØ,§�

ò�þbÚc÷a��9�ÙR���?1©)b = b⊥ + b//§b = c⊥ + c//§b + c =

(b + c)⊥ + (b + c)//"ùp§⊥Ú//©OL«©)���þaR�½²1�©þ"K

d(4.23)ª§ka×b// = 0§a×c// = 0§±9a× (b+c)// = 0"�=Ia× (b+c)⊥ =

a× b⊥ + a× c⊥=�§�ã4.18¶Ùg§b��©�Æ¥§a ´ü �þ§=|a| = 1"

XeØ,§Ïa = |a|a∗§ùp§a∗���ü �þ§=|a∗| = 1"ù�§d(2)¥��

5'X§Xa∗ × (b + c) = a∗ × b + a∗ × c§Kka× (b + c) = a× b + a× c"

+

a

b
O

z
�
:

a× b

a
×
ca× b + a× c

� b
+
c

wc

α

6

q

ã4.18 	È©�Æ

ù�§d�þ	È�½Â§a×b´òb7am^90o����þb§a×c´òc7am

^90o����þc§Ï�|a| = 1, sin 90o = 1"d�þ\{§b, c,b + c�¤��n�

/4"�òÙ7am^90o�´��n�/4′"ù�n�/�>dü�^g����
þa×bÚa×c�¤§1n^>K´�þb+c7�þam^90o�(J§=a× (b+c)§

�ã4.18"5¿§3a�ü �þ�b�e§n�/4′´n�/47am^90o�(J§

d�þ\{§1n^>3n�/4′¥�a×b+a×c"�ka×(b+c) = a×b+a×c"
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éum©�Æ(a + b)× c = a× c + b× c§�±��d�©�Æ��§Ï�

(a + b)× c = −c× (a + b) = −(c× a + c× b)

= −(c× a + (−c× b) = a× c + b× c◦

î�Æ¬w�¨f§3���IX¥�þ	È�±k�{ü��IL«"~X§

�{O; e1, e2, e3}������IX§�þa = x1e1 + y1e2 + z1e3§b = x2e1 + y2e2 +

z2e3"Kd�þ	È��5'X!©�ÆÚ(4.24)ª�

a× b = (x1e1 + y1e2 + z1e3)× (x2e1 + y2e2 + z2e3)

= x1x2e1 × e1 + y1x2e2 × e1 + z1x2e3 × e1 + x1y2e1 × e2

+y1y2e2 × e2 + z1y2e3 × e2 + x1z2e1 × e3 + y1z2e2 × e3 + z1z2e3 × e3

= (x1y2 − x2y1) e1 × e2 + (z3x1 − x1z3) e3 × e1 + (x2z3 − z3x2) e2 × e3

= (x2z3 − z3x2) e1 + (z3x1 − x1z3) e3e2 + (x1y2 − x2y1) e3,

=�þa× b��I�

(x1, y1, z1)× (x2, y2, z2) = (x2z3 − z3x2, z3x1 − x1z3, x1y2 − x2y1)◦ (4.25)

13!�5�m

�þQk�Ýqk��§́ <��x�ÔCz1���«Ä�"î�Æ¬w�

¨f§<aé�Ô�@��ÌXläN�Ä�þ,�nØ§2lnØ@���¢�

�L§"~X§�þ$��\{Úê¦5�¡�/�50§�Ìü ¯Ô�æ[½O

�Ú²£ØUC�m�A5§�±Ä�z�E�«�m§=�5�m�x�þ9Ù

�p'X§?@�¯Ô1�"ùÒ´

<aé�Ô@�¥�/¢�→@£→2¢
�→2@£0���L§"
~X§3�IX{O; e1, e2, e3}¥ò�

:PéAu�þ
−→
OP = xe1 + ye2 + ze3§

½ò��¯Ô�AÛ/NéA:P�¤�

8Ü�§Ù¢�´±�:O�ÄO:§±

�þe1! e2Úe3�ü §ò:P3n��

�e1, e2, e3 þÝKéA��x!yÚz�:�
ã4.19 �5|Ü

I(x, y, z)§́ ^�«©O±e1, e2, e3�Ie?1�5|Ü½æ[��{�x:P½

¯Ô�	/§�ã4.19"�d§3�l�þ�5A��Ä:þ§�±ò�þÀ��
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«Qk��qk���/Ä�Vg0?1��5ïÄ§?1½þ�x"@o§�½

Ä��þ§́ Ä�±l�5A�þ��¤k�þ?�x¯Ô1�Qº�Y´�½

��ùÒ´Ú\�5�m�)û�¯K"

3.1.ê��. ��þØÓ§î�Æ¬w�¨f§ê§�)g,ê!�ê!kn

ê!¢êÚEê§́ �x�Ô��«XêþA�§q¡�Iþ"ùp§g,ê´êê

£shŭshù¤�(J§�ê´g,ê�ÿ2§�)0ÚK�g,ê¶knê´�ê�ÿ

2§=�L«�ü��ê'm/n�ê"AO/§�©1m = 1 �§knêÒ´�ê"

@Ï<�@��Ô�§@��Ôê�A��kg,ê!�êÚknêÃ¦"~X§

�F1�.�x.dÆ��ÅXÏ��K§=�l.�x.d���äóµ/�Ô�

ê0"ùp�/ê0��ê"âd§?¿ü�AÛþQ�Vm�'Ç�±L«¤ü�

�êmÚn�'§�ã4.20"

ã4.20 FËd
√

28�Á

,§.�x.d���FËd��<uy§>��1 ���/é���Ý

�
√

2§�
√

2ØUL«�ü��ê�'§Ï�XJ�3ü�ù���êm Ún ¦

�
√

2 = m/n§Ø���5§�±b�mÚnm���ú�ê�1"XeØ,§�

±^§��m���ú�êÓ�Ø±mÚn¦Ùp�"5¿§XJ
√

2 = m/nK

km2 = 2n2§ù�§m�½´óê§�m = 2s"K4s2 = 2n2§=2s2 = n2§�n��

½´óê"ù��5§mÚn�m���3��ú�ê2§�þ¡b�Ù��ú�ê

�1�gñ"�d§�êmÚnØ�U�3"FËd�ù�uyv¤
.�x.d�

Ô�ê�äó§y¢
Ãnê��3"Ó�§FËd�(ØÄ~
.�x.dÆ�

�Ä:§��¦gC�5
à��Á"��oÆ���î§.�x.dÆ�A�§

¢��ä38�FËd�òÙ�\
/¥°±¨+ÜËdéÆ��/Ø§ª0"

�ê$�A:§3ué\{/+0Ú¦{/×0$��E´�ê§=�ê8Zé$
�/µ40"Ó�§�3\{ü �0Ú¦{ü �1§\{_�−k§±9k 6= 0��¦

{_�k−1§¦�k+ 0 = 0 + k = k§k× 1 = 1× k = kÚk+ (−k) = 0§k× k−1 = 1§

¡��ê�Z"î�Æ¬)º`§�ê�ù«5�?�ÚJõ§Òk
ê�½��V
g"��/§é¢ê8R¥�?¿��é\{Ú¦{$�µ4��¹ü �0Ú1�f
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8S§XJéÙ¥?¿���λ§3S ¥�3\{_�−λÚλ 6= 0��¦{_�λ−1§

KS¡����"~X§knê8N½¢ê8R 3\{/+0Ú¦{/×0$�e÷v
ù
5�§¡�knê�Ú¢ê�"

5¿§�ê�!¢ê�¥kÃ�õ��§¡�Ã��"@o§́ Ä�3k���

��Qºî�Æ¬w�¨f§�Y´�½��~X§32-�8Z2 = {0, 1}þ½Â\{
Ú¦{$�

0 + 0 = 0, 0 + 1 = 1, 1 + 0 = 1, 1 + 1 = 0;

0× 0 = 0, 0× 1 = 0, 1× 0 = 0, 1× 1 = 1◦
(4.26)

K0Ú1©O�Z2þ�\{!¦{ü �§�−0 = 0,−1 = 1 Ú1−1 = 1"�2-�

8Z23(4.26)ª½Â�$�e����k2���k��"

��/§�p´���ê§KdØ±p�{ê�¤�8ÜpZ = {0, 1, · · · , p− 1}3
\{$�k + l = k + lÚ¦{$�k × l = kl§=$�(J�Ø±p��{ê§X1 +

p− 1 = 0, 2 + p− 1 = 1, · · ·§±91 × p− 1 = p− 1, 2 × p− 1 = p− 2, · · ·�§
´��p���k��§Ù\{ü ��0§¦{ü ��1§�?��k�_�x�

÷vkx = pl + 1�����ê)x§´���"~X§p = 3�§1Ú2�_�©O

�1Ú2§=1
−1

= 1§2
−1

= 2Ï��§1x = 3l+ 1Ú2x = 3l+ 1�����ê)©O

�x = 1Úx = 2"

3.2.�5Ü¤. �þ��5Ü¤§î�Æ¬)º`§´3�½�|�þa,b, c,

· · ·�Ä:þ§æ^�þ\{½´^Iþλéz��þê¦Ï¦#��þ"ù�¥�
Iþλ�±´���ê!knê!¢êÚEê§½´�F¥����"��/§�

þa,b, c · · ·�¤�8ÜP�C§¡��þ)¤8§�F¥��λ�Iþ§K�þÜ¤

=´d

λ1a + λ2b + λ3c + · · · (4.27)

)¤��"ùp§�þa,b, c · · ·�8C¥��§λ1, λ2, λ3, · · ·þ��F¥�Iþ"Ï

~§<�rdC¥��þU(4.27))¤�¤k�þP�〈C〉§=

〈C〉 = { λ1a + λ2b + λ3c + · · · | a,b, c · · · ∈ C, λ1, λ2, λ3, · · · ∈ F }◦ (4.28)

��/§XJC½F �Ã�8§K�þÜ¤〈C〉�½´Ã�8¶��§XJC½FÑ

´k�8§K〈C〉�½´k�8"~X§b�Cdn��pR��ü �þe1!e2Úe3�

¤§ê�F��ê�Z§K〈C〉�Ã�8"d�§Ø���5§�n�ü �þe1!e2!e3�

u:O§K�þÜ¤〈e1, e2, e3〉´d�:O�¤k�m�:P§=�I��ê:� 
��þ

−→
OP �¤�8Ü"��§XJ�F = Z2§=2-�k��§d�λ = 0½1§K
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d(4.28) ª§d�〈e1, e2, e3〉 =kã4.21¤«�8��þ§=

〈e1, e2, e3〉 = {0, e1, e2, e3, e1 + e2, e1 + e3, e2 + e3, e1 + e2 + e3}◦

ù�§ î�Æ¬w�¨f§ �þ��

5Ü¤¥küa¯KI�)ûµ �´�½

Iþλ1, λ2, λ3, · · ·�U(4.27)ª(½Ü¤��

þλ1a + λ2b + λ3c + · · ·"ù´��{ü�O
�¯K¶�´(½���½��þαXÛdC¥
��þÜ¤§=3�F¥(½λ1, λ2, λ3, · · ·�I
þ¦�α = λ1a + λ2b + λ3c + · · ·" ã4.21 �þÜ¤

é���½��IX{O; e1, e2, · · · , en}, n ≥ 2§ùü�¯KÑ�±z��IO

�)û"~X§�

e1 = (1, 0, · · · , 0︸ ︷︷ ︸
n−1

), e2 = (0, 1, 0, · · · , 0︸ ︷︷ ︸
n−2

), · · · , en = (0, · · · , 0︸ ︷︷ ︸
n−1

, 1),

Kk

λ1e1 + λ2e2 + · · ·+ λnen = (λ1, λ2, · · · , λn) , (4.29)

��Ü¤�þ��I(λ1, λ2, · · · , λn)§=1��¯K�)"éu1��¯K§b��

þα3�IX{O; e1, e2, · · · , en}¥��I�(λ1, λ2, · · · , λn)§Kk

α = (λ1, λ2, · · · , λn) = λ1e1 + λ2e2 + · · ·+ λnen◦ (4.30)

3.3.�5�m.5¿§�þ��5Ü¤〈C〉´µ4�§=é〈C〉¥�?¿�þα,βÚ
�F¥�Iþλ, µ§�5|Üλα + µβ´〈C〉¥��þ"ù�§dC¥��þ�5Ü
¤〈C〉¥�¤k�þ§?�±½þ�x�þ�Ü¤'X§rº�ÔCz�A�"î
�Æ¬w�¨f§?�ÚJõù�g�§�±���5�m�Vgµ

���5�m(V ; F )¡��Fþ��5�m§½ØrN�F�{¡��5�

mV§��d±e���¤µ

(1) ��d�þ�¤�8ÜV¶

(2) ��dIþ�¤��F¶

(3)�þ\{/+0§=éV¥�?¿ü��þα,β§3V¥�3��Ú�þα+β

÷v±e5�µ

1) ��Æ§=α+ β = β +α¶
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2) (ÜÆ§=(α+ β) + γ = α+ (β + γ)"ùp§γ´V¥����þ¶

3)�3�����þ0§¡�"�þ§¦�éV¥�?���þαkα+0 = α¶

4) éV¥�?¿���þα§V¥�3�����þ−α§¡�α���þ§¦
�α+ (−α) = 0¶

(4) �þê¦§=éV¥�?���þαÚ�F¥�Iþλ§3V¥�3��ê

¦�þλα ÷v±e5�µ

1) éV¥�?���þα§k1α = α¶

2) éF¥�Iþλ1, λ2§k(λ1λ2)α = λ1 (λ2α)¶

3) éV¥�?¿ü��þα,βÚ�F¥�Iþλ§kλ(α+ β) = λα+ λβ;

4) éV¥�?���þαÚ�F¥�Iþλ1, λ2§k(λ1 + λ2)α = λ1α+ λ2α"

~X§�
~���5�mXeµ

~1. �. �½���F§~X§�ê�Z!knê�N½¢ê�R§Ù¥��÷
v�þ�m�¤k^�§́ �Fþ����5�m(F ; F )"

~2. n-�|. é�ên ≥ 2Ú�F§dF¥��|¤�n-�|(x1, x2, · · · , xn)�

¤�8ÜP�F n"½Ân-�|�\{$�

(x1, x2, · · · , xn) + (y1, y2, · · · , yn) = (x1 + y1, x2 + y2, · · · , xn + yn)

Úê¦$� λ(x1, x2, · · · , xn) = (λx1, λx2, · · · , λxn)§

ùp§λ��F¥�Iþ"K(F n; F )����5�m"AO/§�F = R§KRn=

éAu���IX{O; e1, e2, · · · , en}þ�¤k:�I(x1, x2, · · · , xn)�¤��5�

m§¡�î¼�mRn"

~3. Ý
. é�ên ≥ 2Ú�F§�F n×n�dF¥��|¤�Ý
(aij)n×n�

¤�8Ü"�Ý
A = (aij)n×n , B = (bij)n×n§λ�F¥���Iþ§½Â

A+B = (aij + bij)n×n , λA = (λaij)n×n◦

KF n×n����5�m"AO/§F 1×n = F n§=F¥�|¤�n-�|�¤��

5�m"

~4. N�. �F����§S1ÚS2�ü�é\{/+0Ú¦{/·0$�µ4�
8Ü§F (S1, S2)�df : S1 → S2=dS1�S2�N��¤�8Ü"éF (S1, S2)¥�N

�f, gÚF¥��λ§½Â

(f + g)(x) = f(x) + g(x), (λf)(x) = λf(x),

ùp§x�S1¥��"KF (S1, S2)����5�m"�S1 = S2 = R§KF (R,R)�Rþ
���¢¼ê�m"
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î�Æ¬w�¨f§�5�m�uå!�Ý�g,.¥��þ§�§´3�

5|ÜÄ:þ�JõÚÄ�§́ rº¯Ô1���«A^ÊH�Vg½óä"¢S

þ§<a@�?Û��¯Ô§A�Ñ´l�ïÙ�5�m�.m©½´3�5�m

þÚ\ØÓ�Ýþ§?�x¯Ô1��§e¡0��SÈ�mÒ´ù���~f"

�V´¢ê�Rþ����5�m§éV¥�?¿ü��þα,β§Ú\§�m
�Ýþ§¡�SÈ〈α,β〉§={α,β} → 〈α,β〉"SÈ´��Iþ§�éV¥��
þα,β,γÚ¢êλ÷vµ

1) 〈α,α〉 ≥ 0��Ò=�α = 0�¤á¶

2) 〈α,β〉 = 〈β,α〉¶
3) 〈λα,β〉 = λ 〈α,β〉¶
4) 〈α+ β,γ〉 = 〈α,γ〉+ 〈β,γ〉"

SÈ÷vþ¡1)− 4)�5���5�mV¡�SÈ�m"du〈α,α〉 ≥ 0§�±

½Â�þα��Ý�|α| =
√
〈α,α〉§q¡��ê"

3SÈ�m¥k��Í¶�Ø�ª§¡��Ü-��]Ø�ª§=éV¥�?¿

ü��þα,β§k

〈α,β〉2 ≤ 〈α,α〉 〈β,β〉 (4.31)

��Ò=�α,β�5�'�â¤á"@o§N�âUwÑù�Ø�ªQºÄk§X

Jα,β�5�'§K�½kα = 0½α 6= 0§β = λα"d�§����k〈α,β〉2 =

〈α,α〉 〈β,β〉¶Ùg§XJα,β�5Ã'§=é?¿¢êt§tα+ β 6= 0§�k

〈tα+ β, tα+ β〉 ≥ 0 ⇒ t2 〈α,α〉+ 2t 〈α,β〉+ 〈β,β〉 ≥ 0◦ (4.32)

5¿§(4.32)ª´'ut������gª�é?¿¢êt¤á"�§��Oª�

½�u"§=

〈α,β〉2 ≤ 〈α,α〉 〈β,β〉◦

ù�§Ò��5/��
�Ü-��]Ø�ª(4.31)"

éun-�î¼�mRn¥��þα,β§d5�1) − 4)ÙSÈO�(J�(4.22)ª

��§=�α = (a1, a2, · · · , an) ,β = (b1, b2, · · · , bn)§Kk

〈α,β〉 = (a1, a2, · · · , an) · (b1, b2, · · · , bn) = a1b1 + a2b2 + · · ·+ anbn◦

AO/§〈α,α〉 = a2
1 + a2

2 + · · ·+ a2
n§��þα��Ý�

|α| = |(a1, a2, · · · , an)| =
√
a2

1 + a2
2 + · · ·+ a2

n, (4.33)
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�AÛþ:(a1, a2, · · · , an)��:O�ål��"éA/§�Ü-��]Ø�ªz�

(a1b1 + a2b2 + · · ·+ anbn)2 ≤
(
a2

1 + a2
2 + · · ·+ a2

n

) (
b2

1 + b2
2 + · · ·+ b2

n

)
◦

(4.34)

¡��ÜØ�ª"

d�ÜØ�ª(4.34)§�±?�Ú��n�Ø�ª

|α+ β| ≤ |α|+ |β|, (4.35)

ù3AÛþ´��®�(Ø§=n�/¥�?¿ü>��Ý�u1n>��Ý"@

o§N�l�ÜØ�ªwÑù�:QºÄk§òØ�ª(4.35)�¤�I/ª√
(a1 + b1)2 + (a2 + b2)2 + · · ·+ (an + bn)2

≤
√
a2

1 + a2
2 + · · ·+ a2

n +
√
b2

1 + b2
2 + · · ·+ b2

n

¿ü>Ó�²�§k

(a1 + b1)2 + (a2 + b2)2 + · · ·+ (an + bn)2

≤
(
a2

1 + a2
2 + · · ·+ a2

n

)
+
(
b2

1 + b2
2 + · · ·+ b2

n

)
+2
√
a2

1 + a2
2 + · · ·+ a2

n ·
√
b2

1 + b2
2 + · · ·+ b2

n◦

?�Úz{§k

(a1b1 + a2b2 + · · ·+ anbn)2 ≤
(
a2

1 + a2
2 + · · ·+ a2

n

) (
b2

1 + b2
2 + · · ·+ b2

n

)
,

=�ÜØ�ª",§·�®��ÜØ�ª(4.34)¤áþãínL§�_"ù�§

ÅÚ_í£�Ò��n�Ø�ª(4.35)"

14!Ä��ê

�5�m¥§k��þ�±dÙ¦�þ�5)¤§k�KØU"î�Æ¬w�

¨f§rº���5�mV§�«g,��{´éÑV¥@
ØUdÙ¦�þÜ¤

��þ§=Ä��¤�8ÜC"ùpkü�Ä�OKµ�´C¥Ø�3P{�þx§=

@
3C¥�K�þxØK��þÜ¤(J〈C〉��þ"ù�OK¢Sþ´�¦C��
½�²L¶�´�þm�'XBuO�½(½�þÜ¤"

~X§n-�î¼�mRn�n�)¤�þe1, e2, · · · , en�|ei| = 1, ei⊥ej, 1 ≤
i, j ≤ nÒÎÜùü�OK"��où�`QºÄk§)¤�þe1, e2, · · · , en¥Ø�
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3P{�þ§Ï��KÙ¥?Û���þÑÜ¤Ø
î¼�mRn¶Ùg§̂ �|ei| =
1, ei⊥ej, 1 ≤ i, j ≤ n¦�(½C¥��þ)¤(JO���I(λ1, λ2, · · · , λn)�

d§=�þ

a = λ1e1 + λ2e2 + · · ·+ λnen ⇔ a = (λ1, λ2, · · · , λn) , λ1, λ2, · · · , λn ∈ R

d¢ê8R�±(½�þa�)¤'X"

@o§é�½��þ)¤8C§́ Ä�3ÎÜùü�OK�)¤f8C ′Qºî�
Æ¬)º`§3�úþ§ù��)¤8C ′ A�´�3�§Ï��±Å��yC¥�
z��þx´ÄP{"XJP{Ò�K§=3)¤8C\{x}þ�ÄÓ�¯K§���
e5��þØ2´P{��§ù
�{�þ¡�Ä�þ"Ó�§þ¡î¼�m�~

fL²§)¤�þm�pR��±4�/

{zO�"@o§XÛ4Ä�þm�pR�

QºùI�é)¤ÄC ′¥����z"3A
Ûþ§ù�:éN´��"~X§�±kÀ

½��Ä�þ§^=,��Ä�þ�§R

�§��ü��pR��Ä�þ",�§3

�{Ä�þ¥Å�^=@
Ø�®�pR

��Ä�þR��Ä�þ§¦Ù�@
Ä ã4.22 Ä�þ^=ã

�þ�pR�§��¤kÄ�þÑ�pR���§Xã4.22¤«"ù�Ò����

���)¤ÄC ′"
4.1.�5Õá. �þm��5Õá½�'§´(½�5�m)¤Ä¥��

Vg"�(V ; F )´���5�m§C´T�5�m���)¤8"XJC¥�3P
{�þx§Ù^�´C\{x}¥�3�þa1, a2, · · · , ak§�F¥�½�3Ø��0�I

þλ1, λ2, · · · , λk¦�
x = λ1a1 + λ2a2 + · · ·+ λkak, (4.36)

=x�)¤�^�±d�þa1, a2, · · · , akO�"ùp§k ≥ 1��ê"��§XJx�

)¤�^ØUdC\{x} ¥��þO�§KxÒØ´C¥���P{�þ"î�Æ¬w
�¨f§ù«g��?�ÚJõÒk�5�'Ú�5Õá�Vg"

é?¿�ên ≥ 1§�5�mV¥��þa1, a2, · · · , an¡�´�5�'�§XJ
�F¥�3Ø��0�Iþλ1, λ2, · · · , λn¦�

λ1a1 + λ2a2 + · · ·+ λnan = 0◦ (4.37)

��§XJ�F¥vkØ��0�Iþλ1, λ2, · · · , λn¦(4.37)ª¤á§=XJ(4.37)ª

¤áKkλ1 = λ2 = · · · = λn = 0§K�þa1, a2, · · · , an¡�´�5Õá�"
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~X§î¼�mR3¥§�þ

a1 = (3, 0,−3), a2 = (−1, 1, 2), a3 = (4, 2,−2)

´�5�'�§Ï��3¢êλ1 = 2, λ2 = 2, λ3 = −1¦�

2a1 + 2a2 − a3 = (6, 0,−6) + (−2, 2, 4)− (4, 2,−2)

= (6− 2− 4, 0− 2 + 2,−6 + 4 + 2) = (0, 0, 0),

�þ

b1 = (1, 1, 1), b2 = (0, 1, 1), b3 = (0, 0, 1)

K´�5Õá�§Ï�XJ�3¢êλ1, λ2, λ3¦

λ1b1 + λ2b2 + λ3b3 = (0, 0, 0) ⇒ (λ1, λ1 + λ2, λ1 + λ2 + λ3) = (0, 0, 0),

���5�§| 
λ1 = 0,

λ1 + λ2 = 0,

λ1 + λ2 + λ3 = 0◦

l§λ1 = λ2 = λ3 = 0§=�þb1,b2,b3´�5Õá�"

d�þ�5�'Ú�5Õá�½Â§k±e{ü�(Øµ

1) ?��¹k�5�'�þ��þ8´�5�'�¶

2) ?���5Õá�þ�f8E´�5Õá�¶

3) ?��¹k"�þ0��þ8´�5�'�§Ï�é�F¥�?�Iþλ§

kλ0 = 0¶

4) ���þ8S´�5Õá�§K§�z�k�f8´�5Õá�§���½

,§=XJ§�z�k�f8´�5Õá�§KS´�5Õá�"

4.2.Ä��ê. î�Æ¬w�¨f§3�5)¤^�eÏé�5�mV�)¤

Ä§´�xV¥�þ��«k��{"���5�mV�)¤Ä§´�V ¥���

5Õáf8C§Ù¥��)¤V"U)¤ÄC ¥¹kÃ�½k�õ���ØÓ§�5
�m©�Ã���5�mÚk���5�m§=|C| < +∞üa"ùpÌ�?Øk�
��5�m5�"

Äk§��k���5�mVÃØkõ��)¤Äþäk�Ó�ê��"XÙ

Ø,§b�C1 = {a1, a2, · · · , an}ÚC2 = {b1,b2, · · · ,bm}�V�ü�)¤Ä§m >
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n�bj = γ1ja1 + γ2ja2 + · · · + γnjan"ùp§1 ≤ j ≤ m"éF¥�?¿n�I

þx1, x2, · · · , xm§k

x1b1 + x2b2 + · · ·+ xmbm =
m∑
j=1

xjbj =
m∑
j=1

xj

n∑
i=1

γijai

=
m∑
j=1

n∑
i=1

(γijxj) ai =
n∑
i=1

(
m∑
j=1

γijxj

)
ai◦

5¿m > n§=�5�§|

m∑
j=1

γijxj = 0, 1 ≤ i ≤ n (4.38)

¥��§ê�uCþê§��§|(4.38)�3�0)λ1, λ2, · · · , λm"ù�§Òk

λ1b1 + λ2b2 + · · ·+ xmbm = 0,

�C2´V�)¤Ägñ"�ØUkm > n§=m ≤ n"aq/§òþ¡�C1^C2O�

�n ≤ m"ù�§Òkm = n§=V�?��)¤Ä¥äk�Ó�ê��§¡��5

�mV��ê§P�dimV"~X§dimRn = n§=Rn�n-��5�m"

éuV�?���5Õá�f8W0§�½k|W0| ≤ dimV"@o§´Ä�±

òW0ÿ2�V���)¤ÄQºî�Æ¬`§�Y´�½��Äk§XJW0)¤VK

(ØgØ3{e"XÙØ,§V¥�½�3��ØUdW0¥��)¤��§�α1´

ù�����"�W1 = S0

⋃
{α1}"Ó�§XJW1)¤V§�����(Ø"XÙØ

,§V¥�½�3��ØUdW1¥��)¤��§P�α2§�W2 = W0

⋃
{α1,α2}¿

Eù�L§"dudimVk�§�õ²Ls ≤ dimV − 1Ú�����5Õá8

Ws = W0

⋃
{α1,α2, · · · ,αs} (4.39)

)¤V§=3�5Õá8W0Ä:þO\α1,α2, · · · ,αs§òÙÿ2�Ws=�V��

�)¤Ä"ùp§|W0|+ s = dimV"

��/§éV�)¤8C¥?¿ü�f8U0,W0§d13Ù¥�/N½�n0k

|U0|+ |W0| =
∣∣∣U0

⋃
W0

∣∣∣+
∣∣∣U0

⋂
W0

∣∣∣ (4.40)

ù��ª"y3§b�U0!W0Ü¤��5�m©O�UÚW§Kk|U0| = dimU§|W0| =
dimW"PU +W = {a + b|a ∈ U,b ∈ W}§U

⋂
W = {c|c ∈ U

⋂
W}"@o§î�

Æ¬¯¨f§�5�m¥´Äk�ê�ª

dimU + dimW = dim (U +W ) + dim
(
U
⋂

W
)

(4.41)
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¤áQºî�Æ¬)º`§�Y´�½��Ï�U0

⋃
W0´�5Õá��U +W¥�

?���þ�±dU0

⋃
W0¥��)¤§�k�ªdim(U + W ) = |U0

⋃
W0|¶aq

/§�k�ªdim (U
⋂
W ) = |U

⋂
W |"ù�§dN½�n(4.40)�±�����ê

�ª(4.41)"�,§�ª(4.41)��dÿ2þ¡U0

⋂
W0¥���V���)¤Ä��

{��§�Ù¢�´N½�n(4.40)�A^"

�
�Ø�5�m�mÏ�þÎÒØÓ����þL«þ�<��É§î�

Æ¬w�¨f§é�þ��5Ü¤�k��©a¯K§=�½�F§�ädØÓ�

)¤ÄCÚC ′Ü¤��5�mVÚW´Ä��"�d§I�k²(ùp�ü��5�
m��´�o¿g"Q,ùp?Ø�´�5�m§/��0�c�¹ÂA.½�´ü

��5�m���m�éA'X��±�5(���§=/Ó�0"��/§�5�

mVÚW¡� /́Ó�0�§��3��1− 1N�T : V → W �±ü��m��5

'X§=é?¿�5�mV¥��þa,bk

T (λa + µb) = λT (a) + µT (b), (4.42)

Ù¥§λ, µ��F¥�Iþ"

é�5�mó§�äVÚW´ÄÓ��±dÙ�ê´Ä�Ó���½§=

XJdimV = dimWK�5�mVÚWÓ��@o§N�d�5Ü¤��ù�(Ø

QºÄk§b�dimV = dimW = n§V�)¤ÄC = {α1,α2, · · · ,αn}§W�)¤
ÄC ′ = {β1,β2, · · · ,βn}¶Ùg§½ÂN�T3�l�5'X(4.42)�^�e§÷v

T (α1) = β1, T (α2) = β2, · · · , T (αn) = βn◦

KT´��1− 1N�§=

T : x1α1 + x2α2 + · · ·+ xnαn ↔ x1β1 + x2β2 + · · ·+ xnβn◦ (4.43)

ù�§d(4.43)��§XdimV = nK(V ; F )Ó�uF¥��¤�n-�|/¤��5

�m§=F n"Ó�§�±½Â���þα3)¤Ä{α1,α2, · · · ,αn}e��I

α = x1α1 + x2α2 + · · ·+ xnαn ↔ (x1, x2, · · · , xn) , (4.44)

=α3���IX{O;α1,α2, · · · ,αn}¥��I�(x1, x2, · · · , xn)§�(4.2)ª��"

4.3.Ä��z.aqu(4.43)ª§�5�mV�)¤Ä{α1,α2, · · · ,αn}����
IX�Ie{O;α1,α2, · · · ,αn}m�3X1−1éA§=3Ie{O; α1,α2, · · · ,αn}¥
�þα��I�(4.43)ª(½�(x1, x2, · · · , xn)"î�Æ¬w�¨f§ù�¥�{
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ü��án-�î¼�m��IX{O; e1, e2, · · · , en}§¡�{�IX"éA�Ä�
þ{e1, e2, · · · , en}¡�IO��Ä"ùp

e1 = (1, 0, · · · , 0︸ ︷︷ ︸
n−1

), e2 = (0, 1, 0, · · · , 0︸ ︷︷ ︸
n−2

), · · · , en = (0, · · · , 0︸ ︷︷ ︸
n−1

, 1),

=é?¿�êi, j§1 ≤ i 6= j ≤ n§Ä�þ|ei| = |ej| = 1�ü �þ�ØÓÄ�þm

ei · ej = (0, · · · , 0︸ ︷︷ ︸
i−1

, 1, 0, · · · , 0︸ ︷︷ ︸
n−i

) · (0, · · · , 0︸ ︷︷ ︸
j−1

, 1, 0, · · · , 0︸ ︷︷ ︸
n−j

) = 0 + 0 + · · ·+ 0 = 0,

=ei⊥ej§Ä�þei�ejR�"5¿§?���þα�ü zéN´��§Ï�∣∣∣∣ α|α|
∣∣∣∣ =

|α|
|α|

= 1, (4.45)

=α/|α|´��ü �þ"@o§éV�?��)¤Ä{α1,α2, · · · ,αn}§´Ä�d
Ù�Ñ��V���ÄQºî�Æ¬`§�Y´�½��ùÒ´�a0-¤�A��

z§Ù¢�´��z�AÛ�*§=ã4.21¥¤«��þ��zL§§Ú½Xeµ

11Ú. �β1 = α1§Kkβ1 6= 0�β1�α1��5|Ü"

12Ú. ½Â

β2 = α2 −
〈α2,β1〉
〈β1,β1〉

β1,

=β2´Ä�þα1,α2��5|Ü"5¿§α1�α2�5Õá§�β2 6= 0�

〈β2,β1〉 = 〈α2,β1〉 −
〈α2,β1〉
〈β1,β1〉

〈β1,β1〉 = 0,

=β2�β1��"

13Ú. ��/§é�ê1 ≤ k ≤ n§X®�EÑüü����þβ1,β2, · · · ,βk§
�z��þβi�α1,α2, · · · ,αi��5|Ü"ùp§1 ≤ i ≤ k"½Â

βk+1 = αk+1 −
〈αk+1,β1〉
〈β1,β1〉

β1 − · · · −
〈αk+1,βk〉
〈βk,βk〉

βk, (4.46)

K�þβk+1´�þα1,α2, · · · ,αk+1��5|Ü"5¿§β1,β2, · · · ,βküü��§�
é?¿�êi, 1 ≤ i ≤ kk〈

βk+1,βi
〉

= 〈αk+1,βi〉 −
〈αk+1,βi〉
〈βi,βi〉

〈βi,βi〉 = 0,

=é?¿�êi, 1 ≤ i ≤ k§�þβk+1�βi��"ù�§�þβ1,β2, · · · ,βk+1´��

üü����þ|"
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14Ú. XJk + 1 < n§E13Ú�E§��k + 1 = nª�"

ù�§d�5�mV���)¤Ä{α1,α2, · · · ,αn}²d11Ú-14ÚÒ��
V�

��üü���)¤Äβ1,β2, · · · ,βn"?�Ú§A^(4.45)éz�βiü z�β
′
i§1 ≤

i ≤ n§Ò��V���{�IX{O;β′1,β
′
2, · · · ,β′n}"

15!�:�§

���ÔN�ºÝ���Ù¦��Ô�ål�'4�§½´ÔN�¤¥��|

©$Ä�Ó§Ù?�|©�$ÄÑ�±�L��ÔN$Ä�§î�Æ¬w�¨f§

ù�§�±Ø�ÄÔN�SÜ(�òT

ÙÄ����AÛ:§rÔN�þ8¥3

ù�AÛ:þ?1�x"ù��:¡��

:§=k�þ�vkNÈ½/G�Ä�:"

ù�§3@�ùaÔN$Ä�§�±3�I

X¥^�:�.�xÙ$Ä1�"~X§<

�3/¥þ�"(�§§�k��Ð¼�

��U�§k��VYpÞ�X�n��
ã4.23 (�

f§����!½²½V§3<ú¥¥yÑÃwõ^�/�",§�?�Ú��*

ÿºÝ§~X2·1c!3·1c½10·1c

=3�»ÆºÝþ*ÿ§K�»3?�:

9Ùþ�?���´Ø�©E�����"

ù�§1(NÈ�'u1(må4��

±�Ñ§òÙÀ�����:P"ù�§�

±k�ï{�IX{O; e1, e2, e3}§¿3ù�
{�IX¥æ^ ��þ ã4.24 �:$Ä;,

r = r(t) ½ö r = x(t)e1 + y(t)e2 + z(t)e3 (4.47)

�x1(P�$Ä1�"ùp§�:$Ä�§(4.47)��±�¤Iþ½ëê/ª

x = x(t), y = y(t), x = z(t)" (4.48)

ù�§��mtCÄ�§¥þ
−→
OP�à:P��mtCz£±��m�=��/�

xÑP�$Ä;,§Xã4.24¤«"�d§�þ�§(4.47)½ëê�§(4.48)¡��

:P�$Ä�§§��dëê�§(4.48)��ëêt����/ª���§"~
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X§é�þ�§r = R sin te1 +R cos te2 + se3½ëê�§
x(t) = R sin t,

y(t) = R cos t,

z(t) = c

��ëêt����/ª��§

x2(t) + y2(t) = R2, z(t) = c, (4.49)

=��mR3¥z = s²¡þ�»�R��"ùp§0 ≤ t ≤ 2π§c���~ê"AO/§

XJ�:�$1;,��^���§¡���$Ä¶��§K¡��$Ä"

5¿§�§(4.47)½(4.48) ´�:P3�IX{O; e1, e2, e3}§=��·�ØÄ�
�IX¥�$Ä�§"ù���IX{O; e1, e2, e3}q¡�$ÄëìX"��/§À
JØÓ�ëìX�:P�$Ä�§kØÓ�Ly/ª"~X§é3���!���

$Ä�»�§=T»�3ü �mS1r�´§´��½~�þ��gdáe�Ô

NP§X±»��ëìX§KP�$1;,

´�^R����¶�X±�/�ëìX§

KP�$1;,��^�Ô�",§�â

�Ù11!¥��é5�n½²�5�n§

ù
�§3�x�:P�$Äþ¿vk�

��ØÓ",§î�Æ¬w�¨f§ÀJ

»���:P�$ÄëìXKP�$Ä�§

�é{ü§��^��=�g�§" ã4.25 $Ä £

5.1. £Cz. ÔN$Ä�����3u�m ��Cz"���:P�éu

ëìX{O; e1, e2, e3}�$Ä´P3ØÓ��m ��þrP½�I�Cz§�ã4.25"

��:P3��t1 u:P1§�I�(x1, y1, z1)¶��t2 u:P2§�I�(x2, y2, z2)§

K�:Pd��t1���t2� £½Â��þ�

∆rP = rP (t2)− rP (t1) = (x2 − x1, y2 − y1, z2 − z1)§ (4.50)

=�þ
−−→
P1P2§Xã4.24¤«"XJ�:P� £CzÇ´~�þvc = (cx, cy, cz)§=

�:P3x-¶!y-¶Úz-¶n���ü �mS� £©O´~êcx, cy, cz§Kvc! 

£Ú�mnöm�3'X

vc =
∆rP
t2 − t1

=

(
x2 − x1

t2 − t1
,
y2 − y1

t2 − t1
,
z2 − z1

t2 − t1

)
= (cx, cy, cz) , (4.51)

ùp�vc¡��:P�$Ä�Ý"���/§�:P3x-¶!y-¶Úz-¶n���ü 

�mS� £Ø´~ê§qAN�(½�:P £�CzÇ½�ÝQºî�Æ¬w
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�¨f§ù�¯K�±ù�g�§=ò�m�∆t = t2 − t1Åì �½´4��t2Ã
���Ct1§t2 → t1"ù��5§�:P� £�∆rP�¬�X��t2�Ct1Åì

~�"��m�∆t���½§Ý�§�±Cq/@��:P3∆t ù��ãþ� 

£Cz´��~�þ"ù�§æ^�©���ª(4.51)� £Ú�mCz�ÒEA

�¤á"�d§�:P3?���t��Ý½Â�

v(t) = lim
∆t→0

∆rP
∆t

= ṙP = (ẋ, ẏ, ż) = (vx, vy, vz)◦ (4.52)

ùp§(x, y, z)´�:P3��t��I§ṙP = drP/dt, ẋ = dx/dt, ẏ = dy/dt, ż =

dz/dt"éA�§d(4.33)ª�:P��Ý���

v(t) = |v(t)| =
√
v2
x + v2

y + v2
z =

√
ẋ2 + ẏ2 + ż2◦ (4.53)

~X§b��:P� ��þ�rP = (R sin t, R cos t, c)§Ù¥R > 0"K�Ý�

þv(t) = (R cos t,−R sin t, 0)§���

v(t) =
√

(R sin t)2 + (−R sin t)2 + 02 = R◦

�Ý�þv(t)Ø�½´~�þ"@o§N��x�Ý�þ�CzQºî�Æ¬

`§�Ú\�Ý�þ�g�aq§=�Ä�Ý�þv(t)3��tÚt + ∆t��/§4

�mã∆t→ 0Ã� �"ù�§��m�∆t���½§Ý��±Cq/@�v(t)3

ù��ãþ�Cz´��~�þ§æ^

a(t) = lim
∆t→0

∆v(t)

∆t
= v̇(t) = (ẍ, ÿ, z̈) (4.54)

ïþ�Ý�þv(t)�Cz§¡��:P�\�Ý§Ù���

a(t) = |a(t)| =
√
ẍ2 + ÿ2 + ẍ2◦ (4.55)

ùp§v̇ = dv/dt, ẍ = d2x/dt2, ÿ = d2y/dt2, z̈ = d2z/dt2"~X§é�þrP =

(R sin t, R cos t, c)��:P§Ù\�Ý

a(t) = (−R sin t,−R cos t, 0)

����a(t) = |a(t)| = R"

5.2.ÚîåÆ. �:� £Cz´�:$Ä�	3/�0§vk�«�:$Ä�

�Ï"@o§��o`�Ô$Ä´[ð�§ÚåÔN$ÄCz��Ï´�oºî�

Æ¬w�¨f§��«ÔN$Ä��Ï§ÚîåÆÚ\
åFÚ�þmùü�Vg

£�ù�¯K"@o§�o´åºåF´ÔNm��p�^§́ ��k�^ �!k
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��Ú����þ¶�o´�þº�þm´

ÔN�k�þ§�uÔN�Ý¦±ÙNÈ§

´ÝþÔN.5�����þ"~X§m$

k�½��þ§3/¥Úå�^e/¤

å§Ù���e"éA�§Þ$Ä
üÃ

Þåm$7L�Ñå�þ^å§��

k$Ä
�þ��^å�um$g�þ

��ÿ§âU¤õÞåm$§�ã4.26"ù ã4.26 å

p§ÃØ´/¥ém$�eáÚ�Úå§�´$Ä
�þ�Þå§Ñ´�«�p

�^§$Ä
Þåm$K´ù«�^�	3Ly"

(1) Ä�½Æ. ÚîåÆ�n�Ä�½Æ�«
å�$Ä�'X§�g�µ

1�½Æ.£.5½Æ¤��ÔN3�É�Ù¦ÔN�^�ò�±·�½!�

��$ÄG�§ù«5�¡�ÔN�.5"

1�½Æ. ÔNÉ�	åF�^�§ÔN¤¼��\�Ýa�	å��¤�'§

�ÔN��þm¤�'�\�Ý����	å��^����"

3·�ÀJå!�þÚ\�Ý�ü §X��þm�ü �/Z�£kg¤0§\

�Ýa�ü �/�/¦2£m/s2¤0§å�ü �/Z�·�/¦2£kgm/s2¤0§q¡�

/Úî£N¤0�§Úî1�½n�±L«�

F = ma◦ (4.56)

1n½Æ.£�^��^½Æ¤ü�ÔNm��p�^åo´����§��

���÷XÓ�^��þ�p�^"

~X§3ã4.24¥§$Ä
ém$���^å−W�m$�åW�����

����§þ3�^�/¥L¡R����þ"éA�§$Ä
�ÞåF �^

3m$þ§�m$å����"ù�§$Ä
Þåm$�^�´|F −W| > 0§

=Þå�um$g�þ"5¿§ÔN�þ´ÔN3d?É��/¥Úå�

�"�k, k ≥ 1��þ©O�m1,m2, · · · ,mk�ÔN3Ó�:É��/¥Úå©O

�W1,W2, · · · ,Wk"d(4.56) ª§AkW1 = m1a1,W2 = m1a2, · · · ,Wk = m1ak"

,§²Á�y¢|a1| = |a2| = · · · = |ak|§Ù���g = 9.80665m/s2§=∣∣∣∣W1

m1

∣∣∣∣ =

∣∣∣∣W2

m2

∣∣∣∣ = · · · =
∣∣∣∣Wk

mk

∣∣∣∣ = g = 9.80665 m/s2
◦ (4.57)

ù�§���þ�m�ÔNPþ�|W| = mg"
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�ÔNP���$Ä�§�^å�$Ä\�ÝÑ÷X����§å�\�Ý�

'X(4.55)�±�¤Iþ/ª|F| = m|a|½{z�F = ma",§�ÔNP��

$Ä�KØUù�{z"î�Æ¬w�¨f§ù��±ïá{�IX{O; e1, e2, e3}§
�åF÷�I¶�©þ�Fx,Fy,Fz§��Cþx, y, z9Ù�ûÚ�mt�¼ê"d\

�Ý�©þ/ª(4.54)§Úî1�½Æ(4.56)�±�¤åF÷�I¶�©þ/ª
Fx (x, y, z, ẋ, ẏ, ż, t) = mẍ,

Fy (x, y, z, ẋ, ẏ, ż, t) = mÿ,

Fz (x, y, z, ẋ, ẏ, ż, t) = mz̈,

(4.58)

¡��:ÄåÆÄ��§"ù´����~�©�§|§��¼ê��:P� �

�þrP (t) = x(t)e1 + y(t)e2 + z(t)e3½�

:P��I(x(t), y(t), z(t))"ù�§¦)�

§|(4.58)Ò����:P�$1;,"

~X§é���þ�m��:PÃÐ�

/l�¥ç�áe§±Ð© ���:O§

�e��ïá�IX{O;x}§�ã4.27"@

o§N�(½�:P�$Ä;,Qºî�Æ

¬)º`§Äk§b�vk�í{å§=P ã4.27 gdáN$Ä

3ý�¥gdáe§Ð�Ýv0 = 0"d�§(4.58)§d��:P�$Ä�§�{
mẍ = mg,

x(0) = 0, ẋ|t=0 = 0◦

é�§¥�1�ª��È©§kx(t) = mgt2/2 + c1t + c2"ùp§c1, c2�~ê"

dÐ©^�x(0) = 0, ẋ|t=0 = 0�~êc1 = 0, c2 = 0"�kx(t) = gt2/2"

Ùg§�Ä�í{å"b��í{å��eá�Ý¤�'§{åXê�k§K�

:Peá�É��í{å�−mkẋ"d�§(4.58)§�:Peá�$Ä�§� mẍ = mg −mkẋ,

x(0) = 0, ẋ|t=0 = 0◦

�ẋ = u+ g/k§K�§1�ª{z�u̇+ ku = 0§=du/u = −kdt"édªÈ©
kln |u| = −kt+ c§u = c1e

−kt"ùp§c, c1 = ec �~ê"ù�§kẋ = c1e
−kt + g/k"

dÐ©^�ẋ|t=0 = 0§�~êc1 = −g/k"�k

ẋ = −g
k
e−kt +

g

k
=
g

k

(
1− e−kt

)
◦

(4.59)
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é(4.59)2È©§k

x(t) =
g

k
t+

g

k2
e−kt + c2,

Ù¥c2�~ê"�âÐ©^�x(0) = 0§�~êc2 = −g/k2§=��/k

x(t) =
g

k
t− g

k2

(
1− e−kt

)
◦

é��!��±$Ä��:P§|^l

��l��'X§=l�L�ul�θ��

»R¦ÈRθ§����Ýω = θ/t = 2π/T§

��Ýv = 2πR/T"ùp§T �$Ä�±

Ï"ù�§��Ýv = Rω"�(½��Ý

���§aqu�:�$Ä§4�mm

�∆t → 0§K∆v ���%§=��%�

Ý§Xãã4.28¤«"ù�§é���/�
ã4.28 �±$Ä

�±$Äk�%�Ýdv = vdθ§�%\�Ýa(t) = v̇ = vθ̇ = vω = v2/R"l§�

þ�m��:§Ù�%åF����

F = ma(t) =
mv2

R
◦ (4.60)

(2) �Åå|. ��åF�^uÔNPþ§¦�P�)
∆r� £§ù��^�

J�±^õW���ïþ§=

W = F ·∆r = |F||∆r| cos θ◦ (4.61)

ùp§θ�F�^��� £∆r���Y�"��ÔNäk�õ�Uå¡Ù�äk

U§�)ÄUÚ³Uü«"Ù¥§ÄUT ´ÏÔNk�½�Ýäk�Uþ"��
�þ�m!�Ý�v��:�ÄU�1

2
mv2¶³UV´ÏÔNm��é �u)Cz

¤äk�Uþ"���:P¤äk�ÄUÚ³U�Ú¡�Å�UE"

XJ��åF�õ=�Ù �k'§�¥m´»Ã'§K¡F����Åå§Ù

éA�|¡��Å|"ù�§�3��³¼êV¦�F = V (x0, y0, z0)−V (x1, y1, z1)"

ùp§(x0, y0, z0)Ú(x1, y1, z1)�F�õ§�:P�©:!ª:�I"~X§3/¥þ§

r�:PlpÝz1Þ�z2§ÞåéP��õ�−mg(z2 − z1)§=Iþ¼êmgz�~

�§=�Ååé���:��õ�u�: �þ�Iþ¼êV�~�"y3§��
:P��þ�m§É����ÅåF��^§�P3©:!ª:��Ý©O�v0, v1"

5¿§v · dv = vdv§dÚî1�½Æ§k

mr̈ = F ⇒ mr̈ · ṙ = F · ṙ ⇒ mv̇ · v = F · ṙ,
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=

d

(
1

2
mv2

)
= F · dr◦ (4.62)

5¿§åF´�Åå§�¥m´»Ã'"é(4.62)ªÈ©§k

1

2
mv2

1 −
1

2
mv2

0 =

(x1,y1,z1)∫
(x0,y0,z0)

F · dr = V (x0, y0, z0)− V (x1, y1, z1) ,

=
1

2
mv2

0 + V (x0, y0, z0) =
1

2
mv2

1 + V (x1, y1, z1) = E (4.63)

´�~ê§¡�Å�UÅð½Æ"

(3) n-N¯K.î�Æ¬w�¨f§ÚîåÆ�

��Ì�A^+�´(½1($1;,"�»¥§

�þ©O�m1,m2 �ü�ÔNP1, P2m�3Úå§

Ù���§��þ�¦È¤�'§�§�ål�²

�¤�'§=ÚåF = G·m1 ·m2/r
2§ùÒ´Úî�

�kÚå½Æ"Ù¥§G = 6.67×10−11N ·m2/kg2�

Úå~ê§r�ÔNm�ål"UN$1¥§�'u ã4.29 3-N¯K

1(Úå§Ù¦�^þ�Øv�§�±b�1(�m��^åÌ��Úå"@o§3

n��m{O; e1, e2, e3}¥§é?¿�êi, 1 ≤ i ≤ n§�½n�1(�Ð© �rPi(t0)!

�Ýv(t0)Ú�þmi§N���ùn�1(Pi3�Y,��mt�$ÄG�QºùÒ´

UNåÆ¥Í¶�n-N¯K"¢Sþ§é1i�1(A^Úî1�½ÆÚ�kÚå½

Æ§�±���©�§

mir̈Pi =
∑
j 6=i

Gmimj

(
rPj − rPi

)∣∣rPj − rPi
∣∣3 ,

Ù¥§rPiÚmi©O�1i�1(� ��þÚ�þ§1 ≤ i ≤ n"ù�§n-N¯KéA

�Ò´�©�§�Ð�¯K r̈Pi =
∑
j 6=i

Gmj

(
rPj − rPi

)∣∣rPj − rPi
∣∣3 ,

rPi |t=t0 = r0
Pi
, ṙPi = r1

Pi
, 1 ≤ i ≤ n◦

(4.64)

��5�¦)�§|(4.64)�)Û)´�©(J�§<��8Ø
�
AÏ�

/	§�vk��n = 3�)Û)§�Ø^`n > 3��/
"éu2-N¯K§þ¡�

�§|(4.64)�

r̈P1 =
Gm2 (rP2 − rP1)

|rP2 − rP1|
3 , r̈P2 =

Gm1 (rP1 − rP2)

|rP1 − rP2|
3 ◦ (4.65)
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�r = rP2 − rP1§Kd�§(4.65)k

r̈ = r̈P2 − r̈P1

=
Gm1 (rP1 − rP2)

|rP1 − rP2|
3 − Gm2 (rP2 − rP1)

|rP2 − rP1|
3

= −G (m1 +m2)
r

|r|3
,

=

r̈ = −G (m1 +m2)
r

|r|3
◦ (4.66)

ù�§�±k¦Ñ�§(4.66)�)Û)r§�\�§(4.65)��rP1ÚrP2��§

r̈P1 = Gm2
r

|r|3
, r̈P2 = −Gm1

r

|r|3
◦ (4.67)

é(4.67)ª©OÈ©§Òk

rP1(t) = Gm2

∫ (∫
r

|r|3
dt

)
dt, rP2(t) = −Gm1

∫ (∫
r

|r|3
dt

)
dt◦ (4.68)

ù�§Ò��
2-N¯K�)Û)"

@o§éu���n-N¯K§N���Ù)Qºî�Æ¬w�¨f§Uì²;�

�§¦)*g§��5�¦)�§|(4.64)�)Û)´��A�Ø�U�¤�¯�§

I�����Ýg�ù�¯K"5¿§n�1(mÚå�|Ü(�´��ãKn§n-N

¯K�)I�éz�º:v ∈ V (Kn)�IÒ"ã4.28¥���!/¥!���¤/F

�XÚ§ÙÚå'X=3-N¯K§éA�IÒãKL
3�13Ùã3.16(a)"

5¿§å��^´Õá�§=dA�å�^uÓ��ÔNþ¤�)�\�Ý�

uz��üÕå�^uTÔNþ�)�\�Ý��þÚ§¡�å�Õá�^½Æ"

Uìù�½Æ§Úåäk�\5§�^31i�1(þ�Úå�uÙ¦z�1(�^

uÙþ�ÚåÚ"aq/§�þ�äk�\5§rPi�Ù¦z�1(�^uÙþ�Ú

å(½�rPi ��þÚ"æ^^ÎÒL«§=

Fi = F1 + · · ·+ Fi−1 + Fi+1 + · · ·+ Fn,

rPi = rP1 + · · ·+ rPi−1
+ rPi+1

+ · · ·+ rPn◦ (4.69)

��én-N¯K©)§òÙ¦1(�^u1(v�Úå©)�n−1�2-N¯K{v, u1},
{v, u2}, · · · , {v, un−1}"ù�§|^2-N¯K�)���:vi� ��þ

rPi(t) = G
∑
j 6=i

mj

∫ (∫
rji

|rji|3
dt

)
dt◦ (4.70)
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ùp§i��ê§1 ≤ i ≤ n§rji = rPj − rPi§j 6= i, 1 ≤ j ≤ n− 1"

(4) �»�Ý. ïÄn-N¯K�8�§3urºUN$15Æ§?ÑÖu<

a�¬",§î�Æ¬w�¨f§��5�¦)n-N$Ä�§(4.64)´���©(

J�¯�§ù2gL²
<a@£þ�Û�5½´�»¥©ª�3<aØ�@�+

�",§=B=é2-N¯K��¦)§®¦<a�±�[�.UN$1§u�gC

�¥(ÑÖu)�Ú)¹¢�"ù�¥���

Ä�¯K§´(½u�<E¥(�§¥(I�

õ��Ð©�Ý§=Ð©�Ýõ���±7X

/¥^=§õ���±{ø/¥åP7X�

�^=§qI�õ���±{ø���åP

�Ñ��X§©O¡�1��»�Ýv1!1�

�»�Ýv2Ú1n�»�Ýv3§�ã4.30"ù� ã4.30 ����

¯K�Óu3/¥L¡þ�,�:�Y²�α§�Ývi, 1 ≤ i ≤ 3u����þ

�m�ÔNP"@o§N�(½1�!1�Ú1n�»�Ývi, 1 ≤ i ≤ 3 ���Qº

Äk§¥(3å/¡hp?7/¥^=´3��±$Ä§¤I��%åd�k

ÚåJø"ù�§d(4.60)ª�

mv2

R + h
= G

mmearth

(R + h)2
⇒ v =

√
Gmearth

R + h ◦
(4.71)

ùp§R = 6400km�/¥�»§mearth = 5.965 × 1024kg�/¥�þ"5¿§¥(

��3C/��1§h��uR§=h � R"��±Cq/^R��R + h"ù�§

3(4.71)ª¥�\ê�O�§k

v1 =

√
Gmearth

R
=

√
6.67× 10−11 × 5.965× 1024

6.4× 106
≈ 7.9km/s,

ùÒ´1��»�Ý"

éu1��»�Ýv2�O�§b�¥(u��§Ù�)�ÄU�±øl/¥Ú

å§��Ã¡�?"ù�Òk

1

2
mv2

2 ≥
∞∫

x=R

Gmmearth

x2
dx =

Gmmearth

R
,

=§

v2 ≥
√

2Gmearth

R
=
√

2×
√
Gmearth

R
=
√

2v1◦

�\v1 = 7.9km/sO�§�1��»�Ýv2 =
√

2v1 = 11.2km/s"
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éu1n�»�Ýv3§kO�3/¥þu�¥(¿øl��ÚåI�õ��u

��Ý"ù¢Sþ´1��»�ÝO�¥§òmearthO�����þmsun§/¥�

»RO��/¥����ålR′O�"®����þ´/¥�333400�§/¥7�

�;��»�²þ���/¥�»�23400�"ù�§d1��»�Ý�O��1

n�»�ÝA÷v

1

2
mv2

3 ≥
Gmmsun

R′
⇒ v3 ≥ v2

√
msun R

mearthR′
= 11.2×

√
333400

23400
≈ 42.27km/s

�^�§ù´������u��Ý",§5¿�/¥ú=�Ý�29.8km/s§XÀ

J¥(u����/¥ú=��§K�±~�u��Ý�42.27−29.8 = 12.47km/s"

Ó�§l/¥þu�¥(��{ø/¥�Úå�^§=u��Ð©�Ý÷v

v2
3 −

2Gmearth

R
≥ 12.472 ⇒ v3 ≥

√
2× 7.92 + 12.472 ≈ 16.7km/s,

=v3 ≥ 16.7km/s=�{ø��Úå�åP§ùÒ´1n�»�Ý"

5.3.��)ä. �IX��Ýþ¯ÔCz�ÄO§�Ù11!¥��IC�§́

b����IX3,���IX¥��:OÚ�I¶��´�½�§?(½Ó�

�:P3ü��IX¥��I§=�pm��IC�'X(4.16)§@´�«�5'

X",§$Ä´[ð�§�:Ú�I¶����½=´�«�é�½"XJ��

�IX�é,���IX´$Ä�§N�(½§��I�m�C�'XQºî�Æ

¬4¨fg�"~X§�{O′; e′1, e′2, e′3}3
�IX{O; e1, e2, e3}¥÷Xx-¶��±�

Ýv�!���$Ä§Xã4.31¤«"@

o§A�N�(½�IX{O′; e′1, e′2, e′3}¥
� :(x′, y′, z′)3{O; e1, e2, e3}¥ � � I
Qºb�<��±Ó�ÿþ�:P3�I

X{O; e1, e2, e3}Ú{O′; e′1, e′2, e′3}¥��I§
ù�¯K�±ù��Ä§3��t§�:P ã4.31 �IX$Ä

3ü��IX¥ky′ = y, z′ = z"duP÷x-¶��$Ä§�I�xdüÜ©|¤µ�

´P3{O′; e′1, e′2, e′3}¥��Ix′¶�´�IX{O′; e′1, e′2, e′3}�:O′3{O; e1, e2, e3}¥
��I§=Ù$Ä²£�ålvt"ù�§kx = x′ + vt"�3��t§�:P3�I

X{O′; e′1, e′2, e′3}¥��I�

x′ = x− vt, y′ = y, z′ = z◦ (4.72)

XJü��IX{O; e1, e2, e3}!{O′; e′1, e′2, e′3}=´�m �þ��É§ù��
O�Ã¦´�(�"�3��$Ä��IX{O′; e′1, e′2, e′3}¥§N��yÿþ��m
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�Ó§qN��yÿþÑ��Ý3ü��IX¥´���Qºî�Æ¬¯¨ffv

fL/Uþ�F/þ�c0ù�`{§̈ f£�`µ/fL�5ÜiP6¥kù��`

{"0î�Æ¬?�ÚJ«`µ/ù´Ø´¿�XUþ��¨'/þ��¨�r�÷


Qº0̈ f�
�`µ/Ð�´ù��§ww�0Êî
�e§̈ f�¯î�Æ¬µ/�

ù��5§<3UþØ´�'3/þ�Æíº'X§r���Ê
xþ��§3U

þ)¹ü��§ü���¦£�/¥þ§��u3/þ)¹
60c§Ø´'¦��

å���c�í§ùNo�UQ�0î�Æ¬w�¨§�`ù��´L²Uû)¹�

<m��O"¢Sþ§�mÿþ��á��¨�$1�Ýk'§=r�¨w��

:$Ä§§$1��¯ÿ���m�ú§ù�y�¡��m�)ä�A"~X§/

¥þ�¨�$1�Ý�/¥ú=�29.8km/s§ÿþÑ��m´/¥�m"d	§=

B´3/¥þü�ØÓ/:��ü��¨§�Ù¥���¨3$Ä§�¢yØ
�

mÿþ���5§Ï�ÿþ(J´�¨þw«��m3<ú¥��N§D4x0´

1§3ý�¥��Ý�c ≈ 3 × 05km/s§ÙD4��Â�3�m�§ù´E¤�m

)ä��Ï"aq/§�Ý��3ù«)ä�A§=�m½�Ý=´�éuÀ½�

ëìX¥��Ô"��/§é$Ä¥��IX§�:P��é�I¿�d(4.72)ª(

½§´

x′ =
x− vt√
1−

(v
c

)2
, y′ = y, z′ = z, t′ =

t− v

c2
x√

1−
(v
c

)2
, (4.73)

¡�âÔ]C�§=�ÝÚ�m�)ä�Xê
√

1− (v/c)2k'"ùp§v�P�$1

�Ý"@o§��o<�3)¹¥a�Ø��Ý½�m�)äQºÏ�)¹¥�Ô

N$1�Ýv��u1�§=v � c�±�ÑØO§��(4.72)�O�(J"

�?�Úéu¨fé<a@��é5�n)§î�Æ¬¯¨µ/\3Æ�kvk

aúL§k��mL�AOú§k�qL�AO¯º0̈ f£�`µ/kL�P�ù�

 H§·Øa,��Òú��m�ú§�"X@�:e�"�e�ÓÆ��å�

iZ�qú��mL��¯§Ø�¬�þ�$Ò�
"ww§ù´Ø´�m)ä�

AQº0î�Æ¬w�¨§ù«�/áu¨gC�%n�^Ø´�m)ä§aqa

���<�UÐk'Ø´�«�*��16²"

16!5º�µØ

6.1. <@��Ô´²dé�Ô�A�?1�x§±é¯ÔA��þ½/¶0�

rº�é¯Ô�@�§I�3���½�ëìX¥?1"��/§3�5�m§A
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O´(k��IX¥�x��¯Ô�uÐ�é{ü§�©z[Hok]![Qiu]Ú[Zho]"�

ØÓ�<À�ØÓ§ëìXØÓ���x¯ÔA��þ�/ªØÓ"ù«�x/

ª�ØÓ´dëìXØÓE¤�§¿�¯Ô��5¡8"@o§N�)ûëìX

ØÓ���A��þ/ªþ�ØÓQºùÒ´OÏd"�2Â�éØ§=£��

��*¯ÔuÐ5Æ��§ªA�3¤k��IX¥äk�Ó�Ly/ª§�©

z[Car]![Ein1]-[Ein2]Ú[Fei]�§Ï��*¯Ô�uÐ5ÆØÏ<�ï�ëìXØÓ

ØÓ§=ØÓëìX�Ñ�ØÓ�§ª´<�/ª�ØÓ§¿�¯Ôý¢"2Â

�éØJÑ�§<�ªª�{OÏd"§N�®kÔn½Æ��C/ª§ù´IÚ

±À���¯K§=�¦�§/ªØC�¢�´3�IXC�e�§�êÆ/ª

���ØCþ§¿��*¯Ô5Æ"ù�§é�x���*¯ÔuÐ5Æó§Ã

Ø´=«ëìX����§ªSºÑA´¯ÔuÐ5Æ§¿��½�Û�3�C/

ª§ùÒ´©z[Mao52]¥JÑ²�5�n�¿Â¤3"

6.2. k���5�m)¤Ä¥��k�"ù�§�����5�ê�§¥y²

�5�m��êúª(4.41)ØÓ§æ^N½�n§�±dk���5�m)¤Ä�

¤�8Üuy¿��ù�úª§�äkéu5"

6.3.ÚîåÆ´3(k��IXe�x÷*ÔN�$�$Ä5Æ§�©z[New1]-

[New2]Ú[Zhy]"ù�¥§�¦Ôn�§3âÔ]C�eØC=´OÏd"�dÂ�

éØ"5¿§ÚîåÆ¥�/$�0Ú/÷*0̂ �L²§ÚîåÆ´3ÛÜ/�x

ÔN$Ä§�)Úî�kÚå½Æ"�<3@�þ�Û�5��¿�É¿A^ù«

ÛÜ5Æ§ÏÙ�<�a���§ù�´��o3/¡u�¥(�§<�ES.u

^Úî�kÚå½Æ�OÏd"Úå|�§O��»�Ý��Ï"
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11!XÚ@�

�»�ÔØ´�á�3´�p��!�péX�§I�æ^�N*½XÚ*

@��Ô"ù�§̈ f®�¤Õág��S.§é_<¹�ûó¥§��o©O¹

����ï!�n!&f!�ù!ÜfÚß¸�_</N����f���Îf!-

f!ä{!Æ÷!p½+f�@�Ø�(Ek¦¾§î�Æ¬w�¨§_<^Ã>¹

���Né��/G�@�Ø�(��Ï§3u_<�@�´ÛÜ@�§@ �

öw�@_<�§=���/GA�´¦�z�<é��/G@��oÚK´é�

Ô�XÚ½�N@�"

é�Ô@��¢�´Ï¦ÏJ'X§=d¯ÔL�/J0�¯ÔÄ�!|Ü(

�!Ä�5Æ/Ï0��§?rº¯Ô1�§�)Ôn@�Ú¯n@�ü�a§

ÙØ%3ué¯Ô1���x"5¿§é¯ÔXÚ@��¢�§́ 3�*�¡§=

Ä�þÏé/¯Ï0"�Ô�XÚ@�§́ ò��¯Ô�ÓudS%���m|Ü(

��Ä�|¤�XÚ§ùd�Ô�Ôn|ÜþwÃ¦´�(�§Ï��»�ÔdÄ

�âf|Ü¤"�´§�¤XÚ�Ä��½´Ôn|Ü¥�Ä�âfíºî�Æ

¬w�¨f§�Y´Ä½��ù�:�

�®3<aïÄ)ÔXÚ¥��y¢§Ï

�)Ô�Ä�´[�ÚÄÏ½)Ô�©

fDNA¡ã§=Ä�âf�|ÜÔØü

´Ä�âf��"l<a@��Ô�I¦

w§XÚ@�A��ÎÜ<a�@�I�§

Ï�XÚ�Ä��±À<�@�I�À

J§?}�3@�Ä�âf¥Ø(½5

�@^õ�"~X§<aÏL)¿ïÄ§é ã5.1 Ú�zXÚ

Ú�z�@�´�«éÙl? !�F!áÂ�ü��XÚ@�§Xã5.1¤«"

1.1.XÚA�.XÚ´@��Ô����Vg§���»�Ô§��àp�â

âf§Ñ´XÚ§�)�XÚ	vkUþ!&E����µ4XÚÚXÚ1�É	

.K��m�XÚ�üa"î�Æ¬w�¨f§<a?Ø�¤kXÚÑAT´m�

XÚ§Ï�Ñ´�ÔXÚ¥�fXÚ"ù��´<aé¯Ô�@�´ÛÜ@��L

y"@o§�o^�e�±æ^µ4XÚ@�¯Ô1�Qºî�Æ¬w�¨f§�

k�Ù¦¯Ô9	Ü�¸éT¯Ô1��K�½�^4�§�±�ÑØO�âUæ

^§=^µ4XÚ@�¯Ô´�«CqØ�½´¯Ô�ý"�Ï�d§<a@�
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�Ô3�õê�/æ^m�XÚ�.§k�½Ñ\§=Ù¦�'¯ÔÚ	Ü�¸é

T¯Ô��^¶k�½ÑÑ§=	Ü�*ÿ��/§Xã5.2¤«"

S�'¯Ô�^u

?

	Ü�¸K�

	Ü*ÿy--

ã5.2 XÚÑ\�ÑÑ

5¿§XJ3ã5.2¥òXÚSw���/ç�0§=Ø�ÄXÚSÄ�m��^

=�6u�'¯Ô�^u!	Ü�¸K�Ú	Ü*ÿ(JyrºXÚS�Cz1�§

¤ïá�nØÒ´12Ù?Ø�/��nØ0"<���´F"3���¡SSÜÄ

��^�Ä:þrºXÚS1�§ù3�Ô@�¥�U´�«n�G�§�U´<

aé,�g,XÚ��[!�ý§=<óXÚ"

î�Æ¬w�¨f§��XÚS�±Ä�½Â�µ 1©Sd�|���¤§|S| ≥
2¶ 2©S¥���U5KR �péXÚ�^¶ 3©Sä�<a�a��,�õUL�§
K¡S���XÚ§S¥����XÚ�Ä�"5¿§XÚ�Ä�½Â�±?�Ú/

�z���IÒãGL[S]§=

V
(
GL[S]

)
= { v | v ∈ S}, E

(
GL[S]

)
= { (v, u) | (v, u) ∈ R},

L : v ∈ S → v, (v, u)→ v
R∼ u◦ (5.1)

��/§XJÄ�véu�^�±þz§Ú\�^¼êf(v, u)§K3IÒãGL[S]�

>IÒ¥§̂ f(v, u)��v
R∼ u§Xã5.3¤«"ù��5§��XÚSÒ�Óu��

IÒãGL[S]"�A/§é�Ô�XÚ@��Ò�Óuü«�/§�´éXÚIÒ

ãGL[S]g�Ä�1���x¶�´3	.�^eXÚIÒãGL[S]�Ä�1�§=

ÄåÆ�x"

-

s s

s s

s s

ss

v1 v2

v3v4

v1 v2

v3v4

v1
R∼ v2

v
2
R∼
v
3

v3
R∼ v4

v
4
R∼
v
1

v4
R∼ v

2

f(v1, v2)

f
(v

2
,v

3
)

f(v3, v4)

f
(v

4
,v

1
)

f(
v4
, v2

)

ã5.3 XÚIÒã

��XÚS�A�Ì�Ny3n��¡µ1©XÚ´d�|Ä�|¤§ù
Ä�
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�±´�*âf![�§��UÙ�é�p�?XÚ�´��fXÚ§�ÙÏ~q

´�$�?Ä��¤�XÚ"��/§<a@���¯ÔM§ÀJ�*ÿ½ïÄÄ

:ØÓ§��K�X*ÿ(J´�á1��´��XÚ1�"�*ÿöÕ3M�	

Ü§l÷*À�*ÿM�1��§=U*ÿ�¯ÔM�	3Ly½1�"�uM�

SÜ(��éX§K�U³/<��Mb�½íä"d�§é¯ÔM�±Ä���

�:½Ä�?1ïÄ¶�XJ*ÿöÕ3¯ÔM�SÜ§l�*À�*ÿM�1�

�§M�SÜ(�Ðy3*ÿöúc§=Mg�S%
��|Ü(�I�ïÄ"ù

�§Ä��éuSÜB¤
fXÚ"~X§<NXÚd$ÄfXÚ! ²fXÚ!S

©�fXÚ!Ì�fXÚ!�áfXÚ!�zfXÚ!�kfXÚ!)�fXÚ�

l�XÚ�¤¶2©XÚk�½�S%|Ü(�"��XÚ´Ù�¤Ä��8Ü§Ä
��m�péX!�p��§k�½�|��S9��'X�S3Ly/ª§=X

Ú�S%(�GL[S]"~X§ã3.3�Ñ���	/äG(�§±9ã3.24¤«rf�

S%|Ü(��§ù«S%(��N
Ä�m��pK�!�p�^§û½XXÚ

�G�¶3©XÚ�NõU½8�5"ùp§õU�XÚ�	Ü�¸�péXÚ�^
¥ÐyÑ5�5�!UåÚõ^"5¿§XÚ��NõU´Ä�|Ü¤�ù�XÚ

�âk§ÄKØäkXÚ�õU�L�"~X§<N�,d$ÄfXÚ! ²fX

Ú!S©�fXÚ!Ì�fXÚ!�áfXÚ!�zfXÚ!�kfXÚ!)�fX

Ú�l�XÚ�¤§��kù
fXÚUì<�XÚ(��¤��<�âäk<�

A�§X<Õk�ME¿£�"ÄK§�,ùl�XÚ�±|Ü¤��¹N§�@

�U¡���ÄÔØ´��<"

XÚQ,´dÄ�|Ü¤"@o§éÄ�1�9Ù|Ü(�Cz�@�§́

rºXÚ1�§?dXÚL��/Ï0�Ä�g�"

1.2.XÚÄ�.éXÚÄ��@�§��´�ÑÙSÜ�¤Ú(�§Ä���m

¥���:@�§±�AA��¤��þ?1I½§aqu�:§�ã5.4"ùp§Î

Òt1, t2, · · · , tsL«Ä�v�5�½A�"~
X§Ä�v� �!�þ!�Ý!>Ö!g^�

Äþ!Ó ^�Ôn5�§�w5!�-5!

½5!�z5!@¡5�zÆ5�§±9)

�!)�!#���!¢D�CÉ�)ÔA

�"@o§N��x��Ä��1�Qº�� ã5.4 Ä�:

/§<�^w¼êf(t1, t2, · · · , ts)�xÄ�v�Cz§rºÙCz1�§=k�ª

v(t1, t2, · · · , ts) = f(t1, t2, · · · , ts) ◦ (5.2)

~X§Ä�v3²¡R2þ÷��f(t) = 3t+2$Ä½33-��mR3¥÷¡f(t1, t2, t3)
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= t21 + t22 + t23 + t1t2 + t2t3$Ä�"���/§����f(t1, t2, · · · , ts)�©(J§Ï
�<�éÄ�v �1��x�6u*ÿêâ§�UÒ*ÿêâ?1�[�íü"

�§î�Æ¬w�¨f§éÄ�A�ti, 1 ≤ i ≤ s�*ÿþ´���éþ§=A��

��∆tiCz�ýéþ"Ó�§*ÿ(J´�
lÑê�"ù��5§ÃØæ^=

�«�{�[Ä�ti�Cz5Æ§Ñ�U´�«Cq�x§I�¯kb�Ä�v�C

z÷v�½�êÆ^�§�±æ^�A�êÆ�{���[¼êv(t1, t2, · · · , ts)"�
�/§é�ª(5.2)�üý�éuA�ti¦ �©§��Ûª�§

∂

∂ti
v(t1, t2, · · · , ts) = h

(
∂v

∂t1
,
∂v

∂t2
, · · · , ∂v

∂ts

)
◦ (5.3)

ù�§Ä�v�Czv(t1, t2, · · · , ts)éAu�� �©�§þ�Ð�¯K
∂

∂ti
v(t1, t2, · · · , ts) = h

(
∂v

∂t1
,
∂v

∂t2
, · · · , ∂v

∂ts

)
,

v|ti=ti0 = vi0, 1 ≤ i ≤ s◦

(5.4)

aq/§�ª(5.2)�üýéti¦�� �©§�±��Ä�v�CzéA���

 �©�§þ�Ð�¯K
∂2

∂t2i
v(t1, t2, · · · , ts) = g

(
∂v

∂t1
,
∂v

∂t2
, · · · , ∂v

∂ts
,
∂2v

∂t21
,
∂2v

∂t22
, · · · , ∂

2v

∂t2s

)
v|ti=ti0 = vi0,

∂v

∂ti

∣∣∣∣
ti=ti0

= vi1, 1 ≤ i ≤ s◦

(5.5)

~X§b�Ä�v´���*âf|§ÙCzv(r, t)�Ì|ψ(r, t) = ψ(r, 0)e−iωt�

Cz5Æ"ù�¥§r�v� �¥þ§ω�ªÇ"é�mt¦�©§Kk

∂v

∂t
=
∂ψ

∂t
= ψ(r, 0)(−iω)e−iωt = −iω

(
ψ(r, 0)e−iωt

)
= −iωv◦

ù�§Ä�v�CzéAu�� �©�§þ�Ð�¯K
∂v

∂t
= −iωv

v(r, t)|t=0 = ψ(r, 0)◦

(5.6)

�*âf|¥UþE�ªÇωm�'X´E = ~ω"ùp§~´ÊK�~ê"Kk

Ev = −i~(−iωψ) = −i~∂ψ
∂t

= −i~∂v
∂t ◦

(5.7)

y3§(5.7)ªüýéti¦�©§¿A^(5.6)ªÒk

i~2∂
2v

∂t2
+ E2v = 0◦
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ù��5§Ð�¯K(5.5)�du�� �©�§þ�Ð�¯K
i~2∂

2v

∂t2
+ E2v = 0

v(r, t)|t=0 = ψ(r, 0),
∂v

∂t

∣∣∣∣
t=0

= ψ′(r, 0)◦

(5.8)

y3�¯K´§î�Æ¬w�¨f§·�¿Ø��w¼êv(t1, t2, · · · , ts)§=´
3b�v(t1, t2, · · · , ts)äk�/ªþí�§�Id*ÿ(J(½(5.4)½(5.5)ª¥�

h

(
∂v

∂t1
,
∂v

∂t2
, · · · , ∂v

∂ts

)
, g

(
∂v

∂t1
,
∂v

∂t2
, · · · , ∂v

∂ts
,
∂2v

∂t21
,
∂2v

∂t22
, · · · , ∂

2v

∂t2s

)
,

=ïá�û

∂v

∂t1
,
∂v

∂t2
, · · · , ∂v

∂ts
½
∂v

∂t1
,
∂v

∂t2
, · · · , ∂v

∂ts
,
∂2v

∂t21
,
∂2v

∂t22
, · · · , ∂

2v

∂t2s

�m�'X§�ï�§(5.4)½(5.5)"�e5�¯K§́ ��{¦)�§(5.4)½(5.5)§

��¼êv(t1, t2, · · · , ts)�L«ª"
1.3.XÚ(�.<aéXÚS�@�¥§òÄ�Ä���m¥���:"éA�§

XÚ(�Ò´i\�m¥���IÒãGL[S]"ùp§G�Ä�m�|Ü(�§L�

éG�º:Ú>�IÒN�"�ÑIÒãGL[S]þ�IÒ§���´��Ä�ãG§=

Ä��|Ü(�"~X§��ãKn§���ÜãK(n,m)§�Cn �"ùp§n = |G|"
@o§N�(½��XÚS�|Ü(�GLQºî�Æ¬w�¨f§XÚSS%

�|Ü(�GL[S]dÄ�m��^§=Ä�v�^uÄ�uþ��^¼êf(v, u)û½"

¢Sþ§Ä�m�|Ü'Xkü«L«�{µ�«´Ä�ãG§=Ä�v�Ä�um

k�^'Xf(v, u)½f(u, v)§Kk>(v, u) ∈ E(G)½(u, v) ∈ E(G)¶,�«�{´

/Ïu�^¼êf(v, u)Úf(u, v)§æ^��ãKn, n = |G|L«§=KL
n¥�KIÒ

�0�>���IÒãÒ´GL§Xã5.5¤«"ù�¥§(a)´Ä�v�CzéÙ¦Ä

�u1, u2, · · · , un−1�CzK�§(b)´Ù¦Ä�u1, u2, · · · , un−1�CzéÄ�v�Cz

K�«¿§�f(v, ui) 6= 0½= 0§1 ≤ i ≤ n− 1"

6]

q q

v

u2 u3

(a)

?? ?^

q q q q

q
6

?

q q

q

u1 un−1

v

u1 u2 u3 un−1

(b)

f
(v
,u

1
)

f(v, u
2 )

f
(v
,u

3
)

f
(v
,u
n
−

1
)

f
(u

1
,v

)

f
(u

2 , v)

f
(u

3
,v

)

f
(u
n
−

1
,v

)

ã5.5 Ä��^ã



11! XÚ@� 163

æ^1�«L«�{Ø^2Å(G�äN(�§�±Ú�b�XÚS%�|Ü

(��Kn"ùp§n�XÚ¥Ä���ê"

(½XÚS|Ü(��Ø%§3u(½?¿��Ä�v�Ù¦Ä�m��pK

�§?uyXÚS�«L�½/J0T�/Ï0§=/ÏJ'X0§éÏ�¦L�TÑ

y�@
Ä�v§�ï�§±(½ÏJ'

X{v} → T"5¿§ù��Ä�{v}�U´�
�§��U´õ�{v}�pK�!�Ó�^
�(J"@o§N�w�ã5.5¥Ä�véÄ

�u��^f(v, u)?�ï�§Qºk�«

�ú��{§òf(v, u)w�²d>(v, u)þ

��«lv D4�u�/�^60"~X§�

^�à¥�Y6§�^>C¥�>6�§= ã5.6 àY6

�«6Äþ��x"g,¥6Ä�/�^60Ì�kü«§=/Uþ0Ú/&E0"

£1¤Uþ. �Ô´$Ä�§UþïþÔ�$Ä�=�§́ L�ÔnXÚ�õ

Uå�þÝ"Uþ�±£���Ä�v�CzL§"éA�§��XÚ�Uþ�½Â

�l��"Uþ�G�=��TXÚyG�õ�oÚ"3ù«¿Âe§Ä�véÄ

�u�õ§/dD4Ô�òUþf(v, u)D4

�Ä�u¥§ÏÔ���þ�duUþ"<

a�@N��Uþ /́»0=-�U§́ á

�-�½��»�¤u)�ÔnÚzÆC

z"ÃØ´�»å���¿§�´yX8

<�*ÿ¤�§�»¥�Uþ�õ�ØàC

�Aº�Ñ�Uþ§Xã5.7¤«"~X§�

�U´��SÜ��f�mu)�±àC ã5.7 �»ØàC

º�Ñ�ØU"¢Sþ§/¥þ��Ô!ÄÔ§�)<a¤IUþ�ý�Ü©Ñ�

�½m�/5u��U"

î�Æ¬w�¨f§Uþkõ«Ly/ª§�)Å�U!9U!>U!zÆU�

ØU�§Ù¥§Å�U�)ÄUÚ³U"14ÙùL§���þ�m�ÔN±�Çv$

Ä�§ÄU�1
2
mv2¶³U´ÔNdu �½ /äk��éUþ"XJr/¡

À�"³U �§3pÝh�ÔN�å³U�mgh"ùp§g = 9.80665m/s2�

åmg�\�Ý¶9U´Ô�SÜ©f9$Ä�ÄU¶aq/§>U´�>âf$Ä

éA�Uþ¶1U´1f$ÄéA�Uþ¶zÆU´Ô�u)zÆ�Aº�½áÂ

�Uþ§́ �f�	�>fCÄ��>f(ÜU�UCáÂ½º�Ñ�Uþ"Ø
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U§́ �fØS�f!¥f�(ÜUE§�±3�fØu)�C½àC¥º�Ñ5"

éd§OÏd"��U�§E = mc2�«
ØU��þ�'X"ùp§c�13ý�

¥��Ç"��/§Ô��$Ä/ª�Ó�§Ô��$ÄA5�±^Ônþ½zÆ

þ?1£ã"

~X§ÔN�Å�$Ä�±^�Ý!\�Ý!

Äþ�£ã§>6�±^>6rÝ!>Ø!õÇ�

£ã"�XJÔ��$Ä/ªØ�Ó§�U^Uþ

Cz�xÔ��$Ä"�d§Uþ´��$ÄÔ�

��ÓA5"Uþ�±d�«/ª=�¤,�«/

ª§Xã5.8¤«"~X§¥I�<�/}7�»0§

=´|^ÔNm��Þ§dÄU�)-�U"éu

��µ4XÚS§3Uþ=�L§¥§oUþ�±

ØC§�Ï3uXÚ�Uþ´3�Ä�m�Uþ= ã5.8 Uþ/ª=z

£"�Ä�,«/ª�Uþ~�§7½¬k,��Ä���ùÜ©Uþ§�~�þ

ÚO\þ�½��§Uþ�oþØu)Cz§ùÒ´UþÅð½Æ"UþÅð½Æ3

��µ4XÚS¥q¡�ëY6½Æ§=3XÚS�?¿��Ä�vþ§6\Ä�v�

Uþ�6Ñv�Uþ��uÄ�vþ�Uþ§=éXÚ�?¿��Ä�v§k

n−1∑
i=1

f(ui, v)−
n−1∑
i=1

f(v, ui) = v(t1, t2, · · · , ts)◦ (5.9)

ùp§n�XÚS¥�Ä��ê§v(t1, t2, · · · , ts)�Ä�v�Uþ¼ê"
£2¤&E. &E§�ÑÕ!�E!ÏÕXÚDÑÚ?n�¯��§��<a�

¬DÂ���SN"~X§<�<�mæ^�ó!

L�!Ö&!ÏÕ��ªL�g�!¿�!�a!

¯¢�§́ 3�pmD4&E"�d§&E´<a

�·Ag,é�*.¥�«¯Ô�$ÄG�Ú

Cz��N§q¡�êâ"&EL��´¯Ôm�

�péXÚ�p�^§=¯Ô$ÄG�ÚCz�¢

�"&EØ´Ô�§&E�A:3uÙ7L�÷&

E1NØUÕá�3"&ED4�I��½�U

þ§�&Eg�¿ØäkUþ" ã5.9 &E�D4

&Eþ�ü ´'A§P�bit"~X§��100bit�êâ�§§�&EþÒ

´100bit"&ED4§��´���Ä:vD4�,��Ä:u�&E§Xã5.10(a)¤

«§�:é:uÑ�&Eþ"=B´3��Ä:vD4�õ:u1, u2, · · · , uk��/§
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Xã5.10(b)¤«§�´�vux���&E�ÎÒ§�uù
ÎÒU��õ�&E

þ§�ù
ÎÒu)�VÇk'§

- kkv u
f(v, u) k -

-

-

k
k
ku1

u2

uk

v

(a) (b)

f(v, uk)

f(v, u2)

f(v, u1)

ã5.10 &ED4

éu?Û�Âàui, 1 ≤ i ≤ k5`§ù
ÎÒu)�VÇ´���§=Ä:vD4

�&E÷v

f(v, u1) = f(v, u2) = · · · = f(v, uk) (5.10)

Ø2÷vÅðÆ(5.9)"�ó�§6\��Ä:v�&Eþ�6ÑÄ:v�&EþØ

�½3êþþ��"

�XÚÄ���ên�é���§O�Ä�v��^gê��n− 1�ÉØ�"�

�né��§~X¤c<�<N[�ê�4× 1014 − 6× 1014§Xæ^[��Ä��§

K<NXÚ�Ä��ê�4 × 1014 − 6 × 1014§O�Ä��^gê^n − 1ÒéØ²

L§Ï���[�v=K�§���[�§���[�D4&E"d	§=BÄ��

ênØ´é�§~Xj+lÑÏ�à8§2�ÓÚ/�Ñ��¤��AÛãY§X

ã5.11(a)¤«§½ã5.11(b)¤«��Vi�1�§Ñ�9&ED4¯K"��/§�

�jv=´�Ù�j�mD4&E§aquã5.11(c)¤«�@«�m(�"

(a) (b) (c)

ã5.11 ��&ED4

j+�1dÞj+è§û½�1��!�ÇÚüá/:§Ù¦jÏLé�j�

1���Ú�Ç�EÛ§��j�±�½ål§��ÞjÓÚ�1"ÞjNåØZ

�§dÙ¦jO�§+Ê�1�^��§=Þj+Ê§û½�1��Ú�Ç¶Ù¦
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j*ÿþ!e!�!mÚcj��1��!�Ç§û½gC�1��!�Ç§±9

��j�ål§�ã5.12(a)Ú(b)"Ù¥§(a)´��Vi/�1��&ED4§(b)´

ã5.11(c)j+¥jv��1&ED4"

r
r

r

r

q rr r r

rr r
6

?

- - - -

- - - - -

v

u1 u2 u3 u4 u5

u′1 u′2 u′3 u′4 u′5 u′6

(a)

r
r r

r r
r:

6

?

�

	
v

u1

u′1
w1

w′1

x

(b)

ã5.12 +j�1&ED4

î�Æ¬w�¨f§¾Ó´�«3¹[�SM)¿E���[�)·/�"¾

ÓlD/üÑN	§²7��DÂå»§X�í!Y! Ô½�>��\#�´

aö[�¿ØI�Uþ§´¾Ó��x�	�áN3[�L¡§ò¢DÔ�5\

�Ì[�§uÑ�-3[�¥Ü¤#�¾Ó§�ã5.12(b)¥�&ED4aq"

12!Ônþj

þj´¯ÔA���«g,á5§́ ¯ÔA���5|Üz"3dÄ:þ§é

��¯Ô�@�=´é¯ÔA��Ýþ§ÿþTþ����½�ü �Óaþ?1

é'§(½A�þ�ü�½ÄO�ê=�5|Ü'X§?©ÛgCþÚÏCþm

�ÏJ'X"~X§ÔN�!°!p§$Ä¥��m!�þ!�Ç!å!ÄU!õ�"

�d§þj´<a?Ø¯ÔÏJ'X�Ä:"

þjQ,�N�´Ýþ¥��5á5§@

o§�k@
þj�Ó�A�½¯ÔâU�

\~"î�Æ¬é¨f`µ/\��1 + 1 =

2ù��âªf"^ù�ªfín§Òk1�

°J+1�°J=2�°JÚ1�g+1�g=2�

gÃØ°J!g���"0�X§î�Æ¬

q¯¨µ/@o§1�°J+1�g=2��oº�

k§5ÜiP6¥kÂl+�TO�|µ§́ 1� ã5.13 Âl+�TO

<Ú1ÞÂ"@o§1�< + 1ÞÂ= 2��oº́ 2�<�´2ÞÂQº0̈ fX�

ú¦¾/¯î�Æ¬µ/ww§§�ØU\3�å§§�Ø´Ó�a¯Ô�0î�Æ¬

�½
¨�£�µ/�(���¯Ô\þ,��¯Ô§���/´Óa¯Ô�\§�
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��U´¯Ô��ÓA��\"'Xþ¡�¯K§1�°J+1�g=2YJ§Ï�°

JÚgÑ´YJ"aq/§1 �<+1ÞÂ=2�ÄÔ§Ï�<ÚÂÑ´ÄÔ"ùp§

°J!g!YJÚ<!Â!ÄÔÑ´¯Ô�Ä�A�½þj"XJ^<½Â��þ

j§@o§1�<+1ÞÂvk¿Â§Ï�§��þjØÓ"�XJ<ÄÔ��¦��

A�½þj§Ò�±�\§Ï�<ÚÂ�,��ØÓ�ÑáuÄÔa"0

î�Æ¬w�¨f§é�Ô�A�?1Ýþ��{´æ^Oþóä?1ÿþ§

ÿ��êþ¡�Ônþ"æ^�ÄOØÓ§ÿ�ØÓ�Ônþ��§��mkX�

��'X§©�Ä�þÚ�Ñþ"ùp§Ä�þ�@
äkÕá�Ônþ¶�Ñþ´

��±L«�Ä�þj|Ü�Ônþ"~X§¥I�<¦^�Ýþï¥§�Ý!

þ´Ä�þ§NÈ´�Ñþ"ISü �¥§À½
dÔ�Ä�þ�¤�þ�§Ù

¦Ônþþ�dùÔ�Ä�þ�Ñ§ùÔ�Ä�þ�þj©O��ÝL!�þM!�

mT!>6rÝI!§ÝΘ!Ô�þnÚ1rÝJ§K?��ÔnþD�þjD̂�±^Ä

�þj��L«�

D̂ = LαT βMγIδΘεnζJη, (5.11)

=Ä�þj�|Ü"ù�¥§α, β, γ, δ, ε, ζÚη¡�þj�ê"~X§�Ýv = ds/dt�

þjLT−1¥§α = 1, β = −1, γ = δ = ε = ζ = η = 0"

2.1. Ä�þj. ISü ��Ä�þj§=�Ý!�þ!�m!>6rÝ!§

Ý!Ô�þÚ1rÝ�Ô�Ä�þj"

£1¤�Ý. �Ý´ïþAÛ/N�����Ýþ§=l�:�,�:���å

l"à��¬¥§àþ�/��´?1è/�´!Â«Úý��þ���Þ��¯"

�d§�IÑ�ÙkgC��ÝOþü "{³I[^=º§¥I���kº!à!

p��Ýü "Äk§ÿþ´Äk^�§´Äk§

Ý!�Ý��¦Qºî�Æ¬w�¨f§�Y´�

½��éÔN�Ý�ÿþ´3��IO�íØe§

�¸§Ý�20 oC�§13Ó�0�¥U��D

Â§3ØÓ0�¥u)ò�§�ã5.14"�d§1

�^5½ÂÄO�Ý"ISü �¥§5½�Ý

�ÄO´/�£m¤0§½Â�/1�´13ý�¥

31/299792458¦�mm�S�1§0" ã5.14 1����ò�

1�§N�ÿþÔN��Ý½´ü�ÔNm�ålQºî�Æ¬w�¨f§<

�æ^þº!^kÀåC��ÿþ¤ì!1>ÿå¤�ÿ½½í�ü:m�ål§

±÷v<�3/¥þF~�)��)¹¢�§�ã5.15£a¤"ù�¥§1>ÿå¤´

±>^Å½1Å���1Å§ÏLÿ½1Å3ÿ�üà:m� �DÂ�m§±9
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1Å3�í¥�DÂ�Ý5ÿþü:m�ål§�nXã5.15£b¤¤«"

ã5.15 �Ýÿþ

�=BXdÿØU)û@
�å§X>f!�f!©fmå½;,�ÿ½!1�Ó

¼�§�ØU÷v�å§X��ÿþ!1(måÿþ�¯K§I�?�Úïu#�

ÿþóäÚ¤ì§M#ÿþ�{"

âfÿþ. éâf1��Ó¼=âf»,ÿþ§î�Æ¬)º`§��´|^

>âfBL&ÿì�&ÿì¥�A½Ô�u)�^§X>l!-u�L§§éâf

3&ÿì¥3e»,?1ÿþ"~X§@Ïæ^ØZ�Ú�N»,&ÿì�§âf

»,�ÏLw�º^ú«×£!ÿþÚÖÑ"�²ïuíÑ�¿!í�¿!»s¿!

61¿£+¤�»,¿§æ�n�ûì§2é.¡?1×£ÚgÄz?n§O�ÅÖ

�êâ�"ù«�{A^uâf»,*ÿ��n§́ âfU¦w���Z�¥Ñy

�^dõ�â/¤�»,§�âf�Uþ�$§Ù»,¥��â�õ"ù�§òâ

f»,©��Ý=�ê���eZ�ã§Ò�±��ã���âf/êÑ»,þ�

âfê8"

UNÿþ. �»1(m�ålþ���å§î�Æ¬w�¨f§UNÿþ��

´U�/¥�C§æ^ØÓ�ÿþ�{(½UNmålµ1©/¥��¥må"nØ
þ§X�&Ò��Ý�u1�"̂ X�éO�¥uÑ��áóÀ&Ò§ÿÑ&Ò 

�¤^�m�2.56¦§Kds = vt/2�¦�/¥Ú�¥må��1.28 × 3 × 105 =

3.84 × 105km¶ 2©/¥����ål"|^7('F§=��!7(Ú/¥3�^
��þ�§dn�À��ní�Ñ/¥����ål��1.5 × 108km¶ 3©���
Ù¦1(m�ål§�±^Àú�{§��±^mÊV½ÆT 2/d3 =ðþí�"ù

p§T�1(�ú=±Ï§d�1(����²þål"b�/¥���m�ål

�1AU£1U©ü ¤§=��1.496 × 108km§/¥�ú=±Ï�1ð(c§KmÊ

V½Æ{z�T 2 = d3"~X§Y(�ú=±Ï�0.2411 c§KY(����ål

�0.3874AU§��5.79 × 107km¶4©ÕàX���|^ð(1Ì{ÿ½§Ù�»�
�1051c§þÝ��1041c¶5©ÕàXÚ��(Xm�ålæ^C({í½"ù
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p§C(�À�Ý��mCz�ð(§©�5KÚØ5Küa"5KC(¥k�«

óÄC(§Ù1ÝÌ�Cz"ù�§dù
±ÏCz�1Ý�Ú1Ì�±í�Ñ

ÕàXÚ��(Xm�ål"~X§ÕàX�lå(��ål��200�1c�"é

@
åÕàX���(X§��´^õÊV�A§=ù£ÿ½(X�l/¥��Ý"

~X§¿å�(X��l�Ý��1210km/s�"

1n§�Ô?3ØÊ�$Ä¥§<�q´ÄU
¢yéÔN�Ý�°(ÿþQº

î�Æ¬w�¨f§b��IXK ′ : {O′; e′1, e′2, e′3}3K : {O; e1, e2, e3}¥÷e1��

±�Ýv�!���$Ä§�ÔNP÷e1���å:!ª:�I�x
′
1, x
′
2§KP�·�

�ÝL0 = x′2 − x′1"Ó�§b�ÔNP3K¥÷e1���å:!ª:�I�x1, x2§�

ÝL = x2 − x1 �$Ä�Ý"KdâÔ]C�(4.72)§�t1 = t2�k

L0 =
x2 − vt2√

1− v2

c2

− x1 − vt1√
1− v2

c2

=
x2 − x1√

1− v2

c2

=
L√

1− v2

c2

, (5.12)

=ÔNP÷e1���$Ä�ÝL�

L = L0 ·
√

1− v2

c2
◦ (5.13)

ùp§c�13ý�¥��Ý"�kL ≤ L0"@o§Q,�Ô´$Ä�§<�3)�

)¹¢�¥ÿ½���ÔN�ÝL´ÔN��k�Ý§=·��Ýíºî�Æ¬w

�¨f§�Y´Ä½��Ï�/¥ú=�Ý��29.8km/s"ù�§�â(5.13)k

L = L0

√
1− v2

c2
= L0

√
1− 29.82

3000002
= L0 × 0.99994 · · · ≈ L0,

�öA���"aq/§�*âf!1(Ñ3ØÊ/$Ä§<�é�*âf!UNm

å�ÿþ(J�´�é½Cq(J§¿�Ùýémå"

£2¤�m. �m´�«�*�3§́ <ad�16²�½�^±£ãÔ�$

ÄL§½¯�u)L§���ëê"î�Æ¬w�¨f§¥I�<ò/¥g=�±

©������§z���q©�/Ð!�0üÜ©§=�±�©���o�§=y

X8�/��0¶�qò���©�o�"�
©Æ�¬~��/Ì�n�mÍ0¥

�/Ì�n�0§=yX8�11:45©§Ï�Ì���´11:00-13:00ùã�m§Ì�n

�=11:00Ln�§3× 15©¨= 45©¨"

ØÓ/«�<w���,åÚáe��m´Ø���§ISþÏ^���%£

�m§q¡�/.�0§́ ±��%£¤3/��m�IO"O��{´ò/¥L

¡U²�y©�24��«§��«����1��"=Ó�«�S�ÀàÚÜà�
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<§w���,å��m����1��"d	§�I!�1�«��kgC�½�

�mIO"~X§¥I��mIO/�®�m0§��´±À²120o fÌ��IO§

=�®¤3�«�IO��"

@o§N�ÿ½,��«½/«�m½��Qºî�Æ¬w�¨f§��/§

<�^O�ì§XÅ�O¨!¦L!â¦!~L!g{¨!�=¨�ÿ½�m½�

�§±÷v<��)�)¹I�"ISü �¥§�m�Ä�ü ´¦£s¤§ù�æ

^1©¨!1��!1F��Ñ�m"@o§/1¦¨´õ��mQº0î�Æ¬`§IS

þæ^��f¨��mÿ½IO§5½1¦£s¤�/�ÉZ6��Cs-133��fÄ�

�ü��°[U�m�[éAË��9192631770 �±Ï�±Y�m0§ÿ½^��

/��f3ýé"Ý�´·��§�3/¡þ��¸´"^|0§=ÿ½�-1333�

fÄ���9192631770�±Ï�±Y�m�1¦�IO�m§±÷v�
+�§X�

�&¢!I�ï��é�m�p°Ý�¦"

5¿§IO�m1¦´3��f¨·�^�eÿ½�"@o§XJ��f¨±�

Ýv$Ä§ÿ���m´ÄE�Óu·��ÿ���mQºî�Æ¬w�¨f§�Y

´Ä½�§Ï��mk)ä�A�b��IXK ′3�IXK¥÷e1��±�Ýv�!

���$Ä§ùp§K ′ : {O′; e′1, e′2, e′3}§K : {O; e1, e2, e3}"3§���:O,O′þ�
�����f¨"�t1, t2´O:þ�f¨w«�ü���§éAO

′þ���f¨�

�©O�t′1, t
′
2§K·���t0 = t′2− t′1§$Ä��t = t2− t1"dux′ = 0§O′:��

�f¨3t1, t2��÷e1��$Ä�ål�x1 = vt1, x2 = vt2§dâÔ]C�(4.72)k

t0 =
t2 −

v

c2
x2√

1− v2

c2

−
t1 −

v

c2
x1√

1− v2

c2

= (t2 − t1)
1− v2

c2√
1− v2

c2

= t

√
1− v2

c2
, (5.14)

=k

t =
t0√

1− v2

c2

◦ (5.15)

�kt ≥ t0"ù�§/¥�ú=�Ý��29.8km/s§�âúª(5.16)§3/¥þÿ�

��m�

t =
t0√

1− v2

c2

=
t0√

1− 29.82

3000002

=
t0

0.99994 · · ·
≈ t0,

ÿ���m�·��mA���"

£3¤�þ. �þm0´ÔN��«�ká5§́ Ô�þ3·���þÝ§́ ��

Iþ§êþþ�uÔN��ÝÚNÈ�¦È"5¿§�þÚþ´ü�ØÓ�Vg§
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þ´�½�þ�ÔNÉ�Ù¦ÔNÚå�Ly§́ ��¥þ�þ´��Iþ"

þÚ�þ���'§/¥þ�þ�m�ÔNþ�mg"ùp§g´ý�¥�

å\�Ý"ù�§�±éÔN¡§(½

ÙþW§?ÔN��þ�W/g"ù´3

/¥þ¼�ÔN�þ����{"�þ�

Oþü �Z�£kg¤§=�þü �Ó§

5½/1Z�£kg¤0́ 3�Ý1mÚ�m1s�

dÊK�~ê�Ñ�ÔN�þ§��,Y�

þA��Ó"�d§<�|^m\�n�

EÑ�«/®0éÔN?1¡§ã5.16´

¢�¿p~^�U²§ÙÄ��n´3�
ã5.16 U²®

��¥��IO§è§,���¥��Ô¬"�þ¡�î\Y²½´ç���R�

�§�¥§è�þ�Ô¬þ"

@o§N�(½�*âfÚ�»UN��þ��Qºî�Æ¬w�¨f§(½

�*âfÚ�»UN��þI�æ^�
AO��{"

�*âf�þ. �*âf�þ�ÿþ��´ÏLé�*�>âf3>^|¥�

$Ä5Æ�ÿþ§���*âf��þ"5¿§�>âf3>|¥É�¥Õå��

^§3^|¥É�âÕ[å��^§¦��*âfk�½�\�Ý"�*âf�þ

�ØÓ§\�Ý±9$Ä;,Ý���¡þÒ¬ØÓ"ù�§ÏLé�*âf$Ä

;,�ïÄÒ�±í��
�*âf��þ"~X§d�f�þü �½Â§<�

À12
6 C��Ì��IOëìÔN?1'é§±>feÚlf

12
6 C

+3lf²¥�£^Ç

�'�ÿ½>f��þ0.0005485799111(12)amu§2¦±=�Xê931.49432��>

f��þ�me = (0.51099907 ± 0.00000015)MeV/c2"d	§�k�ââf�)K

�!âf���/¤�-u��(½âf�þ"

UN�þ. UNNÈ
�§Ø�U¡Ñ§���þ§Ï�vk@o�����

®§�U´²LnØí�"~X§/¥�þ�±dÚî��kÚå½Æí�"�Ô

NP��3/¥L¡§�þ�m"d�kÚå½Æ§k

F = G · mmearth

R2
= mg ⇒ mearth =

gR2

G
◦ (5.16)

�kÚå~êG!å\�ÝgÚ/¥�»Rþ�®�ê"ù�§�±O�Ñ/¥

�þ��5.965× 1024kg"¢Sþ§XJ��UN�»RÚUNL¡�Úå\�Ýg§

d(5.16)ª�±��O�ÑUN�þ"d	§ð(�þ��1Ý��§ÏL1Ý½´
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Úåù£�±í�UN�þ"~X§dÚåù£k

z =
Gm

c2R
⇒ m =

c2Rz

G
◦ (5.17)

ùp§G�Úå~ê§c�13ý�¥��Ý§R�UN��»§z´1Ì� £þ§

�±ÿ�"ù�Ò�d(5.17)ª��UN��þm���"

î�Æ¬w�¨f§�þ���ØA��ÔN�$Ä�Ý��Cz"�$Ä

âf�3X�m)ä�A§�3�IX¥*ÿ$Äâf��m�t§3$Äâfþ*

ÿ��m�τ"d(5.15)ª§kdt =
√

1− v2/c2dτ"ù�§éu·��þ�m0�$Ä

âf§�Ù�Ý�v§|v| = v§dÚî1�½Æ

F = m0a = m0 ·
dv

dt
=

m0√
1− v2

c2

· dv
dτ
, (5.18)

=õÑ��Ïf1/
√

1− v2

c2
§�Ú\$Äâf�þm = m0/

√
1− v2/c2§K(5.18)ª

L²§$ÄâfE�lÚî1�$Ä½ÆF = ma = m · dv/dτ"5¿§ù�Ú\�
âf$Ä�þm�ÔN�Ý!�maq§�3/¥þ$Äâf��þ

m =
m0√

1− v2

c2

=
m0√

1− 29.82

3000002

=
m0

0.99994 · · ·
≈ m0,

=·��âf��þ"ù�§éu$�$Ä§=v � c�âf§�±^m��m0"

£4¤Ù¦þj. ISü �¥�Ù¦o�Ä�þj©O�>6rÝI!§ÝΘ!

Ô�þnÚ1rÝJ§{0Xeµ

>6rÝ. >6´>Ö�6ÄLy"éA�§>6rÝI´ü �mSÏL��

,��¡�>Öþ"ISü �¥§5½3ý�¥�å1��ü�Ã��²1��

�§Ï±���ð½>6§�z���þ¤É�^å�2 × 10−7N�§���þ�

>6½Â�1S�£A¤">6rÝI�>ØV!>{R�'Xdî0½ÆI = V/Rû

½"ù�¥§>ØV´ü >Ö3·>|¥Ï>³�ØÓ�)�Uþ�§ü �Ï

A£V¤¶>{R´��é>Ö6Ä�{N�^§ü �î0£í¤"

>6rÝ���d>6Lÿ½"��

/§>6LSk�^N�)^|§|¥�k

���§��üà�k����ë�>6L

���Î§3�����m�k��=¶§

=¶�càk����"ù�§>6ÏL�

�÷X��!=¶ÏL^|¿�^a�§¦

��u) =§�Ä>6Lþ�=¶!��
ã5.17 >6L�
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 =§��� =§Ýd>6���û½§?�d��éA�>6L�þ��Ý

ÿ½>6��§�ã5.17"

§Ý. §ÝΘ´�NÔNe9§Ý���Ônþ§́ ÔNS©fm²ÄÄU�

�«Ly"~X§©f$Ä�¯§Ý�p§Ãa

�9¶©f$Ä�ú§Ý�$§ÃaÔ�e"§

Ý©��¼§ÝÚm¼§Ýü«§��æ^§

ÝOÿþ§ü ©O��¼Ý◦CÚm�©K§ü

ö�Ýü ����§=m¼§ÝOþ�1Ý�

u�¼§ÝOþ�1Ý§��«O´0◦C�ØÓ"

�¼§ÝO±Y�X:�0◦C§éA�m¼§Ý

�273.15K§=3§Ýê�þ§m¼§ÝK =�

¼§Ý+273.15§�ã5.18"ISü �¥§§

Ý�m¼§Ý"
ã5.18 §ÝO

Ô�þ.Ô�þn´Ô�¤¹âfê£N¤�CÏ\�Û~ê(NA)�'�§=n =

N/NA§ü ���£mol¤"ùp§CÏ³�Û~ê�0.012kg�12C¥¤¹�%�f

�ê§NA ≈ 6.02 × 1023"ü Ô�þ�Ô���þ¡����þ§=1molTÔ

�¤äk�é�f�þ����þ3ê�þ��"ù�§Ô�þ(n)!�þ(m)Ú�

��þ(M)nö�m�'X�n = m/M"~X§1.5 mol�Na2CO3 · 10H2O¥�

¹k3 × 6.02 × 1023�Na+!1.5 × 6.02 × 1023�CO2−
2 !15 × 6.02 × 1023�H2O§2

mol�H2¥¹kN = 2× 6.02× 1023 = 1.204× 1024 ���f�"

1rÝ. 1rÝ½Â�ü áN�þ�1Ïþ§=1fü �mSuÑ�1

þ"é��äN1�u1rÝ§k;��u1rÝÿþ¤?1ÿ½"

b�13T���áN�dΩSD

Ñ�1Ïþ�dΦ§K1rÝ�dΩ/dΦ§ù

�¥§1ÏþdΦÚáN�dΩ�ã5.19§�

�±n)�áN�Ú1Ïþ��©"IS

ü �¥§1rÝü �u�.£cd¤§1u

�.½Â�ªÇ�540× 1012HZ�üÚ1

3�½��þ�u1rÝ§�¦3T��
ã5.19 1Ïþ«¿ã

þ�Ë�rÝ�1/683�A"ISü �¥§1Ïþ�ü �6²(lm)§áN��ü

 �sr"ù�§Òk1cd = 1lm/sr"

2.2.|Üþj. ��ÔnþDU(5.11)ªL«Ñ�þjD̂¥§XJ�êα, β, γ, δ,

ε, ζÚη¥��kü��êØ�0§K¡D̂�|Üþj½�Ñþj"5¿§|Üþj¿
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�´Ä�þjm�?¿|Ü§I�dÔn½Æû½"~X§�:\�ÝO�úª

�a = dv/dt§�Ýv�þj�LT−1§�\�Ýa�þj�LT−2"aq/§dÚî

1�½ÆF = ma§�þ�þj�M§\�Ý�þj�LT−2�å�þj�MLT−2"

éA�§õW = F ·∆r�þj�ML2T−2�"��§þj´�äÔn½Æ�úªL

«´Ä�(�/ªu��{§=��Ôn½Æ�(�L«ª§�lúªü>þj�

��5K"~X§ÄUÚ³U�þjþ�ML2T−2"é���þ�m��:P§±�

ÝvY²�Ñ§±�Ñ:��:O§Y²�Ñ���e1-¶§R��e���e2ïá{

�IX{O; e1, e2}"KP3:(x, y)�'Xª

1

2
mv2 +mgh = m

d

dt

√
x2 + y2

Ø�U�(§Ï��ª�>þj�ML2T−2§m>��MLT−1"

13!XÚG�

��XÚ�G�§´TXÚ��mt�G�Ly½$Ä&E�8Ü"î�Æ¬

w�¨f§r¨��'���XÚ§�p�Æ)G�§X�N��!ÆS¤1!,

�OÐÚg�¬��Ò´¨���XÚG�§�3Ø�/Cz"@o§N��x�

�XÚS�G�Qº<aXÚ@�¯Ô©�ü«�/"�«´S¥�Ä�Ø�<a¤

�§=ç�XÚ"ù�§�±{ü/òSw����:§éXÚS�L�^�:�§

�ïXÚS���nØ"ù«�{�`:§´���XÚG��*ÿ(J��§"

:´Ø�ÙpuXÚG���Ï¶,�«´S�Ä�®�<�¡§ù��3Ä�â

fÚ[�!ÄÏ�¡´ù��"ù�§��XÚS�G�dÄ�ÚÄ�m�K�½

�^a(v, u)û½§XÚS�G��±{ü/d(5.1)ª§=IÒãGL[S]éXÚ�Ä�

1�?1�x"ùp§v, u ∈ S�XÚ�Ä�"ù«�{�`:´Q�±��XÚ

�G�§Ó���±��puXÚG���Ï§":´XÚÄ��êþXJAO


�§<a�O�Uå�UÃ{¦�XÚ�G�§(½Ø
XÚG�"�éu@
<

aU
O��Ä�êþ§'X¨f¤3�?Æ)�ÆSG��§EØ���«k�

��{§́ XÚ@�¯Ô~^��«�{"

ù�¥§�^a(v, u)���<�¡�=xÚXÚ§Ø��<�¡�§=��Ú

XÚ",§=B´xÚXÚ§IÒãGL[S] �´=L²
Ä�m��p'X§¿

�NyÄ�m��^rÝ½þ���§Ã{NyXÚG��uÐ"@o§N�3I

ÒãGL[S]¥L«Ä��^§�xXÚÄ�1�Qºî�Æ¬`§ù�§�±#

éGL[S]¥�º:!>æ^CþIÒ§=L : v ∈ V
(
GL[S]

)
→ xv�xÄ�v�C
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z§L : (v, u) ∈ E
(
GL[S]

)
→ a(v, u)Úa(u, v)L«Ä�véu!Ä�u év ��^§X

ã5.20¤«"ù����IÒã�6�mt§P�GL[S](t)"

-

s s

s s

v1 v2

v3v4

v1
R∼ v2

v
2
R∼
v
3

v3
R∼ v4

v
4
R∼
v
1 v4

R∼ v
2

s s

s s

xv1 xv2

xv4 xv3

a(v1, v2)

a(v2, v1)

a(v4, v3)

a(v3, v4)

a
(v

2
,v

3
)

a
(v

3
,v

2
)

a
(v

4
,v

1
)

a
(v

1
,v

4
)

a(
v4
, v2

)

a(
v2
, v4

)

ã5.20 XÚG�ã

3.1.G��m. Cþxv�6u�mt§�±�xÄ�v�Cz;,§¡�Ä�v�

G�Cþ"ù�§XÚS�Ä�3�mtG��8Ü¡�XÚG�S(t)§=S(t) =

{xv(t)|v ∈ S}"y3§�S = {v1, v2, · · · , vn}§ùpn ≥ 1"@o§N��xÄ�C

þxv1 ,xv2 , · · · ,xvn�G�Qºî�Æ¬w�¨f§�«g,��{§́ ±xvi , 1 ≤ i ≤
n��I¶��ei§�ï�IX{O; e1, e2, · · · , en}§=n-�î¼�mRn§̂ n-�î¼

�m�:�IL«XÚS3�mt�G�§=

XÚS3�mt�G�S(t) −→ :(xv1 ,xv2 , · · · ,xvn) ∈ Rn§ (5.19)

N\�Rn¥��:§¡�XÚ�G�Cþ"ù��5§XÚS�G�éAun-�î¼

�mRn���:8SP§�±d:8SP�5G�xXÚS�G�"~X§d:8SPk
.½Ã.¡XÚS�Czk.½Ã.�"

r r r r

r r

a(v1, v2)

a(v2, v1)

a(v1, v2)

a(v2, v1)

a
(v

2
,v

3
)

a
(v

3
,v

2
)

a(v3, v4)

a(v4, v3)

a
(v

4
,v

1
)

a
(v

1
,v

4
)

a(
v4
, v2

)

a(
v2
, v4

)

a
(v

2
,v

3
)

a
(v

3
,v

2
)

a(v3, v4)

a(v4, v3)

a
(v

4
,v

1
)

a
(v

1
,v

4
)

a(
v4
, v2

)

a(
v2
, v4

)

ẋv1 ẋv2

ẋv3ẋv4

ẍv1 ẍv2

ẍv3ẍv4

rr
(a) (b)

ã5.21 Ä��û

@o§éXÚS¥Ä��*ÿ´Ä�±����XÚG�S(t)Qºî�Æ¬w

�¨f§éXÚS¥Ä�v�*ÿ¿ØU����v�Cz;,§Ï�<��U*ÿ

Ä�3,��mã�G�§¿�ÙCz;,��Ü&E"�d§�U�*ÿ�Ü©

&Eÿ�!ýÿÄ�v��mt�CzÇ§=�ûẋv(t) ½?�Ú§2-��ûẍv(t)�"

ù�§IÒãGL[S](t)¥º:�IÒØ´xv´Udẋv½ẍv��§�ã5.21£a¤Ú

£b¤"Ó�§éXÚÄ�v�?Û*ÿÑkm©�m§P��mt0"Ä�v3t0��G
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�¡�v�Ð©G�§P�xv(t0)"éA�§t0�XÚS¤kÄ�Ð©G��¤�8

Ü{xv(t0); v ∈ S}¡�XÚS�Ð©G�§P�S(t0)"ù�§�â*ÿ(½XÚSG

��¢�§´3Ð©^�S(t0)ÚÄ�m�^a(v, u)é?¿�v, u ∈ S®��cJ

e§dxv, v ∈ S�1-��ûẋv(½XÚG�S(t)§½´3Ð©^�S(t0)!ẋv(t0), v ∈
SÚa(v, u)§v, u ∈ S®��cJe§(½XÚS�G�S(t)"ù�¥§XÚG�S(t)�

�35d½ÂØó�§ù´��{ü�/dÏ9J0'X"�<a@��Ô�m�

3u/dJ�Ï0§ù3XÚ@�þ§Ø%3u<�éXÚÄ�xv!Ä��^a(v, u)C

z�*ÿ!(½´Ä��§́ Ä�±��(½XÚG�S(t)ºî�Æ¬)º`§Ø�

�
AÏ�/§X�5XÚ�§éù�¯K�£�´Ø(½��Ï�3�õê�/

Ã{(½½´Ã{��(½ÚåXÚG�S(t)�@
Ä�G�v(t)§ù�´E,X

Ú§=Ä��^�E,5Ú&EE,5��)

�Ï"~X§<N����d[�|Ü¤�

XÚ§Jw´���V%�<aèx�n�

;¾��"nØþ§Jw´<N�~[�3�

JÏ��^e=z¤
J[���«;¾§�

��é@
�J[�:?1q�£�§¦J[

�AÉ5k�§Jw�öÒ�½�±xE"�

<N[�ê�4× 1014− 6× 1014�§��
�§

´Ä�±é�@
�J[�±93EâþN�

¢yq�£�´�.5JK"ù�¥§1�
ã5.22 Jwq�£�

�¯K=´dJwù�/J0�/Ï0§=�¦JC�pÏ§ù3�õê�/éØ�

@
�J¾C�/Ï0§�Ã{éJw�ö?1xE£�"

3.2.G��§. XÚ�G��§§´XÚCþ�Ñ\Cþm'X����©�

§|"î�Æ¬w�¨f§b�XÚS�Ä��v1, v2, · · · , vn§Ä�vi1 , vi2 , · · · , vilÉ
�Ñ\Cþu1(t),u2(t), · · · ,us(t)�K�§Xã5.23¤«"

u1(t),u2(t), · · · ,ul(t) vi1 , vi2 , · · · , vil

S\
{
vi1 , vi2 , · · · , vil

}

+

S
Ñ\Cþ

-

-XÚÑÑ

ã5.23 Ñ\Cþ�^
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ù�§£ãXÚG�����©�§|�{
ẋvij = fij (xv1(t), · · · ,xvn(t); u1(t), · · · ,ul(t)) , 1 ≤ j ≤ l,

ẋvk = fk (xv1(t),xv2(t), · · · ,xvn) , vk ∈ S\ {vi1 , vi2 , · · · , vil}◦
(5.20)

ùp§fij (xv1(t), · · · ,xvn ; u1(t), · · · ,ul(t))L«Ä�vis , s 6= jÚÑ\Cþur, 1 ≤ r ≤
léÄ�vij��^¼ê§fk (xv1(t),xv2(t), · · · ,xvn)L«Ä�vi, i 6= k éÄ�vk��^

¼ê"5¿§XJÄ�m��^a(v, u), v, u ∈ S�l�þ5K��<����¡§K
�^¼êfi�

fi =
∑

(u,vi)∈E(GLS)

a(vj, vi)◦ (5.21)

AO/§XJXÚS�Ä�ÑÉ½öÑØÉÑ\Cþu1(t),u2(t), · · · ,us(t)�K�§
K�§|(5.20)C�

ẋv1 = f1 (xv1(t), · · · ,xvn(t); u1(t), · · · ,ul(t)) ,
ẋv2 = f2 (xv1(t), · · · ,xvn(t); u1(t), · · · ,ul(t)) ,
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,
ẋvn = fn (xv1(t), · · · ,xvn(t); u1(t), · · · ,ul(t))

(5.22)

Ú 
ẋv1 = f1 (xv1(t), · · · ,xvn(t)) ,

ẋv2 = f2 (xv1(t), · · · ,xvn(t)) ,

· · · · · · · · · · · · · · · · · · · · · · · · ,
ẋvn = fn (xv1(t), · · · ,xvn(t))◦

(5.23)

ùp§(5.22)ª=�Ï~�XÚG��§§(5.23)ª�XÚSØÉ	.�¸�^§

=����áXÚ�G��§"��/§æ^(5.20)½(5.22)�xXÚSG��²;

¯K´�§|(5.20)½(5.22)�·½¯K§=´Ä�)±9�)�§)´Ä��¯

K§=^�§|(5.20) ½(5.22)�)xv1(t),xv2(t), · · · ,xvn(t)�xXÚS�G�"î

�Æ¬w�¨f§ù«g��¢�§´3�§|(5.20)Ú(5.22)�)��/e§^

)xv1(t),xv2(t), · · · ,xvn(t)�xXÚS�G�"w,§dÏJ'X§)xv1(t),xv2(t), · · · ,
xvn(t)�½éAXÚS�G�"�dJ�Ï§=XÚS�?�G�´ÄÑéAu�§

|(5.20)½(5.22)�)QºAO´§XJ�§|(5.20)½(5.22)Ø�)§=Ø�3²;

¿Âþ�)´ÄÃ¿Â½ØéAXÚS�G�Qºî�Æ¬w�¨f§�Y´Ä½

�§=B�§|(5.20)½(5.22)Ø�3²;)¿Ø¿�XXÚS�G�Ø�3§´

ù«@�XÚS�G��½éA���§|)�*:Ø�(§́ �«�Ø*:"ù
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�:��17Ù?ØgñXÚ�§AO´XÚS�G�N�éAu�§|�)��k

��[�?Ø"ùp§E,b½XÚS�G�éAu�§|(5.20)½(5.22)�)"

@o§N�ïáXÚ�G��§(5.20)½(5.22)Qºî�Æ¬)º`§�Ä��

^�aquå��þ�^�§éAuUþ6Ä"ù�§XÚ�G��§�dXÚS�

!:Åð�§(5.9)§(ÜXÚ�	Ü�¸m��^(½"ù�¥§�{ü��/´

�5XÚ§=é?¿Ä�v, u ∈ S§Ä�m��^a(v, u)ÚÑ\Cþui(t), 1 ≤ i ≤ lþ

�®�¼ê��/"ù�XÚSæ^�§(5.22)£ã�

ẋ = A[t]x +B[t]u◦ (5.24)

ùp§u = (u1,u2, · · · ,ul)t�Ñ\�þ§x = (xv1 ,xv2 , · · · ,xvn)t �XÚS �G��

þ§A[t] ÚB[t]�®��¼êÝ
§=

A[t] =


a11(t) a12(t) · · · a1n(t)

a21(t) a22(t) · · · a2n(t)
...

...
...

...

an1(t) an2(t) · · · ann(t)

 , B[t] =


b11(t) b12(t) · · · b1l(t)

b21(t) b22(t) · · · b2l(t)
...

...
...

...

bnl(t) bn2(t) · · · bnl(t)

 ◦

AO/§�A[t]ÚB[t]�~êÝ
[aij]n×nÚ[bij]n×n�§�§(5.24)���~Xê

�5�©�§|

ẋ = [aij]n×n x + [bij]n×n u◦ (5.25)

~X§�x�1-�C�§ã5.24´��~Xê�5XÚS = {v1, v2, v3, v4}§GL[S]

�4���ãK4" r r

r r

ẋv1 ẋv2

ẋv3ẋv4

3

5

2

7
4

12

-

-

�

� u2

u3

u1

u4

5

3

2

4

ã5.24 ~Xê�5XÚ(�ã

ùp§>ÚÑ\�þþ�êL«�^rÝ§�3>þäké¡5§=a (v1, v2) =

a (v2, v1) = 3�"KTXÚG�éA��5�©�§|
ẋv1 = 3xv2 + 12xv3 + 7xv4 + 5u1

ẋv2 = 3xv1 + 5xv3 + 4xv4 + 2u2

ẋv3 = 12xv1 + 5xv2 + 2xv4 + 4u3

ẋv4 = 7xv1 + 4xv2 + 2xv3 + 3u4
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=Ý
�§

ẋ = [aij]4×4 x + [bij]4×4 u◦

ùp§[aij]4×4![bij]4×4©O�

[aij]4×4 =


0 3 12 7

3 0 5 4

12 5 0 2

7 4 2 0

 , [bij]4×4 =


5 0 0 0

0 2 0 0

0 0 4 0

0 0 0 3

 ◦

�5XÚ�±ÏL)�§¦ÑXÚS�G�xv1(t),xv2(t), · · · ,xvn(t)§éXÚ?

1�x"ù�§��g,�¯K´§XÚ¥´Ä�3��5XÚQºÏ�XJØ�

3��5XÚ§�ÔÒ�±Ñd�5XÚ�x

�@�§?rº�Ô1�
"

,§î�Æ¬w�¨f§�»�Ô¥§�

�5XÚØ=�3��þ�3"Ó�§�5

XÚ=´XÚG���«Cq�x"~X§3

ã5.25cÚPà�Ó iZ¥§cÚPà�¤�

��p���2-�µ4XÚS§TXÚ�IÒã

�KL
2 [S]½PL

2 [S]§~X>Àì5cÚPà6¥� ã5.25 cÚPà

)0Ú#a��L��«+§3ù�2-�XÚ¥§cÚPà�g�«+5�=ÄÔ

êþ�x, y"b�vkPà�§c�²þO�Ç�−µ§Pà�Ñy¦c�²þO�
Çd−µO��−µ+ cx"Ó�§b�Pà3vkc��²þO�Ç�λ§c�Ñy¦

�Pà�²þO�ÇdλC�λ− by"ùp§b Úcþb��~ê"Kù�2-�XÚG

�¥�cÚPàdx(t), y(t)�x§éA�XÚG��§{
ẋ = x(−µ+ cy)

ẏ = y(λ− bx)
(5.26)

¡�Lotka-Volterra�.§=´����5�©�§|"

3.3.XÚ�§.XÚ�§´3XÚG��§Ä:þ§O\XÚ�ÑÑ�þy�l

��§|§́ �¡�xXÚÑ\!ÑÑÚG���|�§"î�Æ¬w�¨f§é�

�kl�Ñ\Cþ!n�G�CþÚm�ÑÑCþ�XÚS§XÚ�§���/ª�{
ẋ(t) = f(x(t),u(t))

y(t) = g(x(t),u(t))
(5.27)
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ù�¥§u = (u1,u2, · · · ,ul)t ∈ Rl�Ñ\Cþ§x = (x1,x2, · · · ,xn)t , f = (f1, f2,

· · · , fn)t ∈ Rn§y = (y1,y2, · · · ,ym)t ,g = (g1,g2, · · · ,gm)t ∈ Rm"1���§

=XÚS�G��§§1��¡�ÑÑ�§"5¿§XÚG�´XÚÄ�m��p

�^��m�Cz§3fÚg¥þØ��¹w�mt§Xã5.24¥��§ẋ = [aij]4×4 x+

[bij]4×4 u@�§vküÕ��mCz�h(t)§¡�g£�§"AO/§XJ�§|(5.27)

¥�G��§ÚÑÑ�§þ��5�§§=�3Ý
A[t],B[t],C[t],D[t]§¦�{
ẋ(t) = A[t]x(t) + B[t]u(t)

y(t) = C[t]x(t) + D[t]u(t)
(5.28)

K¡S��5�CXÚ"ùp§Ý
A(t),B(t)Óu�§|(5.24)§C(t)ÚD(t)Xeµ

C[t] =


c11(t) c12(t) · · · c1n(t)

c21(t) c22(t) · · · c2n(t)
...

...
...

...

cm1(t) cm2(t) · · · cmn(t)

 , D[t] =


d11(t) d12(t) · · · d1l(t)

d21(t) d22(t) · · · d2l(t)
...

...
...

...

dm1(t) dm2(t) · · · dmn(t)

 ◦

aq/§XJÝ
A(t),B(t),C(t),D(t)þ�~êÝ
§KXÚS¡��5½~

XÚ"éuüÑ\üÑÑ��5½~XÚ§Ñ\Cþu(t)ÚÑÑCþy(t)þ´��

�§d��XÚ�§(5.28)�L«�{
ẋ(t) = A[t]x(t) + Bu(t)

y(t) = C[t]x(t) + du(t)
(5.29)

Ù¥§B = (b11, b21, · · · , bn1)t���þ§C = (c11, c21, · · · , cn1)�1�þ§d�~ê"

�§|(5.29)L²§XÚS�ÑÑCþy(t)�XÚG�´�«ÏJ'X§§QÉ

XÚG�CþK�§qÉXÚÑ\Cþ�K�"@o§XÚS�ÑÑ�þy(t)é�x

XÚ1�k�o�^Qºî�Æ¬w�¨f`§Äk§XÚG�Cþxv(t), v ∈ SØ
�½�U�<*ÿ§�XÚÑÑCþy(t)´XÚG��	3Ly§��<*ÿ¶Ù

g§XÚÑÑCþ�Ñ\Cþk�½�ÏJ'X§=Béuç�XÚ§��±aq

u(5.29)ïáÑ\�ÑÑm�ÏJ'X§=Ïé�þ¼êg¦�

y(t) = f(t) + g(u(t), t) ½�5'X y(t) = f(t) + D[t]u(t)" (5.30)

ùp§f(t)´ïáÑ\Cþu�ÑÑCþym�'XÚ\�XÚëCþ§��±w

�	Ü�¸K�¶��§3XÚG�CþG�Cþxv(t), v ∈ S ®��cJe§�¼
�ÑÑCþy(t)�A½(J§(½�A�Ñ\Cþu(t)§ùÒ´�"N!§́ /dJ

�Ï0��«~�A^�/"
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�"N!3&ED4þ§Q�3dÑ\�ÑÑ�c�Ï�§�kdÑÑ�Ñ

\��"Ï�§üö�¤��4Ü£´=k��"~X§î�Æ¬w�¨f§3

ã5.25cÚPà|¤�2-�XÚ¥§«+5�É�"N!���"Pàêþþ�O

\½~��"�c Ôþ�O\½~�§g,N!¤¹cêþ�O\½~�§?

Pà�cÓ �êþ~�½O\§¢yPàÚc�m�)�²ï"

14!�§¦)

��XÚS�üzd§�G�xv(t), v ∈ S�x§¨f¯î�Æ¬§�<�*

ÿØU����xv(t), v ∈ S´I�ïá�©�§½�©�§§dù
�§§~

X(5.27)�)xv(t), v ∈ S�XÚS�G�§rºÙüz5Æ"�´§̈ f`µ/@��

§(5.27)E,�Ø�
§N��½§�)�´Ø�)ºXJØ�)§ù^´rØÏ

B§ww��k§0̈ f¯î�Æ¬µ/=B���§�)§qN�¦Ñ§�)rº

XÚS�G�§'XCz��´���´�m§�k¯úQº0î�Æ¬£�`µ/\

¯�ùü�¯Kék¿Â§́ <arº¯ÔG��Ä:�0î�Æ¬w�¨fµ/·�

3c¡ùL§þj´n)¯ÔÔnA��ü "éA�§éù�A��Ýþ´ù�

þj��ê"Þ�~f§b�,gÿþ��ÔN��Ýx�8.63m"ùp�8.63m´�

o¿gº́ �TÔN��Ýx��£m¤�8.63�§P�x = 8.63m"�k§æ^4m �

ºfÿþ@�ÔN§ºfØ
�§I�ÿþng§ÿþ(J©O�4m!4mÚ0.63m§

Kkx = 4 + 4 + 0.63 = 8.63m"ùÒ´þj��5æ["dù�~f�±wÑ§÷

v�5A���§�éuÙ¦�§¦){ü�0î�Æ¬UY)º`§ù�§<��

±r����5¼ê^�V¼êÐmª§ò(5.27)¥�¼êfÐm§�Ðmª�cü

��Ñ1n�±���������5�§§Cq/�xf"ù«�{I�3�

½�^�eâUù��"�{üå�§ù�!b�C�xv�1-�C�xv, v ∈ S"
��/§b�(x0,u0)�f�":§=f (x0,u0) = 0§Kk

f (x,u) =
∂f

∂x

∣∣∣∣
(x0,u0)

(x− x0)t +
∂f

∂u

∣∣∣∣
(x0,u0)

(u− u0)t +α(∆u,∆x)◦ (5.31)

ùp§
∂f

∂x
,
∂f

∂u
¡�féxÚu�ä�'Ý
§©O�

∂f

∂x
=



∂f1

∂x1

∂f1

∂x2
· · · ∂f1

∂xn

∂f2

∂x1

∂f2

∂x2
· · · ∂f2

∂xn

...
...

...
...

∂fn
∂x1

∂fn
∂x2

· · · ∂fn
∂xn

 ,
∂f

∂u
=



∂f1

∂u1

∂f1

∂u2
· · · ∂f1

∂ul

∂f2

∂u1

∂f2

∂u2
· · · ∂f2

∂ul

...
...

...
...

∂fn
∂u1

∂fn
∂u2

· · · ∂fn
∂ul
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�α(∆u,∆x)�f'uxÚug≥ 2�{�"ùp§∆x = x− x0§∆u = u− u0"XJ

�Ñ(5.33)ª¥�g≥ 2�{�α(∆u,∆x)§K(5.27)¥�G��§�±{z�

ẋt = f(x,u) =
∂f

∂x

∣∣∣∣
(x0,u0)

(x− x0)t +
∂f

∂u

∣∣∣∣
(x0,u0)

(u− u0)t◦ (5.32)

5¿§
∂f

∂x

∣∣∣∣
(x0,u0)

Ú
∂f

∂u

∣∣∣∣
(x0,u0)

þ�~êÝ
§©OP�Ý
AÚB§K(5.32)ª�

ẋt = A (x− x0)t + B (u− u0)t , (5.33)

´��~Xê�5�©�§"

4.1.�ê�§.�5�§Q,´��Ônþj��Ô§î�Æ¬`§nØþÒA

T�±¦)§?��XÚS�G�S(t)"

£1¤�5�§. �5�ê�§���/ª�

Axt = B◦ (5.34)

ùp§AÚB�~êÝ
§=

A =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

...
...

am1 am2 · · · amn

 , B =


b1

b2

...

bm

 , xt =


x1

x2

...

xn

 ◦

@o§N�¦)�§(5.34)Qºî�Æ¬w�¨f§�kl�
{ü�/©Û"

1) n = 1§=�k��Cþ��/ax = b"ù�§��a 6= 0Òk)x = b/a¶a =

0�b 6= 0��§Ø¤á§b = 0�§?���F¥��Ñ´�§�)"ùp§�F´

¦)T�§��§�±�k��§��±��ê

�!¢ê�½Eê��Ã��"~X§�§ax =

bk�ê)�^�´bU
�a�Ø"X2x = 4k

�ê)x = 2§2x = 3Kvk�ê)"

2) n = 2§=kü�Cþx, y��/a1x +

a2y = b"ù��§3î¼²¡R2þéA�

:8��^��L1§�x-¶!y-¶��:©O

�(b/a1, 0)!(0, b/a2)§�ã5.26"�ó�§�

�L1þ�¤k:Ñ´�§a1x+ a2y = b�)" ã5.26 ²¡¥���
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ã¥L2�,�^��§éA��§�a
′
1x+ a′2y = b′§l¥�±wÑ§��L1ÚL2k

���:P0"�:P0��I(x0, y0)"@o§�Ix0, y0 Q�÷v�§a1x + a2y = b§

��÷v�§a′1x+a′2y = b′"ù�§x0, y0Ò´�§|a1x+a2y = b§a′1x+a′2y = b′�

��)"Ó�§dã5.26��±wÑ§ù��§|�k�|)x0, y0§Ï���L1ÚL2

�k���:P0"

@o§́ Ä�±dùü��§����)x0, y0Qº�Y´�½��Ï�é1��

�§üà¦±a′2§~�1���§üà¦±a2k(a1a
′
2−a2a

′
1)x = ba′2−b′a2"aq/§

1���§üà¦±a′1~�1���§üà¦±a1§k(a′1a2 − a′2a1)y = ba′1 − b′a1"

ù�§XJa1a
′
2 − a2a

′
1 6= 0Òk

x0 =
ba′2 − b′a2

a1a′2 − a2a′1
, y0 =

ba′1 − b′a1

a2a′1 − a′2a1

=P0:��I(x0, y0)"

2wã5.26¥���L1ÚL3§ùü^��²1=vk�:"�L3��§�â1x+

â2y = b̂§§�x-¶!y-¶��:P3!P4��I�(̂b/â1, 0)Ú(0, b̂/â2)"5¿§duL1//L2§

n�/4OP1P2�4OP3P4�q§k

b̂

â1

/
b

a1

=
b̂

â2

/
b

a2

⇒ a1

â1

=
a2

â2

,

=L1ÚL3��§¥§xÚy�Xê'~��"

3) n ≥ 3§kwn = 3=kn�Cþx, y, z��/a1x+ a2y + a3z = b"ù��§

33-�î¼�mR3¥éA�:8���²

¡§�14Ù¥ã4.15"@p��§ª�Ax+

By + Cz = D§�x-¶!y-¶Úz-¶��:

©O�D/A,D/B,D/C"�ó�§ù�²¡

þ?�:��Ix, y, zÑ´ù��§���

)§kÃ�õ�"

AÛ�*þ§ü�²¡XJk�:§K ã5.27 ²¡��

�:�¤�^��"ù^��XJ�1n�²¡��§K´��:§�ã5.27"~X§

ã¥²¡P1�P2�u��L1§²¡P2�P3�u��L2�"ù�§Ò�±��§XJ�

§a11x+a12y+a13z = b1��§a21x+a22y+a23z = b2�¤��§|k)§ò�§�

ª�>�a13z, a23z£��ªm>§=a11x+a12y = b1−a13z§a21x+a22y = b2−a23z"

rzw���®�þ§Ò=z�
n = 2��/"dþ¡�?Ø§�Uk��)x0, y0§

�duz�±�R¥�?��¢ê§��ëêz�����'ux0, y0��g�§§=
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²¡þ���"@o§ü�²¡P1, P23�o^�e²1=vk�:Qºù�ü^�

�3R2¥²1aq§��=�²¡P1ÚP2��§¥§x, yÚz�Xê'~��"

2wn�²¡��/§²¡P1, P2, P33ã5.27¥��u:O§=ùn�²¡é

A��g�§ªP1 : a11x + a12y + a13z = b1§P2 : a21x + a22y + a23z = b2§P3 :

a31x + a32y + a33z = b3�¤��§|)��§=�:O��I(x0, y0, z0)"@o§U

Ä��dùn��§¦�x0, y0, z0��Qºî�Æ¬w�¨f§k�«IO�{¦

)x0, y0, z0§¡���{§=ò����C�Xêz�1§̂ Ù¦�§^g~�1�

��§"ù�§Ù¦�§¥ÒØ2¹kù�C�§���§|Xe�d/ª
x+ c12y + c13z = d1

y + c23z = d2

z = d3

(5.35)

ù�§d(5.35)ª�����§�z§�\1���§�¦�y§2ò���y, z�

\1���§���x"~X§b�²¡P1, P2, P3��§�g�3x + 9y + 6z = 6,

3x+ 6y + 9z = 9, 6x+ 12y + 24z = 30§ù�{zL§Xeµ
3x+ 9y + 6z = 6

3x+ 6y + 9z = 9

6x+ 12y + 24z = 30

−→


x+ 3y + 2z = 2

x+ 2y + 3z = 3

x+ 2y + 4z = 5

−→


x+ 3y + 2z = 2

−y + z = 1

−y + 2z = 3

−→


x+ 3y + 2z = 2

y − z = −1
z = 2

ù�§�±éN´/��)x = −5, y = 1, z = 2"

î�Æ¬w�¨f§þ¡��{�^u�§(5.34)���(5.35)aq�(J§=


a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

...
...

...
...

am1x1 + am2x2 + · · ·+ cmnxn = bn

−→



x1 + c12x2 + c13x3 + · · ·+ c1nxn = d1

x2 + c23x3 + · · ·+ c2nxn = d2

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
xl + cli+1xl+1 + · · ·+ clnxn = dl

0 = dl+1

· · · · · ·
0 = dm

ùp§l ≤ m"éA/§T�5�§|)��/Xeµ1©l = m½l < m�dl+1 = · · · =
dn = 0§d��§|�3Ã¡õ�)§ù
)�¤��(n− l)-��î¼�mRn−l¶A

O/§l = n�)��§�(5.35) aq§�±le�þ^g¦Ñxn, xn−1, · · · , x1; 2©l <
m�dl+1, dl+2, · · · , dmØ��0§d��§|gñ§Ã)"
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£2¤��5�§. ��5�ê�§��3gên ≥ 2��ê�§"~X§�

�n-g�§

anx
n + an−1x

n−1 + · · ·+ a1x+ a0 = 0 (5.36)

Úõ��§§Xxyz + x2 + y = 0�"

éu��ng�§k��Í¶�(Ø§î�Æ¬)º`§=��n-g�§3E

ê�þ�½�3n�)£�UêO�¤§�3¢ê�Ú�ê�þKØ�½k)"

~X§�§2x = 33¢ê�Rþk)x = 1.5�3�ê�Zþvk)�§Ï3�ê�
þXJ�3)x§K2x���óê3�Ûê§�3Z þØ�Uk2x = 3¤á"

3¢ê�½Eê�þ¦)�§)�����/§´d¼ê�§F (x, y) = 0(

½y�x�¼ê'Xf§=(½3�o^�ek)y = f(x)§3�o^�ekëY)

½ëY��)y = f(x)ºî�Æ¬w�¨f§ù�¯K®dÛ¼ê½n)û§=X

JU ⊂ R× R�F : U → R ëY��§�3:(x0, y0) ∈ U¦�

F (x0, y0) = 0 �
∂F

∂y

∣∣∣∣
(x0,y0)

6= 0§

K�½�3��m«mI ⊂ R§x0 ∈ IÚëY���¼êϕ : I → R¦�é?¿x ∈
Ik(x, ϕ(x)) ∈ U,ϕ(x0) = y0�F (x, ϕ(x)) = 0§=)y = ϕ(x)�

dϕ

dx
= − ∂F

∂x

/
∂F

∂y
◦

~X§é�§xy+ x2 + y = 0kF (x, y) = xy+ x2 + y"w,§F (0, 0) = 0�O�L²

∂F

∂y
= x+ 1 ⇒ ∂F

∂y

∣∣∣∣
(0,0)

= 1 6= 0◦

�dÛ¼ê½n§�3���¹0�«mI ⊂ R§�3«mIþ�§F (x, y) = 0�3

ëY��)y = f(x)"�?�Ú§d

xy + x2 + y = 0 ⇒ y = f(x) = − x2

x+ 1
◦

´u�y§¼êy = f(x)3¢ê�Rþ?��x 6= −1�:Ñ´ëY���"

��/§î�Æ¬`§é�½�m�¼ê�§Fi(x1, x2, · · · , xn; y1, y2, · · · , ym) =

0, 1 ≤ i ≤ m¦÷v�½¼ê5��)y1, y2, · · · , ym§=
y1 = ϕ1(x1, x2, · · · , xn)
y2 = ϕ2(x1, x2, · · · , xn)
· · · · · · · · · · · · · · · · · · · · · · · ·
ym = ϕm(x1, x2, · · · , xn)

⇒


F1(x1, x2, · · · , xn; y1, y2, · · · , ym) = 0

F2(x1, x2, · · · , xn; y1, y2, · · · , ym) = 0

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Fm(x1, x2, · · · , xn; y1, y2, · · · , ym) = 0

(5.37)
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´õ�¼ê�§¥���Ä�¯K"�üCþ��/aq§¯K(5.37)®d���

/�Û¼ê½n)û§=�

x0 = (x0
1, x

0
2, · · · , x0

n)Úy0 = (y0
1, y

0
2, · · · , y0

m) � Fi(x
0; y0) = 0, 1 ≤ i ≤ m§

^/ä�'Ý
Jy|x3:(x0; y0)���Uþ�_0��þ¡üCþ�/¥�/ �

©∂F/∂y3:(x0, y0)Ø�u00§K)y1, y2, · · · , ym3:(x0; y0)���UþØ=�3§

�ëY��"ùp§Ý
Jy|x´��m× n�ä�'Ý
§3¼êC�§AO´�
IXC�¥kX���^§½Â�

Jy|x =



∂y1

∂x1

∂y1

∂x2

· · · ∂y1

∂xn
∂y2

∂x1

∂y2

∂x2

· · · ∂y2

∂xn
...

...
...

...

∂ym
∂x1

∂ym
∂x2

· · · ∂ym
∂xn


◦ (5.38)

5¿§¼êyi���©�

dyi =
∂yi
∂x1

dx1 +
∂yi
∂x2

dx2 + · · ·+ ∂yi
∂xn

dxn,

=ä�'Ý
�1i1�´¼êyi��©�Xê"AO/§�m = n�§ä�'Ý


Jy|x���n-��
§´n-�6/þ:���méó�ÛÜIem�C�Ý
§

3�IC�eäkØC5§́ �©ØC5=(4.18)ª�í2"

4.2.�©�§. UXÚ�G�ÿ½êâ�ï�Ä��©�§´g£�§§î�

Æ¬w�¨f§3nØþÑAT�±¦)§Ï��©�§T�/�x
Ä�G�§

ù
Ä�G��¤XÚ�G�§�XÛ¦)�©�§��Ä��G�¿Ø´��

{ü¯K"¢�¥§k�þ��©�§ØUæ^Ð�){¦�x'u�mt�wª½

Ûª§�U^¼ê?êé)x?1%C§Cq/�xXÚG�"

£1¤)�35. XÚS�G�xv(t), v ∈ S´XÚÄ���mCz�G�"�©
�§)��35§́ U�§¥�Ñ�¼ê�5G�½)��35"î�Æ¬)º`§

ù�)û���ê�§)�35�Û¼ê½naq§I��Ñ�©�§�Ð�¯K

{
ẋ = F(x)

x|t=t0 = x0
⇔



ẋ1 = F1 (x1, x2, · · · , xn)

ẋ2 = F2 (x1, x2, · · · , xn)

· · · · · · · · · · · · · · · · · · · · · · · ·
ẋn = Fn (x1, x2, · · · , xn)

x1(t0) = x0
1, · · · , xn(t0) = x0

n

(5.39)



14! �§¦) 187

)��3^�"ùp§x = (x1, x2, · · · , xn)§F = (F1, F2, · · · , Fn)"

@o§N�dF�5G�¡�§(5.39))x��35Qºî�Æ¬)º`§·�l

�{ü�/§=m = 1, n = 1��/m©"ù�§�§(5.39)z�ẋ = F (x)§x(t0) =

x0")��35½nL²§XJ�3¢êa, b ∈ R¦�F (t, x)3Ý/«�

L : t0 − a ≤ t ≤ t0 + a, x0 − b ≤ x ≤ x0 + b

þëY§��3��~êN¦�éLþ�?¿ü�:(t, x)Ú(t, x′)k

|F (x)− F (x′)| ≤ N |t− t′|,

¡�oÊF]^�§K�§(5.39)3«mx0 − h0 ≤ x ≤ x0 + h0þ�3����÷

vϕ(t0) = x0 �)x = ϕ(t)"ùp§h0 = min{a, b/M}§M = max
(t,x)∈L

{F (x)}"

@o§N�dF (x)÷voÊF]^���ù�(ØQº¢Sþ§XJx = ϕ(t)´

�§ẋ = F (x)�)§Kkϕ̇(t) = F (ϕ(t))�ϕ(t0) = x0"ù�§k

ϕ(t) = x0 +

t∫
t0

F (ϕ(s))ds, (5.41)

¡�.k%C§�±Åg%C�§(5.39)�)§=kdϕ(t) = x0�\(5.41)��ϕ1(t)§

dϕ1(t)�\(5.41)��ϕ2(t)§· · ·"��/§æ^

ϕk+1(t) = x0 +

t∫
t0

F (ϕk(s))ds

S�§��S�x0, ϕ1(t), ϕ2(t), · · · , ϕn(t), · · ·"
@o§S�x0, ϕ1(t), ϕ2(t), · · · , ϕn(t), · · ·k�o5�Qºî�Æ¬w�¨f§ù

¢Sþ´��Åì%C�§(5.39))�S�"��o¬´ù�QºÏ�b�
F (x)÷

voÊF]^�§k

|ϕk+1(t)− ϕk(t)| ≤ N

t∫
t0

|ϕk(s)− ϕk−1(s)| ds

��±í�Ñ

|ϕk+1(t)− ϕk(t)| ≤MNn |t− t0|
n+1

(n+ 1)!
◦

ù�§

ϕ(t) = lim
n→+∞

(
ϕ0(t) +

n∑
n=1

(ϕn(t)− ϕn−1(t))

)
(5.42)
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�3§�÷v�§(5.39)"

aq/§ù«.k%C��{�±��5/���§(5.39)3m = n ≥ 2�)

��35"î�Æ¬)º`§XJF : Rn → Rn´ëY���§�±y²F÷vo

ÊF]^�§��3¢êa¦3«m(t0 − a, t0 + a)þ�§(5.39)�3�����÷

vx(t0) = x0�)

x : (t0 − a, t0 + a)→ Rn ⇒ ẋ = F(x)◦ (5.43)

¢SA^¥§�§(5.39)�)5½n¥�^�éN´�y"~X§�§ẋ = 2x2¥

¼êF (x) = 2x23�:(0, 0)�Ý/«�

L : −1 ≤ t ≤ 1, −1 ≤ x ≤ 1

þëY§�éLþ�?¿xÚx′k

|F (x)− F (x′)| =
∣∣∣x2 − x′2

∣∣∣ = |(x+ x′)(x− x′)| ≤ 2|x− x′|,

=÷voÊF]^�"ù�§dm = n = 1��§(5.39))��35½n§3«

m−1/2 ≤ x ≤ 1/2þ�3�����÷vx(0) = 0�)x = ϕ(t)"ùp§h0 = 1/2´

Ï�¼êF (x)3«mLþ�����2§�h0 = min{1, 1/2} = 1/2"

£2¤XÚ¦).(½
�§(5.39))��35§���y¢�¯K´XÛéÙæ

^Ð�){¦)"~X§î�Æ¬¯¨f§N�écÚPà�¤�2-�XÚ(5.26)§

=�©�§ {
ẋ = x(−µ+ cy)

ẏ = y(λ− bx)

?1¦)Qº̂ 1���§Ø±1���§§k

ẏ

ẋ
=
dy

dx
=

y(λ− bx)

x(−µ+ cy)
◦ (5.44)

é�§(5.44)©lCþ§2È©§Òk

−µ+ cy

y
dy =

λ− bx
x

dx ⇒ µ ln |y|+ λ ln |x| = cy + bx+ C

⇒ yµxλ = C1e
cy+bx

◦ (5.45)

ùp§C�È©~ê§C1 = eC"

@o§´Ä�§(5.39)�)ÑUæ^Ð�){¦)Qº�Y´Ä½��®²y

²§=B´Ø�E,���5�©�§§XikJ�§ẋ = p(t)x2 + q(t)x+ r(t)§�
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��ØU^Ð�){¦)"�´§î�Æ¬w�¨f§?Û���5�©�§§A

O´~Xê�5�©�§Ñ�±^Ð�){¦)"

Äk§�Ä���5�©�§

x(s) + p1(t)x(s−1) + · · ·+ ps−1(t)x′ + ps(t)x = 0◦ (5.46)

ùp§s ≥ 1, x(s) = dsx/dts§pk(t)�t�¼ê"��§(5.46)�3s�)x1, x2, · · · , xs
�C1, C2, · · · , Cs�s�~ê§K(

n∑
i=1

Cixi

)(s)

+ p1(t)

(
s∑
i=1

Cixi

)(s−1)

+ · · ·+ ps(t)

(
s∑
i=1

Cixi

)

=
s∑
i=1

(
x

(s)
i + p1(t)x

(s−1)
i + · · ·+ ps−1(t)x′i + ps(t)xi

)
= 0,

=C1x1 +C2x2 + · · ·+CsxsE´�§(5.46)�)"y3§�x1(t), x2(t), · · · , xs(t)´�
§(5.46)�s��5Ã')§Kd�5�m�)¤§�§(5.46)�?��)x(t)´x1(t),

x2(t), · · · , xs(t)��5|Ü§=

x(t) = C1x1(t) + C2x2(t) + · · ·+ Csxs(t), (5.47)

¡��§(5.46)�Ï)"d�§XJx(s−1)(t0), · · · , x′(t0)Úx(t0)®�§Kd(5.47)�

�s��5�ê�§§d��{�¦�~êC1, C2, · · · , Cs§��Ð�¯K{
x(s) + p1(t)x(s−1) + · · ·+ ps−1(t)x′ + ps(t)x = 0

x(s−1)(t0) = x0
s−1, x

(s−2)(t0) = x0
s−2, · · · , x′(t0) = x0

1, x(t0) = x0

�)"AO/§�p1(t), p2(t), · · · , pn(t)�~êp1, p2, · · · , pn�§�§(5.46)éA�A

��§�

λn + p1λ
n−1 + · · ·+ pn−1λ+ pn = 0◦ (5.48)

��ê�§(5.48)¥üüpÉ���λ1£êm1¤!λ2£êm2¤!· · ·!λs£
êms¤9m1 +m2 + · · ·+ms = n§K

eλ1t teλ1t · · · tm1−1eλ1t

eλ2t teλ2t · · · tm2−1eλ2t

· · · · · · · · · · · ·
eλst teλst · · · tms−1eλst

(5.49)
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�¤�§(5.46))�m��|)¤Ä"~X§���5àg�§ẍ− 5ẋ+ 6x = 0�A

��§λ2 − 5λ+ 6 = 0kü��λ1 = 2, λ2 = 3"�T�5�©�§�)�m)¤Ä

�
{
eλ1t, eλ2t

}
§Ï)�x(t) = C1e

λ1t + C2e
λ2t"ùp§C1, C2�~ê"

Ùg§�Äm = n ≥ 2�~Xê�5�©�§ẋ = Ax + B"ùp§Ý
A,B�

�§(5.34)¥�A,B�Ó"aq/§�A��§det (A− λIn) = 0���λ1£

êm1¤!λ2£êm2¤!· · ·!λs£êms¤�m1 +m2 + · · ·+ms = n§K
p11(t)

p12(t)
...

p1n(t)

 eλ1t,


p21(t)

p22(t)
...

p2n(t)

 eλ2t, · · · ,


ps1(t)

ps2(t)
...

psn(t)

 eλst (5.50)

�¤)�m��|)¤Ä"ùp§é�ê1 ≤ i ≤ s, 1 ≤ j ≤ n§pij(t)�t�gêØp

umi − 1�õ�ª§In�n× nü Ý
§det (aij)n×n�(aij)n×n�1�ª§½Â�

det (aij)n×n =
n∑
i=1

(−1)i+jaijdet (Aij)◦

ùp§AijL«Ý
�aijéA�{
§=Ý
(aij)n×n¥í�1i11j��{e��

�¤�Ý
§1 ≤ i, j ≤ n"~X§én = 2½n = 3§k

det (aij)2×2 = a11a22 − a12a21,

det (aij)3×3 = (−1)1+1a11det

(
a22 a23

a32 a33

)

+(−1)1+2a12det

(
a21 a23

a31 a33

)
+ (−1)1+3a13det

(
a21 a22

a31 a32

)
= a11 (a22a33 − a23a32)− a12 (a21a33 − a23a31) + a13 (a21a32 − a22a31)

= a11a22a33 + a21a32a13 + a31a23a12 − a31a22a13 − a21a12a33 − a11a23a32◦

A^(5.50)�±��5/¦)~Xê�5�©�§ẋ = Ax + B"~X§�§

|ẋ1 = x2+x3§̇x2 = x1+x2−x3§̇x3 = x2+x3�A��§|A− λI3| = −λ(1−λ)2 = 0§

A���λ1 = 0, λ2 = λ3 = 1§Ù)�m��|)¤Ä�
2

−1
1

 ,


1

0

1

 et,


t

1

t

 et◦
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15!XÚ½

XÚ½�´Ø½uXÚ�Ä�1�"~X§î�Æ¬¯¨f§Y��o

� $?6ºÏ�Y?� ��pÄU��§�$ÄU��"aq/§3l�þ$

Ä��¥§o´É��«�e$Ä��^åG"u´3l�þ�m~{§��Ê�

3l�¥:A§Xã5.28¤«"éXÚS�ï��©�§§XJ´��5�§KÐ�

�{��¦ØÑù��§�)"ù�§d�§�)xv, v ∈ S�xXÚSG���{
7,á�"@o§´Ä�±Ø¦)XÚS��©�§©ÛÑXÚ�G�Qºî�

Æ¬w�¨f§ùÒ´XÚ½5¯K"

¢�¥§<�@���¯Ô´éÙLy�

A�?1*ÿ§d*ÿ�êâ�ïêÆ�.r

ºXÚG�"��XÚS��©�§§��*ÿ

êâ�(/�N
XÚ�$Ä5Æ§�ï��

©�§7,�¹XÚ´Ä½�v
&E§Ø

�½��¦ÑXÚG��)xv, v ∈ S"î�Æ
¬`§ù�¥kü�¯KI�©Ûµ�´)é ã5.28 l�þ$Ä��¥

Ð���65§ØUÏ��::*ÿØ�¦�Ñ�XÚG��3���É§Ï�?

Û*ÿo�3�½�Ø�"�d§�¦@��XÚG�ëY/�6*ÿÐ�§=�

¦�§)3Ð������þ´ëY�¶�´Ð��*ÿØ�ØULuK�<éX

ÚG���½"�Ò´`§�Ð�*ÿ�é���ÿ§���ØÓXÚG� l�

Aé�§���w§�Aªu��§=éX

ÚØÓ�*ÿ§�äXÚG��(JA��

�"ÄK§ÒÃ{rºXÚS�G�§ùÒ

´XÚ�½5¯K"

5.1.)ëY�6Ð�. ��/§¡�

§(5.39)�)x (t)ëY/�6Ð�x0§´�

3«mI(t0) = (t0 − a, t0 + a) þ§)x(t)3

:x0þëY§=é?¿�½���êε > 0§

�3δ (ε, t0,x
0) > 0¦é÷v|t′0 − t0| < δÚ ã5.29 )ëY�6Ð�

|x′0 − x0| < δ�?¿t′0,x
′0§3«mI(t0)þ�3)x′

(
t,x′0

)
§÷v

x′
(
t0,x

′0
)

= x′
0
,
∣∣∣x′ (t,x′0)− x

(
t,x0

)∣∣∣ < ε, t ∈ (t0 − a, t0 + a)◦ (5.51)

5¿§�§(5.39)�)ëY�6Ð��¢�§´�¦3Ð©*ÿ� �Ø��

)3�½� �S§Xã5.29¤«§=3�¹t0���«mS§)x
(
t,x′0

)
á3ü^
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�å2ε���m"@��XÚ�k÷vù�^�§<�éXÚG��ÿþâk¿

Â§Uÿþêâ�ï��©�§�âUéÐ/�XÚG�[Ü"

@o§́ Ä�±=d�§(5.39)¥�¼êF(x)5G�½)x (t,x0)3Ð�x0þ´

ÄëYQº£�´�½��î�Æ¬w�§Äk§�n = 1�§�§(5.39)�ẋ =

F (x)�x(t0) = x0"ù�§XJF (x)3²¡«�D ⊂ R×R§Xã5.29¥�>�2δ��

�/«�þëY�÷voÊF]^�§=�3~êN¦?¿(t, x), (t′, x′) ∈ Dk|F (x′)

−F (x)| ≤ N |x′ − x|§�(t0, x
0) ∈ D§K�3~êa > 0¦3«m[t0 − a, t0 + a]þ�

)x = ϕ(t, x0)�3�ëY/�6Ð�x0"AO/§òF (x)éx÷voÊF]^�r

z�3:t0�����þëY��§(ØE,¤á§��±���§(5.39)�)ëY

�6Ð�����OOK"

��/§�m = n ≥ 2§��¼êF(x)3:x0�����U ⊂ Rnþ´ëY

���§K�§(5.39)�)x (t)3Ð�x0þ�½´ëY�"�?�Ú§�)x (t)´�

§(5.39)3«m[t0, t1]þ�)§x′(t)´�§(5.39)�,��)§÷vx′(t0) = x′0�x′0 ∈
U§K�3��~êK ¦�|x′(t)− x (t)| ≤ K

∣∣x′0 − x0
∣∣ eK(t−t0) é?¿t ∈ [t0, t1]¤

á"ùp§| · |L«Rn¥��þ�Ý½�ê§=(4.33)ª"

5.2.XÚ½5. XÚ½5§î�Æ¬`§́ XÚÐ��Cû½XÚ�YG

��C��«5G"XÚg£�§(5.39)�

)¥§¦�§F(x) = 0�:x¡�XÚ�²

ï:"w,0 ∈ Rn�g£�§(5.39)���

²ï:§�ã5.30"��/§<��±=�

Ä�§(5.39)�Ð��0��½5§Ï�

XJx0 6= 0§�±3�§(5.39)¥Ú\��

C�x = x′−x0���§ẋ′ = F(x′)"ù�§

:0�½´�§ẋ′ = F(x′)���²ï:" ã5.30 ²ï:NC;�

��/§�x0 ∈ Rn��§ẋ = F(x)�²ï:"XJé:x0?���O ⊂ Rno

r r
x0 x0

�
 �	x′0 �
�	x′0r
r

r
x0

I

x(t)

x(t)

�
�
�
�rx′0

�
x(t)

(a) (b) (c)

O

O1

O
O

O1 O1

ã5.31 ²ï:½�Ø½

�3��x0���O1 ⊂ O§¦�§ẋ = F(x)?��÷vÐ�x(t0) = x′0 ∈ O1�
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)x(t)�3�ét ≥ t0kx(t) ∈ O§K¡)x(t)´½�§�ã5.31(a)"�?�Ú§

þ¡���O1XJ÷v lim
t→∞

x(t) = x0§K¡x0´ìC½�§�ã5.31(b)"��§

:x0XJ�3����O ⊂ Rn§é:x0�?��¹3O¥�f��O1§���3

��)x(t)÷vx(t0) ∈ O1�ét ≥ t0§x(t)Ø´��/3��O¥§K¡:x0´Ø

½�§�ã5.31(c)"

¢Sþ§î�Æ¬`§ã5.31´n = 2��§(5.39))��/§éAu²¡�"

ù�§��§(5.39)�)x1(t), x2(t)ét ≥ t0�3§�x1(t0) = x0
1, x2(t0) = x0

2"æ^²

¡�Ix1, x29Ý/��§²ï:½!ì?½�/=©O�é?¿�½�ε > 0§

�3���êδ = δ(t0, ε)§¦é÷v
∣∣x′01 − x0

1

∣∣ ≤ δ§
∣∣x′02 − x0

2

∣∣ ≤ δ�¤kÐ�x′01, x
′0
2

±9t ≥ t0§)x
′
1(t), x′2(t)�3�|x′1(t)− x1(t)| < ε, |x′2(t)− x2(t)| < ε½´

lim
t→∞

(x′1(t)− x1(t)) = 0, lim
t→∞

(x′2(t)− x2(t)) = 0"

Ø½KéAuù��δ(t0, ε)Ø�3"î�Æ¬w�¨f§)x(t)��mt�

Cz3�mrL�´»¡�;�"ù�§�§(5.39)�)½�´Ø½§Ò�´

ã5.31¥��@�§́ X(a)½(b)��3��OS�´�(c)@���
O�	¡"
@o§N�d¼êF(x)�5G�½�§(5.39)�)x(t)´½�!ì?½��

´Ø½�Qºkü«�{µ�´d¼êF�5G�½§±oäÊìÅ��{��

L¶�´d�§)�5��½§·^u�§(5.39)�±^Ð�){¦)��/"

£1¤oäÊìÅ���O. b�x0 = 0´�§ẋ = F(x)���²ï:§Ω :

|x| < h, h > 0�0�����"oäÊìÅ���O´d¼êF�5G�E��ë

Y��¼êL(x)÷vL(0) = 0"¡L(x)3Ωþ´�K�£���¤½�½�£K½

�¤§XJé?�x ∈ ΩkL(x)÷vL(x) ≥ 0 (≤ 0)½> 0 (< 0)"ù�§2dL(x)é

�mt��êL̇(x)÷X)x��½�K§�½²ï:x0�½5"

-

+

6�
�
�
�
q
O

x1

x2

L

L(x)

(a)

-

6

�� ����
�
�

�
�
�
�

'
&

$
%

q
x2

x1

O

(b)

L(x) = C

ã5.32 �:��«¿ã

î�Æ¬)º`§ù�duL(0) = 0�L(x)3ΩþëY��"ù�§�êL̇(x) ≤
0½≥ 0Ò�±�x)x(t)3ΩS�5G"~X§éΩþ����½¼êL(x)Ú?��

êC > 0§L(x) = C´����²ï:0���§Xã5.32én = 2���/¤«"
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dC�?¿5§�±�C > 0¿©/�§±¦L(x) = C��/3Ω¥"y3§�x(t)´

�§ẋ = F(x)3Ð��x0��)§KL(x) = x0 �´�¹:0���"A^¦��ó

ª{K§XJ
dL

dt
=

n∑
i=1

dL

dxi

dxi
dt
≤ 0, (5.52)

KL(x)3dL(x) = L(x0)�¹���¥´��'ut��O¼ê"ù�§3t ≥ t0�

kL(x) ≤ L(x0)§=x(t) ��á3L(x) = L(x0)�¹���¥"ù�§Ò�)x(t)

½"��§XJL(x)3ΩþØ´~�½~K§K30�?����¥þ�3¦L(x′) >

0�:x′"ù�§XJkL̇(x) > 0§KL(x)´��î�O¼ê§�±©ª�u,��

ê§=x(t)Ø�U�C0"ù�§�§�0)Ò´Ø½�"

Uìù«g´§î�Æ¬w�¨f§oäÊìÅ��
�½�§ẋ = F(x)�0)

½5OK§=µ1©XJ3Ωþ�3���½�¼êL(x)�L̇(x) ≤ 0§KXÚ�0)

´½�"�?�Ú§XJL̇(x) < 0§KXÚ�0 )´ì?½�¶2©XJ3Ωþ�

3���~K£�¤¼êL(x)§�L̇(x) > 0§KXÚ�0)´Ø½�"¢�¥§A

^oäÊìÅOK�½XÚ�§0)½5�J:3u�E¼êL(x)§<�ÿvk

é��E¼êL(x)����{§=´�éäNXÚ�§éÏL(x)"<�~�XÚ�

Uþ¼ê½´�g¼êL(x) = xAxt���L(x)"ù�¥§A����½Ý
"

~X§rã5.28¥3l�þ$Ä��¥�

���ü{§XÚ�§�θ̈ + (g/l) sin θ̇ = 0"

ùp§l�{��Ý§g�å\�Ý"Ú\ë

êω = θ̇§k

θ̈ +
g

l
sin θ̇ = 0 ⇒

{
θ̇ = ω

ω̇ = −g
l

sinω
◦

w,§T�§|k0)θ = ω = 0§éAuü{

3�$:O�²ï �"�¼ê ã5.33 ü{$Ä

L(θ, ω) =
1

2
ω2 +

g

l
(1− cos θ),

=ü{�Å�U§K´�3(0, 0)NCL(θ, ω) > 0§�

dL

dt
= ωω̇ +

g

l
θ̇ sin θ = −ω · g

l
sin θ +

g

l
ω sin θ = 0◦

ù�§doäÊìÅ�O�0)θ = ω = 0´XÚ�½:§�¢�(J=ü{3�

$:O½��"
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£2¤�5XÚ�O.é�5g£�§ẋ = Ax�x�XÚS§�±aq/�Eoä

ÊìÅ¼êL(x)�½XÚ�²ï:0´Ä½",§î�Æ¬w�¨f§�k�{

B��{§Ï��5XÚ�±æ^Ð�){¦�XÚ)�m�)¤Ä(5.49)Ú(5.50)§

?��XÚ���G�xv(t), v ∈ S"
5¿§é?¿��Eêλ§�λ = Re(λ) + iIm(λ) = α + iβ"Kdî.ú

ªeiθ = cos θ + i sin θ§kp(t)eλt = p(t)eαt · eiβt = p(t)eαt cos(βt) + ip(t)eαt sin(βt)§

Ù¥p(t)´t���õ�ª"ù�§

lim
t→∞

p(t)eλt = lim
t→∞

(
p(t)eαt cos(βt) + ip(t)eαt sin(βt)

)
◦

(5.53)

w,§XJα > 0§lim
t→∞

p(t)eλt 6= 0§=XÚ�²ï:0Ø½¶��§XJα < 0§

Ké?¿���ên > 0§A^â7�{K§k

lim
t→∞

tn

eαt
= lim

t→∞

(tn)′

(eαt)′
=
n

α
lim
t→∞

tn−1

teαt
= · · · = n!

αn
lim
t→∞

1

tneαt
= 0◦ (5.54)

ù�§é?¿��d(5.49)½(5.50)¥�Ä��5Ü¤�)x(t)§�½k lim
t→∞

x(t)

= 0§=²ï:0´½�"l§d�5XÚ�A��§|A− λIn| = 0��5��

±���½XÚ²ï:0´Ä½§=µ1©XJ�§|A− λIn| = 0¤k��¢Üþ�

K�§K²ï:0´ìC½�¶2©XJ�§|A− λIn| = 0�3¢Ü�����§K

²ï:0´Ø½�¶3©XJ�§|A− λIn| = 0Ø�3¢Ü�����3¢Ü�0�

�§K²ï:0�U´½�§��U´Ø½�"ù�§XJ0¢Ü��ê�Ù

éA�A��þ�m�ê��§²ï:0´½�"ÄK§²ï:0´Ø½�"

éu��5XÚ(5.39)§=�§ẋ = F(x)3²ï:x∗�½5§�±|^Ù3

²ï:x∗��þ��5Cq(5.33)§=

ẋ = F(x) ⇒ ẋ =
∂F

∂x

∣∣∣∣
x=x∗

(x− x∗) (5.55)

©Û"ùp§(∂F/∂x)|x=x∗´Féx�ä�'Ý
3x∗:þ�Ý
§���~êÝ


§P�Λx∗"@o§́ Ä�±d�5Cq(5.55)3²ï:x∗�½5����5�

§ẋ = F(x)3²ï:x∗�½5Qºù3�
AÏ�/e§̄ K��Y´�½��

��/§î�Æ¬w�¨f§�§(5.39)���²ï:x∗¡�´V.�§X

J3ù�²ï:þ�A��§|Λx∗ − λIn| = 0vk¢Ü�0��"ù�§²ï:x∗3

��5XÚ(5.39)�½5�Ù3�5Cq(5.55)�½5��"AO/§XJ�

§|Λ0 − λIn| = 0¤k��¢Üþ�K�§K²ï:03��5XÚ(5.39)¥´ìC

½�"��§XJ�§|Λ0 − λIn| = 0�3¢Ü�����§K²ï:03(5.39)¥
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´Ø½�"ù�§<��±d��5XÚ��5Cq�¡Ù²ï:0�½5"~

X§b�����5XÚ��5Cq�
ẋ1 = −2x1 − x3

ẋ2 = −2x2 + x3

ẋ3 = −x1 − x2 − 2x3

§�A��§

|A− λI3| =

∣∣∣∣∣∣∣∣
−2− λ 0 −1

0 −2− λ 1

−1 −1 −2− λ

∣∣∣∣∣∣∣∣ = −(λ+ 2)3 = 0

k��3�λ = −2§�²ï:(0, 0, 0)´ù�XÚ���½:"

î�Æ¬w�¨f§(½
XÚ3²ï:�ëY5Ú½5§Ò�±éXÚ?

1*ÿ!�[§Ý�XÚ�Ä�1�§?ÑÖu<a�¬"f�ùp§¨f�¯

�µ/é¯Ô�	3LyA���*ÿØ´�{üíº��o��æ^XÚ@�§ù

��5Ø´ré�Ô�@�E,z
íº0î�Æ¬`§é¯Ô	3L�*ÿ=U

ïá��nØ§Ã{ýÿ½Ý�¯Ô�e5�1�"

î�Æ¬¯¨f´Ä�P�_<¹�@�ûó�¯§̈ f£�`µ/P����

k�:Ø²x"ûó¥²²´_<a����/GØé§�úö��o`¦�a�

�Ñ�(§ù´�«Ð¢�´õ¿��óQº0î�Æ¬£�`µ/\ù�¯K¯�

Ð�_<¹�û¿�§T´<aé�Ô@��"Ñ½Û�5"@ úöw�@A�

_<�§´���	/äk¦�z�<�a�A�"ù�§é��	/�@�I�

r¦�ØÓ�a�|Ü3�åâ´���	/A�"aq/§<a@��ÔI�æ

^ù«|Üg�§rÛÜ@�|Ü3�å§é¯Ô?1XÚ@�§rº¯Ô��5

¡8"0̈ fek¤×/::Þ`µ/�(§XÚ@�´kù
`:§�±�Nþrº

¯Ô�Ä�1�§��ÏJ"0

î�Æ¬UY`µ/XÚ@�´<arº��¯ÔCz���§́ �«�(�@

�ng"�é��¯Ô�ïáXÚ@�¿Ø´��N´�¯��Äk§I����

¤¯Ô�Ä�¶Ùg§I���Ä�m��p�^"ù�âk�UïáXÚ�G�

�§"XJ^Ä�âf½[�!ÄÏ��XÚÄ�§Ä�ê8
�§�ï�XÚE

,�Ø�
§éù��XÚG��§N�¦)ºG��§�±æ^Ð�){¦)�

Ð§XØU^Ð��{¦)½´XÚ�§�pgñÃ)No�ºXÚ�´@�XÚ§

ù�No�xXÚG�ºù
¯KXJ�Ø�k�)û§<aæ^XÚ@��Ô�

�{���kÛ��0
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î�Æ¬¯¨f´Ä��êÆ|Üzß�§q¡�/CCß�0"̈ f£�`Ø

��"î�Æ¬w�¨§êÆ|Üzß�´Äu�Ô|Üù�óÆ(Ø§@�êÆ

9��ÄuêÆïá��ÆÑ�±ÀJk��|Ü5K?1|Üï½´|Üí

2§±)û<a3@£þ�óä½�{§=Jõ¯Ô��m1-�|Ü½ã(�§3

ù«ã(�þD�²;êÆ¥��§Xê!ê|!¼ê!�þ!Ý
�êÆ�§ò§

�À�|Ü(�þaquUþ�6Ä§�lÔ�Åð½Æ§¿±ù«D���mã

(��êÆ�?1ïÄ§¡�êÆ|ÜÆ"ù´)û<a@��Ô�Û�5§¢y

dÛÜ��N@���{§�Ò´_<¹�ûó¥@ úö�²�@��{§Ï�

<3@�¯Ô�L§¥�Óu_<¹�§́ �«¢yd/��0�/�0�L§"

16!5º�µØ

6.1.XÚ@�¯Ô´��Ø��L§=ò��¯Ô���d���Ä�|¤�

XÚ§dÄ�1��x¯Ô�1�"5¿§ùp�/Ä�0Ø�½´Ô��¤¥�Ä

�âf½)Ô�¤¥�[�ÚÄÏ§´�x¯Ô1�¤I���ü�"ù�§�

�¯Ô�du��XÚ§XÚ(�éA��dÄ�|¤�IÒã§Ä�G�3Ú�

þje��§�¤XÚG��§§(ÜXÚ�Ñ\ÚÑÑ�§�¤XÚ�§§�©

z[Mia]Ú[YGH]"

6.2. XÚ�§�¦)�Óu)��dG��§!Ñ\ÚÑÑ�§�¤��§

|"��/§¦)XÚ�§|�8�3ud�§|�)rºXÚG�§�éu��

5XÚ¿vkÚ��¦)�{§=´é�5XÚ½�
AO��§|�±��5/

¦°()"é��5XÚ�§|§<�æ^õ��V?êÐm��5�§��5Ü
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11!ÓÚÄ�

��/§<�òØÓ¯Ô3CzL§¥�±�½��é'X§Ó��)!Ó�

?1��«�à!ÚN��y�¡�/ÓÚ0"î�Æ¬w�¨f§ÓÚy�ÊH�

3ug,Ú<a�¬¥§kX2��¢S¿Â"~X§�èr¤¹Ä¥�/º!°!

�0n�¤ãè3u�¥��^!±�!è�!Úx!��!�Ò(Ú1?�Ý��

�à��N§N�Ñ�´�èVÆî²!Ôök�"ÓÚù«�à!����Ny

�§N\<ú¥�´�ÌÌ{w�xò§Xã6.1 ¥�ã£a¤ÉâLü!£b¤�1L

üÚ£c¤=ò¤Ù����§́ �«{��É"

ã6.1 ÓÚy�

��/§¡XÚÓÚ§́ �XÚÄ�3CzL§¥�±�«�é�½�Cz'

X½G�§Xã6.1£a¤Ú£b¤¥�Ä��N�è/§£c¤¥z�¿���pL!/

G!¤ÙÝ�ôÚ����"

î�Æ¬¯¨fµ/Æ�mLÚ�¬�§�+

�ù�{\��Ø��Ýº0̈ f£�µ/��Ý§

ù´m¬cP��¦�"0î�Æ¬UY¯¨µ/@

\�No�äI��Ý
Qº0¨f`µ/kÐA

«�/Q���/§ù{(åk(å�½Ä�V

«§ù��ÝÐ�ä§�ù{¥�o�ÿI��

ÝØÐ�ä§�U�X>þ�ÓÆ�å�Ý"0î

�Æ¬¯¨µ/�X>þÓÆ�Ý§Ý(àoº0̈

f`µ/m©A¦¨Øà§A¦¨±�Ý(Ò�à


"0î�Æ¬w�¨§XJrm¬�Æ)w�� ã6.2 ÓÚÝ(

�XÚ§z�Æ)w���XÚÄ�"@o§Æ�LÚ�¬þ§P�ÚÆ)�Ýd

Øà�àÒ´�«XÚÓÚ"��Ï�Xd§�
��¬Æ|��§¬;�Sü
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�
�Þ�Ý�<§±r¤�e���Ý§/¤ÓÚÝ(§Xã6.2¤«"@o§N

��xXÚÓÚùay�Qºî�Æ¬)º`§ùÄkI��Æ½ÂXÚÓÚ"

1.1.ÓÚ;�. ��XÚSdÄ��¤"ù�§XÚS��mt�Cz§=XÚG

�dÄ�;�xv(t), v ∈ S?1�x"éA�§ÓÚ´XÚS¥Ä���«AÏG�§
�Xþ¡�+�ù{�Ý��§m©Ø�½��§���m�?§§Ä�Czìª

u��§=é?��v ∈ S§xv(t) = F (xv(t))"ùp§F (xv(t))�Ä�v3��t0ÓÚ

�Cz�;�§Xã6.3¤«"

Ω

x1(t)

x2(t)

x3(t)r r r
x1(t0)

x2(t0)

x3(t0)

ã6.3 ÓÚ;�

XÚÄ��;�ÓÚ�§é?¿ü�Ä�v, u ∈ S§kxu(t)− xv(t) = xu(t0)−
xv(t0) = c���~�þ§=xu(t) = xv(t) + c§xu(t)�;�xv(t)²£c�(J"ù

�§XÚ¥?��Ä��G�¼ê�±L«�

xu(t) = xv(t) + cu + ou(t), u ∈ S◦ (6.1)

ùp§t → ∞�kov(t) → 0§�t�p�Ã¡

�§cu´�6uÄ�u�~�þ"5¿§ÓÚ;

�´XÚÄ�xv(t), v ∈ S�^(J�Ly"�
d§Uù�A�§�±��5/�EÑÓÚ;�

�µé?��XÚS§XJé?��u ∈ S, u 6=
vkxu = xv(t) + cu + ov(t)§KXÚS�Ä�; ã6.4 ��4-�XÚ

��¤ÓÚ;�"~X§éã6.4¤«���4-�XÚS�

xv1(t) = 1 + t5 sin t+
cos2 t

t
, xv2(t) = 3 + t5 sin t+ te−t,

xv3(t) = 5 + t5 sin t+
6

t2
, xv4(t) = 7 + t5 sin t+ 3t5e−2t,

Ké?¿�ê2 ≤ i ≤ 4k

xv2(t) = 2 + xv1(t) +

(
te−t − cos2 t

t

)
= 2 + xv1(t) + o(t),
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xv3(t) = 4 + xv1(t) +

(
6

t2
− cos2 t

t

)
= 4 + xv1(t) + o(t),

xv4(t) = 6 + xv1(t) +

(
3t5e−2t − cos2 t

t

)
= 6 + xv1(t) + o(t)◦

ù�§dÓÚ;��½Â§S�Ä�;��¤ÓÚ;�"�´§XJ�ã6.3¥Ä�

�G�¼ê�

xv1(t) = t sin t+ 2t2, xv2(t) = t sin t+ te−t,

xv3(t) = t sin t+ t2e−t, xv4(t) = t sin t+ e−2t cos t,

KÏt → ∞�|xv1(t)− xv2(t)| = |2t2 − te−t| → ∞§|xv1(t)− xv3(t)| = |2t2 − t2e−t|
→ ∞Ú|xv1(t)− xv4(t)| = |2t2 − e−2t cos t| → ∞§S¥�Ä�;�Ø�¤ÓÚ;�"

þã¯~L²§XJXÚÄ��G�xv(t), v ∈ S´®��§�½��XÚS�
Ä�´Ä�¤ÓÚ;�´��¿Ø(J�¯"ù�¥�¯K3u§<�´3,�ã

½,Aã�mé��XÚSÄ��G�?1*ÿ§ØU���¡Ä�G�xv(t)§I

�¦)d*ÿ(Jïá�XÚG��§",§é��5XÚG��§§<���

Ã{æ^Ð�){¦)xv(t), v ∈ S"3ù«�/e§N��ä��XÚ´ÄÓÚQº
î�Æ¬)º`§ù���´d�§�(�A�?1©Û�ä"b�|S| = m§X

ÚSdÄ�v1, v2, · · · , vm�¤"KSÄ�Ó;���;.A�´�3���mt∗§¦
�t ≥ t∗�kẋv(t) = F (xv(t)) , v ∈ S§=3�mt∗ �¤kÄ��G��§�Ó"ù
�§XÚS�±d?��Ä��G�?1�x§�±Ä�����:§S�G��§

éAu���:�§§=t ≥ t∗�XÚS�G��§d
ẋv1(t) = f (xv1(t)) + yv1(t)

ẋv2(t) = f (xv2(t)) + yv2(t)

· · · · · · · · · · · · · · · · · · · · · · · ·
ẋvm(t) = f (xvm(t)) + yvm(t)

⇒


ẋv1(t) = f (xv1(t))

ẋv2(t) = f (xv2(t))

· · · · · · · · · · · · · · · · · ·
ẋvm(t) = f (xvm(t))

½{P�

ẋv(t) = f (xv(t)) , v ∈ S◦ (6.2)

ùp§f = Ḟ, yv(t) = d
dt

(cv + ov(t)) = ȯv(t)��t → ∞�kyv(t) → 0§�t���

p�Ã¡��þ"é?��Ä�v ∈ S§�§(6.2)éAuÄ�v�G��§§XÚÄ

�Ó;�§Ä�mÃ�p�^§�§(6.2)éA�¢Sþ´���á:�§§=

ẋ(t) = f (x(t))◦ (6.3)
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ùp§f ∈ Rm,x = (x1,x2, · · · ,xm) ,xi ∈ Rn"@o§ÓÚXÚ(6.2)�Ï)x´

Ä÷v�§(6.3)Qº±�5XÚ�~§é?¿À½�m�~êC1, C2, · · · , Cm§Ï
)x(t) = C1x1(t) +C2x2(t) + · · ·+Cmxm(t)"ù�§XJf´���5¼ê§Kd�

§ 
ẋv1(t) = f (xv1(t))

ẋv2(t) = f (xv1(t))

· · · · · · · · · · · · · · · · · ·
ẋvm(t) = f (xvm(t))

(6.4)

k

ẋ(t) =
m∑
i=1

Ciẋi(t) = f

(
n∑
i=1

mCixi(t)

)
= f (x(t)) , (6.5)

=Ï)x(t)��§(6.3)�)"��§�x1(t),x2(t), · · · ,xm(t)��§(6.3)�m�Õá

)§=÷v(6.4)"@o§±x1(t),x2(t), · · · ,xm(t)�XÚS�Ä�v1, v2, · · · , vm�G�
=÷v�§(6.2)"ù��5§S�Ä�;��¤ÓÚ;�"�ó�§3�§(6.3)�m�

Õá)Ä:þO\Ã¡��þ§=±x1(t)+o1(t),x2(t)+o2(t), · · · ,xm(t)+om(t)�

XÚS�Ä�G�§Kd(6.1)ª�XÚS�Ä�;��¤ÓÚ;�"ùp§oi(t), 1 ≤
i ≤ m�t�p�Ã¡��þ"

-r t �

s
?

r r

r
vi

v1

v2

vi−1

vm

p
�

r p p p
p p vi+1

H(x1(t))

H(x2(t))

H(xi−1(t))

H(xi+1(t))

H(xm(t))
H(xi(t))

ã6.5 Ä��^

1.2.ÓÚ�§. �S´dm�Ä�v1, v2, · · · , vm�¤���ÓÚXÚ§Ä�G�
�x1(t),x2(t), · · · ,xm(t)"î�Æ¬w�¨f§ÓÚ;��A:3uz�Ä�v�G

��±©)�üÜ©§=(6.3)¥��á:¼êf (xv(t))ÚÃ¡��þov(t)"�A/§

é?¿�ê1 ≤ i, j ≤ m§Ä�vjévi��^��±©)�üÜ©§�Ü©�^´

éf (xvi(t))��z¶,�Ü©´éÃ¡��þȯvi(t)��z"ù�§XJr��Ä�

é,��Ä���^a'³U��^§Kvjévi��^rÝ�H(xj(t)) −H(xi(t))§

Xã6.5¤«"l§XÚS¥Ä��G��§�±��/æ^�§

ẋi(t) = f(xi(t)) + c
m∑
j=1

aij (H(xj(t))−H(xi(t))) , 1 ≤ i ≤ m (6.6)
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?1�x"ùp§c > 0��äÍÜrÝ§aij�XÚIÒãG
L[S]���Ý
M(G) =

(aij)m×m¥ u(i, j), 1 ≤ i, j ≤ m �þ��§½Â�{
aij = 1, (vi, vj) ∈ E

(
GL[S]

)
aij = 0, (vi, vj) 6∈ E

(
GL[S]

) ◦ (6.7)

~X§é?¿�êm ≥ 1§k��
−→
CmÚ��ãKm���Ý
M

(−→
Cm

)
,M (Km)©

O� 

0 1 0 · · · 0 0

0 0 1 0 · · · 0
...

...
...

...
...

...

0 0 · · · 0 0 1

1 0 · · · 0 0 0


,



0 1 1 · · · 1 1

1 0 1 1 · · · 1
...

...
...

...
...

...

1 1 · · · 1 0 1

1 1 · · · 1 1 0


◦

ù�¥§M (Km)´��é¡Ý
§=é?¿�ê1 ≤ i, j ≤ mkaij = aji§���

/§éu��Ã�ãG§d��Ý
�½ÂM(G)�½´��é¡Ý
"�éu�

é¡½��k�ã
−→
G§=�3º:év, u ∈ V

(−→
G
)
¦�(v, u) ∈ E

(−→
G
)
�(u, v) 6∈

E
(−→
G
)
§ù«5�Ø2¤á§=M

(−→
G
)
Ø´é¡Ý
"~X§þ¡k��

−→
Cm��

�Ý
M
(−→
Cm

)
"

AO/§éuÄ�|Ü(��Cm, c = 1½öKm, c = 2�XÚS§d�§(6.6)X

ÚS�G��§�
ẋ1(t) = f(x1(t)) + H (x2(t))−H (x1(t))

ẋ2(t) = f(x2(t)) + H (x3(t))−H (x2(t))

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
ẋm(t) = f(xm(t)) + H (x1(t))−H (xm(t))

½ö 

ẋ1(t) = f(x1(t)) + 2
m∑
j=1

H (xj(t))− 2mH (x1(t))

ẋ2(t) = f(x2(t)) + 2
m∑
j=1

H (xj(t))− 2mH (x2(t))

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

ẋm(t) = f(xm(t)) + 2
m∑
j=1

H (xj(t))− 2mH (xm(t))

/ªþ§Ú\K�.Ê.dÝ
L�±é�§(6.6)?�Ú{z"ùp§L =
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(lij)m×m§=é?¿�ê1 ≤ i, j ≤ m§Ý
�lij½Â�

lij =


aij, i 6= j

−
∑
j 6=i

aij, i = j

K�§(6.6)�±{z�

ẋi(t) = f(xi(t)) + c
m∑
j=1

lijH(xj(t)), 1 ≤ i ≤ m◦ (6.8)

1.3.XÚÓÚ. ��/§é��dm�Ä�v1, v2, · · · , vm�¤�XÚS§XJé
?¿�ê1 ≤ i 6= j ≤ m§±9)�Ω¥?¿�½�Ð©:§3t→∞ �Ä��;�
ªu��§=

xi(t)− xj(t)→ 0 ⇔ lim
t→∞
|xi(t)− xj(t)| = 0, (6.9)

K¡XÚS��ÓÚ"ùp§|a|��þa��Ý½�ê(4.33)"5¿§ÓÚ;��6u

Ð�§�´du;�©:�ØÓ���Ä�;�ØÓ"�XÚ��ÓÚK´XÚ�

�«�NÂñ5�§=�6u�§�Ï)"ù�§XJ½Â:8

Sta[S] = { (x1(t),x2(t), · · · ,xm(t)) | x1(t) = x2(t) = · · · = xm(t)} (6.10)

K�§(6.6)�Ï)Âñ�:8Sta[S]§= lim
t→∞

(x1(t),x2(t), · · · ,xm(t)) ∈ Sta[S]"î

�Æ¬)º`§ù´�«k¿Â�Ä�§Ï�dd<��±d:8Sta[S]�5��

�XÚS�ÓÚ5�"

é�5XÚ(6.4)§·�®3(6.5)¥�y
ÙÏ)÷v�á:�§(6.3)"@o§

éu��5XÚ(6.6)´Ä�3)xi(t)�|Üx¦(6.3)¤áQº��5XÚØÓ§ù

�I�fi(xi(t)), 1 ≤ i ≤ m÷v�½�^�"5¿§.Ê.dÝ
L�1Ú�0§

=§�1�þ�5�'"ù�§A��§|L− λIm| = 0�3λ = 0�)"�?�

Ú§XJù�L¥km − 11�5Ã'§K�5�§X · L = 0�3�K��0)ξ =

(ξ1, ξ2, · · · , ξm)§=ξi ≥ 0, 1 ≤ i ≤ m�Ø��0"Ø�ÊH5§��ξ1 + ξ2 + · · · +
ξm = 1§ÏXeØ,§ξ1 + ξ2 + · · · + ξm = K > 1§^ξ1/K, ξ2/K, · · · , ξm/K�
�ξ1, ξ2, · · · , ξm½kξ1/K + ξ2/K + · · ·+ ξm/K = 1"

y3§½Âx1(t),x2(t), · · · ,xm(t)�\�²þ

x =
m∑
k=1

ξkxk(t), (6.11)
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KÏ��t→∞�§k

0 ≤ |xi(t)− x| =

∣∣∣∣∣xi(t)−
m∑
k=1

ξkxk(t)

∣∣∣∣∣
=

∣∣∣∣∣
m∑
k=1

ξk (xi(t)− xvk(t))

∣∣∣∣∣ ≤
m∑
k=1

ξk |xi(t)− xvk(t)| → 0,

= lim
t→∞
|xi(t)− x| = 0"��§eé?¿�ê1 ≤ i ≤ mk lim

t→∞
|xi(t)− x| = 0§�

Nmax = max { |xi(t)− x || 1 ≤ i ≤ m} ,

Kk lim
t→∞

Nmax = 0"Ó�§A^n�Ø�ª(4.35)§=|α+ β| ≤ |α|+ |β|�

|xi(t)− xj(t)| = |xi(t)− x(t) + x(t)− xj(t)|

≤ |xi(t)− x(t)|+ |x(t)− xj(t)| ≤ 2Nmax◦

3þª¥�t→ 0§Kk|xi(t)− xj(t)| → 0"ù�§Ò��XÚS ÓÚ����

d^�§=XÚSÓÚ��=�é?¿�ê1 ≤ i ≤ mk

lim
t→∞
|xi(t)− x(t)| = 0◦ (6.12)

y3§î�Æ¬w�¨f§dXÚÓÚ��d^�(6.12)�±���á:�

§(6.3))�^�
"aqu?Ø�§²ï:�½5§U�á:�§¥¼êf�5

�§©�±eü«�/µ

£1¤�5ÓÚ. ��ÓÚXÚ¡�´�5�§XJ�§(6.8)¥�¼êf´�5

àg�§�k ẋ(t) = f(x(t))"@o§��ox1(t),x2(t), · · · ,xm(t)�\�²þx´�

á:�§(6.3)�)Qºù�§duξ��5�ê�§X ·L = 0��0)§=ξ ·L = 0§

d�§(6.8)k

ẋ(t) =
m∑
i=1

ξiẋi(t) =
m∑
i=1

ξi

(
f(xi(t)) + c

m∑
j=1

lijH(xj(t))

)

=
m∑
i=1

ξif(xi(t)) + c
m∑
i=1

m∑
j=1

ξilijH(xj(t))

= f

(
m∑
i=1

ξixi(t)

)
+ c (ξ1, ξ2, · · · , xm)L (H (x1(t)) , · · · ,H (xm(t)))t

= f

(
m∑
i=1

ξixi(t)

)
+ c · (ξ · L) · (H (x1(t)) , · · · ,H (xm(t)))t

= f

(
m∑
i=1

ξixi(t)

)
+ c · 0 · (H (x1(t)) , · · · ,H (xm(t)))t = f(x(t)),
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=x��á:�§ ẋ(t) = f(x(t))�)"

£2¤oÊF]ÓÚ. ��ÓÚXÚ¡�´oÊF]�§XJ�§(6.8)¥�¼

êf÷voÊF]^�§=�3��~êN¦�|f(x)− f(y)| ≤ N |x− y|§Kù��
½k lim

t→∞

∣∣ẋ(t)− f (x(t))
∣∣ = 0, =x(t)´�á:�§(6.3)�)"N�U
��ù�(

ØQº5¿§é?¿�ê1 ≤ i ≤ m, d(6.12)ª�t→∞�k|xi(t)− x(t)| → 0§�

0 ≤ |f (xi)− f (x)| ≤ N |xi(t)− x(t)| → 0◦

ù�§d�§(6.8)¿A^ξ · L = 0§�t→∞�k

0 ≤
∣∣ẋ(t)− f (x(t))

∣∣ =

∣∣∣∣∣
m∑
i=1

ξiẋi(t)− f (x(t))

∣∣∣∣∣
=

∣∣∣∣∣
m∑
i=1

ξi

(
f(xi(t)) + c

m∑
j=1

lijH(xj(t))

)
− f (x(t))

∣∣∣∣∣
=

∣∣∣∣∣
m∑
i=1

ξif(xi(t)) + c
m∑
i=1

m∑
j=1

ξilijH(xj(t))− f (x(t))

∣∣∣∣∣
=

∣∣∣∣∣
m∑
i=1

ξif(xi(t)) + c · (ξ · L) · (H (x1(t)) , · · · ,H (xm(t)))t − f (x(t))

∣∣∣∣∣
=

∣∣∣∣∣
m∑
i=1

ξif(xi(t)) + c · 0 · (H (x1(t)) , · · · ,H (xm(t)))t − f (x(t))

∣∣∣∣∣
=

∣∣∣∣∣
m∑
i=1

ξi (f (xi(t))− f (x(t)))

∣∣∣∣∣ ≤
m∑
i=1

ξi |f (xi(t))− f (x(t))|

≤ N

m∑
i=1

ξi |xi(t)− x(t)| → 0◦

�d§�t→∞�k
∣∣ẋ(t)− f (x(t))

∣∣→ 0§= lim
t→∞

∣∣ẋ(t)− f (x(t))
∣∣ = 0"

~X§ã6.6¤«�4-�(.XÚ�G��§�
ẋ1(t) = −x1(t) + 2x4(t) = x1(t)− 2 (x1(t)− x4(t))

ẋ2(t) = −x2(t) + 2x4(t) = x2(t)− 2 (x2(t)− x4(t))

ẋ3(t) = −x3(t) + 2x4(t) = x3(t)− 2 (x3(t)− x4(t))

ẋ4(t) = −x4(t) + 2x1(t) = x4(t)− 2 (x4(t)− x1(t))

ù�¥§f(x(t)) = x(t)§ÍÜ~êc = 2"
ã6.6 4-�(.XÚ

TXÚéA���Ý
A = (α1,α2,α3,α4)t"ù�¥§1�þα1 = (−1, 0, 0, 1)§

α2 = (0,−1, 0, 1)§α3 = (0, 0,−1, 1)§α4 = (1, 0, 0,−1)¶Ï)� x1(t) = C1e
t −
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C2e
−3t§x2(t) = C1e

t − C2e
−3t + C3e

−t§x3(t) = C1e
t − C2e

−3t + C4e
−t§x4(t) =

C1e
t + C2e

−3t§Ù¥C1, C2, C3, C4�~ê¶éA��á:�§�ẋ(t) = xt§Ï)

�x(t) = Cet¶Ý
A�0A��éA��A��þξ = (1/2, 0, 0, 1/2)"O�´�§

é?¿�ê1 ≤ i, j ≤ 4§�t → ∞�§k|xi(t)− xj(t)| → 0§T(.XÚÓÚ

�|xi(t)− x(t)| → 0"ùp§x(t) = 0.5x1(t) + 0.5x4(t) = C1e
t"

12!ÓÚN�

��<.X�f¯����^�§́ <�1?��fÚN��"ùp§�f�

Ð´·��§I�<^å.Ä�fc1"���fk
�½��Ý=.5§.�<

=I�±�f²ïÚ�c��ÃI2Lu

^å§=<�c����f�ÓÚ=�§X

ã6.7¤«"Ó�/§éu��ØÓÚ�XÚS§

´Ä�±éÙ¥��
Ä�G�?1<�Zý

±¢yXÚÓÚQºù�¯K��Y3�½^

�e´�½��î�Æ¬w�¨f§aqué

XÚ3²ï:NC´Ä½��O§��±=

�Ä�á:�§ẋ(t) = f(x(t)) �)3²ï:0 ã6.7 �Å.�

NC�5G"ù�§�t → ∞�kx(t) → 0"éA�§��dÄ�v1, v2, · · · , vm�
¤�XÚS´ÄÓÚØ�6Ð�§=´�¦é?¿�ê1 ≤ i, j ≤ m§�t → 0�

k
∣∣xvi(t)− xvj(t)

∣∣ → 0§3²ï:0NCù�XÚẋ(t) = f(x(t))�)´Ä½´�

��§Ï��±3²ï:0NCÀ���¹k:8Sta[S]���O"ù��5§�
¦xvi(t) Âñ�:8Sta[S]¥Ò�xvi(t)3²ï:0ìC½��"

éXÚẋ(t) = f(x(t))�0)´ÄìC½k������O§¡�LaSalleØC

�n§=�D ⊂ Rn´f3�¹�:0���½Â�"XJ3Dþ�3��ëY��

��½¼êL : D → R§L̇(t)3Dþ���S =
{

x ∈ D|L̇(t) = 0
}
Ø�¹�§�0)

	Ø2�¹Ù¦)§KT�§�0)´ìC½�"~X§é�§ẋ1 = −x1 − x2 +

x2 (x1 + x2)§ẋ2 = x1 − x1 (x1 + x2)�L (x1, x2) = (x2
1 + x2

2) /2§Kk

L̇ = x1ẋ1 + x2ẋ2 = x1 (−x1 − x2 + x2 (x1 + x2))

+ x2 (x1 − x1 (x1 + x2)) = −x2
1 ≤ 0

���L̇ = 0kx1 = 0§=8ÜSØ2¹kT�§Ù¦)§�dLaSalleØC�n�T

�§�0)´ìC½�"
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2.1.Ý
2-�ê. ��n× nÝ
A = (aij)��ê|A| : A→ R´��dÝ
A�
¢êR�N�§÷v

(1) |A| ≥ 0�=�A = 0n×n�§k|A|=0¶

(2) é?¿~êc ∈ R§k|cA| = c|A|¶
(3) |A+B| ≤ |A|+ |B|Ú|AB| ≤ |A||B|§ùpA,B�n× nÝ
"

éu��n×mÝ
A = (aij)§=�A
t�Ý
A�¦È

AtA = (aji)m×n (aij)n×m = (âij)m×m =

(
n∑
k=1

aikakj

)
m×m

(6.13)

´��m×mÝ
"~X§ 2 −1 0

0 2 3

1 2 0


t 2 −1 0

0 2 3

1 2 0

 =

 2 0 1

−1 2 2

0 3 0


 2 −1 0

0 2 3

1 2 0

 =

 5 0 0

0 9 6

0 6 9

 ◦

d½Â§Ý
=�k5�(At)
t

= A§(AB) = BtAt"�k§(AtA)
t

= (At)tAt =

AAt§=AtA���é¡Ý
"�?�Ú���§XJA���¢êÝ
§Ké?�

�n-���þx§xtAtAx = (xtAt) (Ax) = (Ax)(Ax)t ≥ 0"

y3§�λ��§det (AtA− λIm) = 0���A��§ξ�éA�A��þ§=

�§(AtA) ξ = λξ�)§K0 ≤ ξtAtAξ = λξtξ"5¿§ξtξ > 0§�kλ ≥ 0§

=AtA�A����K¢ê§��λ1 ≥ 0, λ2 ≥ 0, · · · , λm ≥ 0"PÝ
AtA���A

��λmax (AtA) = max {λ1, λ2, · · · , λm}§K½ÂÝ
A�2-�ê�

|A|2 =
√
λmax (AtA), (6.14)

=Ý
A�=�At�A¦È���A��"

~X§þ¡~f¥Ý
A�A��§

0 =
∣∣AtA− λI3

∣∣ =

∣∣∣∣∣∣∣∣


5 0 0

0 9 6

0 6 9

− λI3

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
5− λ 0 0

0 9− λ 6

0 6 9− λ

∣∣∣∣∣∣∣∣
= (5− λ)(9− λ)2 − 36(5− λ)

= (3− λ)(5− λ)(15− λ),

�kλmax = 15"ù�§dÝ
�2-�ê½Â�|A|2 =
√
λmax (AtA) =

√
15"
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��Ý
A�2-�ê|A|2´�þ�ê|a|§=(4.33)�í2"��/§é?¿�

�x ∈ Rn§k

|A|2 = max
x 6=0

|Ax|
|x|

◦ (6.15)

ù�§du|A|2 =
√
λmax (AtA)§���/k|Ax| ≤ |A|2|x|"

é½Â3D ⊂ Rnþ¼êÝ
A(x),x ∈ D�2-�ê|A(x)|2 : D → R§́ �Dþ

?�:x0�Ý
A(x0)�2-�ê|A(x0)|2�N�"�ó�§|A(x)|2´��dDN��R�
�K¼ê§=|A(x)|2 ≥ 0 �÷v�ê^�(1) − (3)"±ä�'Ý
�~§�n =

3�f1(x) = x2
1 − x2

2/2, f2(x) = x2
2 + 3x2

3/2, f3(x) = x2
1/2 + x2

2�§(5.31)ª¥�ä�

'Ý


Jf |x =


2x1 −x2 0

0 2x2 3x3

x1 2x2 0

 =⇒

J tf |xJf |x =


2x1 0 x1

−x2 2x2 2x2

0 3x3 0




2x1 −x2 0

0 2x2 3x3

x1 2x2 0



=


5x2

1 0 0

0 9x2
2 6x2x3

0 6x2x3 9x2
3


éA�§J tf |xJf |x�A��§�∣∣J tf |xJf |x − λI3

∣∣ =
(
5x2

1 − λ
) (

45x2
2x

2
3 − 9

(
x2

2 + x2
3

)
λ+ λ2

)
= 0◦ (6.16)

ù�§¦)�§(6.16)��λmax"~X§�§(6.16)3x0 = (1, 0, 0), (1, 1, 0)½(1, 1, 1)�

©O�(5− λ)λ2 = 0§(5− λ)(−9 + λ)λ = 0Ú(3− λ)(5− λ)(15− λ) = 0§kλmax =

5, 9Ú15"éA/§Tä�'Ý
Jf |x�2-�ê©O�
∣∣Jf |x∣∣2 =

√
5, 3Ú

√
15"

2.2.N��§. XÚ�N��§§î�Æ¬)º`§=éÄ�v1, v2, · · · , vmÑ\
Cþu1,u2, · · · ,um±Ï¦XÚÓÚ�^�"ù�§XÚ�§(6.8)C�

ẋi(t) = f (xi(t)) + hi (x1(t),x2(t), · · · ,xm(t)) + ui(t), 1 ≤ i ≤ m◦ (6.17)

ùp§hi (x1,x2, · · · ,xm) = c
m∑
j=1

lijH(xj(t))¡�ÍÜ�§ui(t) ∈ Rn ¡�N��"

y3§b��á:�§ẋ(t) = f(x(t))�)�s(t)§é?¿�ê1 ≤ i ≤ m§½Â

Ø��þεi(t) = xi(t)− s(t)"@o§XÚÓÚN��8IÒ´éÏN��ui(t)÷v
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�^�¦�XÚ(6.17)¢yÓÚ"ù�§

lim
t→∞
|εi(t)| = 0, 1 ≤ i ≤ m, (6.18)

=é?¿�ê1 ≤ i ≤ m§Ø��þεi(t)�Ã¡��þ"dṡ(t) = f(s(t))Ú(6.17)§�

Ø��εi(t)÷v��§�

ε̇i(t) = f(xi(t), s) + hi(x(t), s) + ui, 1 ≤ i ≤ m◦ (6.19)

ùp§

f(xi(t), s) = f(xi(t))− f(s(t)),

hi (x(t), s) = hi (x1(t),x2(t), · · · ,xm(t))− hi(s, s, · · · , s)◦

��/§éXÚ�ÓÚN�kü�~^�b�^�µ

^�1. �3��~êα ≥ 0¦�ä�'Ý
Jf |s�2-�ê
∣∣Jf |s∣∣2 ≤ α"

^�2. é?¿�ê1 ≤ i, j ≤ m�3~êγij ≥ 0¦�

∣∣hi (x(t), s)
∣∣ ≤ m∑

j=1

γij |εi|◦

ù�¥§î�Æ¬w�¨f§̂ �1´���r���^�§�¦¼ê
∣∣Jf |sx∣∣ ≤

α|x|§=Cz���êØU�L|x|�α�¶̂ �2K´é¼êhi, 1 ≤ i ≤ m��ê^

Ø�¼êεi, 1 ≤ i ≤ m�Ñþ."ù��5§3XÚ(6.17)÷v^�1Ú2�b�e§

�±����5XÚÓÚ�N�^�"

2.3.ÛÜÓÚN�. XÚ�ÛÜÓÚ´�XÚ3²ï:NCÓÚ"î�Æ¬)

º`§ù�§�±é�§(6.19)¥�f(xi(t), s) 3²ï:εi = 0NCU(5.31)Ðm¿�

�5�Cq§��

ε̇i = Jf |xεi + hi(x(t), s) + ui, 1 ≤ i ≤ m◦ (6.20)

ù�§XJXÚ(6.17)÷v^�1Ú2§�ui = −diεi§Ù¥ḋi = kiε
t
iεi = ki |εi|2§ki ≥

0, 1 ≤ i ≤ m§K�t→∞ �εi → 0§=XÚ(6.20)3²ï:NC½§XÚ(6.17)�

ÛÜÓÚ"@o§��oXÚ(6.17)ù��ÿ´ÛÜÓÚ�Qº£�ù�¯K�'�

3u�½�§(6.20)�)30:½§�±A^oäÊìÅ�O"�oäÊìÅ¼ê

L(t) =
1

2

m∑
i=1

εtiεi +
1

2

m∑
i=1

(di − d̂i)2

ki
, (6.21)
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Ù¥�d̂i > 0, 1 ≤ i ≤ m��½ê"XJé?¿�ê1 ≤ i ≤ mþkεi = 0§X

Ú(6.17)®´��ÓÚXÚ"XÙØ,§dL(t)�½Â(6.21)§ù����3���

ê1 ≤ i ≤ m¦�εi 6= 0§=L(t) > 0´�½¼ê"@o§L̇(t)´�K�íºî�Æ¬

w�¨f§ù�§IkO�L̇(t)§2w§3�o^�e��K�"

5¿§Xg = (g1, g2, · · · , gn)tKgtg = (g2
1, g

2
2, · · · , g2

n)�ε̇ti = εtiJ
t
f |x + h

t

i(x(t), s)

+uti, 1 ≤ i ≤ m"PJ f |s =
(
Jf |s + J tf |s

)
/2§yé(6.21)¦�¿�\(6.20)Úb�^

�§k

L̇(t) =
1

2

m∑
i=1

(
ε̇i
tεi + εtiε̇i

)
+

m∑
i=1

(di − d̂i)ḋi
ki

=
1

2

m∑
i=1

(
εtiJ

t
f |x + h

t

i(x(t), s)− diεti
)
εi

+
1

2

m∑
i=1

εti
(
Jf |xεi + hi(x(t), s)− diεi

)
+

m∑
i=1

(
di − d̂i

)
εtiεi

=
m∑
i=1

εti

(
J f |x − d̂iIn

)
εi +

m∑
i=1

εtihi(x(t), s)

≤
m∑
i=1

εti

(
Jf |x − d̂iIn

)
εi +

m∑
i=1

m∑
j=1

γij|εi||εj|

≤
m∑
i=1

(
α− d̂iIn

)
|εi|2 +

m∑
i=1

m∑
j=1

γij|εi||εj|

= εt
(

Γ + diag(α− d̂1, α− d̂2, · · · , α− d̂m)
)
ε◦

ùp§Γ = (γij)m×m§ε = (|ε1|, |ε2|, · · · , |εm|)t§diag(α − d̂1, α − d̂2, · · · , α − d̂m)�

é�Ý
(dij)m×m§=é�ê1 ≤ i 6= j ≤ mkdij = 0§dii = α− d̂i, 1 ≤ i ≤ m"

5¿§é��m×mé¡Ý
A§�½�3��¢êb < 0¦�A+ bIm×m�K½

Ý
"�d§é?¿�ê1 ≤ i, j ≤ m§Ø�ÊH5§�±b�Γ���é¡Ý
§Ï

�Xkγij ≥ γji§�±3^�2¥^γij��γjiØK�b�^�"ù�§�±ÀJ·

��¢êd̂i, 1 ≤ i ≤ m¦Ý
Γ + diag(α− d̂1, α− d̂2, · · · , α− d̂m)���K½Ý
"

dLaSalleØC�n§�§(6.19)�z�)ÑÂñ�0)þ§=t → ∞�εi → 0, 1 ≤
i ≤ m§XÚ(6.17)30:NCÓÚ"

éuhi (x1(t),x2(t), · · · ,xm(t)) , 1 ≤ i ≤ m��5¼ê�XÚ(6.17)§=

hi (x1(t),x2(t), · · · ,xm(t)) =
m∑
j=1

aijxj(t),
m∑
j=1

aij = 0, 1 ≤ i ≤ m
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�XÚ

ẋi(t) = f (xi(t)) +
m∑
j=1

aijxj(t) + ui(t), 1 ≤ i ≤ m (6.22)

g,÷v^�2§ù�§XJXÚ(6.22)÷v^�1§�ui = −diεi�ḋi = kiε
t
iεi =

ki |εi|2§ki ≥ 0, 1 ≤ i ≤ m§KXÚ(6.22) 30:NCÓÚ"ù�(Ø�±?�Úí

2"~X§b�

hi (x1(t),x2(t), · · · ,xm(t)) =
m∑
j=1

aijp (xj(t)) ,
m∑
j=1

aij = 0, 1 ≤ i ≤ m

�¼êpéx��§÷v
∣∣Jp|x∣∣2 ≤ β§Kk

∣∣hi (x1(t),x2(t), · · · ,xm(t))
∣∣ ≤ m∑

j=1

|aij| |p (xj(t))− p(s)| ≤
m∑
j=1

|aij| β |εi|◦

ù�§XJkpéx���
∣∣Jp|x∣∣2 ≤ β§�ui = −diεi�ḋi = kiε

t
iεi = ki |εi|2§ki ≥

0, 1 ≤ i ≤ m§KXÚ

ẋi(t) = f (xi(t)) +
m∑
j=1

aijp (xj(t)) + ui(t), 1 ≤ i ≤ m (6.23)

XJ÷v^�1§K(6.23)�)30:½§=30:NCÓÚ"

2.4.�ÛÓÚN�.XÚ��ÛÓÚ§́ �XÚ3xi(t), 1 ≤ i ≤ m½Â�þ�Ó

Ú"@o§́ Ä�±3^�1Ú2�Ä:þ����XÚS3�ÛÓÚ�N�^�Qº

î�Æ¬)º`§ù�§Iò�á:�§ẋ(t) = f(x(t))¥�¼êf©¤�5!��

5üÜ©§=ẋ = Bx(t) + g(x(t))"ùp§B ∈ Rm×m�~êÝ
§g : Rn → Rm�

�������5N�"ù�§XÚ�§(6.17)C�

ẋi(t) = Bxi(t) + g(xi(t)) + hi(x1(t),x2(t), · · · ,xm(t)) + ui(t)◦ (6.24)

�A/§Ø��§(6.19)C�

ε̇i(t) = Bεi(t) + g(xi(t), s) + hi(x(t), s) + ui(t), (6.25)

ùp§1 ≤ i ≤ m�g(xi(t), s) = g(xi(t))− g(s(t))"

^�3. �3�K~êµ¦�|g(xi(t), s)| ≤ µ |εi| , 1 ≤ i ≤ m"

ù�§XJ�¦¼êg(xi(t), s), 1 ≤ i ≤ m÷v^�3§KXÚ(6.24)��ÛÓ

Ú�þ¡30:ÛÜÓÚ�/aq§=XJXÚ(6.24)÷v^�2Ú3§aq/§�±
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�ui(t) = −diεi(t)��¦ḋi = kiε
t
i(t)εi(t) = ki |εi(t)|2§KXÚ(6.24)3t → ∞�

kεi(t)→ 0§=XÚ´�ÛÓÚ�"ùp§ki > 0, 1 ≤ i ≤ m�~ê"@o§N�U

��ù�(ØQºî�Æ¬)º`§Äk§Ï�B´��~êÝ
§dÝ
2-�ê�

½Â§ù��3��~êδ¦�|B|2 ≤ δ"PB = (B +Bt) /2§K´�
∣∣B∣∣

2
≤ δ"

�?ØXÚ(6.17)�ÛÜÓÚaq§î�Æ¬w�¨f§ù�§�I�k½Â�

��½¼êL(t)§2�yL̇(t)´Ø´�K�"�d§�±�L(t)�(6.21)ª½Â�¼

ê��§O�L(t)ét��êL̇(t)§=

L̇(t) =
1

2

m∑
i=1

(
ε̇i
tεi + εtiε̇i

)
+

m∑
i=1

(di − d̂i)ḋi
ki

=
m∑
i=1

εti

(
B − d̂iIn

)
εi +

m∑
i=1

εtig(xi(t), s) +
m∑
i=1

εtihi(x(t), s)

≤
m∑
i=1

εti

(
δ + µ− d̂i

)
|εi|2 +

m∑
i=1

m∑
j=1

γij|εi||εj|

= εt
(

Γ + diag(δ + ν − d̂1, δ + ν − d̂2, · · · , δ + ν − d̂m)
)
ε◦

aq/§Ø�ÊH5§b�Γ´��é¡Ý
"ù�§duδ, µÚγij, 1 ≤ i, j ≤
mÑ´�K~ê§�±ÀJ·��~êd̂i, 1 ≤ i ≤ m¦Ý
Γ+diag(δ+ν−d̂1, δ+ν−
d̂2, · · · , δ + ν − d̂m)���K½Ý
"ù�§A^LaSalleØC�n§kt→∞�εi →
0, 1 ≤ i ≤ m§=XÚ(6.24)�ÛÓÚ"

éuh(x1,x12, · · · ,xn)��5¼ê�XÚ(6.22)½´péx��§÷v
∣∣Jp|x∣∣2 ≤

β�XÚ(6.23)®÷v^�3"d�§?�Ú�¦XÚ(6.22)Ú(6.23)÷v^�2§�ui(t)

= −diεi(t)�ḋi = kiε
t
i(t)εi(t) = ki |εi(t)|2§KXÚ(6.22)Ú(6.23)�ÛÓÚ"

~X§éG��§�

(ẋi1, ẋi2, ẋi3)t = B (xi1, xi2, xi3)t + (0,−xi1xi3, xi1xi2)t +
(
f̂1, f̂2, f̂3

)t
− diεi

�XÚS÷vþ¡�^�2Ú3"ù�¥§

1 ≤ i ≤ 50



f̂1 = f1 (xi)− 2f1 (xi+1) + f1 (xi+2) ,

f̂2 = 0,

f̂3 = f2 (xi)− 2f2 (xi+1) + f2 (xi+2) ,

f1 (xi) = r1 (xi2 − xi1) ,

f2 (xi) = xi1xi2 − r2xi3◦

ù�§é?��ê1 ≤ i ≤ 50§X�ḋi = ki|εi|2§ki�~ê§KXÚS�ÛÓÚ"
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±þ�½��XÚS´ÄÓÚ�¢�§́ òXÚÓÚ=z¤Ø�¼êεi, 1 ≤ i ≤
m3²ï:´Ä½¯K§=3t→∞�´Äkεi → 0��O§ù��±A^éXÚ

3²ï:´Ä½�®�(J§XoäÊìÅ�O���XÚ3²ï:NC´ÄÓ

Ú"ù�¥§é�5XÚ�½5�O�é{ü§�«g,��{´é¼êf(xi(t))3

²ï:NCÐm§�Ù�5Ü©Cq§é��5Ü©±9hi(x1(t),x2(t), · · · ,xm(t))�

�þ.?1��§?d�5Ü©�½5��XÚ3²ï:�½5§=ÓÚ^

�"î�Æ¬w�¨f§ù«g�?�Ú�z=�ÑXÚÓÚ�Ì¼ê�O{"

13!Ì¼ê{

éu��G��§�ẋ(t) = Ax(t)§A�n × n~êÝ
�g£�5XÚS§�

A��§det(A − λIm) = 0�)�λ1 £k1 ¤§λ2£k2¤,· · · ,λm£km¤§k1 +

k2 + · · · + km = m§®�T�§�?�)�dÄ�pl(t)e
λl�5)¤"ùp§é?

¿�ê1 ≤ l ≤ m§pl(t)�t�gêØ�Lkl − 1�õ�ª"ù�§´�t → ∞�§
�Re(λl) < 0§pl(t)e

λl → 0¶�Re(λl) > 0�pl(t)e
λl →∞"ù�§A��Re(λ) ≤ 0´

�ä���5XÚ)½�7�^�"

y3§3�5XÚÄ:þO\��5�§=���XÚẋ(t) = f(x(t))"@o§X

ÚG��§3²ï:x∗��5Cq§=ẋ(t) = Jf |x(x−x∗)´ÄU
û½Ù3²ï:

�½5Qºù�¯K��YXJ´�½�§î�Æ¬w�¨f§Ã¦�)û��

5XÚ3²ï:�½5§±9XÚ3²ï:NCÓÚJø
B|^�",§̄

K��Y=´3�
AÏ�/´�½�"AO´§�ä�'Ý
Jf |x�A��¢Ü

Ñ�0§=¼êf : Rn → Rn�V.�§Ý
Jf |x�A��5G���5XÚÛÜÓ

Ú��½Jø
^�"

3.1.oäÊìÅ�ê. ��g£X

Úẋ(t) = f(x(t))�)XJ´ì?½

�§KØ�6uÐ�x(t0)�ÀJ§=�

±b�Ð�x (t0)!x′ (t0)éA�)©O

�x(t)Úx′ (t0)§K�t→∞�kx(t)→
x′ (t0) ½|x(t)− x′ (t0)| → 0¶��§X ã6.8 );��Ð�

J)x(t)´Ø½�§K�t→∞�|x(t)− x′ (t0)| 6→ 0§=k�x(t)Ø�6Ð�§k

�Kr�/�6uÐ�§�ã6.8"@o§��oÚ\oäÊìÅ�ê§§U)û�

o¯KQºî�Æ¬w�¨f§Ý
A��3�x�5XÚ5G¥u�X���

^§oäÊìÅ�ê´3dÄ:þ§é��5XÚÚ\�aq�ê"
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(1) 1-�oäÊìÅ�ê.�¼êfëY��§dS��§xi+1(t) = f(xi(t)), i ≥
1½Â��1-�:�{xi}∞0 = {x0, x1, · · · , xn, · · · }"Äk§�Ð�x0 = x(t0), x′0 =

x′(t0)�4x0�x
′
0¿©/�C§=|x0 − x′0| → 0§Kd¼ê��VÐmª§k�Oª

|x1 − x′1| ≈

∣∣∣∣∣ dfdx
∣∣∣∣
x0

∣∣∣∣∣ |x0 − x′0| ,

|x2 − x′2| ≈

∣∣∣∣∣ dfdx
∣∣∣∣
x1

∣∣∣∣∣ |x1 − x′1| ≈

∣∣∣∣∣ dfdx
∣∣∣∣
x1

df

dx

∣∣∣∣
x0

∣∣∣∣∣ |x0 − x′0| ,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,

|xk − x′k| ≈

∣∣∣∣∣ dfdx
∣∣∣∣
xk−1

∣∣∣∣∣ ∣∣xk−1 − x′k−1

∣∣ ≈ · · · ≈ ∣∣∣∣∣
k−1∏
i=0

df

dx

∣∣∣∣
xi

∣∣∣∣∣ |x0 − x′0| ,

=²LkgS��§:xk, x
′
kmål|xk − x′k|�Cz�

∣∣∣∣k−1∏
i=0

df
dx

∣∣
xi

∣∣∣∣k'"ù�§î�Æ
¬)º`§�l�Nþïþ;�x(t)Úx′(t)��½©l§dekLk =

∣∣∣∣k−1∏
i=0

df
dx

∣∣
xi

∣∣∣∣Ú\�
��êLk§=

Lk =
1

k
ln

∣∣∣∣∣
k−1∏
i=0

df

dx

∣∣∣∣
xi

∣∣∣∣∣ =
1

k

k−1∑
i=0

ln

∣∣∣∣ dfdx
∣∣∣∣
xi

(6.26)

�x;�xk(t), x
′
k(t)m²LkgS���²þål§=|xk − x′k| ≈ ekLk |x0 − x′0|"�

�/§4k → ∞§=?Ø;�xk(t), x′k(t)m²LÃ¡gS���ål"ù�§X
J(6.26)¥�4� lim

k→∞
Lk�3§K½Â1-�XÚS�oäÊìÅ�êL�

L = lim
k→∞

Lk = lim
k→∞

1

k

k−1∑
i=0

ln

∣∣∣∣ dfdx
∣∣∣∣
xi

◦ (6.27)

5¿§oäÊìÅ�ê�Ð©:x0Ã'§́ k → ∞��5G"Þ�~f§��á(
N�T : [0, 1]→ [0, 1]½Â�

T (x) =


µx, 0 ≤ x ≤ 1

2
;

µ(1− x),
1

2
≤ x ≤ 1,

ùp§0 ≤ µ ≤ 2"éA�S��§xi+1 = T (xi)§dT/dx = ± lnµ"�d§

L = lim
k→∞

Lk = lim
k→∞

1

k

k−1∑
i=0

ln

∣∣∣∣dTdx
∣∣∣∣
xi

= lim
k→∞

1

k
× k lnµ = lnµ◦
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(2) n-�oäÊìÅ�ê. @o§N�r1-�oäÊìÅ�ê(6.27)í2�n-�

XÚQºî�Æ¬)º`§é��d�§ẋ(t) = f (x(t))�x�n-�XÚS§�±

�f3²ï:x∗��5Cq(5.31)§= ẋ =
df

dx

∣∣∣∣
x∗

(x− x∗) + x∗"ùp§
df

dx
= Jf |x ´

¼êféx�ä�'Ý
§Jf |x
∣∣
x∗
L«Jf |x3

:x∗��§=���~êÝ
"aq/§æ

^S��§xi+1 = Jf |x
∣∣
xi

xi, i ≥ 1½Â

:�{xi}∞0 §=kx1 = Jf |x
∣∣
x0

x0§x2 =

Jf |x
∣∣
x1

x1§· · ·§xk = Jf |x
∣∣
xk−1

xk−1, · · ·"ù
p§��5XÚ¥Jf |x���~êÝ
AØ

Ó§Ý
Jf |x
∣∣
x0

, Jf |x
∣∣
x1

,· · · ,Jf |x
∣∣
xk
, · · ·¥�

z���E�~êÝ
§�z��Ø�½�

Ó"aq/§éu�§ẋ = Jf |x
∣∣
x∗

x ü��
ã6.9 ;�må

ØÓÐ�x0,x
′
0�)x(t),x′(t)§§��m�ål|x′(t)− x(t)|Xã6.9¤«"ù�§xk =(

Jf |x
∣∣
xk−1
· · · Jf |x

∣∣
x1
Jf |x
∣∣
x0

)
x0§�k

|x′k − xk| ≈
∣∣∣Jf |x∣∣xk−1

· · · Jf |x
∣∣
x1
Jf |x
∣∣
x0

∣∣∣ |x′0 − x0|◦

PÝ
J[k] = Jf |x
∣∣
xk−1
· · · Jf |x

∣∣
x1
Jf |x
∣∣
x0
"XJk →∞�Ý
J[k]k�§=4��

3§�±aqu(6.27)½ÂoäÊìÅ�ê

Li = lim
k→∞

ln
∣∣λi(J[k])

∣∣
k

½ Li = lim
k→∞

ln
∣∣∣λi (Jt[k]J[k]

)∣∣∣
2k

(6.28)

¿��oäÊìÅ�êS�L1 ≤ L2 ≤ · · · ≤ Ln"5¿§(6.28)¥1��ªf¥Jt[k]J[k]

´��é¡Ý
"ùp§λi(A) L«Ý
A�1i�A��§1 ≤ i ≤ n"ù�§é?�

�f : Rn → Rn§λi

(
Jt[k]J[k]

)
, k ≥ 1þ��K¢ê"

���¹e§<�æ^(6.28)¥�1��ªfO�oäÊìÅ�êLi, 1 ≤ i ≤ n§

�x��ÄåXÚ3²ï:NC�Â ½uÑ�Ç§=3Li < 0���ξiþÂ §

3Li > 0���ξiþuÑ"Pξ1, ξ2, · · · , ξn�A��λ1(J), λ2(J), · · · , λn(J)éA�A

��þ§K;�x(t),x′(t)3�þξ1, ξ2, · · · , ξn���þ©O±�êL1, L2, · · · , Ln�
�ÇÂ ½öuÑ§=t→∞�§|x(t)− x′(t)|Âñ½uÑ��ê�Ç§Ù¢�´¼
êfé��:x ∈ Rn�CzÌÝ"ù�§æ^Ý
�ê½Â��oäÊìÅ�ê

Lmax = lim
k→∞

sup
ln
∣∣J[k]

∣∣
k

(6.29)

=�"ù�§dÝ
�ê�½Â§é?¿:x ∈ RnÚ�êk ≥ 1§k|f(x)| ≈
∣∣Jf |xx

∣∣ ≤∣∣Jf |x
∣∣ |x| ≤ eLmax|x|§=¼ê:x²fS�§zg�Â ½uÑØ¬�ÑeLmax�"
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(3) �5XÚ�ê. oäÊìÅ�ê´�é��5XÚẋ = f(x)§3k → ∞�
éä�'Ý
A��¦4��(J"@o§���5XÚ�oäÊìÅ�ê´�

o§§��5XÚéA�Ý
A��q´�o'XQºî�Æ¬)º`§b��

§ẋ(t) = f(x(t))¥���5��0§=XÚdẋ(t) = Ax(t),x(t0) = x0�x"ù�§

�Ý
AéA�A��§det (A− λIn) = 0kn�A��λ1, λ2, · · · , λn£�EO
�¤§éA�A��þ�ξ1, ξ2, · · · , ξn§=Aξi = λiIn, 1 ≤ i ≤ n"AO/§XJùn�

A��üüØÓ§K�3���_�5C�T : Rn → R′n¦�

ẋ′ =
(
T−1AT

)
x′ =


λ1 0 · · · 0 0

0 λ2 0 · · · 0
...

...
...

...
...

0 · · · 0 0 λn

 ⇒


ẋ′1 = λ1x

′
1,

ẋ′2 = λ2x
′
2,

· · · · · · ,
ẋ′n = λnx

′
n

=�5�§ẋ = Ax�dun�Õá�§ẋ′1 = λ1x
′
1, ẋ
′
2 = λ2x

′
2, · · · , ẋ′n = λnx

′
n§éA

�)©O�x1(t) = C1e
λ1t, x2(t) = C2e

λ2t, · · · , xn(t) = Cne
λnt"ùp§C1, C2, · · · , Cn

�~ê"ù�§;�x(t),x′(t)²kgS��§÷�þξi���²þCzÇ�
k−1∑
i=0

ln eλi/k"

��/§�5�§ẋ = Ax,x(t0) = x0�)�x(t) = etAx0"ùp§

etA = In + A+
A2

2!
+ · · ·+ Ak

k!
+ · · ·◦

~X§�A =

(
2 0

0 3

)
§Kk

etA = I2 + t

(
2 0

0 3

)
+
t2

2!

(
22 0

0 32

)
+ · · ·+ =

(
e2t 0

0 e3t

)
◦

ù�§é���½�Ð©:x0 ∈ Rn§S��§xi+1 = etAxi, i ≥ 1½Â�:�

�{xi}∞0 §²Lk ≥ 1gS�§kx1 = x0,x2 = eAx1 = eA
2
x0, · · · ,xk = eAxk−1 =

· · · = eA
k
x0§�ûdf/dx=ä�'Ý
�~êÝ
e

A§�

df

dx

∣∣∣∣
x0

df

dx

∣∣∣∣
x1

· · · df
dx

∣∣∣∣
xk−1

=
k−1∏
i=0

df

dx

∣∣∣∣
xi

=
k−1∏
i=0

eA = eA
k

, (6.30)

=²LkgS�§;�x(t)Úx′(t)m�ål3Ð�|x(t0)− x′(t0)|�Ä:þO�
∣∣∣eAk∣∣∣�"

4k →∞§Kd(6.30)ª;�÷�þξi���oäÊìÅ�ê�

Li = lim
k→∞

ln eλi(A
k)

k
= lim

k→∞

k ln eλi(A)

k
= λi(A), 1 ≤ i ≤ n, (6.31)
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=�5XÚẋ = Ax�n�oäÊìÅ�ê�Ý
A�A��λ1, λ2, · · · , λn��"
~X§é��3-��5XÚ

ẋ1 = 3x1 − x2 + x3

ẋ2 = −x1 + 5x2 − x3

ẋ3 = x1 − x2 + 3x3

⇒ A =


3 −1 1

−1 5 −1

1 −1 3


éA�A��§det (A− λI3) = λ3 − 11λ2 + 36λ − 36 = 0�3���λ1 = 2, λ2 =

3, λ3 = 6§Kd(6.31)ª�T�5XÚ�oäÊìÅ�ê©O�L1 = λ1(A) =

2, L2 = λ2(A) = 3ÚL3 = λ3(A) = 6"

ù�§æ^oäÊìÅ�ê�½���5XÚ�½5Ò�æ^Ý
A���

½�5XÚ3²ï:x∗�½5��"�?�Ú§ég£XÚẋ = f(x)�;�30:

NC�5Gkµ

(1)X�3�êi, 1 ≤ i ≤ n¦�Li > 0§KXÚS3²ï:Ø½¶XLi < 0, 1 ≤
i ≤ n§KXÚS3²ï:ìC½£�^Ý
A���½(J��¤¶

(2)XL1 = L2 = · · · = Ls = 0§Li < 0, s+1 ≤ i ≤ n§KXÚS�U½§��U

Ø½"ù�§;�x(t)ªu��½�m-��m"AO/§m = 1½m = 2�§x(t)ª

u��½�4��½V��m"

3.2.Ì½¼ê. Ì½¼ê´Äu��oäÊìÅ�êLmaxéXÚS½Â�

�«¼ê§Ï��±æ^oæÊì�ê�OXÚ3²ï:½5§?�±�OX

ÚÓÚ"ùp§b�XÚS´dm�Ä�v1, v2, · · · , vm�¤�XÚ§G��§�

ẋi(t) = f (xi(t)) + c
m∑
j=1

lijH (xj) , 1 ≤ i ≤ m

=�§(6.8)"ùp§!:ÄåÆ�§�ẋ(t) = f(x(t))§xi ∈ Rn�XÚ1i�Ä��G

�Cþ§~êc > 0��äÍÜrÝ§(lij)m×m�K�.Ê.dÝ
§H : Rn → Rn�

Ä�m��^¼ê"

b�s(t)��á:�§ẋ = f(x(t))�)§�ξi(t) = x1(t)− s(t), 1 ≤ i ≤ m"XJ

XÚS÷v±e^�µ1©Ä�v1, v2, · · · , vm �ÄåÆ1����Ó¶2©Ä�m��
^¼êH (xj) , 1 ≤ i ≤ m���Ó¶3©:8Sta[S] = {(x1(t),x2(t), · · · ,xm(t)) |x1(t)

= x2(t) = · · · = xm(t)}���ØC�ÓÚ6/§=é?�:x0 ∈ Sta[S]�3��t∗§

¦t ≥ t∗�XÚS�)x(x0, t)�Sta[S]¥�:¿©�C¶4©XÚG�3ÓÚ6/Sta[S]

�NC�±�5z"3ùo�b�^�e§�±éXÚS��§(6.8)és¦�©"ù

p§s´t���¼ê§és ¦�©q¡�C©§��Ø��§

ξ̇i(t) = Jf |sξi(t) + c
m∑
j=1

lijJH|sξi(t), 1 ≤ i ≤ m◦ (6.32)
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ùp§Jf |s,JH|s©O�f(x)ÚH(x)3s?�ä�'Ý
§Pξ = (ξ1, ξ2, · · · , ξm)§K

�§(6.32)�U��

ξ̇ = Jf |sξ + cJH|sξL
t
◦ (6.33)

XJÝ
L�é�z§ÙA���λ1, λ2, · · · , λm§=�3�_Ý
P¦�P−1LP

= diag (λ1, λ2, · · · , λm)§�η = ξP = (η1,η2, · · · ,ηm)"Kk

η̇k =
(
Jf |s + cλkJH|s

)
ηk, 1 ≤ k ≤ m◦ (6.34)

ù�§XJXÚS´ÓÚ�§K�§(6.34)�)30:´ì?½�§oäÊìÅ�

êLi(0) < 0, 1 ≤ i ≤ n�±�yXÚS�)30:½½XÚÓÚ"éu���é¡

Ý
§ÙA���U´¢ê§��U´Eê"�d§�§(6.34)¥�cλk�±��5

/L«�Eê/ª§=cλk = αk + iβk, i
2 = −1"éA/§�§(6.34)�±U�¤

η̇k =
(
Jf |s + (αk + iβk) JH|s

)
ηk, 1 ≤ k ≤ m◦ (6.35)

@o§�o´XÚ�Ì½¼êQºî�Æ¬)º`§Q,oäÊìÅ�ê�

K´XÚ(6.32)30:�½½XÚÓÚ�^�§@o§Ò�±���oäÊìÅ�

êLmax�½XÚÓÚ"ù�§Lmax�éAα+ iβ�¼êLmax(α+ iβ)§¡�Ì½¼

ê§¿¡¦Lmax(α + iβ) < 0��α + iβ�¤�«�SR�XÚS�ÓÚz«�§=

SR = {α + iβ = cλk, 1 ≤ k ≤ n|Lmax(α + iβ) < 0}◦ (6.36)

ù��5§�dXÚIÒãGL[S]��Ý
�A��λ�ÍÜXêc�¦Ècλ´Äá

\�ÓÚz«�SR§�OXÚS�ÓÚzUå"5¿§Ì½¼êLmax ´²¡R2 =

{(α, β)|α, β ∈ R2}þ���²¡"XJLmax3ù�²¡þ��:�K½��§KL

²XÚS3ù�:þ�½½Ø½"AO/§XJLmax3ù�²¡þ�¤k:þ

�K§̀ ²ù��XÚÍÜ~êcÚÄ�m�^�(J¦�XÚÓÚ"

y3§b�Ä��m��^²�§KXÚSéA�IÒãGL[S]�Ã�ã"ù

�§.Ê.dÝ
L�é¡Ý
§§���A���0§Ù{�þ��u0�¢ê§

=0 = λ1(L) < λ2(L) < · · · < λm(L)"ù�§cλk = αk�¢ê§Ì½¼êLmax�é

Aα�¼ê§ÓÚz«�(6.36)�SR = {α = cλ(L)|Lmax(α) < 0}"AO/§XJé
?¿�ê2 ≤ k ≤ mþkcλk ∈ SR§KXÚSÛÜÓÚ"

�â½Â§XÚSÓÚz«�SRd�ãã�«m�¤§©�±eo«a.µ

a.I. ÓÚz«�SR���Ã.«m(α1,∞)§=�0 < α1 < cλ2 ≤ cλ3 ≤
· · · ≤ cλm�kLmax < 0"ù�§cλ2 > α1½c ≥ α1/λ2"5¿§λ2´.Ê.dÝ
L�

���0A��§��¤I�ÍÜ~êc��§lXÚäk�r�ÓÚUå"
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a.II. ÓÚz«�SR���k.«m(α1, α2) ,−∞ < α1 ≤ α2 < ∞§=
�α1 < cλ2 ≤ · · · ≤ cλm < α2�kLmax < 0"ù�§XÚÍÜ~êc÷vα1/λ2 < c <

α2/λm"½ÂR = λm/λ1 < α2/α1"KR��!��C1KXÚÓÚUå�r"

a.III. ÓÚz«�SR�k��«m�¿8Ü§=SR = (α1, α2)
⋃

(α3, α4)
⋃

· · ·
⋃

(α2k−1, α2k)½SR = (α1, α2)
⋃

(α3, α4)
⋃
· · ·
⋃

(α2k−1,+∞)"ù�§XÚÓÚ

Icλk ∈ SRé?¿�ê2 ≤ k ≤ m¤á§�XÚÍÜ~êcÚÄ�m�^�.Ê.

dÝ
Lk'§N�XÚÍÜrÝ�Ä��^"

a.IV. ÓÚz«�SR��8∅§=é?��α ∈ RkLmax(α) ≥ 0§Ø�3

¦Lmax < 0�¢êα"ù�§ÃØN�UCXÚÄ�m��^�ÍÜXê§Ø�3÷

v^� 1©- 4©�XÚÓÚI�N�b�^�"

@o§́ Äcλk, 2 ≤ k ≤ mØá3SR¥�XÚ�½´ØÓÚQº�Y´Ä½��

î�Æ¬)º`§ù�§�´L²Ø�3÷v^� 1©- 4©�XÚÓÚ§�¿ØU�Ñ
XÚ�½ØÓÚ�(Ø"

~X§éuã6.10¤«�(.XÚS1,m−1§Ù��Ý


A (S1,m−1) =


0 1 · · · 1

1 0 · · · 0
...

...
...

...

1 0 · · · 0


éA�A���

λ1 = 0, λ2 = · · · = λm−1 = 1, λm = m, ã6.10 (.XÚ

áu1II«a."ù�§m → ∞�R = α2/α1 → ∞Ø´ª�u1§UÌ½

¼ê�O{�±@�§éuXÚÄ�êmé��§XÚØN´¢yÓÚ§�ù=´

�é÷v^� 1©- 4©�@«XÚÓÚ§¿�´ØU¢yÓÚ"~X§�Ä�G�¼
êẋvi(t) = x3

vi
(t) + ti/et§KTXÚ�ª¬ÓÚ��á:¼êṡ(t) = s3(t)"

3.3.�5ÍÜÓÚ.�Ä�m��^¼êH : Rn → Rn����5¼ê§=�½

�)¤Ä{e1, e2, · · · , en}�±L«���n× nÝ
H§G��§(6.8)L«��á:

�f(x(t))Ú�5�Hxj, 1 ≤ j ≤ m�Ú§=

ẋi(t) = f (x(t)) + c
m∑
j=1

lijHxj, 1 ≤ j ≤ m◦ (6.37)

ù�§�±��XÚÓÚ��
^�"AO/§�Ý
H�é�Ý
Γ��±��X

ÚÓÚ�B$�^�§±9ëã�OOK"��/§XJ�3��d�¢ê|¤�
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é�Ý
Γ Ú~êω0 > 0, τ0 > 0 ¦�é?���êω ≥ ω0Ñk

cλ2 ≥ ω0,
(
Jf |x
∣∣
s

+ ωH
)t

Γ + Γ
(
Jf |x
∣∣
s

+ ωH
)
≤ −τIn, (6.38)

KXÚ(6.37)30:´½�§=ÓÚ"ùp§Jf |x
∣∣
s
L«ä�'Ý
Jf |x3:s��"

@o§N�dXÚ�Ì½¼ê��ù�(ØQºÄk§duλ2´.Ê.dÝ


����0A��§éu?¿�ê2 ≤ k ≤ mkcλk ≥ ω0¤á"ù�§éu?¿�

ê2 ≤ k ≤ m§db�^��(
Jf |x
∣∣
s

+ cλkH
)t

Γ + Γ
(
Jf |x
∣∣
s

+ cλkH
)
≤ −τIn◦

�oäÊìÅ¼êL(t) = ηtkΓηk§ùp§�þηkd�§(6.34)�x"dué�Ý


Γ¥�?�é����§�kL(t) > 0�

L̇(t) = η̇tkΓηk + ηtkΓη̇k

= ηtk
((

Jtf |s + cλkH
)

Γ + ηtkΓ
(
Jf |s + cλkH

))
ηk ≤ −τηtkInηk < 0,

=XÚ(6.37)30:½½30:NCÓÚ"

AO/§XJÄ�vi ∈ Sþ?3gdG�§=é?¿�ê1 ≤ i1, i2 ≤ m§Ä

�vi1�vi2mØ�3�p�^§XÚSéA�IÒãG
L[S] =

m⋃
i=1

BL
1§=m��ã�

¿§Xã6.11¤«"

: :

r r
v1 v2 vm

r
p p p

-

ã6.11 Ä�gdXÚ

ù�§XÚS���Ý
A = Im§.Ê.dÝ
L = −Im"�H = In§Γ = In§K

Ý

(
Jf |x
∣∣
s

+ cλkH
)t

Γ + Γ
(
Jf |x
∣∣
s

+ cλkH
)
é��þ���2 (Lk − cλk)§1 ≤ k ≤

n§=^�
(
Jf |x
∣∣
s

+ ωH
)t

Γ + Γ
(
Jf |x
∣∣
s

+ ωH
)
≤ −τIn�dué?¿�ê1 ≤ k ≤

nkLk− cλk ≤ −τ/2"ù�§�~êω0 = Lmax"XJéXÚS�¦cλ2 ≥ Lmax§K�

½kcλk − τ ≥ Lk, 1 ≤ k ≤ n"Ó�§éω ≥ Lmax÷v(6.38)¥�^�(
Jf |x
∣∣
s

+ ωH
)t

Γ + Γ
(
Jf |x
∣∣
s

+ ωH
)
≤ −τIn,

=éÄ�gdXÚS§�¦cλ2 ≥ Lmax=kS30:���þÓÚ�(Ø"
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14!ëã�½

é��5XÚÓÚ��O§��´=z�XÚ3²ï:�½5�O"�d§

I��âXÚ�§�A:�EoäÊìÅ¼ê§A^oäÊìÅ½5�O?1�

O§w�k
�¡"@o§kvk�«�*�BuO���O�{Qº̈ f¯î�

Æ¬"î�Æ¬w�¨§é�
Ä��^¼êH{ü�XÚ§=

xi = f (xi) +
m∑
j=1

εij(t)Hxj, 1 ≤ i ≤ m, (6.39)

�3�«ãþ��§O�¿�OXÚÓÚ��{"ùp§H = diag (h1, h2, · · · , hn)�

é�Ý
�é1 ≤ i ≤ skhi ≥ 0§s+ 1 ≤ i ≤ n�hi = 0¶εij(t)�Ä�vjévi�ÍÜ

rÝ§εij(t) = εji(t)§aq.Ê.dÝ
k

εii(t) = −
m∑

j=1,j 6=i

εij(t), 1 ≤ i ≤ m◦

ù�§XÚIÒãGL[S]�º:8!>

8ÚIÒ©O� ã6.12 ��ãK6

V
(
GL[S]

)
= {v1, v2, · · · , vm} ,

E
(
GL[S]

)
= {(vi, vj)| εij(t) 6= 0, 1 ≤ i, j ≤ m} ,

L : vi → ẋi(t), (vi, vj)→ εij(t), 1 ≤ i, j ≤ m◦

AO/§XJkεij 6= 0, 1 ≤ i, j ≤ m§KGL[S]´��ãKL
m"~X§ã6.12¥K6�º

:v1IÒ�ẋv1§>(v1, v2)�IÒ�ε12(t)"ù�§XJε12(t) = 0§K>(v1, v2) þ�

IÒ�0§�±3KL
6¥íØ"

4.1.,CX�ê. b�XÚSdm�Ä

�v1, v2, · · · , vm�¤§GL[S]�Ã�ã"��

Ã�ã¥��^,§́ �ã¥��vkE

>�:�>��OS�"~X§3ã6.13¥

´�§:>�OS�P = v1av2fv6Ò´�

^v1 − v6�,"@o§�o´,CXQºî

�Æ¬w�¨f§XÚS���,CXP´

ãGL[S]þ��d,|¤�8Ü§¦�é?

r
r

r
rr

r

rv1

v2

v3
v4

v5

v6

v7

a

b

c

d

e

f

g

ã6.13 XÚã~

¿�ê1 ≤ i, j ≤ m�3����^vi�vj�,Pij ∈ P, j > i"y3§é?�

>e ∈ E
(
GL[S]

)
Ú�½�,CXP§½Â�Ibe[P]�,CXP¥¤kÏL>e�
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÷vj > i�,Pij��ÝÚ"ù�¥§,CXP¥���,�Ú¡�,CX�ê§P

�bmax[P]§=

bmax[P] = max
{
be[P] | e ∈ E

(
GL[S]

)}
◦

(6.40)

�?�Ú§�P1,P2, · · · ,Ps �XÚS�¤k,CX§½ÂXÚS�,CX�ê

bmin[S] = min { bmax [Pi] ; 1 ≤ i ≤ s} , (6.41)

=XÚS�,CX�ê¥����"

@o§��o�Ú\,CX�ê§qN�(½bmin[S]��Qºî�Æ¬)º

`§Ú\,CX�ê´^ëã�{(½XÚ(6.39)½½ÓÚ�Ä:§�±U½

Â(6.40)Ú(6.41)(½,CX�ê"Äk§�±ké���½�,CXPO�,C

X�êbmax[P]§23,CX�êbmax[P]¥ÀJ���=�bmin[S]"ù�¥§é�

��½�,CXPO�bmax[P]´��N´�¯�"~X§3ã6.13¥U�á´1r

(½���,CXP�

P12 = v1av2, P13 = v1bv3, P14 = v1bv3dv4, P15 = v1bv3ev5,P16 = v1av2fv6,

P17 = v1av2gv7, P23 = v2cv3, P24 = v2cv3dv4, P25 = v2cv3ev5, P26 = v2fv6,

P27 = v2gv7, P34 = v3dv4, P35 = v3ev5, P36 = v3cv2fv6, P37 = v3cv2gv7,

P45 = v4dv3ev5, P46 = v4dv3cv2fv6, P47 = v4dv3cv2gv7, P56 = v5ev3cv2fv6,

P57 = v5ev3cv2gv7, P67 = v6fv2gv7◦

ù�,CXP¥�^,��Ý�

|P12| = |P13| = |P23| = |P26| = |P27| = |P34| = |P35| = 1,

|P14| = |P15| = |P16| = |P17| = |P24| = |P25| = |P36| = 2,

|P37| = |P45| = |P67| = 2, |P46| = |P47| = |P56| = |P57| = 3◦

ù�§�âbkl[P]�½Â§dã6.13�

b12[P] = |P12|+ |P16|+ |P17| = 1 + 2 + 2 = 5,

b13[P] = |P13|+ |P14|+ |P15| = 1 + 2 + 2 = 5,

b23[P] = |P23|+ |P24|+ |P25|+ |P36|+ |P37|

+ |P46|+ |P47|+ |P56|+ |P57|

= 1 + 2 + 2 + 2 + 2 + 3 + 3 + 3 + 3 + 3 = 21,



14! ëã�½ 225

b26[P] = |P16|+ |P26|+ |P36|+ |P46|+ |P56|+ |P67|

= 2 + 1 + 2 + 3 + 3 + 2 = 13,

b27[P] = |P27|+ |P37|+ |P47|+ |P57|+ |P67|

= 1 + 2 + 3 + 3 + 2 = 11,

b34[P] = |P24|+ |P34|+ |P45|+ |P46|+ |P47|

= 2 + 1 + 2 + 3 + 3 = 11,

b35[P] = |P15|+ |P25|+ |P35|+ |P45|+ |P56|+ |P57|

= 2 + 2 + 1 + 2 + 3 + 3 = 13

�d(6.40)ª�bmax[P] = 21"

@o§ØU�á´3ã6.13þ1r���,CXP´Ä�½�u21Qº�Y´

Ä½��~X§3þ¡�,CX¥§òP23 U�P ′23 = v2av1bv3§Ù¦,ØC��S�

��,CXP ′"ù�§=´b12[P ′], b13[P ′]Úb23[P ′]�O�(J¬u)UC"ù�§

b12[P ′] = b13[P ′] = |P ′12|+ |P ′16|+ |P ′17|+ |P ′23|

= 1 + 2 + 2 + 2 = 7,

b23[P ′] = |P ′24|+ |P ′25|+ |P ′36|+ |P ′37|+ |P ′46|+ |P ′47|+ |P ′56|+ |P ′57|

= 2 + 2 + 2 + 2 + 3 + 3 + 3 + 3 + 3 = 20

��êbmax[P ′] = 20 < bmax[P]§̀ ²U�á´1r���,CXPéA�bmax[P]

Ø�½´bmin[S] éA�,CX§Ï�bmin[S]´éGL[S]¤k,CXéA�bmax[P]¦

���§ù´(½bmin[S]�J:"

4.2.,CX�O. @o§N�A^�êbmax[S]½bmin[S]�xXÚ�½§?�

�XÚÓÚ^�Qºî�Æ¬)º`§é?¿�ê1 ≤ i, j ≤ m§IÚ\CþXij =

xj − xi"ù�§XÚ(6.39)C�

Ẋij = f (xj)− f (xi) +
m∑
k=1

(εjkHXjk − εikHXik) , (6.42)

ùp§1 ≤ i, j ≤ m"A^½È©5�Ún× nä�'Ý
Jf |x§k

f (xj)− f (xi) =

 1∫
0

Jf |x (τxj + (1− τ)xi) dτ

Xij, (6.43)
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�±�E�½XÚ(6.42)½5���9ÏXÚ

Ẋij =

 1∫
0

Jf |x (τxj + (1− τ)xi) dτ − A

Xij, 1 ≤ i, j ≤ m◦ (6.44)

ùp§Ý
A = diag (a1, a2, · · · , an)�(���dÝ
Hû½§�1 ≤ i ≤ s�ai ≥
0§s+ 1 ≤ i ≤ n�ai = 0"5¿§A^oäÊìÅ�O�OXÚ(6.39)ÓÚ�du�

OXÚ(6.44)30:½"ù�§�EoäÊìÅ¼êL(t)I�e¡ù�b�^�µ

^�4. é?¿�ê1 ≤ i, j ≤ m§b��3ωij(t) =
1

2
Xt
ijDXij"ùp§D =

diag (d1, d2, · · · , ds, D1), di, 1 ≤ i ≤ s��~ê§(n − s) × (n − s)Ý
D1��½Ý


§���Xij 6= 0Kωij(t) ét ��ê

ω̇ij(t) = Xt
ijD

 1∫
0

Jf |x (τxj + (1− τ)xi) dτ − A

Xij < 0 (6.45)

¤á§=ωij(t)äkoäÊìÅ¼ê�5�"

5¿§HÚA´é�Ý
§�±�A = a0H§ùpa0���~ê"ù�§éX

Ú(6.39)3f(x)ëY���b�eA^�ª(6.43)§̂ �(6.45)�±{z�

(xj − xi)
tD ((f (xj)− f (xi))− a0H (xj − xi)) < 0◦ (6.46)

,��¡§^�εij(t) = εji(t)Û¹ãG
L[S]¥>(vik , vjk)Ú(vjk , vik)Ó��3§

Ü��^>ek"Ø�ÊH5§�IÒãG
L[S]¥kM^>e1, e2, · · · , eMþ�ÍÜr

Ýε1(t), ε2(t), · · · , εM(t) 6= 0"ù�§XJ|xi(t)| < ∞, 1 ≤ i ≤ m�XÚ(6.39)÷v

^�4Ú
M∑
k=1

εikjk |Xikjk |
2 >

a0

m

m−1∑
i=1

m∑
j>i

|Xij|2 , (6.47)

KXÚ(6.39)30:ì?½"î�Æ¬w�¨f§̂ �(6.47)wqE,§¢K´�o

äÊìÅ¼ê�3Ú\�^�"Äk§½Â��¼ê

L(t) =
1

4

m∑
i,j=1

Xt
ijDXij,

KdD�½ÂkL(t) ≥ 0§�±?�Ú�yL̇(t) < 0"¢Sþ§

L̇(t) =
1

2

m∑
i,j=1

ω̇ij(t) +
1

2

m∑
i,j=1

Xt
ijDAXij

−1

2

m∑
i,j,k=1

(
εjkX

t
jiDPXjk + εikX

t
ikDPXij

)
= Σ1 + Σ2 + Σ3◦
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ùp§d^�4kΣ1 < 0"dεij(t) = εji(t), 1 ≤ i, j ≤ m�|Xij|2 = |Xji|2 , |Xii|2 =

0Úb�(6.47)�

Σ2 + Σ3 =
m−1∑
i=1

n∑
j>i

Xt
ijD (A−mεijH) Xij < 0◦

ù�§ÒkL̇(t) < 0§=L(t)�XÚSþ���oäÊìÅ¼ê§doäÊìÅ�O§

XÚ(6.42)30:ìC½§=XÚ(6.39)ÓÚ"

@o§N�æ^XÚ�,CXé^�(6.47)?�Ú²(§��XÚÓÚ�>ekþ

�ÍÜrÝεk(t)÷v�^�QºÄk§XJek´G
L[S]¥��^>§PXk = Xikjk , 1 ≤

k ≤ M"y3§éXÚS�z�éÄ�vi, vj, 1 ≤ i, j ≤ mÀJ�^,Pij��X
ÚS���,CXP"b�Pij = vie1vi1e2 · · · e|Pij |vj§dXij �½Â§k

Xij = Xii1 + Xi1i2 + · · ·+ Xj−1j

= X1 + X2 + · · ·+ X|Pij |

é?��ên ≥ 1§3�Ü-��]Ø�ª(4.33)¥�(b1, b2, · · · , bn) = (1, 1, · · · , 1)

kØ�ª(a1 + a2 + · · ·+ an)2 ≤ n (a2
1 + a2

2 + · · ·+ a2
n)§=

|X|2ij =

∣∣∣∣∣∣
|Pij |∑
k=1

Xk

∣∣∣∣∣∣
2

≤

|Pij |∑
k=1

∣∣Xk

∣∣2

≤ |Pij|
|Pij |∑
k=1

∣∣Xk

∣∣2 ,
�\(6.47)ªm>k

m−1∑
i=1

m∑
j>i

|Xij|2 ≤
m∑
k=1

m−1∑
i=1

m∑
j>i,ek∈Pij

|Pij|

∣∣Xk

∣∣2 ◦
�d§X�¦

εikjk(t) >
a0

m

m∑
j>i,ek∈Pij

|Pij| =
a0

m
bek [P], 1 ≤ k ≤M

K^�(6.47)�½¤á"ù�Òk§XJXÚ(6.39)¥�>e1, e2, · · · , eMþ�ÍÜr
Ýεk(t)÷v

εk(t) >
a0

m
bek [P] ½�?�Ú§ εk(t) >

a0

m
bmin[S], 1 ≤ k ≤M§ (6.48)

KXÚ(6.39)30:´ì?½�§=XÚÓÚ�(Ø"
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@o§N�A^(6.48)�ÍÜ^��EÓÚXÚQºî�Æ¬`§�±LorenzX

Ú�~?1`²"í�ïÄ¥k�«Ä��é6�.§=æ^39é6+¥�e�

\9!þ�e%§ïÄ6N�Ä�1�"3ù��.¥§̂ x1L«6N�Ý§x2Úx3©

OL«Y²ÚR��§Ý�"Äuù«�.§{Ií�Æ[Lorenzu1963cJÑ


��3-�g£�6NG��§
ẋ1 = a(x2 − x1)

ẋ2 = bx1 − x2 − x1x3

ẋ3 = x1x2 − cx3

,

¡�LorenzXÚ"ù�¥§a!b´�6N®

�~ê�'�~ê§c´�6N�m�'~

ê"AO´§�a = 10.0, b = 28.0, b = 8/3 ã6.14 LorenzáÚf

�§XÚ?u·bG�§̄ a/�6Ð©:�ÀJ§ê��[�ã6.14"

ù�§�±A^^�(6.48)ÍÜ�EÓÚXÚ"~X§�m�LorenzXÚ�Ä�

�¤XÚS§=z�Ä�1��lLorenzXÚ§IÒãGL[S]�ã6.10¤«�(."

ù�§é?¿�ê1 < i ≤ m§Ä�vi=�v1m=�3����^,|P1i| = 1"Ó

�§é?¿�ê1 < i, j ≤ m¶Ä�vi, vjm�,7,Lº:v1§=|Pij| = 2"ù

�§P = {P1i,Pij; 1 < i, j ≤ m}´ãGL[S]���,CX"éA/§²L>v1vi�,

�¦Ú�
m∑

j>i,ek∈Pij

|Pij| = 1 + 2(m− 1) = 2m− 3◦

ù�§d(6.48)��>þ�ÍÜrÝ

εk(t) >
a0

m
bek [P] = a0

(
2− 3

m

)
,

Kdùm�LorenzXÚÍÜ¤�XÚSÓÚ§Ù¥a0´���0~ê"

4.3.ã'��O. éü�n × nÝ
A,B§XJA − B´��½�§=é?¿�
�n-���þx§xt(A − B)x ≥ 0§P�A � B"ù�§�½�3���_Ý
P¦

�P−1(A − B)P = diag (λ1, λ2, · · · , λs, 0 · · · , 0) , λi ≥ 0, 1 ≤ s ≤ n"AO/§XJ

���3��λi > 0, 1 ≤ s ≤ n§=A−B´�½�§KPA � B"ù�§Ò3n×nÝ

þïá
�« S"aq/§éü�k�Óº:�n�ãG,H§XJ§�éA�.

Ê.dÝ
L(G), L(H)÷vL(G) � L(H)½L(G) � L(H)§K½ÂG � H½G � H

±²(§�m�S"ù�d½Â§é?¿~êc, c 6= 0§cG � H½cG � H��=

�cλk(G) > λk(H)½cλk(G) ≥ λk(H), 1 ≤ k ≤ n"
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PGL[S]�>8E = {e1, e2, · · · , eM}"dXÚ(6.39)�½Â§éÄ�vik , vjk , 1 ≤
k ≤ M§ãGL[S]¥�3�0>ek = (vik , vjk)��=�Ùþ�ÍÜrÝεek(t) 6= 0"½

Â>ek = (vik , vjk) ∈ E
(
GL[S]

)
éA�Ð�.Ê.dÝ
Lek =

(
lkij
)
M×M�

lkij =


−1, e = (vik , vjk) ∨ (vjk , vik),

1, e = (vik , vik) ∨ (vjk , vjk)

0, e 6= (vik , vjk) ∧ (vjk , vik) ∧ (vik , vik) ∧ (vjk , vjk)◦

ùp§ÎÜ∨L«/½0§∧L«/�0½/�0"�ó�§Ð�.Ê.dÝ
Lek´
3(ik, jk)Ú(jk, ik) �þ�−1§3(ik, ik)Ú(jk, jk) �þ�1§Ù{ �þþ�0��

�M ×MÝ
"dÐ�.Ê.dÝ
�½Âk©)ª

LGL[S] =
∑
e∈E

εe(t)Le◦ (6.49)

éÐ�.Ê.dÝ
üSLe1 , Le2 , · · · , LeM§Ké?¿c1, c2, · · · , cM−1 > 0,M ≥ 2k

c
M−1∑
i=1

ciLei � LeM ⇔
M−1∑
i=1

ciLei �
1

c
LeM , (6.50)

Ù¥§c =
M∑
i=1

1/ci§ù�ªf�±dêÆ8B{��"

Äk§M = 2�(6.50)¥��ª¤á"ù�§(6.50)��>= c1Le1 = 1/(1/c1)Le1 =

m>"�M = 3�§�x = (x1, x2, x3)t�����þ§K(6.50)ª=�¦

c1x
tLe1x + c2x

tLe2x ≥
1

1
c1

+ 1
c2

xtLe3x

½Ý
/ª

c1x
t


1 −1 0

−1 1 0

0 0 0

x + c2x
t


0 0 0

0 1 −1

0 −1 1

x ≥ 1
1
c1

+ 1
c2

xt


1 0 −1

0 0 0

−1 0 1

x,

=

c1 (x1 − x2)2 + c2 (x2 − x3)2 ≥ c1c2

c1 + c2

(x1 − x3)2
◦

y3§�a = x1 − x2, b = x2 − x3Ka+ b = x1 − x3�\þª¥§k

c1a
2 + c2b

2 ≥ c1c2

c1 + c2

(a+ b)2 ⇒ (c1a− c2b)
2 ≥ 0
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w,¤á§�±þz�ÚÑ�_§��(6.50)ª3M = 3�¤á"

��/§b�(6.50)ª33 ≤M ≤ k�¤á§�ÄM = k+ 1���/"ù�§d

8Bb�k

k∑
i=1

ciLei =
k−1∑
i=1

ciLei + ckLek

�
Lek−1

k−1∑
i=1

1
ci

+ ckLek �
Lek+1

k−1∑
i=1

1
ci

+ 1
ck

=
Lek+1

k∑
i=1

1
ci

,

=M = k + 1�(6.50)ª�¤á"A^êÆ8B{§�(6.50)ªé?¿�M ≥ 2¤á"

AO/§3(6.50)ª¥�c1 = c2 = · · · = cM−1 = 1k

(M − 1)
M−1∑
i=1

Lei � LeM ◦ (6.51)

Äuã'��XÚÓÚ�OI�±eb�^�µ

^�5. é?¿�þxi,xj ∈ Rn§�ε > a > 0�

(xj − xi)
t ((f(xj)− f(xi))− εH (xj − xi)) ≤ −c |xj − xi|2

¤á"ùp§c����ê§H = diag(h1, h2, · · · , hs, 0, · · · , 0)�é�Ý
"

é��þx1,x2, · · · ,xm§Px = (xt1,x
t
2, · · · ,xtm)

t
���nm-����þ"aq

/§Pf(x) = (f1(x1)t, f2(x2)t, · · · , fm(xm)t)
t
"�Ý
A = (aij)m×n§B = (bkl)p×q§

KAÚB��ÛS�¦È½Â�A⊗B = (aijB)mp×nq"~X§


3 1 4

0 1 0

4 1 3

⊗
(

1 0

0 1

)
=



3 1 4 0 0 0

0 1 0 0 0 0

4 1 3 0 0 0

0 0 0 3 1 4

0 0 0 0 1 0

0 0 0 4 1 3


ù�§XÚ(6.39)�±�;n/�¤

ẋ = f(x)−
(
LGL[S] ⊗H

)
x◦ (6.52)

ù�§XJ^�5¤á§�3GGL[S]�º:8þ�3��Ã�IÒãG
L
0¦�é?¿tk

LGL0 LGL[S] � a0LGL0 , (6.53)
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Kkxt
(
LGL0 ⊗ In

)
f(x) ≤ a0x

t
(
LGL0 ⊗H

)
x"ù�§½ÂL(t) = 1

2
xt
(
LGL0 ⊗ In

)
x§

Kd^�(6.52)�L̇(t) ≤ 0��Ò=�xi = xj, 1 ≤ i, j ≤ m§=xi, 1 ≤ i ≤ m3

8ÜSta[S]¥�¤á"�ó�§L(t)���oäÊìÅ¼ê§=é÷v^�5�X

Ú(6.39)§XJ�3ãGL
0÷vã'�(6.53)ª§KXÚ(6.39)ÓÚ"

é�½Ä�{v1, v2, · · · , vm}�XÚSþ�IÒãGL[S]§XJÄ�mþ�3ÍÜ

�^���^��lÚî1n½Æ�A5§=�^���^���Ó§�^���

�§KéA�XÚIÒã���IÒãKL
m"ù�§��,CX

P = { Pij | Pij = vikekvjk , 1 ≤ k ≤ m(m− 1)/2} ,

=bmin[S] = 1"ù�§d(6.48)ª��>ek, 1 ≤ k ≤ m(m−1)/2þ�ÍÜrÝεk(t) >

a0/mKXÚ(6.39)ÓÚ"ù�§�«g,��{´3(6.53)¥�GL
0 = KL

m§ò^

�(6.53)Lã��«ã�ãm�'�'X"ù�§LKL
m

= mIm − J§Ù¥J´�þ

�1�m×mÝ
�kLKL
m
LGL[S] = mImLGL[S] = mLGL[S]"ù�§̂ �(6.53)�

mLGL[S] � a0LKL
m
⇒ GL[S](t) � a0

m
Km(t)◦ (6.54)

A^(6.54)§̂ �(6.53)��^ãGL[S]����0A��L«�λ2

(
GL[S]

)
> a0§Ï

���ãKL
m�.Ê.dÝ
A���0Úm(m − 1)§=λ2

(
KL
m[S]

)
= m§��

�λ2

(
GL[S]

)
> a0=k(6.54)ª"

aq/§�±ÀJIÒãGL
0�Ù¦®�bmin[S]½λ2

(
GL

0

)
�ãa§A^(6.53)�

ÑXÚ(6.39)ÓÚ�ã'�^�"Ó�§��±3(6.39)¥�Kεij(t) = εji(t), 1 ≤
i, j ≤ m§=ÍÜé¡�b����(6.48)½(6.53)aq�XÚÓÚ^�"5¿§X

Ú(6.39)¥H´��é�Ý
�b�§%¹
XÚÄ�m�ÍÜ�^´�«�á�

�5�^§=é?¿�ê1 ≤ i ≤ m§Ä�vj, 1 ≤ j ≤ mévi��^�±L«�xj�

�5¼ê=hjxj�Ù¦Ä�vk, k 6= j�^uviÃ'"

15!ÓÚÃ³

ÓÚ´�»�ÔÐy3<ú¥��«��$Ä5G§́ <aXÚ@��Ô!

rº¯ÔCz5Æ?E4<agC�Ä:"î�Æ¬w�¨f§�ÔV¥�§

î³�I�
<9©u�Ê&x"@�§<�®²Ýº
|^��Ú°²¡m�Y

�(½Ê1�Ý§�"yk���{ÿþ²Ý§O((½E�¤3�Ê1 ��J

:3u��éØ���O�O(��¨"�d§̈ �d�Ü�ö^Å�¨3�gÊ

1¥?1
Á�"ùg¢�¥§¦�����¨Ï�Eþ�6½Ê{§Ó���
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ü��¨"ùgÁ�¼�
¤õ§��O(/ýÿ
E¤3 �"�N�âU�y

Eþü��¨��m�Ó§¦����¨Ê{��±�â,���~ó���¨

#���mQº̈ �d�5ürPÎ���«§3ü�«�þe
��7F§,�

3Ffþ!
ü���7{§±d5�[Ê1¥

]!uEòþ���¨�{Ä"¢�4¨�d¯ç

/uy§ÃØü�7{�Ð© �XÛ§��30©

¨�ü�7{o´¬±�Ó�ªÇ{Ä§��ö�

� o´?u��� �§¢y��ÓÚ"̈ �d

Qò¨{�ÓÚy��&w�=I�[Æ¬�vk

Úå<��'5"̈ �d�UlêÆþé*	��

y��ÑnØ)º§�3¦�5¨{Ø6¥éÓÚ

y��ÔnÅ��Ñ
)º§=¨{ÓÚ��Ï3

uü�¨{ÏL7ù�Ä?1Uþ��!&ED4 ã6.15 ¨{ÓÚ

Ú�p�^§�ü�¨{��ÓÚ�§�^u7ùþ�Üå�"§±¦��XÚK

?u��²ï�"@o§N�^êÆé¨{ÓÚy�?1�xQºNõÆö�ïê

Æ�.§lnØþé¨{ÓÚ?1
ïÄ"ù�¥§�kK�å�´þVl�c

�KuramotoJÑ��ÓÚ�."@o§�o´�ÓÚQºb�ü��fO1, O2�1

��±^� φ1(t), φ2(t)�x§XJ�3�ên,m½´�3��¿©���êε¦�

|nφ1(t)−mφ2(t)| = 0 ½ |nφ1(t)−mφ2(t)| ≤ ε§ (6.55)

=� m�3�½�'~'X½´3�½�'~'Xeé�C§K¡�fO1, O2�

ÓÚ§ù¢Sþ´�«fz�ÓÚ§'�Ù11!(6.9)ª½Â�XÚÓÚ�f§Ï�

ü��fO1, O2=B´�ÓÚ§§���Ì��UØÓ"

��x¨{��ÓÚ§Kuramotob��|�fOi, 1 ≤ i ≤ m�¤XÚS��f

mmþ�3ÍÜ§ÍÜrÝ�Ó"ù�§XÚSéA�IÒã�KL
m§XÚ�§�

φ̇i(t) = ωi(t) +
c

m

m∑
j=1

sin (φj(t)− φi(t)) , 1 ≤ i ≤ m◦ (6.56)

ùp§φi´1i��f�� §φ̇i´éA��ªÇ§ωi��f�á=ÃÍÜ��g,

ªÇ§c�ÍÜrÝ"AO/§ém = 2½XÚIÒã�KL
2�/§�§(6.55){z�{

φ̇1(t) = ω1(t) + c
2

sin (φ2(t)− φ1(t))

φ̇2(t) = ω2(t) + c
2

sin (φ1(t)− φ2(t))
(6.57)

ù�§XJXÚ�ÓÚ§�φ′2(t) = (m/n)φ2(t)é�fO2�� ��"Ø�ÊH5§
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EPφ′2(t)�φ2(t)§Kkφ1(t)− φ2(t) =~ê§=φ̇1(t)− φ̇2(t) = 0§�\�§(6.56)k

ω1(t)− ω2(t)− c sin (φ1(t)− φ2(t)) = 0,

ù`²ÍÜrÝc ≥ |ω1(t)− ω2(t)|�§�fO1, O2Òä�
�ÓÚ^�"AO´§�

fO1, O2�g,ªÇω1(t)�ω2(t)��C�N´¢y�ÓÚ"aq/§é�§(6.56)�

�±æ^²þ|{éXÚS��ÓÚ?1��5?Ø"

XÚÓÚ(6.9)�¦3,���t∗�§Ä�;�ªu����¦�r
"î�Æ

¬)º`§g,.¥Ñyù«ÓÚy��ÅÇ4�§õê�ÿ´�«CqÓÚ§U

�½5KCzÑ�ÌÌ{w�ãx§Xã6.16¥�j+!�)m¶Ú~+�"

ã6.16 CÓÚy�

ù�§I�éXÚÓÚ(6.9)·��°§aqu�ÓÚ(6.55)Ú\�ÓÚ�Vg§

=é?¿�ê1 ≤ i, j(i 6= j) ≤ m§3t→∞��3N!¼êgij(xj(t))¦�

xi(t)− gij(xj(t))xj(t)→ 0 ⇔ lim
t→∞
|xi(t)− gij(xj(t))xj(t)| = 0◦ (6.58)

AO/§�gi1(x(t)) = gi2(x(t)) = · · · = gim(x(t))§=XÚN!¼ê����

½�¼êg(x(t))��I�lnØþt�§?1êâ�[Ú��§ÑÖu<ag�u

Ð"�?Û¯ÔÑ´�©���§ÓÚA^�Ø~	§QkÙk|u<a�¬��

¡§��3k³��¡"

5.1.ÓÚÃ?. UXÚÄåÆ�*:§î�Æ¬w�¨f§U�<aÑÖ�X

Ú�õ´ÓÚXÚ½´�ÓÚXÚ§Ï�éùaXÚ§��[^>ì!��ÊU�

Å½�»�E§<a�±?1XÚ�gÄ���O§r�½N!XÚ$ÄG�§U

/ª|;³0��K¢y<aF"���8I"

£1¤ÓÚ$Ä. <a3�[g,y�¥§�I��[�´$Ä§ÿÐ<a�¹

Ä«�Ú�m"~X§ÚîåÆ�x�:½fN�$Ä5Æ�"5¿§fN$Ä´

�:$Ä�/ÓÚ0í2§��où�`QºÏ�XJr��fNy©�Ä�§ÃØ

Ä�õ�½õ�§�Ä��½´Uì���á:�§$Ä§=ÓÚ"ùp§�á:

�§Ò´fN�$Ä�§"�éuRN½CRN§X)ÔN½g|�XÚÒØUe
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ù��(Ø"î�Æ¬¯¨fµ/r��<©�ZN!ÃÚ�5�Ü©"@o§ü��

UØU���c����/1rº0̈ f£�`µ/�,ØU�����c����

���rØÄ§Ï�ü��^å����-�


"0î�Æ¬`µ/�(�@Ò´`§<�c1

7L´ü��Ó��c1§ù�ZN�åØÒ

´ÓÚí�0̈ f�ka×/`µ/´B�ù�ü

���ZNIÓÚ$Ä�0î�Æ¬¯¨µ/�Ú

Ã���c§����´�ÓÚ$Äíº0̈ f

`µ/§����c����§��Ø��§A

TØ´ÓÚ"�´§§�qÑ3��ZNc1§

Ð��3�ÓÚ$ÄQ�0�¨féd�k
 ã6.17 <Ú1$Ä

¹·§î�Æ¬)º`§�ÚÃ���c����§́ �
<N$Ä¥�²ï§�

±Cq/@�§�3��ÓÚ"Ù¥§�Ú®Z��ÓÚ�c§Ã��{´3�±

<N$Ä²ï"̈ ff�ek¤×/::Þ"î�Æ¬?�Ú)º`§XJr<Ã

�G�¼ê¦±N!¼ê−1§@o§<�ÃÚ�Ò�ZN��3�ÓÚ$Ä
"�

d§U(6.58)ª<N�ù5�Ü©´3��ÓÚ

$Ä"��/§XJòº/��ÄÔy©�

�!ÃÚÌZ�Ä�§Kù�ÄÔ$Ä�½´

�ÓÚ�§Ï�b�ÌZ�é�/�$ÄG�

�x1 = f (x1)§ÃÚ��éuÄÔÌZÜ©

�$Ä©O�x2 = g (x2)Úx3 = h (x3)§K

�t → ∞�§TÄÔ�ÃÚ��éu/¥�I
X�$Ä�§

ã6.18 {¤�Ó{
x2 = f (x2) + g (x2)→ g21 (x2) f (x2)

x3 = f (x3) + h (x3)→ g31 (x3) f (x3)

=x1 − x2/g21 (x2)→ 0§x1 − x3/g31 (x3)→ 0��ÓÚ"î�Æ¬?�Ú)º`§

��o{¤��Ó´Xã6.18@���c1r

ØUm��ºÏ�<úU�Uw�c¡

wØ��¡�ù�§b��3��þ!/�

16²ëê=�mt§@o§·�kt > 0 �

�l\{+(R; +)¥��\5§é?¿ü��

mt1, t2kt1 + t2 > t1�5�"�A/§̄ ÔT3

<a*ÿ¥�X�mt�6²Cz§�±dG ã6.19 ¯Ô��mÓÚ
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��§xT = f(x(t))�x§�ã6.19"ù¢Sþ�´�«ÓÚb�§́ b�¯Ô�u

ÐCz��mt�ÓÚ§=t→∞�

xT − f(x(t)) = xT −
1

t
· f(x(t)) · t = 0◦

ùp§N!¼êg(t) = f(x(t))/t"

î�Æ¬w�¨f§ÓÚA^¥�~���/´�Ó$Ä§�)<å�!ð�

Ú»�"ù�¥§�.²�$1�!»���Óê3ê��½þz�"@o§N��

yù
�Ó�ÓÚ$ÄQºù�:3»��O¥cÙ�§�¨�d)º¨{�Ó

Úaq§n��|d�ù½ge�y�ÓÓÚ$Ä§Aé;��²��É!¿YÚ

$�I�§ÓfÚg;�>�Ü©��O¤�¡§	��»�S��"ù�§»�

$���mÓfÑ´¥Ó�>g;§�Ó!�Ó]�3g;þØå�^§�Ór�

�§�Ór��"

£2¤ÓÚ&E.Å�$Ä¥�&E§Xå�©��²d��a�gÄ�¤D4"

aq/§&ED4´3��|�SÔn �þ�£Ä§ÏL©i!�ó!>è!ã

�!Úç!1Úí��1NDÂ±��É¯§́ )�XÚÄ�õU��§�)uÑ

àÚ�Âà"ÓÚD4§��ÂàÓ�Â�

uÑà3,��mtuÑ&E½�-"

ÓÚ3ÏÕ+�A^�Í¶~f´Ó

Ú¥(§=A^$13�/¥ÓÚ;�þ

�<E¥(DÑ�«>À!8§´L
<

�©z)¹"ÓÚ¥($13å/¥��

�36000km�pÝþ§æ^õ?»�u�§

�ã6.20"3/¡u��§k´ò¥(x\ ã6.20 ÓÚ¥(

C/=Ð©;�þ$1¶�¥(��/¥»�þ��§/¡��»�2g:»\�§

4¥(3»�²¡þUý�;�$1",�§�¥(��;���/:�§/¡2

g��»�:»\�§ò¥(�ªx\��é/¥·��$1;�"

ÓÚ¥(�¤±¡�/ÓÚ¥(0§́ Ï�3/¡þ*ÿÓÚ¥(§¥(�/¥

��é ��±ØÄ§?3�é·�G�"3/¥	*ÿÓÚ¥(§¥(K´?3

$ÄG�§Ù$1���/¥g=���Ó§$1;�� u/¥»�²¡þ��

/;�§±Ï�/¥g=�±��m�Ó§=23��56©4¦§�Ý���3.08km/s§

�/¥g=��Ý��§=ÓÚ¥(´�/¥ÓÚ$1�¥("

£3¤�g,ÓÚ. <��Ô�¤
��"î�Æ¬w�¨f§́ <3@�¥b

��Ô�l��mtÓÚ§3�x�Ô��mt�uÐ�Cz"XJr/<0À�Õá
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u�Ô�	§<��Ô¥�Ù¦|°g,�¤��2-�XÚ§�ã6.21"ù�¥§_

%�%%¥����Ò�=_�!%�§�¤<�g,m�ÍÜ�^§/¤�Ì_

�/¯u�þ0§%�/>&c10§�ö¶

,�N�ãx§=¥I�©z¥�4ã�g

,µ�§aqucÚPà�¤�)�'X§

�±Cq/^Lotka-Volterra�.�x§�

Ñ/<�g,Ú��)0�(Ø§=5��

²61o�Ù¥�/�ö��Ä§fö��

^0§Ì� E�Cz�uÐ"î�Æ¬)

º`§ù�´¥I�óÆ¥/U<Ü�0§ ã6.21 <�g,XÚ

=<�g,/�Ó�)0�ÓÚg�"

<�g,ÓÚuÐ�g�§3�f�5´²6��5©óD6¥L����²

(§é/�<01�JÑ�/�U/ÜÙ�§�F�ÜÙ²§�o�ÜÙS§�< 

ÜÙ380§ù�¥�/Ü0=ÓÚ�¦§�¦<�1��U/!F�!o�Ú< 

ÓÚ§Ï�/k�0�/�0�<�g,Üû=ÓÚ�?�§́ ¥I<©�z�J¦"

éA/§/�<0́ /k�k 0�<"Ó�§3<�g,ù�2-�)�XÚ¥§<3

�6g,)��Ó�§ÙÌ*¿£¬ég,u)��^"ù�¥§ÎÜg,uÐ5

Æ�1��g,�)¶ég,��6½»�1�XØ\±�å§\È��½§Ý¬

�)�C§r¤g,é<a��À§Ly��
4àg,/³ª��u§K�<a

gC�)�uÐ"�´Äu<�g,�ù«)�'X§¥I�<ég,��61�

½5�/Ã�0�ï§�¦<�g,ÓÚ=/k�0§�g,�)§ù�cÚPà

½Lotka-Volterra�.�2-�)�XÚ¥¤%¹�/éáÚ�0g���"

aq/§�<a*ÿ��g,XÚØÓ§<a�¬¥��«|�´d<�¤�

)ÔXÚ§́ <�¢y�½�8I§�p��(Ü¤�8N½ìN§3�½§Ý

þ¬É�<�Ì*¿£���"3ù«�/e§|�Ó�I��Æ@�g,¿�g

,ÓÚ§=|�j+L�Ú|���mt?§kSuÐ§�)µ 1©|�(��é
½¶2©|�j+!1�5���¤
�ÊH@Ó��l¶3©|�SÜ�|ÃÀâ�
NÚ�"¤±§XJr��|��¤
À�Ä�§¤
3|�(�þu��pK�

½ÍÜ�^"@o§|��n�G�´���g,�Ó�¤
UQ½j+Ú8I�

ÓÚXÚ§ùT´¥Ikó��<a�±YuÐ±���Ì7ã"

5.2.ÓÚ³?. <a���Ô¥���|°§é�Ô�@�gX_<¹�§�

Pf5��²6m�¥/¶�¶§�~¶0½�ç35KÜ�96¥/Ø£«ìý¡

8§���3dì¥0�g���§=<é�Ô�@�´<agCé�Ô��«Û
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Ü@�"XJÕ3<�g,ù�2-�XÚ¥"À<é�Ô�@�§=Ù3kÃu<

a�Ó�¬ég,�)k³�(J"Ó�§î�Æ¬)º`§�Æ�Û�5q~4

<wØ�ég,k³��¡§I�<aæ^|Ü��{?1ïÄ§r�Æ¤J��

<�g,ù�2-�XÚ¥�þ§ÑÖu<agC"{¤�²�L²§�Ñ�ÆA^

ég,�K�§Ø=¬ég,�)�6§é<a�¬�)K¡K�§Ñy¯�½/

J§ÓÚ�Ø~	§Xé¬!�Á+ÓÚ/é÷ �à�Ô�e�Ú¤��"

[àÚLx¯�] ù´��ý¢�ÏàÚLxÚuïì�¯�"1831c§�è<

»Õ¬WB��à§3��(�-eòX�à�ÚxÏL{I[9½����.¢

�x"wX¬W�à%É�<^§�
<Øgú/3�3èÎ�¡�rþ
x¡"

Ø�§3èÎ¯�Cx¥Ü�§x¡â,u

)r���Ä"Ø�¬�§�x¢�ä�§

x¡�¥§(WÚxþ�1<O\Y¥§Ü

©<Ïd��)·"�²L�
;�Å�

�¢/t�ÚïÄ§E¤ùgïì��Ï

´¬WàÚr�Lx�kªÇ�)
��§

Ï�¬WàÚr�ªÇ-|��x�kª ã6.22 ÜèàÚLx�³

Ç��§E¤xN�Ä�U\�A§¦�Ì�L
��|ØUå§�¦xN¨¥"ù

g¯�Úu
;�<¬éÓÚy���g"î�Æ¬`§�5NõI[5½§�è

<êÚ1Lx�§ò/àÚr0U�/BÚr0§±;�aq¯��u)"

{I<»Õ¬WàÚLx¯�3u¬WàÚr�ªÇ��x�kªÇ�)U
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⋃
S2�S1

⋂
S2 = ∅§́ ��²1�m"
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Ø©�F¿¼�Æ¬Æ "éd§M6aAaú4Ý��"
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º"2007 c§{I���¶Ïr§=5�Æ{I<6Ñ
�Ï;r§±VgM6a

AéÅ½�c�õ.)º�)Ê�±c§±9Ù3â»<a@�þ��z"

£2¤XÚUÄ5. 3é��¯Ô�XÚ@�¥§XÚdÄ�|Ü�¤"u´§

(½XÚ¥=�a|°½´f8�Ä�Ò´����¯�"XÚÄ��À�±�

xXÚ1��êþ���O§Ø¨Ã���[©e�"~X§î�Æ¬)º`§3

Å½��c¥§́ ±@�c�����N��XÚÄ�"c���«ÄÔ§ÙfX

Úk�Ç!��!*S!�z!�á!Ì�!ü�! ²!S©�XÚ)��10�X

Ú§d��1027��f�¤§k��2.5·� ²[�§�40·�M[�§ê10·�

N[��"@o§´Ä�±^c�10�XÚ½�1027��f!ê�·�[�|Ü�

x��cQº�Y´�½���ù���(J§Ø
O\¯K�E,5	§é£�

Å½�¯K���¿vk�Ï§Ï�XÚ½[��)�k¿Ø�Lc�)�k"ù

�§3�xÅ½�c�)k¯K¥§=Ir@�c��Ä�ÃIUY[©"aq

/§�x�+ÄÔ�1�§�±rz�ÄÔ��XÚÄ�¶�x�)Ô½¾Óé<

N�K�½ú³§KI�±<NXÚ½[��Ä��ïg|�XÚS"

ù�§XÚIÒãGL[S]����XÚIÒãaq§dÄ�v�¤GL[S]º:¶º

:vÚumXJ�3�^§K½Â(v, u)½(u, v)�GL[S]¥��^>"éA�§½Âº

:IÒ�Ä�v��§>IÒ�Ùë��ü�Ä�m��^rÝ"@o§N�æ^X

ÚIÒãGL[S]éù«g|�XÚ�?1�xQºî�Æ¬)º`§Å½��c¥§

�k��c§éA�XÚIÒã´ü:ãK1§Ùþ��IÒ�)�S1 Úk�S2�

¿§=²1�mS1

⋃
S2"

��/§ÃØ´�*XÚS§XM[��¤��M�´÷*XÚS§XÓaÄÔ

�¤�+§b�Sdm�Ä��¤§z�Ä�kn��s1, s2, · · · , sn"ù�§��{ü
¯K´XÚS��LyÑõ�«�n(S)Qº

��/§XÚS���z�Ä���k'§

=Ä���ØÓéAXÚØÓ��"ù�§

|^¦{{K§n(S) =
m∏
i=1

n = nm§=nm�

�"~X§éÅ½��c�k)�kü��

=n(S) = 2"éum�c�¤���c�[

x§aquÅ½�§̄ ù�[xÑy��=

�/§Kk ã7.6 Å½�c+(
m

0

)
+

(
m

1

)
+ · · ·+

(
m

k

)
+ · · ·+

(
m

m

)
= 2m

«"ùp§|Üê¥��ê0, 1, · · · , k, · · · ,mL«ù�[x¥c��¹êþ"
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1.3.gñXÚ. éÅ½�c)k�õ.)º�)û<a@�¥�/gñ0§)

º¸�f@K/gñ0ûó¥�.´g'ñ¹|�´ñ'gj�§=û<Ã¥�g

�ñLyÑ��
"¢Sþ§3û<^mÃ¥�ge��Ã¥�ñ�c§/g'ñ¹

|0Ú/ñ'gj�0��<ú�*ÿ�/�0Ñ�3§�Å½�c�)k§=ã7.5a

q§´ü�²1�mS1ÚS2�<ú�Uw��«§=/g'ñ¹|0½/ñ'gj

�0�(J"ù��y�3<a)¹¥�kNõ"~X§/9êm�0¥§�. /́ê

f¼�0� /́¿9¼�0§�,¿91?�Ý'êfú§�XJêfÜB½´ïþ

Ñ
Ù¦G¹§¿9�Ø´vk¼���U"ù�� /́9êm�0�óÆû¿§=

w¯K��¡§�âÛÜ(Ø@���¯ÔØ�½�("aq/§_<¹�@Kû

ó�¯¥§_<é��/G�@�3~<wÑØ�(§���o_<3@pj±C

�/�ØØ>Qºî�Æ¬)º`§Ï�¦�¥mvk<«@gCé���a�´

ÛÜ@�§z�<Ñ@�gCé���@�´�(�"aq/§<a3é@
å¤

ØU9�¯Ô@��qÛ}Ø´XdQ�)û<é¯Ô@�¥�Ø�n�G��_

<¹�¥�@ /úö0aq§=Ñy� '~<�/8�0a�õ§k/Ô�0±

þ�a�ì(½|�§w�<a¦é�Ô�@�(J",§=BÑyù�� P

k/Ô�0½/l�0±þ�úö§¦é�Ô�@�Ò�½´¯Ô��5¡8íº3

Ü6þ§Ø�ù �ö´��»Ó3!Ã¤ØU�/�Ô� 0§¦é�Ô�@�E

´�«ÛÜ@��ù��´Pf5��²6m�¥/¶�¶§�~¶0��¿"

@o§N�)û<aÛÜ@��)�gñ§qN�3é�Ô@�¥jÅÜ6�

��KQº�Y´�ï�«�Ngñ�@�NX§Ï�3M6aA�Å½��c�

Ñ�õ.)ºL + D¥)L�kD´�égñ§§�Ó?u��c�L + D�¥"

3<a�@�NX¥§ún´�â<a�Ïn5�¢�¯¢§ÃI2y²�

É�Ä�·K¶·K´<a�âún�lÜ6���KíÑ�@�(Ø§ùa·K

��´Ãgñ=�N�"ù�§�ï���Ngñ�Ü6NXI�3@�únþ�

Ngñ§?@�¯Ô��5¡8"

SmarandachegñXÚ.��XÚS¥�únA¡�´SmarandacheÄ½�§X

JúnA3S¥�±Ó�¤á�Ø¤á§½ö´Ñy±ü«±þ��/Ø¤á"éA

/§���¹SmarandacheÄ½ún�XÚS¡�SmarandachegñXÚ"

@o§ù«�Ngñ�3�SmarandachegñXÚ´Ä��5/�3Qº�Y´

�½��~X§�¹SmarandacheÄ½ún�SmarandacheAÛ"·���§îAp

�AÛ´Ê^úníü�(J§=µ1©d?¿�:�,�:����¶2©�^k��
��±UYò�¶3©±?¿:�¥%9?¿�ål�±x�¶4©���Ñ��¶5©l
��	�:�U��^²1��"y3§�R2���îAp�²¡§A,B,C�R2þ
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n�Ø���:"½Âs-:Ps�²¡R2þ�¤k:§s-��Ls�îAp�AÛ¥@

²L�=²LA,B,C¥��:���§Kù��:�8Ü{Ps;Ls}�¤²¡R2þ

���SmarandacheAÛ"

r
r r
r
r

r r
A B

C

F G

D

E

(a)

L1 r
rr r

C

A E B

(b)

L1

L2

rD

ã7.7. SmarandacheAÛ«~

Äk§îAp�AÛ¥�11ún3{Ps;Ls} ¥C¤�^s-��½Ãs-��§Ï
�Lü��A,B,C¥:Ø���:D,E�3�^s-��²LD,E¶�²LABþ�

ü�s-:F,G½´ùü�:Ø�A,B,C¥�:��§K{Ps;Ls}¥vk²LF,G�s-
��§Xã7.7(a)¤«¶Ùg§îAp�15ún3{Ps;Ls}¥¤��^²1��½
Ã²1��§Ï��L1, L2�²L:C�ü^s-��§Ù¥L1²1���L2Ø²1

uAB"ù�§²L?��Ø3ABþ�s-:DØ�3²1uL1�s-��"�XJ�

ãDB§DA½DC-|²1uL2§KL:D�3�^s-��²1uL2"ÄK§Ls-�

�L2	��:DØ�3²1uL2�s-��§Xã7.7£b¤¤«"

5¿§3Å½�c)k�õ.)ºL+D¥½Â·KAµ/c´¹�0§Bµ/c´

k�0§K·KA½BÑkSmarandaceÄ½ún5�§=L+D´��Smarandacheg

ñXÚ"Uì²;�Æ¥�Ü6��§�±U·KAÚ·KBéc�L + D?1�m

©)§��c�)�LÚk�D�kL
⋂

D = ∅§=L�D²1"ù��/+0́ �«

AÏ��þ�m\{§¡��Ú§PL + D�L
⊕

D"éù«c�L + D�?�Úí

2=�SmarandacheU�m§½Â�

SmarandacheUXÚ.é�ên ≥ 1§�(S1,R1) , (S2,R2) , · · · , (Sn,Rn)�n�

üüØÓ�²;êÆXÚ§=é?¿�ê1 ≤ i ≤ n Ri ⊂ Si × Si§kSi 6= Sj½Si =

Sj�Ri 6= Rj§1 ≤ i, j ≤ n§��SmarandacheUXÚ½Â�

(S ; R) =
n⋃
i=1

(Si,Ri) (7.1)

ùp§S =
n⋃
i=1

Si§R =
n⋃
i=1

Ri"

Å½�c�L + D¥kL
⋂

D = ∅§���/§éSmarandacheUXÚKØ�

¦(S1,R1)
⋂

(S2,R2) = ∅§=§��m#NkU§�8Ø�½´�8"î�Æ¬
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w�¨f§?Û��SmarandachegñXÚÑ´SmarandacheUXÚ"¢Sþ§b

�XÚS´��SmarandachegñXÚ§d½Â�±©�±eü«�/µ

�/1. XÚS¥�3��SmarandacheÄ½únAÓ�¤á�Ø¤á"

ù�§½ÂΣ1 = {x ∈ S¦únA¤á}§Σ2 = {y ∈ S¦únAØ¤á}"K
kS = Σ1

⋃
Σ2, =S´��SmarandacheUXÚ"

�/2. XÚS¥�3��SmarandacheÄ½únAØ¤á§ÙØ¤á�/�W1,

W2, · · · ,Ws, s ≥ 2"

ù�§é?¿�ê1 ≤ i ≤ s§½ÂΣi = {x ∈ S¦únA±Wi��/Ø¤á}§
�Σ0 = S\

s⋃
i=1

Σi"ùp§8ÜΣ0�U´���8§Kk

S =

(
s⋃
i=1

Σi

)⋃
Σ0,

=S´��SmarandacheUXÚ"

ù�§��SmarandachegñXÚS�du��SmarandacheUXÚ(S ; R)§

�±�(Si,Ri) , 1 ≤ i ≤ n�XÚÄ�§KXÚIÒãGL[S]�º:8Ú>8�

V
(
GL[S]

)
= {S1,S2, · · · ,Sn},

E
(
GL[S]

)
= {(Si,Sj) |Si

⋂
Sj 6= ∅, 1 ≤ i 6= j ≤ n}

�é?¿�ê1 ≤ i 6= j ≤ n§º:Ú>IÒ�

L : Si → L (Si) = Si � L : (Si,Sj)→ L (Si,Sj) = Si
⋂
Sj"

~X§b�8ÜS1 = {a, b, c}§S2 =

{a, b, e}, S3 = {b, c, e}, S4 = {a, c, e}§
=n = 4�Ri = ∅, 1 ≤ i ≤ 4�§

S =
4⋃
i=1

Si = {a, b, c, d, e}

���SmarandacheUXÚ§éA�XÚ

IÒãGL[S]�ã7.8¥���IÒã" ã7.8 Smarandache XÚIÒã

î�Æ¬w�¨f§Q,��SmarandachegñXÚ�du��Smarandache

UXÚ§ù��5§3�lÜ6����Ke@��Ô§<�ÒI��x��¯Ô

éA�SmarandacheUXÚS½ÙéA�IÒãGL[S]�G�§U_<¹��¯¥

@ úX�_<��Ú@���¯Ô§ù«@�T´�«|Ü@�"
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<a@���¯Ô�5¡8�¢�§3u�xT¯ÔéA�SmarandacheU

XÚ§XÚÄ��U�l§��UØ�lÓÚ5K"��/§�S =
n⋃
i=1

(Si,Ri)�

��SmarandacheUXÚ§éA�XÚIÒã�GL[S]"ù�§N�ιv : GL[S] →
v ∈ V

(
GL[S]

)
§=ιi : S → (Si,Ri) , 1 ≤ i ≤ n¡�� N�§éA�Ôn¹Â´

��¯Ô��5¡8GL[S]�<�ÛÜ@�vi§=fXÚ(Si,Ri)�N�§´<�@

�L§�x"ù�¥§é?¿�ê1 ≤ i ≤ n§fXÚ(Si,Ri)Ø´�á�§�Ù¦X

Ú(Sj,Rj)§=Si
⋂
Sj 6= ∅�XÚSj, 1 ≤ j 6= i ≤ nm�3Ä�U"�A/§IÒ

ãGL[S]¥���º:vi���@
º:3XÚS¥U"

3êÆþ§� N��±w�´d��¯Ô�

�NGL[S]�ÛÜvi ∈ V
(
GL[S]

)
�ÝK§Xã7.9¤

«��N��ÝK"y3§��g,�¯K´ù�

�� N�´Ä�*�3Qº�Y´�½��~X§

Å½�c�)k�L
⊕

D´��SmarandacheUX

ÚPL
2"ù�§�3ü�<�ÛÜ@��§=c�)

�ιL : L
⊕

D → LÚk�ιD : L
⊕

D → D"3<�

mÝX�§uyc?3)�L§=/c´¹�0§K/c

´k�0Ø¤á§í�D = ∅§���½,"�d§Å
½�c�)k�L

⊕
D´��n = 2�UXÚ"Ó ã7.9 á�N�ÝK

�§c�)½k3<aw5äkü¦5§=��c´¹�½ö´k�§�ö7ØÙ

��ØUÓ�Ñy"

<aé��¯ÔTd�ÛÜ@���N@�´�ì?L§§=1�Ù1Ê!¥

�L«ª

T =

(
n⋃
i=1

{µi}

)⋃(⋃
k≥1

{νk}

)
,

ù¢Sþ´��SmarandacheUXÚ§Ù¥�µ1, µ2, · · · , µn�¯ÔT3��t�®
�A�§νk, k ≥ 1���A�"@o§/N��xþª¥SmarandacheUXÚ��

 N�Qº0¯K�'�3uN�n)ªf¥�{µi}, 1 ≤ i ≤ nÚ{νk}, k ≥ 1"î

�Æ¬w�¨f§XJòT�du��d��¤�SmarandacheUXÚT̃§=T̃ =

{aλ|λ ∈ Λ}"ùp§Λ�T¥�éA��I8Ü"b�T¥?���aλ�A��χ(aλ)§

KA�µi½νk¢�þ´3éT¥��UA�µi½νk ?1©a

{µi} = {aλ ∈ T |χ(aλ) = µi} , {νk} = {aλ ∈ T |χ(aλ) = νk} , (7.2)
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=é?��ê1 ≤ i ≤ n½k ≥ 1§{µi}Ú{νk}©O�T¥@
A�µi½νk��|¤�
��f8"ù�§̄ ÔTþ�� N�=�<a@�T�A�

µi : T → {µi} Ú νk : T → {νk}§ (7.3)

aquéÅ½�c)½k�*ÿ§é?��ê1 ≤ i ≤ n½k ≥ 1§ùp�A�µi½νk´

<é¯ÔT*ÿ�(J"��éÅ½�c�*ÿØÓ§ùp�A�{µi}, 1 ≤ i ≤
nÚ{νk}, k ≥ 13n ≥ 2�Ø2äkü¦5�"

¨ff�ùpk:¦¾§¯î�Æ¬µ/ww§‘A�’�caúk:Ä�§sU

ØUÞ��Ï��~f)º�e� N�Qº0î�Æ¬¯¨µ/��³¥C÷
°

JÚg§\N�(½³¥kõ��°J!õ��gº0̈ f£�`µ/ù�{ü§�±

l³¥r°J½g���/aÑ5§2ê�HÒ��³¥kõ��°J!õ��g


"0î�Æ¬q¯¨µ/\��o�r°J½g���/l³¥]Ñ5Qº0̈ f£

�`µ/°JÚg´Ø���YJ"0î�Æ¬¯¨µ/��o°JÚg´Ø���Y

JQº0¨f£�`µ/Ï�§���a!��!¹0!YÚ��ØÓ�0î�Æ¬:


:Þw�¨§ùp§°J½g´«O³¥YJ�A�"�A/§r°J½gl³

¥���/]Ñ5�L§§T´d³¥YJ�°J½g���� N�"

2.1.þfÅ�.²;åÆæ^�:� �ÚÄþ£��:�G�"~X§�A!B

´ý�¥�þ©O�m1Úm2 ü��5�¥§±�Ýv1Úv2 3�:O�E�÷X�

^��_�1§Xã7.10¤«"ù

�§b�-E��¥A!B��Ý©

O�v′1Úv
′
2§K�â²;åÆ¥�Ä

þÅð½Æ

m1v1 +m2v2 = m1v
′
1 +m2v

′
2 ã7.10 �¥-E

��¥B�$Ä�Ý

v′2 =
m1 (v1 − v′1) +m2v2

m2

,

==IéA!B¥����¥ÿþ-E���Ý=��,���¥��Ý"aq/§

)¹¥�kù��N�"~X§,<k�V�f§��ùÚ��xÚ"3��Öç�

��§¦Bþ�f�r�´�ew
w��§uy��þ�´ùÚ�f"@o§¦

Ø^2wm�=íäÑm�þBXxÚ�f§Ï�ùÚ!xÚ�f��k��§�

d=*"ùü�~faqu�*.¥�þfÅ�y��ÑØ´þfÅ�§Ï�§

�ÑØäk�Å5§́ 3Ü6þ�±���Ñ�(Ø"

�*âf�=É�5�#Lu§�Ø(½5§î�Æ¬)º`§é�*âf§
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<Ã{O(/Ó�ÿþÑ§� �ÚÄþ§=�lÿØO�n§$Ä�k�½�

�Å5"ù�§�÷*.�/ØÓ§<�Ã{æ^ÏJ'Xýÿâf�G�§Ï

�V¿¢�L²3<��*âf�¤�2-�XÚ¥§<�ÿþ1�¬Z6�*âf

G�§Ã{¼�Õáu<ÿþ1��âfG�"ù�§�x÷*�:��ªØ·

^�*âf"�d§ÔnÆ[Å�Ú\
Å¼ê�x�*âfG�§@��*â

f´�mÚ�m���E¼êΨ(x, y, z, t)§¡�/Å¼ê0§ò|Ψ(x, y, z, t)|2)º�
âf3��tÑy3:(x, y, z)NCü NÈS�VÇ§��lÅ�U\�n§=X

JΨ1(x, y, z, t)§Ψ2(x, y, z, t)´ü�XÚ�UG��Å¼ê§K

Ψ(x, y, z, t) = c1Ψ1(x, y, z, t) + c2Ψ2(x, y, z, t) (7.4)

´XÚ�Å¼ê§�÷vÅ½��§

i~
∂Ψ

∂t
= − ~2

2m

(
∂2Ψ

∂x2
+
∂2Ψ

∂y2
+
∂2Ψ

∂x2

)
+ UΨ◦

ùp§m´âf��þ§c1, c2´ü�~ê§~ = 6.582 × 10−22MeV s�ÊK�~

ê§Uâf|�³U"±Å½�c���~§Ψ1(x, y, z, t)ÚΨ2(x, y, z, t)©OL«

c�)�Úk�§KéA�� N��Ψ(x, y, z, t) → Ψ1(x, y, z, t)ÚΨ(x, y, z, t) →
Ψ2(x, y, z, t)§=Å¼ê� "

@o§�o´þfÅ�QºþfÅ�´�*âf��«y�§�ü�Å�3�

å�âf©l�§éÙ¥��âf?1ÿþ§,��âf�¬=�u)�A�G�

Cz"1935cOÏd"Ú,	ü ÔnÆ[35ÔnµØ6þuL
���<¡�

�EPRØ©§?Øü��*âf��f¥iZ§@���ÔnnØéÔn¢3�£

ãXJ´���§@oÔn¢3�z���Ñ7L3TnØ¥kéA�þ§=��

5�â"�<�ØéNX?1?ÛZ6%U(½/ýó,�Ônþ���§7½�

3X��Ôn¢3���éAuXù�Ônþ§=¢35�â"ùp�¢35�â

�¹X/½�5b�0§=XJÿþ�ü�NXØu)�p�^§@oé1��NX

¤U��ÃØ�o¯ÑØ¬¦1��

NXu)?Û¢3�Cz§�þfå

ÆØ÷vù
�â§´Ø���"~

X§ÃØ3Û�éü�©l��Å�â

fAÚB��?1ÿþ§��ÿþA�g

^��´�þ§KB�g^���½�

e¶��§XJÿþA�g^���e§
ã7.11 Å�âf

KB�g^���½�þ§Xã7.11¤«"aq�âf5��k �!Äþ�"�ó

�§éâfB�ù
5�ÿþ(J�A��§�±=ÿþÙ¥��âf§XâfA Ò
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��âfB�5�§aqu²;åÆü��5�¥-E�=Iÿþ���¥Ò��

,���¥G���/§,ùp��*âf�²;åÆ¥�¥�(½5ØÓ§�

*âf�k�Å5"

²;åÆ¥§<�é-E���¥Aÿþ�§Ø¬K�A�$ÄG�§�3�*

.¥§ÿþâfA¬K�A�$ÄG�"3ù«�/e§�Ã´�3�«&ED

4§r<éâfA�ÿþ/]�0w�
âfB"�§´Now��§q´XÛw�

�§<�q£uéØ�&ED40�"Ø�®§�Uòù«âfÅ�y�8��«

��²;åÆ5Æ�/�å�^0§OÏd"$�òþfÅ�¡�/X_(���ù

��å�A0§Ï�§�âfZ�Á�aq§Ã{æ^²;åÆ�5Æ)º§ù�l

��ý¡2g`²<a@��Û�5"

@o§éþfÅ�y�AN�?1)ºQºOÏd"�J�ö§ÔnÆ[À0

u1957cJÑ
�«ÛCþ)º��
OÏd"�7ü§=3þf.¥§âfE

´÷X�^°(�ëY;,3$Ä§�ù^;,Øü´d<3÷*.¥uy�å

û½§�É�þf³�K�"ù«þf³dâf�Å¼ê�)§���âfJø¤

3�¸�UÄ&E§Ú�Xâf$Är�§E¤âfØÓu÷*ÔN� ÛLy"

3À0éþfÅ�y��ÛCþ)º¥§þfXÚ�5�Øü´áuXÚ��§â

f�üz��¡�ûuXÚ§,��¡�ûuÿþ¤ì§éÛCþÿþ(J�ÚO

©Ù¬�ÿþC��ØÓØÓ"ù��5§�y
À0�ÛCþ)º�þfåÆ

éÿþ(J�ýÿ���Ó",§¦+Å0�þfÅ��Ñ
�«�þfåÆ�

��)º§�Ï�Ú\
âf�ÛCþ§âf(½� �Ú�Ý3�K�U[�Ø

�<ÿ�§<a��U[�Ã{��âfý¢�$Ä;,"ù�´Å0�ÛCþ)

º4�
<Ø�É��Ï"

3êÆþ§éN´�xþfÅ��ÛCþ)º"b�SÚS ′´ü�8Ü§XJ

®�N�f : S → S ′Úf ′ : S ′ → S´�þ�§=f(S) ⊇ S ′§f ′(S ′) ⊇ S§K

¡SÚS ′���Å�é"ù�§<�����SÚS ′¥���8Ü§K,��8Ü

�±dN�f½f ′�^��"~X§f½f ′´��1 − 1 éAN�½öf : {S, S ′} →
{0,+1}´��2-�¼ê�÷vü¦5§=é?¿�x ∈ S, y ∈ S ′÷vf(x) 6= f(y)§

KSÚS ′�½´��Å�é"�?�Ú§��±38ÜSÚS ′þD��ê(�§X

+!�½�§Kd§���ê5�éN´d��8Ü��,��8Ü"~X§b

�SÚS ′�ü�Ó��k��§K�����Å�éSÚS ′"aq/§Å½�c�

)LÚD§±9þfÅ�¥�AÚB´3÷vü¦5��2-�¼ê�/§�¤��´

Å�é"@o§��Å�éSÚS ′´Ä�½�±�<�Sú*ÿ�Qº�Y´Ø�

½�î�Æ¬w�¨f§¿�?Û�«g,y�<�/8�0ÑU@�§Ï�<é�
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Ô@�k�½�Û�5"�ddpu�¯K´§<aé�Ô@�¥§/´Ä=ÏÛC

þØUú��¢Ø@�Å0�ÛCþ)ºQº0�,ØU�î�Æ¬)º`µ/Û

Cþ)º´éþfÅ���«�Æ)º�0

2.2.�å�^. À0éþfÅ��ÛCþ)º�3�*.£û½Ø½ÏJ

Ø§=�*âfE÷X°(ëY;,$Ä§�´<aÏÛCþ��ÏÃ{éâf

?1°(ÿþ"@o§��oÅ0éþfÅ��ÛCþ)ºØ��
<@ÓQº́

Ï�ÛCþ�¤±�/Û0§é<ÿþ5`Ò´éØ�ù��Ôn¢3§Evk)

º�Ù/�å�^0=&E�]�D4¯K§ùÏL"À�'<a)¹.���

�Ý�é¬3²¡.�)¹�±)º"3<aw5§é¬)¹�.�k�!°

vkpÝ�Vg"éu²¡Iþ�ü�:AÚB§3A:�é¬�D4�3B:�

é¬��&E§�U´²d²¡Sþ��X�:(x, y) |¤��ãAB?1D4§X

ã7.12¤«"�3<aw5§�k�^�C�&ED4Ï�§=÷XR���zD4"

ù�§A!Bü:3²¡Iþ�,?uØÓ �§�§�3z ��þ�ål�0§Ò�

½�±÷z��¢y]�&ED4§=

]�D4§�ù�éué¬§=B´3

<n)þK´��aq_(�^�Ø

�gÆ¯�"

ù�¥�Ø%¯K3u§&ED4

I���m�Ý´õ�§�½I�n�

�Ý=�m0�D4íºî�Æ¬w�

¨f§<�3n)&ED4���´a
ã7.12 é¬N�_(�^

'¤�å�D4L§§ù´<a�Bua���/"�´Äuù��«a�L§§

<�3n)&ED4�§@��½�3<���0�?1&ED4§r0��3

�3-��m�Ø/n)�&ED4�m"@o§<a?1��«��D4´Ä�½

´3-��mQº�Y´Ø�½�~X§Uþ!9þÚ1�¯�D4�(I�/��0

�0D4§�Úå!̂ å�D4´²d0�D4�íºÚîåÆ¥rÚåÀ��«

�å�^§OÏd"òÚå)º��m��^§äó<a)¹��mØ´²��

m´��m§́ �m���A/¤
Úå¿âdJÑ
Úå|�§§¦¢S

þ´3)ºÚîåÆ¥�/�å�^0¶ð�d�ò^åy�)º��mA5=|

�^§Ó�vkuyD40�´�<b��3�«^0�3D4^å"ùp§Ã

Ø´Úå�´^åD4§Ñvkuy<a��D40�"�d§rÚå!̂ å�D

4�mÀ�3-��m¿vkyâ"Ó�§<�b��Ñ!&ÒD4´3/Ï�C!1

C¥�D40�§�éÃ�&Ò�D4Å�¿Ø�Ù§�´�âð�d��>^|
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nØU
¢y§é&ED40�¤I��m�Ý´õ�¿Ø�Ù"AO´§3<a

�@�¥r&En)�êâ½?è§&ED4�1-�m=�ÃI3-��m"@o§

��o<�@�&ED4I�3-��m½|QºÏ�ù´<3D40��À�b�

e§@�§�D4I�|§=�«3z�:D��3-��m§�<��8��3¢

�¥*ÿ�Úå!̂ å½&E�D4L§§=´ò§�)º��m�A"

ù�:)º�Ù§Ò�±rÅ0éþfÅ�)º¥�ÛCþ)º�Ù§?n

)��o3<ÀúeþfÅ�´�«/�å�^0½/_(�^0"<aé�Ô@�

¥k��k�b�§=/&E�½²d<�À�0�D4§´3<�À�3-��m

¥D40§aqué¬4u²¡@��/§3ã7.12¥@�Ø�A!Bü:÷z��Ó

��±D4&E§AO´�A!Bü:3z��þ�ålªu0�§÷z��=�¢y

&E�]�D4"bXé¬édk@�Uå§§��UòÙ)º�/�å�^0§Ï

�3é¬w5§lA:D4&E�B:§�U´²d�|^g���3²¡Iþ��

ãAB��B:§�3<w5§ØL´A!Bü:÷z���ålªu0�(J"

@o§Å0éþfÅ�ÛCþ)º¥�ÛCþ?3�o �§́ 3<�Àú�

mSíºXJ´§<��ª¬é�ù
ÛCþ¶�XJÙ¥�ÛCþØ3<�Àú

�mS§<�/8�0�U[��uyØ
OÏd"�EPRØ©¥J¦�/Ôn¢

30"3ù«�/e§/¢yØ
ú��¢´ÄÒØ«@§��3Qº0�,Ø´�Ï

�<é�Ô�@�kÛ�§É<�/8�0a����§é@
�lÜ6���K

�@�£)º¤E´�«�Æ@�£)º¤§Ó�áu�Æ��Æ"

ù�¥�k��¯K§��o<��ÉOÏd"éÚå´�m��A§ð�

d�é^å´^|�A�)ºØ�ÉþfÅ�¥�&ED4´ÛCþ�^Qºî

�Æ¬)º`§<��¤±�ÉOÏd"éÚå!ð�d�é^å�)º§́ Ï�

�,�m��^|�AEØ /́ú��¢0§�<��±��Ñ�m�Ú^cá

Ú��/§��É¦��)º"�A/§Ø�ÉÅ0éþfÅ�ÛCþ)º��

Ï3u/Û0i§<�Ã{��ù�3��ö�þfm&ED4�CþN�¢y&

ED4§=: 1©@�&ED4I�3-�0�¶2©ØÓ)Ô�m�i\(�"é¯� 1©§
þ¡®�ã§=&ED4I���Ý´1-��mØ´3-��m¶é¯� 2©I��
Ñ)Ô�m�i\(�§?n)�å�^"@o§�o´)Ô�mQº)Ô�m

�½ÂXeµ

)Ô�m. )Ô�m´,�)Ô«+)��@��Ô�î¼�mRk, k ≥ 2"

~X§é¬�m´îAp�²¡R2§<��m´îAp�3-��mR3§'<@

�Uå�r�/)Ô0�m´R4,R5, · · ·�"@o§3p�)Ô�m¥§$�)Ô
�m´N�æ[�QºÓ�«+)Ô�@�Uå�Ó§)Ô�mAT´���"ù
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3pÑ���Ý�)Ôw5§ØL´O\
���Ý§=$�Ý)Ô�m3õÑ�

@��Ýþ��´�Ó�"~X§é¬�@��m�²¡R2§i\�<�@��

mR3¥§31n��Ýzþ��I�´���"ù�§U@�Uåy©§)Ô�m�

i\R2 ⊂ R3 ⊂ R4 · · ·¿�´,ÏÃÙ´k�½5Æ�Ì�§ù�5ÆÒ´.�
)Ô�mi\�þ��)Ô�m¥§O\�@��I��Ó§Ly�

{(x, y, 0, · · · , 0)} ⊂ {(x, y, z, 0 · · · , 0)} ⊂ {(x, y, z, w, 0 · · · , 0)} ⊂ · · ·◦ (7.5)

ù�¥�{zå�§.�)Ô�mO\��Ý�IL«�0"~X§é¬�mÚ<�

@��m'X{(x, y, 0)} ⊂ {(x, y, z)}�"
y3§î�Æ¬)º`§�±)ºþfÅ�¥Ñy�/�å�^0
§=Å�

âfm�&ED4´²d1o��ÝwD4�§Ï�&ED4I���m�Ý´1-

�"@o§ù«�å�^´N�¢y�QºÏ�ü�Å�âf3<�Àúe©m�

E?3<�@��mR3§§�1o��Ý��I��Ó"ù�§<��éâfAÿ

þ§âfBBÓ��¡§ÃI0�D4"

��/§é��SmarandacheUXÚS =
n⋃
i=1

(Si,Ri)��±��(7.5)ù«f

XÚ(Si,Ri) , 1 ≤ i ≤ n3S¥�i\'X§=

S1 ⊂ S1

⋃
S2 ⊂ S1

⋃
S2

⋃
S3 ⊂ · · · ⊂ S (7.6)

÷vSi
⋂
Sj = Tij ⊂ Rkij , 1 ≤ i 6= j ≤ n"ù�§é?¿ü�fXÚ(Si,Ri) , (Sj,Rj)§

X�3���êS�ii1 · · · isj¦�kii1 , ki1i2 , · · · , kisj ≥ 1§K3nØþ�±¢yfX

Ú(Si,Ri) → (Sj,Rj)�&ED4"�?�Ú§XJkkii1 , ki1i2 , · · · , kisj ≥ 3K�¢

ydfXÚ(Si,Ri) �fXÚ(Sj,Rj) , 1 ≤ i 6= j ≤ n�3-�ÔN[£"

2.3.3$êiiZ.b�kX!Yü�Ý

f§z�Ýf¥kùÚ!7Ú�¥�1�"

iZ´zn�<§�A!B!C��|§�g

3X!Y¥Ä�¥§5K´z�<þlXÝ

fÄ����¥½´��<lX!,ü�<

lY¥Ä��¥¶z�<Ä��Iò�¥�

£�Ýf¥�e��<2gÄ�§¿3�

Ü�þW�Ä�3$êi´1�´-1§�Y
ã7.13 n<�ÅÄ¥iZ

é�|Ù¦¤
��¶¼�^�´�|þ3X¥Ä��¥�3$êi�¦È�-1 ½

´��<3X!ü�<3Y¥Ä��¥�3$êi�¦È�1"~X§,���|¤


þ3X¥Ä�§A£��3$êi�-1§B!Cü<£��3$êiþ�1§Kn<

Ä��¥�3$êi�¦È�−1× 1× 1 = −1§�|¼�"
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y3§PA!B!C3X½YÝf¥Ä��¥�£��3$êi©O�XA, YA, XB,

YB, XC , YC"ù�¥�z�þ§XXA½YAk1½-1ü���§Xã7.13¤«"@o§

���|N�âU3iZ¥¼�QºUiZ5K§�|¼�I÷ve¡o�^�

��§=

XAXBXC = −1, XAYBYC = 1, YAXBYC = 1, YAYBXC = 1◦ (7.7)

~X§XA = 1, YB = 1, YC = 1�"5¿§XJXA, YA, XB, YB, XCÚYC3z�ªf

¥����Ó§Kù4��ª�¦È�(XAYAXBYBXCYC)2 = −1§ù3¢ê�þØ

�U¤á"�d§XA, YA, XB, YB, XCÚYC3(7.7)ØÓ��ª¥��Ø�½�Ó"ù

�§¦)�§(7.7) ���|¼��XA, YA, XB, YB, XC , YC����{1ØÏ"

w,§î�Æ¬)º`§XJ3iZ¥#N��<òÄ��¥�£��3$ê

iw�|S,	ü�<§�|éN´¼�"~X§A3X¥Ä�ùÚ�¥§£�3$

êi�-1 �§B ÚC ��I�3Ä��¥�£�3$êiþ�1½þ�-1��|=

¼�¶aq/§A3Y¥Ä�ùÚ�¥£�3$êi�-1�§B!Cü<3X!Y¥Ä

��¥���£�3$êi�1§��£��-1 ��|=¼�ÃIwÄ��¥�

ôÚ",§iZ5K´A!B!Cn<Ø�ògCÄ��¥�£��3$êiw�

|S¦<§{ä
�|¤
m�&EDÂ"

@o§́ Ä�3ù��«5K§¦�|n�¤
Ä��¥£�3$êi1½-1�

±¼�Qº�Y´�½�§=|^þfÅ�Ø�Ä��¥�ôÚ¤(6�3�{

þ§I¯k��3�g^Å����*âf§X>f!1f�")mÅ��§A!B!Cn

<������*âf"y3§XJA3XÝf¥¹�¥§¦ÒÿþÃ¥�*âf

÷x¶���g^§òÿþ���1½-1��3$êi¶aq/§XJA3YÝf¥¹

�¥§ÿþÃ¥��*âf÷y¶���g^�1½-1¿��¦�3$êi"ù�§�

|n�<XJÑ´3XÝf¥¹�¥§£��3$êi¦È�½´-1¶XJ��<

3XÝf§ü�<3YÝf¥¹�¥§£��3$êi¦È�½´1"��o´ù�

QºÏ�A!B!Cn<Ã¥��*âf´Å��©l��*âf§÷Xx¶��ÿþ

g^��§ÿþ(J´��-1ü�1¶aq/§÷x¶��ÿþg^���-1§÷y ¶

��ÿþ�g^��´��1��-1"ù�§�A!B!Cn<3XÝf¥¹�¥£�

�3$êi¦È´-1¶��<3XÝf!ü�<3YÝf¹�¥�£��3$êi

¦È´1§÷viZ¼�^�"

2.4.þfÛ/D�.<a)¹33-��m¥§�±3R3¥�¿?13-�ÔN[£

ÃI/Ï�p�Ý§�N�¢yé$�ÔN!0�?1[£½DÑ§XØ/Ï3-�

0�N�¢y1-�&ED4E´��)û�¯K§Ï�<ú¥�*Ô���Ý´3-

�"ù�¥§Ã�>D4/Ï�´>^Å§́ 3A^ð�d��>^|§=3-�|D
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4&E�&E�1-�D4"î�Æ¬w�¨f§þfÅ�é<a¢y&E�1-�

D4§=Û/D4Lké&"

3þ¡3$êiiZ¥§�||^þfÅ��/�å�^0½/Û/DÑ03

iZ¥¼�§ù�¥§�|¼�A^�T´þf�Û/D�"��/3þfÏ&¥§

b�I�3`!̄ ü�<�mDÑâfα�þf�Ψ"@o§N�3�äþ?1&E

DÑØ��Qº²;�{´éD4&E\�§3A!Bm©�¯k½Ð���?1

\�Ú)�"ù�§XJ����=u)&E��"éd§þf�Û/D��±k

�ý�&E��§Ï�éÅ��©l�þf§zgÿþ(JÑØ��"@o§þf

Û/DÑ´N�?1�QºþfÛ/DÑL§§Xã7.14¤«�`DÑ&Eα�¯"

ã7.14 þfÛ/DÑ

ùp§EPR�)¤Å�âf¿òÙ©l�C�½XÚ"Äk§I��`!̄ �©

���Å��©l��*âfA!B¶Ùg§`éâfαÚA?1�géÜÿþ§ù

�ÿþò��α!A!B �¤�âfXÚu)� "ù�§duâfA!Bu)LÅ

�§/�å�^0òþf�Ψ��«C�ö�Û//dAD4�B§̄ éâfB�ÿþ

=�¡`éâfA�ÿþ(J¶ù�§�¯Â�`ÏL&EÏ�D45�ÿþ(J§

=þf�Ψ�L�C�(J�§éÿþ(Jæ^_C�=���âfα�þf�Ψ§

¢yâfαþf�Ψ�Û/DÑ"

î�Æ¬w�¨f§þfÛ/DÑEâ�Ø%´A^Å�âf©l���å�

^§́ d3-�0�ü�1-��&ED4§=A^�mi\@(7.5)1o��Ý?1&E

]�DÑ�¯~§�<��8¿Ø�Ù1-�&ED4�Ån§=´ïá3þfÅ�þ

��«��A^"5¿§þfÅ�´�«AÏ�SmarandacheÅ�é§þfK´�

�u)ì"<�éþfÅ�aú �¿�´?è½����§´Ïþf1�� �

�Ø(½5"¢Sþ§�ã7.14¥�þfÛ/DÑaq§�±A^SmarandacheU

XÚÚSmarandacheÅ�éS, S ′��5/�Ñ?èÚ)è��"ù�§b�I�D4

&EI§&EuÑ<`���SmarandacheUXÚÃ =
m⋃
i=1

Ai§̂ Ai, 1 ≤ i ≤ m¥�

,
8ÜÚSmarandacheÅ�éSé&E?è!\���\�&EÃ′§2æ^úm�
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êi?èé&E?è½\�?èêiz��I(Ã′)3²;&�þDÑ¶�Â<¯éÂ

��&Eæ^úm�êi?è��ÚSmarandacheÅ�é¥�S ′)è§��Ã′ÚÃ§

2|^SmarandacheUXÚ�� N�dÃ��Ai, 1 ≤ i ≤ m¼�ý¢&E"�

,§aquþfÅ�¥�EPR§Ik�«B��SmarandacheÅ�éÚUXÚ

A����u)ì§?âU��5/ÿ2�å�^3&EDÑ¥�A^"

13!êÆÛ�

êÆ´���x�mÚêþ'X�/ª�Æ§ÙÛ�5u�Æ�Û�5"�

�þ§êÆ?Ø�é�Ñ´<�½Â�Ä�§ÙÌ�õ^´�Ù¦�Æ½þ�x�

Ô§n)÷*Ú�*¯ÔJø�«Ä�óä"��¡§êÆ´<aÄ�g���Ô§

�±À��Æ��Æ¶,��¡§Ô�û½¿£§êÆ´�Ô3<M¥��N�Ä

�"êÆMEu<aé�Ô�@�§u��5/)û<a�¬¢�¥Ñy��

«¯KÚÄ�"êÆI�3o(c<@��{�E|�Ä:þ§?1/ªÄ�!Ü

6üÌÚí2§þ,�n)�Ôg,ý¢�Ä��Æ"��/§êÆ/¤�ª�µ*

ÿ�¢�→�Æb`→êÆ�.→b`�¢�→8B�üÌ→êÆnØ"
¯Ô´E,�§$�§k��Ù¦¯Ô½õ½�/�3X��"@o§�o´

��¯Ô�g,ý¢Q? ¯Ô�g,ý¢§́ Ù3þ�L�!y3±9ò5��

3G�§Ø�6<�¿��=£"ù«.½¿�X<3n)!rºg,ý¢þ´Û

Ü�ì?�§,���<an)�g,ý

¢¿Ø�½´¯Ô�g,ý¢"�d§n

)!rº¯Ô�g,ý¢¤
<auÐ¥

��Ì���Æ8I"@o§Q,êÆ´<

aÄuÜ6���K�@��Ô�ï�

/ªüÌ�Æ§��êÆ(ØýU�N¯

Ô�g,ý¢í? �Y´Ø�½�Ï�ê

Æ´Äu<é�Ô*ÿ�Ä��üÌ�Ô"

ù�¥kü�¯�I�EÛµ�´<é�

Ô�*ÿ@�kÛ�§¿��½ /́ú��

¢0"~X§ã7.15¤«Í¶�Ames�m¯
ã7.15 Ames �m¯K

K"ù�¥§Ames�m3²¡þ´��F/�Ý/§�3*ÿ:þw´��Ý/"

Ó�§�þ��A3*ÿöw5§Ø´3�m��þ�aú´3ÀúÝ/��þ

�§=<3*ÿ:þéA ��*ÿ´�«� ¶�´�Ô3<aú¥¿��½´



13! êÆÛ� 261

Ü6��§=êÆ�Ü6���KØ�½U�x¤k¯Ô§ù3é��¯Ôæ^Ä

�ÎÒ�x½´òÙ�½3,��b��Ä��m¥cÙXd"~X§3<a@�

¥§Å½��c�o/)0�o/k0"�<3�mÝXc§c��U /́)0��U

/́k0§ØÎÜ<�Ü6���KI�^U�mL
⊕

Déc�?1�x"

êÆQ,´�«/ª�Æ§æ^/ªÎÒ�x�ÔÒ´êÆ�Ì�ó�"ùp§

��ÎÒéAu�Ô¥,��¯Ô½´¯Ô�,��ÛÜA��/¶0§́ é¯Ô

½ÙÛÜ�Ú�¡¢"@o§̄ �½ÎÒéA�¯ÔÛÜ�éA�/ªÎÒ¹Â´

Ä��Qºî�Æ¬w�¨f§æ^/ªÎÒ½Â��¯Ô�§/ªÎÒ3,«¿

Âþ��½ÿ°
ÙéA�¯Ô��§ùÒ´5��²6¥/¶�¶§�~¶0�

óÆ¹Â"Ó�§ÎÒm�$�!ún½éA'X3�lÜ6���KÄ:þ/¤

��êÆXÚ§í�Ñ�½n½·K´ù
/ªÎÒmU'X�Ny"ù«êÆ

XÚ¥�U'X´ÎÒÚ$�!ún½éA'X��Ô§́ <a½Â�ÎÒÚ$

�!ún½éA'X�x�Ô��Ô§¿��½´�Ô��5¡8"

êÆ�ª48I´ò�ÔN��/ªÎÒ§é�Ôm'X�?��·K�±

æ^/ªÎÒy¢½y�§?@��»�Ô"ù«�{XJ¤á§<aÒ�±/

Ï/ªÎÒ@��»�Ô",§5gõØà���Í¶�ênÜ6Æ[x��

u1931cy²
ù��êÆXÚØ�3§/ªÎÒXÚ��Ô3Ü6���KeØ

�Ó§ùÒ´Í¶�x��Ø��½n§�ã7.16 ¥@éØUy²þ2�3�äó

aq§=/é?���N�/ªXÚS§��Ù¥%º�æì�âún§Ò�½�

±3S¥�EÑ��QØUy¢�ØUy��·K0"ùp§�æì�âún´'u

g,ê8Z+(��Ê^ún§=: 1©1´g,ê¶2©z��(½�g,ênÑk��
(½��Uên′§n′�´g,ê"�ó�§ên��Uên′Ò´ü�3n�¡�@�

ên+ 1. ~X§1′ = 2, 2′ = 3, · · ·�¶3©XJm!m′Ñ´g,êk��Uê§@om =

m′¶4©1Ø´?Ûg,ê��Uê¶5©?�
�'ug,ê�·KP§XJy²
Pég

,ê1 ¤á§q3b�Pég,ên�ý�

y²
Pén′�¤á§K·KPé¤kg,

êÑ¤á§ù^únq¡�8Bú�§��

¡�êÆ8B{"

5¿§?Û��·K�y²Ú½þlØ

m�æì�âún"ù��5§�âx�� ã7.16 þ2ØUy²�3
Ø��½n§<�[��ØUuy���U�únXÚy²��êÆýn§=<a

�ÏL/ªÎÒ@��Ô§̂ <agC�g��ï�Ô�Ü6'X3nØþ¿Ø¤
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á§êÆ����<a�Æ�Û�5��"ù�:��±lêÆ@���¯Ô��

{§=3êÆÄ��üÌ¥��<y§?�ÚN�êÆ@��Ô�Û�5"

3.1.êÆÄ�Û�. ��/§æ^êÆ@���¯Ô§I�Ä�Óa¯Ô�Ó

�!���á5½A�§�ï¯ÔÙ¦����á5½A�§�ïêÆ�.�[¯

ÔÄ�1�§©Û!rº¯Ô�CzA�§¡�/êÆÄ�0L§§Xã7.17¤«§́

êÆ@�¯Ô�ÊH�{"êÆÄ��±{ü/V)

�o«§=µ1©fÄ�§=lé�¥À�,�A�Ä�§
¦é�Sº~�!(�Cf!	ò*Ü§¼��êÆ�

.ºX¯Ô«a�é�¯Ô�2¶2©rÄ�§=3¯Ô
�.¥Ú\#A�§¦�.�x�¯ÔSºO\!(�

Cr"Ó�§Â ¯Ô�	ò§r�
wqØ�'�ê

ÆVgéXå5§¼��é�¯Ô(��´L�êÆ

(�¶3©��zÄ�§=�âÜ6þ�I�§���«
ØUdy¢¯Ô��Ä�,����±n�z�êÆé ã7.17 êÆÄ�

����«#��V\�,«êÆXÚ¥§¦�äk��5¶4©únzÄ�§=À
��
Øyg²�(Ø�úníüÑÙ¦(Ø§±¦éA�êÆXÚ�lÜ6��

�K"~X§�êÆ¥+Ø!�Ø!�ØÚn�Ø§AÛÆ¥�î¼AÛ!iùA

Û!Ûn�ÅdÄAÛ�þ´únzÄ���Ô"

êÆÄ��m�§3ur��äN¯Ô^Ä�ÎÒ?1L�§ÀJk��êÆ

XÚ½�{é¯Ô�ïêÆ�."éA/§êÆÄ��¦êÆÎÒXÚ�A5A�

é�¯Ô�1���§?�±^êÆÎÒXÚ�[¯Ô1�"�ù«�/3¢�

¥��Ø¬Ñy§Ï��*¯Ô1�Ø±<�¿��=£§=��o<�3é��

¯ÔÄ��§I�f½rÄ�¿����½únzÄ�§¤�êÆ�.´¯Ô1�

Cq�[��Ï"

@o§��oêÆ�.=´é��¯Ô1��Cq�[Qºî�Æ¬w�¨f§

ù�¥k<é��¯Ô@��Ï§�kêÆ��<a��Æ§3�x�Ôþ�3Û

�5��Ï"

Äk§́ <é¯ÔÌ�á5½A��@�§=<´ÄU
O(rº��¯Ô�

Ì�á5½A���Y¿Ø�½´�½�"Ó�§é��¯Ô�Ì�á5½A�¿

vk�½IO"ù��5§<�é��¯Ôy©�Ì�!g�á5½A�¥§g�

á5½A�´Ä�½ØK�¯Ô�1�Qº�Y´Ä½��=B±<gC�~§�

�o��<k�¬Ñy�n5=��úSû��1�Qº�Y´úSû�éA�´

�¬�S!ú�|Ã!�¬ú�Ú�¬ºÿ���1�5�",§k/��0Ò�
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½k/AÏ0½/�~0"3<½ÄÔù«kgN!Uå��¬XÚ¥§Ø�3�N

Ä�ÓÚ5Æ§�U�¦õê�N3,�A½1�½´,��mãþªuÓÚ§Ú

��¬�cuÐ"

Ùg§3ux��Ø��½n®²L²§Ø�3ù��«3�lÜ6���K

Ä:þL��Ô�êÆÎÒXÚ§=?Û��êÆXÚ�x¯Ô1�Ñ�U´é¯

Ô,��½,A�á5½A�3,���mã��x§́ æ^<ab���@ÎÒ

XÚ!5Ké¯Ô1���«ÛÜ�x"Ó�§�vk�«Ú��êÆ�{·^u

�x¤k¯Ô1�"ù�§<�3�ï��¯Ô�êÆ�.�§Ø�Øé��¯Ô

�Ì�á5½A��1�G�?1<�b�§±·AÀ½�êÆ�{½óä"ù3

�½§Ýþ§E¤dêÆ�.���(Ø=´¯Ô1�3�½�å^�e�Cq�

x"�Ñ�½��å^��§̄ Ô�á5½A�§±9¯Ô1�Ø2�l<a�[

�êÆ5Æ"@o§ù3<�^êÆXÚ�[��¯Ô�1��q´XÛLyÑ5

�Qºî�Æ¬w�¨f§ù«<��å

^��±cÚPà�¤�2-�XÚ(5.26)§

=Lotka-Volterra�Ó ö-�Ó ö�. ẋ = x(−µ+ cy)

ẏ = y( λ − bx)
(7.8)

�~§?�Ú�\?Ø"
ã7.18 Ó -�Ó �.

ùp§Lotka-Volterra�Ó ö-�Ó ö�.=´é2-�XÚ¥�«+5�?

1�x"3ù�2-�XÚ¥§cÚPà©O�LÓ öÚ�Ó ö§«+5�P

�x, y§´�.�x�8I"3�ïù��.�§¦�b�3vkPà�c�²þ

O�Ç�−µ§3vkcÓ �Pà�²þO�Ç�λ§��3~êbÚc§=Pà�
Ñy¦c�²þO�Çd−µO��−µ+ cx§O�'~�c«+5��c�¶c�Ñ

y¦�Pà�²þO�Çdλ~��λ− by§~�'~�Pà«+5��d�"ù�§
)«+G��§(5.26)§Ó öx(t)Ú�Ó öy(t)«+mkyµxλ = C1e

cy+bx§=�

§(5.45)�'X"ùp§C1 ���~ê"

@o§N�lLotka-Volterra�Ó ö-�Ó ö�.�ï¥wÑêÆÄ��Û

�QºÄk§́ c�g,k�Ç−µ½Pà�g,O�Çλ���~ê´�«<�b
�§=�±b�cÚPà«+3g,G�e§O��ÌLogsitic�§(3.5)§=ẋ(t) =

−µ(t)§ẏ = λ(t)"5¿§ù�¥�µ(t)Úλ(t)´t�¼ê§��mCzCz§Ø�½

´~ê"�ó�§=B3g,G�e§cÚPà«+5�²þO�ÇẋÚẏ�Ø�½

´~ê§´�c!Pà�kU��! ¬ø�Ú)��¸G¹k'�Cþ"b�§
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��g,²þO�Ç�~ê´�«<�b�§́ �Ä��{z¯K§�ï�§(7.8)

I�?1�b�¶Ùg§Pà�Ñy¦�¹�c²þO\Çcx§c�Ñy¦Pà

²þ~�Ç−by�´�«<�O�b�§´3cÚPà=k5�þx, yÄ:þ��
�«b�"Ó�§ùp�c, b�A´t�¼ê"b�§�´~ê§¢Sþ´3b�ü 

�mSc�²þ þ´��~êØ�Äc þ��m�Cz§±9��c�¥�

 Ô§Ø�ÄPà�N���<�b�c�²þO\ÚPà�²þ~�Ç´��

=k«+5���5¼êcx,−by�"aq/§ù«~ê½�Ì�Cz5K3�õê
Æ�.¥þ´�«<�b�§́ b�¯Ô�Ì<a�½��«þ!Cz5Æ§ùÒ

´êÆÄ��Û�5"ÄK§<��UÃ{�ï½Ã{¦)¯Ô�G��§"

3.2.êÆüÌÛ�. êÆüÌ§�l��5�cJ½únÑu§ÏLí�=/ü

Ì0�ÑäN�ã½êÆ(Ø�L§§knãØ!Àóín!bóínÚ'Xín

�üÌ/ª"ù�¥§1©nãØ´üÌ�~��ª§��d/�cJ0£®����
�n½(ØP¤!/�cJ0£¤ïÄ�AÏ�¹½^�S¤Ú/(Ø0£d���n

½(ØéAÏ�¹��äC¤�n�Ü©|¤"/ªþ§d·KP → CÚS ⊂ Pí

ÑS ⇒ C�(Ø"~X§/Pµ<kü�ú«0Ú/SµÜì´��<0�½k/CµÜì

kü�ú«0�(Ø¶2©bóínk¿©^�bóÚ7�^�bóü«"Ù¥§¿©
^�bó��K§́ �cJ�½½Ä½�cJ�c�§(ØÒ�½½Ä½�cJ�

��"~X§�cJµ" ê´óê�êU�2�Ø§�cJµ,��ê�" ê´6§

ù�ê�½U�2�Ø"7�^�bó��K§́ �cJ�½�cJ���§(ØÒ

I��½�cJ�c�¶�cJÄ½�cJ�c�§(ØÒ�Ä½�cJ���"

~X§�cJµ�k�Y¿v�xèâU��Ð§�cJµù¬/��xè��Ð§

(Øµù¬xè/�Y¿v¶3©Àóín±Àó�ä�cJ§©��NÀóÚØ�
NÀóü«"�NÀó��K§́ �cJ´���NÀó§�cJÄ½
Ù¥��

½�Ü©Àó§(ØÒI��½�e���Àó"Ø�NÀó��K§́ �cJ´

�Ø�N�Àó§�cJ�½Ù¥���Àó§(ØKI�Ä½Ù§Àó¶�cJ

Ä½ØÙ¥��±	�Àó§(ØKI��½�e�@�Àó¶4©'Xín´cJ
¥��k��´'X·K�ín/ª§Xé¡'Xín!�é¡'XínÚD45

'Xín�"~X§x = y ⇒ y = x§x ≥ y ⇒ y ≤ x§±9x ≥ y, y ≥ z ⇒ x ≥ z�"

êÆüÌ¥§z�ÚínÑI��l�A���5^�"ÄK§�U¬���

��¸�üÌ(Ø"~X§e¡´��/1 = 20��Øy²µ

Äk§�ü�¢êa, b > 0�b�a = b"�e5§3a = b�ü>Ó�¦b§

ka×b = b×b§3Ùü>Ó�~a×a§ka×b−a×a = b×b−a×a"éa×b−a×a =

b×b−a×a�ü>©)Ïªk(b−a)a = (b+a)(b−a)§ü>2Ó�Ø±b−aka = b+a"
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�e5§db�a = bka = a + a = 2a"ù�§A^b�a > 0§3a = 2a�üàÓ

�Ø±aÒk1 = 2"

�,§ù´���Ø�y²§Ï�1Ú2´g,ê8Z+¥�ü�ØÓ�êi"@

o§þ¡�ín�3�o/�ºî�Æ¬w�¨f§Q,b�a = b§Òka− b = 0"

ù��5§�U3�ª(b − a)a = (b + a)(b − a)�ü>Ø±a − boº�,ØU§Ï
�a− b = 0§ØU^0�Øê"̈ f¯î�Æ¬µ/ww§��o3êÆ¥0ØU�Ø

êQº0î�Æ¬)º`§êÆ¥§c = a/b´�c = a× 1/b"ùp§1/b´b�¦{_§

=b×1/b = 1�¿g"ù�§a/0�¿g´a×1/0§=�3��ê1/0¦�0×1/0 = 1"

,§d¦{5K§?Û��ê�0�¦È�u0§0× 1/0 = 1ù�ªfØ�U¤á§

ùÒ´êÆ¥5½0ØU��Øê��Ï"¨fâuÛ�¯µ/1/03êÆ¥´vk

¿Â§�3p�êÆ¥¦0/0.4�"@o§0/0´Ø´3êÆ¥Òk¿ÂQº0î

�Æ¬)º`§Ó�§0/0�¿g´a × 0 = 0§ù�ªfé?¿��êaÑ¤á§=

/ªþ0/0�±�u?Û��ê§Ó�vkêÆO�þ�¿Â§�up�êÆ¥ù

�0/0.4�§Ù©f!©1´ü�Ã�ªu0�[�Ø�u0�Ã¡�þ§¿Ø�

�0ØU�Øê�$�5K"

£1¤üÌ(ØÛ�.êÆJ¦XÚ�Ú�!é¡Ú{ü��{A5"ù�¥§Ú

�5Ny�´êÆ3/ªþ��Ó5!'é½��5§Ly�êÆVg!5K!�

{�Ú�§nØ�Ú�§±9êÆÚÙ§�Æ�Ú�¶é¡5´¯ÔÚ���«A

Ï�ÎÒLy§́ �«êÆ{��É§�)êÆ�XÚ5!µ45Ú�d5�¶{

ü5Ly3êÆ(�!êÆ�{ÚL�/ª�{ü�{'§Bu<�n)Úrº"

ù�¥§vküÌ�{§Xé�ï��©�§�.Ø�N�¦)§½´�Ø�{'

�üÌ(Ø�§þE¤êÆüÌ(Ø�Û�5"

�êÆJ¦�{½�xõU�é§�»¯Ô�õ´Øþ!!�é¡!,ÏÃÙ

�§ØU^�«Ú�!é¡!þ!½{ü�ÎÒXÚéÙÄ�1��x"�Ï�d§

î�Æ¬)º`§êÆüÌ(Ø�õ´/^�ý¢0�ýéý¢§́ 3�½^�

e�ÎÒý¢§Ø�½éA¯Ô1��ý¢G�"J¦NX��{´u��êÆÄ

��x¯Ô1��Ð©���§Ly3µ1©êÆVg�Ä�£Nõ=´3�VgÄ
:þO\,
^�½´��ÎÒ½â�¤!êÆ©|�õ�¯ÔA59G���x

�ø!§êÆüÌ´3J¦ÎÒ�{�½þ�x½@�¯Ô��{½óä¶2©ê
Æ(Ø3/ªþ�{'§cJ¥<��½�^��õ§�x�¯Ô1�½G��d

Ä§Urº¯Ô1���/��¶3©<é�Ô�XÚ@�¥§?Û��¯ÔÑ´k
�Ä��|Ü§�êÆ3uJ¦Ã�½Ã.�/§�Ñþn → ±∞½�t → ±∞�
(Ø±¦êÆ(Ø{'§ù3<a@�¥Ø�UÑy¶4©é�
<�/8�0ØU
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O(@�½.½�¯Ô1�§X�*âf1��Ú\AÇ=�U5§́ é¯Ô�Ø

(½51�æ^�«�
�{½Ãã�x§(ØE�U´/�U50§�«�


�(½5�(Ø"Ó�§ù3�½§ÝþO\
<é¯Ô@��E,5"~X§3

Å½��c¥§c�)k3�mÝf��"B�§35¸�f-J�6@Kg�ñ�

ûó¥§��@ û<^¦mÃ¥�/g0e�e�Ã¥�/ñ0=��¡�.´

¦�gkbÃ'�´¦�ñj�Ã'"ùp§3Å½��c¥§é@�"y�´c

�\Ýf��mÝXù�ã/Ï0¶3g�ñûó¥§"y�´mÃ¥�ge��

Ã¥�ñù�ã/Ï0§=<3ç��G�e�Ñc�)k!g�ñkb½j��

/J0§êÆþ´��mä¼ê=<@��Û�5§Ø��/r���0§��ü

«�g50%�U5�(Ø§E´�«�
@�"

éêÆù«LuJ¦/ª�{�l@��ÔÐ©�uÐª³§OÏd"Q

31921c�güù5AÛÆ�·�²{6¥���µ/êÆ½n��^u¯Ô�g,

ý¢§§��o�vk(½¶§����Ñ(½�(Ø§q  Ø´�é¯Ô�

g,ý¢"0�dÓ�§��X<a�¬�uÐ�ég,�@�§¢�¥�5�õ�

¯KéØ�·^êÆ§Ø��A�N��xÙ1��A�?rºg,ý¢§êÆ

�Û�5Fwî"3ù«�/e§î�Æ¬`§I��´#"ÀêÆ3jÅÜ

6���K�Ä:þ§N�z)½�N<aú¥Ã?Ø3�gñ±ÿ2êÆXÚ�

x�»�Ô�Uå§�Ù¦�Æ�å�Ór?<aé�Ô�5¡8�@����

/J¦/ªþ��{"

£2¤üÌgñÛ�. êÆüÌ�m�´��üÌ(Ø§̂ {'�úª!ÎÒ½

(ØV)êÆ5Æ"@o§üÌ¥XJÑy
c�Ø�½gñ´Ä�½¿�X¯Ô

½¯Ô1�Ø�3Qºî�Æ¬w�¨f§ù�§I�u��Ø´¯Ô�3�´Ø

�3§Ï�¯ÔÒ3@p§�½�3�I�u��´r¯Ô,��A��Ä�§=

ÎÒ�SºÚ	ò´ÄT�§�ï�êÆ�.´ÄT�§±9üÌ�L§´ÄÎÜ

Ü6§Ú^�nØ!½n½úª´Ä�(�"

~X§3þ�!3$êiiZ¥§ÎÒXA, YA, XB, YB, XC , YC©OL«�|

¤
A!B!Cn<3ÝfX ½Y¥Ä��¥�£��3$êi§�|¼�´÷v

XAXBXC = −1, XAYBYC = 1, YAXBYC = 1, YAYBXC = 1,

=�§(7.7)"Ó�§¦)�§(7.7)��¼��XA, YA, XB, YB, XC , YC����{1

ØÏ§Ï�ùo�ªf�¦È(XAYAXBYBXCYC)2 = −1§�3{−1, 1}þ��gñ"
@o§î�Æ¬¯¨fµ/ddUÄä½ù�iZ¥�|vk¼���/Qº0̈ f

£�`µ/�,ØU§Ï�é3�g^Å��©l�âfÿþg^��¿£�3$ê
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ioU¼��0î�Æ¬UY¯¨fµ/ù�üÌL§�.�3�o/�Qº0̈ f�


�§X¢£�`µ/·wØÑ5§aúz�ÚÑvk¯K���%����gñ�

�§(XAYAXBYBXCYC)2 = −1§4<Ø�gÆ"0î�Æ¬w�¨§Äk§I�©

Û¦)�§| 
XAXBXC = −1

XAYBYC = 1

YAXBYC = 1

YAYBXC = 1

´�o¿g§Û¹�b�´�o¶Ùg§́ égñ�§(XAYAXBYBXCYC)2 = −1�

ÑÜn)º§��ÎÒb��iZ5K��É"UìiZ5K§�|n<´þ3XÝ

fÄ�¥�£�3$êi½´��<3X¥§ü�<3YÝf¥Ä�¥"î�Æ¬

)º`§ù�§¦)�§(7.7)¿�X�|n�<ÃØ´3X �´3YÝf¥Ä�¥§

��<£��3$êi©ªX�§=ØUu)Cz§ù�iZ5K¿Ø��§��

A«©3XÝfÄ��¥¼��/Ú3YÝfÄ�¥¼��/§=©O¦)�§

1© XAXBXC = −1 Ú 2©


XAYBYC = 1

YAXBYC = 1

YAYBXC = 1

=BXd§þ¡¦)�§| 2©´�o¿gºî�Æ¬`§ùÓ�´3b���<
3YÝfÄ�¥�£��3$êi��§Ï��k¦zg£��3$êi��§)�

§| 2©âk¿Â"�´§iZ5K²(XA, YA, XB, YB, XCÚYC�±3{−1, 1}¥UÙ
Ì*¿��¿À�§�¦)(7.7)½´ 2©vk'X§��gñ(XAYAXBYBXCYC)2 =

−1´<�b�XA, YA, XB, YB, XCÚYC 3z��§¥��þ�Ó§ù�iZ5KØ

��¤�"f�ùp§̈ fek¤×/`µ/´ù�B§ww��ù��5§AN�

¦)�§(7.7)â�iZ5K��Qº0î�Æ¬w�¨§Aé�§(7.7)¥�z��

§XAXBXC = −1§XAYBYC = 1§YAXBYC = 1½YAYBXC = 13��{−1, 1}þÕ
á¦)§ù����XA, YA, XB, YB, XCÚYC�â�iZ¥�5K��"

14!gñý¢

êÆXÚ�ÌÜ6����K§A^u¯Ô1��x§üÌ¥ÑygñKØ

�½´L²¯ÔØ�3§�U´ÎÒ�Sº�	ò��¤�§��U´êÆXÚ

½5K�À^Ø�¤�"ù33$êiiZ¥Ly��²w§@p�ØT�üÌ

��gñ(XAYAXBYBXCYC)2 = −1"ù«gñd<�ÎÒ�[Ø�Úå§�±
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²db�iZ¥�zgÄ�¤3�mØÓ§=òCþXA, YA, XB, YB, XC , YCO�

�X1
A, X

1
B, X

1
C , X

2
A, Y

2
B, Y

2
C , Y

3
A , X

3
B, Y

3
CÚY

4
A , Y

4
B, X

4
C ��±��)û"î�Æ¬w

�¨f§��êÆXÚüÌ¥Ñy
gñ§lÜ6���Kw�½´êÆüÌ¥�

,�Ú½,AÚüÌ¥�3�Ø§Ï�êÆXÚ´��gUXÚ"�A^��êÆ

XÚ�[��¯Ô1�§êÆüÌ¥XJÑygñ§ØüÌL§¥�3�Ø	§�

Ñ´êÆXÚA^Ø�§=êÆXÚ�x1��¯Ô1�Ø����§´<�b

�¯ÔCz�ÌêÆXÚ¥�5K¤�"ù3æ^êÆ�[��gN!XÚ§XÄ

Ô+N1��cÙXd"

ã7.19 hê�C

y3§�A = {H1, H2, H3, H4}ÚB = {H ′1, H ′2, H ′3, H ′4}�ü|ê+§z|ê+
do�ê|¤§Xã7.19¤«"5¿§z��êÑkgC�g�Ú1Ä§ê+A½BØ

�½´��ÓÚ´��gN!)ÔXÚ§§�31ÄþØ�½�N��"ù�§

éê+A½B�1�ØU{ü/^�|�)�§�)�x"~X§b�ê+AÚB¥

�z��ê÷Xã7.20¤«î¼²¡R2þ(LESN)½(LESS)�o^����"

-

6

�
��

-

6

r
O

r
O

x+ y = 2

x+ y = −2

x− y = −2

x− y = 2

x = 2

y = 2

x = y

x+ y = 4

(LESN4 ) (LESS4 )

ã7.20 ê���´

ù�§dã7.20¥ê����´´�AÚBü|ê©O÷o^�����¤ü
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��5�§|§=

(LESN4 )


x+ y = 2

x+ y = −2

x− y = −2

x− y = 2

(LESS4 )


x = y

x+ y = 4

x = 2

y = 2

î�Æ¬¯¨fµ/AN��xA|ÚB|ê3²¡þ�$Ä1�Qº0î�Æ¬

)º`§ù�§��ég,��{´¦)ùü��5�§|"w,§1���§|Ã

)§1���§|k)(2, 2)"@o§âd·�´ÄUäóA|ê�o�Ø´§́ ��

8¶B|ê�1�´Ñ�3:(2, 2)þØÄQº�,ØU§Ï�A|ÚB|ê�(´3

î¼²¡R2þ÷Xo^����"@o§��o²d)�§|(LESN4 )Ú(LESS4 )%

��ù��aqu_<¹�é��/G�Ñ��¸(ØQºî�Æ¬)º`§ù�

3$êiiZ¥��/aq§3uù�¥z��§�Cþx, y´Ä�Ó§¦)�§

|(LESN4 )Ú(LESS4 )�¢�´b�z�|�§¥�Cþx, y�Ó",§ØÓ�§¥

�x, yéAê3��þ��²L�²¡:(x, y)§nØþA´û,ØÓ�"ù�§¦

)�§|(LESN4 )Ú(LESS4 )¿vk¢S¿Â"

¢Sþ§��ê3î¼²¡R2þ���;��(�±déA����§)?1

�x§�ýéØ´A½B|éA�o��§�)"ù�§A½B|êéA�;�Orb(A)

½Orb(B)A©O�²¡þ:8�¿8§=

Orb(A) = {(x, y) : x+ y = 2}
⋃
{(x, y) : x+ y = −2}⋃

{(x, y) : x− y = 2}
⋃
{(x, y) : x− y = −2},

Orb(B) = {(x, y) : x = 2}
⋃
{(x, y) : x+ y = 4}⋃

{(x, y) : x = y}
⋃
{(x, y) : x = 2},

ùp§;�Orb(A)½Orb(B)�´�Ù11!¥½Â�SmarandacheUXÚ"@o§

<�¦)�§|(LESN4 )½(LESS4 )q´3JÏ�o���*¯¢Qºù�§¦)

�§|(LESN4 )½(LESS4 )�¢�§´3éÏA½B|¥�o�ê����´´Äk

�:§´ÄI�ý�ü�êE3�å§=÷X(LESN4 )¥��´��Ø¬§�÷

X(LESS4 )¥��´��k�U3:(2, 2)E3�å§I�N����´���§½

´3(LESS4 )�/N�o�ê����Ý§±;�ê�3:(2, 2)�E"dd��§g

ñ�§Ó��±éA�«¯Ô�g,ý¢§=+NÄÔ1�"é+NÄÔ1��x

���z§=´êÆþgñ�§|éA��þ!XÚ"

4.1.�þ!XÚ�§|Ü). XÚG��§´b�XÚS�?��Ä�v ∈ S�
G��ÌÙéAG��§�x��©$�5Æ"��/§XJXÚ�§(5.20)�)§
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Ä�véA�)xv(t)�±��/�xÄ�v�G�"@o§XJXÚS�G��§´

�|gñ�§§́ Ä�±íäXÚSØ�3Qº�Y´Ä½��î�Æ¬)º`§Ï

�XÚS9ÙÄ�´�«�*�3§�35ØN�¦"@o§��o���XÚ�

§´��gñ�§|Qº�Y´éXÚS¥Ä�1��x½êÆÄ�þÎÒ��m

U�A"ù��XÚS��¡��þ!XÚ§½ÂXeµ

�þ!XÚ. ���þ!XÚS´ù��«dÄ�Pi, 1 ≤ i ≤ p, p ≥ 29ÙS�

p�^�¤�XÚS§¦�Ä�Pi3��t÷v�§Fi(x,y) = 0"ùp§Fi(x
0,y0) =

0�Fi3:(x0,y0)���Uþ÷vÛ¼ê½n¥Û¼ê�3�^�"

dþã½Â§�þ!XÚS3n-�î¼�mRn¥�G��§�

S =


Fv1(x,y) = 0

Fv2(x,y) = 0

· · · · · · · · · · · ·
Fvp(x,y) = 0

½�þ�§ F (x,y) = 0" (7.9)

y3§db��§|(7.9)¥�¼êFv1 ,Fv2 , · · · ,Fvp÷vÛ¼ê½n¥Û¼ê

��3^�§=�3)6/SFi
⊂ Rn �Fi : SFi

→ 0§1 ≤ i ≤ p"@o§3AÛþ

w§�§|(7.9)Ã)½k)�^�´
p⋂
i=1

SFi
= ∅ ½ö

p⋂
i=1

SFi
6= ∅" (7.10)

ù�§AN�)º�§|(7.9)�Ã)½k)Qº5¿§�§|(7.9)�)L«�

´��t�Ä�v1, v2, · · · , vp�G�U§¿�´Ä�v1, v2, · · · , vp�G�§Ï�Ä
�vi�G�´)6/SFi

, 1 ≤ i ≤ p§aquÅ½�c�)�Úk��U"éA/§

�§|(7.9)Ã)L«�´XÚÄ�G�mÃU§¿�´XÚG�Ø�3§Ï�X

ÚÄ�v1, v2, · · · , vp�G�©Od)6/SFi
, 1 ≤ i ≤ p?1�x"

ù�§éXÚ1���xA´
p⋃
i=1

SFi
�

p⋂
i=1

SFi
"�ó�§²;êÆ¥æ^�§

|(7.9)�)A^uXÚ@��Ô§=�XÚ¤kÄ��G��Ó§=SFi
= SFj

, 1 ≤
i, j ≤ p½

p⋃
i=1

SFi
=

p⋂
i=1

SFi
(7.11)

�â¤á"ù�§��Aæ^
p⋃
i=1

SFi
�

p⋂
i=1

SFi
�x���þ!XÚS�G�"��

5¿�´§
p⋃
i=1

SFi
⊂ Rn´��¿8§�3�½§Ýþ�±�xXÚS�G��EØ

U���NXÚÄ��G�§én)XÚS�G��3�½�É"@o§3ù«�/
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eAN��xXÚS�G�Qºî�Æ¬w�¨f§ù�§IÚ\gñ�§|(7.9)�

|Ü)Vg§=dÄ��)6/½Â�§(7.9)�G-)Xeµ

�þ!XÚ|Ü).é?���êp ≥ 1§�þ!XÚ�§(7.9)�|Ü)½G-)

´��IÒãGL§Ùº:8Ú>8½Â�

V
(
GL
)

= {SFi
, 1 ≤ i ≤ p} ;

E
(
GL
)

=
{

(SFi
, SFj

) | XJé?¿�ê1 ≤ i, j ≤ p SFi

⋂
SFj
6= ∅
}
"

éA/§GLþ�º:!>IÒ½Â�

L : SFi
→ SFi

, (SFi
, SFj

)→ SFi

⋂
SFj

.

²;êÆ¥§

p⋂
i=1

SFi
= ∅�§�§|(7.9)À��¹gñ!Ã¿ÂØ2?Ø",

§�§|(7.9)gñ�õ´Ï�XÚÄ�G��U§¿�´ÏXÚ½Ä��Ø�

3"3ù«�/e§ïÄgñ�§|(7.9)�|Ü)�'²;êÆ)�k¿Â§=

|Ü)��35.é?���êp ≥ 1§�þ!XÚ(7.9)�|Ü)GL�½�3"

ù�§�x���þ!XÚÃI2?ØÙéA��§(7.9)´Ä�)½´Ägñ§

Ï�§�|Ü)�½�3§�|Ü)�±T�/�xXÚÄ�1�"~X§3ã7.20

¥§òAÚB|ê�����þ�:8P�La,b,c = {(x, y)|ax + by = c, ab 6= 0}§½
Â(LESN4 )¥ü^���:�

u1 = L1,−1,−1

⋂
L1,1,2, u2 = L1,1,2

⋂
L1,−1,2,

u3 = L1,−1,2

⋂
L1,1,−2, u4 = L1,1,−2

⋂
L1,−1,−2

Ú(LESS4 )¥o^����:�v§K�§|(LESN4 )Ú(LESS4 )éA�|Ü)�ã7.21§

©O���IÒ4-�ãCL
4Ú��IÒ4���ãKL

4"

s r

s r

s r

s r

L1,−1,−2 L1,1,2

L1,−1,2L1,1,−2

L1,0,2 L1,−1,0

L0,1,2L1,1,4

u1

u2

u3

u4 v

v

v

v

v v

CL
4 KL

4

ã7.21 �§(LESN4 )Ú(LESS4 )�|Ü)
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4.2.�þ!XÚ|ÜA�. XÚ�§(7.9)´���ê�§|§é�§|�üà

¦�©§=k�©�§| 
Ḟv1(x,y, ẏ) = 0

Ḟv2(x,y, ẏ) = 0

· · · · · · · · · · · · · · ·
Ḟvp(x,y, ẏ) = 0

(7.12)

{P��§|(DESp)"ùp§Q,�ê�§|(7.9)�|Ü)�3§éA��©�§

|(7.12)�|Ü)Ò�½�3"ù�§��±^|Ü)éA�IÒãGL�x�þ!

XÚ(7.9)½(7.12)�5�§��XÚ�|ÜA�"

£1¤�ê�§|. �ê�§|(7.9)¥?¿ü��§§X1i��§�1j��

§)8����8§=SFi

⋂
SFj

= ∅��/¡�/²1�§0"d½Â§ù��
½k

(
SFi

, SFj

)
6∈ E

(
GL
)
§=G 6' Kp¶��§XJ�ê�§|(7.9)k)§K�½

kG ' Kp"�?�Ú§�±é�ê�§|(7.9)¥��§U/²10©a§=B\Ó

�a��§�p²1"b����©a(J�C1,C2, · · · ,Cs§1 ≤ s ≤ p§Kd�þ

!XÚ(7.9)|Ü)GL�½Â§́ �ù�G ' Kn1,n2,··· ,ns§Ù¥§ni = |Ci|�n1 + n+

2 + · · ·+ ns = p"

�ê�§²1��/�±d�5�ê�§?�Ú/�z"éü��5�ê�

§a11x1 + a12x2 + · · · a1nxn = b1Úa21x1 + a22x2 + · · · a2nxn = b2§§�Ã�:½²

1�^�´éACþ�Xê¤'~§÷v

c = aj1/ai1 = aj2/ai2 = · · · = ajn/ain 6= bj/bi, (7.13)

=ùü��5�ê�§gñ"ù�§XJ�5�ê�§|(7.9)gñÃ)§KÙ¥

�½�3ü��5�ê�§§Ø�ÊH5§b��1i�Ú1j��§�CþXê÷

v^�(7.13)"@o§´Ä�±^|Ü�{?�Ú�x��Ø�)��5�ê�§

|(7.9)Qº�Y´�½��î�Æ¬w�¨f§±n = 2�~§�±?�Ú�xØ�

)�5�§|�|ÜA�"ù�§�§(7.9)�

AX = (b1, b2, · · · , bp)T◦ (7.14)

ù�¥§

A =


a11 a12

a21 a22

· · · · · ·
ap1 ap2

 , X =

[
x1

x2

]
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�p ≥ 2"ù�§(7.14)¥z��§éAuî¼²¡R2þ��^��§Ù|Ü)GLéA

u�²¡ãKn1,n2,··· ,ns"ù�§�±éØ�)2-��§|æ^²¡:8��ãGL
leq2�

x§=�§(7.14)Ø�)��=�Ù|Ü)´���ê|H| ≥ 2�z^>þ���ã

�²¡ãH"ùp§²¡:8þ��ãGL
leq2½ÂXeµ

V (Gleq2) =
{(
xij1 , x

ij
2

)∣∣ ai1xij1 + ai2x
ij
2 = bi, aj1x

ij
1 + aj2x

ij
2 = bj, 1 ≤ i, j ≤ p

}
;

E (Gleq2) = {(vij, vil)|²¡:
(
xij1 , x

ij
2

)
�
(
xil1 , x

il
2

)
m��ãþ�:"}

ù�¥§º:vij = (xij1 , x
ij
2 )§1 ≤ i, j ≤ p"~X§ã7.22¥�Ñ
��d5�Ä�|

¤��þ!XÚ{v1, v2, v3, v4, v5}9ÙéA²¡ãGL
leq2
"

ã7.22 2-�Ø�)�§²¡ã

ù�¥§z�Ä�vi, 1 ≤ i ≤ 5�l�5Cz5Æ§=

v1 : x1 + x2 = 2, v2 : x1 + x2 = 3,

v3 : x1 + 2x2 = 3, v4 : x1 + 2x2 = 4, v5 : x1 = 1◦

£2¤�©�§|. é?¿�êp, n ≥ 1§�

ẋ = F1(x), ẋ = F2(x), · · · , ẋ = Fp(x) (DES1
p)

���~�©�§|§Fi : Rn → RnëY�Fi(0) = 0, 1 ≤ i ≤ p"AO/§

ẋ = A1x, ẋ = A2x, · · · , ẋ = Apx (LDES1
p)

����5�©�§|§
x(n) + a

[0]
11x

(n−1) + · · ·+ a
[0]
1nx = 0

x(n) + a
[0]
21x

(n−1) + · · ·+ a
[0]
2nx = 0

· · · · · · · · · · · ·
x(n) + a

[0]
p1x

(n−1) + · · ·+ a
[0]
pnx = 0

(LDEn
p )
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���~Xên��©�§|"ù�¥§

Ak =


a

[k]
11 a

[k]
12 · · · a

[k]
1n

a
[k]
21 a

[k]
22 · · · a

[k]
2n

· · · · · · · · · · · ·
a

[k]
p1 a

[k]
p2 · · · a

[k]
pn

 , x =


x1(t)

x2(t)

· · ·
xp(t)


�é?¿�ê0 ≤ k ≤ p, 1 ≤ i, j ≤ n§a

[k]
ij���¢ê"

�â15Ù¥�(5.49)−(5.50)ª§�§(DES1
p), (LDES

1
p)Ú(LDEn

p )¥�z�~

�©�§þ�)§��þ!XÚ(7.12)�AÏ�/§�±��5/?Ø§��|ÜA

�§=�§|(DES1
p)!(LDES1

p)Ú(LDEn
p )þ�3|Ü)GL

(
DES1

p

)
!GL

(
LDES1

p

)
ÚGL

(
LDEn

p

)
§P(DES1

p)!(LDES1
p)Ú(LDEn

p )¥1i��§�)�m�Si§�XJ

�§|(DES1
p)!(LDES1

p) ½(LDEn
p ) ¥�1i��1j��§)�m��Si

⋂
Sj =

∅§K¡1i��§�1j��§²1"ù�§aqu�5�ê�§|U´Ä²1é
�©�§|¥��§?1©a§(½�§|(DES1

p)!(LDES1
p)Ú(LDEn

p )�|Ü

)GL¥G ' Kn1,n2,··· ,ns"ùp§ni = |Ci|�n1 + n+ 2 + · · ·+ ns = p"��I�5¿

�´§ùp�IÒL : v → L(v)ÚL : (u, v)→ L(u, v)Øü´:8Ü§�´�5�

m§�^�5�m�)¤ÄéãG�º:Ú>IÒ{z§ù��IÒã¡�Äã"

~X§�p = 6�§�§|

ẍ− 3ẋ+ 2x = 0 (1)

ẍ− 5ẋ+ 6x = 0 (2)

ẍ− 7ẋ+ 12x = 0 (3)

ẍ− 9ẋ+ 20x = 0 (4)

ẍ− 11ẋ+ 30x = 0 (5)

ẍ− 7ẋ+ 6x = 0 (6)

¥�§(1)− (6)�)�m)¤Ä©O�
ã7.23 �5�©�§|Äã

{et, e2t}, {e2t, e3t}, {e3t, e4t}, {e4t, e5t}, {e5t, e6t}, {e6t, et},

éA�|Ü)GL�ã7.23"

éü�|Ü)©O�GL1
1 , GL2

2 ��©�§|(LDES1
m)Ú(LDES1

m)′£½´�©

�§|(LDEn
m)Ú(LDEn

m)′¤§XJ�3��ãÓ�ϕ : GL
1 → GL

2§=�3��1−1N

�ϕ : GL1
1 → GL2

2 §¦é∀x ∈ V (G1)
⋃
E(G1)þkϕL1(x) = L2ϕ(x)§K¡ùü��

©�§|´|Ü�d�§P�(LDES1
m)

ϕ
' (LDES1

m)′(½(LDEn
m)

ϕ
' (LDEn

m)′)"5
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¿§|Ü�d��©�§|¤�x�´Ó���þ!XÚ§¿vk��þ�«O§

=´êÆÎÒþ�ØÓ"

@o§N��½ü��©�§|´|Ü�d�Qºî�Æ¬w�¨f§ÄkI

5¿§ü��5�mÓ���=�ùü��5�m��ê�Ó"ù�§��g,�

�{´ò|Ü)GL¥º:Ú>þI½��5�m{z�éA��5�m�ê§=

Ú\��êIÒãGI , I : V (G)
⋃
E(G) → Z+§2d�êIÒã�Ó��½ü�

�©�§||Ü�d"~X§ã7.24¥3ãK4 − eº:Ú>þIÒ�n��êIÒ
ãGIθ

1 , G
Iτ
2 ÚG

Iσ
3 §�,Ñ´3ãK4 − eþ?1IÒ§GIθ

1 ' GIτ
2 �G

Iθ
1 6' GIσ

3 "

ã7.24 �êIÒãÓ�

ù�§k�½�©�§||Ü�d���OK§=µ(LDES1
m)Ú(LDES1

m)′

£½(LDEn
m)Ú(LDEn

m)′¤|Ü�d��=�§�éA��êIÒãÓ�§=

GI1 (LDES1
m) ' GI2 (LDES1

m)
′
½ GI1 (LDEn

m) ' GI2 (LDEn
m)′"

4.3.�þ!XÚAÛ. é?¿�ê1 ≤ i ≤ p§�§|(7.9)éAu1i��§�)

�mSFi
q¡�)6/§ Ï�lAÛ

þw§ SFi
´��n-�6/§ =)

�mSFi
¥�z�:vþ�3���

�U(v)Ú��Ó�N�ϕ : U(v) ↔ Rn"

ùp§ϕ¡�Ó�N�§�ϕ9Ù_ϕ−1þ

�ëYN�"î¼�mR3¥�
{ü�

AÛN§X¥Ú�Nþ´3-�6/"Ó ã7.25 ¥Ú�

�§¥Ú��L¡�2-�6/�§Xã7.25¤«"aq/§é?��ê1 ≤ i ≤ p§�

§(7.9)¥z��§�)�mSFi
´î¼�mRn�f8§��n-�6/"

@o§���þ!XÚ(7.9)�|Ü)GLéA�´���o��AÛNQºî�

Æ¬w�¨f§ék�§ùp�|Ü)GLéA�´�§|(7.9)¥z��§�)6/

�|Ü§¡�/|Ü6/0§=XJãG�º:�v1, v2, · · · , vp§Kº:viéA�´�
þ!XÚ(7.9)¥1i��§�)6/§>(vi, vj)éA�´)6/SFi

�SFj
��8"ù
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p§�ê1 ≤ i, j ≤ p"

éu���½�¼êϕ : Rm → Rn§¼êy = ϕ(x)�ã½Â�

Γ[x,y] = {(x,y) ∈ Rm × Rn|y = ϕ(x)}◦ (7.15)

~X§m = 1, n = 1�¼êy = x sin 1
x
§m = 1, n = 2�¼êz = x2 − y2Úz =

2x ln y
x
−x(y−x)+2x(1−y)éA�ã©O�ã7.26¥�ã�(a)!(b)Ú(c)§Ù¥(a)�

�§(b)Ú(c)�¡"

ã7.26 ¼êã«~

��/§é?¿�ê�0 < n1 < n2 < · · · < np, p ≥ 1§��|Ü6/M̃½Â�

��Hausdorff�m§Ù¥?¿ü�ØÓ:�3Ø������?�:v ∈ M̃�3�
���UvÚÓ�N�ϕv : Uv → R̃(n1(p), · · · , ns(v)(v))¦�{
n1(v), · · · , ns(v)(v)

}
⊆ {n1, · · · , np} ,

⋃
v∈M̃

{
n1(v), · · · , ns(v)(v)

}
= {n1, · · · , np}◦

AO/§��|Ü6/M̃XJ=dk��6/|¤§=p < +∞�?��6/
þØ´Ù¦61�f6/§K¡�k�|Ü6/"ã7.27 ¥�Ñ
ü�k�|Ü6

/�«~"ùp§B1!T 2ÚM3©OL«1-��!2-��¡Ú3-�6/"

ã7.27 k�|Ü6/«~

5¿§3��k�|Ü6/M̃¥S%��g,�|Ü(�½ã(�"b���
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k�|Ü6/M̃ =
m⋃
i=1

Mi, p < +∞§½ÂÙg,S%�|Ü(�GL[M̃ ]�

V
(
GL[M̃ ]

)
= {M1,M2, · · · ,Mm} ,

E
(
GL[M̃ ]

)
=

{
(Mi,Mj) | Mi

⋂
Mj 6= ∅, 1 ≤ i, j ≤ n

}
,

±9é?¿�ê1 ≤ i, j ≤ m§̂ 6/éã¥�º:IÒ§̂ ü�6/��6/é>

IÒ§=½ÂIÒN�

L : Mi →Mi, L : (Mi,Mj)→Mi

⋂
Mj,

KIÒãGL[M̃ ]ý¢/�N
|Ü6/M̃�|ÜA�"ù��5§�þ!XÚ(7.9)�

|Ü)GLéA�AÛã�´|Ü6/S̃F"ùp§̃SF =
p⋃
i=1

SFi
"aq/§î�Æ¬w

�¨f§��±d�êIÒãGI �Ó�©aék�|Ü6/M̃?1©aØØXÚ

�§´�ê�§|(7.9)�´�©�§|(7.12)§ÏÙéA�þ´�þ!XÚ(7.9)�

|Ü�d©a"

15!+X½

XÚ½5´)ûXÚSÄ�G�xv, v ∈ SÿþØ�¯K§=XÚ3Ð��C
?��YCz"é��½XÚ§ÿþØ���3�½���S§ØK�<arº

XÚ��YCzG�"ù�§XÚ@�¯ÔI��ï½XÚ"ù�¥k��Ä�

b�§î�Æ¬w�¨f§=ÃØXÚ�§´�ê�§�´�©�§§Ä�G�C

þ3¤k�§¥�Sº�	ò�Ó§=��

mtÓÚ"ù��5§XÚ�§�)éAuXÚ

Ä�G�"�,§ù�b�éu�þ!XÚØ

2¤á§Ï��þ!XÚ¥�3U�§A�

ØÓÄ��G��U3êÆÄ�¥U§=G

�Cþxv�Sº�	òØ�½3¤k�§¥�

�½ÓÚ"ù�§�þ!XÚ�EdÄ�|¤§

�XÚG�aquÄ��g�¤XÚ���+

NXÚ§Xã7.28¤«dcÞ@!�! Áj!

Pà!êf! ú&ÁÚÉ��¤� Ôó§Ù ã7.28  ÔóXÚ

½5ØUæ^²;êÆ¥��{�xAé Ôó�N½+N½5?1©Û"

@o§N�(½���þ!XÚ�½5Qºî�Æ¬ù�¯¨f§̈ f£�

`µ/éu���þ!XÚ§�±�¦§�z�Ä�Ñ½5¢yXÚ½"0î�
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Æ¬�½
¨�£�`µ/£��(��XJXÚ¥,��Ä�Ø½§́ Ä�±ä

½��XÚØ½Qº0̈ f£�`µ/AT´j§��Ø½Ä�¬����XÚ

Ø½�0î�Æ¬UY¯µ/��o��Ø½�Ä�¬����XÚØ½Qº0

¨f£�Øþ5"î�Æ¬w�¨f§é�þ!XÚØUù�{ü/dü�Ä��

½�Ä�½XÚ�½5"~X§3��dÄ�vÚu �¤�2-�XÚ¥§b�3

�Ð�t = t0Út = t′0�§Ä�vÚu�G�Cþxv(t), x
′
v(t)Úxu(t), x

′
u(t)©O�

xv(t) = e2t + 3et, x′v(t) = e2t + 2et,

xu(t) = e2t − 3et +
t

et
, x′u(t) = e2t − 2et,

K�t → ∞�§k|xv(t)− x′v(t)| = et → ∞, |xu(t)− x′u(t)| = −et + t
et
→ ∞§þª

uÃ¡�§=Ä�vÚuþØ½§�|(xv(t) + xu(t))− (x′u(t) + x′u(t))| = t/et → 0§

=Ä�u+ v½ù�2-�XÚé	�ÑÑ¥y�«½�"ù�~f`²§Ä��Ø

½�éA��þ!XÚÑÑE�U½§ØU{ü/@^Ä��½5"

Q,ØU{ü/@^Ä��½5§@o§A�XÛ�½�þ!XÚ=+X�

½5Qºî�Æ¬)º`§Ä�vG�xv�½5´ïþü��CÐ�t0, t
′
0éA

�G�xv,x
′
v´Äªu��§=§�m�ål|xv − x′v| → 0"ù«²;êÆ�g�

´b�®�Ä�G�xv§=éA�G��§�)"��§XJéA�G��§Ø�

)½gñ§3²;êÆ¥@�Ã¿ÂØ2?Ø§?"yé�þ!XÚ½gñX

Ú(7.9)Ú(7.12)½5�O§�½§ÝþE¤
XÚ@��Ô�Û�5"éd§�

´I�ÿ2�þ!5XÚ�)�|Ü)§ù�¯K3þ�!®²)û§=Ú\


�þ!XÚ�|Ü)�?¿���þ!XÚ(7.9)Ú(7.12)þ�3��|Ü)GL¶�

´éÄ�G�xv,x
′
vmål�ÿ2§½Âü�|Ü)G

L1 �GL2 m�/ål0§=

3GLþ½Â�«Ýþω : GL → R+"ù�§aquÄ�½5§�±��5/½Â

�þ!XÚ�ω-½5§=é?¿�½����êε > 0§�½�3êδ(ε)§��Ð

�ω
(
GL(t0)−GL′(t0)

)
< δ(ε)§K�½k

ω
(
GL(t)−GL′(t)

)
< ε ½´ limt→∞ ω

(
GL(t)−GL′(t)

)
= 0§

©O¡��þ!XÚ|Ü)GL�ω-½5�ω-ì?½5"ùp§

GL(t)−GL′(t) = GL−L′(t)◦ (7.16)

éω-Ýþ�?�ÚäNz§=3Ä�ÝþÄ:þ§{üÚ\�þ!XÚ|Ü)

þ����½¼ê§=¦Ú½¦È�½���þ!XÚ(7.9)�Ú½½È½"

5.1.+XÚ½. Äk§?Ø�þ!XÚd�5�©�§|�x��/"ù

�§b�IÒãGL[LDES1
p ]ÚG

L[LDEn
p ]©O�àg�5�©�§|(LDES1

p)3Ð
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�xv(0), v ∈ S½´�©�§|(LDEn
p )3Ð�xv(0),x′v(0), · · · , x

(n−1)
v (0)�|Ü)"

ù�§XÚ(LDES1
p)½(LDEn

p )¡�´Ú½�½´ì?Ú½�§XJé?¿�

½�¢êε > 0þ�3¢êδv, v ∈ S§¦���|xv(0)− x′v(0)| < δvK�½k∣∣∣∣∣∣
∑

v∈V (G)

xv(t)−
∑

v∈V (G)

x′v(t)

∣∣∣∣∣∣ < ε ½ lim
t→0

∣∣∣∣∣∣
∑

v∈V (G)

xv(t)−
∑

v∈V (G)

x′v(t)

∣∣∣∣∣∣ = 0" (7.17)

ùp§xv(t),x
′
v(t)©OL«Ä�v, v ∈ S3Ð�xv(0)½´�©�§|(LDEn

m) 3Ð

�xv(0),x′v(0), · · · ,x(n−1)
v (0)��G�¼ê"

5¿§∣∣∣∣∣∣
∑

v∈V (G)

hv(t)xv(t)−
∑

v∈V (G)

hv(t)x
′
v(t)

∣∣∣∣∣∣ ≤
∑

v∈V (G)

|hv(t)| |xv(t)− x′v(t)| ,

lim
t→0

∣∣∣∣∣∣
∑

v∈V (G)

hv(t)xv(t)−
∑

v∈V (G)

hv(t)x
′
v(t)

∣∣∣∣∣∣ ≤
∑

v∈V (G)

|hv(t)| lim
t→0
|xv(t)− x′v(t)|◦

ùp§hv(t)���k�õ�ª"�âùü�Ø�ª´�§XJàg�5�©�§

|(LDES1
p)3Ð�xv(0), v ∈ S½´(LDEn

p )3Ð�xv(0),x′v(0), · · · ,x(n−1)
v (0)¥�

z��§30:´½�½ìC½�§K|Ü)GL[LDES1
p ]ÚG

L[LDEn
p ]30:´

Ú½�½ìCÚ½�"

é�5�©�§(LDES1
1)Ú(LDEn

1 )§PÙ��A��γ = max{ Reλ| |A −
λIn×n| = 0}"d(5.49)Ú(5.50)ª®�Reγ > 0�§�§|(LDES1

1)Ú(LDEn
1 )30:

´Ø½�¶Reγ < 0�§�§|(LDES1
1)Ú(LDEn

1 )30:´ìC½�¶Reγ =

0�§�§|(LDES1
1)Ú(LDEn

1 )30:´½���=�m′(λ) = m(λ)§ùp§m(λ)

��λ�ê§m′(λ)L«λéA�A��þ�m�ê"ù�(ØA^u�þ!X

Ú(7.12)§Kk�5�©�§|(LDES1
p)Ú(LDEn

p )�|Ü)30:´ìCÚ½�

��=�?¿��º:v ∈ V (G)3�§(LDES1
1)¥éA�)�mBvÄβv(t)e

αvt¥

�Reαv < 0§½´3�§(LDE1
m)¥éA�)�mCvÄt

lveλvt¥�Reλv < 0"

@o§��okù��(ØQºî�Æ¬)º`§d½Â§̂ ��¿©5´w

,�"éu^��7�5§b��3��º:v ∈ V (G)¦�Reαv ≥ 0½Reλv ≥ 0§

K3βv(t) 6=~ê�´� lim
t→∞

βv(t)e
αvt → ∞"Ó�§k lim

t→∞
tlveλvt → ∞§=�§

|(LDES1
p)Ú(LDEn

p ) 30:Ø½"

��5gñ�©�§|(7.12)�½5�dí2�oäÊìÅ�O�O§î�

Æ¬)º`"Äk§é∀v ∈ V (G)§��:x∗v ∈ Rn ¡�´(7.12)¥Ä�vG��

§�²ï:§XJkFv(x
∗
v,y(x∗v), ẏ(x∗v)) = 0"��/§Px∗ =

∑
v∈V (G)

x∗v§¡�
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²ï:Ú¶Ùg§�±ò�5XÚXÚ(LDES1
p)½(LDEn

p ) �Ú½í2���

5XÚ"��/§¡����5XÚ(7.12)�Ú½½ì?Ú½�§XJé?¿

�êε > 0, v ∈ V (G)�3��¢êδv > 0§¦�éAuÐ�xv(0)Úx′v(0)�ü�

)xv(t)Úx′v(t)§��|xv(0)− x′v(0)| < δvKk∣∣∣∣∣∣
∑

v∈V (G)

xv(t)−
∑

v∈V (G)

x′v(t)

∣∣∣∣∣∣ < ε, ½ lim
t→0

∣∣∣∣∣∣
∑

v∈V (G)

xv(t)−
∑

v∈V (G)

x′v(t)

∣∣∣∣∣∣ = 0, (7.18)

K¡�§|(7.12)�|Ü)GL[DESp]´Ú½½ìCÚ½�"

@o§N�½Â�§|(7.12)|Ü)þ�oäÊìÅ¼êQºî�Æ¬)º`§

b�GL[DESp]´�©�§|(7.12)���|Ü)§XJ²ï:Úx∗��m��O ⊂
Rnþ�3����¼êL : O → R÷vµ

(1) L (x∗) = 0�X
∑

v∈V (G)

xv(t) 6= x∗KL

 ∑
v∈V (G)

xv(t)

 > 0;

(2) é?¿�
∑

v∈V (G)

xv(t) 6= x∗kL̇

 ∑
v∈V (G)

xv(t)

 ≤ 0§

KL¡��þ!XÚ(7.12)þ���oäÊìÅ-Ú¼ê"

A^�þ!XÚ(7.12)þ�oäÊìÅ-Ú¼ê§aqu����5�§þ�o

äÊìÅ¼ê§�±���þ!XÚ(7.12)�|Ü)GL(DESp)3²ï:Úx∗�½

5�O§=XJ3²ï:Úx∗���þ�3��oäÊìÅ-Ú¼êL : O → R§K
�þ!XÚ(7.12)�|Ü)GL(DESp)3²ï:Úx∗´Ú½�"�?�Ú§XJ

∑
v∈V (G)

xv(t) 6= x∗ ⇒ L̇

 ∑
v∈V (G)

xv(t)

 < 0, (7.19)

K�þ!XÚ(7.12)�|Ü)GL(DESp)3²ï:Úx∗´ìCÚ½�"

5.2.+XÈ½. +XÚ½�¢�´�Ä�G�xv(t)¦Ú�½�þ!XÚ

½5"aq/§+XÈ½A^Ä�G�xv(t)¦È�½�þ!XÚ½5"Äk§

é�þ!XÚ(7.12)d�5�©�§|�x��/§aqu+XÚ½§½ÂX

Ú(LDES1
p)½(LDEn

p )´È½�½´ì?È½�§XJé?¿�½�¢êε >

0þ�3¢êδv, v ∈ S§¦���|xv(0)− x′v(0)| < δv K�½k∣∣∣∣∣∣
∏

v∈V (G)

xv(t)−
∏

v∈V (G)

x′v(t)

∣∣∣∣∣∣ < ε ½ lim
t→0

∣∣∣∣∣∣
∏

v∈V (G)

xv(t)−
∏

v∈V (G)

x′v(t)

∣∣∣∣∣∣ = 0" (7.20)

aq/§é�5Øþ!XÚ(7.12)§k�5�©�§|(LDES1
p)Ú(LDEn

p )�|
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Ü)30:´ìCÈ½�§��=�?¿��º:v ∈ V (G)3�§(LDES1
1)¥é

A�)�mBvÄβv(t)e
αvt÷v

∑
v∈V (G)

Reαv < 0§½´3�§(LDE1
m)¥éA�)�

mCvÄt
lveλvt÷v

∑
v∈V (G)

Reλv < 0"

��þ!XÚ(7.12)�Ú½ØÓ§î�Æ¬w�¨f§ùp�È½^�´∑
v∈V (G)

Reαv < 0 ½
∑

v∈V (G)

Reλv < 0"

ù�§��OÄ�Ø½�XÚE�U´È½�"~X§ã7.29¥¤«IÒã�

,���þ!XÚ(LDES1
m)½(LDEn

m)�|Ü)§

v1 = {e−2t, e−3t, e3t}, v2 = {e−3t, e−4t},

v3 = {e−4t, e−5t, e3t}, v4 = {e−5t, e−6t, e−8t},

v5 = {et, e−6t}, v6 = {et, e−2t, e−8t}◦

ù�¥§Ä�v1, v3, v5, v6Ø½���XÚ´È

½�§=XÚL�E´�«½�³"
ã7.29 È½XÚ

��/§Py∗ =
∏

v∈V (G)

x∗v§¡��þ!XÚ(7.12)�²ï:È"KXÚ(7.12)¡

�´È½½ì?È½�§XJé?¿�êε > 0, v ∈ V (G)�3��¢êδv > 0§

¦�éAuÐ�yv(0)Úy′v(0)�ü�)yv(t) Úy′v(t)§��|yv(0)− y′v(0)| < δvKk∣∣∣∣∣∣
∏

v∈V (G)

yv(t)−
∏

v∈V (G)

y′v(t)

∣∣∣∣∣∣ < ε, ½ lim
t→0

∣∣∣∣∣∣
∏

v∈V (G)

yv(t)−
∏

v∈V (G)

y′v(t)

∣∣∣∣∣∣ = 0" (7.21)

y3§b�GL[DESp]´�þ!XÚ(7.12)���|Ü)§XJ²ï:Èy∗��

m��O ⊂ Rnþ�3����¼êL : O → R÷vµ

(1) L (y∗) = 0�X
∏

v∈V (G)

yv(t) 6= y∗KL

 ∏
v∈V (G)

yv(t)

 > 0;

(2) é?¿�
∏

v∈V (G)

yv(t) 6= y∗kL̇

 ∏
v∈V (G)

yv(t)

 ≤ 0§

KL¡��þ!XÚ(7.12)þ���oäÊìÅ-È¼ê"

A^�þ!XÚ(7.12)þ�oäÊìÅ-È¼ê§�±���þ!XÚ(7.12)�

|Ü)GL(DESp)3²ï:Èy∗�½5�O§=XJ3²ï:Èy∗���þ�3

��oäÊìÅ-È¼êL : O → R§K�þ!XÚ(7.12)�|Ü)GL(DESp)3²
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ï:Èy∗´½�"�?�Ú§XJ

∏
v∈V (G)

yv(t) 6= y∗ ⇒ L̇

 ∏
v∈V (G)

yv(t)

 < 0, (7.22)

K�þ!XÚ(7.12)�|Ü)GL(DESp)3²ï:Èy∗´ìCÈ½�"

f�ùp§̈ f¯î�Æ¬µ/ww§�©�§��)5�½5Ø´®3²;

êÆ¥)û
o§��oùp��?Ø+XÚ�Ú½È½5Qº0î�Æ¬)º

`§�½���©�§�)½�´Ø½cJ´ù��©�§�)§·Auþ!

XÚ§=XÚÄ��Ìþ!���Cz5Æ"��/§3²;êÆ¥Ø?Øgñ�

§|§@�ùa�§|vk¿Â�ù3�½§ÝþE¤²;êÆ=·Au�xþ!

XÚé�þ!XÚåÃÃü",§�<�^�§(7.9)½(7.12)�x���þ!

XÚG��§����§|�õ´gñ�§|§Ï�3ùa�§¥��Ä�v�G

�Cþxv(t)3ØÓ�§¥�¹ÂØ�½��"Ó�§<a@��ÔI��x�§́

XÚ�N�ü�Ä��G�"ù�§²;êÆégñ�§|Ã)�(ØØ2kd

�IÚ\�þ!XÚ�|Ü)GL�xXÚ1�"

¨f:
:Þ�UY¯µ/�(§Ú\gñ�§|�|Ü)�±�x�þ!XÚ

G�"�´§�þ!XÚ�|Ü)GLq�ØU��^u�xXÚ½5"0é¨f

�¦¯§î�Æ¬?�Ú)º`§�þ!XÚ�|Ü)GL´��IÒã§́ 3Ä�

S%(�Gþ���IÒã§�±�N¤kÄ��G�",§²;êÆ¥¿vk

Jø�½��|Ü)GL½Ä�G�8Ü½5��{"3ù«�/e§I�Ïé½

uy@
{ü��±�xXÚ�NG��ÝþN�ω : GL → R+"ùp��þ!X

ÚÚ½�È½�´3ù«�/eÚ\�"�,§¢yù�8I�kéõ«�{"

��/§î¼�m¥�?Û�«ÝþN�§X�ÝN�

ρ : (x1, x2, · · · , xn)→
√
x2

1 + x2
2 + · · ·+ x2

n (7.23)

(ÜãG�(�½ëêA��Ñ�±���½8Ü{xv, v ∈ S}§=���þ!XÚ
|Ü)GL�½5"ù�¥��§3uÀJ=�«ÝþN��ÎÜXÚG��	

3L�½G�§±B<a@��ÔØ´3/ªþO\@��E,5"

16!5º�µØ

6.1. gñ´XÚuÐ¥�ØÓÚ½Ü6þ�Ø��Ly§3<ú¥ÊH�3"

3<a@�¥§��¡´êÆXÚI�lÜ6����K§ØUg�gñ¶,��
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¡´¯ÔmÃ?Ø3�gñ§êÆXÚ�Ü6��5��êÆ�x�Ô1��

Û�5§�)/ªÜ6�Ø��5§Xx��Ø��½n�"Ly3<a@�þ§

´êÆý¢�½�ug,ý¢��Æ§XéÅ½�c)k��x§ØU{ü/dê

Æäóc�)k§�©z[Gri1]-[Gri2]Ú[Mao45]"ù�§@�½n)g,I�zg

ñ�Ú²§�ï�«�êÆNX§ùÒ´SmarandacheÄ½ún�SmarandacheA

Û!SmarandacheU�m½XÚ§±93UXÚS%|Ü(�þ�ï�êÆ|

Ü§�©z[Del]![Sma1]-[Sma2]![Sma4]![SCF]![VaS1]-[VaS2]![Ise]![KuA]![Mao3]-

[Mao6]![Mao9]![Mao13]-[Mao23]![Mao53]Ú[Mao55]�"

6.2. SmarandacheÄ½ún�²;êÆ¥�únØÓ§§3��êÆXÚ¥�

±Ó�¤á!Ø¤á§½´±ü«±þ��ªØ¤á"ù��êÆún{5�²;

êÆØ�u��§@�/¤á!Ø¤á0Ó�Ñy��Ü6����K§�§%´

Ú�ØÓXÚ§$�gñXÚ�k��{"SmarandacheÄ½ún´SmarandacheA

Û!SmarandacheU�m½XÚ�Ä:§�Ð=´uySmarandache²¡AÛ½2-

�6/§±9Smarandache 2-�êUXÚ§�©z[KuA]![Ise]Ú[VaS1]-[VaS2]"·

3[Mao10]-[Mao12]![Mao23]¥§A^|Üg���5/�E
Smarandache n-�

6/9AÛ"ù�¥���Ä�¯K§aqu�[�/k0Ú/Ã0½´Ã[�/Ú0

�/�0§́ ��gñXÚ´Ä�½¿�Xg,Ø�3º�Y´Ä½��Ï��õg

ñ´<��/ªgñ�g,ý¢§�)þfÅ�@�!¥~Þ�3$êiiZ§

½��©z[GuG]"

6.3.@o§<�3�lÜ6���KþAN��ï÷vSmarandaceÄ½ún�

êÆXÚQº�¤|ÜAÛ�|Ø;Í[Mao23]�§·�â¯Ô$Ä�5Æd�§�

x¿£�SmarandacheÄ½ún3êÆþ�«����Ly/ªA´gñ�§|§

=dgñ�§|�x+N1�½´�þ!XÚ�|Ü1�§¿�¤1��'uØ�

)�5�§|�Ø©[Mao26]"2012c7�§Smarandache�Ç32²ó��Æ�¯§

·ù��¥küU�Ð32²Ñ�§̂ B�¯
¦§�¦�6·éSmarandacheÄ

½ún�gñ�§|'X�w{§¿òØ©[Mao26]�Ì�(Øw�¦"¦f�é

¯ç§Ï�¦l�¿£�SmarandaceÄ½ún3êÆ¥�±ù�Ly¿�é¯Ô
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11!�äA�

�ä´�«AÏ�IÒãGL§́ �xXÚÄ��^'X��«{z�/"ù�

¥§IÒN�L : G→ R±éAu�Ï$Ñ!>åÑx!&ED4�¢S�ä"��
5¿�´§<�æ^XÚ@���¯Ô���IÒãGL=§k�{ü!�8
,§

k�KE,�C�#ÿ§=GL�3{ü�E,�O"~X§ÄÔN[�S%��ä

(���Ù��XÚ!|��¤��äE,"��/§î�Æ¬w�¨f§<3÷

*.¤���«�äþ���*âf�¤��ä{ü"{ü�§<��±éÙC

z1�@�Ú�x¶E,�§KI�<�éÙØä@�Ú&¢§±Ï3�½^�e

ÑÖu<a�¬"

@o§�o´E,�äQºî�Æ¬w�¨f§E,�ä¥�/E,0́ �éu

/(�{ü0!/1�üX0Ú/Czþ!0�ó�§Ì�Ly3±eA��¡µ1©(
�E,§Ly�!:ê§X<N[���k�4× 1014 − 6× 1014 �§ê8ã��(

�¥yÑõ«ØÓA�¶2©ë�E,§!:ë���3�É§�U�3��5¶3©
CzE,§!:½ë���)����k�½�Å5§�ä(�ª�Cz§üz�

ÑØ�l�5Cz5Æ§E¤XÚ@�½�xþ�E,�§Xã8.1¤«"

ã8.1 �ä

î�Æ¬é¨f`µ/*	ùn��ä\k�o�*aúº0̈ fw
�¬��

`µ/n��ä¥§(a)�(�{ü²
§́ ��¥%:�,	l�pØ�ë�:ë�§

��ù×��sù¶(b)�!:êõ§ë���3�½�E,5�5Æ²w¶(c)�!:

Úë�K�E,§[Üq�wØ��Ù"0î�Æ¬�½
¨�*	�UY¯µ/@

\ú�ùn��ä=�½=A�´E,�äQº0¨f£�`µ/(c)�[!ÑwØ

�§A´��E,�ä¶(a) �kÊ�!:§(�'X²w§́ ��{ü�ä¶(b)0

u(a)Ú(c)�m§!:êØ��<�±³SúêÑ5§�ë�(���ß§AT�
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´��{ü�ä�0î�Æ¬w�¨§ùn��ä3�½^�eÑ¬¤�E,�ä"

Ù¥§(a)´��!:ê�Ê�(.�ä§!:ë��ß�!:�ë���ÅCz

¬E¤Ù=B´��=kÊ�!:�(.�ä§Cz�¬¥y�«E,��³¶�

ä(b)�!:!ë�ÑØ�E,§�(a)aq§��Ù!:!ë�¥yCz�Ø(½5§

=¬¦�ä(b)¤���E,�ä¶�ä(c)�!:êã��ë�E,§́ �«;.�

E,�ä"Ó�§é�ä(c)�[!wØ�Ù§I�3Eâþé(c)�ÛÜ�E?1�

�?§w�ÙÛÜ�ë�Ú�E§éÙ?1@�"¢Sþ§E,�ä���´<a3

,��mÿØUO(rºÙ1�G���ä§ùÒ�)(c)�(�E,�(a)½(b)�

1�E,ü«�/"

ù�§3nØþ§<a�,�±XÚ@��Ô§��ý�¢y�x!rº�Ô

A�´��Ø�U�¯�§ù��´5��²6¥/¶�¶§�~¶0�é%¹�

óÆg�"3ù«�/e§aquéã8.1¥�ä(c)�@�§<a�U´3ÛÜ@�

Ä:þé��¯Ô?1|Ü@�§�I��<aEâþ�?ÚØä\�½?�ù«

|Ü@�§́ ��Ã�ªC¯Ôý¢�û�L§"@o§3<aå¤U9���S§

éXÚ@�½´ÙéA�E,�ä�±JÑ=
ÛÜA�±�xXÚ5�Qºî�

Æ¬)º`§�«g,��{´�xE,�äLyÑ5��
ÚOA�§=^ê�

ÚO5��xXÚ�L�"

1.1.�Å©Ù. ��(½5¯�´ÏJ'X¥�/�Ï0²(§�±duÐL§

��(½/(J0�¯�"��§/�Ï0Ø�Ù½´L§Ø²(§��¯��Uu)

��UØu)K¡��Å¯�"~X§��¥���qM1§¡�Á�"XJk�

�p���ÅéM1l�Ñ�á/L§ëYû�§K�±�Ù/�¡M1á/�´

�¡�þ�´�¡�þ§�XJvk��ÅéM1á/L§?1*ÿ§¿�
M1

á/c��ãCzL§§K�¡�þ½´�¡�þÑ�UÑy§Ò´��Cq��

Å¯�"<a3@��ÔL§¥§�3�þù«�Ï½L§Ø²(��Å¯�§I

�æ^�Å�.?1�U5©Û"

��E?1�Á�Ω¥§z�«�UÑy�(J¡���:ω(Ω)§ù���

�:ω1(Ω), ω2(Ω), · · · , ωn(Ω)�¤Á�Ω����m§=

Ω = {ω1(Ω), ω2(Ω), · · · , ωn(Ω)}◦ (8.1)

�A/§ù��Á�¡��ÅÁ�"w,§XJn = 1=Ω�k�«(J§K(8.1)´

��(½5Á���ÅÁ�"ù�§é�ÅÁ�ó(8.1)¥�½kn ≥ 2§î�Æ

¬w�¨f"b�3ngÁ�Ω¥§ωkÑy
µkg§ùp1 ≤ k ≤ n§K¡Fn(ωk) =

µk/n�¯�ωk3ngÁ�¥Ñy�ªÇ§÷vµ1©�K5§=0 ≤ Fn(ωk) ≤ 1¶2©5�
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5§Fn(Ω) = 1¶3©�\5§=éü�Õá¯�ωiÚωj§ωi
⋂
ωj = ∅§KFn (ωi

⋃
ωj) =

Fn (ωi) + Fn (ωj)"ùp§1 ≤ i, j ≤ n"

��/§�n→∞�§Fn(ωk)¡�¯�ωk�VÇP (ωk)§=

P (ωk) = lim
n→∞

Fn(ωk) = lim
n→∞

µk
n ◦

(8.2)

ù�§d4��5�VÇP (ωk)�÷v�K5!5�5Ú�\5"

<a@��Û�5L²§<a�@�(Ø=´3�½^�e¤á"aq/§î

�Æ¬)º`§3ÚO©Û¥I�?Ø3�½^�e¯�Ñy��U5§ùÒ´^

�VÇ§=/3^�A®²u)0�^�e(½¯�ωÑy�VÇ§P�P (ω|A)"ù

�§d¦{úª§=^�AÚωÓ�Ñy�VÇ

P (Aω) = P (A)P (ω|A) ⇒ P (ω|A) =
P (Aω)

P (A)
◦ (8.3)

~X§̀ !̄ ü½�¥IÜH�ü�¢½§âí�]�P1§�ce�Uê¥

`½Ó20%§ü½Ó�e�Ó16%§K/3`½e�^�e0̄ ½e��VÇ=´�

«^�VÇ"d(8.3)ª�ÙVÇ���0.16/0.2 = 0.8 = 80%"

��/§b�(Ω,R, P )´��n�|§Ù¥§Ω����m§R�¢ê8§PL«
VÇ"é��½Â3Ωþ�¢¼êξ : Ω→ R§XJé?��¢êx§{ω : ξ(ω) < x}´
��¯�§K¡ξ(ω)����ÅCþ§±«OuÏ~�Cþ"��/§�ξ´���

ÅCþ§Ké?¿¢êx§P (ξ < x)k¿Â§½ÂFξ(x) = P (ξ < x)��ÅCþξ�©

Ù¼ê§−∞ < x <∞§Kkü«©Ù¼êXeµ

lÑ�Å�.. ���ÅCþξ�kk��½����x1, x2, · · · , xn, · · ·�¡�
lÑ.�ÅCþ§P�P (ξi = xi) = pi, i ≥ 1§ê�{pi}¡�ξ�©Ù�§=

ξ x1 x2 · · · xn · · ·
P (ξ = xi) p1 p2 · · · pn · · ·

ùp§pi ≥ 0, i ≥ 1�÷v
∑
i≥1

pi = 1"

ëY�Å�.. XJ���ÅCþξ�©Ù¼êF (x)�±L«����K�È

¼êf(x)�È©§=

F (x) =

x∫
−∞

f(t)dt, −∞ < x < +∞, (8.4)

K¡ξ�ëY.�ÅCþ§f(x)�ξ��Ý¼ê"
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dëY�ÅCþ�½ÂÚÈ©5�§́ �

£1¤�Ý¼êf(x)÷vµ1©�K5§=é?�Cþx, −∞ < x < +∞kf(x) ≥

0¶2©5�5§=
+∞∫
−∞

f(t)dt = 1"

£2¤�ÅCþξ ∈ [a, b]�VÇ�

P (a ≤ ξ ≤ b) =

b∫
a

f(t)dt◦ (8.5)

£3¤ëY.�ÅCþξ�?¿�a�VÇ�0§=P (ξ = a) = 0§Ï�P (ξ = a) =

F (a+ 0)− F (a)F (x)3:aëY"

�
~��VÇ©Ù¼ê~ÞXeµ

£1¤��©Ù. ��©Ù´�é�kü��UÁ�(J��/§q¡��ãp

Á�§=¯�Au)½ö¯�AØu)"b�¯�Au)�VÇ�p, q = 1−p§Png
ÕáE��ãpÁ�¥¯�Au)�gê�ξ"K�ÅCþξ�©Ù�

P (ξ = i) =

(
n

i

)
piqn−i, 1 ≤ i ≤ n◦ (8.6)

��/§¡(8.6)��ãp��©Ù§P�B(n, p)"

£2¤Ñt©Ù. b��ÅCþξ��U���0, 1, 2, · · ·§�

P (ξ = k) =
λk

k!
e−λ, (8.7)

K¡�ÅCþξÑlëê�λ�Ñt©Ù"d½Â§́ �P (ξ = k) ≥ 0§�d�ê¼

êex�Ðmª§k
∞∑
i=0

λi

i!
e−λ = e−λ

∞∑
i=0

λi

i!
= e−λeλ = 1,

=Ñt©Ù÷v�K5Ú5�5�¦§�3/ªþ���©Ùaq"��/§b�

���ÅCþξn (n = 1, 2, · · · )Ñl��©Ù(8.6)§=npn = λ�~ê§qn = 1− pn"
Ké?¿�êk ≥ 1k

P (ξn = i) =

(
n

i

)
pinq

n−i
n , 1 ≤ i ≤ n,

�k

lim
n→∞

P (ξn = k) =
λk

k!
e−λ, (8.8)
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=�ãp��©ÙP (ξ = k)´Ñt©ÙP (ξn = k)3n→∞�4�"
£3¤þ!©Ù.þ!©Ù´3��«m[a, b]Sþ!Ý:§=¤Ý:á3«m[a, b]¥

?� ���U5�Ó�VÇ©Ù"ù�§VÇ©Ù¼ê

F (x) = P (ξ < x) =


0, x ≤ a,

x− a
b− a

, a < x < b,

1, x ≥ b,

(8.9)

�Ý¼ê

f(x) = F ′(x) =


1

b− a
, x ∈ (a, b),

0, x 6∈ (a, b)◦

(8.10)

£4¤�ê©Ù. �ê©ÙéA�ÅCþξ��Ý¼ê�

f(x) =

{
λe−λx, x ≥ 0

0, x < 0
(8.11)

�λ > 0"ù�§ØJ�yf(x) ≥ 0�

+∞∫
−∞

f(x)dx =

+∞∫
0

λe−λxdx = 1,

÷v5�5�¦±9

P (a ≤ ξ ≤ b) = λ

b∫
a

f(x)dx = e−λa − e−λb◦ (8.12)

£5¤��©Ù. ��©Ùq¡�pd©Ù§éA�ÅCþξ��Ý¼ê�

f(x) =
1√
2πσ

e−
(x−a)2

2σ2 , −∞ < x < +∞, (8.13)

Ù¥§a, σ > 0�~ê§�A�©Ù¼ê�

F (x) =
1√
2πσ

x∫
−∞

e−
(t−a)2

2σ2 dt, −∞ < x < +∞, (8.14)

¡ξÑlëê�a, σ2���©Ù§P�ξ ∼ N(a, σ2)§Xã8.2¤«"

AO�§�ëêa = 0, σ = 1�§��©ÙN(a, σ2)¡�IO��©Ù§P

�N(0, 1)§́ 3ég,.!<a�¬!%nÚ����þL�ïÄ¥��«~^�



11! �äA� 291

ÚO�."ù�§�Ý¼êϕ(x)Ú©Ù¼êΦ(x)�

ϕ(x) =
1√
2π

e−
x2

2 , Φ(x) =
1√
2π

x∫
−∞

e−
t2

2 dt◦

ùp§−∞ < x < +∞"
5¿§þ¡Ñt©Ù����5�´�n→

∞�§kP (ξn = k)→ P (ξ = k)§=�ãp��©
ã8.2 ��©Ù

Ù"ù«5����z§=é?���ÅCþS�{ξn} (n = 1, 2, · · · )§e�3��
�ÅCþξ¦�é?¿�½����êε > 0k

lim
n→∞

P {|ξn − ξ| < ε} = 1, (8.15)

K¡�ÅCþS�{ξn}VÇÂñu�ÅCþξ§P�

lim
n→∞

ξn
P
= ξ ◦ (8.16)

é���ÅCþS�{ξn}Ú?¿�ên ≥ 1§��=Cþξn�VÇ©Ù�P (ξn =

xi) = pi§XJ?ê
∞∑
i=1

xipiýéÂñ§PE(ξn)§¡��=Cþξn�êÆÏ""aq

/§XJE {(ξn − E(ξn))2}�3§PD (ξn) = E {(ξn − E(ξn))2}§¡�D(ξn)�ÅC

þξn���§
√
D(ξn)¡�ξn�þ��"ù�§½Âξn =

1

n

n∑
i=1

ξi§=cn��ÅCþ

��â²þ§XJk

lim
n→∞

(
ξn − E(ξn)

) P
= 0, (8.17)

K¡�ÅCþS�{ξn}Ñl�ê½Æ"
�ê½Æ´�ÅCþ��«�5�§kéõ«Ly/ª"~X§�'ÈÅy

²
?¿n��ÅCþ§XJ¦�´�pÕá�§êÆÏ"Ú��k���Ó§K

�n¿©��§ùn��ÅCþ��â²þ�A�´��~ê§=

lim
n→∞

P

{∣∣∣∣∣ 1n
n∑
i=1

ξi − µ

∣∣∣∣∣ < ε

}
= 1◦ (8.18)

ùp§µ�ù
�ÅCþ�êÆÏ"�"5¿§<a��ÅÁ��U?1k�g

��ªÇ"�d�é§VÇ´Á�gêªuÃ¡���4��/"@o§/ªÇ�

VÇ´�o'XQº0î�Æ¬)º`§�ãp±î��êÆ/ª§y²
�n¿©
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��§��¯�u)�ªÇ�¯�A�VÇk���O��U5é�§=é?¿�

êε > 0§k

lim
n→∞

P
{∣∣∣nA

n
− p
∣∣∣ < ε

}
= 1, (8.19)

ÑtKy²
é?¿�êε > 0§k

lim
n→∞

P

{∣∣∣∣∣nAn − 1

n

n∑
i=1

pi

∣∣∣∣∣ < ε

}
= 1◦ (8.20)

ù�¥§nA, p©O´ngÁ�¥¯�Au)�gêÚ¯�A3�gÁ�¥u)�V

Ç§pi´¯�A31igÁ�u)�VÇ"

��©Ù´¢�¥�~���«©Ù§XÓ�«)ÔN���!N§ÿþÓ

�ÔN�Ø�§«f�þ�"��/§b�{ξn}´���pÕá��ÅCþS�§
�kk��êÆÏ"Ú��§=é�êi = 1, 2, · · ·kE(ξi) = µi, D(ξi) = σ2

i§½

ÂB2
n =

n∑
i=1

σ2
i§Yn =

n∑
i=1

(ξi − µi)/Bn, n = 1, 2, · · ·"Xé?¿x ∈ (−∞,+∞)þk

lim
n→∞

P {Yn ≤ x} =
1√
2π

x∫
−∞

e−
t2

2 dt, (8.21)

K¡�ÅCþS�{ξn}Ñl¥%4�½n§P�{ξn}
L∼ N(0, 1)"

@o§=
�ÅCþÑl¥%4�½nQºî�Æ¬)º`§XJ�ÅCþ

S�{ξ[1]
n }Ñl�ãp��©ÙB(n, p)½ÂS�{Y [1]

n }½´é?¿�êi ≥ 1§XJ

�ÅCþξ
[2]
i �pÕá§ÑlÓ�©Ù�äkk��êÆÏ"Ú��§=E(ξ

[2]
i ) =

µ,D(ξ
[2]
i ) = σ2 6= 0½ÂS�{Y [2]

n }Xeµ

Y
[1]
n =

ξn − np√
npq

½ Y
[2]
n =

n∑
i=1

ξi − nµ
√
nσ

, (8.22)

K�ÅCþS�{Y [1]
n }Ú{Y [2]

n }þÑl¥%4�½n"
1.2.gê©Ù. é?��º:v ∈ V (G)§ãG¥�v���º:8P�NG(v)§

¡ρG(v) = |NG(v)|�:v�gê½Ýê"d½Â´�ρG(v)�G¥�v�'é�>ê

�Ó"éG ¥:�gêU��ü���ρ1 ≥ ρ2 ≥ · · · ≥ ρ|G|§¡�ãG�gS�"

@o§3�o^�e���K��ê�´��ã�gS�Qºî�Æ¬)º`§

Äk§<����«ãgS��4í'X§=���K��ê�ρ1 ≥ ρ2 ≥ · · · ≥ ρp´

��ã�gS���=��êS�ρ2− 1, ρ3− 1, · · · , ρρ1+1− 1, ρρ1+2, · · · , ρp´ã�
gS�"ùp§ρ1 ≥ 1§p ≥ 2¶Ùg§k��ãgS�����O§=���
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K��ê�ρ1 ≥ ρ2 ≥ · · · ≥ ρp´ã�gS���=�
p∑
i=1

ρi ´óê§�é?¿�

ên, 1 ≤ n ≤ p− 1k

n∑
i=1

ρi ≤ n(n− 1) +

p∑
i=n+1

min{n, ρi}◦ (8.23)

���½�ãG¥�²þg〈ρ〉GÚ��g∆ (G)©O½Â�

〈ρ〉G =

∑
v∈V (G)

ρG(v)

|G|
, ∆ (G) = max{ρG(v)|v ∈ V (G)}◦ (8.24)

��ãG¥gê���º:¡�G¥�g¥%:"��/§��º:v ∈ V (G)�

¥%³Cρ(v)½Â�

Cρ(v) =
ρG(v)

|G| − 1
◦ (8.25)

é��ãG¥º:�¥%³U��ü����S�Cρ(v), v ∈ V (G)¡�ã�¥

%³S�"~X§�´Pn�¥%³S��1/n− 1, 1/n− 1, 2/n− 2, · · · , 2/n− 1§�

�ãKn�¥%³S��1, 1, · · · , 1�"
���½�IÒãG�g©ÙP (k)½Â�?À��!:�gêTÐ�k��V

Ç"~X§ék-�KãGkP (k) = 1Úi 6= k�P (i) = 0"AO/§é����

ãKnkP (n− 1) = 1i 6= n− 1�P (i) = 0"w,§é?��ãGk

∞∑
i=0

P (i) =

∆(G)∑
i=0

P (i) = 1 (8.26)

Ú

〈ρ〉G =

∑
v∈V (G)

ρG(v)

|G|
=
∑

v∈V (G)

ρG(v)

|G|
=

∆(G)∑
i=0

iP (i)◦ (8.27)

Ó�§3G¥?À��º:�gê≥ k�VÇw,�

Pk =

∆(G)∑
i=k

P (i), (8.28)

�e�3~êσ, γ > 0¦P (k) ∝ e−k/σ½P (k) ∝ k−γ§K

Pk =

∆(G)∑
i=k

e−i/σ ∝ e−k/σ ½ Pk =

∆(G)∑
i=k

k−γ ∝ k−(γ−1)" (8.29)
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ùp§Pk ∝ f(k)L«�3��~êC > 0¦Pk = Cf(k)"

��ãG¥?À�^>(u, v) ∈ E(G)�ρG(u) = k1, ρG(v) = k2�VÇ¡�éÜ

VÇ§P�P (k1, k2)"ù�§dVÇ�½Â�

P (k1, k2) =
|EG (k1, k2) |
|E(G)|

◦ (8.30)

ùp§EG (k1, k2)L«ãG¥�à:�gê�k1§�à:�gê�k2�>�¤�8Ü"

�f35Ø�.ã6¥/n<1§7kÆ�è"KÙõöl�§ÙØõö

U�0ÚRamsey�äó/?¿8�<à¬§�½kn�<p�@£½n�<pØ�

£0þL²§/n0́ <+�x¥����þc"@o§N�3<+'X�äGL¥

�xù«n<�+N½8+A�Qºî�Æ¬)º`§ùI�3ãG¥Ú\8+X

ê§=n�/K3Ñy�ªÇ"

é?��º:v ∈ V (G)§º:v�8+XêÚãG�8+Xê©O�

N3(v) =
2|E 〈NG(v)〉 |

ρG(v)(ρG(v)− 1)
, N3(G) =

1

|G|
∑

v∈V (G)

N3(v)◦ (8.31)

ùp§E 〈NG(v)〉L«º:v���NG(v)3G¥)¤fã�>8"

~X§é?��ên ≥ 3§��ãKn¥?��º:v�gê�n− 1§�?��º

:���)¤fã�Kn−1"ù�§ãKn¥º:v�8+Xê�

N3(v) =
(n− 1)(n− 2)

(n− 1)(n− 2)
= 1, N3(G) = n

é��äT, v ∈ V (T )KkN3(G) = N3(v) = 0§Ï�d½Â§?¿��ä¥Ø�

3�§�,�Ø�3K3"ù�w5§��ã�x�´n<�+N�õ��/��

ä�x�K´Ø�3n<�+N��/"

é?���êk§PRG(k) = {v ∈ V (G)|ρG(v) > k}§=ãG¥gê�uk�º
:8Ü§¡�L<8ì"�ÝþL<8ì�Ó'§½Â

ΦG(k) =
|E 〈RG(k)〉|∣∣E (K|RG(k)|

)∣∣ =
2 |E 〈RG(k)〉|

|RG(k)| (|RG(k)| − 1)
, (8.32)

¡�ãG�L<Xê"ù�¥§E 〈RG(k)〉L«L<8ìRG(k)3G¥)¤fã�>

8§K|RG(k)|L«º:ê�|RG(k)|���ã"
~X§�^�´Pn¥vkgê> 2�º:§gê�2�º:ê�n− 2§Ù)¤f

ã��^f´Pn−2"ù�§�n ≥ 3, k ≥ 2�kΦPn(k) = 0¶�n ≥ 3, k = 1�k

ΦPn(1) =
2 |E 〈RG(k)〉|

|RG(k)| (|RG(k)| − 1)
=

2(n− 3)

(n− 2)(n− 3)
=

2

n− 2
◦
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1.3.ål©Ù. �½��ãGÚu, v ∈ V (G)§º:u, v3G¥�ål��´G¥

ë�u, v�á�´��ÝdG(u, v)§=

dG(u, v) = min{ |P | − 1 | P ∈ PG(u, v) }◦ (8.33)

ùp§PG(u, v)L«ãG¥º:u, v�m��´�¤�8Ü"aq/§º:u, v3GL¥

�ål½Â�

dLG(u, v) = min
∑

P∈PG(u,v)

∑
(v1,v2)∈E(P )

L(v1, v2)◦ (8.34)

é?�^>(v1, v2) ∈ E(P )§3(8.34)ª¥XþkL(v1, v2) = 1K(8.34)ªòz

�(8.33)��/"��ëÏãG ¥�²þål〈d〉G½Â�

〈d〉G =
1

|G|(|G| − 1)

∑
u,v∈V (G)

dG(u, v)◦ (8.35)

��ã¥�²þål�§̀ ²ãþ��º:�,��º:I��Úêõ"aq

/§ãG�²þ�Ç±º:mål�Ä:§�xãþÏ1�J´§Ý§½Â�

〈e〉G =
1

|G|(|G| − 1)

∑
u,v∈V (G)

1

dG(u, v)
, (8.36)

=ãG¥?¿ü�º:mål��êÚ�²þ�"

A^(8.34)§ò(8.35)Ú(8.36)ª¥�dG(u, v)O

��dLG(u, v)§�±aq/Ú\IÒã½�äGLþ

�²þål!²þ�Ç�Vg�I"

©Û��ëÏã½�ä�¥%�±é��º:

?3�ä¥�/ ?1�x§³¥%(8.25)´±�

�º:�g�xÙ/ "aq/§ålÓ��±�

x��º: u�ä¥�/ §��¢S�ä�b

�§�{Xeµ

ã8.3 �ä¥%

11«. ;�¥%§=¥%:´�Ù¦º:;�ÝÚ���º:"éA�§��

:v ∈ V (G)�;�Ý©Ù�

C1
B(v) =

|G| − 1∑
u∈V (G)

d(v, u)
◦ (8.37)

12«. 0ê¥%§=¥%:´�Ù¦º:0êÚ���º:"éA�§��

:v ∈ V (G)�0ê©Ù�

C2
B(v) =

2
∑

u,w∈V (G)

|P(u,w)(v)

(|G| − 1)(|G| − 2)|P(u,w)|
◦ (8.38)
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ùp§P(u,w)L«º:u,w ∈ V (G)m��á�´8§P(u,w)(v)L«º:u,w ∈
V (G)m²Lº:v��á�´8"

13«. 60¥%§=¥%:´�Ù¦º:60ÝÚ���º:"éA�§��

:v ∈ V (G)�60Ý�

C3
B(v) =

∑
u,w∈V (G)

|P ′(u,w)(v)

|P(u,w)|
◦ (8.39)

ù�¥§P ′(u,w)L«º:u,w ∈ V (G)m��´8§P ′(u,w)(v)L«º:u,w ∈
V (G)m²Lº:v��´8"

5¿§(8.25)ª½Â�³¥%Úþ¡n«¥%ÑL²º:3��ã¥��§

Ý§½´3¢S�ä¥��º:éÙ¦º:�K�§Ý"@o§N�'�ã�ãm

�¥%Qºî�Æ¬)º`§'�ã�ã�m�¥%z§ÝI�Ú\��ã�¥%

zÝCA(G)§½Â�

CA(G) =

∑
v∈V (G)

(C∗A − CA(v))

(|G| − 1) max (C∗A − CA(v))
◦ (8.40)

ùp§C∗A = maxCA(x)�¥%g��º:�¥%g�"ù�§XJã¥�z�º:�

¥%gþ�Ó§Kd(8.38)ªkCA(G) = 0§¡�Ã¥%�"~X§æ^(8.25)g¥%ï

þ��ã�¥%zÝ§K��r-�KãG, v ∈ V (G)�g¥%�Cρ(v) = r/(|G| − 1)§

=r-�KãCA(G) = 0"

12!�Å�ä

��Ä�ãG´º:8V (G)þ���'XE(G) ⊂ V (G) × V (G)�Ly§aq

u�ê8Z+¥�/1Ò´1§2Ò´20§?3�«©ªØCG�"@o§N�3Ä�ã

Ä:þÚ\¿�xCz¥�ãG�Qºî�Æ¬w�¨f§ãG�Cz¥�«{ü

�/§́ ü�º:uÚvm�ë�G�u)�ÅCz§X(u, v) ∈ E(G)Uì�½�V

ÇCz�(u, v) ∈ E(G)½´(u, v) 6∈ E(G)ù�ü«�U(J"éA/§kü«~^

��Å�.�xã�ù«Cz"�«´r¤kn�m^>�ã�¤�8ÜΦ(n,m)w

���VÇ�m§z�ãk�Ó�VÇp§dGilbertu1959cJÑ"ùp§

p = 1

/(
N

m

)
, N =

(
n

2

)
= n(n− 1)/2;

,�«´±�Ó�VÇp(½ü�º:é�m�ë>§�xn�m^>ã�)¤L§§

aqu�ãpÁ�¥¯�Au)�VÇ�p§Øu)�VÇ�q = 1− p§��)¤�
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�n�m^>�ã§/¤8ÜG (n,m) = G (n, P (edge) = p)§�<¡�ER�Å�ä§

dErödsÚRényiè<u1960cJÑ§=e¡��Åã�."ùü«�Åã�.=´

Ú\VÇ�À�ØÓ§¢�þ´���"

�Åã�.. é?¿�½��ên ≥ 1§m ≤ |E (Kn)| = n(n − 1)/2§)¤

ãG (n,m)�L§Xeµ

11Ú. ?¿ÀJn�Õáº:¶

12Ú. 3ùn�º:¥§�Ú�Ú/ÀJº:é�z�º:é=ÀJ�g§±

VÇp ∈ (0, 1)3À½�º:më>"ùp§p = 2m/n(n− 1)¶

13Ú. E?1þ¡12Ú§���)��m^>�ãG (n,m)§§Sª�"

î�Æ¬4¨fg��Åã�.)¤�ãG (n,m)���n�m^>Ä�ã�«

O3=p"¨f�
�¬�§k:Ø(½/`µ/��n�m ^>Ä�ã´(½�§

��Åã�.G (n,m)¥�m^>Ð�´Ø(½�§�Uk��Uvk"0î�Æ¬

J«¨`µ/ù�¯K�±���¯{§Ò´�Åã�.�U)¤���ãíº0̈

fù�²x
î�Æ¬�¯K§£�`µ/�,§U�Åã�.)¤�n�m^>ã

�Uk���0î�Æ¬UY¯µ/@o§N�3�Åã�.�E¥Nyë>��V

ÇpQº0î�Æ¬ù��¯§̈ féG (n,m)qk
¹·
§£�`µ/´Ü§ww�

�Åã�.¥ü�º:uÚv�m�U�3!��UØ�3>§Ø´·n)��½

�3½´�½Ø�3�^>"@qAN�n)§S¥�VÇpQº0î�Æ¬w�¨

f§�¤±¨Øn)�Åã�.¥�VÇp3À½��éº:uÚv��^§�Ï3

u¨rVÇpn)¤1½0§=uÚvm�½�3½´Ø�3�^>
§rG (n,m)n)

¤��äN�n�m^>Ä�ã
"

f�ùp§̈ fEk
Ø)/¯î�Æ¬`µ/ØéÜ§ww�JØ¤�Åã�

.)¤�Ø´��n�m^>�ã´O��o§§Sª�^�Ø�´3n�º:þ

�)
��m^>�ãíº0î�Æ¬)º`µ/�(��Åã�.ª�^��(´

3n�º:þ�)
��m^>�ã§�3�éº:uÚvmUVÇpë��^�e§

ë�½Øë�ÑI�U13Úª�^�)¤��n�m^>ã"ù��5§���)

�Ø´��´õ�n�m^>ã§G (n,m) ´��n�m^>ã�8Ü"0ù�§̈

fq�k:+×
VÇp3)¤G (n,m)¥��^§g�`µ/í§G (n,m)�5Ø´

��äN�ã´��n�m^>�ã8��ù��5§qN�Nyz^>Ñy�

VÇ´p�Ù¦�Qº0î�Æ¬)º`§ù�§º:éuÚv��kn(n− 1)/2 «

ÀJ�{§G (n,m)¥�kpn(n − 1)/2^>§=m^>"��§?��n�m^>�

ãÑ�±3n(n− 1)/2�º:é¥�^>�^>�UVÇp = 2m/n(n− 1))¤§Ï
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�p÷v0 < p ≤ 1§A^¦{�Kk

n(n−1)
2∑
i=1

 n(n−1)
2

i

 pi(1− p)
n(n−1)

2
−i = (p+ 1− p)

n(n−1)
2 = 1, (8.41)

=÷v5�5�¦"ù�§G (n,m)¥�k

|G (n,m)| =

 n(n−1)
2

m

 =

 n(n−1)
2

pn(n−1)
2

 (8.42)

�n�pn(n− 1)/2^>�ã"~X§n = 3,m = 2�p = 1/3§G (3, 2)¥�¹�3�3�

º:2^>�ã�ã8.4§ù3�ã�pmÓ�"

r
r r r r

r
r r

rv1

v2v3

v1 v1

v3 v2 v3 v2

ã8.4 ãG (3, 2)

��/§3 ≤ n ≤ 10�m = 2�§G (n, 2)¥�¹�ã�ê8�L8.1"

n 3 4 5 6 7 8 9 10

|G (n, 2)| 3 15 45 105 210 378 630 990

L8.1 G (n, 2)¥ã�ê8

2.1.G (n,m)A�©Ù. �Åã�²þg〈ρ〉G (n,m)!²þål〈d〉G (n,m)Ú8+X

êN3(v)�±d�Åã�½ÂO��"Äk§d½Â�ÅãG (n,m)¥�?��º

:vÑ±VÇp�Ù¦n− 1�º:��"ù��5§�n¿©�½n→∞�§²þg

〈ρ〉G (n,m) = p(n− 1) ≈ pn◦ (8.43)

�

�

�

�

�

�

�

�

�

�

�

�

r
r

r
q
r

r
r

v

V1 V2 Vd
q q q

ã8.5 º:åly©
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Ùg§é?��ãG, v ∈ V (G)§�±U��º:�v�ålé:8V (G)\{v}¥
�º:©a�V1, V2, · · · , Vd§=V1¥�º:�v��§V2¥�º:�v�ål�2�

��/§Vd¥�º:�vål�d§Xã8.5¤«"ù�§d�Åã½Â§G (n,m)¥

��º:v²þ�〈ρ〉G (n,m)�º:��§�〈ρ〉G (n,m) 〈ρ〉G (n,m) = 〈ρ〉2G (n,m)�º:ål

�2§�〈ρ〉2G (n,m) ×〈ρ〉G (n,m) = 〈ρ〉3G (n,m)�º:ål�3�§���/§º:v²þ

�〈ρ〉d−1
G (n,m) 〈ρ〉G (n,m) = 〈ρ〉dG (n,m)�º:ål�d"d	§d½ÂG (n,m)¥?¿ü�

º:mål�²þ��〈d〉G (n,m)§=v²þ²L〈d〉G (n,m)Ú�±��G (n,m)¥?�

�º:"ù�§k

n ∝ 〈ρ〉〈d〉G (n,m)

G (n,m) ⇒ 〈d〉G (n,m) ∝
lnn

ln 〈ρ〉G (n,m)

◦ (8.44)

1n§'u�Åã�8+Xê§3�ÅãG (n,m)¥?À��º:v§3�e�

º:¥k

(
n− 1

2

)
«�{ÀJº:±VÇp�v��§�ü�ÀJº:���VÇ

�p§kp2 × p ×

(
n− 1

2

)
�n�/"ù�§d½Â�ÅãG (n,m)¥º:v�8+

Xê

N3(v) = p2 × p×

(
n− 1

2

)/
p2 ×

(
n− 1

2

)
= p ∝

〈ρ〉G (n,m)

n
◦ (8.45)

1o§�ÅãG (n,m)�º:g�lÑt©Ù"î�Æ¬)º`§dº:g©Ù

�½Â§P (k)´3G (n,m)¥?À��º:v�g�k �VÇ§k

(
n− 1

k

)
«�{

3v�	�n − 1:¥±VÇpÀJ�v���k�º:§�e�n − 1 − k�º:±V
Ç1−pØ�v��"ù��5§G (n,m)¥?À��º:vT�k�º:���VÇ�

P (k|n) =

(
n− 1

k

)
pk(1− p)n−1−k

=
(n− 1)!

k!(n− 1− k)!

(
µ

n− 1

)k (
1− µ

n− 1

)n−1−k

◦ (8.46)

ùp§d(8.43)ª�µ = p(n− 1)"4n→∞§Kk

P (k) = lim
n→∞

P (k|n)

= lim
n→∞

(n− 1)(n− 2) · · · (n− 1− k)

(n− 1)k
µk

k!

×
(

1− µ

n− 1

)n−1(
1− µ

n− 1

)−k
=
µk

k!
e−µ, (8.47)
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=�ÅãG (n,m)�º:gP (k)�lÑt©Ù"

2.2.A�¤k5�. �½��ã5�P§G ∈ PL«ãGäk5�P§é�Å

ãG (n,m)§XJk

lim
n→∞

P (G ∈ G (n,m) : G ∈P) = 1, (8.48)

=G (n,m)¥ãäk5�P�VÇªu1§K¡G (n,m)A�z�ãÑk5�P"

~X§b�k, h�h < k´ü��½�g,ê§0 < p < 1, q = 1−p§KG (n,m)¥

A�z�ãÑ÷vµék�º:�S�v1, v2, · · · , vk§�½�3��º:v¦�1 ≤ i ≤
h�vvi ∈ E(G)h+1 ≤ i ≤ k�vvi 6∈ E(G)§Ï�v ∈ V (G)\{v1, v2, · · · , vk}÷v¤
�¦5��VÇ�phqk−h"ù�§3V (G)\{v1, v2, · · · , vk}¥Ø�3÷v�¦5��

º:�VÇ�
(
1− phqk−h

)n−k
"5¿§S�v1, v2, · · · , vk3n�º:¥�k

(
n

k

)
«

ÀJ�{§n→∞�

(
n

k

)(
1− phqk−h

)n−k → 0"ù�§d½Â=G (n,m)¥A�

z�ã¥Ñkù��º:v"aq/§�ké���½��êk§A�z�ãÑ´k-ë

Ï�§±9A�z�ã��»Ñ�2�(Ø"

ErödsÚRényi31960cuy§�Åã����5�3u�Xn→∞§�õê
ã5�P�XVÇp→ 1´â,Zy�§=A�z�ãþkã5�P½´ÑØäk

ã5�P"~X§éã�ëÏ5�3��K�pc¦�VÇp ≤ pc�§�ÅãG (n,m)¥

ãëÏ��U5�u0§���p > pcKãëÏ��U5¬â,C�1"3dÄ:

þ§Pösau1976c?�Úy²§�p = c lnn/n§KéG (n,m)¥�?¿ü�º:u, v§

�c > 3 ��ÅãG (n,m)¥A�z�ãÑ�¹�^u − v��´Pn"�?�Ú§X
Jc > 9K�ÅãG (n,m)¥A�z�ã¥?¿ü�º:mþ�3�^�´Pn"

2.3.WS�.�ä.�.�ä´35K

�äÄ:þ�½>���à:§éÙ,�à±

�½�VÇ�Ù¦º:������«�Å�

ä"@o§�o´5K�äQºî�Æ¬w�¨

f§5K�ääk�r�é¡5§́ kn�º:

�z�º:þ���C�k�º:����K

ãN(n, k)§�ã8.6"ùp§n = 10, k = 4"

d½Â��§5K�ä�Ý©ÙP (k) =

δik§=i = k�P (i) = 1¶i 6= k�P (i) = 0"

²þg〈ρ〉G = k"

ã8.6 5K�äN(10, 4)
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5K�ä���åldmax = n/2
k/2

= n/k§²þål〈d〉G = dmax/2 = n/2k ∝
n, n → ∞"WS�.�ädD.J.WattsÚS.H.Strogatzu1998c35K�äÄ:þ

Ú\ä>�>�ë$�����ä§�E§SXeµ

11Ú.�½��5K�äN(n, k)§k > 0�z�º:�§ü>�k�º:��¶

12Ú. éN(n, k)¥�?����º:é{u, v}§�±u½v¥���º:ØÄ§
Xº:uØÄ§±VÇp�K>(u, v)�3N(n, k)¥�ÅÀJ��º:��"

13Ú. éN(n, k)¥�z�^>?112Ú$�§��z^>Ñ�±
�>!ë

>$�§��WS�.�äN (n, k)�ª�"

5K�ä´��Ä�ã§WS�.�ä´��ã8§äk�ÚO5�Xeµ

£1¤8+Xê. XJp = 0KN (n, k)òz�5K�äN(n, k)§?�º:v�g

�2k"ù�§d½Â�º:v���:´ü3vü>^g���k�º:§�v���

�
{
v−k , · · · , v

−
1 , v

+
1 , · · · , v+

k

}
§Xã8.6¥¤«�º:©Ù"ù�§T���K�v��

>��¤�>ê�(2k − 2) + (2k − 3) + · · · + (k − 1) = 3k(k − 1)/2"ù�§º:v

�8+Xê�N3(v) = 3(k − 1)/2(2k − 1)"�p > 0�§XJVÇp = 1K�º:v�

¤�n�/E´��n�/"ÄK§ò±VÇp�vä>§E�¤��n�/�VÇ

�(1− p)3"�d§é?�º:v ∈ V (N (n, k))�8+Xê

N3(v) =
3(k − 1)

2(2k − 1)
(1− p)3

◦ (8.49)

£2¤²þål. WS�.�ä�²þål�

〈d〉G =
2n

k
f

(
2np

k

)
◦ (8.50)

ù�¥§¼êf(x)�

f(x) =

 c x� 1,
lnx

x
x� 1,

X�c = 1/4�"

£3¤g©Ù. WS�.�ä�g©Ù�

P (i) =

min{i−k,k}∑
s=0

(
k

s

)
(1− p)spk−s (kp)i−k−s

(i− k − s)!
e−kp (i ≥ k) (8.51)

XJi < kKkP (i) = 0"

î�Æ¬w�¨f§XÚ@�Äu<aéXÚÄ�G��rº§?�¡Ä�

�pm�^'XÚXÚG�"Ó�§<aé��¯Ô�XÚ@�´ÌSì?�"5
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K�ä�x�§́ Ä�m�^'X©ªØC��/§éAué¯Ô�Ð©@�¶�

Å�ä�x�§́ Ä�m�^'X���Å��/"ù´3uy¯ÔÄ��3�Å

Cz�§b�Ä�m´�Å�^��/¶WS�.�ä0u5K�äÚ�Å�

ä�m§�x�´Ä�m��^Uì�½�VÇu)Cz��/§�ã8.7"

ã8.7 5K!WS�.��Å�ä

ù�¥§5K�ä¥�!:¥yé¡5��§��ØNy�Å5§aqufN$Ä¶

�Å�ä´3!:é¥±VÇp�Åë�§Nyë>��Å5¶WS�.�äK´

35K�äÄ:þ±VÇpÅ^ë>§¯ÔCzéAu��/�õaquWS�

.�ä�@«�ÅCz§=Ü©Ä��^u)�ÅCz"

13!IÝgd

�Å�äÚWS�.�ä�x�XÚk�«�ÓA:§=XÚÄ�=´�^

�Ù¦Ä��ÅCz�Ä�5�©ªØu)Cz§¡�/IÝ��0"î�Æ¬¯

¨fµ/3�*�¡þ§�o�ÿ¬Ñyù«�/Qº0̈ f£�`µ/Ô��¤AT

Ñ´ù«�/j§'X©f¥��f§�f¥��f!¥fÚ>f�0î�Æ¬:


:Þ`µ/ù�´Ô�Ø«½Æ��«Ly

/ª"~X"3zÆ�A¥þ§©f¥��

f=´#|Ü§/¤�«#Ô��ë�

�A��fQØ¬�)�Ø¬�«´?

3�«©ªØu)Cz�G�"0î�Æ¬

UY¯¨fµ/@o§dÔ�Ø«½Æ´Ä

�±©ªb�XÚÄ�Øu)CzQº0̈ ã8.8 zÆ�A

f£�`µ/�,ØU�Ô�d©f�¤"Ô�mu)zÆ�A�§3©f�¡þw

Ä�Ò´3u)Cz�0î�Æ¬�½
¨f�£�µ/�(§ù3)ÔXÚ¥Ly�

c�âÑ"~X§<Nz¦¬k380��[�#¢��"ù�§b�XÚÄ�©ªØ
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CzÒØ�½�(
§IÚ\�«�xÄ�Cz��ä§ùÒ´IÝgd�ä"0

@o§�o´IÝgd�äQºî�Æ¬)º`§IÝgd�ä�!:ê!>êØ

É��gdO���ä§ù3<a�¬�¢S�ä¥�þ�3§Xpé�!ü


Ü��Ú�ï<
Ü���"

3.1.ê��A. ê��A´�«/rö

�r!fö�f0�y�§î�Æ¬)º

`§5�²-#�.ê�4Ñ6¥kù��Kû

ó§̀ lck��I�Ñ��1§�1c�

�n�Â<z<�¼Õf§�¦¦�<ù

�¼Õf�?a§ �¦�£�Uz<?� ã8.9 ê��A

�Õføy¦�"�c�§I�£�
�û"1��Â<�I�®�`µ/Ì<§·

^s��·��¼Õf�)¿§?
�¼Õf"0I�f�@�ù�Â<kÞM§ø

yù�Â<��¢³¶1��Â<®� /̀Ì<§·^s��·��¼Õf|�<

�ó§?
Ê¼Õf"0I�f�@�ù�Â<�Ø�§øy¦Ê�¢³¶1n�Â

<®�`µ/Ì<§s��·��¼Õf·ù¿�§õ3·�S�p¡§y3�±�

�s
"0I�f�éØp,§û½rù�¼Õfü�1��Â<¿�Ù�^·-§

`µ/�´��§Òë¦¤k���öL5¶�´õ�§Ø=�øy��õ�¦§4

¦õõÃõ"0ù^·-�uÐ¤�²L�¬¥�/ê��A0§�N�´�¬þ�

«/L<�L!¡<�¡0�©�ØúÚ/]�Å|0��5§Ly�20%�<Ýº


80% ��¬ãL80%�<�Ók20%��¬ãL§Xã8.9¤«"aq/§�k

Õ1��o��¿ra��L<Ø�¿��¡<ºî�Æ¬)º`§Ï�Õ1@

�L<Ø=UXÏ�þ�±§�¬�Õ1�5�½�ÂÃ=/|0¡<�Uë�

±Ñ�Øþ§́ ]�Å|��5q�Ly/ª"

{I�Æ¤ÆöR.K.Merton31968cJÑê��Aù�â�§�3V)�«�

¬y�§=�éu@
Ø�¶�ïÄ<
§(¶wâ��Æ[KÏ~¬���õ�

("§=B¦����¤Ò�q"aq/§3���8þ§(�~~´��@
®

²Ñ¶�ïÄ<
"éd§¦8B�µ/?Û�N!+N½/«§3,���¡§X

ãL!¶�!/ �¼�¤õÚ?Ú¬�)�«È\`³§��5�´ÙPk�

õÅ¬�����¤õ�?Ú"0

3.2.BAÃIÝ�ä. @o§ê��A3�äuÐ�Cz¥´N�Ny�Qºî

�Æ¬)º`§ê��A3¢S)¹¥�~�"~X§zUÑk�
#�á��

Õ\\�pé�§ù
#�Õ����@
ÈK�¶��Õ�ë�§=3�äë

�þ¥y�«/L<�L!¡<�¡0�y�§�±^�ä!:�gê�x§=
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^��!:�gê��ïþT!:3�äuÐ¥��§Ý"��!:�gê�

�§L²T!:3�äuÐ¥��§#\\�!:�Ù��Å¬��§ùÒ´A-

L.BarabasiÚR.Albert31999cÚ\�BAÃIÝ�ä§üz§SXeµ

11Ú. ���km0 ≥ 1^>�ëÏ�äG0¶

12Ú. O\��#!:v 6∈ V (G0)¿UVÇ

P (u) =
ρ(u)∑

w∈V (G0)

ρ(w)
(8.52)

�m�!:u ∈ V (G0)��"ùp§1 ≤ m ≤ m0¶

13Ú. ½Â12Ú����ä�G1§±G1��11Ú¥�G0§E?112Ú

üz§����½�üzG�"~X§²Ls ≥ 1g!:O\�§�ä!:ê

�N = m0+s§>ê�ms+|E(G0)|"~X§G0�m0�!:��Cm0�§E(G0) = m0§

K²Lsg!:O\����ä>ê�ms+m0"

��BAÃIÝ�äüz�~f�ã8.10"5¿§BAÃIÝ�ä´m��§�ä

!:oê3Øä/\\�üz"Ó�§�ä!:�#!:���VÇ�6u§3�

ä¥�Qkgê"ù�ê��A�Ñ��¬y�¥�L<�L!¡<�¡A�§=

��Ú�È\`³��"

ã8.10 ÃIÝ�äüz

BAÃIÝ�ä�ÚOA�Xeµ

£1¤8+Xê. ²LtÚüz�§BAÃIÝ�ä�²þ8+Xê�

N3(G) =
m2(m+ 1)2

4(m− 1)

(
ln

(
1 +

1

m

)
− 1

m+ 1

)
ln2 t

t
◦ (8.53)

£2¤²þål. BAÃIÝ�ä�²þål��ä!:êN�CzCz§=

〈d〉G ∝
lnN

ln lnN
◦ (8.54)
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£3¤g©Ù. BAÃIÝ�ä!:�²þgCq�2m§g©ÙP (k)Cq�

P (k) ∝ 2m2k−3
◦ (8.55)

î�Æ¬w�¨f§þ¡�(8.55)ª�±ù�í�"Äk§é?¿��#O!

:v, ρG(v) = kv§b�!:v´31tvÚüz¥O\�!:§�kv´��ëYCþ"

éA/§�E§S12Ú¥�VÇP (k)�´��ëYCþ"dBAÃIÝ�ä��E§

!:v#O�A=�Qk�ä¥�m�!:��"3d��§zO\��#!:U!

:v�3�ä¥��§Ý§=VÇP (v)����"ù��5§!:v�gCz�Ì

∂kv
∂t

= mP (v) = m× kv∑
u∈V (G0)

ρ(u)
(8.56)

�üz5Æ§�3t��k
∑

u∈V (G0)

ρ(u) = 2mt − |E(G0)|"�?�Ú§�t → ∞½

öt¿©��§k
∑

u∈V (G0)

ρ(u) ≈ 2mt§�§(8.56)C�∂kv/∂t = kv/2t"Ó�§3#O

!:v�=k�m�!:���Ð©b�^�§=kv(tv) = m e¦)§k

kv = m

√
t

tv
⇒ tv =

m2t

k2
v

◦

,��¡§b�#O!:´3����mãS#O§=�mCþtv�Ìþ!©

ÙP (tv) = 1/(t+m0)"ù��5§dVÇ5�k

P (kv < k) = P

(
tv >

m2t

k2

)
= 1− P

(
tv ≤

m2t

k2

)
= 1− m2t

k2
· 1

t+m0

◦

�t→∞�§BAÃIÝ�ä�g©Ù

lim
t→∞

P (kv(t) = k) = lim
t→∞

∂P (kv(t) < k)

∂k
= lim

t→∞

2m2t

t+m0

· k−3 = 2m2k−3,

=�(8.55)ª"

��/§XJ���Å¯�ξ�VÇ©ÙP (k) ∝ k−γ§K¡ξ÷v�Æ©Ù"ù

�§d(8.55)ª�BAÃIÝ�ä�g©ÙP (k)÷v�Æ©Ù§�kγ = 3"

�?�Ú§R.AlbertÚA-L.Barabasiè<u2000c3BAÃIÝ�äÄ:þÚ\

ë>$�§²d±eüz§SòBAÃIÝ�äÿ2�EBAÃIÝ�äµ

11Ú. ���km0 ≥ 1^>�ëÏ�äG0¶

12Ú. ±VÇpO\��#!:v 6∈ V (G0)¿�â

P (u) =
ρ(u)∑

w∈V (G0)

ρ(w)
(8.57)
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�m�!:u ∈ V (G0)��§���äG′0"ùp§1 ≤ m ≤ m0"�e5§±V

Çq = 1− p3G′0¥�ÅÀJm^>äm§�±�àØÄ�3m^>à:¥À,��
!:�ë§����äP�G1;

13Ú.±G1��11Ú¥�G0E?112Úüz§����½�üzG�"

²Lsg�ÅO\!:§EBAÃIÝ�ä�²þ!:ê�m0 + sp§²þ>ê

�ms(p − q) + |E(G0)|�XJ�p = 1§Ø�1ë>$��§þã�E§S��

�EBAÃIÝ�ä�´BAÃIÝ�ä"

��/§EBAÃIÝ�ä�g©ÙP (k)÷v

P (k) ∝ (k + 1 + A(p, q,m))−(1+B(p.q,m))
◦ (8.58)

ùp§

A(p, q,m) = (p− q)
(

2m(1− q)
1− p− q

+ 1

)
, B(p, q,m) =

2m(1− q) + 1− p− q
m

�0 ≤ p < 1, 1 ≤ q < 1− p"Ó�§dþãB(p, q,m)�L«ª´�EBAÃIÝ�ä

�l�Æ©Ù�k2 < γ < 3"

BA!EBAÃIÝ�ä�.�)ü�O���§=!:O�Úë>`À§´�

�m��E,�ä"î�Æ¬)º`§��¡§!:oê3Øä/O\¶,��¡§

#!:�Qk!:ë>�VÇ�6uQk!:3�ä¥�gê§=UQk!:�

gê?1`Àë�"ù�§ØÓ�Qk!:`À�{�±��ØÓ�ÃIÝ�ä"

~X§�κ, 0 ≤ κ ≤ 1���~ê§3BAÃIÝ�ä�E�12Ú¥§�¦#O!

:v 6∈ V (G0)UVÇ

P (u) =
(1− κ)ρ(u) + κ∑

w∈V (G0)

((1− κ)ρ(w) + κ)
(8.59)

�m�=k!:u�ë�§?1üz"ù�§��κ 6= 0§üz(J´��ØÓuBAÃ

IÝ�ä�E,�äκ = 0�§üz(JK´BAÃIÝ�ä"

3.3.Û�.�ä. �ä��`À´3Qk�ä!:¥?1ÀJ§#O!:U

ì�½�VÇ�Qk!:`Àë>"@o§́ Ä�±3Qk!:¥,�a½,�


ÛÜ!:¥?1`ÀÚüzQº�Y´�½��î�Æ¬w�¨f§ùÒ´o�Ú

�'JïÄ.n´�§u2003cJÑ�Û�.�ä§Ly3²LuÐ�õ>n

´(�¥§�
I[�åu��g«��²LÜ�|�\rÜ�§Xæ�²Ü|�!

�{gdn´«!î��"��/§��I[3²Ln´uÐ¥§Äk´`À²Ü

|�§23À½�²Ü|�S`ÀI[?1²nÜ�§��Ø�ù
²Ü|�	�
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I[½/«mÐ²nÜ�"éù«Ü�y�§XJ^!:L«I[§!:m�ë>

L«I�Im�²nÜ�§K�X/«²Ü|�!I[mV>'X�uÐ§éA�

�äÃ�Ø?3üz�¥§�üz(JØÓuBAÃIÝ�ä§´�«!:��É

��Û�.�ä"

Û�.üz�..Û�.�ä²d

±eüÚüz§Sµ

11Ú. ���km0 ≥ 1�!:e0^>

�ëÏ�äG0¶

12Ú.é1tg�äüzE?1e¡

£a¤Ú£b¤üz"ùp§t = 0, 1, · · ·"

£a¤�Å/lQk!:¥À�!:f ã8.11 Û�.�äüz

8W ⊂ V (G0), |W | = M���Y#O!:��`À��¶

£b¤O\��#!:v 6∈ V (G0)�UVÇ

PW (u) =
M

m0 + t

ρ(u)∑
w∈W

ρ(w)
(8.60)

�m�!:u ∈ W��§����½�üzG�"ùp§1 ≤ m ≤M"

Û�.�ä¥�g©Ù©�±en«�/§Ù¥k = 〈ρ〉G��ä²þgµ

�/1. M = m§=#O!:���`À��W¥�¤k!:��"ù�§aq

uBAÃIÝ�ä¥��Å��§!:²þg�^�§∂k/∂t = m/(m0 + t)�x§¿

aq/��!:VÇg©ÙP (k) ∝ e−k/m¶

�/2. M = t + m0§=#O!:���`À��W´��Qk�ä!:"ù

�§üz(J´BAÃIÝ�ä§!:²þg�Ì�§∂k/∂t = k/2t�g©ÙP (k) ∝
2m2k−3¶

�/3. m < M < m0 + t"ù�§XJM�½�����um�~ê§KþãÛ

�.�ä�g©Ù�BAÃIÝ�ä�C§EkP (k) ∝ 2m2k−3�©ÙA5"

5¿§BAÃIÝ�ä3u#O!:UQk�ä!:�gê��(½�Qk!

:���VÇ¶EBAÃIÝ�ä´3BAÃIÝ�äÄ:þ§±VÇp�Å(½#O

!:§±VÇq, 0 ≤ q < 1− p�ÅÀJ�>¶Û�.�ä´3BAÃIÝ�äÄ:

þ§̂ ����`À!:8W���ä¤k!:�#O!:��"@o§́ Ä�3

ù��«�ä�.Ó�÷vBA!EBAÃIÝ�äÚÛ�.�ä�A:?1üz

Qºî�Æ¬w�¨f§�Y´�½��ùÒ´�'J!o��<32005cJÑ�

õÛ�.�ä§Ùüz�.Xeµ
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õÛ�.üz�.. õÛ�.�ä²d±eüÚüz§Sµ

11Ú. �m�pØ���ëÏf�äΩ�¤�8Ü§Ù¥z�f�äΩkm0 ≥
1�!:§e0^>"ùp§1 ≤ m0 ≤ m, 0 ≤ e0 ≤ m0(m0 − 1)/2¶

12Ú. �0 < q < 1§0 < p1, p2, p3, p4 ≤ 1�p1 + p2 + p3 + p4 + q = 1§3z�

üz��t�1±eoÚüzµ

£a¤#O!:Ú>"±VÇp1�Å/lQkf�ä¥ÀJ��f�äΩ"aq

uEBAÃIÝ�ä§±VÇq#O��!:vUìVÇ

P1(u) =
ρ(u) + α∑

w∈V (G0)

(ρ(w) + α)
(8.61)

�Ω¥�m1�!:u ∈ Ω��"ùp§α > 0���~ê§1 ≤ m1 ≤ m¶

£b¤f�äΩ�Ù¦!:ë>"±VÇp2�ÅÀJ��f�äΩ§2�ÅÀJë

>§ù^>���à:�ÅÀJ§,��à:U(8.61)ª(½�VÇ3Ω¥ÀJ§¿

E?1m2g¶

£c¤3Qk�ä¥�>"±VÇp3�ÅÀJ��f�äΩ§23Qk>¥�Å

ÀJ�>(v, u)"Ù¥§��à:v�ÅÀJ§,��à:uUVÇ

P2(u) =
1

|Ω| − 1

(
1−

√
t

tv

)
(8.62)

(½¿E?1m3g"ùp§tv´!:vV\��ä¥���¶

£d¤f�ä�f�ämë>"±VÇp4�ÅÀJ��f�äΩ¿±VÇP1(u)3Ω

¥ÀJ��!:v�,��3�ÅÀJ�f�äΩ′¥U(8.61) VÇ(½�!:v′�

�"ù�\>L§E?1m4g"

E?1þ¡(a)− (d)Ú�üz§����½�üzG�"

w,§õÛ�.�äºX
BAÃIÝ�ä!EBAÃIÝ�äÚÛ�.

�äüz¥A:§�®�²Ltgüz����ä§Ùg©ÙP (k)Cq/�Ì

P (k) =
t

a(3m+ t(1 + 2p1))

(
m1 +

b

a

) 1
a
(
k +

b

a

)−(1+ 1
a)

(8.63)

�5Æ"ùp§

a =
qm1

c
+
p2m2(q +m0p1 − p1)

(q +m0p1)c
+

p3m3p1

(q +m0p1)c
+

2p4m4

c
,

b =
qαm1

c
+

p2m2

q +m0p1
+
p2m2(q +m0p1 − p1)α

(q +m0p1)c

+
p3m3p1α

(q +m0p1)c
− 2p3m3

q +m0p1
+

2p4m4α

c
,

c = 2(p1e0 + qm1 + p2m2 − p3m3 + p4m4) + qα◦
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õÛ�.�ä��
AÏ�/Xeµ

�/1. m = q = 1§p1 = p2 = p3 = p4 = 0"ù�§�k��ëÏf�

äΩ§õÛ�.�äüzòz�BAÃIÝ�ä§�!:g©ÙP (k)÷v�Æ©

Ù§γ = 3 + α/m1¶

�/2. m = 1, p1 = p3 = p4 = 0"ù�§�k��ëÏf�äΩ§õÛ�

.�äüzòz�Û�.�ä"Ó�§!:g©ÙP (k)÷v�Æ©Ù�γ =

3 + αq /((m1 −m2)q +m2)¶

�/3. p1 = p2 = p3 = 0"ù�§�3k��ëÏf�äΩ�3Ó�f�ä¥Ø

O\½~�>§üz����õÛ�.�ä§!:g©ÙP (k) ÷v�Æ©Ù

�γ = 2 + (m1 + α)q /((m1 − 2m4) + 2m4)¶

�/4. p2m2 = 2P − 3m3"ù�§b = αa�!:g©ÙP (k) ∝ (k + α)−γ§

ØÓuBAÃIÝ�ä¥�P (k) ∝ k−γ§Ï3õÛ�.üz�.¥§#O!:

U(8.61)ª�f�äω¥�!:`À��§Ù¥�ëêα�@�´é��!:3�ä

¥�§Ý�?�Xê"

î�Æ¬w�¨f§XÚ@���¯Ô���3urºXÚÄ�9Ù�p�

^"ùéu<a®��xÚXÚ´��{ü�¯�§�éu�ÚXÚ½çÚXÚK

��(J§Ï�<�Ø���Ù�ÚXÚ½´��Ø�ÙçÚXÚ¥�Ä�ÚÄ�

�^§�U�âXÚ�	3L�íÿ½b��U�3�Ä�±9Ä�m�U�3�

�^§?�xXÚ�U�G�"�´3ù«¿Âþ§�Å�ä��x�Ú½çÚ

XÚ��UG�Jø
�«(��[�{"

14!;¾DÂ

D/¾´d¾�NÚå�U3<+!ÄÔ+½<�ÄÔ�m�pDÂ��a;

¾§Xà¼!¿Ï!_ö!M_¾!SARSÚCovid-19�§U¾�NØÓ�±©�¾

Ó![ÿ!ýÿ½M)ÁD/�"~X§a/ìX¾Ó¬Úåu�!òé!J�!�

%ÚJÛ�wG"¥IòD/¾©�`!̄ !Zna"Ù¥§̀ aD/¾�)à¼!

¿Ï�2«¶̄ aD/¾�)SARS!M_¾!¾Ó5_ö�26«¶ZaD/¾�)

615ak!æº¾�11«"ù�¥§äk�½�D/5´D/¾«OuÙ¦;¾

�Ì�A�§=¾�Nl�ÌüÑN	§ÏL�½DÂå»§XÏL��!��P!

`{��)��&DÂ!�>DÂ!íM�3�í¥DÂ�D/�,��´a/ö§

¥yÑ�½D/5§ÙD/´a/öêþ!wG�¾�N«a!êþ!Ó5��Ú
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´a/ög���¼G��k'"î�Æ¬w�¨f§�«D/¾3<+¥DÂÚ

61Iä�n��!µ�´D/§=UüÑ¾�N�<½ÄÔ¶�´DÂå»§=

¾�ND/�¦<�å»§X�á�!�z�!É�Ú5�>DÂ�¶n´´aö

éT«D/¾�¼å$e"ùn��!¥§���äÙ¥�?���!Ñ�±��

T«D/¾�u)Ú3<+¥�61§ù�´��o��Ñy¾�ND/I�éa

/ö�l§éÙØ4«�?1µ4§Ùm�3u{�¾�N6Ä"��§�«D/

¾��3<+¥�6/§K��ÒýØ=´a/ö�N�)k§´��<a§%

����<a�)�§́ �«ú�¥)¯�"

[¿Ï�61] ¿Ï´�«d¿Ïlÿpu�D/¾§�)êz«ÿ¿§ù
ÿ

¿�)¿ÏÓ�§��<��9[�º��õ�Y±�J�!<NS�Úí©�¯

�6�"��/§a/[ÿ�<¥�80%Ø

¬Ñy¿ÏwG§k20%�m�<Ñyî

wG§�)J�!òéÚïÄ5�§3A�

��S¬Úå�öøY!}É5>�$�k

�"¿Ïg1817c3<Ý#¢�Äg�u�

8§<a®²�¿Ï|�
200õc§�¿

Ïl��<a�.�«§¿©ªé<aè

x�¤%�"â.¥)|�;[�O§3 ã8.12 <Ýðà

.��Szc��k130�-400�~¿Ïa/ö§k21000-143000<k�¿Ï"

â�
ïÄ<
?1�§<Ý1817c�u�¿Ï�Ð´dÉÀ/���Úå

�"@o§¿Ï�u�q´²d�oå»DÂ�Ù¦/«�QºÌ�´Ø^YÚ 

¬"î�Æ¬)º`§ðà´Ãyº¿;Z3DÇ57f²6���ëìÔJ9�

�^<Ý�à§<Ý<k�kY:S�§¿Ï�uù�cq�`ðàöY�E§�

¾�N���¾�N3ðàei×�DÂ§À/YÚ~!]�Y�¬§²d<�

�z�¯�3<+¥DÂ"Ó�§<�<m�Ã�o�>!̈ G��Ï�
¼�3

<+¥�DÂ"ùg¼�Å9
��<Ý�º§�qDÂ�ù�!�IÚ�ÆU�

/§u1821cD\¥IÀH÷°/«§E¤¿Ï3æ³/«��61§Úu<��

g¿lD/Ån!�£Ú61¾�£��¡é¿Ï�D/¾mÐïÄ"

¨f¯î�Æ¬µ/ww§ÍkÉú´?Û���)�I?§�ùp�XÚ@�

k�o'XQº0î�Æ¬w�¨f§D/¾��vky¤�Y�øÀJ½ë�§I

(Ü�ö¾w?1Fy�£"Ó�§éD/¾Ø=´é�ö�N�Í£§�I�3

Í£�Ó�t�¾!D/�ªÚ�Uå»§�)´<D<�´ÔD<§́ ²dF

~)¹¥�Y! ¬!�í!�>�´kÙ¦AÏ�DÂå»�§?âU�1ú
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��ü{äD/§�äD/ó^§é�õ<+�èx?1�o"

4.1.ó¿D/�.. éD/¾XÚ@�¥���Ä�¯K§´(½a/ö3<

+¥a/�<ê��mí£´XÛCz�"�d§�é,�A½�D/¾§�«�

{ü�g�´ò<©�na+N§=´a<+!a/<+Ú£Ñö§ùÒ´D/¾

ïÄ¥�ó¿�.§�ã8.13"ùp§́ a<+L«3��tÿ��;¾a/���

¡��;¾a/�<ê§P�S(t)¶a/<+�3��t®²a/;¾�<ê§P

�I(t)¶£ÑöL«l/¾<+¥£Ñ�<ê§�)®3NS�)|N½´Ï;¾

��k��<ê§P�R(t)"ù�§<�oê�N(t) = S(t) + I(t) +R(t)"

S(t) I(t) R(t)

´a<+ a/<+ £Ñö

ã8.13 ó¿D/�.

��/§éS(t), I(t), R(t)©OØ±N(t)��´a<+!a/<+Ú£Ñö3

o<ê¥¤Ó�'Ç½/�Ý0§©O¡�´a�ÝS(t)!a/�ÝI(t)Ú£Ñ�

ÝR(t)§kS(t) + I(t) +R(t) = 1"ó¿�.¥é;¾D/kn^Ä�b�µ

C1.<�<�>Ú/¾VÇ�Ó"b�´a<+�a/<+?3Ó��«�S§

�N3ü �mS�>Ù¦�N�êþ�<�oê¤�'§'~Xê�β"Ó�§+

N¥��N´þ!·Ü�§́ a<N�>a/<N/¾�VÇ�Ó¶

C2. ;¾£�Uå�Ó"b�ü �mSla/<+¥£Ñ�<ê�a/<o

ê¤�'§'~Xê�α¶

C3. <�oêØC"b�vk<�[\Ú£Ñ§#)Úk�<ê��ÑØO"

ù�§db�^�C3XJó¿�.¥z�ó¿kv
õ��N§�±Cqb

�S(t), I(t)ÚR(t)´�mt�ëY��¼ê¶db�^�C1§́ a/ö�a/ö�Å

�>�VÇ�S/N§ü �mz�a/öD/�Ù¦<�<ê�βNS/N = βS"ù

�§ü �ma/<+D/�´a<+¥�<ê§=´a<+~�<ê�IβNS/N =

βSI"Ó�§�±@�´a/<+�a/ö��>VÇ�I/N§z�´a/X�/

¾VÇ�(βN)I/N = βI"ù�§ü �ma/<+O\<ê�βIS§2(Üb�^

�C3;¾D/�Ì�©�§
Ṡ(t) = −βS(t)I(t)

İ(t) = βS(t)I(t)− αI(t)

Ṙ(t) = αI(t)

(8.64)
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¡�SIR�."î�Æ¬)º`§�éØÓ�D/A5§�±©±e�/?Øµ

SI�.. R(t) = 0�vk£�Úk�§�ög1xE�/"ù�§b�D/m©

�a/�Ý�I0§dS(t)+I(t) = 1kS(t) = 1−I(t)§SIR�§(8.64){z�Logistic�

§(3.5)�Ð�¯K {
İ(t) = β(1− I(t))I(t),

I(0) = I0 ◦
(8.65)

ùp§K = 1, F (t) = I(t), r = β"d(3.7)ª��§(8.65)�)�

I(t) =
I0e

βt

(1− I0) + I0eβt
◦ (8.66)

w,§t→∞�ka/�ÝI(t)→ 1§=¤k<�ªòa/;¾"

SIS�.. R(t) = 0�£�Ç�δ§=ü �mkδI�£�Ç�£���öØä

kTD/¾�¼å§#8�´a<+"ù�§b�D/m©�a/�Ý�I0§SIR�

§(8.64)E�{z�Logistic�§(3.5)�Ð�¯K{
İ(t) = β(1− I(t))I(t)− δI(t)

I(0) = I0

⇒

 İ(t) = β

(
1− δ

β
− I(t)

)
I(t)

I(0) = I0 ◦

(8.66)

ù�§K = 1 − δ/β, F (t) = I(t), r = β(1 − δ/β) = β − δ"ù��5§dLogistic�

§�)(3.7)ª�

I(t) =

(
1− δ

β

)
I0e

(β−δ)t

(1− δ
β
− I0) + I0e(β−δ)t

◦ (8.67)

ù�§d(8.67)�µ1©XJδ ≥ β§=£�Ç�u�ua/Ç§Kd(8.67)ª�t→
∞�kI(t) → 0§TD/¾�ª�<a�«¶2©XJδ < β§=£�Ç�ua/Ç§

Kd(8.67)ª�t → ∞�kI(t) → 1 − δ/β§¿�X<+¥��k(1 − δ/β)N�a

/<ê"AO/§XJ£�Ç�~�~�$§=δ���ua/Çβ§K�t → ∞�
kI(t) ≈ 1§=A�¤k<Ñ¬�D/"

SIR�.. R(t) 6= 0�£�ö£Ñ´aÚa/<+"ù�§b�D/m©�´a

�Ý�S0§a/�Ý�I0"duR(t) = 1− S(t)− I(t)§(8.64)éA�Ð�¯K�
Ṡ(t) = −βS(t)I(t),

İ(t) = βS(t)I(t)− αI(t),

S(0) = S0, I(0) = I0 ◦

(8.68)
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Ð�¯K(8.68)��ØUæ^Ð��{¦)§�E�©Û´a�ÝÚa/�Ý�

Czª³§±9t→∞�´Ä¬ªu��½G��"5¿§�§(8.68)¥�²ï:§

=¦�§(8.68)mà�0�:�(S, I) = (S, 0)Ú(α/β, I)"5¿§�k4S(t)ÚI(t)�

K�@
:âk¢S¿Â"d�§(8.68)´�§é?���tkṠ(t) < 0�=�S(t) >

α/β�kİ(t) > 0"ù�§ 1©�S0 < α/β�kİ(t) < 0§I(t)���4~¼ê§�

Xt → ∞a/�ÝI(t)~��I∞ = 0¶2©�S0 > α/β�I(t)���4O¼ê§�d

uṠ(t) < 0§S(t)���4~¼ê¿3t→∞�ªuS∞"ù�§I(t)�Xéa/ö£

��ª¬~�§=I(t)´kO\§3S(t) = α/β������§,�~��I∞ = 0§

Ø2ka/ö"ù`²ëêβS0/α3SIR�.¥´���K�"

��/§½ÂR0 = βS0/α�D/¾�Ä�2)ê§¿�âd�ä´Ä�3D

/�U5§=R0 < 1�;¾¬g·��¶R0 > 1�;¾¬3<+¥�5�D/§I

?1<�Zý"du´a�ÝS(t)´�4~¼ê§Ð©��S0���§I(t)K�d�

�§3Ð©���"ù�§dS0 + I0 = 1�±�S0 ≈ 1½@�a/ö´´a<+	

5��¯ö§kS0 = 1§¿òα��ê1/αn)�²þ�¾±Ï"

ò�§(8.68)¥�ü��§�\¿l0�∞È©§k
∞∫

0

(
Ṡ(t) + İ(t)

)
dt = −α

∞∫
0

I(t)dt = S∞ − (S0 + I0) = S∞ −N◦ (8.69)

�§(8.68)¥�1���§üàØ±S(t)¿l0�∞È©§k

ln
S0

S∞
=

∞∫
0

d(S(t))

S(t)
= β

∞∫
0

I(t)dt =
β

α
(N − S∞) = R0

(
1− S∞

N

)
(8.70)

�ÑÄ�2)ê�D/¾5�N(1− S∞)m�'X"

aq/§ò�§(8.68)¥�ü��§�\§é1���§üàØ±S(t)¿l0�tÈ

©§k

t∫
0

(
Ṡ(t) + İ(t)

)
dt = −α

t∫
0

I(t)dt = S(t) + I(t)−N,

ln
S0

S(t)
=

t∫
0

d(S(t))

S(t)
= β

t∫
0

I(t)dt =
β

α
(N − S(t)− I(t)) ,

=¼êS(t)ÚI(t)�m�3'X

S(t) + I(t)− α

β
lnS(t) = N − α

β
lnS0 ◦ (8.71)
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ù�§dua/�ÝI(t)3S(t) = α/β������§A^(8.71)ª��a/�

Ý����

Imax = N − α

β
lnS0 −

α

β
+
α

β
ln
α

β
◦ (8.72)

A^(8.71)ª��±�O�>Çβ���§=b�S0 = 1, I0 = 0"ù�§3D/

¾Ð©��§k

S0 −
α

β
lnS0 = lim

t→∞
(S(t) + I(t))− lim

t→∞

α

β
lnS = S∞ −

α

β
lnS∞,

lk

β = α · lnS0 − lnS∞
1− S∞

= −α lnS∞
1− S∞

◦ (8.73)

ù�¥§S∞�±ÏLé´a<+/¾c��É�ïÄ?1�O§?d(8.73)ª�

�éβ��O�§2d(8.70)ª��Ä�2)ê���R0 < 1½R0 > 1�äD/

¾�6/ª³§¿æ��A����µ 1©æ��l½�«¼¢���~�Ð©´
a�ÝS0¶2©~��N�Ù¦�N��>Çβ¶3©\r£�~��ö�²þD/±
Ï1/α�"~X§b�+N�«¼¢¼��¼å�'Ç�p, 0 ≤ p ≤ 1§KR0d�Ð

�βS0/α~��(1− p)βS0/α"

4.2.©{D/�.. ó¿D/�.b�´a<+!a/<+Ú£Ñöùn�ó

¿v
�§¤
·Ü�lþ!©Ù§́ �«���ÚO�.§�<+¢SG¹¿Ø

��§Ï�z�<=´�ÙÙ£��<!Ó¯½*lª��>§�))<�>�V

Ç4�"3ù«�/e§��<�¦<��>�Ì�k�'X�ä"éA/§;¾

´3<�'X�äþ²d<�<m��>?1DÂ"�d§I�3þ¡ó¿D/�

.Ä:þ3<�'X�äþ�ï©{D

/�.§='X�äGLþ�D/�.§

�x;¾DÂ5Æ"

@o§�o´<�'X�äQºî

�Æ¬)º`§3<�'X�äGL¥§

��!:L«��g,<§!:m�>

L«ü�g,<m�3X�>'X§X

ã8.14¤«�[x'X�"ù�§;¾3

'X�äþ�DÂ´÷!:m�>?1

DÂ§d��!:ü���,��!:"

Ó�§<�<m�'X´?3Ø��C
ã8.14 [x'X

z�¥"ù�§<�'X��3Ø�/Cz§�±Cq/w�´�«�Å�ä§¿

©�þ!�ä!�þ!�ä?1�x"
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£1¤þ!�ä. þ!�ä´��ä!:�g3,�²þ�NC¥y�êP~§

=g©ÙP (k)����Ø�§�Cqw�!:g�Ìþ!©Ù�E,�ä§X5K

�ä!�.�ä�"î�Æ¬w�¨f§3þ!�äGL¥§z�!:�gCq/

�uT�ä�²þ!:g§=ρ(v) ≈ 〈ρ〉G = ρ§��a/!:²þ�ρ�´a!:�

�§a/VÇ�β"ù�§3z���mÚtS§kβρI(t)�´a!:¤�a/!:"

Ó�§b���a/!:±VÇα£�§=Ṙ(t) = αI(t)"5¿§S(t)!I(t)ÚR(t)Ø

´Õá�§dS(t)!I(t)ÚS(t) + I(t) +R(t) = 1�R(t) = 1− S(t)− I(t)"ù�§=

IïÄ'uS(t)!I(t)�SIR�.
Ṡ(t) = −βρS(t)I(t),

İ(t) = βρS(t)I(t)− αI(t),

S(0) = S0, I(0) = I0 ◦

(8.74)

þ!�äþ�;¾DÂaquó¿�.§ØL´aöØ´��´a<+´�

a/!:���@
!:"ù�§�§(8.76)�²ï:�(S, I) = (S, 0)Ú(α/(ρβ), I)"

¢S;¾DÂL§¥§�½kS(t) > 0ÚI(t) > 0"ù�§d�§(8.74)�3?��

�tkṠ(t) < 0§=S(t) ´�4~¼ê§��S(t) < α/(ρβ)�İ(t) < 0¶S(t) >

α/(ρβ)�İ(t) > 0§=I(t) 3S(t) > α/(ρβ)�4O§3S(t) < α/(ρβ)�4~�I∞ =

0§3S(t) = α/(ρβ)������§,�~��I∞ = 0"ù�§�§(8.74)�Ä�2

)�êR0 = βρS0/α§=R0 < 1�;¾P~�0§R0 > 1�;¾¬D/�Ù¦´a

<+§I?1<�Zý§{äD/ÚDÂå»"

AO/§b�α = 1§=a/ö100%£�¿=��£�´a<+¥"ù�§�±

Cq@�R(t) = 0, S(t) + I(t) = 1§a/�ÝI(t)dÐ�¯K{
İ(t) = βρI(t)(1− I(t))− I(t)

I(0) = I0

(8.75)

�x§éAu(8.66)¥δ = 1�^βρO�@pβ��/"ù�§dLogistic�§�)(3.7)�

I(t) =

(
1− 1

ρβ

)
I0e

(ρβ−1)t

(1− 1
ρβ
− I0) + I0e(ρβ−1)t

◦ (8.76)

ù�§½Â�§(8.76)�K��βc = 1/ρ"Kd�§(8.75)�)(8.76)§�XJβ <

βc§Ka/�Ý¥y�ê?P~§��I∞ = 0§;¾Ø¬�Ù§!:�5�D/¶�

�§XJβ > βc§;¾òDÂ����ä�a/�Ý�ª½3I∞ = 1− βc/β"
,§�þ�SIR�.½SIS�.ØU^Ð��{��¦)Ña/�ÝI(t)"@

o§3þ!�äþ;¾DÂ�ª³´Ä�±Ø)�§���äQºî�Æ¬w�
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¨f§ù�§�±�Ä�§(8.75)�²ï:§ïÄ�§)3²ï:�½5��;¾

DÂª³"~X§�§(8.75)�²ï:�βρI(t)(1− I(t))− I(t) = 0 �)§=I(t) =

0½I(t) = 1− 1/βρ"ù�§�t→∞�k

I∞ = lim
t→∞

I(t) =

{
0, β < βc,

1− βc/β, β ≥ βc,

Ó��±��β < βc�a/�ÝI(t)òP~§��I∞ = 0¶β > βc�;¾òDÂ��

��ä¿½3I∞ = 1− βc/β�(Ø"
£2¤�þ!�ä. �þ!�ä§��ä

!:�g©Ù�Ì�Æ½g©ÙP (k)��

������E,�ä§XBAÃIÝ�ä

½Û�.�ä�E,�ä"ù�§;¾D

Â�6u!:�!:m�>§DÂ�ÇK

�!:�©ÙP (k)k'§ØÓ�g©Ù�

�ØÓ�;¾DÂ§�ã8.15"

SIS�.. Äk§b�;¾3�äDÂ

¥§gêØÓ�ü�!:3;¾DÂþ� ã8.15 <�<'X�

pÃK�§�gÕá/Ua/Ç?1DÂ§α = 1��ö£��=��£�´a<

+§KaquSIS�§(8.75)§ò!:g�Ó�!:8¿�Ó�|§égê�k�!:

E©�´a�ÝSk(t)§a/�ÝIk(t)Ú£Ñ�ÝRk(t)§Ka/�ÝIk(t)�Czd

İk(t) = −Ik(t) + βk(1− Ik(t))
∑
k′

Pk′(k
′|k)Ik′(t) (8.77)

�x"ù�¥§
∑
k′
Pk′(k

′|k)´��g�k�!:���g�k′�a/!:���²þ

VÇ"PPk(t) =
∑
k′
Pk′(k

′|k)Ik′(t)§K�§(8.77)z�

İk(t) = −Ik(t) + βk(1− Ik(t))Pk(t) (8.78)

d(8.78)ª¥�İk(t) = 0§�

Ik(t) =
kβPk(t)

1 + kβPk(t)
◦ (8.79)

î�Æ¬w�¨f§éu�þ!�ä§��g�k�!:���g�k′�!:�

��VÇP (k′|k)�kP (k)/ 〈ρ〉G"ù�§d(8.79)ªPk(t)�±U��

Pk(t) =
∑
k′

Pk′(k
′|k)Ik′(t) =

1

〈ρ〉G

N∑
k=1

kP (k)
kβPk(t)

1 + kβPk(t)
◦ (8.80)
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ù�§d(8.80)¥��²�)Pk(t)�\(8.79)��gê�k�´a�ÝIk(t)"w

,§Pk(t) = 0´(8.80)���²�)"�¦(8.80)��²�)§(8.80)�üàéPk(t)¦

�¿3Pk(t) = 0þ��§�½k

d

dPk(t)

(
1

〈ρ〉G

N∑
k=1

kP (k)
kβPk(t)

1 + kβP∞

)∣∣∣∣∣
Pk(t)=0

= 1|Pk(t)=0 = 1, (8.81)

=X�¦(8.81)ª�à

d

dPk(t)

(
1

〈ρ〉G

N∑
k=1

kP (k)
kβPk(t)

1 + kβPk(t)

)∣∣∣∣∣
Pk(t)=0

> 1

���Pk(t)��²�)"ù�(8.81)ª�à

d

dPk(t)

(
1

〈ρ〉G

N∑
k=1

kP (k)
kβPk(t)

1 + kβP∞

)∣∣∣∣∣
Pk(t)=0

=
N∑
k=1

βk2P (k)

〈k〉
= β
〈ρ2〉G
〈ρ〉G

> 1◦

5¿§©{D/�.¥a/�ÝI(t) =
∑
k

P (k)Ik(t)§X½Â;¾DÂ�K�

βc =
〈ρ〉G
〈ρ2〉G

, (8.82)

Kéu!:êÃ�O���ä�.§XJg©ÙP (k) ∝ k−γ�γ ≤ 3§K3N →
∞�〈ρ2〉G ≥

∑
k

1/k → ∞kβc → 0§;¾´u�5�3<+¥DÂ"~X§é

uBAÃIÝ�äGL§

〈ρ〉G =

∞∫
m

kP (k)dk = 2m, P (k) ∝ 2m2k−3,

A^(8.80)ªk

Pk(t) ∝ mβPk(t)

∞∫
m

1

k

dk

1 + kβPk(t)
= mβPk(t) ln

(
1 +

1

mβPk(t)

)
,

=

Pk(t) =
e−1/mβ

mβ

(
1− e−1/mβ

)−1

◦
(8.83)

ù�§d(8.79)ª��äþ�ªa/�ÝI(t)§=�N →∞, t→∞�I(t)�4��

I∞ =
∞∑
k=1

P (k)Ik(t) = 2m2βPk(t)

∞∫
m

1

k2

dk

1 + kPk(t)

= 2m2βPk(t)

(
1

m
+ βPk(t) ln

(
1 +

1

mβPk(t)

))
∝ 2e−1/(mβ)
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�=�β = 0�I∞ = 0§éA/�K�βc = 0"î�Æ¬)º`§D/Çβ = 0=��

«;¾ÃD/5�â¬Ñy"ù��5§XJ<��¬'X�´BAÃIÝ�äKÃ

Øa/Çõ�§��u�Ñ¬3<+¥[È/�3"ù´��4<�ê�(Ø§=

<aÃ{�£?Û�«D/¾§Ð3<��¬'X�Ø´BAÃIÝ�ä§��±�

�<
6ÄUC�ä(�G�±�£D/¾"

SIR�.. é�äþgê�k�!:©�´a!:!a/!:Ú£Ñö§éA/

�Ý©O�Sk(t)!Ik(t)ÚRk(t)�kSk(t) + Ik(t) + Rk(t) = 1§a/Ç!£�Ç©O

�βÚα = 100%"ù�§aquó¿�.¥�SIR�.k
Ṡk(t) = −kβSk(t)Ik(t)Pk(t),
İk(t) = kβSk(t)Ik(t)Pk(t)− Ik(t),
Ṙk(t) = Ik(t) ◦

(8.84)

b�Ð©^��Rk(0) = 0, Ik(0) = I0
kÚSk(0) = 1 − I0

k"3I
0
k → 0�§�±b

�I0
k ≈ 0, Sk(0) ≈ 1"ù�§é(8.84)¥�1��!1n��§��È©�

Sk(t) = e−kβφ(t), Rk(t) =

t∫
0

Ik(s)ds◦ (8.85)

ùp§¼êφ(t)�

φ(t) =

t∫
0

Pk(s)ds =
1

〈ρ〉G

∑
k

kP (k)

t∫
0

Ik(s)ds =
1

〈ρ〉G

∑
k

kP (k)Rk(t)◦

éþªüà¦�k

φ̇(t) =
1

〈ρ〉G

∑
k

kPk(t)Ṙk(t) =
1

〈ρ〉G

∑
k

kPk(t)Ik(t)

=
1

〈ρ〉G

∑
k

kP (k) (1−Rk(t)− Sk(t))

=
1

〈ρ〉G

∑
k

kP (k)− 1

〈ρ〉G

∑
k

kP (k)Rk(t)−
1

〈ρ〉G

∑
k

kP (k)Sk(t)

= 1− φ(t)− 1

〈ρ〉G

∑
k

kP (k)e−kβφ(t)
◦ (8.86)

5¿§�§(8.86)´'uφ(t)�~�©�§§��g©ÙP (k)®�Ò�±¦)�

�φ(t)§¿d(8.85)�´a�ÝÚ£ÑöSk(t), Rk(t)"
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�«D/¾3<+¥�DÂ�±4t→∞§©Û´a<+!a/<+Ú£Ñö�
�ª(J"ù�§��φ∞ = lim

t→∞
φ(t)§S∞ = lim

t→∞

∑
k

Sk(t)§I∞ = lim
t→∞

∑
k

Ik(t)ÚR∞ =

lim
t→∞

∑
k

Rk(t)"KdI∞ = 0Ú(8.85)�

R∞ = lim
t→∞

∑
k

Rk(t) =
∑
k

P (k)
(
1− e−kβφ∞

)
◦

(8.87)

Ó�§-�§(8.86)mà�0§��'uφ∞��§

φ∞ = 1− 1

〈ρ〉G

∑
k

kP (k)e−kβφ∞ (8.88)

¿aquéSIS�§(8.75)�?Ø§Ï¦�§(8.88)��0)§=�¦

d

dφ∞

(
1− 1

〈ρ〉G

∑
k

kP (k)e−kβφ∞

)∣∣∣∣∣
φ∞=0

> 1

��
1

〈ρ〉G

∑
k

P (k)kβ = β
〈ρ2〉G
〈ρ〉G

> 1,

=SIR�.�K�βc = 〈ρ〉G/ 〈ρ2〉G?�äD/¾�DÂª³§±9´ÄI�<�
Zý§éa/<+æ��l���"ù�K��SIS�.�K�(8.82)�Ó"

15!�+�ä

���¬´±¯õ)Ô�N�Ä�|¤�E,XÚ§ù�¥�Ä���¡´)

Ô�N§,��¡´T�N¤Pk��¬!²LÚ©z�Ý�§=Ä�ü�/ÏÝ

�|¤�¬+N§�¬+N²dÝ�|¤���¬"���¬¥§;¾!�¬!*:

½�Ý��*ÑDÂr�/6u�N¤3��+�ä§=U�½��¬'X3,«

�½I[/¤��äGL"ùp§)Ô�N���äGL¥�!:§ü�N�mX�3

Q½��¬'XK3ü�!:�më��^>"î�Æ¬w�¨f§ã��ä�Ð

´ué�¬+N�1��x§�Å�ä!WS�.�ä!BAÃIÝ�äÚõ

Û�.�ä¥Ú\�üz5K§́ �¬+NuÐ�Cz1���«�Å�["

�¬+N1��k�½�Ì*UÄ5§�½§ÝþÉ��N¿£���§ØU

üX^?Û�«®���Å�ä?1�x"~X§�+�ä¬�X¯�?§O\#

��N§k�½ØC�f(�§XIf!73���'X§aqu�.�ä§�3

�N'Xþ��3XCz�/§X*l'X!þe?'X!Ü�'X"�A/§�+
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�äüzk#!:O\!#!:�Qk!:�ë>*��ä5�§Qk>�Uu)

�>½´#ë>$��§�ù
Cz¿�´�«�Å¯�§�vk�«Ú��ü

z�ª§́ �«ý�¿Âþ�E,�ä"ù�§æ^�«�½ØC��ä½´�Å

�ä�x�+�äÑ=´�«Cq�["ùl��ý¡L²§�,®é<aÄÏ|

�Ñ
XÚ�x§�<aé)Ô+NÄå1��@��éÐ�"��Ï�d§Ø®

��¼x½É�'X��¬�.¥�ØC|¤	§�+�ä��N�%n!©z!

S�!�¬!²LÚ/nA�k'§Qk½�
ÆöïÄL��+�ä=´,��

¬'X3,�����
�5��ä§=�¬�ä¥�ÛÜ½¡ã"

�+�ä�!:Q,d�½��S�)Ô�N|¤§�Nm��¬'XÒ7,

´�E�+�ä�Ä:"@o§�o´�¬'XQºî�Æ¬w�¨f§���¬

�Nm'X�oÚ¡��¬'X§�)�Nm!�N�+NÚ+N�+Nm�'X§

´©Û�¬G�9�p�^§�)V«!��!̂ A!Óz!��!Ü�!¿�!À

âÚr���^§́ ©Û�+�äüz�Ä:"ù�¥§+N�ØÓ�N�¤�+

x§�)[x!è�!�¬ìN!m�Ú�
|��"

ã8.16 [x�úi(�ã

��/§<��¬'X¥�+NdÉ�'X!/�'X½��'X��¤"ù

p§É�'X�´Ó'X![Ì'XÚ�á'X§=��XÉ�'X§X��'X!

Ò�'X!Ð*'X!©*'X!,73*~'X!�L'X!�W'X!àÅ�Ó

3!Ó~'X�§Xã8.16(a)¤«��ÌX¶/�'Xïá3<�)¹�m�/

n �§́ <a�@/¤��¬'X��§X�p!Ó�!Ó~'X�¶��'X±

�¬©ó�Ä:§�<;áu,����½|�§XÓ�[è�!Óáu���


½�,§Xã8.16(b)¤«�,úi|�Å��"ù�§é�«Q½��¬'X§n

Øþ�½�3¿�±�ï���¬+NéA��+�äGL§¿âd©Û�NÚ+

N1�"
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�¬'Xäk/Ô±aà!<±+©0�vàA5§ù«y�¡�ÓÐ5§=

5��q��Nm¬k�õ��6�pÄ§éAu�+�ä¥,¥�aäkA½!

:'X�f�ä"~X§/äG(�0�/fì(�0"cö��ä(�/G���

ä§Xã8.16¤«�[x�úi(��§�ö��ä!:mþ�3Q½'X§éA

u��ãKn, n ≥ 3þ��äKL
n"~X§ã8.17�xo�[ÌC1, C2, C3, C4¥�l�

'X§z��[ÌSÜ�KL
4½K

L
3(�§[Ì�mÏL¤
�3l�½pÄ�"

ã8.17 l�'X

5.1.�+�ÚÝþ.Þè'æ3¦�5���U6¥kù��ã�cµ/.´�

��Í�§¤k�IIååØL´�
ü
¶¦�Ñke|��ÿ§�Ñkþ|�

�ÿ§��<�)¥�üXÐA��Ú"0@o§�o´�¬�ÚQºî�Æ¬)º

`§�¬�Ú´��½�¬ ��'é�ÎÜ�¬�¦��<1��ª§=�N3

�¬+N¥�D���¬/ Ú�°§±9T�°A�u��õU"5¿§�3Z

Í�þ�üØÓ§?��<��¬�Ú´�¬�@Ó§y²¦�¢S/ !�°

��Ù«ú��¬�Ú��§́ 3�Ï�¬pÄ¥�(@Ø´�<�gNg_"

�¬)¹¥§��oü
kÍ¶!�Í¶�©Qº�Y�ü
Q üÑ3ú¯

%¥�µdk'¶{I¬�$Ä¥§��oê¶´�7�:��kê��¬¯¬�

�¦�ç<¬�Ì�ºÏ�ê¶´�73{I¬¯¥k�p�("§=@ÓÝ"@

o§N�éØÓ��¬�ÚÝþ�µdQºî�Æ¬w�¨f§A^�+�ä�±

é�N!+N?1Ýþ�©a§?©Û¦�3�¬þ�K�å"

£1¤�NK�å. 3��UìQ½�¬'X�E��+�äþ§kü«�I�

±�NÑ�N3+N¥�K�å"ùü«�I¥§�´��N����Nê§�N

Ù��K���Nê¶�´�N�Ù¦�N�ål§�N�´Ùé+NÙ¦¤
K

��J´§Ý½�C"éA/§k�x�N3+N¥K�å�¥%Ú¥%³"

1¤!:g¥%"Ýþ��Nv3+N¥K�å�����{§́ A^v3�A

��+�äGL¥!:gρG(v)§�)µ1©¥%g"¥%g±!:gρG(v)Ýþ�Nv3

+NGL¥�K�å§́ �«�N�Nv3T�+GL¥��|!/ 9ÙK�©Ù�
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�I§éAu�+�äGL¥!:�gS�ρ1 ≥ ρ2 · · · ≥ ρp, p = |G|"¥%g�p�
�N?3+N¥�K�å�p§�Uk���½K�+N¥Ù�N�¹Ä"�A/§

¥%g�$��N�?u+N�>� �§éÙ¦�N"yK�å¶2©¥%³"¦
^¥%gρG(v)ïþ�Nv3+N¥�K�å�Ñ
�ä5�½+N��|G|§·^u
Ó�+N¥K�å��'�"ù�§é5�ØÓ�+N=l¥%g��Ý©ÛÒk

�½�Û�5§Ï�?3ØÓ5�+N¥��N§XJ§��¥%g�Ó§K3~

£þ?35���+N¥��NK�å�é�$"ù�§I�3¥%gÄ:þÚ\

¥%³(8.25)§=Cρ(v) = ρG(v)/(p − 1)éØÓ5�+N¥��Nv�K�å?1'

�"~X§éρG(v) = 5 �ü�N©O?311!101�N�+N¥§§��¥%g�

Ó§�¥%³©O�0.5Ú0.05§=311�N¥�K�åpu3101�N¥�K�å"

2¤!:å¥%"�¬'X¥§��Nv��K�,��Nu3�+�äGLþ�

Ly´vÚu�m�3�^>(v, u)"éu@
vk���pK���N§�«Ï1�

�{´²d¥m<§d¥m<DÂm�K�"�,§ù��¥m�N�U´��§

��UI�õ�"

@o§�¬+N¥��N´Ä�½�²d¥m<ïáQ½�m�'XQºéu

�+�äGL¥�ëÏf�ä§�Y´�½��î�Æ¬)º`§nØþ§ù´3é

A��+ëÏf�äþÏé�^d���N�,���N��´"dub�ù�f

�ä´ëÏ�§ù���´�½�3�3dÄ:þ§I�?�Ú?Ø�¯K´�Ç
¯K§=ù���^ë�ü�N��´´Ä

I�rHf�ä¥Ù¦¤k!:Qºî�Æ

¬w�¨f§3<��+�äþk��-<

¯ç�(J§́ ²þ�õ²L6�¥m<�±

ïá+NmØÓü�<�'X§ùÒ´�¬

Æ¥�/8Ý�mnØ0½/�.nØ0"

[<S©�¢�] k��Í¶��¯§̀

´�[�I���É
��]Ô§�Ï� 

è�Ù�SAP�é�¦%¥�ó�§=�
ã8.18 <S©�¢�

K(ê9.x=Ý�'X"²L��
óA���ãåÏé§uyùü�<¥m²L

Ø�L8�<=�ïáè<�<ó'X§ù=´8Ý©�nØ�@Ï��"

1967c§MÃ�Æ%nÆX�� �ÇS.MilgramÏïÄ<S'XI�§�O


��u&¢�§=�¦1��<u&�1��<§1��<2r&u�1n�<�§

ù���?1e�§��&�x��ª8I�¢�"¦lSÙ.d\²Úsid²

ç5
�1��ö§¿l¥�ÅÀJÑ160<�¤ùgu&¢�§�¦¦�eM�
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�&���¶43Å¬î��¦²V<"ù
��öÑØ@£�ù 3Å¬î��

¦²V<§&�Ø¬��M��ª8I§S.Milgram4��ör&�uM�¦�@�

�k�U�ù �¦²V<ïáéX�*l§¿�¦z��=M&��<Ñ£M�

¦�<��&�"�ª�(Jk
Ñ<¿�§�õ&��ª��
ù �¦²L<

Ã¥§zµ&²þ²Ã6.2 g"8Bùg¢�(J§S.MilgramJÑ<Sm��8Ý

nØ§@�.þ?ü�<�m�õI�6�<=�±ïáéX"

�¬Æ¥ïÄ;¾!�¬!*:½�Ý�*ÑDÂI�'5�Nv, u3�+�

äþ�DÂ´»ÚåldG(v, u)§?µ�DÂ�Ç"8Ý�mnØ�Ýþ+N¥�

Nm�²þålJø
��ÚOþ�Cq�§=k〈d〉G ≈ 6"ù��5§µd�N

3+N¥�K�å�±lDÂ�Ç�Ý?1µd"ù�§d!:m�ål�±©O

Ú\(8.37)½Â�;�¥%C1
B(v)!(8.38)½Â�0¥%Ú(8.39)½Â�60¥%§=

C1
B(v) =

|G| − 1∑
u∈V (G)

d(v, u)
, C3

B(v) =
∑

u,w∈V (G)

|P ′(u,w)(v)

|P(u,w)|

C2
B(v) =

2
∑

u,w∈V (G)

|P(u,w)(v)

(|G| − 1)(|G| − 2)|P(u,w)|
,

¿âdé�+�ä¥�!:?1üSC1
B1 ≥ C1

B2 ≥ · · ·C1
Bp§C

2
B1 ≥ C2

B2 ≥ · · ·C2
Bp

ÚC3
B1 ≥ C3

B2 ≥ · · ·C3
Bp§ïþ�N3+N¥�K�å"

£2¤f+K�å.�+¥�f+§́ �ü�½ü�±þ��N�¢y�Ó8I§

±�½�ªéX3�å?1¹Ä��N+HL ≺ GL§f+�A:3u¤
k�Ó�

8I§kéf+�@Óa!8áaÚS%(�§k�Ó�d�*�"éA/§f+K

�å´�+¥�,�f+é+N¥Ù¦�N�K�å"

1¤f+�Ý"f+HL ≺ GL��Ýρdens

(
HL
)
´£ãf+¥��N'é�;�

§Ý§½Â�f+HL3�+�äGL¥�>ê�Ù�õ�UPk>ê�'Ç§=

ρdens

(
HL
)

=
2
∣∣E(HL)

∣∣
|HL| (|HL| − 1)

◦ (8.89)

é�+�äGL�?��f+HL§d(8.89)ª½Âk0 ≤ ρdens

(
HL
)
≤ 1"AO

/§�f+HL�Ý�0�§HL´��d�á!:�¤�Ã>�ä§=�Nmþvk

Q½'X§&EÃ{D4��Ç�$¶�ρdens

(
HL
)

= 1�HL´�����äKL
s§

Ù¥s =
∣∣HL

∣∣§`²f+��Nmþ�3Q½'X§&E3f+�NmDÂ�Ç
�p"Ó�§éu@
®�(��f+§d(8.89)ª�±O�ÑÙéA��Ý"~

X§b�HL�n�!:�äG�äTL§KÏ
∣∣E (TL)∣∣ = |T | − 1§kρdens

(
TL
)

=

2(|T | − 1)/(|T |(|T | − 1)) = 2/|T |"
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2¤f+K�å"f+K�åNy3+N¥�Ù¦�NWu�ÉTf+�K�§

?UCÙg�Ú1Ä�Uå"�d§3�+�äþI�Ú\f+g�f+ål�

Vgµ1©f+gρG
(
HL
)
"é?��f+HL ≺ GL§f+gρG

(
HL
)
�HL3�+�

äGL¥���>ê

ρG
(
HL
)

=
∣∣E (GL

)∣∣− ∣∣E (HL
)∣∣− ∣∣E (GL \HL

)∣∣
=

∣∣EG (HL, GL \HL
)∣∣ , (8.90)

=f+GL�GL \ HL�m�>ê"ù�§XJ3�+�äGL¥òf+HLÂ ��

�!:vH§PÂ ���ä�(G/H)L§Kf+gρG
(
HL
)
Ò´!:vH3Â ��

�ä(G/H)L¥�g§=ρG
(
HL
)

= ρG/H (vH)¶ 2©f+åldG
(
HL

1 , H
L
2

)
"é?¿

ü�f+HL
1 , H

L
2 ≺ GL§f+HL

1�H
L
2�m�åldG

(
HL

1 , H
L
2

)
½Â�HL

1¥�!:

�HL
2¥�!:mål����

dG
(
HL

1 , H
L
2

)
= min

{
dG(v1, v2)| v1 ∈ V

(
HL

1

)
, v2 ∈ V

(
HL

2

)}
◦

(8.91)

aq/§XJ3�+�äGL¥òf+HL
1 , H

L
2Â ���!:v

1
H , v

2
H§PÂ �

��ä�(G/H1H2)L§Kf+åldG
(
HL

1 , H
L
2

)
�!:v1

H�v
2
H3�ä(G/H1H2)L¥

�ål§=dG
(
HL

1 , H
L
2

)
= dG/H1H2 (v1, v2)"

r

r

r

v1

v3

v6

r
r r

r r r r

r rr r
v2

v4

v5

u1 u2

u3u4

u5 u6

u7
u8

ã8.19

~X§3ã8.19¥§!:v4, v5, v63�ä¥�)¤f+�〈v4, v5, v6〉G = CL
3§!

:u5, u6, u7, u8)¤�f+�〈u5, u6, u7, u8〉G = CL
4§�A/f+g©O�ρG

(
CL

3

)
=

4§ρG
(
CL

4

)
= 5�ùü�f+m�ål�dG

(
CL

3 , c
L
4

)
= 1§Ï�ùü�f+�m�

3�^ë>(v6, u7)"

ù�§aqué�NK�å��x§f+K�å�Ýþ�kA^f+gÚf+m

ål§ò!:vH3Â �ä(G/H)L¥�K�å½Â�f+HL ≺ GL�K�å§=f

+HL�K�å�Óu!:vH3Â �ä(G/H)L¥�K�å"ù��5§I�3O
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�¥§ò�ä!:vO��vH§òG
LO��(G/H)L§òdG(v, u)O��dG/H (vH , u)"

Ó�§3Â �ä(G/H)L¥O�´»P(u,w)��Ý§=

Cρ (vH) =
ρG/H (vH)

|G/H| − 1
, C2

B (vH) =

2
∑

u,w∈V (G/H)

|P(u,w) (vH)

(|G/H| − 1)(|G/H| − 2)|P(u,w)|
,

C1
B (vH) =

|G/H| − 1∑
u∈V (G/H)

dG/H(vH , u)
, C3

B (vH) =
∑

u,w∈V (G/H)

|P ′(u,w) (vH)

|P(u,w)|

��f+HL��Cρ (vH) , C1
B (vH) , C2

B (vH)ÚC3
B (vH)§¿UÓ�«�Ié�+�

ä¥�¤kf+HLO�éA�K�å�üS§(½f+HL ≺ GLK�å��"

é?¿�½���¢êk > 0§�+�äGL¥gØ�uk�!:)¤�f�

äGL
ke¡�k-Ø"5¿§�k���Ø�uGL¥���gδ

(
GL
)
�k-ØGL

keÒ´�+

�äGLg�¶�k�uGL¥���g∆
(
GL
)
�k-ØGL

ke´��8∅§==�δ
(
GL
)
≤

k ≤ ∆
(
GL
)
�§k-ØGL

keâ´G
L�����f�ä"ù�§k-Ø�²þg�

〈ρ〉Gke =
1

|Gke|
∑

v∈V (GLke)

ρG(v) =

∣∣GL
∣∣

|GL
ke|

∑
v∈V (GLke)

ρG(v)

|GL|

=

∣∣GL
∣∣

|GL
ke|
∑
i≥k

iP (i) =

∑
i≥k

iP (i)

|GL
ke| / |GL|

=

∑
i≥k

iP (i)∑
i≥k

P (i)
◦ (8.92)

5.2.�+�ä�Å�[. �¬ÆïÄ¥k��*l'X�D45b�§=*l

�*l��U¤�#*l§¿=�+�ä3�½§Ýþ�l�.5�"5¿§ù

p= /́�U0¿�/�½0¤�*l§=Ø´��(½b�"î�Æ¬w�¨f§

�+�ä�A:3u§��¡§§�k�½�Ì*UÄ5§ØUæ^5K�ä�x¶

,��¡§§�#O!:�ë>Ø´���Å�§ØUæ^ER�Å�ä�x§=�

+�ä�3(½5��Å5kÅ(Ü�Ä:þ?1�x�["

1¤�.�ä"5K�´�!:ê!>ê´�½�§WS�.�äN (n, k)´

35K�äþ±��~êVÇpÚ\Qk>ë����«ÛÜ�Å�ä§́ 3�

+5�!��'XêØC��/eé±~êVÇp�ÅUC�N��'X��x"ù

3�+�ä¥¿Ø~�§�§%´1��0u5K�ä����Å�ä�m��«

ÛÜ�Å�ä§L²�+�äØu/5K��Å0�m"

5K�äN(n, k)�z�!:g´~êk§WS�.�äN (n, k)!:�VÇ©
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Ù�(8.51)§=i ≥ k�k

P (i) =

min{i−k,k}∑
s=0

(
k

s

)
(1− p)spk−s (kp)i−k−s

(i− k − s)!
e−kp

i ≤ k �P (i) = 0"ù�§A^(8.27)Ú(8.92)�WS�.�ä�²þgÚh-Ø²

þg©O�

〈ρ〉G =
∑
i≥0

iP (i), 〈ρ〉Gke =
∑
i≥h

iP (i) ◦

2¤ÃIÝ�ä"�)Ø+N5��O���§BAÃIÝ�´35��±?¿

O�§·u�x+N¥Øä#O�N�#�N���@
QkK�å���Nïá

'X��/§�½§Ýþ�[
�¬+Ný¢�3�É�5§=�þ!!�²ïÚ

E,kS��+A5§!:�l�ÆP (k) ∝ 2m2k−3©Ù"ù�§²þ!:g�

〈ρ〉G ∝
∑
k

k2m2k−3 = 2m2
∑
k

k−2 ∝ 3π2m2,

�A�h-Ø²þg�

〈ρ〉Gke ∝
∑
k≥h

k2m2k−3 = 2m2
∑
k≥h

k−2 ∝ 3π2m2 − 2m2

h−1∑
k=1

k−2 < 3π2m2
◦

3¤õÛ�.�ä"õÛ�.�äQk#O!:!#O!:3éQk

!:ÀJ��S`Àë>§qkQk>�ëüz§éAu��m��+N§ù3

�½§Ýþ�x
+N5��*Ü!#O�N�Qk�N�`Àë��/"Ó�§

�x
�NmQk'X�Cz�N�§��C�+'Xý¢�üzL§"§�g©

ÙP (k)÷v�ÆP (k) ∝ k−γ�γ > 2´��~ê"éA/§�+�ä�²þg

〈ρ〉G ∝
∑
k

kk−γ =
∑
k

k1−γ

´��Âñ?ê§P�〈ρ〉∞G"�A/§�+�ä¥�h-Ø�²þg

〈ρ〉Gke ∝
∑
k

k1−γ −
∑
k<h

k1−γ = 〈ρ〉∞G −
∑
k<h

k1−γ < 〈ρ〉∞G ,

=〈ρ〉Gke�´��k�ê§k�½�¢S¿Â"

î�Æ¬w�¨f§ý¢��+�äüz¿Ø�lQ½��Å5Æ§�)#O

!:�Qk!:�ë>VÇ!Qk>��>VÇ�ÑØ´~ê§þã�Å�[¥�

¤±b�§��~ê´��[9�.�{z"ù��5§æ^�Å�ä�[�+�
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äüz¥�Ø(½5=´�«Cq§́ �«�+�ä²þüz5Æ�Cq§ù�2

g<y
)Ô+N1��E,Ú<a@��Û�"

16!5º�µØ

6.1. g,XÚ�Ä�1�¿�Ñ´(½5�§k�þ�Ä�1�Ø(½§$�

é�
g,XÚ�Ä��Ã{(½§Ly3<ú¥=�E,§�)Ä��êã�!

Ä�m'XE,§AO´Ä�9Ä�m�^'X�3�Å5��/§Juuy(½

5�©Û�{"E,�ä�,å�´3ù��«G�e�)�§u1998c{Iü

 ÔnÆöWattsÚStrogatz35g,6,�þuL�Ø©[WaS]¥Ú\�Å5§©

Û�.�ä�ÄåÆ1�§±91999cBarabaśiÚAlbert35�Æ6,�uL�Ø

©[BaA]¥�[ê��A§=/Lö�L!¡ö�¡0��K½Â�Åë�§�EÃ

IÝ�ä¿©ÛÙÄåO��ª§<�@�E,XÚ�±dE,�ä?1©Û��

[§��'J�<�[CWL]!Û�>�<�[HLW]"

6.2.�Åã´1960cd:ß|�ErödsÚRényi3ã�º:mÚ\ë>VÇ��

«ã��Å�.§=º:ém±���½�VÇpë>§���Ø´��ã´��

ãx"3dÄ:þ§¦�uyã��
5�éAuVÇpO�´â,Ñy�§=�3

��K�pc¦�p ≤ pc�ØÑy§���p > pcù«ã5�á�Ñy§�Bollobás�

�ÅãØ[Bol1]Ú[Bol2]"WattsÚStrogatz��.�ä´35K�ä½m-�Kã

þU�½VÇpÚ\ä>Ú>�ëÅ�§�±�x�+�ä¥�<S'XCz�

/§����ä�Å50um-�Kã�ErödsÚRényi��Åã�m"ùüa�ä�

!:êþ´�½�¶BarabaśiÚAlbert�[pé��r�O�§#\\!:±Qk

!:�Ýê��½Âë>VÇ§Ø���ä5�O�"aq�g��o�Ú�'J

�</�§JÑÛ�.�ä�[.õ>n´(��§�©z[CWL]"

6.3. ;¾DÂ¥§ò¤k<+©�´a<+!a/<+Ú£Ñö�na�ó¿

D/�.´ïÄ;¾DÂ5Æ�Ä:"�é�ög1xE!�ö£��Øäk�¼

åÚäk�¼å�n«�/§3�½�b�^�e�©OïáD/¾ý�¥�n«

Ä��.§=SI�.!SIS�.ÚSIR�.¿ïÄ;¾DÂ5Æ"�?�Ú§<3�

¬� ¥k�½�)¹�f§;¾´3<����ä¥?1�DÂ§IïÄ;¾3

���ä¥�DÂ5Æ§��©{D/�.¥�SI�.!SIS�.ÚSIR�.§�©

z[BrC]![ChL]![HLW]![LuW]Ú[Mur]�"aq/§;¾D/�.�·^uépé

�þ>M¾ÓDÂ5Æ��x"

6.4.�+�ä´�¬�N9Ùm'X�¤�E,�ä§�´�J�[��«E
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,�ä§Ï�<�Ù¦ÄÔ���«O3u<kg�§¿Ø���l/�0"ù�§

þ¡��Å�ä!�.�ä!ÃIÝ�ä!Û�.�ä�Ñ�^u�[�+�

ä§�Ñ´3�x,��«½«��Û��+§ÿØU��/�x��I[½�¥

�+"éuÛ��«½«�þ��+�ä§®k�
¤Ù�O�^��éÙ?1½

þ©Û§�©z[Sco]�"aq/§�,ÄÔ��û$u<§�<aéÄÔ�+�ä

�uÐ5Æ��$�§��õ��x"

°LX��%£§�ºNåê(X"

— �y.Qý5Ü¢6
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11!�äý¢

?��¯ÔþS%k|Ü(��¯¢�2L²§<aé�»�Ô�@�A´Ä

uÙ|Ü(�þ�XÚ@�"ù3�½§Ýþý«Xé¯Ô"Ñ½�á�@�Ø´

<aJ¦�8I"ù�§�x��¯Ô��äüz§?@�¯ÔÒ¤
�«é�

Ô@��Ì6"@o§�o´�ä§�o´�ä6Qºî�Æ¬w�¨f§�ä´g

,.½<a�¬¥³/<�Sú��/�

�0��«Ä�§�ä6´�«AÏ�

IÒãGL§ Xã9.1¤«" ù�¥§ �

ä6�AÏ53uN�LrG¥�º:Ú

>N\¢ê8R½R+Ø´Ù¦8Ü§´

¯ÔÄ�m�^3R½R+¥��«êL

�L(v)½L(v, u), v, u ∈ V (G)"3�õê� ã9.1 �ä6

/e§¢êL(v, u)À��«3>(v, u)þ���ëY6§aqu¢½øY+�¥�Y

6þ§é?�!:½?��¡v ∈ V (G)÷v∑
u∈N−G (v)

L(u, v)−
∑

u∈N+
G (v)

L(v, u) = L(v), (9.1)

=!:½�¡vþ�6\�6Ñ6þ��!:vþ�¥�6þ��§q¡�ëY6Å

ð½Æ"~X§ã9.1¥IÒ�0�@�!:§ÙÑ\6þ�5§ÑÑ6þ�3 + 2 = 5§

=T!:�¥�þ�5− 3− 2 = 0"

5¿§du¯Ô$Ä´ýé�§�ä´¯ÔS%(��ëY6$Ä�(Ü��

Ô§́ Õ3¯Ô�*�¡þ*ÿ¯ÔCz§�«�±Ó��x¯ÔSÏÚL���

."f�ùp§̈ fk
Ø²x§̄ î�Æ¬µ/ww§�äþNy�´ëY63Ä

�m�6Ä§�¯ÔCzk�o'XQº0î�Æ¬w�¨f§3�*�¡þ§̄ Ô

´±Ä��!:�¤����ä§Ä�m�Ä��^=�ùp�ëY6¶�3÷*

�¡þ§�äNy�´¯Ô��§́ XÚ@���¯Ô�G��N"̈ fq�k:

+¬
î�Æ¬�g�§̄ �µ/@ù��5§́ Ø´¿�X<a��n)
�äÒ

�±n)�»�ÔQº0î�Æ¬£�`µ/\ù�¯K¯�éÐ§´��5)û<

é�ÔXÚ@�I�g��¯K§�ä3nØþ�(kù«õ^��ä6§�)E

,�äKØ,§¿ØéAu¤k¯Ô=´Ù¥é���Ü©��,3nØþ§�

ä6Ny
¯Ô�XÚÄ�9Ä�m��^'X§�§´ÄXÚ/�x
¯Ô��
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¿Ø(½"��¡§�ä!:Ny��UE´¯ÔÛÜ��ÜÄ�¶,��¡§<

�³�o@�¯ÔXÚÄ�m��^�±^��¢ê�x§��oØU´õÏ�|

¤�ê|½´O��êþA�Qº�Y´<3Ú\�ä6�Ì*þù�½Â�@o§

<��o�ù�½Â�ä6QºùØ	�ü��Ïµ�´)û�
÷*¢3�ä§

Xú´!c´��Ï´�¥�¢S¯K§X$Ñ¯K!¥Ie4
¯K�¶�´{

zïÄé�§±BuêÆ?n"�ù��5§7,E¤U
d�ä6�.�x�¯

Ô�½�ä6ý¢�Û�§ØUéAu¤k¯Ô"0î
�e§î�Æ¬UY`§�

,<�'�9©u�ä6þ��
²L`z¯K§�ÄkI�á�Ù�§́ �ä6

U�=
½=a¯ÔJø©Û�.§́ ½5�´½þ§́ ÛÜ�´�N�x�"ù

�§âUk�u��ä3@��Ô¥��z"

1.1.�ä6�[. �ÔþS%|Ü(�ù�¯¢L²§�ä�±�[?Û��

¯Ô§AO´+NG�"U�äþ6Ä0�©§�ä3nØþU
�[�¯Ô«a

�)µ1©+NG�§�)�¬'X3�Nm
�D4L§§UN$1!Ô��¤±9�f!

�*âf�3Ô�Ü¤�©)¥�6Ä![

��#���!UþD4�=��§X�«

�+�ä!(X!Ô��)Ô�¤ÚzÆ�

A¥�Ô�Ü¤�©)!Uþ=zÚD4

�¶2©&EDÂ§�)&Ò�!¾ÓÚ�ó
�&E6DÂ§��Ø�lUþÅð½Æ§

X�apé�!2Â!>À!>{��<a

ï��êâDx�ä§±9g,/¤�ªÇ ã9.2 >ûÔ6

ª��Ã�DÂ&�!þfÅ�¥�ÛCþ½��âfDÑ�¶3©Ô�6Ä§=�
f!©f|Ü¤�½Ô�3g,/¤½<aQ½Ï�þ6Ä§���lUþÅ

ð½Æ"~X§�í¥���z%!ÄÔNS�É�!¢½øY!ø>!ø9!øí

¥�É�!Y6!>6!íNÚ9þ�6Ä§±9º!°!�Ú+�$Ñ¥�û¬Ô

6�§ã9.2¥¤«�=���û¬>ûæ	�Ô6L§"

I�5¿�´§�äU�[�¯ÔaO 1©- 3©A�ºX
<a@�¥�¤k¯
Ô"@o§:>IÒ�¢ê��ä6�.U� 1©- 3©a�¯ÔJøý¢�[íºî�
Æ¬)º`§�ä6XýU�ù
¯ÔJø�.§ÃÉuäó�ä6ý¢�g,ý

¢���5Ä½Pf35��²6¥/¶�¶§�~¶0�äó§Ï��ä6´�

[¯Ô��«/¶0"ù�¯K�Ø%§3u©Û�ä6´Ä�±�[½´3�o

^�e�±�[ 1©- 3©a¯Ô�G�"
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Äk§�ä6GL¥�>IÒL : V (G)
⋃
E(G)→ R½R+L²§�ä6U
�[

¯Ô�Ä�v, um��^�±L«���¢êL(v, u) ∈ R§ù¢Sþ´b�Ä�m
��^�þ!�^"ù��5§é@
Ä�m�^Øþ!½ØUL«���¢ê�

¯Ô§�ä6�[(J�ý�Ø��½=´�«Cq(J¶Ùg§1©- 3©aO¥§=

¯ÔÄ�m��^´þ!�§�±^��¢ê�xQºî�Æ¬w�¨f§1 1©a
¯Ô¥§UN$1¥�Úå!Ô��¤±9�f!�*âf3Ô�Ü¤�©)¥�

rØå!fØåÚ>^å![��#���

�^§±9Uþ�D4�=�ÑØ´þ!�

^"ù�¥§ÚåÚ>^å´�«�§å§�

l²��'½Æ¶�fØ¥�rØå�fØ

å�nØ)º�0f��å§[�m��^

å�)Ôå§�Ån¿Ø�ß§ÑØUæ^

��¢ê?1�x"�¬'X3�Nm��

^û½u�N�Ì*¿£§=´�«½5 ã9.3 ��¨�

"y½þ��x§ÿvk�«nØU
�x�N�Ì*¿£"���±äó�§́

�N�Ì*ûüÉõ«Ï�§aquã9.3¥Ly�Iå�m�/��¨�0�Ì

*1�´�«E,�õÏ��ü�Ï�ûü§�½ØU^��¢ê?1�x¶3

1 2©a¯Ô¥§�o´&E¿vk��Æ�¡�«§=´3N�þ§&EU�<�
�5�£��a�E"��/§&E/Ïu&EDÂ§d&EDÂþ½Â"î�Æ

¬w�¨f§k��ß.�)��iZ§̀ ´4��v*w.�'m�<�*

w.�m�<J¯§̂ �´zgJ¯I�|Gé��{�"@o§ù�<��I

|Gõ�{�âU��=�¥è´)�èQº�,§î�Æ¬)º`§�±���

�¥è/¯§ù�<I�|Gé�n��{�§�ù´�²L��{í§�,Ø´�

�²L��{´é¥èU1-32?Ò§,�J¯µ/)�è31− 16Ò¥íº0bXé�

£�/´0£�½§P�1¤KUY¯µ/)�è31− 8Ò¥íº0§bXé�£�/Ø

´0£Ä½§P�0¤K)�è�?Ò39 − 16�¥§J¯µ/)�è312 − 16Ò¥

íº0ù�§XJz|¥èö)�VÇ�Ó§�õ¯ÊgÒ�±���3.�þ�

)�§=�õI�|Gé�Ê{�Ø´n��{�§Ï�32 = 25"{I&EØM

©<C.E.�àUù«g�§±2�.O�éê§u1948cJÑ
&E��Vg§=?

���ÅCþξ�&E�H(ξ)�

H(ξ) = −
∑
x

P (x) log2 P (x), (9.2)

ü ´'A£bit¤§=���?�êi"ùp§P (x)´�ÅCþξ = x��VÇ"~
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X§ß.�)�@�iZξ¥§XJ�¥èö)VÇ�Ó§Ñ´1/32§K(9.2)ªé

A�&E��H(ξ) = −32× (1/32) log2(1/32) = 5'A"y3�¯K´µ/&ED4

´�«þ!D4§U^��¢ê�xíº0�Y´Ä½��±2Â>À�~§ÂÑI

�ÂÑ
/³�î�0/ÂÑ§Í�LüI�ü
/±(±Ú!�©��0Ú/�<

%u0�Lü§²d&�DÂÑØU´þ!D4&E"ÄK§�Âà¼��&E�½

´��Ú H§��&EAk�d�"�d§̂ �ä6�x&EDÂG�=´�«

n�b��CqG�§¼��´�«���²þ�§¿�&EDÂ�ý¢¡�¶3

1 3©a¯Ô¥§<�é�f!©f��*âf|Ü¤�âf½�©f3g,/¤
Ï�þ6Ä3nØb�Ä:þ�ï
�.§�½§Ýþ�±�xù
âf½)Ô�

©f§XÉ�!��z%�6Ä5Æ§�§�ÑØ´þ!6Ä§ØUæ^¢ê?1

�x",§3�
<ó�O¿ïE�Ô�6ÄXÚ¥§X¢½øY!ø>!ø9!

øíÚ�ÀYÂ8!ü�XÚ§±9�Ï´�XÚ¥�<6!Ô6�XÚ¥§²<

ó���±¢yþ!6Ä§æ^�ä6?1�x��["ù�¥§́ �p§!$1

þ��I~��´�þ�IÒ§¿dd�)�ä6þ�/ãþ��{0§±¢y´�

$Ñ¥�oë-Z�ê��±ü$$Ñ¤�§ á$Ñ�m"

ù�§�ä�,3nØþ�±éA 1©- 3©a�¯Ô§�ýU^�ä6�[�Ì�
´<óïE¿���Ñ$XÚ§�)øY!ø>!ø9!øíÚ�ÀYÂ8!ü�§

±9�Ï´�¥�Ô6XÚ�"ù�§�ä6���«©Û�{§�[(J�ùa

XÚ¥�Ô�6Ä3<ó��e�¢y��§́ ¯ÔÛÜ5G�ý¢2y§æ^

�ä6�[ 1©- 3©a¥�Ù¦¯Ô�§K´�«X{�<�b�½Cq�[§¿�¯
Ô��5¡8§ù´�ä6��@��Ô�{�Û�5§I3nØþéÙ?�Ú*

Ð§±·A@��Ô�I¦"

1.2.ãþ��{.�ä6�[)¹¥�Ô6XÚ§�)û�
¢S`z¯K§X

Ô6¥%�À�!Ï¦ü:m��á$Ñp§ÚÏ¦ü:m��$Ñþ�Jø
B

|§�3�ä6�.þÏé��| ä!ü

:m�áålÚ��6�ãþ��{)û"

5¿§¢S)¹¥éA��ä6GL§Ù?

�^>(v, u), v, u ∈ V (G)þ�6þk�½

��^�§I÷v0 ≤ L(v, u) ≤ cvu§¡�

>(v, u)þ�NþN�"Ó�§��IÒN

�L : V (G)
⋃
E(G)→ R+½6þ¡�´� ã9.4 Nþ��

1�§XJé?�^>(v, u) ∈ E(G)þk0 ≤ L(v, u) ≤ cvu"ù�§�ä6`z�¢

�§=´3�16L¥J¦8I`z"
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£1¤��| ä.3���½�´�(�GL¥§N�ÀJ��¢½��Ô6¥

%¦Ù�z�¢½�$ÑålÚ��Qºî�Æ¬w�¨f§ù�¯K�¢�´3

NþN�^�0 ≤ L(v, u) ≤ cvu, (v, u) ∈ E(G)e3�äGLþÏé��| äT¦>

þ�6þ¦Ú(Jω(T )���Ñº:IÒ��§=|Ü`z¯K

ω (T ) = min

 ∑
(v,u)∈E(T )

L(v, u)

∣∣∣∣∣∣ TL ≺ GL

 ◦ (9.3)

ù�§3Qk�äGLþ§dÔ6¥%uÀ�z�¢½�$åÑ´��"�A/§�

ms¤�á§$Ñ¤���§k�½�²L¿Â"

@o§N�)ûÔ6¥%�À�¯KQºî�Æ¬)º`§(9.3)ª�NþN�^

�0 ≤ L(v, u) ≤ cvu, (v, u) ∈ E(G)Ü3�å´���55y¯K"ù�¥§�å^

��0 ≤ L(v, u) ≤ cvu, (v, u) ∈ E(G)§8I¼ê�minω (T ) , TL ≺ GL�GL���

| ä"Äk§�±éÑQk�äGL�¤k| äT§2U(9.3)O�6þÚω(T )�

��@�ä��¯K�)§ùéu@
5�Ø���äGL�1"@o§kvk�

«{ü��{3GLþ��¦Ñ��| äQº�Y´�½��î�Æ¬)º`§�

�ã¥�| ä´�¹Tã¥z�º:�ä§Ø¹�"ù��5§�±��3ãþ

��§Å��K�äGL¥�þ6þ��>§���| äÒ´��| ä"ù«�

{¡�ãþ��¥�»�{§=/��»�0��ã¥Ø2¹k�§���ä��§

Ù»�L§Xeµ

11Ú. �½��ëÏ�äGL
0"�G

L
0Ø´��ä�?112Ú"ÄK§��?1

13Ú¶

12Ú.3�äGL
0¥ÀJ���C

L9Ùþ6þ����^>(v, u)§=L(v, u) =

max{L(x, y|(x, y) ∈ E(CL))}§½ÂGL
1 = GL

0 \ {(v, u)}§±GL
1O�G

L
0?111Ú¶

13Ú. ÑyGL
s¥Ã��§Sª�"ùp§G

L
0 = GL, GL

s�1sÚ¥»����

��ä§s ≥ 1"

r r
r
rr

r
1

2

2
3

5

3

2

r r
r
rr

r
r r
r
rr

r3

1

2

23

2

v

u

w

u

v w v

u

w

1

3

2
2

2

GL GL \ {(v, u)} GL \ {(v, u), (v, w)}

C1

C2
C2

ã9.5 ��| ä�{

~X§ã9.1¥��äGL¹kü��C1, C2§Xã9.5¤«"����äGLþ�
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��| ä§kéC1æ^»�{�K6þ���>(v, u)���äGL \ {(v, u)}§2
éC2æ^»�{�K6þ���>(v, w)���äGL \{(v, u), (v, w)}§�äGL�

K>(v, u)Ú(v, w)�®´��ä"ù�§d»�{�äGL���| ä�GL\{(v, u),

(v, w)}§»�L§Xã9.5¤«"

£2¤�á´¯K. �á´¯K´Ñ1!+�Æ�!�´SC�¢Só�¥²~

�����¯K§=3�½�´�(�GL¥§N�d��/:ÀJÑ1´��,�

�/:ål�áºaq/§�k�m�á!ÂÃ��½´Ý\���§þ�±8¿

�3ëÏ�äGLÚ´�NþN�^�0 ≤ L(x, y) ≤ cxy, (x, y) ∈ E(G)e§é?¿�

½ü:v, u ∈ V
(
GL
)
�`z¯K

min
P∈P(v,u)

ω (P ) = min
P∈P(v,u)

∑
(x,y)∈E(P )

L(x, y),

max
P∈P(v,u)

ω (P ) = max
P∈P(v,u)

∑
(x,y)∈E(P )

L(x, y)◦ (9.4)

ùp§P(v, u)L«:v, um��´8Ü"�NþN�^�(Ü§(9.4)¥��½��¯

KÑ´�55y¯K"

@o§î�Æ¬¯¨fµ/(9.4)ª´3�o��S¦��½��Qº0̈ f£�

`µ/(9.4)¦��½�����A´v�u�¤k�´P(v, u)"0î�Æ¬�½
¨�

£�µ/�(�����8ÜP(v, u)Ò�±¦���½���ω(P )§éu5����

�ä�±ù�O�"���/§(½8ÜP(v, u)¿Ø´��N´�¯�"±¦��

ål�~§N�d��!:Ñu�Ú�Ú/¦�v�u�á�´Qº0¨f�
�£

�`µ/´Ø´�±k3v���¥ÀJ>þ6þ�����!:v1§23v1���

¥ÀJ>6þ�����!:v2§· · ·§ù��Ú�Ú/ÀJ§��ÀÑ!:u��"
ù�ÀJL§¥�z�ÚÑ´ÀJ�>6þ��!:§\3�åAT´�^v�u�

�á�´"0

@
@
@
@@

r r
r

rr
rv = v1 u = v6

25

6

8

v2 v5

12

15

v3 16

10

8

14

v4

-

-

-

�

w

?
6

�

w

ã9.6 O��á�´¢~

î�Æ¬�¯¨fµ/\No(½ù�ÀJ��´�½´�^v�u��á�´

Qº0¨f)º`µ/·z�gÑ´3þ��!:���¥ÀJ�>6þ����
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�!:§\3�åØ�´>6þÚ����^v�u�´í�0î�Æ¬�¦¨(½

ã9.6¥¤«�äþ!:v�u��^�á�´"̈ fUì¨gC��{§�Ú�Ú/

(½Ñ!:v1, v2, v3, u���^v�u��´vv1v2v3u§�Ñù^�´þ�6þÚ44"

î�Æ¬¯¨µ/\ù�(½�v�u��´´�á�´íº0̈ fw
wã9.6¥��

ä§£�`µ/Ð�Ø´v�u��á�´§Ï�ã¥!:v�um�3�^��25�

>§�u�´vv1v2v3uþ�6þÚ44§�·�ØÑ�3�o/�§ww�0î�Æ¬

w�¨f§¨3!:��¥ÀJ>6þ��!:��(½v�u�´þ!:��{§

=´3!:�>þ'�6þ��§Ø´3v�u�¤k�´þ'�6þÚ���"~

X§3ã9.6¤«�´¥§3ÀJ!:v1�§́ 3!:v1���¥ÀJ�!:v2§3!

:v2���¥ÀJ�!:v3§��´!:u§vk2�v�u�Ù¦�´§X�´vuþ

�6þÚ?1'�§ù����v�u��´�,Ø�½´�á�´
"f�î�Æ

¬�)º§̈ fk:þ-Xµ/·�{ü
§w5���Ú�Ú/O�"0î�Æ¬�

y¨`µ/\��{�Ø��§3��!:¥À>6þ��(½�áål´�(��

��I�OÖ�§´é6þÚ���?1'�"0

@o§N�(½v�u���ål��á�´Qºî�Æ¬w�¨f§3��!

:¥À>6þ���!:Ä:þ§�¢yév�u�¤k�´þ6þÚ�'�§k�

«ãþ��{§¡�Dijkstra�{½�8�{§�Ú�Ú�8/O�v�Ù¦?�!

:u���ål§�E!:8ÜOÚP = V (G) \ O§��P = ∅���"ù«�{ª
��§�±��!:v�GLþz�!:u���åldvuÚ�á�´§Ú½Xeµ

b�GL´��ëÏ�k��ä§æ^�ê1, 2, · · · , p = |G|IPGL�º:§�

Ù©:vÚª:uþ�IÒ©O�1Úp§>(i, j)þ�6�L(i, j)"

11Ú. �Ð�O = {1}§P = {1, 2, · · · , p} \ O = {2, 3, · · · , p}§Ð�u11 = 0�

é?�!:j ∈ NG(1), d1j = L(1, j)"ÄK§d1j =∞¶
12Ú. 3:8P¥Ïé��!:k¦�d1k = min {d1j, j ∈ P}§^O

⋃
{k}��

8ÜO§8ÜP \ {k}��8ÜP"ù�§eP 6= ∅�113Ú§eP = ∅�114Ú¶

13Ú. é?�!:j ∈ Pæ^Xe�{?�d1jµXJd1j > d1k + L(k, j)§K

^d1k + L(k, j)��d1j¶XJd1j ≤ d1k + L(k, j)§Kd1jÚRØC"�£12Ú3:

8P¥ÀJ!:¶

14Ú. E12Ú-13Ú§��P = ∅�O�ª�"

ù�§3�8�{¥z�Ú(½�!:k§�)!:pÑ´�!:1ål���

!:§¿3�{ª����¤k!:�!:1��áålÚ�^!:1�p��á�

´"~X§ã9.6¥!:v�u��áål�Ú�ÚO�Xeµ

1©P = {v2, v3, v4, v5, v6}, d12 = 6, d13 = 8, d14 = d15 = ∞, d16 = 25 → 2©P =
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{v3, v4, v5, v6}, d13 = 8, d14 = ∞, d15 = 21, d16 = 25 → 3©P = {v4, v5, v6}, d14 =

24, d15 = 21, d16 = 25→ 4©P = {v4, v6}, d14 = 24, d16 = 25→ 5©P = {v6}, d16 = 25§

=!:v�u��áål�25"Ó�§æ^_í{��v�u��á�´�vu"

y3§3ã9.6¥�K>(v, u)���äGL \ {(v, u)}"ù�§U�8�{§!
:v�u3�äGL \ {(v, u)}¥��áål��Ú�Ú/O�Xeµ

1©P = {v2, v3, v4, v5, v6}, d12 = 6, d13 = 8, d14 = d15 = d16 = ∞ → 2©P =

{v3, v4, v5, v6}, d13 = 8, d15 = 21, d14 = d16 = ∞ → 3©P = {v4, v5, v6}, d14 =

24, d15 = 21, d16 =∞→ 4©P = {v4, v6}, d14 = 24, d16 = 31→ 5©P = {v6}, d16 = 31§

=!:v�u��áål�31"5¿§d16 = 31´3 4©¥dd16 = d15 + L(v5, v6)��

�§d15 = 21´dd15 = d12 + L(v2, v5)���"ù�§æ^_í{�v�u��á�

´�vv2v5u"

>

~

- -

~

>

rro t

v1

v2

vl

u1

u2

uk

- -

j

- -

*

-

q

*

r r r
rr

r
r

r r
-

ã9.7 ��6¯K

£3¤��6¯K. ´�!+�Ú1NNþ���±9!:6þÅð^�L²§

?ØN�|^C�Uå3�äGLþ¢yd��!:o�,��!:t$1þ��´

��kd��¯K"ù�§b�f´�äGLþ����16�¥m!:�¥��0§

=6\þ�u6Ñþ§K!:o�6Ñþv+
o (f)�!:t�6\þv−t (f)�Ó§=

v+
o (f) =

∑
v∈N+

G (o)

L(o, v) =
∑

u∈N−G (t)

L(u, t) = v−t (f)◦ (9.5)

!:o¡��ä�§!:t¡��ä�®§Xã9.7¤«"ù�§�äGLþ���6

¯K�Óu�55y¯K
max v+

o (f) = max v−t (f),

v 6= s, t ⇒
∑

u∈N−G (v)

f(u, v) =
∑

w∈N+
G (v)

f(v, w),

(x, y) ∈ E
(
GL
)
⇒ 0 ≤ f(x, y) ≤ cxy ◦

(9.6)

ùp§f(x, y)Úcxy©OL«�16f3>(x, y)þ�6þÚNþN��"

@o§N�¦)Ä�5y¯K(9.6)Qºî�Æ¬w�¨f§3nØþ�±��

¦)�55y¯K(9.6)§���äGL5����§��¦)(9.6)�9�O�þ�§
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´��é�¡�¯�§I�(Ü��6¯K�A:?1{z"

Äk§òGL¥�!:©�V1, V2üÜ©§¦�V
(
GL
)

= V1

⋃
V2, V1

⋂
V2 = ∅�

�äo ∈ V1§®t ∈ V2"PV1�V2m�>

8�EG (V1, V2)§K´�GL \EG (V1, V2)´

��ØëÏ�ä§¡EG (V1, V2)�GLþ�

���8§�ã9.8¶Ùg§é�äGLþ�

?���16f§>8EG (V1, V2)¥dV1¥

���!:v1�V2¥��!:u2�>8P

�E+
G (V1, V2)§>þ�6þP�f+(v1, u2)§

dV2¥���!:v2�V1¥��!:u1 � ã9.8 �8

>�¤�8ÜP�E−G (V1, V2)§>þ�6þP�f−(v2, u1)§Kk

EG (V1, V2) = E+
G (V1, V2)

⋃
E−G (V1, V2) , E+

G (V1, V2)
⋂

E−G (V1, V2) = ∅

5¿§éGLþ�?���16f3�8EG (V1, V2)¥§�U´dV1¥���!

:�V2¥��!:§�o�®t����Ó§��U´dV2¥���!:�V1¥�

�!:§�o�®t�����"�ö�6þ��LX¢Sdo6\®t�6þ§¡

��8EG (V1, V2)�NþCap (V1, V2)§½Â�

Cap (V1, V2) =
∑

(v1,u2)∈E−G (V1,V2)

f−(v1, u2)−
∑

(v2,u1)∈E+
G(V1,V2)

f+(v2, u1)◦ (9.7)

~X§ã9.6¥{(v1, v6), (v2, v5), (v3, v4)}�:8V1 = {v1, v2, v3}�V2 = {v4, v5, v6}
m����8§�A�NþCap (V1, V2) = 15 + 25 + 16 = 56"

@o§�ä��6max v+
o (f)��8Nþ´�o'XQºî�Æ¬)º`§é

�ä6GLþ�?���16f§d�8�½ÂØJwÑ§�Ko�®t¥�?��

�8§o�®tmØ2ëÏ"¤±§?���16fÑ´²d�8lo�t§Ø¬�

Lo�t�m?��8EG(V1, V2)�Nþ§=kv+
o (f) ≤ Cap (V1, V2)"1956c§�ä6

nØ�M©<L.R.FordÚD.R.Fulkerson?�Úy²§�äGL���6max v+
o (f)�

u���8þ�Nþmin Cap (V1, V2)§Uìù�(Ø§¦)�55y¯K(9.6) =z

�O��äGL�8��Nþ�ãþ��{½IÒ�{§=d���16fm©§Ï

¦ù��16�O2ó§=3NþN�eO\f−(v1, u2)½~�f+(v2, u1)§Jp�

8EG(V1, V2)�Nþ±N�f§����6þ'��16���16f ′§�N���

�163�¥m!:E÷vÅð^�"ù�§�Ú�Ú/S�e�§��GLØ2�

3do�®t �O2ó��§���äGL���6"
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1.3.Ä��ä6. �ä6GL�x�1�´�«!:m±~þ6Ä�ù«6Ä÷

XQ½å»?1�1�"3�ä6GLþÏé��| ä!ü:m��áålÚ��

6§E´Õ3�*�¡é�äÛÜA���«�x"aq/§E,�ä�x�´!

:më>��ÅCz§Ø�9!:m�^�½þ�x"@o§N�ÿ2�ä6±é

!:m�~þ6Ä½�^1���xQºî�Æ¬w�¨f§�«g,��{´U

ì��6���½n¥�@«?n�{§=ò!:m�~þ6ÿ2�Ä�6§�«

Ï�mÚÙ¦ëêCz�Ä��ä6�E�l!:Åð½Æ§=�«Ï�mÚÙ

¦ëêCz�Ä��ä6GL[t; x]"ùp§

V
(
GL[t; x]

)
= V

(
GL
)
, E

(
GL[t; x]

)
= E

(
GL
)
,

L : V (GL)→ F
(
R+ × Rn, R

)
, L : E(GL)→ F

(
R+ × Rn, R

)
�é?�!:v ∈ V

(
GL(t; x)

)
�l!:ÅðÆ(9.1)§=∑

u∈N−G (v)

L(u, v)(t; x)−
∑

u∈N+
G (v)

L(v, u)(t; x) = L(v)(t; x)◦ (9.8)

ù�¥§n ≥ 1´���ê§t ∈ R+,x ∈ Rn§F (R× Rn,R)�l�mR×RnN\R�
N�f|¤�8Ü"��/§%@!:IÒLU�ª(9.8)é?�!:v ∈ V

(
GL(t; x)

)
IÒ§K��Ä��ä6GL[t; x]�dÙþ�>IÒL«§Xã9.9¤«"

>

~

~

�

- - -

- - -

? ?
6

? ?r
r r r r r

r
r r r r r

o t

v1 v2 v3 vk−1 vk

u1 u2 u3 uk−1 uk

f0

f1 f2 fk−1

fk

f ′0
f ′1 f ′2 f ′k−1

f ′k

g1 g2 g3 gk−1 gk

ã9.9 �äG�

UÄ��ä6GL¥�IÒN�L : E(GL) → F (R+ × Rn, R)´lÑ�´ëY

�ØÓ§Ä��ä6©�lÑ.ÚëY.ü«:

lÑÄ��ä6. é?�>(v, u) ∈ E
(
GL
)
§>6þL(v, u)�kk��½�

���L1(v, u), L2(v, u), · · · , Ln(v, u), · · ·�éA��ä6¡�lÑÄ��ä6§P
�
{
GL[n]

}∞
1
§=

n 1 2 · · · k · · ·
GL[n] GL1 GL2 · · · GLk · · ·

ù�¥§é?��ên ≥ 1Úü^>(v1, u1), (v2, u2) ∈ E
(
GL
)
§{Ln(v1, u1)}∞1

�{Ln(v2, u2)}∞1 ´ü�ê�§Ø�½�Ó"AO/§é?��ên ≥ 1Ú?�^
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>(v, u) ∈ E
(
GL
)
§XJLn(v, u) = cvu´��~ê§G

Lnòz����ä6GL§l

ÑÄ��ä
{
GL[n]

}∞
1

=
{
GL
}∞

1
§=z��Ñ´�ä6GL"~X§ã9.10¤«�ü

�lÑÄ��ä6¥§£a¤́ ~ê�ä6§£b¤́ Ä��ä6"

3 3

-

?6

�

-

?

�

6

r r

rr

r r

rr

v1 v2

v3v4

v1 v2

v3v4

c1

c2

c3

c4

c5

n+ 1

3n2

n2 + 6

n3 + 5 2n3

(a) (b)

ã9.10 lÑÄ��ä6

ëYÄ��ä6. é?�>(v, u) ∈ E
(
GL
)
§>(v, u)þ�6þL(v, u)´��ë

Y¼êfvu(t,x)�éA��ä6¡�ëYÄ��ä6§P�GL[t,x]"ùp§t ∈ R+L

«�m§x ∈ Rn�K��äCz�n ≥ 1�Cþ"

aq/§é?¿ü^>(v1, u1), (v2, u2) ∈ E
(
GL
)
§¼êfv1u1(t,x)�fv2u2(t,x)Ø

�½�Ó"ù�§N�L´ãGþ���¼êx
{
fvu(t,x) : (v, u) ∈ E

(
GL
)}
"AO/§

XJé?�^>(v, u) ∈ E
(
GL
)
§fvu(t,x) = fvu[t]=´�mt�¼ê§KëYÄ��

äGL[t,x]=��mtCz§¡Ù�´�m�ä6GL[t]¶�?�Ú§XJfvu(t,x) =

cvuþ´~ê§K�m�ä6G
L[t]òz�~ê�ä6"~X§ã9.11¤«¥Ä��ä

6¥§£a¤́ ���m�ä6§£b¤́ ��ëYÄ��ä6"

3 3

-

6

�

-

?

�

6

r r

rr

r r

rr

v1 v2

v3v4

v1 v2

v3v4

(a) (b)

t2 + 3

5t3t5
t

t2 + t+ 2

t+ x2

t2 + 2x

x3t2 xt 5x2t

ã9.11 ëYÄ��ä6

12!�äS�

?Û��¯ÔÑ?3uÐÚCz�¥§ØC½·�=´�éu<3,����

*ÿó"ù��5§�ä6´3Q½´»þÔ��6Ä§́ Ô��éu´»�Û

Ü$Ä�Cz§Ä��ä6´´»ÚÔ�6ÄÓ�u)Cz��/"̈ féÄ��
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NåÆ!OÏd"�ð�d��<�|Ø®v±)º�*.¥��õg,y�§

��o���ïÄ��ä6Qº§é@��ÔqØ´@o7�Q�0î�Æ¬w�

¨µ/�:!fNÚ|�Ñ´5K�AÛ/N§�<ú¥�¯Ô§cÙ´@
�k�

½)·N��¯Ô´Ø5K�§X)Ô�N½+N§���¹eéJ^�:!fN

½´|��.?1�x§ùÒI��ï#�@��.§Ä��ä6�´3ù��«

�/eJÑ�"0�¨f�´k
Øn)§î�Æ¬¯¨µ/y�)¹¥§<�N�P

¹e��ÔN�$Ä�CzQº0̈

f£�`µ/�±^ì�Å½��Å

éÔNëYûì§P¹eÔN3z

����$ÄG�§2ò§�|Ü

3�å/¤��ëY�L§§aq

uã9.12¥P¹�å¯dG�£1¤

�£4¤�Ä�ì¡P¹��"0 î ã9.12 �å¯�Ú

�Æ¬)º`§Ø+´ì�Å�´��Å§Ñ´é$ÄÔN�Ì�Ì/ûì"@o§

î�Æ¬¯¨µ/��oÂ�ì�ÅûìÐy�´�Ü�Üì¡��´ÔNëY

$Ä�ã�Qº0̈ f£� /̀sw�L·§�ÌÔ�3<�À��þk0.1-0.4¦�

m�Àú63§���Ý��¯�zÌÔ�m��u<�Àú63�m§<3*w

���Ò©EØÑ�Ì�Ì�ì¡=´aúµÔ3ëY/$Ä½Cz"0

î�Æ¬:
:Þ¯¨µ/�å¯��ÚÄ�UÄ{z����:!fN½|º0

¨fk
¦¾/£�µ/Ð�ØU§Ï��å¯�Ú�Ä�´R5�§ØU{z��

��:½fN§�ØUw�´��|"0î�Æ¬?�ÚJ«¨§̀ ã9.12´���

å¯3�Ú�{)x§́ �å¯	/�Ly"�?�Ú§�±3�å¯	/Ly�

^�=�?½´àÜO\�
!:"ù��5§�å¯�Ú�±w�´���ä6

3$Ä§�ä¥�6þ´¨NSUþ²dï���ÚÃÜ�{Ä3!:m�Ny"

î�Æ¬¯¨fµ/��Ä�£1¤-£4¤Ny3�å¯ïþD4�å´Ä©ª��º0

¨f£�`µ/U·gC��ÚN¬§\�½~���ïþD4�å´ìr½ìf§

!���ïþD4�å©ª´��§<�aú�t
"0î�Æ¬�½/`µ/éÐ�

ù��5§^�ä6Ny�å¯��Ä�£1¤-£4¤���Ø�´��Ä��ä6

í�0fî�Æ¬ù�)º§̈ féÄ��ä6k

N¬µ/�Ø��å¯��^�

ä6Ly�´��Ä��ä6�0î�Æ¬w�¨§aqP¹�å¯�ÚÄ���Ì

Ìì¡§Ä��ä6´é¯ÔSÜ�^�	3Ly���Ä��ä6S�§Ù¥�

z���ä6Ñ´¯Ô3,���G��P¹½�µ2y"
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2.1.�ä6S�.é���½�ãG§���ä6S�´Uì�½gSü�å5

����ä6GL1 , GL2 , · · · , GLn , · · ·§=lÑÄ��ä6
{
GL[n]

}∞
1
¿3Ùþ½Â\

{/+0Ú¦{/·0$�Xeµ

GL +GL′ = GL+L′ , GL ·GL′ = GL·L′
◦ (9.9)

ùp§é?�>(v, u) ∈ E(G)§N�L+ L′ÚL · L′½Â�

L+ L′(v, u) = L(v, u) + L′(v, u), L′ · L(v, u) = L′(v, u)L(v, u), (9.10)

k } k

r

r

r

r

r r

r r

r r

rr

v1 v2

v3v4

v1 v2

v3v4

v1 v2

v3v4

-

?

�

6

-

?

�

6
?

�

6

a1

a2

a3

a4
a5

b1

b2

b3

b4 b5

-a1 + b1

a3 + b3

a
2

+
b 2

a
4

+
b 4

a
5 +

b5

k k k

- - -

??

�

6

9

?
6

�

6

q
r r r r r r

r r r r r r

v1 v2 v1 v2 v1 v2

v4 v3 v4 v3 v4 v3

cv1v2

cv2v3

cv3v4

cv4v1
cv3v1

b1

b2

b3

b4
b5

cv1v2b1

c v
2
v
3
b 2

cv3v4b3

c v
4
v
1
b 4

cv
3 v

1 b5

ã9.13 �ä6$�

Xã9.13¤«"Ó�§½Â\{/+0�_$�~{−§±9é?�>(v, u) ∈ E(G)þ

kL′(v, u) 6= 0�¦{/·0�_$�©O�

GL −GL′ = GL +G−L
′
= GL−L′ ,

GL

GL′
= GL ·G

1
L′ = G

L
L′ , (9.11)

Kaqu¢ê8R§�±é
{
GL[n]

}∞
1
¥��ä6?1oK$�"AO/§Xé?

�>(v, u) ∈ E(G)þkL(v, u) = c ∈ R§KN�L{P�c§=k(9.9)ª�AÏ�

/c ·GL = GcLÚGL −GL′ = GL + (−GL′)"

r r r r ra1 a2 an

r r r rrr r r r r
r r r r r

a11 a12 p p p a1n

a21 a22 a2n

am1 am2 amn

(a) a ∈ Rn (b) M = (aij)m×n

- - -

- - -

- - -

- - -

PLn+1

PL1
n+1

PL2
n+1

PLm
n+1

ã9.14 �þ�Ý
éA��ä6

5¿§�þa,bÚÝ
(aij)m×n , (bij)m×nþ�\{/+0Úê¦/·0$��±
À�3L�Q½ �þ�$�5K§��±w�´A½�ä6þ�$�5K"�
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�/§r���þa = (a1, a2, · · · , an) ∈ RnÚÝ
M = (aij)m×n¥��©OÀ

�ãPn+1ÚmPn+1 þ��ä6§Xã9.14¥ã£a¤Ú£b¤¤«§K�þa,bÚÝ


(aij)m×n , (bij)m×nþ�\{/+0�ê¦/·0$�´�ä6\{/+0Úê¦/·0
$�(9.9)Ú(9.10)3GL = PL

n+1½mP
L
n+1���«AÏ�/"ù��5§�ä6\{

/+0Úê¦/·0$�(9.9)´�þ!Ý
þ�\{/+0�ê¦/·0$���«í2"
���ä6S�

{
GL[n]

}∞
1
dÙ���GLn(½§¡�T�ä6S��Ï�§=

é?�^>(v, u) ∈ E
(
GL
)
�¡IÒLn(v, u)½IÒLn(v, u)�(½5K"AO/§X

JLn(v, u)�±��5/L«�n�®�¼êfvu(n)§=
{
GL[n]

}∞
1
�Ï�GLn ¥Ln :

(v, u) → fvu(n)§K�±(½�ä6S�
{
GL[n]

}∞
1
"@o§N������ä6S

��Ï�GLnQºî�Æ¬)º`§��/§(½Ï�GLnI�A^(9.9)Ú(9.10)ª

ïá1n�GLn�cn− 1�GL1 , GL2 , · · · , GLn−1m�48'X"nØþ§XJ�ä6

S�
{
GL[n]

}∞
1
�x�´��¯Ô�ëYCzG�§KGLn��¯Ô	3Ly½*ÿ

�/J0ÒAd/Ï0�)§�)SÏÚ	Ï"3�ä6S�
{
GL[n]

}∞
1
�üzL§

¥§��òüz8(��ëênCz§=Ø�3	ÏCþx ∈ Rn�^"ù�§GLnÒ

d®Ñy�G�GL1 , GL2 , · · · , GLn−1û½§%¹XGLn�GL1 , GL2 , · · · , GLn−1m�3

X�«48'X"

1¤4í'X. 4í'X�±��(½�ä6S�
{
GL[n]

}∞
1
¥�Ï�GLn§́ �

E�ä6S��«~��{"ù�§�ä6GLn´3GLn−1Ä:þO\�®��ä

6G∆Ln = GLf(n) üz§=

GLn = GLn−1 +G∆Ln = GLn−1 +GLf(n)
◦ (9.12)

ùp§GLf(n)¥�Lf(n)�é?�>(v, u) ∈ E(G)§Lf(n) : (v, u) → fvu(n)�n���

®�¼ê"ù�§d(9.9)��

GLn = GLn−1+Lf(n) = · · · = G
L1+

n∑
i=2

Lf(i)

, (9.13)

=IÒN�

Ln = L1 +
n∑
i=2

Lf(i) ◦ (9.14)

~X§b���ãGþ>(v, u) ∈ E(G)���wvu§�L1(v, u) = wvu, fvu(n) =

wvun§Kk

Ln(v, u) = L1(v, u) +
n∑
i=2

Lf(i)(v, u)

= wvu +
n∑
i=2

wvui = wvu

n∑
i=1

i =
n(n+ 1)

2
wvu ◦
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AO/§XJé?�>(v, u) ∈ E(G)§fvu(n) = cvu´��~ê§=G
∆Lf(n) =

GLc§Kd(9.13)�§ù��ä6S�
{
GL[n]

}∞
1
�Ï��

GLn = G
L1+

n∑
i=2

Lc
= GL1+(n−1)Lc ⇒ Ln(v, u) = L1(v, u) + (n− 1)cvu ◦ (9.15)

2¤48'X. 48'X´GLn�GL1 , GL2 , · · · , GLn−1m��«Û¼ê'X§=

F
(
GL1 , GL2 , · · · , GLn

)
= GF (L1,L2,··· ,Ln) = O◦ (9.16)

ùp§ÎÒOL«é?�>(v, u) ∈ E(G)þkL0 : (v, u)→ 0��ä6GL0§=

F (L1(v, u), L2(v, u), · · · , Ln(v, u)) = 0◦ (9.17)

�,3nØþ§3GL1 , GL2 , · · · , GLn−1®��^�e�±d�§(9.16)½(9.17)(

½GLn§��^Ð��{¦)�§(9.16)½(9.17)§��GLnK�U´���©(J

�¯�"ù�¥§�éN´�´�§(9.16)½(9.17)��5�§��/§=�3�ä

6GLc1 , GLc2 , · · · , GLcn¦

GLc1 ·GL1 +GLc2 ·GL2 + · · ·+GLcn ·GLn = O, (9.18)

¡��ä6�n-��548�§"ù�¥§é?�>(v, u) ∈ E(G)Ú?��ê1 ≤
i ≤ nkLi : (v, u)→ c

[i]
vu ∈ R���~ê�c[n]

vu 6= 0"ù�§d

GLn =
n−1∑
i=1

GLci

GLcn
·GLi = G

n−1∑
i=1

Lci
Lcn

Li
(9.19)

�±�Ú�Ú/O�ÑGLn"ù�¥§2-�48�§§=

GLcn−2 ·GLn−2 +GLcn−1 ·GLn−1 +GLcn ·GLn = O (9.20)

�É<�'5§Ï�§´2-�48ê���«í2"~X§b�Lcn−2 = an−2§Lcn−1 =

an−1ÚLcn = an�Ø�6u>(v, u) ∈ E(G)�~ê§K�§(9.20)�?�Ú{��

an−2G
Ln−2 + an−1G

Ln−1 + anG
Ln = O, (9.21)

=é?�>(v, u) ∈ E(G)þkan−2Ln−2 + an−1Ln−1 + anLn = 0§éA�´48�§

�an−2xn−2 + an−1xn−1 + anxn = 0�ê�{xn}∞1 "~X§î�Æ¬w�¨f§ÜÅ@
êê�{Fn}∞1 ÷v48'XFn = Fn−2 +Fn−1§́ �ä6�§(9.21)¥�a0 = 0, a1 =
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a2 = 1 ÚLn : (v, u)→ Fn§=?�>(v, u)þ�6þþ�Fn��/"ù�§�ä6S

�
{
GL[n]

}∞
1
éA�´ÜÅ@êê�{Fn}∞1 "

��/§î�Æ¬)º`§�ä6�§(9.18)¥�Lci , 1 ≤ i ≤ néG¥�Ø

Ó>(v1, u1)Ú(v2, u2)Ø�½kLci(v1, u1) = Lci(v2, u2)"ù�§n-��5�ä6�

§(9.18)�À�m = |E(G)|�n-��548�§

c[1]
vuL1(v, u) + c[2]

vuL2(v, u) + · · ·+ c[n]
vuLn(v, u) = 0 (9.22)

(½�ê�{Ln(v, u)}∞1 �¤�8Ü{{Ln(v, u)}∞1 , (v, u) ∈ E(G)}"
2.2.�ä6må. �Ü>K3Ðy��PmëY�Ä�Iæ^p���Å§±

�yüÌ��m�3<�Àú630.1-0.4¦�S"��/§�x��¯Ô$Äkn

��'�I§=ål!�Ý��m"ù�§3^�ä6S�
{
GL[n]

}∞
1
�x��¯

ÔëYCz�I�Ú\�ä6må�Vg"@o§N�Ýþü��ä6GL, GL′�

måρ
(
GL, GL′

)
Qºî�Æ¬)º`§XJr���ä6GLÀ�î¼�m¥�I

�(L(v, u); (v, u) ∈ E(G))���:§KÝþ�ä6GL�GL′må�«�g,��{

´ò§�3î¼�m¥�ål��GL�GL′�må§=

ρ
(
GL, GL′

)
=

√ ∑
(v,u)∈E(G)

(L(v, u)− L′(v, u))2 = ρ
(
O, GL−L′

)
, (9.23)

¿½Â�ä6GL�g�∣∣GL
∣∣ = ρ

(
O, GL

)
=

√ ∑
(v,u)∈E(G)

L2(v, u) ◦ (9.24)

ù�§dî¼�m¥�þ�5�(4.33)Ú(4.35)§é?n��ä6GL, GL′ÚGL∗kµ

1¤£�K5¤ ρ
(
GL, GL′

)
≥ 0��Ò��=�GL = GL′½GL−L′ = O�¤á¶

2¤£é¡5¤ ρ
(
GL, GL′

)
= ρ

(
GL′ , GL

)
¶

3¤£n�Ø�ª¤ ρ
(
GL, GL′

)
≤ ρ

(
GL, GL∗

)
+ ρ

(
GL∗ , GL′

)
"

y3§b�m = |E(G)|§A^�´6�
g(9.24)�±�E��g

∣∣GLn
∣∣ = n��ä6S

�
{
GL[n]

}∞
1
Xeµ

Äk§3î¼²¡R2 = {(x, y)|−∞ < x, y <

+∞}þ��x-¶Y�Ýê�θ1, θ2, · · · , θm�m�
Y�§Xã9.15¤«"Ó�§éG¥�>(v, u) ∈
E(G)#?1é¡?Ò§=�m���óê2k� ã9.15 �x¶�4�Y�
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?�(v, u)+
i , (v, u)−i §1 ≤ i ≤ k¶�m���Ûê2k+1�?�(v, u)0, (v, u)+

i , (v, u)−i ,

1 ≤ i ≤ k¶�e5§©G¥�>êm�óê!Ûê½Â>(v, u) ∈ E(G)þ�6

þµ1©�m�óê2k�§é?¿�ê1 ≤ i ≤ k½Â>(v, u)+
i , (v, u)−i ∈ E(G)þ�6

þ�

Ln(v, u)+
i =

n√
k

sin θi, Ln(v, u)−i =
n√
k

cos θi,

K�ä6GLn�g�

∣∣GLn
∣∣ =

√√√√ k∑
i=1

(
Ln

2(v, u)+
i + Ln

2(v, u)−i
)

=

√√√√ k∑
i=1

n2

k
(sin θ2

i + cos θ2
i ) = n;

2©�m�Ûê2k + 1�½Â>(v, u)0, (v, u)+
i , (v, u)−i ∈ E(G), 1 ≤ i ≤ kþ�6þ�

Ln(v, u)0 = 2n− 1, Ln(v, u)+
i =

n− 1√
k

sin θi, Ln(v, u)−i =
n− 1√

k
cos θi,

K�ä6GLn�g�

∣∣GLn
∣∣ =

√√√√Ln
2(v, u)0 +

k∑
i=1

(
Ln

2(v, u)+
i + Ln

2(v, u)−i
)

=

√√√√2n− 1 +
k∑
i=1

(n− 1)2

k
(sin θ2

i + cos θ2
i )

=
√

2n− 1 + (n− 1)2 = n,

=é?��ãGþ�3��N�Ln¦�ä6G
Ln�g

∣∣GLn
∣∣ = n"

2.3.�ä64�. ���ä6S�
{
GL[n]

}∞
1
¥§���ä6�må´½þ�x

�ä6Cz�����I§?�ä�ä6´Ã�ª�u��½��ä6�´

uÑ"é<a@��Ô§rº¯ÔCz5Æó§̄ ÔCzo´3dØ½ªu

½§£8g,²ï�Cz¥"�d�é§�ä6S��[¯Ô�ù«CzéA�§=

´�n→∞�S�
{
GL[n]

}∞
1
��«4�G�"

@o§�o´�ä6S�
{
GL[n]

}∞
1
�4�Qºî�Æ¬w�¨f§aquê

�{xn}∞1 �4�§b�
{
GL[n]

}∞
1
����ä6S�§GL����ä6§XJé�½

�?¿��êεo´�3���êN§¦�n > N�k

ρ
(
GLn , GL

)
< ε, (9.25)

K¡�ä6S�
{
GL[n]

}∞
1
ÂñuGL§P�

lim
n→∞

GLn = GL, (9.26)
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¿¡GL��ä6S�
{
GL[n]

}∞
1
�4�"��§XJ���ä6S�

{
GL[n]

}∞
1
vk

4�§K¡
{
GL[n]

}∞
1
uÑ"~X§ã9.16ü��ä6S�§£a¤¥�´uÑ�§£b¤

¥�´Âñ�"

3 3

-

?

�

�
?

-

�

6
3-

-

?

�

6

q p q q q q

q q q q q q
2n

n2 + 6

n4 + n

3n3 n2

2

n
n+1

2en+1
en+2

n2+1
2n2+3

n−1
n+1

1
n

1

1

2

n→∞

0
1
2

(a) (b)

ã9.16 �Âñ�Âñ�ä6S�

d�ä6må�½Â(9.23)§XJ���ä6S�
{
GL[n]

}∞
1
ÂñuGL§Ké

?��êε�3���êN§¦�n > N�kρ
(
GLn −GL

)
< ε"ù�§é?�^

>(v, u) ∈ E(G)§3n > N�½k|Ln(v, u) − L(v, u)| ≤ ρ
(
GL −GL′

)
< ε§=ê

�{Ln(v, u)}∞1 ÂñuL(v, u)¶��§XJé?�>(v, u) ∈ E(G)ê�{Ln(v, u)}∞1 Â
ñuL(v, u)§Kd½Âé?��êε/

√
|E(G)|§�3���êNvu¦��n > Nvu�

k|Ln(v, u)−L(v, u)| < ε/
√
|E(G)|"y3§�N = max {Nvu, (v, u) ∈ E(G)}§Kn >

N�d(9.23)k

ρ
(
GLn , GL

)
=

√ ∑
(v,u)∈E(G)

(L(v, u)− L′(v, u))2 <

√√√√ ∑
(v,u)∈E(G)

ε2

|E(G)|
= ε,

=�ä6S�
{
GL[n]

}∞
1
ÂñuGL"ù�§î�Æ¬o(`§·�Ò�����ä

6S�Âñ��OOK§=���ä6S�
{
GL[n]

}∞
1
ÂñuGL��=�é?�^

>(v, u) ∈ E(G)§ê�{Ln(v, u)}∞1 ÂñuL(v, u)§¿3dÄ:þ��Âñ�ä6S

�
{
GL[n]

}∞
1
��
�5�"

�ê�{xn}∞1 �Âñaq§��Âñ��ä6S�
{
GL[n]

}∞
1
k±e5�µ

£1¤4���.e�ä6S�
{
GL[n]

}∞
1
Âñ§K4� lim

n→∞
GLn = GL��"Xe

Ø,§�GL′ ´
{
GL[n]

}∞
1
�,��4�§=ρ

(
GL −GL′

)
> 0"�ε = ρ

(
GL −GL′

)
/2§

Kd4��½Â(9.25)§�3���êN¦�n > N�k

ρ
(
GLn −GL

)
< ε, ρ

(
GL′ −GLn

)
< ε,

KA^�ä6g�n�Ø�ªÚé¡5§k

2ε = ρ
(
GL −GL′

)
= ρ

((
GL −GLn

)
+
(
GLn −GL′

))
≤ ρ

(
GL −GLn

)
+ ρ

(
GLn −GL′

)
= ρ

(
GLn −GL

)
+ ρ

(
GLn −GL′

)
< 2ε
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�gñ"�d§�ä6S�
{
GL[n]

}∞
1
eÂñK4��½��"

£2¤gk.5.e�ä6S�
{
GL[n]

}∞
1
Âñ§K�3���êM¦�é?��

�ênk
∣∣GLn

∣∣ ≤M"5¿§d�ä6g�n�Ø�ªkρ
(
GLn ,O

)
≤ ρ

(
GLn , GL

)
+

ρ
(
GL,O

)
§=ρ

(
GLn , GL

)
≥
∣∣GLn

∣∣−(|GL
∣∣"y3§XJ lim

n→∞
GLn = GL§Kéε = 1�

½�3�êN¦�é?��ên > N§kρ
(
GLn , GL

)
< 1§=

∣∣GLn
∣∣ ≤ ∣∣GL

∣∣+1"ù�§

�I�M = max
{∣∣GL

∣∣+ 1,
∣∣GLn

∣∣ , 1 ≤ n ≤ N
}
§Ké?¿�ên=k

∣∣GLn
∣∣ ≤M"

£3¤½ñ5. �ä6þ�±Ú\ S/�0§=éü��ä6GL1 , GL2§XJ

é?�^>(v, u) ∈ E(G)þkL1(v, u) ≤ L2(v, u)§K¡�ä6GL1SfuGL2§P

�GL1 � GL2"y3§�
{
GL

1 [n]
}∞

1
,
{
GL

2 [n]
}∞

1
´Âñ��ä6S�§ lim

n→∞
GL1n =

GL1§lim
n→∞

GL2n = GL2§XJ�3���êN0¦�n > N0�kG
L1n � GLn � GL2n§

K�ä6S�
{
GL[n]

}∞
1
�½Âñ� lim

n→∞
GLn = GL"��o´ù��Qºî�Æ¬)

º`§Ï�é?�^>(v, u) ∈ E(G)§d½Â��§ê�{L1n(v, u)}∞1 Ú{L2n(v, u)}∞1 þ
Âñ"ù�§k lim

n→∞
L1n(v, u) = lim

n→∞
L2n(v, u) = L(v, u)�L1n(v, u) ≤ Ln(v, u) ≤

L2n(v, u)"ù�§dê��½Âñ5� lim
n→∞

Ln(v, u) = L(v, u)§= lim
n→∞

GLn = GL"

£4¤4�$�.�ä6S�
{
GL[n]

}∞
1
4��$�(9.9), (9.10)�ê�{xn}∞1 4�

�oK$�aq§=éÂñ��ä6S�
{
GL[n]

}∞
1
Ú
{
GL′ [n]

}∞
1
§k

lim
n→∞

(
GLn +GL′n

)
= lim

n→∞

(
GLn

)
+ lim

n→∞

(
GL′n

)
,

lim
n→∞

(
GLn · GL′n

)
= lim

n→∞

(
GLn

)
· lim
n→∞

(
GL′n

)
◦

(9.27)

�?�Ú§XJé?�^>(v, u) ∈ E(G)þk lim
n→∞

Ln(v, u) 6= 0§K
{
GLn/GL′n

}
´

��Âñ��ä6S�§�

lim
n→∞

GLn

GL′n
=

lim
n→∞

GLn

lim
n→∞

GL′n
◦ (9.28)

13!�äüz

�ä6S�´^k��½�ê��ä6�[¯Ô$Ä½CzG�§Ðy�´¯

Ô�Ì�Ì��ä6�§����m�3�½�m�½�x§érº¯Ô�Ä�1

�k�½�K�"~X§��Ü>K��N�Ý�uz¦24�§Xú�z¦12��

Ò¬aúx¡¥�ÄÔ´3Å�/aÄ¿�´<ú¥�ÄÔµ�§Ï�¶4þÐ

y�ÄÔCz¥k"�½a�§�<�~�a�Ø��§ù�´æ^k�½�ê�

�ä6�[¯Ô$Ä½Cz�"�"@o§N��Ö�ä6S�3�x¯Ô$Ä½
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Cz¥�ù«"�Qºî�Æ¬w�¨f§�«g,��{´��/Ðy¯Ôüz§

OÖ���ä6m"��@
¯ÔG�§�Ñ¯Ôd��G�C�,��G��ë

Y5G½ÏJ'X��ä6Ny§=�ä6�ëYüz"

@o§N��x�ä6�üzQºî�Æ¬)º`§���ä6GL�üz´3

�±ã(�GØC�^�elGL���G�üz�,��G�§�«g,��[�

{´ò�ä6GLÀ���mtÚ�mx ∈ RnCz§P�GL[t,x]"�{zå�§4�

mt = xn+1PG
L[t,x]�GL[x],x ∈ Rn+1"ù�§�ä6GL : x ∈ Rn+1 → GL[x]�

x�´¯ÔÄ�m��^¼ê§=¼êx{L(v, u)[x], (v, u) ∈ E(G)}��mÚ�m
�x�CzG�"@o§N�½Â�ä6GL[x]üz�ëY5Qºî�Æ¬w�¨f§

½Â�ä6þ�ëYüzI�kÚ\�ä6δ-���Vg"

���ä6GL0�δ-��½Â��ä68Ü
{
GL[x]|ρ

(
GL[x], GL0

)
< δ
}
"é�

��ä6GL[x]§XJé?¿�½��êεo´�3GL0���δ-��¦�éT��

S�?���ä6GL[x]þkρ
(
GL[x], GL0

)
= ρ

(
GL[x]−L0 ,O

)
< ε§KGL0¡��ä

6GL[x]�4�§P� lim
L[x]→L0

GL[x] = GL0"ùp§¿Ø�¦�3x0¦�ä6G
L[x0] =

GL0§�éu�ä6�ëYüz§�½�3x0¦�ä6G
L[x0] = GL0"ùp§ëYü

z�x�´�ä6GL[x]�x��«ëYCz§Ø�3mä½a��üz5�§=é

?��½��êε§XJ�3���êδ¦�x�x0m�ål

|x− x0| < δ ⇒ ρ
(
GL[x], GL[x0]

)
< ε, (9.29)

K¡�ä6GL[x]3�ä6GL[x0]?´ëY�§P� lim
x→x0

GL[x] = GL[x0]"

��/§PCþ�∆x = x − x0§�ä

6�∆GL[x] = GL[x] − GL[x0]"Kd�ä

6~{½Â(9.11)�∆GL[x] = GL[x]−L[x0] =

G∆L[x]§�ã9.17"ù��5§�ä6�ë

Yüzq�±½Â�∆x → 0�∆GL[x] →
O½ö lim

∆x→0
∆GL[x] = O"��§¡�

��ä6GL[x]3x0 ∈ Rn+1?ØëY§�

)GL[x]3x0?vk½Â!4� lim
x→x0

GL[x]Ø ã9.17 �ä6üz�

�3½´4� lim
x→x0

GL[x] 6= GL[x0]§þ¡�ä6GL[x]üz�3x0?´mä�"

3.1.ëYüz�d^�. é?�^>(v, u) ∈ E(G)§�ä6GL[x]3�xüz�

3>(v, u)þ���´��¼ê§=L : (v, u) → L(v, u)[x] ∈ R"ù��5§X
JGL[x]3GL[x0]?´ëY�§Ké?��½�êε�3���êδ¦�|x− x0| < δ�
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kρ
(
GL[x], GL[x0]

)
< ε"ù�§é?�(v, u) ∈ E(G)k

|L(v, u)[x]− L(v, u)[x0]| ≤
√ ∑

(v,u)∈E(G)

(L(v, u)[x]− L(v, u)[x0])2

= ρ
(
GL[x], GL[x0]

)
< ε,

=�ä6GL[x]3?�^>(v, u)þ���3x0?´��ëY¼ê�(Ø"��§XJ

�ä6GL[x]3?�^>(v, u)þ���3x0?´ëY�§=é?��êε/
√
|E(G)|�

3���êδvu¦�

|x− x0| < δvu ⇒ |L(v, u)[x]− L(v, u)[x0]| < ε/
√
|E(G)| ◦

��êδ = min {δvu, (v, u) ∈ E(G)}§K3|x− x0| < δ�§é?�^>(v, u) ∈
E(G)þk|L(v, u)[x]− L(v, u)[x0]| < ε/

√
|E(G)|"ù�§�½k

ρ
(
GL[x], GL[x0]

)
=

√ ∑
(v,u)∈E(G)

(L(v, u)[x]− L(v, u)[x0])2

<

√
|E(G)| ε2

|E(G)|
= ε,

=�ä6GL[x]3x0?´ëY�"î�Æ¬w�¨f§nÜþ¡�?ØÒ���½�

ä6GL[x]3GL[x0]?ëY����d^�§=�ä6GL[x]3GL[x0]?´ëY��

�=�é?�^>(v, u) ∈ E(G)§GL[x]3>(v, u) ∈ E(G)þ���L(v, u)[x]3x0?

´��ëY¼ê"A^ù��d^�§b��ä6GL[x]ÚGL′ [x]3x0?ëY§Kd

ëYC���d^�ÚëY¼ê�5�§k

lim
x→x0

(
GL[x] +GL′ [x]

)
= lim

x→x0

GL[x] + lim
x→x0

GL′ [x],

lim
x→x0

(
GL[x]−GL′ [x]

)
= lim

x→x0

GL[x]− lim
x→x0

GL′ [x],

lim
x→x0

(
GL[x] · GL′ [x]

)
= lim

x→x0

GL[x] · lim
x→x0

GL′ [x], (9.30)

�eé?�^>(v, u) ∈ E(G)þkL′(v, u)[x0] 6= 0§Kk

lim
x→x0

GL[x]

GL′ [x0]
=

lim
x→x0

GL[x]

lim
x→x0

GL′ [x0]
◦ (9.31)

y3§�GL : x→ GL[x]ÚGL′ : GL[x]→ GL′ [x]�ëY�ä6§KGL′(L) : x→
GL′

(
GL[x]

)
= GL′(L)[x]�´���äüz§¡�GL[x]ÚGL′ [x]�EÜüz"ù�§�
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�g,�¯K§́ EÜüzGL′(L)[x]3�o^�e´ëY�Qºî�Æ¬w�¨f§

�EÜ¼ê�ëY5aq§é�ä6þ�EÜüzGL′(L)[x]§XJGL[x]3x0?´ë

Y�§GL′ [x]3GL[x0]?´ëY�§KEÜüzGL′(L)[x]3x0?�´ëY�"��o

ù��EÜüzGL′(L)[x]E´ëY�QºÏ�é?�^>(v, u) ∈ E(G)§d�äüz

3�:ëY��d^��GL[x]3>(v, u)þ���L(v, u)[x]3x0?ëY§G
L′ [x]3

>(v, u)þ���L′(v, u)[x]3L′(v, u)[x0]?ëY"ù�§A^ëY¼ê�EÜ¼ê

E´ëY¼ê�(Ø§�GL′(L)[x]3?�^>(v, u) ∈ E(G)þ���L′(L)(v, u)[x]3

:x0þëY"�e5§2A^�ä6ëYüz��d^�§=�EÜüzG
L′(L)[x]3

:x0þëY�(Ø"

�ä6ëYüz�oK$�ÚEÜüz�ëY5�O��ä6ëYüz�4�

Jø
�½�B|^�§=éz�^>(v, u) ∈ E(G)O�4� lim
x→x0

L(v, u)[x]§2ò

O���4����ãG¥>(v, u)þ�IÒ=�GL[x]3x0:þ�4�G
L[x0]"~

X§ã9.18¥£a¤¤«�´�ä6GL[x]§£b¤́ GL[x]3(x, t)→ (2, 1)��4�"

3 3

r r r r

r r r r

-

?

�

6

-

?

�

6
-

L→ L0

x2+1
x−1

2t 3xx2t

2xt
x+1

4 2 6

4
3

5

ã8.18 ëYüz4�

3.2.�äüz S5�. �½ü��ä6GL1 , GL2§XJé?�^>(v, u) ∈
E(G)þkL1(v, u) < L2(v, u)§KGL1�Sî�fuGL2§P�GL1 ≺ GL2"S'X

/≺03�äüzGL[x]¥/¤�« S'X§3GL[x]¥/¤ Só"�{zå�§

e¡�?Ø¥b�x = t§=�ä6GL[x]=���ëêtüz��/GL[t]"

1)k.5.é¢êa, b ∈ R, a ≤ b§GL[t]´4«m[a, b]þ��ëYüz��ä6§

=é?�^>(v, u) ∈ E(G)§L(v, u)[t]´4«m[a, b]þ���ëY¼ê"ù�§d�

ä6g�½Â(9.24)ÚëY¼ê�5�§g∣∣GL[t]
∣∣ =

√ ∑
(v,u)∈E(G)

L2(v, u)[t] (9.32)

´4«m[a, b]þ'ut���ëY¼ê"A^4«mþëY¼ê�k.5§��3

���êM¦�
∣∣GL[t]

∣∣ ≤ M§=4«mþëYüz��ä6k."�?�Ú§A

^g
∣∣GL[t]

∣∣���ëY¼êÚ4«mþëY¼ê���!���5�§��4«
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m[a, b]þëYüz��ä6g
∣∣GL[t]

∣∣3T«mþ�½U�����Ú���"
2)0�5. 4«m[a, b], a, b ∈ Rþ�ä6GL[t]�ëYüz¥§kü«0�5I

�?Øµ�´g0�5§�´ S0�5"

�ä6GL[t]ëYüz¥�g0�5´4«mþëY¼ê0�5���íØ§Ï

�d(9.32)ª®�g
∣∣GL[t]

∣∣´4«m[a, b]þ'ut���ëY¼ê"ù�§d4«m

þëY¼ê�0�5§é?��?3
∣∣GL[a]

∣∣Ú∣∣GL[b]
∣∣m�¢êC§=∣∣GL[a]

∣∣ < C <∣∣GL[b]
∣∣§�½�3��¢êc ∈ (a, b)¦�

∣∣GL[c]
∣∣ = C"

�ä6GL[t]ëYüz¥� S0�5É S/≺0�K�§ØX4«mþëY
¼ê0�5@�{'§��3�«�E5K(½0m�ä6"ù�§b��äü

zGL[t]´ëY�§GL[a] = GL1 , GL[b] = GL2�GL1 ≺ GL0 ≺ GL2"î�Æ¬)º`§

�äëYüzGL[t]��d^�L²§ù�§é?�^>(v, u) ∈ E(G)§L(v, u)[t]´

��'ut�ëY¼ê§dëY¼ê�0�½n§é?¿÷vL(v, u)[a] < L0(v, u) <

L(v, u)[b]�L0(v, u)§«m(a, b)þ�3��¢êcvu¦�L0(v, u) = L(v, u)[cvu]§=�

ä6GL0¥�N�L03�Eþ�dué?�^>(v, u) ∈ E(G)§N�L0 : (v, u) →
L(v, u)[cvu]§�±d�äüzG

L[t]¥�LL«Ñ5"�,§��/§éØÓ�>(v1, u1),

(v2, u2) ∈ E(G)§ùp�¢êcv1u1 , cv2u2 ∈ (a, b)Ø�½�Ó"AO/§XJé¤k

>(v, u) ∈ E(G)§cvuþ�Ó§���~êc ∈ (a, b)§K�ä6GL0´�äGL[t]3t =

c��üz§=GL0 = GL[c]"

3.3.�äüz�ê. é?���êm ≥ 1§�GL1 [x], GL2 [x], · · · , GLm [x]�m�

ëYüz��ä6§K3�ä6$�(9.9) − (9.11)ÚEÜüz½Âe§�ä6k�

ê(��5�"

1¤~ê�. é?��~êc ∈ RÚ?�^>(v, u) ∈ E(G)§½Â�ä6GLc¥�

N�Lc : (v, u)→ c"AO/§kO = GL0§I = GL1"ù�¥§OÚI©O�\{/+0

Ú¦{/·0�ü �§=

O +GL[x] = GL[x] + O = GL[x],

I · GL[x] = GL[x] · I = GL[x]◦

ùp§\{ü �OÚ¦{ü �Im�$�LXeµ

O + O = O, O + I = I + O = I,

O · O = O, I · O = O · I = O, I · I = I◦

2¤+�V+.é?���ä6GL[x]§XJX+GL[x] = OK¡X�GL[x]�\{

/+0_�"aq/§XJé?�^>(v, u) ∈ E(G)þkL(v, u)[x] 6= 0§Y ·GL[x] = I§
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K¡Y�GL[x]�¦{/·0_�"d�ä6$�5K(9.9)− (9.11)§́ �

X = −GL[x] = G−L[x], Y =
1

GL[x]
= G

1
L [x] = GL−1

[x] (9.33)

�kXe�ª

−GL[x] = G−L[x],
I

GL[x]
= G

1
L [x]. (9.34)

ù�§d(9.9)− (9.11)Ú�ª(9.33)− (9.34)§��ãGþ��ä6GL[x]3\{

/+0e�¤����+
({
GL[x]

}
; +
)
¶é?�^>(v, u) ∈ E(G)þkL(v, u)[x] 6=

0��ä6
{
GL[x]

}
3¦{/·0e�¤��+

({
GL[x]

}
; ·
)
§=Ø�½kGL[x]·GL′ [x] =

GL′ [x]·GL[x]"AO/§é?�^>(v, u) ∈ E(G)þkL(v, u)[x] 6= 0��ä6
{
GL[x]

}
3\{/+0Ú¦{/·0V$�e�¤��V+§=�ä6

{
GL[x]

}
¥��3\{/+0

Ú¦{/·0$�eþ�¤��+"
3¤�êL«ª.d�ä6$�(9.9)−(9.11)Ú�ª(9.33)�(9.34)§�ä6GL1 [x],

GL2 [x], · · · , GLm [x]��5|Ü!õ�ªÚ©ªL«Xeµ

1©é?¿�a1, a2, · · · , am ∈ R§�ä6GL1 [x], GL2 [x], · · · , GLm [x]�5|Ü�(
a1G

L1 [x]
)

+
(
a2G

L2 [x]
)

+ · · ·+
(
amG

Lm [x]
)

= G(a1L1)+(a2L2)+···+(amLm)[x],(
a1G

L1 [x]
)
·
(
a2G

L2 [x]
)
· · ·
(
amG

Lm [x]
)

= G(a1L1)·(a2L2)·····(amLm)[x] ◦

2©é?¿�a1, a2, · · · , am ∈ R§�ä6GL[x]�õ�ªL«�

(a0I) +
(
a1G

L[x]
)

+ · · ·+
(
amG

Lm [x]
)

= Ga0+(a1L)+···+(amLm)[x] ◦

3©é?¿�a1, a2, · · · , am, b1, b2, · · · , bm ∈ R§�ä6GL1 [x], GL2 [x], · · · , GLm [x]þ

�©ªL«� (
a1G

L1 [x]
)

+
(
a2G

L2 [x]
)

+ · · ·+
(
amG

Lm [x]
)(

b1GL′1 [x]
)

+
(
b2GL′2 [x]

)
+ · · ·+ (bmGL′m [x])

=
G(a1L1)+(a2L2)+···+(amLm)[x]

G(b1L′1)+(b2L′2)+···+(bmL′m)[x]

= G(a1L1)+(a2L2)+···+(amLm)[x] · I

G(b1L′1)+(b2L′2)+···+(amL′m)[x]

= G

(a1L1)+(a2L2)+···+(amLm)

(b1L′1)+(b2L′2)+···+(bmL′m) [x] ◦

î�Æ¬w�¨f§�ä6�ê´�ä6UoK$��O�(J"5¿§ù�¥

�ãG3O�L§¥©ªØu)Cz"ù�§�ä6O��Óué?�^>(v, u) ∈
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E(G)þ�N�L(v, u)U���ê5KO��§̂ O�(JéT>#?1IÒ§ù

´Ú\�ä6�êL«�x�ä6üz�¿Â"

14!�äÈ�

�»�Ô?3Øä�$ÄÚCz�¥§̂ �ä6GL[x]�[��¯ÔS�$Ä½

CzG�§I�Ó�éT¥�Ä�v ∈ TÚÄ�v, u ∈ Tm��^L(v, u)[x], v, u ∈
SÛÜ@�§?´é¯ÔT�G�?1XÚ@�"î�Æ¬w�¨f§̄ ÔT�u

ÐuCz�±©�ü�Ü©§�´é¯ÔT�����N½��Ä�:�G�Cz§

=Ä�m�ÓÚCz¶�´¯ÔTÄ�v, u ∈ Tm�ÛÜ�^"~X§��Nö�Ä

����360o�©)�¯HO�→åa→���=→�Hì�→á/�Ú½"é
A�§�´$Ä
�N3�¥��^=360o§Ðy$Ä
���Ä�§Xã9.19£a¤

¤«§�´$Ä
dA:²l�$Ä�B:§Xã9.19£b¤¤«§Ðy$Ä
�N�

Ü©�ÓÚ$1;,"ù�§XJr$Ä
�N�ÞÜ!Ã:!®ZÚï��Ä�§

$Ä
éA��äGL´��7�!:�äT§Xã9.19£c¤¤«"ù�§$Ä
��

�360o�$ÄL§�±^�ä6T�üz�["

ã9.19 ���360oÄ�©)

@o§N�^�ä6�[¯Ôù«ÓÚCz5ÆQºî�Æ¬)º`§ù��

ÓÚ$ÄéAu$Ä
�����$Ä;,§=ã9.18¥��/(c)¥��äT�Ü

©�ÓÚ$Äf(t)"f
î�Æ¬�)º§̈ fk
a×/`µ/ww§·Noú�ù

«@��{k:�´�éØQ�k3<�/¥ëìXþò$Ä
������:§

2�$Ä
�þ�,�:�Ä:�ï�IX*ÿ$Ä
����Ä�§,�r�ö

|Ü3�å§ùØ´cÂ�éØ¥��IC��{íº0î�Æ¬:
:Þ§`ù

«�{�´OÏd"�éØÚ��@�ng"¦î
î¯¨fµ/$Ä
?1��

�360o$Ä´�«<ú��½÷*.¥���1�"r$Ä
�¤��)Ô�©

f§<3w�ºeU*ÿù��©f$Ä�*ÿØ�©fS��f$Ä§ù«�/

eqAN��[ù��©fG�Qº0̈ f£�`µ/�r§Ä����:§^�:

åÆ�x�©f�G�"0î�Æ¬)º`§�:åÆ=U^5�x)Ô�©f�

	31�ØU�xÙSÜ(�!�fG��Cz"��Ó��x©f9ÙS�f
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G�§�«g,��{´d©fS��f3(Üå�^e�¤���ä6§�[ù

�©f�G�§�)Ù�N�	3LyÚSÜ�f�ÛÜG�§ù«�{���z

=´±¯ÔS%|Ü(�Ä�z@�¯Ô�uÐ�Cz"

��/§�x�ä6GL[x]þ�ÓÚ$ÄI�Ú\�ä6þ�Nìf : GL[x] →
Gf(L)[x]§=

f
(
GL[x]

)
= Gf(L)[x] (9.35)

é¯Ô�$ÄÚCz?1Ä��["

4.1.�äëYNì. �ä6þ�ëYNì�3�x�ä6þ�[�CzÚuN

ì��Cz"é?¿ü�ëY��äüzGL[x], GL′ [x]§�f´GL[x]þ���Nì§

XJé?¿���êεþ�3��¢êδ¦�

ρ
(
GL[x], GL′ [x0]

)
< δ ⇒ ρ

(
f
(
GL[x]

)
, GL′ [x0]

)
< ε, (9.36)

K¡Nìf3�ä6GL′ [x0]?´ëY�§P� lim
GL→GL′

f
(
GL[x]

)
= GL′ [x0]"

5¿§GL[x], GL′ [x0]´ü�ëYüz"ù�§é?�>(v, u) ∈ E(G)§d�ä6

må�½Âk

ρ
(
GL[x], GL′ [x0]

)
< δ ⇔ |L(v, u)[x]− L′(v, u)[x0]| < δ√

|E(G)|
,

ρ
(
f
(
GL[x]

)
, GL′ [x0]

)
< ε ⇔ |f(L)(v, u)[x]− L′(v, u)[x0]| < ε√

|E(G)| ◦

ù�§½Â(9.35)�dué?�>(v, u) ∈ E(G)k

|L(v, u)[x]− L′(v, u)[x0]| < δ ⇔ |f(L)(v, u)[x]− L′(v, u)[x0]| < ε, (9.37)

P� lim
L→L′

f
(
GL[x]

)
= GL′ [x0]"

AO/§XJIÒN�L′ = f(L)§=Nìf3��ëYüzGL[x]þ�,�

:GL[x0]ëY§KdëYNì��d^�§é?�>(v, u) ∈ E(G)k

ρ
(
GL[x], GL′ [x0]

)
< δ ⇔ |L(v, u)[x]− L(v, u)[x0]| < δ√

|E(G)|
,

ρ
(
f
(
GL[x]

)
, GL[x0]

)
< ε ⇔ |f(L)(v, u)[x]− f(L)(v, u)[x0]| < ε√

|E(G)|

ù�L(v, u)[x]´�ëY¼ê§�½�3���êδ¦�

|x− x0| < δ ⇔ |L(v, u)[x]− L(v, u)[x0]| < δ1√
|E(G)| ◦
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ù�§Nìf3ëYüzGL[x]þ��:ëY��d^��µ

��Nìf3ëYüzGL[x]þ��:GL[x0]´ëY�§��=�é?��êεÚ

?�>(v, u) ∈ E(G)�3��¢êδ¦�

|x− x0| < δ ⇔ |f(L)(v, u)[x]− f(L)(v, u)[x0]| < ε, (9.38)

=é?�>(v, u) ∈ E(G)§EÜ¼êf(L)[x]3>(v, u)þ�ÛÜzf(L)(v, u)[x]3x0?

´ëY�§P� lim
x→x0

f
(
GL[x]

)
= f

(
GL[x0]

)
"ù�§î�Æ¬w�¨f§A^ëYN

ì�ù��d^�éN´òÐ�¼êÿ2��ä6ëYüzþ�ëYNì§~X§

1©�Nì. é?�¢êa ∈ RÚ�ên ∈ Z+§Nì�n-g�

f
(
GL[x]

)
= a

(
GL[x]

)n
= GaLn[x];

2©�êNì. é?�¢ê0 6= a ∈ R§�êNì

f
(
GL[x]

)
= aG

L

[x] = GaL [x], logGL[x] =
−→
G logL[x]

◦

AO/§�a = e�k�ä�ª

eG
L

[x] = GeL[x]

, GL[x] = GlnL[x];

3©n�Nì. n�Nì´n�¼ê3�ä6þ�ÿ2§=

sinGL[x] = GsinL[x], cosGL[x] = GcosL[x],

tanGL[x] = GtanL[x], cotGL[x] = GcotL[x],

sinhGL[x] = GsinhL[x], coshGL[x] = GcoshL[x],

cothGL[x] = GcothL[x], tanhGL[x] = GtanhL[x]

��ä6þ�ëYNì"Ó�§d�ä6��êL«!ëYNìÚ(9.35)ª§é?�

�ên ∈ Z+, a ∈ R´u��±e�äð�ªµ

(
I + aGL[x]

)n
= G(1+aL[x])n ,

(
I +

aI

GL[x]

)n
= G(1+ a

L[x])
n

,

I−GnL[x]

I−GL[x]
= I +GL[x] +G2L[x] + · · ·+G(n−1)L[x]

◦

�?�Ú§�k�êNìð�ª

eG
L[x] = I +

GL[x]

1!
+
G2L[x]

2!
+ · · ·+ GnL[x]

n!
+ · · · ◦ (9.39)
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@o§�ª(9.39)´N����Qºî�Æ¬)º`§d�ä6$��½Âk

I +
GL[x]

1!
+
G2L[x]

2!
+ · · ·+ GnL[x]

n!
+ · · ·

= I +G
L[x]
1! +G

2L[x]
2! + · · ·+G

nL[x]
n! + · · ·

= G1+
L[x]
1!

+
2L[x]

2!
+···+nL[x]

n!
+··· = GeL[x]

◦

ù�§d(9.35)ª�eG
L[x] = GeL[x]

§=���ª(9.39)

eG
L[x] = I +

GL[x]

1!
+
G2L[x]

2!
+ · · ·+ GnL[x]

n!
+ · · · ◦

Ó�§d�ª(9.35)Ú(9.39)´��êNì$�5K

eG
L[x] · eGL

′
[x] = GeL[x] ·GeL

′
[x]

= GeL[x]·eL′[x]

= GeL[x]+L′[x]

= eG
L[x]+L′[x]

,

�Ï~��ê$�5Kex · ey = ex+y��"ù�§̈ fuyò(9.39)ª¥�GL[x]O

��x§���

ex = 1 +
x

1!
+
x2

2!
+ · · ·+ xn

n!
+ · · ·

�´�ê¼êex��V?ê§Brù�uyw�î�Æ¬`µ/ww§(9.39)ª¥

�GL[x]O��x����´ex��V?ê§¿�X(9.39)´�ê¼êex��V?ê

3�ä6þ�í2"@o§ù«í2k�o¿ÂQº0î�Æ¬�
�§̄ ¨´Ä�

P��5�©�§ẋ = Ax3Ð��x(t0) = x0 ∈ Rn��)§¨f£�`ù��§

�)�x(t) = etAx0�Ù¥�A´��n-�Ý
"î�Æ¬q¯¨µ/ù�)�L«

ª¥§etA´�o¿gº0̈ f£�`´Ý
Ú§=

etA = In + A+
A2

2!
+ · · ·+ Ak

k!
+ · · · (9.40)

�{�"î�Æ¬w�¨µ/etA�Ø´Ý
¦Ú�{�§§´��ý¢�Ý
§¡��

êÝ
"�A/§(9.40)´��Ý
ð�ª"0�¨fEk
Ø)§î�Æ¬q`µ/\

Á�Á§r�ª¥�tAO��x���oQº0̈ f£�`O�����´ex��V

?ê"î�Æ¬w�¨§(9.40)ª´ex��V?ê3Ý
etAþ�í2"U�ä6�

*:§��m × n-Ý
éA�T´��AÏ�ã§=m^�´Pn+1�¿mPn+1þ�

�ä6"ù�§�ª(9.39)Ø=�±w��ê¼êex��V?ê3�ä6GL[x]þ�

��í2§§��±À�´Ý
ð�ª(9.40)���z§=�ê¼êex��V?êØ

=��¼ê´��ð�ª§§���ä6þ��êNì§�)�êÝ
(9.40)Ó�

´��ð�ª"ù�¥Ny�§�´êÆuÐ¥�^däN�Ä��uÐ�´"
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4.2.�ä�È©. b�GL[t]´��'ut�ëY�ä6§f´GL[t]þ���ëY

Nì�∆t→ 0�kf
(
GL[t+ ∆t]

)
→ f

(−→
GL[t]

)
"XJ4�

lim
∆t→0

f
(
GL[t+ ∆t]

)
− f

(
GL[t]

)
G∆t

= G
lim

∆t→0

f(L)[t+∆t]−f(L)[t]
∆t

�3§K¡f3GL[t]?��§P�

df

dt
= lim

∆t→0

f
(
GL[t+ ∆t]

)
− f

(
GL[t]

)
G∆t ◦ (9.41)

ùp§G∆t¥�∆ : (v, u) ∈ E(G) → ∆t"y3§é?�>(v, u) ∈ E (G)§XJN

�C : (v, u) → cvu ���~ê§K¡G
C���½~6§{PGC�C"5¿§½~

6C¿Ø´~ê6GLc§�ké?�>(v, u) ∈ E(G)þkcvu = c �Câ´��~ê

6GLc§=½~6C´GLc�í2"

@o§N�½Â�ä6þ�È©Qºî�Æ¬)º`§È©´�©�_$�§�

ä6þ�È©�Ø~	"d�ä6þNìf���½Âk

d

dt
f
(
GL
)

[t] = F
(
GL[t]

)
⇒ d

dt
f
(
GL[t] + C

)
= F

(
GL[t]

)
◦

�d§½Â�ä6GL[t]þ�Nìf�Ø½È©�∫
F
(
GL[t]

)
dt = f

(
GL[t]

)
+ C = Gf(L)+C

◦ (9.42)

ù�§d(9.41)Ú(9.42)k�©�È©'Xª∫ (
df

dt

(−→
GL[t]

))
dt = f

(−→
GL[t]

)
+ C,

df

dt

(∫ (
f
(−→
GL[t]

))
dt

)
= f

(−→
GL[t]

)
◦ (9.43)

Ó�§d�ä6þNì��©ÚÈ©½Â(9.41)Ú(9.42)ª§́ ��©d/dtÚØ

½È©
∫
´�ä6þ��5N�§=é�ä6GL[t]þ�?¿ü�NìfÚg§±9½

~6C1, C2k�ª

d

dt

(
C1 · f

(
GL[t]

)
+ C2 · g

(
GL[t]

))
= C1 ·

d

dt
f
(
GL[t]

)
+ C2 ·

d

dt
g
(
GL[t]

)
,∫ (

C1 · f
(
GL[t]

)
+ C2 · g

(
GL[t]

))
= C1 ·

∫
f
(
GL[t]

)
+ C2 ·

∫
g
(
GL[t]

)
◦

5¿§î�Æ¬w�¨f§XJNìf3GL[t]?��§dGL[t]ëYÚ(9.41)�

df

dt
= lim

∆t→0

f
(
GL[t+ ∆t]

)
− f

(
GL[t]

)
G∆t

= G
lim

∆t→0

f(L)[t+∆t]−f(L)[t]
∆t = G

df(L)
dt ,
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=é?�>(v, u) ∈ E(G)§f(L)(v, u)[t]����EÜ¼êét��¶��§XJN

ìf3?�>(v, u)þ���§=EÜ¼êf(L)(v, u)[t]ét��§Kk

G
df(L)
dL = G

lim
∆t→0

f(L)[t+∆t]−f(L)[t]
∆t = lim

∆t→0

f
(
GL[t+ ∆t]

)
− f

(
GL[t]

)
G∆t

=
df

dt
,

=f3�ä6GL[t]?��"ù�§Ò����Nìf3�ä6GL[t]?������

d^�§=��Nìf3�ä6GL[t]?����=�é?�>(v, u) ∈ E(G)§EÜ

¼êf(L)3>(v, u)þ���f(L)(v, u)[t]ét��"î�Æ¬w�¨f§A^ù��

d^�§¼êþ�©�Ø½È©�
~^�O��ª�±í2��ä6þ"~X§

1¤½~6.
dC

dt
= O,

∫
Odt = C¶

2¤�56.
d

dt

(
C ·Gt

)
= C,

∫
Cdt = C ·Gt +C ′"ùp§C,C ′�½~6§�

é?�>(v, u) ∈ E(G)§N�t : (v, u)→ t¶

3¤�6.
d

dt

(
GnL[t]

)
= nG(n−1)L[t],

∫
G(n−1)L[t]dt =

1

n
GnL[t], n ∈ Z+¶

4¤�ê6.
d

dt

(
eG

t
)

= G
det

dt = Get = eG
t

,

∫
eG

t

dt = eG
t

¶

5¤éê6. é?�>∀(v, u) ∈ E (G)§XJL 6= 0Kk

d

dt

(
ln
∣∣GL[t]

∣∣) = G
d ln |L[t]|

dt = G
1
L[t] =

1

GL[t]
,

∫
dt

GL[t]
= ln

∣∣GL[t]
∣∣
◦

aq/§��±��n�6!V6þ��©�È©"~X§

d

dt

(
sin
(
GL
))

= cos
(
GL
)
,

∫
sin
(
GL
)
dt = − cos

(
GL
)
,

d

dt

(
cos
(
GL
))

= − sin
(
GL
)
,

∫
cos
(
GL
)
dt = sin

(
GL
)
, · · · .

4.3.�äÈ�½n. ���ä�©�_$

�§(9.42)ª�Ñ�´�x�ä6§ù�Ú\�

È©3�ä6�mØ´1 − 1éA´1 ↔ ∞
�"@o§́ Ä�±Ú\�ä6þ�«1 − 1é

A�È©Qº�,�±�î�Æ¬w�¨f§ù

Ò´�ä6þNìf�½È©§ÙÚ\�¼ê½ ã9.20 �ä½È©

È©¥æ^�©��¦ÚO�>�x = a, x = b, y = 0Úy = f(t)�¤�ã/

¡Èaq§�ØLùp�f(t)´f(L)[t]§Xã9.20¤«§=é�½�¢êa, b ∈ R§
�a = x0 < t1 < t2 < · · · < tn = b´4«m[a, b] þ���y©§∆ti = tk −
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tk−1§µ = max
1≤k≤n

∆tk§�é?�>(v, u) ∈ E(G)�ä6GL[t]þ�Nìf3(v, u)þ�

��f(L)(v, u)[t]3[a, b]þ=kk��ØëY:"ù�§XJ«m�Ýµ→ 0§=à:

ÅìªCÚ����Ú
n∑
k=1

f
(
GL[ξk]

)
·G∆tk�3§K½Â�ä6GL[t]3«m[a, b]þ

�½È©
b∫

a

f
(
GL[t]

)
dt = lim

µ→0

n∑
k=1

f
(
GL[ξi]

)
·G∆tk ,

ùp§é?�>(v, u) ∈ E (G)§�ä6G∆ti¥�N�∆tk : (v, u)→ ∆(v,u)tk�(v, u)k

'§ξi ∈ [tk−1, tk]�«m[tk−1, tk]¥�?�:"5¿§3µ → 0�§¼êy = f(t)d

�ªCu��y = f (tk)½f (tk−1)§éA�Ý/Ak¡ÈAk → f
(
GL
)

[ξk] ·∆k"ù

p§1 ≤ i ≤ n"

d½Â´�

a∫
a

f
(
GL[t]

)
dt = O,

b∫
a

f
(
GL[t]

)
dt+

c∫
b

f
(
GL[t]

)
dt =

c∫
a

f
(
GL[t]

)
dt ◦

Ó�§d�ä6$��

lim
µ→0

n∑
i=1

f
(
GL[ξi]

)
·G∆ti = lim

µ→0

n∑
i=1

Gf(L)[ξi] ·G∆ti

= lim
µ→0

n∑
i=1

Gf(L)[ξi]∆ti

= lim
µ→0

G

n∑
i=1

f(L)[ξi]∆ti
= G

lim
µ→0

n∑
i=1

f(L)[ξi]∆ti

◦

ù��5§�µ→ 0§

lim
µ→0

n∑
i=1

f
(
GL[ξi]

)
·G∆ti �3 ⇔ lim

µ→0

n∑
i=1

f(L)[ξi]∆ti �3

=é?�>∀(v, u) ∈ E (G)§EÜ¼êf(L)(v, u)[t]�È"

5¿§d�ä6þ�©�½Â§

d

dt
F
(
GL[t]

)
= f

(
GL[t]

)
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%¹Xé?�>(v, u) ∈ E (G)k
d

dt
F (L)(v, u)[t] = f(L)(v, u)[t]§=

b∫
a

f
(
GL[t]

)
dt = lim

µ→0

n∑
i=1

f
(
GL[ξi]

)
·G∆ti = G

lim
µ→0

n∑
i=1

f(L)[ξi]∆ti
= G

b∫
a
f(L)[t]dt

= GF (L)[b]−F (L)[a] = F
(
GL[t]

)∣∣
t=b
− F

(
GL[t]

)∣∣
t=a ◦

ù�§Ò���äÈ��Ä�½n§=XJf´�ä6GL[t], t ∈ [a, b]þ�ëYNì§

�3«m[a, b]þ�õ�3k��ØëY:§

d

dt
F
(
GL[t]

)
= f

(
GL[t]

)
,

Kk
b∫

a

f
(
GL[t]

)
dt = F

(
GL[t]

)∣∣
t=b
− F

(
GL[t]

)∣∣
t=a ◦ (9.44)

w,§(9.44)´¼êÈ©¥Úî-4ÙZ]úª3�ä6þ���í2§Túª

4�/{z
�ä6þ�½È©O�"~X§ã9.21¥§(a)´���ä6GL[t]§(b)´

�ä6GL[t]3«m[2, 4]þ�È©"

3 3

r r r r

r r r r

-

?

�

6

-

?

�

6
-

4∫
2

GL[t]dt

3t2 + 1

2t 3tet

1
t

e4 − e2 12 18

ln 4− ln 2

56

ã8.21 �äÈ©¢~

15!�ä�§

��/§�ä�§´�����ä6��§ª½�x�§"�A/§�§�)

´ù�x�§�)§=���ä6§´<^�ä6�[��¯ÔT��ØÓ�¹k
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����L«ªf
(
GL(T )

)
, g
(
GL(T )

)
§�*

¯ÔTØ±<�/ªL«ØÓUC"ù�§�

½k�ªf
(
GL(T )

)
= g

(
GL(T )

)
§�)�ä6

þ��ê�§!¼ê�§Ú�©�§�"î�

Æ¬w�¨f§���§k)�´Ã)�6u

é)��3�b�§=3�o��S¦)�½

��§"~X§�ê�§¦)�6u)¤3�
ã9.22 ·Ø´·´XQ

ê�§¼ê�§!�©�§�6u)¤3�¼ê�b�"aq/§�ä�§�¦)

�6u3@�ãGþ�ê�½¼ê�"~X§�ê�§2x− 4 = 03¢ê�R¥�)
´x = 2"y3§b�G = K3���3-���ã½3-�§)�ê�E�R§Kk~ê
62 = KL2

3 , 4 = KL4
3 "�A/§�§2x−4 = 0C�KL2

3 ·X−KL4
3 = O"ù�§d�ä

6�$�5K§kKL2
3 ·X = KL4

3 +O = KL4
3 ±9X = KL4

3 ·1/KL2
3 = K

L4/L2

3 = KL2
3 §

=éA��ä�§)�X = KL2
3 §E���~ê6"

5.1.�5�ä�§.é?��ên ≥ 1!�½�ãGþ��ä6x
{
GL[t]

}
Úmn�

½~6Cij, 1 ≤ i ≤ m, 1 ≤ j ≤ n§x
{
GL[t]

}
¥´Ä�3n��ä6X1, X2, · · · , Xn¦

��5�ä�§|
C11 ·X1 + C12 ·X2 + · · ·+ C1n ·Xn = GL1

C21 ·X1 + C22 ·X2 + · · ·+ C2n ·Xn = GL2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cm1 ·X1 + Cm2 ·X2 + · · ·+ Cmn ·Xn = GLm

(9.45)

¤áQºùp§é?¿�ê1 ≤ j ≤ n§Xj = GLi´x
{
GL[t]

}
¥n��ä6"ù�§

î�Æ¬)º`§é?�>(v, u) ∈ E(G)§b����ä6Xj¥>(v, u)þ�6þ

�xvuj §½~6Cij¥>(v, u)þ�6þ�cvuij§K�5�ä6�§(9.45)3>(v, u)þé

A��5�§| 
cvu11x

vu
1 + cvu12x

vu
2 + · · ·+ cvu1nx

vu
n = L1(v, u)

cvu21x
vu
1 + cvu22x

vu
2 + · · ·+ cvu2nx

vu
n = L2(v, u)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

cvum1x
vu
1 + cvum2x

vu
2 + · · ·+ cvumnx

vu
n = L1(v, u)

(9.46)
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�Ý
�§(5.34)§=Axt = B"ùp§

A =


cvu11 cvu12 · · · cvu1n

cvu21 cvu22 · · · cvu2n
...

...
...

...

cvum1 cvum2 · · · cvumn

 , B =


L1(v, u)

L2(v, u)
...

Lm(v, u)

 , xt =


xvu1

xvu2
...

xvun

 ◦

ù�§d�5�§|(9.46)��)^���5�ä�§(9.45)�)��=�é?�

>(v, u) ∈ E(G)k

rank
[
cvuij
]
m×n = rank

[
cvuij
]+
m×(n+1) ◦

ùp§rankAL«Ý
A��§=Ý
�§(5.34)æ^��{����êl§

[
cvuij
]+
m×(n+1)

=


cvu11 cvu12 · · · cvu1n L1(v, u)

cvu21 cvu22 · · · cvu2n L2(v, u)

. . . . . . . . . . . . . . . . . . . .

cvum1 cvum2 · · · cvumn Lm(v, u)

 ◦

AO/§XJCij�~ê6G
Lci§GLi = GLxi , 1 ≤ i ≤ m, 1 ≤ j ≤ n§K�5�ä�

§(9.45)Ò´�5�§|(5.34)"ù�§���)Xj = GLxj , 1 ≤ j ≤ n´~ê6"

5.2.pg�ä�§. 3�ä6x
{
GL[t]

}
¥§é?��ên ≥ 1�Äng�ä�§

Cn ·Xn + Cn−1 ·Xn−1 + · · ·+ C1 ·X + C0 = O ◦ (9.47)

ù�¥§é?�>(v, u) ∈ E (G)Ú�ê1 ≤ i ≤ n§½~6Ci¥�>(v, u)6þ

�cvui �c
vu
n (v, u) 6= 0"b�X = GL´�ä�§(9.47) �)§Kd½Â�(9.47)�

�à

Cn ·Xn + Cn−1 ·Xn−1 + · · ·+ C1 ·X + C0

= GCnLn+Cn−1Ln−1+···+C1L+C0 = Gp(L),

=�ä�§(9.47)�duGp(L) = O"ùp§õ�ªp (L) = CnL
n +Cn−1L

n−1 + · · ·+
C1L+ C0"Ó�§é?�>(v, u) ∈ E (G)k

cvun L
n(v, u) + cvun−1L

n−1(v, u) + · · ·+ cvu1 L(v, u) + cvu0 = 0 ◦ (9.48)

ù�§A^²;�êÆ¥��êÄ�½n§�ê�§(9.48)3Eê�C¥kn��λvu1 ,

λvu2 , · · · , λvun §=�ä�§(9.47)?�)GL¥�N�L�

L : (v, u)→ {λvu1 , λ
vu
2 , · · · , λvun } , (v, u) ∈ E (G) ,
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?���ä�§(9.47)��ä6)X = GL"

��§é?�>(v, u) ∈ E(G)½ÂN�L : (v, u) → {λvu1 , λ
vu
2 , · · · , λvun }Ú�ä

6GL§Kd

cvun L
n(v, u) + cvun−1L

n−1(v, u) + · · ·+ cvu1 L(v, u) + cvu0 = 0

´�Gp(L) = O§=é�ä6X = GLk

Cn ·Xn + Cn−1 ·Xn−1 + · · ·+ C1 ·X + C0 = O ◦

ù�§Òk�ä�§(9.47)3�ä6x
{
GL[t]

}
¥)�^�§=é?�>(v, u) ∈ E (G)§

N�L : (v, u) → {λvu1 , λ
vu
2 , · · · , λvun }"ùp§é?��ê1 ≤ i ≤ n§Lci(v, u) ∈

C�Lcn(v, u) 6= 0§λvu1 , λ
vu
2 , · · · , λvun �õ�ªp(L)(v, u)[t]3Eê�Cþ�n��"

5¿§þ¡�E��ä�§(9.47)�)k
´�Ó�§=´Ðy3²¡þ�À

�ØÓ"~X§ã9.23¥�ü��ä6(a)Ú(b)3��þ´���§�±déx��

^=§=l���ä6(a)7ã/¥%^=180o���ä6(b)§��ä6(a)3|Ü

(�Ú>6þþvk���«O"

-

?

�

6

-

?

�

6

r r r r

rrrr

5

5

4

3

2 4

3

2

(a)
(b)

ã9.23 Ó��ä6

@o§N��xü��ä63��þ´���§?O��ä�§(9.47)kõ

����þØÓ�)GLQºî�Æ¬)º`§ã9.23¥�^=180oÝ´ã����

é¡C�§ A:´r�ä6(a)¥�!:C

�(b)¥�!:§>C�(b)¥�>��±>þ

�6þØC"��/§��/þ�34��±

ã�ØC�é¡C�§=7X��/¥%^

=0o, 90o, 180oÚ270o"÷��/é>�¥%�

�ò��±��/ØC§�§�Óu7��/

¥%^=180o§ØL(a)Ú(b)¥�o�>þþk ã9.24 ��Né¡C�

��§�ò(a)¿Ø�u(b)§Ï�(a)�ò�����ä6���(b)ØÓ"aq/§�

�Nþk24��±á�NØC�é¡C�§©O�µ�±�:ØÄ�C�1�!7n
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^¡%-¡%¶§=¡ABCD-EFGH�l¶!ABFE-CDHGÚADHE-BCGF¥%¶=

Ä90o, 180oÚ270o�C�9�!o^7c%-c%§=cAB-GH!CD-EF!AE-CG!BF-

DH!AD-FGÚBC-EH¥%¶^=180oC�6�Úo^�mé��AG!CE!BHÚDF

=Ä120o, 240o�C�8�§Xã9.24¤«"�{zå�§òã9.24 ¥��N�8�¡

^êi1, 2, 3, 4, 5Ú6IP§=¡ABCD = 1, EFGH = 2, ABFE = 3, CDHG =

4, ADHE = 5, BCGF = 6"ù��5§��Nþ�é¡C��±{z�êi1, 2,

3, 4, 5, 6�m�CÄ§¡���"~X§7l¶=Ä180oéA�C�´1 ↔ 1, 2 ↔
2, 3↔ 4, 5↔ 6"

��/§�Ω = {a1, a2, · · · , an}´��dn����¤�8Ü§KΩþ����

�σ : Ω → Ω´Ù��m���1 − 1éA"P�ai3��σe���a
σ
i§1 ≤ i ≤ n"

ù�§σ�±��/L«�

σ =

(
a1 a2 · · · an

aσ1 aσ2 · · · aσn

)
◦

5¿§þ¡Ω¥���ai, 1 ≤ i ≤ n´���L«ÎÒ"ù�§�{zå�§�

±�Ω = {1, 2, · · · , n}"ù�§��σ�±L«�

σ =

(
1 2 · · · n

1σ 2σ · · · nσ

)
◦

y3§�σ, τ´Ωþ�ü���§K§��¦Èστ�¹Â´��τÚσé�i =

1, 2, · · · , n�±ëY�^§=iστ = (σ)τ"~X§b�

σ =

(
1 2 3 4

2 4 1 3

)
, τ =

(
1 2 3 4

2 1 4 3

)
,

Kk

στ =

(
1 2 3 4

2 4 1 3

)(
1 2 3 4

2 1 4 3

)
=

(
1 2 3 4

1 3 2 4

)
.

XJσé���a1 ∈ Ω��^Ly�aσ1 = a2, a
σ
2 = a3, · · · , aσm−1 = am, a

σ
m = a1§

=a1²Lσ�mgE�^£�a1§P�(a1, a2, · · · , am)§¡�a13σ��^���m-

Ì�¶�X§38ÜΩ\{a1, a2, · · · , am}¥2ÀJ���b1¿²σE�^§��£

�b1����1��Ì�(b1, b2, · · · , bm)¶�ù�L§Øä?1e�§��Ω¥�z

��Ñ3��Ì�¥"ù�§Ò��?����σ�±��L«�pØ���Ì�

¦È�(Ø"~X§þ¡~f¥�σ = (1243), τ = (12)(34)"
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��8ÜΩþ�¤k��3ëY�^e¡�é¡+Sn§÷v�êÆ¥+�ú

nµ1©µ45§=���ëY�^E´��µ2©�(Ü5§é?n���σ, τ, ρ ∈ Sn§
�a ∈ Ωka(στ)ρ = aσ(τρ)¶ 3©ü �1id = (1)(2) · · · (n)¶ 4©_�§=é?���
�σ ∈ Sn�3_�σ−1¦�σσ−1 = σ−1σ = 1id"é¡+Sn���f8H ⊂ SnXJE

÷vùo^únK¡H �����+"é?��a ∈ Ω§��+Héa��^ag, g ∈
H¡��a3H�^e�;�§P�aH"5¿§éhk, hl ∈ H§Xkahk = ahlK

kahkh
−1
l = 1id§=h

h−1
l
k �±aØÄ"��/§H¥¤k�±aØÄ���¤H���

f+§¡�a�½f+§P�Ha"ù��5§XJ;�a
H =

{
a, ah1 , · · · , ahs−1

}
§K

�a, ah1 , · · · , ahs−13H�^e§?ü�;���8��8§;���Ýþ�s§�s�

uH¥�±aØÄ����ê|Ha|§=kBurnsideÚn∣∣aH∣∣ |Ha| = |H| ◦ (9.49)

AO/§�8ÜΩ���ãG�º:8V (G)"ù�§V (G)þ�¤k�±º:�

�'X����¤���+¡�G�gÓ�+§P�AutG§=é?��g ∈ AutGÚ

?�>(v, u) ∈ E(G)kg(v, u) = (g(v), g(u))"

@o§N��äü��ä6GL1 , GL2Ó�Qºî�Æ¬)º`§�ä6Ó�´3

ãÓ��Ä:þO\>6þ��±5§=XJ�3��ãG�gÓ�g ∈ AutG¦

é?�>(v, u) ∈ E(G)kgL1(v, u) = L2g(v, u) = L2(g(v), g(u))§K¡g��ä

6GL1ÚGL2m���Ó�"AO/§XJL1 = L2§K¡g��ä6G
Lþ���gÓ

�"Ó�§¤kGLþ�gÓ��¤����+§P�AutGL"ù�§dgÓ�½Â§

ãG�Ùþ��ä6GLgÓ�+m�3'XAutGL � AutG§
∣∣AutGL

∣∣ ≤ |AurG|"
y3§�±(½�ä�§(9.47)3�ä6x

{
GL[t]

}
¥kõ����þØÓ§=

ØÓ��)GL��ên
(
GL
)

"Äk§d�ä�§(9.47))�^�§UN�L3?�

>(v, u) ∈ E(G)þ�ÀJØÓ§�kn|E(G)|«ÀJ�{§�ù�ÀJ(½�ü��

ä6GL1 , GL2Ó���=��3��ãG�gÓ�ϕ : G → G¦é?�>(v, u) ∈
E (G)kL2(v, u) = L1ϕ(v, u)¶Ùg§�Ω´¤kN��

L : (v, u)→ {λvu1 , λ
vu
2 , · · · , λvun }

��ä6)GL�¤�8Ü§¿�ÄgÓ�+AutGL3Ωþ��^"5¿§é�ä�

§(9.47)�?�)GL0§�ä�§(9.47)Ó�)��ê�
∣∣∣(GL0

)AutGL
∣∣∣§=GL03gÓ

�+AutGL�^e�;��Ý§gÓ�+AutGL¥§�kü �1id�±G
L0ØÄ§

=
(
AutGL

)
GL0

= {1id}§
∣∣(AutGL

)
GL0

∣∣ = 1"

ù�§dBurnsideÚn
∣∣AutGL

∣∣ =
∣∣(AutGL)GL0

∣∣ ∣∣∣(GL0
)AutGL

∣∣∣�∣∣∣(GL0
)AutGL

∣∣∣ =∣∣AutGL
∣∣§=GL03gÓ�+AutGL�^e��Ý�

∣∣AutGL
∣∣§́ �~ê"�d§�ä
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�§(9.47)3�ä6x
{
GL
}
¥�ØÓ�)�ê�

n
(
GL
)

=
n|E(G)|

|AutGL| ◦
(9.50)

~X§é?��êm ≥ 3§�G = Cm, Km½Bm§Kk

n
(
GL
)

=
nm

2m
,

nm

m!
½

n
m(m−1)

2

m!
"

5.3.�ä�©�§.��~�©�§k��;núª(½ÙÏ)"aq/§��

�ä�©�§��3ù���;núª"��/§�GL1 [t], GL0 [t]��ä6x
{
GL[t]

}
þ

�ü�®��ä6§���ä�©�§���/ª�

dX

dt
= GL1 [t] ·X +GL0 [t] ◦ (9.51)

Äk§b�GL0 [t] = O§Kk

dX

dt
= GL1 [t] ·X ⇒ dX

X
= GL1 [t]dt ◦ (9.52)

ù�§é(9.52)ªüàÈ©Kk

ln |X| =
∫
GL1 [t]dt+ C ′ ⇒ X[t] = C ′ · e

∫
GL1 [t]dt

◦ (9.53)

ùp§C ′´��½~6"�e5§b�C ′�tCz§=C ′ = GL[t]¿�\(9.51)§Kk(
d

dt

(
GL[t]

))
e
∫
GL1 [t]dt + GL[t] · e

∫
GL1 [t]dt ·GL1 [t]

= GL1 [t] ·GL[t] · e
∫
GL1 [t]dt +GL0 [t] ◦

Ü¿þª¥�Óa�¿z{§k

d

dt

(
GL[t]

)
= GL0 · e−

∫
GL1dt ⇒ GL[t] =

∫
GL0 · e−

∫
GL1dtdt+ C ◦

ùp§C���½~6"ù�§�ä�§(9.51)�Ï)�L«�

X[t] = e
∫
GL1dt ·

(∫
GL0 · e−

∫
GL1dtdt+ C

)
◦ (9.54)

é���ä�©�§(9.51)þ�Ð�¯K
dX

dt
= GL1 [t] ·X +GL0 [t]

X|t=t0 = GL(0)

(9.55)
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�±²d(½(9.54)¥�½~6C)û"¢Sþ§b�Ð�¯K(9.55)�)�X =

GL[t] · e
∫ t
t0
GL1dx

¿òÙ�\�ä�§(9.55)§KÏLÜ¿Óa�k

d

dt

(
GL[t]

)
= GL0 [t] · e−

∫ t
t0
GL1 [x]dx ⇒ GL[t] =

t∫
t0

GL0 [x] · e−
∫ x
t0
GL1 [s]ds

dx+ C ◦

�d§

X[t] =

 t∫
t0

GL0 [x] · e−
∫ x
t0
GL1 [s]ds

dx+ C

 · e∫ tt0 GL1 [x]dx
◦

ù�§�t = t0Kk

X(t0) =

 t0∫
t0

GL0 [x] · e−
∫ t0
t0
GL1 [s]dsdx+ C

 · e∫ t0t0 GL1 [x]dx

db�^�Ú�äÈ©�5�§k

X|t=t0 = GL(0),

∫ t0

t0

GL0 [x]dx =

∫ t0

t0

GL1 [x]dx = O ◦

ù��5§X(t0) = (O + C) · eO = C · I = C§=C = X(t0) = GL(0)"�d§Ð�¯

K(9.55)�)�

X[t] =

 t∫
t0

GL0 [x] · e−
∫ x
t0
GL1 [s]ds

dx+GL(0)

 · e∫ tt0 GL1 [x]dx
◦ (9.56)

~X§�GL1 [t], GL0 [t]�ã9.25¥�(a)Ú(b)§K�ä�§(9.51)�Ï)�ã9.25(c)§

Ù¥α���~ê"

r r
r r

r r
r r

r r
r r

-

?

�

6

-

?

�

6

-

?

�

6

v1 v2

v3v4

v1 v2

v3v4

v1 v2

v3v4

2

2

2

2

2t

2t

2t

2t

αe2t − t− 1
2

αe2t − t− 1
2

αe2t − t− 1
2

αe2t − t− 1
2

(a) (b) (c)

ã9.25 �ä�§Ï)«~

AO/§Xé?�>(v, u) ∈ E (G)�L(0) : (v, u) → tet§KÐ�¯K(9.56)�

)§=ã9.25(c)¥�α = 1/2"
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é?��ên ≥ 1Ú½~6C0, C1, · · · , Cn−1§ãGþ�ä6x
{
GL[t]

}
¥��§

dnX

dtn
+ Cn−1 ·

dn−1X

dtn−1
+ Cn−1 ·

dn−2X

dtn−2
+ · · ·+ C1 ·

dX

dt
+ C0 = O (9.57)

¡�~Xê�5�©�ä�§§éA�A��§��ê�ä�§

Λn + Cn−1 · Λn−1 + Cn−2 · Λn−2 + · · ·+ C1 · Λ + C0 = O ◦ (9.58)

AO�§é?�>(v, u) ∈ E(G)§A��§(9.58)3(v, u)þ�����ê�§

λn + cvun−1λ
n−1 + cvun−2λ

n−2 + · · ·+ cvu1 λ+ cvu0 = 0 (9.59)

y3§b��ê�§(9.59)�n���

λvu1 = rvu1 , λvu2 = rvu1 , · · · , λvumr1 = rvu1 ,

λvumr1+1 = rvu2 , λvumr1+2 = rvu2 , · · · , λvumr1+mr2
= rvu2 ,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,
λvumr1+mr2+···+mrs−1+1 = rvus , λ

vu
mr1+mr2+···+mrs−1+2 = rvus , · · · , λvun = rvus ◦

ùp§mr1 + mr2 + · · · + mrs = n§Kng�ê�ä�§(9.58)��ä6Ï)�L«

�Λ = GLλ"ù�¥§N�Lλ : (v, u) → λvui , 1 ≤ i ≤ n"y3§é?�>(v, u) ∈
E (G)½Â��N�τ : GLλ → Gτ(Lλ)�

τ : Lλ(v, u) = λvui →


ti−1er

vu
1 t, 1 ≤ i ≤ mr1 ,

ti−1er
vu
2 t, mr1 + 1 ≤ i ≤ mr1 +mr2 ,

· · · · · · · · · · · · · · · · · · · · · · · · · · · ,
ti−1er

vu
s t, mr1 +mr2 + · · ·+mrs−1 + 1 ≤ i ≤ n,

K
{
Gτ(L1

λ), Gτ(L2
λ), · · · , Gτ(Lmλ )

}
��ä�§(9.57))�mS��|)¤Ä§�)�

mS��ê

dimS =
n|E(G)|

|AutGL| ◦
(9.60)

@o§��o�ä�§(9.57)�)�m´ù��Qºî�Æ¬)º`§Äk§é

?�>(v, u) ∈ E(G)§�ä�§(9.57)3>(v, u)þ���´~Xê�5�©�§

dnx

dtn
+ cvun−1

dn−1x

dtn−1
+ cvun−2

dn−2x

dtn−2
+ · · ·+ cvu1

dx

dt
+ cvu0 = 0 ◦ (9.61)

ù�§d~Xê�5�©�§)�m��E§�(9.61)�Ï)�x = C ′1τ (L1
λ) +

C ′2τ (L2
λ) + · · ·+ C ′mτ (Lmλ )§K?���5|Ü

X = C ′1 ·G
τ(L1

λ) + C ′2 ·G
τ(L2

λ) + · · ·+ C ′m ·G
τ(Lmλ )

= GC′1τ(L1
λ)+C′2τ(L2

λ)+···+C′mτ(Lmλ ) = O,
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=X��ä�§(9.57)����ä6)"Ó�§�ä6Gτ(L1
λ), Gτ(L2

λ), · · · , Gτ(Lmλ )´

�5Õá�§=Ø�3½~6C1, C2, · · · , Cm¦�

C1 ·Gτ(L1
λ) + C2 ·Gτ(L2

λ) + · · ·+ Cm ·Gτ(Lmλ ) = O, (9.62)

XÙØ,§Ké?�>(v, u) ∈ E (G)k

cvu1 τ
(
L1
λ(v, u)

)
+ cvu2 τ

(
L2
λ(v, u)

)
+ · · ·+ cvum τ (Lmλ (v, u)) = 0,

��5~�©�§nØ¥{τ(λvui ), 1 ≤ i ≤ n}�¤�§(9.61))�m��|)¤Ä

gñ"�d§
{
Gτ(L1

λ), Gτ(L2
λ), · · · , Gτ(Lmλ )

}
�¤�ä�§(9.57))�mS��|)

¤Ä"5¿§)�mS��êdimSd�ê�ä�§(9.58)¥ØÓ��ä6)��

êû½"ù�§d�ê�´�§(9.58)¥ØÓ��ä6)��ê(9.50)ª��)�

mS��ê§=úª(9.60)"

î�Æ¬¯¨f´Ä�P���~�©�§dx/dt = x3Ð�x|t=0 = 1��)§

¨f£�`ù��)�x = et"�X§î�Æ¬4¨3ãGþ��ä6x
{
GL
}
¥§

3Ð�X|t=0 = I�ÁX¦)�ä�§dX/dt = X"̈ f~
~Þ§̀ Ø��N�¦

�ä6)"î�Æ¬w�¨kü«�{"�«�{´b�)�X[t] = GL[t]§K�ä

�©�§z�dX/dt = GdL[t]/dt = GL[t]§3?�>(v, u) ∈ E(G)þ¦éA��©�

§dL(v, u)[t]/dt = L(v, u)[t]�¼ê)"ù�§©lCþ

dL(v, u)[t]

L(v, u)[t]
= dt ⇒ L(v, u)[t] = cvue

t,

2dÐ�^�X|t=0 = I�L(v, u)[0] = cvu = 1§=L(v, u)[t] = et"ù�§���ä�

§dX/dt = X3�ä6x
{
GL
}
¥�)�X = Get = eG

t
¶,�«�{´��d�ä

6$�§©lCþ��dX/X = dt§23�ä6x
{
GL
}
¥È©§=k

ln |X| = Gt + C ′ = tG+ C ′ ⇒ X = C · etG ◦

ù�¥§C = eC
′
"�e5§2dÐ�^�X|t=0 = I�X|t=0 = C · I = I§=���

ä6)��êNìX = etG = Get"

f�ùp§¨fªuá²x��o3�ä�â¥�Ú\�êNìeG
L[x]±9�

ª(9.39)�d�§ØÃa×/¯î�Æ¬µ/�ä�â�õ^Q,ùor�§^§´

ÄÒ�±�[�»�Ô
Qº0î�Æ¬w�¨§²;êÆ�w�´3�[XÚÄ

�1�§�ä�â´²;êÆ3|Ü(�Gþ��«ÿ2"lù�À�w§�ä�

âU�[�¯Ô�'²;êÆ¥@«r¯ÔÄ����:½�m��{°�§�ù
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��Ø
§Ï�§vk�þ�Ä��gu1�"Ó�§?�>(v, u) ∈ E(G)þ�6

þ�l¼êL(v, u)[x]�b�Lun�§þI�?�Úÿ2±XÚ@��Ô"

16!5º�µØ

6.1. �ä6U
�x�¯Ôý¢��ék�§Ï��ä6�¢�¥´�!+�

�Ä�§́ IÒ�¢ê��«AÏIÒã"��/§<�b�*	ö´Õ3�ä6

þ��:©Û�äþ�6þ9r�§)û�
¢S�Ñ$`z¯K[ChL]"@o§X

J��<´Õ3�ä6	qUw��o�µQºù�§*	öw��´�ä��N

Cz�¹§�)>þ6þ�ÛÜCzÚ�äCz§X!:�~�½O\!!:m>

�ë������NCz�/"ù�§�ä63nØþÓ��A^u�*¯Ô��

x"~X§nØÔn¥±§��Ä�âf§ò�f!¥fÚ0f©OÀ�dn�§

�½ü�§�§|Ü(��K3ÚK2�|ÜÔ�§�é�k<?Ø�ä6�N5§�

ïÄ�ä6�<9©u)û�ä`z¯K�À�ä63<a@�¥�Akd�"

6.2. �ä6�â´3º:!>�IÒ�¢ê�§ò�ä6À���êÆ�§�

ï�ä6�$�NX"�Qk�êÆ�§Xê!N�!¼êf(x), x ∈ R!�þ!Ý

Ú:!�!m8�aq§�ä6��NCz�À���êÆ��Cz"@o§N��

x�ä6ù«êÆ�9ÙCzQºkü«�{§�«´ò�ä6�Czw���S

�§US��5��x�ä6Cz¶,�«´ò�ä6CzÀ�ëYCz§aqu

¼êØ¥�¼ê§d�ä6�ëYNì�x�ä6��NCz"

6.3.î¼�mRn¥�n-��þéAu´Pnþ��ä6"5¿§�ä6üz�Ì

�Ø´�S´�« S5�"ù�§�±a'î¼�mRn½Â�ä6�må!�

ä6S��4�!ëYNì�Vg§�ï�ä6�ê$�ª§AO´�êNìð�

ª!�äÈ�Ä�½n�"����ê�§!�©�§ØÓ§�ä6�§�)�õ
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11!¯ÔA�

<�é��¯ÔT�@�dTÐyÑ5�A�?1@�"ùp§A�´�@
�

Nu¯ÔTÐy���<a@��¯Ôá5"'u¯Ôá5§��Ä�¯K´¯

Ôá5´ü���´õ��¯K"î�Æ¬¯¨fµ/\ú���¯Ô�á5´ü�

��´õ��Qº0¨f£�`µ/·vg¢Lù�¯K§ØLXJ´ü��§é¯

ÔG���x�I���ëê§ù��é{ü§�Burº¯ÔG�"0î�Æ¬w

�¨f§��¯Ô�ü�á5þz�éAu��¢

êa ∈ R",§�»�ÔLyÑ5�/G´Z^z
�§Xã10.1¥¤«��h�¡!ý¡Ú�¡��m

ØÓ��"Ó�§¯ÔÐyÑ5�á5´Z��O

�§<�rº��¯Ô�ý¢I�l¯ÔÐyÑ��

��Ý�@�"ù�§Õ3ØÓÀ�*ÿ��¯Ô1

��L�~~ØÓ"~X§��¯ÔTÐyÑ�ôÚ! ã10.1 ��h�m

í�!�Ý!§Ý!·�½$Ä�Ôná5§̄ Ô��5!w5!�z5!��5Ú

9½5�zÆá5§±9k�¹§�)Ù)�!��!S��)Ôá5L²§̄ Ô

á5��´õ�5�§=12Ù15!½17Ù12!¥dSmarandacheUXÚ

T =

(
n⋃
i=1

{µi}

)⋃(⋃
k≥1

{νk}

)
,

�Ñ�¯ÔT3��t�@�(J"ùp§µ1, µ2, · · · , µn�¯ÔT3��t�®�A
�§νk, k ≥ 1���A�"

¯Ôá5Q,´õ��§î�Æ¬¯¨fµ/3é¯ÔXÚ@�¥§N��x�

�Ä�v�G�9ÙCzQº0̈ f£�`µ/�òÄ�v®��A�|3�å/¤�

�n-��þv = (µ1, µ2, · · · , µn) ∈ Rn§^�þv�Cz�[Ä�v�G��Cz�0

î�Æ¬::Þ`µ/éÐ��ù��5§N�½þ�xÄ�v�CzL§Qº0¨

f£�`µ/Ä�vd��G�v1 ∈ RnC�,��G�v2 ∈ Rn�L§�±^õ�

N�f : v1 → v2�x"0y3§b�¯ÔTkn�®�A�µ1, µ2, · · · , µn§î�Æ¬
¯¨fµ/´Ä�±aqu�xÄ�G�Cz§<�^��n�N�F : Rn → Rn�

x¯ÔT�G�CzQº0¨f�
�£�`µ/AT�±j�Ï�µ1, µ2, · · · , µn´
¯ÔT�®�A�§z��Ä�v�G�CzÑ�±^�þ(µ1, µ2, · · · , µn) þ��

�n-N��x"ù��5§̄ ÔT�G�Cz�,�±^�þ(µ1, µ2, · · · , µn)þ��
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�n-�N��x"0�¨féù�¯K�n)�k
¹·§î�Æ¬J«¨µ/\2

���§¯ÔT¥�z�Ä�v�G�Cz�½´��½ÓÚ�íº0fî�Æ¬ù

�¯§¨f�AL5
µ/éÜ§ww��kÄ

�vÑ´ÓÚ�§̄ ÔT�G�CzâU^��n-

�N��x"���/§Ä�v�G�CzØ´Ó

Ú�§ù«�/A�N��xQº0î�Æ¬w�

¨§ù�§̄ ÔTdÄ�v�¤§S%��|Ü(

�=XÚIÒãGL§Xã10.2 ¤«§Ùd��G

�Cz�,��G��±^IÒãGL�Cz§= ã10.2 |Ü(�«~

N�F : GL1 → GL2�x"ù�¥§?��Ä�v�G����n-��þ"XJéT�

XÚ@�¥km �Ä�§KF : GL1 → GL2�±w�´Rnm → Rnmþ���±|Ü

(�GØC�N�§=

F :


v1(µ1, µ2, · · · , µn)

v2(µ1, µ2, · · · , µn)

· · · · · · · · · · · ·
vm(µ1, µ2, · · · , µn)

 →


v′1(µ1, µ2, · · · , µn)

v′2(µ1, µ2, · · · , µn)

· · · · · · · · · · · ·
v′m(µ1, µ2, · · · , µn)

 , (10.1)

aqu�ä6§�ØLé?�º:v ∈ V (G)§ùp�L1(v) = v(µ1, µ2, · · · , µn)§L2(v)

= v′(µ1, µ2, · · · , µn)þ�n-��þ"ù��5§�
�x¯ÔT�G�Cz§IÄk

?Ø�þ�â§±��5/�[¯ÔT�Ä�1�"

1.1.�þ�â. �þ�â´�ä�â��«AÏ�/§=ã9.14¥��/(a)"

ù�§�±^î¼�m¥�
~^ÎÒé�þ�â(J?1L«"Äk§é?�

�ên ≥ 1§�{vn}∞1 = {v1,v2, · · · ,vk, · · · }����þS�"ùp§é?��
êi ≥ 1þkvi ∈ Rn"XJé?���½��êε > 0o´�3���êN§¦

�n > N�k|vn − v| < ε§K¡�þS�{v}∞1 �4��v§P� lim
k→∞

vk = v"ù�§

X�vk = (vk1 , v
k
2 , · · · , vkn)§v = (v1, v2, · · · , vn)§K

|vn − v| =
√(

vk1 − v1

)2
+
(
vk2 − v2

)2
+ · · ·+ (vkn − vn)2 (10.2)

� lim
k→∞

vk = v��=�é?��ê1 ≤ i ≤ nk lim
k→∞

vki = vi§=k → ∞�§�þvk

�©þªuvþéA�©þ"

Ùg§b�v ∈ RnÚv′ ∈ Rm©O���n-��þÚ��m-��þ§N�f :

v→ v′½f(v) = v′%¹Xk

f(v) = (f1 (x1, x2, · · · , xn) , f2 (x1, x2, · · · , xn) , · · · , fm (x1, x2, · · · , xn)) ,
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=f : Rn → Rm"ùp§�ên,m ≥ 1"ù�§Xév,v0 ∈ RnÚ?��½��

êε > 0�3��¢êδ > 0¦�|v − v0| < δ�k|f(v) − f(v0)| < ε§K¡f : Rn →
Rm3:v0ëY§P� lim

v→v0

f(v) = f (v0)"ù�¥§|v − v0| Ú|f(v) − f(v0)|©O
´�þv§v03Rn¥Ú�þf(v), f(v0)3Rm¥ü��þ½:�î¼ål§=(10.2)ª

¥n = n½m��/"éA/§��N�f : Rn → Rm3:v0´ëY���=�f�z

�©þþ3:v0ëY"

1n§b�f : Rn → Rm´��ëYN�§Cþx = (x1, x2, · · · , xn)éA�O

þ∆x = (∆x1,∆x2, · · · ,∆xn)§XJ3∆x→ 0�4�

lim
∆x→0

f(∆x + x)− f(x)

|∆x|

�3§K¡f3:x��§P�

∂f

∂x
= lim

∆x→0

f(∆x + x)− f(x)

|∆x|
, (10.3)

K3Rn�{�IX{e1, e2, · · · , en}¥§f3:x��©
∂f

∂x
�L«���m× n�ä�

'Ý
§=

∂f

∂x
=



∂f1

∂x1

∂f1

∂x2
· · · ∂f1

∂xn

∂f2

∂x1

∂f2

∂x2
· · · ∂f2

∂xn

...
...

...
...

∂fm
∂x1

∂fm
∂x2

· · · ∂fm
∂xn

 = Jf |x◦

ù�§f3:x��©�±^ä�'Ý
L«�

df = Jf |xdx
t, (10.4)

=Jf |x´õ�¼ê�©�C�Ý
"AO�§m = 1½n = 1�§Jf |x�

∂f

∂x
=

(
∂f

∂x1

,
∂f

∂x2

, · · · , ∂f
∂x1

)
,

∂f

∂x
=

(
∂f1

∂x
,
∂f2

∂x
, · · · , ∂fm

∂x

)t
◦

ù�§N�f : Rn → Rm3:x ∈ Rn����=�f�z�©þþ3:x��"A^

Ý
¦{§ä�'Ý
�òEÜ¼êu = g(f)����©

du =
n∑
i=1

∂u

∂yi
dyi =

n∑
i=1

∂u

∂yi

n∑
j=1

∂fi
∂xj

dxj =
n∑
i=1

∂u

∂xi
dxi

5Kí2�N�g : Rn → Rs, f : Rs → Rm�EÜN�g(f)þ§=

Jg(f)|fJf |x = Jg(f)|x, ∀x ∈ Rn
◦ (10.5)
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1.2.Banach�m. é?��ên ≥ 1§î¼�mRn´<3�úþ�´�É��

a�5�m"AO´§3Rn���{�IX{e1, e2, · · · , en}, |ei| = 1e§ü:m�å

l���½nO��(J§=(10.2)ª��"@o§3���5�mþ´Ä�±aq

uî¼�mÚ\Ýþ§O�ü��þm�ålQºî�Æ¬w�¨f§é?���

5�mÑ�±Ú\�þm�Ýþρ§�xÙmå"

£1¤D��m. ���þv��ê‖v‖´î¼�m¥�ÝVg�í2§D��m
=´3���5�mþÚ\�ê§�x�þ�Ý"·���§���5�mþ=½

Â
��m�\{/+0Úê¦·$�§@o§AN�3����5�mþÚ\Ýþ
Qºî�Æ¬)º`§ù�§�(V ; F )�ê�Fþ���k�½Ã���5�m§

3Vþ½Â��¼ê‖·‖ : V → R§÷v±en�^�µ

(N1)£�K5¤é?¿v ∈ Vk‖v‖ ≥ 0§�‖v‖ = 0��=�v = 0§¡0�Vþ

�0�¶

(N2)£àg5¤é?¿v ∈ VÚα ∈ Fþk‖αv‖ = |α|‖v‖¶
(N3)£n�Ø�ª¤é?¿�v,u ∈ Vþk‖v + u‖ ≤ ‖v‖+ ‖u‖"

ù��¼ê‖ · ‖ : V → R��¡�Vþ����ê"��/§��½Â
�ê‖ · ‖�
�5�m(V ; F )¡�D��m§P�(V ; ‖ · ‖)"

î¼�mRn¥§?¿ü�:x,y ∈ Rnmk���K�¼ê§=åld : {x,y} →
d(x,y)(½ü:m�ål§'�:�m��C"@o§3���5�mþ´Ä�±

Ú\ù��¼êÝþü��þm�ålQºî�Æ¬w�¨f§�Y´�½��ù

�§é���5�m(V ; F )Ú?¿�þv,u,w ∈ V§½Â��¼êρ : V × V → R§
÷v±en�^�µ

(M1)£�K5¤ρ(v,u) ≥ 0�ρ(v,u) = 0��=�v = u¶

(M2)£é¡5¤ρ(v,u) = ρ(u,v)¶

(M3)£n�Ø�ª¤ρ(v,w) ≤ ρ(v,u) + ρ(u,w)"

ù��¼êρ : V × V → R¡�Vþ���Ýþ§�aquî¼�mRn^u(½�

þm�ål"�A/§��Ú\
Ýþρ : V × V → R��5�m(V ; F )¡�Ýþ

�m§P�(V ; ρ)"@o§D��m�Ýþ�mVgmk�o��'XQºî�Æ¬

)º`§é��D��m(V ; ‖ · ‖)¥�?¿�þv,u ∈ V§d�ê‖ · ‖Ú\��¼
êρ(v,u) = ‖v − u‖§K¼êρ : V × V → R�÷v^�(M1) − (M3)§=¦�5�

mV¤���Ýþ�m"

I�5¿�´§3Vþ��kØ��«�{½Â�ê‖v‖ : V × V → R"@o§
N��O3Ó���5�mVþ�ü��ê¢�þ´��½�d�Qºî�Æ¬)
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º`§éVþ�ü��ê‖ · ‖1Ú‖ · ‖2§XJ�3ü�~êc1, c2¦�

c1‖ · ‖1 ≤ ‖ · ‖2 ≤ c2‖ · ‖1, (10.6)

K¡�ê‖ · ‖1Ú‖ · ‖2´�d�"ù�§3Ó���5�mVþD��ü��d�

ê‖·‖1Ú‖·‖2§���D��m(V ; ‖·‖1)Ú(V ; ‖·‖2)ÃI©O?Ø§Ï�ù�éV¥

�?¿ü��þv,u ∈ V§3(V ; ‖ · ‖1)¥O�ρ(v,u)�3(V ; ‖ · ‖2)¥O�ρ(v,u)�

(J=������þv,uÃ'�~êÏf"

�d�ê3@�¯Ôý¢¥¿Øy�"~X§3��î¼�mRnþ§é?�

:x = (x1, x2, · · · , xn) ∈ Rn½�þ
−→
Ox �±½Ân«�êXeµ

‖x‖1 =
√
x2

1 + x2
2 + · · ·+ x2

n,

‖x‖2 = |x1|+ |x2|+ · · ·+ |xn|,

‖x‖3 = max {|x1|, |x2|, · · · , |xn|} ,

K‖ · ‖1, ‖ · ‖2Ú‖ · ‖3´Rnþ�n��d�ê"��o´�d�Qºî�Æ¬)º`§

3�ÜØ�ª(4.34)¥�ai = 1, bi = |xi|, 1 ≤ i ≤ nKk

(|x1|+ |x2|+ · · ·+ |xn|)2 ≤ n
(
x2

1 + x2
2 + · · ·+ x2

n

)
≤ n (|x1|+ |x2|+ · · ·+ |xn|)2 ,

=
1√
n
‖x‖2 ≤ ‖x‖1 ≤ ‖x‖2 ◦

Ó�§d

max {|x1|, |x2|, · · · , |xn|} ≤
√
x2

1 + x2
2 + · · ·+ x2

n ≤
√
nmax {|x1|, |x2|, · · · , |xn|}

�

‖x‖3 ≤ ‖x‖1 ≤
√
n‖x‖3 ◦

�‖·‖2Ú‖·‖3þ�‖·‖1�d"î�Æ¬)º`§��/§k?��k���5�mþ

�?ü��ê�d�(Ø"�?�Ú§�k���ê�d�OK§=��D��5�

m(V ; ‖·‖)þ�ü��ê‖·‖1Ú‖·‖2�d��=�éV�?��:�{vn}∞1 k‖vn‖1 →
0��=�‖vn‖2 → 0"

5¿§é?��êr > 0§3î¼�mRn�?�:xþþ�3���»�r�m

¥B(x, r) = {y ∈ Rn|d(x,y) < r}§?½ÂRn¥�m8±�ERnþ�ÿÀ(�

¦Ù¤���ÿÀ�m"ù�§3��Ýþ�mþ´Ä�±½Âm8±¦ÙéAu
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��ÿÀ�mQº�Y´�½��ù��ÿÀ¡�ÝþÿÀ§î�Æ¬)º`§�

½��Ýþ�m(V ; ρ)§̂ Ýþρ��î¼�m¥�åld§=�3Ýþ�mVþÚ\

�«ÿÀ(�"ù�§�U ⊂ V�Vþ���f8§XJé?���þv ∈ Uþ�

3���êr > 0¦�Br(v) ⊂ U§K¡U´V¥���m8"ù�¥�Br(v)´V¥

±v�¥%§±r��»���m¥§=Br(v) = {u ∈ V |ρ(v,u) < r}"Uìù�½
Â§m¥Br(v)g��´��m8§�¤kù
m8�¤Vþ���ÿÀ(�§=Ý

þÿÀ"�d§�ò��Ýþ�mVw���ÿÀ�m§Ù¥�?���þw�´

ÿÀ�mV¥���:"

£2¤Banach�m.XÚ@���¯ÔTIÿ2�ä6�ëY6�.GL§Ùþ�

º:!>�IÒ��þ§Banach�m´ëY6�.�Ä:"@o§�o´Banach�

mQºî�Æ¬w�¨f§D��m(V ; ‖ · ‖)þ�3���ÑÝþ

ρ(x,y) = ‖x− y‖, x,y ∈ V◦ (10.7)

�A/§��Banach�m´�����D��m(V ; ‖ · ‖)"ùp§��D��m´
/���0§́ �Ù¥�?���Ü:�U�ÑÝþρ´��Âñ:�"

@o§��Ýþ�m¥��Ü:�´�o

Qºî�Æ¬)º`§Ýþ�m(V ; ρ)¥��

��þ½:�{vn}∞1 §XJé?¿�����
êε > 0þ�3���êN§¦�n,m > N�

kρ (vn,vm) < ε§K¡{vn}∞1 ����Ü:�§
=�XSê�O\:mål�u�C§½´� ã10.3 �Ü:�

KS�{vn}∞1 ck����§{e��¥?ü:m�ålØ�L��?¿�½�
�ê§Xã10.3¤«"��/§��Âñ�:��½´�Ü:�§����Ü:

�{vn}∞1 ¿Ø�½´��Âñ:�"�´§XJT�Ü:��3��Âñuv �f

:�{vnk}∞1 §K{vn}∞1 ��½Âñuv"î�Æ¬)º`§ù�§é?���½��

êε > 0§d½Â�3�êK ÚN§¦��k > KÚn > N�©Okµ1©�k > K�

kρ (vnk ,v) < ε/2¶2©�n,m > N�kρ (vn,vm) < ε/2"y3§��êk > K �¦

�nk > N§K3n > N�dn�Ø�ª(M3)ª�

ρ (vn,v) ≤ (vn,vnk) + (vnk ,v) < ε,

=�Ü:�{vn}∞1 Âñuv"

�Ü:��x�´��Ýþ�m:��«È�5�"��/§Ýþ�m(V ; ρ)þ

�Ýþρ3Ù?�f8U ⊂ Vþ´��Ýþ§÷v^�(M1) − (M3)§=(U ; ρ) �´
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��Ýþ�m§¡�(V ; ρ)�f�m"3ù
Ýþf�m¥§�3�«�x:�m

È��f�m§¡�È�f�m"@o§�o´È�f�mQºî�Æ¬w�¨

f§b�U ⊂ V´(V ; ρ)���f�m§XJ?�:u0 ∈ V�z��»�r > 0�m

¥{u ∈ V |ρ(u,u0) < r}Ñ¹kU¥�:§K¡U´V���È�f�m"5¿§ù�
¥�r�±?¿/�Cu0§?�xU¥�:3V¥�È�§Ý"ù�§3Ýþ�m

��EþÒk����5�(Ø§=z��Ýþ�mÑ´,����Ýþ�m�È

�f�m½z��Ýþ�mÑ´,���Ü:�ÑÂñ�Ýþ�m�È�f�m"

Banach�mkü«~�a.§=é?���ên ≥ 1§Banach�m¥�5�

m(V ; F )��F�¢ê�RÚEê�C��/§¡�¢Banach�mRnÚEBanach�

mCn"AO´§�n <∞��k��Banach�mRnÚCn"

£3¤�5�f. �5�f´î¼�mRnþ�5C�T : Rn → Rn�í2"î

�Æ¬w�¨f§�V, U�ê�Fþü�D��m§D ⊂ V�V����5f�

m§T : D → U´��N�"XJé?¿�v,u ∈ DÚα, β ∈ Fþk

T (αv + βu) = αT (v) + βT (u), (10.8)

KT¡����5�f"ùp§D¡�T3Vþ�½Â�§R(T ) = {T (x)|x ∈ D}¡
�T���"AO/§3(10.8)ª¥�β = 0kT (αv) = αT (v)"ù�§XJα = 0K

kT (0) = 0"��/§�U = R£½C¤§=T���¢ê½Eê�§¡T���¢£½
E¤�5�¼§Ù3:vþ��^P�〈T,v〉"

Banach�mVÚUþ�¤k�5�fT : V → U�¤�8ÜP�L(V, U)"Ó�§

é?���5�fT ∈ L(V, U)§d

‖T‖ = sup
v∈V \{0}

‖T (v)‖
‖v‖

= sup
‖v‖=1

‖T (v)‖

½Â��¼ê‖ · ‖ : L(V, U)→ R§Ù¥supAL«8ÜA�þ(.§K¼ê‖ · ‖÷v

1¤�K5§Ïé?�T ∈ L(V, U)k

‖T‖ = sup
v∈V \{0}

‖T (v)‖
‖v‖

≥ 0,

�XJ‖T‖ = 0§Ké?�v ∈ VkT (v) = 0§=T = 0;

2¤àg5§Ïé?�α ∈ FÚT ∈ L(V, U)§k‖αT‖ = ‖ sup
‖v‖=1

αT (v)‖ =

|α|‖ sup
‖v‖=1

T (v)‖ = |α|‖T‖;

3¤n�Ø�ª§Ïé?¿�T1, T2 ∈ L(V, U)§k

‖T1 + T2‖ = sup
‖v‖=1

(T1(v) + T2(v)) ≤ sup
‖v‖=1

T1(v) + sup
‖v‖=1

T2(v) = ‖T1‖+ ‖T2‖,



380 110Ù |Üý¢

=¼ê‖ · ‖÷v�ê^�(N1) − (N3)"î�Æ¬)º`§ù�§‖ · ‖´�5�f
8L(V, U)þ����ê§¦�(L(V, U); ‖ · ‖)¤���Banach�m"

é?���5�fT : D ⊂ E → UÚ:v0 ∈ D§XJé?��:�{vn}∞1 ⊂ D§

�vn → v0�kT (vn)→ T (v0)§K¡�fT3v0:´ëY�§=

lim
n→∞

T (vn) = T
(

lim
n→∞

vn

)
◦

(10.9)

5¿§d�5�f�5�§T (vn) − T (v0) = T (vn − v0)§^�vn → v0 �

dvn → 0��"ù�§���5�fT3Dþ�?�:v0ëY��=�T30:ë

Y"Ó�§XT3?�:v ∈ DëY§dT (vn − v + v0) = T (vn)−T (v) +T (v0)→
T (v0)§=í�ÑT 3:v0½ëY"ù�§k���5�fT3Dþ??ëY��=

�T3Dþ��:§X:0?ëY"

���5�fT : D → U3DþëY��fT3Dþ´Äk.k'"@o§�

o´���5�fT�k.Qºî�Æ¬)º`§b�(V ; ‖ · ‖1) Ú(U ; ‖ · ‖2)�ü�

D��m§T : D ⊂ V → U����5�f"XJ�3��¢êC ∈ R¦�é?
�:v ∈ V þk‖T (v)‖2 ≤ C‖v‖1§K¡T´��k.�f"5¿§XJT´��

k.�f§{vn} ⊂ D´��Âñuv �:�§KdT (vn) − T (v) = T (vn − v) ≤
C‖vn− v‖�T´Dþ���ëY�f¶��§XJT´Dþ���ëY�f�Ã.§
Ké?��ên ≥ 1§D¥7�3���0:vn¦�T (vn) ≥ n‖vn‖"ù�§é?�
�ên ≥ 1§½Âun = vn/(n‖vn‖)����:�{un}∞1 §Kn → ∞�k‖un‖ → 0§

=un → 0§T (un)→ T (0) = 0"�db�T´���5�f§�

‖T (un)‖ =

∥∥∥∥T ( vn
n‖vn‖

)∥∥∥∥ =
T (vn)

n‖vn‖
≥ n‖vn‖

n‖vn‖
= 1,

�T (un)→ 0gñ§=T3Dþ�½k."ù�§����¼êëY5ØÓ§���

5�fT3Dþ´ëY���=�T3Dþk."

��Banach�mV, Uþ��5N�T : V → U¡�mN�½4N�§´�N

�TrV¥�m8£48¤N��U¥�m8£48¤"ù�§XJT´��ëY�f

�´��÷N�§KT�½´��mN�¶��§XJT´��4�f§KT�½´

��ëY�f"

b�V´��¢D��m§¼êp : V → RXJ÷vµ1©é?�v ∈ V, 0 < α ∈
Rkp(αv) = αp(v)¶2©é?ü��þv,u ∈ Vkp(v+u) ≤ p(v)+p(u)§K¡p�Vþ

���g�5�¼"ù�§3V�?��f�mW ⊂ Vþ§XJ�3��g�5�

¼pÚ��¢�5�¼f : W → R¦�é?�w ∈ Wkf(w) ≤ p(w)§K¢�5
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�¼f�df�mWòÿ�Vþ���¢�5�¼f̃�é?��þv ∈ Wkf̃(v) =

f(v)"Ó�§é?��þv ∈ VEkf̃(v) ≤ p(v)§¡�Hahn-Banach�¼òÿ½n"

1.3.Hilbert�m. Hilbert�m´þfåÆ¥éAuþf���«�m�.§́

�«���SÈ�m"��/§�H´Eê�Cþ���E�5�m§XJ�3��
N�〈·, ·〉 : (v,u) ∈ H ×H → C ÷v±e^�µ

£H1¤£�K5¤é?�v ∈ Hk〈v,v〉 ≥ 0�〈v,v〉 = 0��=�v = 0;

£H2¤£�Ý5¤é?¿�v,u ∈ Hk〈v,u〉 = 〈u,v〉"ùp§a+ ib = a− ib§�
Eêa+ ib ∈ C, a, b ∈ R��ÝEê¶
£H3¤£�5¤é?¿�v,u,w ∈ HÚα, β ∈ Ck

〈αv + βu,w〉 = α 〈v,w〉+ β 〈u,w〉◦

K¡N�〈·, ·〉�Hþ���SÈ§H���SÈ�m"ù�§X½Â‖v‖ =
√
〈v,v〉

KH=´��D��m"�?�Ú§XJdSÈ�Ñ�ê‖ · ‖3Hþ´���§K
¡H���Hilbert�m"

@o§��oþfåÆ¥òHilbert�m��þf���«�m�.Qºî�Æ

¬w�¨f§þfåÆ¥§r�þ©�m¥|ψ〉Ú�¥〈ϕ|"ù�§m¥|ψ〉Ú�¥〈ϕ|�
SÈ�〈|ψ〉 , 〈ϕ|〉{P�〈ψ|ϕ〉§=k〈ψ|ψ〉 ≥ 0§	È|ψ〉 × 〈ϕ|{P�|ψ〉 〈ϕ|§E��
��þ"ù�§XJA´���f§3ÎÒL«þ§Ao´l�>�^um¥A |ψ〉§
lm>�^u�¼〈ϕ|A"ù�§〈ψ|A|ϕ〉�±w�´���¥〈ψ|A�m¥|ϕ〉�SÈ§
��±w�´��m¥A |ϕ〉��¥〈ψ|�SÈ§(Jþ�〈ψ|A|ϕ〉§ù���fA¡
�Hermitian�f"5¿§Hermitian�f�A��þ�¢ê§�±ÿþ"

ã10.4 þf�U

þf�?3U¥§Xã10.4¤«"Ó�§�¥!m¥éA��5|Ü'X�

〈ψ|(c1 |ϕ1〉+ c2 |ϕ2〉)〉 = c1 〈ψ|ϕ1〉+ c2 〈ψ|ϕ2〉 ,

〈(c1 |ψ1〉+ c2 |ψ2〉)|ϕ〉 = c1 〈ψ1|ϕ〉+ c2 〈ψ2|ϕ〉◦

î�Æ¬)º`§þfåÆ¥§Å¼ê´þfXÚ�� |ψ〉3�IX½Ä¥e
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��«L«§�N�éÅ¼ê�ÔnSº?1)º¿vk�¤�£"éd§Í¶�

x�M�)ºéþf�Ñ
Xen�b�µ

b�1. þfX�éAuHilbert�mH¥�8�z�þ |ψ〉§=〈ψ|ψ〉 = 1"��

/§b� |ψ1〉 , |ψ2〉 , · · · , |ψn〉 , · · ·´,�þfX��U�§K§���5U\c1 |ψ1〉+
c2 |ψ2〉+ · · ·+ cn |ψn〉+ · · ·�À�TþfX����U�"ùp§ci, i ≥ 1�E~ê"

b�2. éþf�?���*ÿÔnþa§X �!Äþ!UþÚg^�§Hþ
�3��Hermitian�fA§�3þf� |ψ〉eÿþÔnþa����´�fA�,�
�A��λj"ù�§a��|ψ〉]�� �éA�A��þ½���|λj〉§=A |λj〉 =

λj |λJ〉"��/§3�|ψ〉eõgÿþa�±��A��þ|λj〉�VÇpj = | 〈λj|ψ〉 |2"
b�3. þf�|ψ〉��mëê�Cz�lÅ½��§

i~
d |ψ〉
dt

= H |ψ〉 ,

Ù¥§~�ÊK�~ê§H´éAuXÚUþ�Hermitian�f"

ù�§þf�Ub�1Ú2�¤���5�m§Å¼êψ(x), ϕ(x)m�SÈ�

〈ψ, ϕ〉 =

∫
Ω

ψ(x)ϕ(x)dx,

�dÅ¼êψ(x)�VÇ8�z^�§k

〈ψ, ψ〉 =

∫
Ω

ψ(x)ψ(x)dx =

∫
Ω

|ψ(x)|2 = 1◦

@o§��où�SÈ�m�´���Qºî�Æ¬)º`§Ï�þf��?

¿|ÜE´��þf�§�¦éA��m�.´���§=�Hilbert�m"AO/§

��Ônþaþ�|��������{|λi〉 ; i ≥ 1}÷v〈λi|λi〉 = 1Ú|λi〉⊥ |λj〉 , 1 ≤
i 6= j <∞��uHibert�m¥�{�IX"ù�§Ônþa�þf�|ψ〉�Uù|�
��Ðm�|ψ〉 =

∑
i≥1

ci |λi〉 =
∑
i≥1

〈ψ|λi〉 |λi〉§K

〈ψ|A|ψ〉 =
∑
j,i

c∗jci 〈λj|A|λi〉 =
∑
j,i

c∗jciλiδji =
∑
i

λi|ci|2 (10.10)

=�éÔnþa*ÿ�Ï"�"ùp§|ci|2 = | 〈λi|ψ〉 |2�*ÿ��λi��VÇ§c∗�c�
�ÝEê§δij�Kronecker¼ê§=i = j�δij = 1§ÄK�0"ù�¥�k��¯

KI�£�§=ù��Hermitian�fA3Hilbert�mHþ´Ä�½�3Qº�Y´
�½�§=�A : H → C�Hilbert�mHþ��ëY��5�¼§K�3���
þv ∈ H¦�é?�u ∈ HkA(u) = 〈v,u〉§ù=´RieszÚFréchet�L«½n§�

¤þfåÆ¥�â�§=÷v(10.10)ª¥��Hermitian�fA�½�3"
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12!6��.

é��¯ÔT�XÚ@�´éXÚÄ�9Ù�p�^1��@�§I�3XÚ

Ä�S%�|Ü(�GLþ@�¯ÔT�G�"ù3�½§Ýþ%¿XI�3/�Ô

´|Ü�0g�Ú+e�x+N¯Ô1�§3¯ÔTS%�1-�ÿÀ(�GLþ�ï

�«�#�êÆ�Æ§±¢yé¯Ô�XÚ@�"

¨f¯î�Æ¬µ/3¯Ô�S%|Ü(�GLþ�ïêÆ�ÆØÒ´�ä�â

íº0�,Ø´�î�Æ¬)º`§�ä6�>6þ��´��¢ê§=B´��

Ä��ä6§Ù>6þ�´��¢ê�þ�¼ê"Q,¯Ôá5´õ�z�§ÒØ

�U^ü��þz�I§=¢ê½¢¼êXÚ@�¯Ô§ù�:3é�*âf�

@�¥Ly�cÙâÑ"î�Æ¬¯¨fµ/·�´Ä�±éâf��*1�?1

°Oÿþº0̈ f£�`µ/�*âf�lÿØO�n§ØUÓ�O(ÿþÑâf�

 �ÚÄþ"�Uéü�A��ÿþ§��þf�3Hermitian�fA�^e���

�〈ψ|A|ψ〉"0î�Æ¬q¯µ/þf�´��¢ê�´���þº0̈ f�
�`µ/�

,´�þ§́ Hilbert�m¥��þ�0î�Æ¬:
:Þ`µ/�(�ù��5§�ä

6UÄ���+�*âf��.§�xâf1�Qº0¨fî�²x
î�Æ¬�

{¿§£�`µ/´��ù�w5§�ä6�(

ØU^��x�+�*âf1���."0î�

Æ¬?�Ú)º`§Ô��¤nØL²§g,

.¥�?Û�«Ô�Ñd�*âf|¤"�*

âfá5�õ�5L²§�ä6ØU����

�[¯Ô1���.§I�ÿ2¶Ùg§�ä

6GL¥�ã(�G´�¤ØC�§)Ô[� ã10.5 âfÅÄã

KØ,§©ª?3/#���0�¥"=B±<N�~§ïÄL²z¦=k��380�

�[�#)½k�¶1n§UÚîåÆ¥�1n½Æ§=�^å���^å���

������§́ Äâd�±�ÑÄ�v�^uÄ�u�þ�Ä�ug·�B���

^uv�þ��Qº�,ØUùo{ü/y�Ò§Ï�ÚîåÆ=´fNþ�^�

��^�/§Ø·^u+N§AO´)·�Nm��^���^"

ù�§XÚÄ�9Ù�p�^1�§=3ÙS%|Ü(�GLþA�^�þéº

:v ∈ V (G)!>(v, u) ∈ E(G)?1I½§�xXÚÄ�9Ù�p�^�õ�5"@

o§N��xXÚS%(�Cz§=Ä��O\!~�½�^�CzQºî�Æ¬

w�¨f§�x+NO�½5� ��«�È���{´A^8Ü�/¿0Ú/�0
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$�§=é?¿ü�8ÜX, Y�1X ∪ Y�X\Y!Y \X$�"38Ü�¿��$�
Ä:þ§ü�ãG,G′�/¿0G

⋃
G′Ú/�0G\G′½ÂXeµ

V (G
⋃
G′) = V (G)

⋃
V (G′), E(G

⋃
G′) = E(G)

⋃
E(G′),

V (G \ G′) = V (G) \ V (G′), E(G \ G′) = E(G) \ E(G′),

=ã�¿$�G
⋃
G′òãG,G′�º:!>Ü3�å�¤��/�ã0§ã��$

�G\G′K´3ãG¥�K�ãG′Ü�º:!>/¤��/�ã0§Xã10.6¤«"

r r r r

r r r r

v1

v2

v3

v4

v3

v4

⋃
r r r

rrr

v5

v6

v1 v3 v5

v2 v4 v6

- - - -

? ? ?? ?

��

6

��

6 �

R
> w

G G′ G
⋃
G′

r r r r

r r r r

v1

v2

v3

v4

v3

v4

v5

v6

- -

? ??

��

6 �

j\

r

r

v1

v2

6

G G′ G\G′

ã10.6 ã�¿��$�

ù��5§�±���ãx½ãS�{Gn}∞1 §?ØÙ3¿Ú�$�e)¤�ã
�m〈Gn;n ≥ 1〉§?�[XÚÄ��Cz�G�"d	§XÚÄ��Cz��±^
IÒãGL¥>þ�IÒ�x"��IÒãGL¥@
L(v, u) = 0�>(v, u) ∈ E(G)§

±9@
�Ù'é>þ�6þL(v, u) = 0, u ∈ NG(v)�º:v 3IÒãGL�Cz

¥¿Øå�^§�±�½GL = GL\{(v, u) ∈ E(G)|L(v, u) = 0}ÚGL = GL\{v ∈
V (G)|L(v, u) = 0, u ∈ NG(v)}"ù�§�±¯k����ên¿©����ãKn�

[XÚG�§d>þ�6þCz�[XÚÄ�9Ù�p�^G�ÚCz"

@o§A�N�ïþÄ�véÄ�u��^

3Ä�uþ�)��^�JQºî�Æ¬w�

¨f§Ä�véÄ�u��^�3���þ��§

=véu��^ L(v, u)éu�)��J´õ�� ã10.7 Ä��^�þ

¯K§Xã10.7¤«"5¿§ù�Ø�½�lÚîåÆ¥�1n½Æ§�3�ä6�
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.GLþ§́ b�Ä�v6\Ä�u�6þL(v, u)=�3Ä�uþ��^�J§�g,

.¥��õ�/¿�Xd"~X§ØÓ/ª�Uþ=z!ØÓá�-�º�Ñ�%

�þ�"ù3êÆþ§�du3�þL(v, u)þ�3���fT§=véu��^�J

�T : L(v, u) → LT (v, u)"î�Æ¬w�¨f§ù
¯Kg��Ù§Ò�±�ïX

Ú@�¯ÔT����.§¿�òÙ���«êÆ��[¯ÔT�Ä�1�"

2.1.6��.. ��¯ÔT�uÐ�Cz´SÏÚ	Ï�FyÚ�"ù�¥§S

Ï´Ä:§́ �â¶	Ï´^�§́ pÏ§	Ï²dSÏíÄ¯Ô�uÐ�Cz"ù

�§é¯ÔT�XÚ@��±Ä��¯ÔÄ�9�pm�^�Ñ\�ÑÑ§?^

�þ�xù«Ñ\ÑÑG�"5¿§î�Æ¬)º`§�ä6´÷*.¥Ô�6Ä

3�äþ��[§�´3�xù«Ñ\ÑÑG�§��ä6GLþ�º:v ∈ V (G)§

>(v, u) ∈ E(G)þ�IÒL(v)§L(v, u) ∈ Rþ�¢ê§��
§��[��"@o§
N�Ä�/�[�*.¥�Ô�6ÄQºî�Æ¬w�¨f§b�éÔ�6Äd

?3�*.¥����*<*ÿ§�±aqu�ä6§�I�r�ä6GLþN

�L : V (G)∪E(G)→ R���RO����Banach�m(V ; ‖ · ‖)§¿^V¥��þ
éãG¥�º:v ∈ V (G)Ú>(v, u) ∈ E(G)IÒ§E÷v!:þ�Ñ\ÑÑÅð'

X§ù��IÒãGL���XÚ@�¯Ô�Ä��.§¡�ëY6½6�"

��/§æ^êÆâ�§��ëY6´��ÿÀãGþ�IÒãGL§Ùº:!>

^��ê�FþBanach�mB¥��?1IÒ§=éãG¥�?�º:v ∈ V (G)§

?�>(v, u) ∈ E(G)§IÒN�L : v → L(v) ∈ B, (v, u) → L(v, u) ∈ B, 2�

>à�fA+
vu, A

+
uv ∈ L(B,B)�^u>(v, u)þ�6þL(v, u)§Xã10.8¤«§©O

�A+
vu : L(v, u)→ LA

+
vu(v, u)ÚA+

uv : L(u, v)→ LA
+
uv(u, v)�÷v

L(v, u) = −L(u, v), A+
vu(−L(v, u)) = −LA

+
vu(v, u)◦

-��
��

��
��

L(v, u)A+
uv A+

vu

L(v) L(u)

v u

ã10.8 �^þ9>à�f

Ó�§3ãG�?�º:v ∈ V (G)þ�lëY�§∑
u∈N−G (v)

LA
+
uv (u, v)−

∑
u∈N+

G (v)

LA
+
uv (u, v) = L(v)◦ (10.11)

ùp§N−G (v), N+
G (v)©O�º:v ∈ V (G)�\!Ñ��§=6\º:v��:N−G (v)

⊂ NG(v)!6Ñº:v��:N+
G (v) ⊂ NG(v)�kN−G (v) ∪N+

G (v) = NG(v)"
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5¿§�§(10.11)´���þ�§§�fA+
vu, (v, u) ∈ E(G)´Banach�mBþ

��5�f§�)~���©�fÚÈ©�f"ù��5§ëY6¥�!:Åð�

§ºX����ê�§!�©�§!È©�§Ú�f�§"

-

6

?

�

~

	

�

I

�

r
r

r
r

rr
v1

v2 v3

v4

v5v6

x1

x1

x2x2

x3 x3

x4 x4x5

A32 A23

A21

A12

A34

A43

A45

A54

A14A41

A65A56

A61

A16

A62

A26

A53

A35

ã10.9 ëY6~f

~X§ã10.9¥�Ñ�ëY6GL�!:éA�Åð�§�

(v1) : A41 (x5) + A61 (x3)− A21 (x2) = L(v1),

(v2) : A12 (x2) + A62 (x4)− A32 (x1) = L(v2),

(v3) : A23 (x1)− A43 (x2)− A53 (x4) = L(v3),

(v4) : A34 (x2)− A14 (x5)− A54 (x3) = L(v4),

(v5) : A35 (x4) + A45 (x3)− A65 (x1) = L(v5),

(v6) : A56 (x1)− A16 (x3)− A26 (x4) = L(v6)◦

(10.12)

AO/§b�

L(v1) = L(v2) = L(v3) = L(v4) = L(v5) = L(v6) = 0,

A21 = A32 = A43 = A53 = A14 = A54 = A65 = A16 = A26 = 1B,

A41 = A61 = A12 = A62 = A56 =
d

dt
,

A23 = A34 = A35 = A45 = A56 = t
d

dt
,

K�f�§(10.12)éA�´���©�§|

t
dx1

dt
= x2 + x4,

t
dx2

dt
= x5 + x3,

t
dx1

dt
= x3 + x4,

dx2

dt
+
dx4

dt
= x1,

t
dx4

dt
+ t

dx3

dt
= x1,

dx5

dt
+
dx3

dt
= x2◦

aq/§é�f�§(10.12)¥�Aij, 1 ≤ i, j ≤ 6�ØÓa.��f§X �©

�f!È©�f!�©�f§!:Åð�§(10.12)�éAØÓa.��f�§§X

 �©�§!È©�§Ú�©�§�"



12! 6��. 387

��§é?���f�§§�UÙ�¹��§mêòz��§©�m�§=

1©


F1 (x) = 0,

F2 (x) = 0,

· · · · · · · · · · ,
Fm (x) = 0◦

⇒ 2©


A11 (x1) + A21 (x2) + · · ·+ Am1 (xm) = 0,

A12 (x1) + A22 (x2) + · · ·+ Am2 (xm) = 0,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,
A1m (x1) + A2m (x2) + · · ·+ Amm (xm) = 0◦

ù�¥§XJ 1©¥,���§Fi(x) = 0¥Ø¹Cþxk, 1 ≤ k ≤ m§K3 2©¥©
��xk = 0§=E3 2©¥©¤m�"ù��5§�±�E��m���ãþ�ë
Y6KL

mXeµ

V (Km) = {v1, v2, · · · , vm} , E (Km) = {(vi, vj)|1 ≤ i, j ≤ m}◦

Ó�§é?¿�ê1 ≤ i, j ≤ m§IÒN�

L : vi → −Aii (xi) , L : (vi, vj)→ xj

�>(vi, vj)þ�>à�fA
+
vivj

= Aij, A
+
vjvi

= Aji, 1 ≤ i, j ≤ m"ù�§���f�

§ 2©éA���ãKmþ�ëY6K
L
m"

5¿§ëY6¥¹kNõk��A~§k�®��\ïÄ§k�K�vkÚå<

��v
,�"~X§�¤k>à�fþ�1V�§é?�:v ∈ V (G) �L(v) = ẋv§

éA�ëY6=�E,�ä¶é?�:v ∈ V (G)�L(v) = v���~�þ�§éA

�ëY6¡�G-6"�?�Ú§3G- 6¥�Banach�mB = R§K�A�G-6Ò

´Ï~��ä6"

é¯ÔuÐCz��x§¥I�óÆkX

éÐ�o(ÚJõ§@�?Û��¯ÔÑkÒ

�ü��¡½ü«åþ3�9�¤!�ÓíÄ

X¯ÔuÐ§́ ¯Ô�59Ù$Ä�Ä�{K§

ù��´�4ã¥�óÆû¿§�ã10.10"é

d§�f35´².X`þ6¥��µ/�Ò��

�¢�§U�öõ�§¤�ö5�0§=�Ò�

�´¯Ô�)�uÐ�/))��0½5Æ§U ã10.10 �)��

«Ò���´<��«õÞ§u�Ò���´<�U5"ù��5§U¥I�óÆ

*§ëY6�.GL¥º:!>þ�IÒAÓ��)�!�ü��¡��þv,u�÷

vv + u = c§��ð½�~�þ±¢y�4ã%¿¥�Ò�NÚ!d�*�§ù�

Å½�c�)�k�/aq§=<�U*ÿ��þvÚu¥����þ"ù��5§
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üX^v½u¥�?���þI½ãGÑØU�¡�NÑ��ü��¡��^§aq

u��<3°¡þ*w¤2�Xì§�Uw�Ù³ÑY¡�@�Ü©§Xã10.11¤

«"Ó�§X^v+uI½ãG§KÏv+u = c´

�ð½�þ§Ã{�NÑÄ�G�9�pm�

^�Cz"@o§3ù«�/e§qAN�ò

¥I�óÆ¥�Ò�*K\¯Ô�ëY6�.

Qºî�Æ¬)º`§ù�§I�^��«AÏ

�E�þI½ãGL§¡�²ï6"ùp§E�

þ´�/Xx + iy ∈ B ×B§x,y ∈ B��þ§

Ù¥�i�ü Jê§=i2 = −1"
ã10.11 Xì��

��/§��²ï6GL2
´���m¥�ÿÀãG§¿3Ùº:!>þ^��ê

�FþBanach�mB ×B¥��þ?1IÒ§=é?�º:v ∈ V (G)Ú>(v, u) ∈
V (G)§IÒN�L2 : v → L(v) + iL′(v)§L2 : (v, u) → L(v, u) + iL′(v, u)§÷

vL(v) + L′(v) = cv ∈ B§L(v, u) + L′(v, u) = cvu ∈ B§Xã10.12¤«"

-��
��

��
��

L(v, u) + iL′(v, u)A+
uv A+

vu

L2(v) L2(u)

v u

ã10.12 E�þ9>à�f

ù�§2�>à�fA+
vu : L(v, u) + iL′(v, u) → LA

+
vu(v, u) + iL′A

+
vu(v, u)§A+

uv :

L(v, u)+ iL′(v, u)→ LA
+
uv(u, v)+ iL′A

+
uv(u, v)÷v^�L(v, u) = −L(u, v), L′(v, u) =

−L′(u, v)ÚA+
vu(−L(v, u)) = −LA+

vu(v, u), A+
vu(−L′(v, u)) = −L′A

+
vu(v, u)"Ó�§3

ãG�?��º:v ∈ V (G)þ�lëY�§∑
u∈N−G (v)

(
L2 (u, v)

)A+
uv −

∑
u∈N+

G (v)

(
L2 (u, v)

)A+
uv = L2(v)◦ (10.12)

5¿§dué?�>(u, v) ∈ E(G)þkL(u, v) + L′(u, v) = cuv§�òL
′(u, v) =

cuv − L(u, v)�\(10.12)ª=k

L2(v) =
∑

u∈N−G (v)

(
L2 (u, v)

)A+
uv −

∑
u∈N+

G (v)

(
L2 (u, v)

)A+
uv

=
∑

u∈N−G (v)

LA
+
uv (u, v)−

∑
u∈N+

G (v)

LA
+
uv (u, v) + i

∑
u∈N−G (v)

cuv

−i
∑

u∈N−G (v)

LA
+
uv (u, v)− i

∑
u∈N+

G (v)

cuv + i
∑

u∈N+
G (v)

LA
+
uv (u, v)
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= (1− i)

 ∑
u∈N−G (v)

LA
+
uv (u, v)−

∑
u∈N−G (v)

LA
+
uv (u, v)


+i

 ∑
u∈N−G (v)

cA
+
uv

uv −
∑

u∈N+
G (v)

cA
+
uv

uv


ù�§éGþ�?�º:v ∈ V (G)Ú>(u, v) ∈ E(G)§½Â

L̂ : v → L2(v)− i

 ∑
u∈N−G (v)

cA
+
uv

uv −
∑

u∈N+
G (v)

cA
+
uv

uv

 ,

L̂ : (u, v) → (1− i)L2(u, v)

Kk ∑
u∈N−G (v)

L̂A
+
uv (u, v)−

∑
u∈N+

G (v)

L̂A
+
uv (u, v) = L̂(v),

=²ï6GL2
3IÒN�L̂e=z���ëY6GL̂§L²(Ü¥I�óÆÒ�*½

Â�²ï6GL2
´ëY6��«AÏ�/GL̂¶,��¡§é?�º:v ∈ V (G)Ú

>(v, u) ∈ E(G)§3²ï6GL2
¥�L′(v) = 0§L′(v, u) = 0§K²ï6GL2

òz�

��ëY6GL"�d§ëY6GL�²ï6GL2
=´/ªþ�ØÓ§�ö¢�´�d

�"�,Xd§d²ï6¥�¢ÜÚJÜ3�½§Ýþ�±�NÑ��)·N�)

kG¹§�ÎÜ¥I©z§=XJ¢Ü�0§KT)·N�/)03<�@�¥ØE

3§?3k�G�"aq/§�^��E�þA+ iB,A,B ∈ RL«Å½�c�)k
�§=�A 6= 0�c´¹�¶��§A = 0�KL²c®k�"

2.2.6��êª.�ä6þ�\{/+0Ú¦{/·0$�(9.9)´3Ó��ãGþ?

1�§=IO��Ó>þéAIÒ��\½�¦=�"ëY6GL, G′L
′
KØÓ§́ 3

ü��UØÓ�ãG,G′þ?1IÒ$�"ù�§b�GL, G′L
′
´��F�Banach�

mBþ�ëY6, λ ∈ F§½ÂëY6þ�\{!¦{Úê¦$��

GL +G′
L′

= (G \G′)L
⋃(

G
⋂

G′
)L+L′⋃

(G′ \G)
L′
, (10.13)

GL · G′L
′

= (G \G′)L
⋃(

G
⋂

G′
)L·L′⋃

(G′ \G)
L′
, (10.14)

λ · GL = Gλ·L
◦ (10.15)

ùp,é?�º:v ∈ V (G)Ú>(v, u) ∈ E(G)kL(v), L′(v), L(v, u), L′(v, u) ∈ B§L+

L′ : v → L(v) +L′(v), (v, u)→ L(v, u) +L′(v, u)§L ·L′ : v → L(v) ·L′(v), (v, u)→
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L(v, u)·L′(v, u)§λ·L : v → λ·L(v), (v, u)→ λ·L(v, u)"ù�¥§L(v)·L′(v)ÚL(v, u)·
L′(v, u)L«Banach�mBþ�HadamardÈ"~X§�þ

x = (x1, x2, · · · , xn) , y = (y1, y2, · · · , yn) ,

KxÚy�HadamardÈ�

x · y = (x1y1, x2y2, · · · , xnyn)◦ (10.16)

éA/§>à�f©OO��A++
vu §A

+⊗
vu ÚA

+·
vu§�^u>(v, u) ∈ E (G) þ�þ�

(J©O�

A++
vu : L(v, u) + L′(v, u)→ LA

+
vu(v, u) + L′

A′+vu(v, u),

A+·
vu : L(v, u) · L′(v, u)→ LA

+
vu(v, u) · L′A

′+
vu(v, u).

5¿§òλ ∈ FÀ�B¥©þþ�λ��þ(λ, λ, · · · , λ)§Kê¦λ · L�±w�
´�þHadamardÈ��«AÏ�/"ù�§é?�º:v ∈ V (G)§d½Â�ê¦$

��vþ��þ�λ · L(v)¶\{$��vþ��þ�

(L+ L′)(v) =


L(v), v ∈ V (G) \ V (G′),

L(v) + L′(v), v ∈ V (G)
⋂
V (G′),

L′(v), v ∈ V (G′) \ V (G)

ÚHadamardÈ$��vþ��þ�

(L · L′)(v) =


L(v), v ∈ V (G) \ V (G′),∑

u∈NG(v)

LA
+
vu(v, u) · L′A

′+
vu(v, u)), v ∈ V (G)

⋂
V (G′),

L′(v), v ∈ V (G′) \ V (G)◦

AO/§XJG′ = G§Ké?�º:v ∈ V (G)k

(L+ L′)(v) = L(v) + L′(v), (L · L′)(v) =
∑

u∈NG(v)

LA
+
vu(v, u) · L′A

′+
vu(v, u))◦

ù�§aqu�ä6��êL«§ëY6þ��êL«ªXeµ

1©~6�. ~6�GLC�é?�>(v, u) ∈ E(G)§IÒN�LC : (v, u) → cvu�

��~�þ"AO/§é?�>(v, u) ∈ E(G)§cvu = c�Ó��~�þ�P�c =

GLc"ù�§��ä6aq§kO = GL0�+$��ü �§I = GL1F�HadamardÈ

�ü �§=

O +GL = GL + O = GL, I ·GL = GL · I = GL
◦ (10.17)
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ùp§ü �OÚIþ�º:!>IÒþ�"�þ0½ü �þ1"éA/§�ä6þ

�ü �OÚI´ëY6ü ��AÏ�/"

2©_�. éBanach�mBþ���ëY6GL§XJX +GL = OK¡X�GL3

\{$�e�_�§P�X = −GL"aq/§é?��":->ëY6GL§=é?

�º:v ∈ V (G)Ú>(v, u) ∈ E(G)kL(v) 6= 0, L(v, u) 6= 0§�3��ëY6Y¦

�Y ·GL = I K¡Y�GL3HadamardÈe�_�§P�Y = 1/GL"dëY6$�

�½Â(10.13)− (10.15)§́ �

X = −GL = G−L, Y =
1

GL
= G

1
L = GL−1

,

=��ëY6GL3\{ÚHadamardÈ¥�_�©O�

−GL = G−L,
1

GL
= G

1
L . (10.18)

3©�êL«. é?��ên ≥ 1§�a1, a2, · · · , anÚGL1
1 , GL2

2 , · · · , GLn
n ©O�

�F ¥�n��ÚBanach�mBþ�n�ëY6§½Â

a1G
L1
1 + a2G

L2
2 + · · ·+ anG

Ln
n =

(
n⋃
i=1

Gi

)a1L1+a2L2+···+anLn

,

(
a1G

L1
1

)
·
(
a2G

L2
2

)
· · ·
(
anG

Ln
n

)
=

(
n⋃
i=1

Gi

)(a1L1)·(a2L2)···(anLn)

◦

4©õ�ª. é?��ên ≥ 1§a1, a2, · · · , an ∈ FÚëY6GL§õ�ª

a0 + a1G
L + a2G

L2

+ · · ·+ anG
Ln = Ga0+a1·L+a2·L2+···+an·Ln ,

a0 ·
(
a1G

L
)
·
(
a2G

L2
)
· · ·
(
anG

Ln
)

= Ga0 ·(a1L)·(a2L2)···(anLn)
◦

Ó�§XJb1L
′
1 + b2L

′
2 + · · ·+ bnL

′
n 6= 0,A^(10.18)�©ª

a1G
L1
1 + a2G

L2
2 + · · ·+ anG

Ln
n

b1G′
L′1
1 + b2G′

L′2
2 + · · ·+ bnG′

L′n
n

=

(
n⋃
i=1

Gi

)a1L1+a2L2+···+anLn

(
n⋃
i=1

G′i

)b1L′1+b2L′2+···+bnL′n

=

((
n⋃
i=1

Gi

)⋃(
n⋃
i=1

G′i

))a1L1+a2L2+···+anLn
b1L
′
1+b2L

′
2+···+bnL′n

.

��/§���éã�¿$�µ4�ãxG = {Gn|n ≥ 1}§=é?¿Gi, Gj ∈
GkGi ∪Gj ∈ G§�B´�Fþ���Banach�m§PG¥�ã3Bþ)¤�ëY
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6GL�GB§=GB =
{
GL|G ∈ G , L : V (G) ∪ E(G)→ B

}
"ù�§d½Â�(GB; +)

Ú(GB; ·)þ�GBþ���+"ù�§(GB; +, ·)´GB3\{+Ú¦{·$�e���V
+"�?�Ú§XJ(B; +, ·)´����?��ëY6GL ∈ GBþ�>à�f�1B§

K(GB; +, ·)�´���§Ï�ù�§é?�º:v ∈ E(G)Ú>(v, u) ∈ E(G)k

(L1 · (L2 + L3)) (v) = (L1 · L2 + L1 · L3) (v),

((L1 + L2) · L3) (v) = (L1 · L3 + L2 · L3) (v),

(L1 · (L2 + L3)) (v, u) = (L1 · L2 + L1 · L3) (v, u),

((L1 + L2) · L3) (v, u) = (L1 · L3 + L2 · L3) (v, u),

KéëY6GL1
1 , GL2

2 ÚG
L3
3 ∈ GBk

GL1 ·
(
GL2 +GL3

)
= GL1 ·GL2 +GL1 ·GL3 ,(

GL1 +GL2
)
·GL3 = GL1 ·GL3 +GL2 ·GL3 ,

=(B; +, ·)þ�ëY6$�÷v©�Æ"ùp§G = G1 ∪G2 ∪G3�é?��ê1 ≤
i ≤ 3Úx ∈ V (G)∪E(G)§òLiÿ2�Gþ§==�x ∈ V (Gi)∪E(Gi)�3Gþ�I

Ò�Li(x)§ÄK�0"ù�§î�Æ¬)º`§ÿ2�kGLi = GLi
i , 1 ≤ i ≤ 3"

13! Banach6�m

<Ã�Ø´)¹3���¬�ä¥§�3���ä¥*ÿ�äþ��¬Ô�6

Ä"Ó�§<3w�ºe�±éÿ!¾ÓÚýÿ��)Ô�)¹?1*ÿ"�öØ

Ó�?3u§<é÷*.¥Ô�6Ä�*ÿ´�«ÛÜ1�§±ÛÜ*ÿ(J@

�¯Ô§é�)Ô�*ÿK´�«�N

1�§́ d���)Ô��NL�?1@

�§�d�)Ô�[�(�§*ÿ(J´

�)Ô�ä(��N�G�"ù�§<Ã

Ø´é÷*.�´�*.¥���

¯Ô?1XÚ@�§¢�´é¯ÔÄ��

¤��ä§=ëY6G��@�" ã10.13 <��[�(�

@o§´Ä�òëY6GL����êÆ��ï�A�êÆ�m§?�[¯

ÔG�ØØ´3÷*�´�*.¥Qº�Y´�½��î�Æ¬)º`§ùÒ

´��ãxG3��Banach�mBþ�ëY6GL3$�(10.13)Ú(10.15)þÚ\�
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ê‖ · ‖���Banach6�mGB§=ò��ëY6G
LÀ����þ§��äkÿÀã

(�G��þ§?3ëY6GLþ�ïêÆXÚ§¡�êÆ|ÜÆ"

3.1.�56�m. �B��Fþ���Banach�m§î�Æ¬w�¨f§é?

¿ëY6Gk, Gl, Gs ∈ GB§dëY6\{+$�(10.13)Úê¦·$�(10.15)§N´�

y(GB; F )÷v�5�m^�§����5�mµ

1)��Æ§=kGLk
k +GLl

l = GLl
l +GLk

k §Ï�

GLk
k +GLl

l = (Gk \Gl)
Lk
⋃(

Gk

⋂
Gl

)Lk2+Ll2⋃
(wGl \Gk)

Ll

= (Gl \Gk)
Ll
⋃(

Gl

⋂
Gk

)Ll2+Lk⋃
(Gk \Gl)

Ll

= GLl
l +GLk

k ◦

2)(ÜÆ§=k
(
GLk
k +GLl

l

)
+GLs

s = GLk
k +

(
GLl
l +GLs

s

)
§Ïk

(
GLk
k +GLl

l

)
+GLs

s =
(
Gk

⋃
Gl

)L+
kl

+GLs
s =

(
Gk

⋃
Gl

⋃
Gs

)L+
kls

= GLk
k +

(
Gl

⋃
Gs

)L+
ls

= GLk
k +

(
GLl
l +GLs

s

)
◦

ù�¥§IÒN�L+
kl´ãGk∪Glþ�IÒN�Lk+Ll§L

+
kls´ãGk∪Gl∪Gsþ

�IÒN�§=

L+
kls(e) =



Lk(v, u), (v, u) ∈ E (Gk \ (Gl ∪Gs)) ,

Ll(v, u), (v, u) ∈ E (Gl \ (Gk ∪Gs)) ,

Ls(v, u), (v, u) ∈ E (Gs \ (Gk ∪Gl)) ,

L+
kl(v, u), (v, u) ∈ E ((Gk ∩Gl) \Gs) ,

L+
ks(v, u), (v, u) ∈ E ((Gk ∩Gs) \Gl) ,

L+
ls(v, u), (v, u) ∈ E ((Gl ∩Gs) \Gk) ,

(Lk + Ll + Ls) (v, u), (v, u) ∈ E (Gk

⋂
Gl

⋂
Gs)◦

3)ü �§d½ÂO´(GB; F )þ���ü �§=é?�ëY6GL ∈ GBkO+

GL = GL + O = GL"

4)_�§é?�ëY6GL ∈ GB§G
−L´GL���_�§=GL +G−L = O"

5)ê¦$�§d(10.15)½Â§é?�ëY6GL ∈ GBÚ�α, α1, α2 ∈ Fk

(a) 1F ·GL = GL¶

(b) (α1α2) ·GL = α1(α2 ·GL)¶

(c) α · (GLk
k +GLl

l ) = α ·GLk
k + α ·GLl

l ¶
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(d) (α1 + α2) ·GL = α1 ·GL + α2 ·GL"

ù�§ëY6�m(GB; F )÷v�5�m�¤k^�§����5�m"

3.2.Banach6�m. ���5�m(GB; F )´��Banach�mkü�^�§î

�Æ¬w�¨f§�´Ú\�ê‖ · ‖§�´��§=Ùþ�?���Ü:�Âñ"
b�?��ëY6GL ∈ GBþ�>à�fþ�BþëY��5�f§½Â�ê∥∥GL

∥∥ =
∑

(v,u)∈E(G)

∥∥∥LA+
vu(v, u)

∥∥∥
◦

(10.19)

ù�¥§‖ · ‖´Banach�mBþ��ê§Ké?¿�ëY6GL, GLk
k , G

Ll
l ∈ GBkµ

1)�K5. d½Â§
∥∥GL

∥∥ ≥ 0�
∥∥GL

∥∥ = 0��=�GL = O"

2)àg5. é?�ξ ∈ F§k
∥∥GξL

∥∥ = |ξ|
∥∥GL

∥∥"
3)n�Ø�ª. dëY6þ��ê½ÂÚé?¿�þv1,v2 ∈ Bk‖v1 + v2‖ ≤

‖v1‖+ ‖v2‖�∥∥∥GLk
k +GLl

l

∥∥∥ =
∑

(v,u)∈E(Gk\Gl)

∥∥∥LkA+
vu(v, u)

∥∥∥+
∑

(v,u)∈E(Gl\Gk)

∥∥∥LlA+
vu(v, u)

∥∥∥
+

∑
(v,u)∈E(Gk∩Gl)

∥∥∥LkA+
vu(v, u) + Ll

A+
vu(v, u)

∥∥∥
≤

∑
(v,u)∈E(Gk\Gl)

∥∥∥LkA+
vu(v, u)

∥∥∥+
∑

(v,u)∈E(Gk∩Gl)

∥∥∥LlA+
vu(v, u)

∥∥∥
+

∑
(v,u)∈E(Gl\Gk)

∥∥∥LkA+
vu(v, u)

∥∥∥+
∑

(v,u)∈E(Gk∩Gl)

∥∥∥LlA+
vu(v, u)

∥∥∥
=

∥∥∥GLk
k

∥∥∥+
∥∥∥GLl

l

∥∥∥ ,
=÷vn�Ø�ª

∥∥∥GLk
k +GLl

l

∥∥∥ ≤ ∥∥∥GLk
k

∥∥∥+
∥∥∥GLl

l

∥∥∥"
ù��5§N�‖ · ‖ : GB → R÷v�ê^�(N1)− (N3)§�´ëY6�mGBþ

����ê"@o§�o´ëY6�mGBþ��ÜS�Qºî�Æ¬)º`§��

ëY6S�
{
GLn
n

}∞
1
´���ÜS�§XJTS�é?��êε > 0o´�3���

êN(ε)¦�k, l ≥ N(ε)�k
∥∥∥GLk

n −G
Ll
l

∥∥∥ < ε¤á"

y3§b�
{
GLn
n

}∞
1
�GB¥����ÜS�§½Âã

∐
=
⋃
G∈G

G§KÏãxGé

¿$�µ4§k
∐
∈ G"·�3ã

∐
þ½Â��IÒN�

L̂n(x) =

{
Ln(x), x ∈ V (Gn) ∪ E (Gn) ,

0, x ∈ V (
∐
\Gn) ∪ E (

∐
\Gn)
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�
∐
þ�>à�f�GLn

n �Ó§Kd½ÂÚéIÒã��½kG
Ln
n =

∐L̂n ∈ GB"ù

��5§w,k∥∥GLk −GLl
∥∥ =

∥∥∥∥∐L̂k −
∐L̂l

∥∥∥∥ =

∥∥∥∥∐L̂k−L̂l
∥∥∥∥

=
∑

(v,u)∈E(
∐

)

(∥∥∥L̂A+
vu

k (v, u)− L̂A
+
vu

l (v, u)
∥∥∥) .

5¿§é?��êε > 0§Xé?¿�êk, l ≥ N(ε)k
∥∥GLk −GLl

∥∥ ≤ ε§K�½

k
∥∥∥L̂A+

vu
k (v, u)− L̂A

+
vu

l (v, u)
∥∥∥ ≤ ε§=

{
L̂A

+
vu

n (v, u)
}∞

1
´���ÜS��3Banach�

mBþÂñ"Ø���5§é?�>(v, u) ∈ E(
∐

)§� lim
n→∞

L̂A
+
vu

n (v, u) = LA
+
vu

0 (v, u)§

KÏ�fA+
vu ´��ëY��5�f§k lim

n→∞
L̂n(v, u) = L0(v, u)"ù�§lim

n→∞
GLn
n =

lim
n→∞

∐L̂n =
∐ lim

n→∞
L̂n

=
∐L0 , =�ÜS�

{
GLn
n

}∞
1
3GB¥´�ÂñS�"�d½Â

�ëY6�mGB´��Banach�m"

�?�Ú§XJBanach�mB´��SÈ�〈·, ·〉�Hilbert�m§Ké?¿ü�

ëY6GL, G′L
′
∈ GB§�½Â§��SÈ〈
GL, G′

L′
〉

=
∑

(v,u)∈E(G∩G′)

〈
LA

+
vu(v, u), L′

A+
vu(v, u)

〉
, (10.20)

¿aq/��µ

1) �K5. é?��ëY6GL ∈ GBk
〈
GL, GL

〉
≥ 0�

〈
GL, GL

〉
= 0��=�

ëY6GL = O"

2) �Ý5. é?ü�ëY6GLk
k , G

Ll
l ∈ GBk〈

GLk
k , G

Ll
l

〉
=
〈
GLl
l , G

Lk
k

〉
◦

3) �5. é?n�ëY6GL, GLk
k , G

Ll
l ∈ GBÚEêα, β ∈ Ck〈

αGLk
k + βGLl

l , G
L
〉

= α
〈
GLk
k , G

L
〉

+ β
〈
GLl
l , G

L
〉
◦

ù�§d½Â�XJB���Hilbert�m§KëY6�mGB÷vHilbert�m�

^�(H1)− (H3)§´��Hilbert�m"

��SÈ�mV¥�ü��þv1,v2 ∈ VXJ÷v〈v1,v2〉 = 0§K¡v1�v2´

ü����þ"î¼�mR3¥§ü��þa,b��§=a⊥b��=�ùü��þm

Y��90o"@o§ü�ëY6GL, G′L
′
3�oG�e��Qºî�Æ¬)º`§ù

�§d(10.20)ëY6GL�G′L
′
��^�´§��SÈ�0§=〈

GL, G′
L′
〉

=
∑

(v,u)∈E(G∩G′)

〈
LA

+
vu(v, u), L′

A+
vu(v, u)

〉
= 0,
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=ãG�G′��3Ó�^>þ��þ3>à�f�^e�SÈ�Ú�0"

R

	

	

R

= ~

r r
r
rr

r
r r

r r

-

?

�

6

�

?

�

6

v1 v2

v3

v4v5

v3

v2

v4

u1

u2

(1, 1) (1, 1)

(2
,3

)

(2
,3

)

(1, 3) (1, 3)

(4
, 5

) (4, 5)

(0, 1) (1
, 0

)

(1
,−

1)
(−

1, 1)

(1
,1

)

(1
,1

)

GL G
′L′

ã10.14

~X§ã10.14¥�Ñ
ü�>à�fþ�1B�ëY6G
LÚG′L

′
§�ãG�G′�

ã�º:8V (G ∩G′) = {v2, v3, v4}§>8E(G ∩G′) = {v2v3, v3v4, v4v2}§����
�ãK3"ù�§G

LÚG′L
′
�SÈ�〈

GL, G′
L′〉

= 〈(0, 1), (1, 0)〉+ 〈(1,−1), (−1, 1)〉+ 〈(1, 1), (1, 1)〉 = 0− 2 + 2 = 0,

=GL�G′L
′
��"AO/§XJãG ∩ G′ = ∅§Ké?�N�L : V (G) ∪ E(G) →

BÚL′ : V (G′) ∪ E(G′)→ B�½k
〈
GL, G′L

′
〉

= 0§�î¼�m¥�〈
(α1, α2, · · · , αk, 0, · · · , 0︸ ︷︷ ︸

n−k

), (0, · · · , 0︸ ︷︷ ︸
k

, βk+1, βk+2, · · · , βn)
〉

= 0

�/aq"ù�¥§é?¿�ê1 ≤ i ≤ k, k + 1 ≤ j ≤ nkαi, βj ∈ R"
3.3.G-Ó��f. ��/§�^uBanach�mBþ��fr���þN��,

���þ"î�Æ¬w�¨f§ëY6�mGBQ,´��Banach�m§�«g,�

�{´3Banach6�mGBþ©Û@
ò��ëY6G
LN��,��ëY6G′L

′
�

�±ü�ëY6¥�ã(�éA�@
�f§?ÿ2Banach�m��fnØ"

é?ü�ëY6GL1
1 , GL2

2 ∈ GB§XJ��ëY6þ��ff : GL1
1 → GL2

2 ÷v

±eü�^�µ

(C1) ãG1, G2´Ó��§=�3��ãÓ�N�ϕ : G1 → G2¶

(C2) é?�^>(v, u) ∈ E (G1)kL2 = f ◦ ϕ ◦ L1§

K¡f´GL1
1 �G

L2
2 m���G-Ó��f"Ó�§¡ëY6GL1

1 ÚG
L2
2 ´G-Ó��"ù

�¥§�Î/◦0L«N�EÜ"ù�§�±ò��G-Ó��ff{üL«�f : GL1 →
GL2"AO/§�ϕ = idG§=ãGþ�ü gÓ�§K��G-Ó��ffd�§

L2(v, u) = f ◦ L1(v, u), ∀(v, u) ∈ E(G) (10.21)

¤á(½"�ó�§��G-Ó��f´Banach�mBþ��þm�±ãG(�ØC

�@�aN�"�?�Ú§XJB´Cþxþ���¼ê�§K��G-Ó��ff÷
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v�§

f
(
GL[x]

)
= Gf(L[x])

◦ (10.22)

~X§��B���¢ê��§�ä�â¥��Nì!�êNì!n�Nìþ

¤á"AO/§k�ê�§

eG
L[x] = I +

GL[x]

1!
+
G2L[x]

2!
+ · · ·+ GnL[x]

n!
+ · · · (10.23)

¤á"5¿§(10.23)�,�(9.39)3/ªþ��§�ùp�GL[x]´��ëY6§¦

{�HadamardÈ§́ �ä6�ª(9.39)�í2"

î�Æ¬w�¨f§ëY6GLþ���G-Ó�´ãGþ�gÓ�§3�xëY

6CzG����Ø´ù«�/§´éü�ØÓ�ãG1, G2�xN�f : GL1
1 →

GL2
2 "ù�§I�ÿ2G-Ó��f"ù�¥���Ä�¯K´§G-Ó��ff : GL1

1 →
GL2

2 ¥�G�½´ëY6G
L1
1 ¥�ãG1íº�Y´Ø�½�î�Æ¬)º`§Ï�d

ëY6��½§é?��ãĜ ⊃ G§XJ½Â

L̂(x) =

{
L(x), x ∈ V (G) ∪ E(G),

0, x 6∈ V (G) ∪ E(G

KkĜL̂ = GL"ù�§�±3�����ã¥?ØG-Ó��f§�x?¿ü�

ãG1, G2þëY6G
L1
1 , GL2

2 m��f"

��/§XJ��ëY6þ��ff : G1
L1 → G2

L2÷v±e^�µ

(C1′) �3��ãÓ�N�ϕ : G→ G¶

(C2′)é?�>(v, u) ∈ E (G1)kL2 = f◦ϕ◦L1�é?�>(v, u) ∈ E (G2 \G1)K

kf : 0→ L2(v, u)¶é?�>(v, u) ∈ E(G1\G2)Kkf : L(v, u)→ 0§K¡f���

*Ð�G-Ó��f"

@o§é?ü�ëY6GL1
1 , GL2

2 ∈ GB, Banach6�mGBþ´Ä�½�3*Ð

�G-Ó��ff : GL1
1 → GL2

2 Qº�Y´�½��î�Æ¬)º`§ù�§�±

�Ĝ = G1

⋃
G2§3Ĝþ½ÂIÒN�L̂1, L̂2Xeµ

L̂1 =

 L1(v, u), (v, u) ∈ E (G1) ,

0, (v, u) ∈ E
(
Ĝ\G1

)
;

L̂2 =

 L2(v, u), (v, u) ∈ E (G2) ,

0, (v, u) ∈ E
(
Ĝ\G2

)
◦

�IÒN��L̂1�Ĝþ�>à�f�G1�Ó§L̂2�Ĝþ�>à�f�G2�Ó§K

kĜL̂1 = GL1
1 §Ĝ

L̂2 = GL2
2 "ù�§ëY6�ff : GL1

1 → GL2
2 �duãĜþ��

ff : ĜL̂1 → ĜL̂2§�ϕ�ãĜþ���gÓ�=÷vëY6G-Ó��^�"�A
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/§f : GL1
1 → GL2

2 ���*Ð�G-Ó�"ù�§�±aqu�ä�â§½ÂëY

6S��4�!�f�ëY5�Vg§?�ïëY6þ��È©nØ"~X§�

�G-Ó��ff : GB → GBéL����=�f(L)éL��§k�©�È©�'X∫ (
d

dt
f
(
GL
)

[x]

)
dx = f

(
GL[x]

)
+ C,

df

dt

(∫ (
f
(
GL[x]

))
dx

)
= f

(
GL[x]

)
, (10.24)

±9�È©Ä�½n

b∫
a

f
(−→
GL[t]

)
dt = F

(−→
GL[t]

)∣∣∣
t=b
− F

(−→
GL[t]

)∣∣∣
t=a

(10.25)

�"ùp§Xÿ2Banach�mþ��5�f��¼nØ�6�mGBþ"

b�N�f : GB → GB′��FþBanach6�mGB���G-Ó��f"é?ü

�ëY6GL1
1 , GL2

2 ∈ GBÚIþλ, µ ∈ F§Xk

f
(
λGL1

1 + µGL2
2

)
= λf

(
GL1

1

)
+ µf

(
GL2

2

)
, (10.26)

K¡f����5�f¶XJé?��êε > 0Xo�3��¢êδ(ε)¦�∥∥G1
L1 −GL0

0

∥∥ < δ(ε) ⇒
∥∥f (GL

)
− f

(
GL0

0

)∥∥ < ε, (10.27)

K¡�ff3ëY6GL0
0 ?ëY¶X�3��~êξ ∈ [0,∞)¦é?�ëY6GL ∈

GBk
∥∥f(GL

)∥∥ ≤ ξ
∥∥GL

∥∥§K¡fk."�?�Ú§Xé?¿GL1
1 , GL2

2 ∈ GBþk∥∥f (GL1
1

)
− f

(
GL2

2

)∥∥ ≤ ξ
∥∥GL1

1 −GL2
2

∥∥ , ξ ∈ [0, 1) (10.28)

K¡f�6�mGBþ���Â f"ù�§î�Æ¬w�¨f§Banach �m¥'

u�5�f��
�(Ø�±dG-Ó��fÿ2�6�mGBþ"~X§é6�

mGBþ�G-Ó�Â fÿ2Banach�mþ�ØÄ:½n§=ké?��ëY�G-

Ó�Â ff : GB → GB′�3����ëY6G
L ∈ GB¦�f

(
GL
)

= GL"

@o§N��ä��G-Ó��5�f�ëY5Qº���Banach�mþ�5

�f�ëYaq§î�Æ¬)º`§��G-Ó��5�ff : GB → GBëY��=

�fk."�?�Ú§XJf�´1 − 1�§Kf�_�ff−1�´��G-Ó�ëY�

f"Ó�§��G-Ó��5�ff : GB → GB�ã�Grapf½Â�

Grapf =
{(
GL, f

(
GL
))∣∣GL ∈ GB

}
, (10.29)
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XJf�ã�Grapf´��4�m§K¡f´��4�f"ù�§aquBanach�m

þ�4�f§kXJ��G-Ó��5�ff : GB → GB´4�fKfëY�(Ø"

�¼�À�´¼êþ�¼ê§´é�*¯Ô@�¥��«½þ©Û�{"@

o§N�ÿ2Banach�mþ��5�¼�Banach6�mGBþQºî�Æ¬w�¨

f§XJ��G-Ó��5�ff : GB → R½C§K¡f���6�¼"ù�¥§�
�Ä�¯K´Banach6�mGBþ´Äý��3ëY��56�¼Qº�Y´�½

��î�Æ¬)º`§�±ÿ2Banach�mþ��¼òÿ½n§=Hahn-Banach½

n�Banach6�mGBþ��6�¼�3�(Ø"ù�§b�HB�Banach6�

mGBþ���f�m§F : HB → C�HBþ���ëY�5�¼§K�3��ëY

��5�¼F̃ : GB → C÷v^�µ 1©XJGL ∈HBKF̃
(
GL
)

= F
(
GL
)
¶2©

∥∥F̃∥∥ =

‖F‖"AO/§XJO 6= GL0
0 ∈ GB§K�3��ëY��5�¼F¦�‖F‖ =

1�
∥∥F (GL0

0

)∥∥ =
∥∥GL0

0

∥∥"A^Banach6�mþ�ù�òÿ½n��§XJé?�

�GL ∈ GB§F
(
GL
)

= 0éGBþ�¤k�5�¼F¤á§K�½k
−→
GL = O"

î�Æ¬w�¨f§�Banach�mB������SÈ�m=Hilbert�mH�§
éA�Banach6�mGH½´��Hilbert�m§¡�Hilbert6�m"5¿§Hilbert�

mþ�FréchetÚRieszL«½n)û
ÙþHermitian�f��35¯K§?¢y

éþf�����?1ÿþ"Ó�/§XJ^ëY6GLL�þf�§´Ä36�

mGBþù��L«½nE¤áQº�Y´�½��î�Æ¬)º`§ù�§�f :

GB → C���ëY��5�¼§Ké?��ëY6GL ∈ GB§�3�����ë

Y6ĜL̂ ∈ GB¦�f
(
GL
)

=
〈
GL, ĜL̂

〉
"ù�§=B´þfkS%|Ü(�G§éþ

fÿþ�b�1-b�3E,¤á"

14!6��

XÚ@���¯ÔT�G�½1�kü«L«�{§�«´6�{§=3¯

ÔTS%�ÿÀ(�G�!:Ú>þI½�þ§�3>à�f�^e÷v!:Åð

Æ§�EëY6GL¿��Banach�mþ��«êÆ�§=6��x¯ÔT¶,�«

´�f�§§d¯ÔTS%ÿÀ(�GLþ�!:Åð�§(10.11)§=∑
u∈N−G (v)

LA
+
uv (u, v)−

∑
u∈N+

G (v)

LA
+
uv (u, v) = L(v), v ∈ V (G)

�¤��f�§�x¯ÔT"@o§ùü«L«�{é¯ÔTG�Ú1��@�´Ä

��Qº�Y3Ü6þ´�½��î�Æ¬)º`§6�{´Äu��¯ÔTS%

�|Ü(�G�!:!>þI½�þ/�/�[¯ÔT�G�½1�§́ é¯ÔT�
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�«XÚ@�¶�A/§�f�§´é¯ÔTÄ�m��p�^3�Ä�½!:þ

�Åð'X"�ö�x�´Ó��¯ÔT�G�½1�§=´Ly/ªþ�ØÓ§Ü

6þvk¢�þ��É"@o§ù��5§́ Ä�±³�f�§@���¯Ô�G

�½1�Qº�Y´�½�§���f�§éA�´6�GLþ�!:Åð�§"î

�Æ¬w�¨f§ü«L«�{�,3Ü6þ��§Ñ´3�x¯ÔT�G�§�

Ù¥Ek
«O"6�{Äu¯ÔT�S%(�§�úþ/�
§ù�´��oò

ëY6À���êÆ�¿3Ùþ�ïBanach6�m��Ï¶�f�§½þ�xÄ�

m��^§́ �úþ��«ÎÒÄ�§�CþÀJÚ½þ�x�O(5k'§́ é

¯Ô@��.^E|§�XJ l
�6�GLþ!:Åð�§�éA'X§�f�

§¿ØUO(�[¯ÔG�½1�"AO/§Ó��Cþ3ØÓ�!:�§¥�S

º�	ò´Ä��§±9d!:Åð����f�§´Ä�)§Ø�)q¿�X�

o�"ù�¥§'�´ÀJCþé¯Ô

Ä�G�½1��x���5§ù´3

é¯Ô*ÿÄ:þÚ\=«Cþ½=


CþI�)û�¯K§Ï��k�(

«©¯ÔCz�ØÓK�Ï�¿Ú\

Cþ�[¯ÔG�§âUO(rº¯Ô

ý¢"Ó�§ù�´<é¯Ô@�¥�

(J���¯"~X§éã10.15¥kØ

ÓÑ1I¦<+1���x§±9��

oÅ0éþfÅ�¥�/�å�^0̂ ã10.15 n�å<��Z

ÛCþ)º�§þL²<é)Ô½a)Ô+N1�rº�Ø(½5§AO´3þf

Å��Cþ�[¥�ØÑ¢y§�U^��/Û0i��"ù3�½§Ýþ%¿X

<é�Ô@�þ�Û�5§ØU^�«Ú�5K�[¿rº¯Ô1�"

nØþ§XJCþé¯ÔT�Ä��Ä�m��^�xO(§ÃØ´^6�

{GL�´!:éA��f�§§�x�Ñ´¯ÔT�G�½1�"ù�§d5��

²6¥�/U/Ø;§±�Ô�F�0�óÆ¹Â§�f�§�)=���Ô�ý§

�½�3éAuÄ��Ä�m�^�6�)GL"@o§��o�
�[¯ÔG�½

1���f�§¬Ñygñ½Ø�)Qºî�Æ¬w�¨f§Ñyù«�/§́ <

éÄ�½Ä�m�^�ØT�Ä�§=òü�ØÓSº�Ä�½Ä��^dÓ��

Cþ�["ù�§I��´#Ú\�[¯ÔÄ�!Ä�m�^G�½1�Cþ"

¨f¯î�Æ¬µ/ww§Q,ü«�{Ñ´@���¯Ô�XÚ�{§=«�

{�k|u@�¯Ôý¢Qº0î�Æ¬w�¨§À^=«�{@�¯Ôý¢¿v
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kÚ��5K"6�{Bué¯ÔG�½1�?1XÚ@�§�f�§±�§�)

�[¯ÔG�§é@
U¦Ñ°()��/k|"�ü«@�¯Ôý¢��{qÑ

�3�½JÝ½"�"ù�¥§6�{I�O(@�¯ÔÄ�ÚÄ�m��p�^§

é@
��<°O*ÿUå�¯Ô§X÷*.¥<*ÿØ9���(X!�*

.¥@
�<�*ÿ1��¤���pK����XÚ�âf�§�U³/�Æb

`é¯Ôý¢?1íä¶�f�§Ó�´ïá3é¯ÔXÚ@�þ§�É�f�§

¥Ú\�Cþ�¯ÔÄ�G�½1��éAÚ�f�§){þ���§�)ØÓ�

féA�ØÓ�/ª§X�ê�§!�©�§!È©�§Ú�¼�§�"d	§=B

�f�§�)�3§N�¦)§±9¦Ñ�)´ÄU(½¯ÔG�½1�E´��

��ê§ùq£�
.�x.d@é/�Ô�ê0�¶óþ§=<ý��±^��

�§�x�»�Ô�G�½1�íºî�Æ¬w�¨fµ/@��^���§�x�

»�Ô��{u�
<�%/@�<´�»Ì0§�ÔþU<½5K$1"ù«

*:=B´�3¥I���Ø�<�É§Ï�¥I�ó<@��´U<Ü�"0@

o§<qA�N�rº��¯Ô�ý¢Qºî�Æ¬)º`§Q,<é¯Ô�@�

´ÛÜý¢§��¯Ô�ý¢3<w5ÒA�´/õçõ^0�§=Ðy3<¡c

�´õ«L�½|Üý¢"ù�§��¯ÔTéA��f�§)�½5½ÓÚA

��Óu6��½5½ÓÚ§Ï��öÑ´3�x¯ÔT�½½ÓÚ�"

4.1.Ä�Ä��§. 3��n-�î¼�mRn¥§b�¯ÔT�Ä�G�9Ä�

m��^�^�þx = (x1, x2, · · · , xn)�x§��Ä�þ�l���mëêtÓÚü

z"ù�§é?�:v ∈ V (G)Ú>(v, u) ∈ E(G)§IÒN�L : v → ẋv ∈ Rn§L :

(v, u) → xvu ∈ Rn"î�Æ¬w�¨f§|^>à�fA+
vuÚA

+
uv§�±?�Úb

½Ä�véÄ�u��^ÚÄ�uéÄ�v��^�x§=xvu = xuv = x"ù�§Ä

�véÄ�u��^3!:uþ�Ly�A+
vu(x)§Ä�uéÄ�v��^3!:vþ�

Ly�A+
uv(x)§Xã10.16¤«"

n n
�

-

v u

x

x

A−uv A+
vu

A+
uv A−vu

ã10.16 î¼�m¥�Ä��^

ù�§6�GLþ!:Åð�§éA��f�§�

ẋv =
∑

u∈N−G (v)

A+
uv(x)−

∑
u∈N+

G (v)

A+
uv(x), v ∈ V (G), (10.30)
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�k|G|��§"~X§éã10.16¤«�dÄ�vÚu�¤�2-�XÚ¥��f�§

k2�§= {
ẋv = A+

uv (x)− A−uv (x) ,

ẋu = A+
vu (x)− A−vu (x)◦

(10.31)

ùp§Cþx�)x±9Ùé�mt��êẋ, ẍ, · · · �"
��/§b��5�fA+

vu, A
+
uvé?�>(v, u) ∈ E(G)Ñ´ëY�§�A+

vu(0) =

A+
uv(0) = 0§K�§(10.30)Ú(10.31)þ�g£�§"ù�§̂ �V?êòA+

vu(x)30:

NCÐm§k

A+
vu(x) =

∂A+
vu

∂x

∣∣∣∣
x=0

xt + αvu(x)◦ (10.32)

ù�¥§α(x)�A+
vu(x)'uxg≥ 2�{��X�>à�f

A+
vu(x) =

(
A+1
vu (x), A+2

vu (x), · · · , A+n
vu (x)

)
,

Kk

∂A+
vu

∂x

∣∣∣∣
x=0

=



∂A+1
vu

∂x1

∂A+1
vu

∂x2
· · · ∂A+1

vu

∂xn

∂A+2
vu

∂x1

∂A+2
vu

∂x2
· · · ∂A+2

vu

∂xn

· · · · · · · · · · · ·
∂A+n

vu

∂x1

∂A+n
vu

∂x2
· · · ∂A+n

vu

∂xn



∣∣∣∣∣∣∣∣∣∣∣∣∣
x=0

=
(
aijvu
)
n×n = Avu ◦

ù�§X�x = (x1, x2, · · · , xn)��Ñẋ, ẍ, · · ·§Kk

∂A+
vu

∂x

∣∣∣∣
x=0

xt = Avux
t =


a11
vux1 + a12

vux2 + · · ·+ a1n
vuxn

a21
vux1 + a22

vux2 + · · ·+ a2n
vuxn

· · · · · · · · · · · · · · · · · · · · · · · ·
an1
vux1 + an2

vux2 + · · ·+ annvuxn

 ,

=

A+
vu(x) = Avux

t + αvu(x)◦ (10.33)

òA+
vu(x)�Ðmª(10.33)�\�§(10.30)§Ké?�!:v ∈ V (G)k

ẋv =
∑

u∈N−G (v)

A+
uv(x)−

∑
u∈N+

G (v)

A+
uv(x)

=
∑

u∈N−G (v)

Avux
t −

∑
u∈N+

G (v)

Avux
t +

∑
u∈N−G (v)

αvu(x)−
∑

u∈N+
G (v)

αvu(x)◦
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Pþª¥�XêÝ
Ú{�©O�

Buv =
∑

u∈N−G (v)

Avu −
∑

u∈N+
G (v)

Avu =
(
bijvu
)
n×n ,

R(x) =
∑

u∈N−G (v)

αvu(x)−
∑

u∈N+
G (v)

αvu(x) = (r1(x), r2(x), · · · , rn(x)) ,

K?�Ä�v ∈ V (G)�Ä��§�

ẋv = Bvux
t + R(x)◦ (10.34)

ù�§b�Ä�v��¼ê�xv = (xv1(x), xv2(x), · · · , xvn(x))§KÄ�vÄ��

§(10.34)�©þ/ª�
ẋv1(x) = b11

vux1 + b12
vux2 + · · ·+ b1n

vuxn + r1(x),

ẋv2(x) = b21
vux1 + b22

vux2 + · · ·+ b2n
vuxn + r2(x),

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,
ẋvn(x) = bn1

vux1 + bn2
vux2 + · · ·+ bnnvuxn + rn(x)◦

(10.35)

AO/§XJxv1(x), xv2(x), · · · , xvn(x)´�5¼ê§Xxv1(x) = x1, xv2(x) =

x2, · · · , xvn(x) = xn�§K�©�§(10.35)L«�
ẋ1 = b11

vux1 + b12
vux2 + · · ·+ b1n

vuxn + r1(x),

ẋ2 = b21
vux1 + b22

vux2 + · · ·+ b2n
vuxn + r2(x),

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,
ẋn = bn1

vux1 + bn2
vux2 + · · ·+ bnnvuxn + rn(x)◦

�?�Ú§XJ�Ñ(10.35)¥x�pg�r1(x), r2(x), · · · , rn(x)§d(10.35)��

~Xê�5�©�§
ẋ1 = b11

vux1 + b12
vux2 + · · ·+ b1n

vuxn,

ẋ2 = b21
vux1 + b22

vux2 + · · ·+ b2n
vuxn,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,
ẋn = bn1

vux1 + bn2
vux2 + · · ·+ bnnvuxn◦

(10.36)

��/§XJxv1(x), xv2(x), · · · , xvn(x)´��5¼ê§�aq/^�V?êÐ

m§�Ù�5Ü©Cq��aqu(10.36) �~Xê�5XÚ"ù�§(10.36)�

½5dA��§|Bvu − λIn| = 0��5��½²ï:0´Ä½"~X§��

§|Bvu − λIn| = 0¤k��¢Üþ�Kê�²ï:0´ìC½�¶�|Bvu − λIn| =
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0�3¢Ü������²ï:0´Ø½��"ù�¥�k��¯K§=3�o^

�e��5XÚ(10.34)��5XÚ(10.36)½�Ä��Qºî�Æ¬)º`§XÚ

½5nØ¥kù��(Ø§XJA+
vu(x)´V.�§=|Bvu − λIn| = 0vk¢Ü

�0��§K��5XÚ(10.34)��5XÚ(10.36)30:�½5��§�d�5X

Ú(10.36)����5XÚ(10.34)�½5"

4.2.6�½�.¯ÔT�G�½1�æ^�f�§@��§d�§(10.34)�5

G�½6�GL�½54�/�6uéÄ�vG��*ÿ�b�"Ó�§¿�év?

�G�ÑU�äv�½�Ä§AO´Ä�m�^���5��/"@o§́ Ä�3

�«Ø�6u�§(10.34)d6�GL5G�½Ä�´Ä½Qº�Y´�½��î

�Æ¬)º`§ù�´�EBanach6�m�¿Â§=òGLÀ�Banach�m¥��

�����½"

@o§��Ä�6�GL[t]½½ìC½´�o¿gQºî�Æ¬)º`§é

?�Ð��GL0�IÒL : v → ẋv(t)�6�G
L[t]§XJé,�Ð�G′L

′
0Ú�½��

êε > 0o´�3��¢êδ > 0¦�
∥∥∥GL0 −G′L

′
0

∥∥∥ < δ�k∥∥∥GL[t]−G′L
′
[t]
∥∥∥ < ε ½ö lim

t→0

∥∥∥GL[t]−G′L
′
[t]
∥∥∥ = 0§ (10.37)

K¡6�GL[t]´½�½ì?½�"

d½Â§6�GLþ�>à�fþ��^3Banach�mBþ��5�f"ù�§

î�Æ¬w�¨f§XJ>à�f´ëY�§Ké?�>(v, u) ∈ E(G)½(v, u) ∈
E(G′)�3~êcvuÚc

′
vu¦�é?��þx ∈ Bk‖A+

vu(x)‖ ≤ c+
vu‖x‖Ú

∥∥A′+vu(x)
∥∥ ≤

c
′+
vu‖x‖"ù�§d6��ê�½Â�∥∥∥GL −G′L

′
∥∥∥ =

∥∥∥(G \G′)L
∥∥∥+

∥∥∥∥(G⋂G′
)L−L′∥∥∥∥+

∥∥∥(G′ \G)
−L′
∥∥∥

=
∑

(v,u)∈E(G\G′)

∥∥∥LA+
vu(v, u)

∥∥∥+
∑

(v,u)∈E(G
⋂
G′)

∥∥∥∥(LA+
vu − L′A

′+
vu

vu

)
(v, u)

∥∥∥∥
+

∑
(v,u)∈E(G′\G)

∥∥∥∥−L′A′+vu(v, u)

∥∥∥∥ ◦
5¿§þª¥��ê‖ ·‖ ≥ 0§d

∥∥∥GL −G′L
′
∥∥∥ < ε�éãG\G′§G

⋂
G′½G′ \G¥�

?�>(v, u)©Ok‖LA+
vu(v, u)‖ < ε§‖(L−L′)A+

vu(v, u)‖ < εÚ‖LA+
vu(v, u)‖ < ε"5

¿�fA+
vu´ëY�§�k‖L(v, u)‖ < ε′§‖(L− L′)(v, u)‖ < ε′Ú‖L(v, u)‖ < ε′"�

�§éãG\G′§G
⋂
G′½G′\G¥�?�>(v, u)Ú�êε′ > 0§X©Ok‖L1(v, u)‖ <
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ε′§‖(L− L′)(v, u)‖ < ε′Ú‖L(v, u)‖ < ε′"½Â~ê

cmax
GG′ =

{
max

(v,u)∈E(G)
c+
vu, max

(v,u)∈E(G′)
c+
vu

}
,

Kk∥∥∥GL −G′L
′
∥∥∥ =

∑
(v,u)∈E(G\G)

∥∥∥LA+
vu(v, u)

∥∥∥+
∑

(v,u)∈E(G
⋂
G′)

∥∥∥(LA+
vu − LA

′+
vu

vu

)
(v, u)

∥∥∥
+

∑
(v,u)∈E(G′\G)

∥∥∥−LA′+vu(v, u)
∥∥∥

≤
∑

(v,u)∈E(G\G′)

c+
vu‖L(v, u)‖+

∑
(v,u)∈E(G

⋂
G′)

c+
vu‖ (L− L′) (v, u)‖

+
∑

(v,u)∈E(G′\G)

c+
vu‖ − L(v, u)‖ <

∣∣∣G⋃G′
∣∣∣ cmax
GG′ε

′
◦

AO/§�ε′ = ε/ (|G
⋃
G′| cmax

GG′)Kk
∥∥∥GL −G′L

′
∥∥∥ < ε§=Ø�ª

∥∥∥GL −G′L
′
∥∥∥ <

ε�duéãG \ G′§G
⋂
G′½G′ \ G¥�?�>(v, u)©Ok‖L(v, u)‖ < ε§‖(L −

L′)(v, u)‖ < εÚ‖L(v, u)‖ < ε"ù�§Òk�½��6�GL[t]½�ÛÜz^

�§=6�GL[t]3Ð�GL[t0]?´½�½ì?½���=�é?�>(v, u) ∈
E(G)§L(v, u)[t]3Ð�L(v, u)[t0]?´½�½ì?½�"

4.3.6�ÓÚ�. é��!:IÒL : v → ẋv�6�G
L[t]§XJ�3��6

�GL0
0 [t] 6= GL[t]¦�

lim
t→∞

∥∥GL[t]−GL0
0 [t]

∥∥ = 0, (10.38)

K¡6�GL[t]´G-ÓÚ�"ù�§A^�f�§(10.34)®���
ÓÚ(Ø§�±

�½6�GL[t]ÓÚ��
AÏ�/"î�Æ¬w�¨f§éGL[t]þ�>à�f�ë

Y�5�f��/�k�B$��OOK"

d½Â§XJ��6�GL[t]´G-ÓÚ�§K�½�36�G0
L0Ú�êN(ε)§¦

�t ≥ N(ε)�k
∥∥GL −G0

L0
∥∥ < ε§=éãG\G0§G

⋂
G0½G0\G¥�?�>(v, u)©

Ok‖LA+
vu(v, u)‖ < ε§‖(L− L0)A

+
vu(v, u)‖ < εÚ‖LA

+
vu

0 (v, u)‖ < ε"ù��5§é?

�:∀v ∈ V (G)k

‖L(v)‖ =

∥∥∥∥∥∥
∑

u∈NG(v)

LA
+
vu(v, u)

∥∥∥∥∥∥ ≤
∑

u∈NG(v)

∥∥∥LA+
vu(v, u)

∥∥∥ ≤ |NG(v)|ε◦
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ù�§�t ≥ N

(
ε

|NG(v)|+ |NG(u)|

)
�§é?¿:v, u ∈ V (G)k

‖L(v)− L(u)‖ ≤ ‖L(v)‖+ ‖L(u)‖

< (|NG(v)|+ |NG(u)|)× ε

|NG(v)|+ |NG(u)|
= ε,

=�§(10.34)¥�Cþxvé?¿!:v ∈ V (G)ÓÚ"��§XJ�f�§(10.34)¥

�Cþxvé?�:v ∈ V (G)´ÓÚ�§=é?��½��êε > 0§�3���

êN(ε)¦�t ≥ N(ε)�§é?¿:v, u ∈ V (G)k‖L(v)− L(u)‖ < ε§= lim
t→∞

L(v) =

lim
t→∞

L(u) = v0"Ø�ÊH5§P� lim
t→∞

GL[t] = GL0§Kk∥∥GL −GL0
∥∥ =

∑
(v,u)∈E(G)

∥∥∥(LA+
vu − LA

′+
vu

0

)
(v, u)

∥∥∥
=

1

2

∑
v∈V (G)

‖(L− L0)(v))‖ ≤ |G|
2
ε,

=6�GL[t]´G-ÓÚ�"ù�§Ò����6�GL[t]´G-ÓÚ���=��f�

§(10.34)¥�Cþxvé?¿!:v ∈ V (G)´ÓÚ�(Ø"

ù�§½Â∆ = GL[t] − GL0
0 §XJG

L[t]´G-ÓÚuGL0
0 §Kt → ∞�k‖∆‖ =∥∥GL −GL0

∥∥→ 0§P∆�O(t−1G)§=>þ�þ�'ut�p�Ã¡�§Kaquü

�Ä��ÓÚ;�§��/k

GL[t] = GL0
0 + O

(
t−1G

)
, (10.39)

5¿§(10.39)ª�^u��/�EG-ÓÚ6�GL[t]"

-

?
6

t t

��� tttt
fi

v1 f1 v2

v3vivi+1vn

fn
f2

ã10.17 �Cnþ�G-ÓÚ

~X§éã10.17¥��Cn½Â>à�fA
+
vivi+1

= 2, A+
vivi−1

= 1§�é?��

ê1 ≤ i ≤ n§½Â>�þ

L : (vi, vi+1)→ (2i−1 − 1)F (t)

2i−1
+

n!

2i−1t2
, F : t→ R,
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P¤�6��GL[t]"�A/§GL0¥�>�þ½Â�fi =
(2i−1 − 1)F (t,x)

2i−1
,K∆ =

GL[t] − GL0 = GL∆"ùp§é?��ê1 ≤ i ≤ n§�t → ∞�kL∆(vi, vi+1) =

n!/2i−1t2 → 0§=∆ = O(t−1Cn)§d(10.39)ª�GL[t]���G-ÓÚ6��!:�

þIÒþ�F (t)§=Cnþ�!:ÓÚ§ù�Ì¼ê{�ä�(ØØÓ"@p§́ l

ã(�þ©Û!:Cþ�ÓÚ§(Ø´Cnþ�!:CþxvÓÚ��U54�"

15!XÚåÆ

?Û��¯ÔTG��CzÑ�À��«åÆ1�"3ù�:þ§�:åÆò

��ÔNMÄ����k�þ�vkNÈ½/G��:M§b��^u�:X�	

åÚXÚS��Ååé�:X�õ��êÚ�u�:XÅ�UOþ§¿3dÄ:þ

�x�:X�CzA�Ú5Æ¶fNåÆb���ÔNT�fN§3$Ä¥½Éå

�^���Ú/GØC§?�xÔN�CzA��5Æ§ùüöÑ´@�÷*Ô

N�n��."y��Æ¥§|Ø´ò��¯

ÔTÄ��,«Ônþ§XIþ½�þ�b�Ù

3���mþ�©Ù§¡�|§?@�¯ÔT�

CzA�Ú5Æ"�÷*ÔNØÓ§|´�«w

Ø�!¹ØX��*¢3§XÚå|!>^|§±

9ã10.18¥¤«�/^|�§¢K´¯Ô�^�

A�	3Ly"ù�¥§�:åÆÚfNåÆÄ

u¯Ô�(½5Ú��5§é�»¥��þ!X

Ú§X)Ô+N½[�|��@�åÃÃü¶| ã10.18 /^|

K´�«é¯ÔÄ�m�^�A�XÚ@�§é�»¥@
�Ñ<*ÿUå�¯

Ô§X�»�N!�*âf�¯Ô�@�¥LyÑ
r�õ^"Ó�/§,�Ôn

þ½�^�A3�mR3×RþÃ?Ø3´�«n�b�§�âfy©9Ù��Ô�
Ä�ü��¤�g�¿Ø��"

ù�§�«g,��{´Äu¯ÔS%(�½6�GL�Ä�1��ïXÚÄ

åÆ§@�¯ÔG�9Cz"éd§î�Æ¬)º`§��¯ÔG��Cz´�«�

*¢3§éAuÙS%(�GLþ�Ä�9Ä�m�^�Cz§́ �«ÄåÆL§§

�±?1ÄåÆ�["éd§²;åÆ¥��:åÆ!fNåÆ½|Ø�Ñ´é,

a¯Ô½¯Ô,«ÛÜA���x§<é¯ÔG�½1��@�I�kù��«X

ÚnØ"Ó�§6�GL��Banach6�mGB¥��þ§�±XÚ�[Ä�9Ä�

m�^�Ä�1�§ÃIò¯ÔÄ���:½´b�¯Ô´��fN§�ÃI«©
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¯Ô´��÷*ÔN�´�*âf§´3¯ÔS%|Ü(�GLþ�ïÄå�§

�x¯ÔG��Cz§́ �«�x¯ÔG�Cz�XÚnØ"

@o§AN�3¯ÔS%(�GLþ�ïXÚÄåÆQºî�Æ¬)º`§3Ú

î1�½ÆÄ:þ§²;åÆ�é�:$Äk���§§¡�Lagrange�§§��

<í2�Úå|!þf|þ�ÑOÏd"Úå|�§Ú�
þf�§§¤����

�5�ÄåÆ�§"��6�GL�L�§´��¯ÔT3S%(�þ�Ly¢3§

nØþ§ÃØ´ò¯ÔTÀ����:X�´��|§Ñ�±A^Lagrange�§í

�6�GL�l�åÆ5Æ§�ïXÚÄåÆ"

5.1.Lagrange�§. Lagrange�§´3Úî1�½ÆÄ:þ§é|�^�A�

�«�x"·���§���þ�m��:A3��³U�V(x)��Åå|Rn�^

e�$Ä�§F = mẍ§�¤©þ/ª�(
− ∂V
∂x1

,− ∂V
∂x2

, · · · ,− ∂V
∂xn

)
= (mẍ1,mẍ2, · · · ,mẍn)◦ (10.40)

ùp§x = (x1, x2, · · · , xn)§�^åF3Rn¥�1i�©þ�
∂V
∂xi
§1 ≤ i ≤ n"é(10.40)�

üà^�©�þdx = (dx1, dx2, · · · , dxn)�SÈ§��

−
n∑
i=1

∂V
∂xi

dxi =
n∑
i=1

mẍidxi ◦ (10.41)

y3§b�q = (q1, q2, · · · , qn)´�:A3��t�2Â�I§=é?��ê1 ≤
i ≤ nkxi = xi(q1, q2, · · · , qn)§Kk

dxi =
n∑
k=1

∂xi
∂qk

dqk, (10.42)

ù��5§

n∑
i=1

mẍidxi =
n∑
i=1

n∑
k=1

mẍi
∂xi
∂qk

dqk =
n∑
k=1

n∑
i=1

mẍi
∂xi
∂qk

dqk ◦ (10.43)

,��¡§d(10.42)�

dV =
n∑
i=1

∂V
∂xi

dxi =
n∑
i=1

n∑
k=1

∂V
∂xi

∂xi
∂qk

dqk =
n∑
k=1

∂V
∂qk

dqk ◦ (10.44)

ò(10.43)Ú(10.44)�\�(10.41)¥k

n∑
k=1

(
n∑
i=1

mẍi
∂xi
∂qk

)
dqk = −

n∑
i=1

∂V
∂qk

dqk ◦ (10.45)
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5¿§dqk, k = 1, 2, · · · , n´�pÕá�"ù�§3�ª(10.45)¥7k

n∑
i=1

mẍi
∂xi
∂qk

= − ∂V
∂qk

, k = 1, 2, · · · , n◦ (10.46)

d¼êÈ�¦��

n∑
i=1

mẍi
∂xi
∂qk

=
d

dt

(
n∑
i=1

mẋi
∂xi
∂qk

)
−

n∑
i=1

mẋi
d

dt

∂xi
∂qk

(10.47)

¿�\��ª(10.46)¥§Ké?��êk = 1, 2, · · · , nk

d

dt

(
n∑
i=1

mẋi
∂xi
∂qk

)
−

n∑
i=1

mẋi
d

dt

∂xi
∂qk

= −
n∑
i=1

∂V
∂qk

dqk◦ (10.48)

5¿§∂xi/∂qk�q̇kÕá§k

ẋi =
dxi
dt

=
n∑
k=1

∂xi
∂qk

q̇k,
∂ẋi
∂q̇k

=
∂xi
∂qk

,

d

dt

∂xi
∂qk

=
n∑
l=1

∂2xi
∂qk∂ql

q̇l =
∂

∂ql

n∑
l=1

∂xi
∂ql

q̇l =
∂

∂qk
ẋi,

�\(10.48)ª¥§k

d

dt

(
n∑
i=1

mẋi
∂ẋi
∂q̇k

)
−

n∑
i=1

mẋi
∂ẋi
∂qk

= −
n∑
i=1

∂V
∂qk

dqk◦ (10.49)

d	§®��:A�ÄUT�T =
1

2
mv2 =

n∑
i=1

1

2
mẋ2

i"ù�§

∂T
∂qk

=
n∑
i=1

mẋi
∂ẋi
∂qk

,
∂T
∂q̇k

=
n∑
i=1

mẋi
∂ẋi
∂q̇k

◦ (10.50)

é(10.49)Ú(10.50)ª?1'�§Òk

d

dt

∂T
∂q̇k
− ∂T
∂qk

= − ∂V
∂qk

, k = 1, 2, · · · , n. (10.51)

5¿§�:A´3���Åå|V(x)¥$Ä§³UV(x)�q̇kÃ'§�k∂V/∂q̇k =

0, k = 1, 2, · · · , n"ù�§½Â�:Aþ�LagrangeþL = T − V§Kk

∂L
∂qk

=
∂T
∂qk
− ∂V
∂qk

,
∂L
∂q̇k

=
∂T
∂q̇k
− ∂V
∂q̇k
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¿�\�(10.51)ª¥§=kLagrange�§

d

dt

∂L
∂q̇k
− ∂L
∂qk

= 0, k = 1, 2, · · · , n◦ (10.52)

@o§N�@£Lagrangeþ�|Ø�'XQºî�Æ¬)º`§LagrangeþL
´��£ãÔnXÚG�½|�¼ê§=�:A�ÄU�: þ�³U�"ù�

¥§ÄUT�ëê�2Â�I��êq̇ = (q̇1, q̇2, · · · , q̇n)§³UV�ëê�2Â�
Iq = (q1, q2, · · · , qn)Ú�mt"ù��5§LagrangeþL(q, q̇, t)3R2n+1þ�©Ù�

¤��Lagrange|"�d§Lagrange�§(10.52)´�:3�Åå|�Ì�5Æ"

5.2.���^þ�n. ���^�n�N�´g,¯Ôüz¥�Ì�5K§=

±���Uþ�Ñ�XÙg��)�!Cz�uÐ§ÙLy/ªæ^�´�¼þ�

C©"@o§�o´�¼þ�C©Qºî�Æ¬w�¨f§C©´¼ê�©3�¼

þ�í2"��/§b�K´D��mB¥���48§¼êF : K → R�¤�8
ÜP�C(K)§K���¼J : C(K) → R´ò48Kþ�¼êN����¢ê§=
¼ê�¼ê§PJ�J [F ]"ù�§é?��¼êF0 ∈ C(K)§�¼�F (K)−F0(K)¡

�F (K)3F0(K)?�C©§P�

δF (K) = F (K)− F0(K)◦ (10.53)

~X§�48K = [a, b] ���4«m�§¼êF, F0 ∈ C[a, b], x ∈ [a, b]"ù

�§F�C©δF = F (x)− F0(x)�÷vδF (a) = δF (b) = 0"5¿§�©�fd/dt´

�5�"ù��5§k

δ
df

dx
=
df

dx
− df0

dx
=

d

dx
δf,

=C©δ��©d/dt$�gS�±��ØK�(J"

��/§<��âé¯ÔT�ÿþ(J§æ^Cþx!ÏCþy(x)Ú�êy′(x)éTG

�Ú1�?1�x§=¼êF (x, y(x), y′(x))"ù�§é���5�¼

J [y(x)] =

∫ x1

x0

F (x, y(x), y′(x))dx, y′ =
dy

dx

O��¼�∆J = J [y(x) + δy]− J [y(x)]§¿òÙ�VÐmª¥��g�§=

δJ =

∫ x1

x0

(
∂F

∂y
δy +

∂F

∂y′
δy′)dx◦ (10.54)

¡�J [y(x)]�C©δJ"AO/§XJF (x, y(x), y′(x))´��Ã¡��¼ê§Kk

∆F = F (x, y(x) + δy(x), y′(x) + δy′(x))− F (x, y(x), y′(x))

=
∂F

∂y
δy +

∂F

∂y′
δy′ + · · · ,
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=F (x, y(x), y′(x))�C©

δF =
∂F

∂y
δy +

∂F

∂y′
δy′◦

ù�§(10.54)ª�±U��

δJ = δ

∫ x1

x0

F (x, y(x), y′(x))dx =

∫ x1

x0

δF (x, y(x), y′(x))dx◦ (10.55)

��/§XJ¼êF, yi, y
′
i, 1 ≤ i ≤ n��§K�¼

J [y1, y2, · · · , yn] =

∫ x1

x0

F (x, y1, y2, · · · , yn, y′1, y′2, · · · , y′n)dx

�C©�

δJ =

∫ x1

x0

δFdx =

∫ x1

x0

(
n∑
i=1

∂F

∂yi
δyi +

n∑
i=1

∂F

∂y′i
δy′i

)
dx◦ (10.56)

5¿§C©$���©$�5Kaq§ØLI�3C©$�¥ò�©dO��

C©ÎÒδ"~X§é�½��¼F, F1, F2§k

δ(F1 + F2) = δF1 + δF2, δ(F1F2) = F1δF2 + F2δF1, δ(F n) = nF n−1δF◦

@o§���5�¼J [y(x)]3�o^�eU��4�½4��Qºî�Æ¬

w�¨f§�¼��4��¼ê4��^�é��§ØLI�æ^C©δ���

©d/dt§=���5�¼J [y(x)]XJ3y(x)?��4�§KC©δJ [y(x)] = 0"ù

´���5�¼��4����^�§·^u?��dF (x, y(x), y′(x))�x�|"

AO/§Lagrange|þ�F (x, y(x), y′(x))�L(t,q(t), q̇(t))"ù�§�¼J [L(t)]½Â

�Lagrange|þ��^þS§=

S =

∫ t2

t1

L(t,q(t), q̇(t))dt◦ (10.57)

@o§3�o^�eLagrange|��^þ��Qºî�Æ¬)º`§d�5�

¼S��4����^�§=kXJ��Lagrange|��^þS����K�¼Sþ
�C©δS = 0§¡����^þ�n"ù�§²Lí�§Lagrangeþ÷v�^�T

´Lagrange�§(10.52)§=

d

dt

∂L
∂q̇k
− ∂L
∂qk

= 0, k = 1, 2, · · · , n◦

5.3.Lagrange6��§. XJò��¯ÔTXÚ�[¥�Ä�G�xv[t]À�Ä

�v�|�A§@o§Ä�mv�um��^KLy�|xv[t]�|xu[t]m��^�A§
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=6�GL[t]",��¡§6�GL[t]��Banach�m¥����þ§Ù�x�T´¯

ÔT�G�9Cz§A��l���^þ�n"ù�§�é¯Ô�Ä�1�?1XÚ

�x"~X§é<½ÄÔN|¤�g|�XÚ§Ä�v�G�dLagrange|L(v)[t]I

½§Ä�v�Ä�um��^dLagrange|vé|u��^L(v, u)[t]é>(v, u) ∈ E(G)I

½"ù�§?��!:vþ��^�lUþÅð½Æ§���T´��6�GL[t]"

@o§N�é6��ÄåÆ1�?1�xQºî�Æ¬)º`§b�N�L :

(v, u) ∈ E (G) → L [L(t,x(t), ẋ(t))(v, u)]���¼��>à�fA+
vu���§Kd

uGL[t]´��6�§GL ∈ GBE´��6�"��6�G
L [t]þ��^þ9ÙC©

©O½Â�

J
[
GL [t]

]
=

∣∣∣∣∣∣
t2∫
t1

GL [L(t,x(t),ẋ(t))]dt

∣∣∣∣∣∣ , δJ
[
GL [t]

]
=

∣∣∣∣∣∣δ
t2∫
t1

GL [L(t,q(t),q̇(t))]dt

∣∣∣∣∣∣ ◦ (10.58)

ùp§C©δ : GB → GB���G-Ó��f"dC©$�5K§k

δJ
[
GL [t]

]
=

∣∣∣∣∣∣δ
t2∫
t1

GL [L(t,q(t),q̇(t))]dt

∣∣∣∣∣∣
=

∣∣∣∣∣∣G
δ
t2∫
t1

L [L(t,q(t),q̇(t))]dt

∣∣∣∣∣∣ =

∣∣∣∣∣G
∫ t2
t1

n∑
i=1

(
∂L
∂qi
− d
dt
∂L
∂q̇i

)
δqidt

∣∣∣∣∣ ◦ (10.59)

ù�§d���^þ�nkδJ
[
GL [t]

]
(v, u) = 0ÚBanach6�mþ�ê�5

�§�é?�>(v, u) ∈ E(G)k∫ t2

t1

n∑
i=1

((
∂L

∂qi
− d

dt

∂L

∂q̇i

)∣∣∣∣
(v,u)

)
δqidt = 0◦ (10.60)

5¿§δqi, 1 ≤ i ≤ n´�pÕá�"ù�§(10.60)ª¤á�^�´Ù¥δqi�X

êþ�0§=é?�>(v, u) ∈ E(G)k(
∂L

∂qi
− d

dt

∂L

∂q̇i

)∣∣∣∣
(v,u)

= 0, 1 ≤ i ≤ n◦

ù�§î�Æ¬w�¨f§Ò��6�GL [t]þ�Euler-Lagrange�§

∂GL

∂qi
− d

dt

∂GL

∂q̇i
= O, 1 ≤ i ≤ n◦ (10.61)

AO/§é?�>(v, u) ∈ E(G)3�§(10.60)¥�L : (v, u) → L(t,q(t), q̇(t))�

�Lagrange|þ�6��§

∂GL

∂qi
− d

dt

∂GL

∂q̇i
= O, 1 ≤ i ≤ n◦ (10.62)
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5¿§î�Æ¬)º`§(10.62)ª´Lagrange|þ6�GL[t]�Euler-Lagrange�

§"��/§6�GL [t]�Ä�1��l�§(10.61)"~X§½Â��Õáu>(v, u) ∈
E (G)�Lagrangeþ

L [L(t,q(t), q̇(t))] (v, u) =
n∑
i=1

ciq̇
2
i −

∑
1≤i 6=j≤n

cijqiqj,

Kk
∂L

∂qi
− d

dt

∂L

∂q̇i
= 2ciq̈i −

∑
j 6=i

cijqj◦

ù�§d�§(10.61)��n��©�§

2c1q̈1 −
∑
j 6=1

c1jqj = 0,

2c2q̈2 −
∑
j 6=2

c2jqj = 0,

· · · · · · · · · · · · · · · · · · · · · ,
2cnq̈n −

∑
j 6=n

cnjqj = 0◦

@o§Euler-Lagrange�§3�o^�eòz�Lagrange�§(10.52) Qºî�

Æ¬w�¨f§��/§6�GL[t]þ�Lagrage þL(t,q(t), q̇(t))k6u>(v, u) ∈
E (G)"�XJL(t,q(t), q̇(t))Ø�6G¥�>§=�>(v, u) ∈ E(G)þ�Lagrageþ

��§K�§(10.62)òz�Lagrange�§(10.52)"ù�§�!:Cþxv3t → ∞�
ªuÓ��Cþx§=6�GL[t]´G-ÓÚ�"�ó�§Lagrange�§(10.52)�x�

´�Ä�v ∈ V (G)þCþxvÓÚ�XÚÄåÆ1�"AO´§���þ�m��

:A3�Åá|¥�ÄåÆ1�"

Q,6�GL[t]3XÚ@���¯ÔT¥kXù����^§¨fk
¦¾

/¯î�Æ¬µ/@ù��5§´Ø´�§(10.61)½(10.62)�±�x?�¯ÔT�

ÄåÆ1�§�ï<aé�Ô@��Ú�nØ
Qº0nØþ�±ù�@��î

�Æ¬)º`§�<��8�vkuy�«(½Lagrangeþ�Ú��{§=´é

�Åå|dL = T − V�½Â(½Lagrangeþ§éÙ¦aO�Ôn|§<�3õ

ê�/´��.A:^E|©nL(t,q(t), q̇(t))§$�3?��Ôn|þ´Ä�½

�3LagrangeþL�E´���)û�¯K§¿Ø�Lg,ý¢�½Xd"=BX
d§�§(10.61)½(10.62)�(�XÚ@�¯ÔT�G��Cz1�Jø
��nØ

µe§ù3óÆþ§�½§Ýþ%¿X<aé�Ôý¢�@�[Ã�¸§I�Øä

/�&¢�uy"
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6.1. �ä6A^u¯Ô@�I�?�Úí2§ÏÙ!:!>þIÒ�¢ê¯

Ô�uÐ  ´õ�Ý�"2014c§�¤�êÆþ�êÆ[Mao31]@�LkóÆ¿�

�nã�§·ò�ä6>þ�6þO���þ§�¦Ù3?�!:þ6\�6Ñ�

�þ��§¡�G-6§¿}ÁX�x�ä6!:Ú>Øu)Cz��/e�ä6�

�NCz§3�5�mþí2�ä6"ù�§�ä6�Cz��þCzaq§�ØL

´3�þ�©þm�3�«�½�|Ü(�G��±y²§XJ�ä6>þ��þ

áuÓ��Banach½Hilbert�m§Kù���ä6��¤��Banach½Hilbert�

m§¿�±aqu�¼©Û§�©z[Con]Ú[GZF]¥��{§3ÙþÚ\�5�f

��5�¼§í2�¼©Û¥��
Í¶(Ø§XØÄ:½n!Fréchet-RieszL«

½n�"AO/§�>6þ�Hilbert�m¥����±3ÙþÚ\�©!È©$�§

?Ø�ê�§!�
²;� �©�§§XÅÄ�§!9D��§�|Ü)�§ù

Ò´uL�éá�mSÒk<Ú^�mM5Ø©[Mao33]"

6.2. �ä6�x¯Ôý¢�Û�Øü´Ù!:!>�IÒ�¢ê§�Ly3Ù

|Ü(�G3üzL§¥�½ØC§±9é?�!:§>þ�Ñ\6�3!:þ�

*ÿþ��§ùØ��ÎÜÔ�§AO´�*Ô��Ñ$G¹"2015c§A�ÑR

<Ý\���êÆ¬£æ³1�!�¥1�n�êÆ¬¤|��/�IêÆ�êÆ

�Æ?Ðª³Æâ�6¬0(NCETMMS-2015§2015c12�17-19F)�Plenary�w

c§·òdcïÄL��þ!XÚ�|Ü)�G-6?1
Ú�g¢§l¯Ô�XÚ

@�Ñu§3G-6þÚ\>à�f§=>þ�6²�f�^�3!:�lÔ�Åð

½Æ§éAuÄ��G��§§=©z[Mao38]Ú\�§�3©z[Mao38]-[Mao54]

¥?Ø�ëY6"éA/§�þ!XÚ�|Ü)ØL´V�ãþ�ëY6"Ó�§

��[Ô�üz¥Ä��Cz¯K§dã�¿!�$�Ú\ëY6þ�\{!:¦

Úê¦$�§¿òëY6�NÀ���êÆ�"ù�§ëY6�!:�À�XÚ�

Ä�§>þ�6�xÄ�m�^þ���§>à�f��^þ3��^Ä�à�N

�½C�"��ä6aq§��ëY6�Banach½Hilbert6�m§¿3Ùþí2�

¼©Û¥�ØÄ:½n!ëYNì½n!4ã�½nÚHahn-Banach½n�§�þ

fåÆ¥�þfb��kS%(��Ø¬K�þfåÆ¥é�*âf�1�b�§

�±?�Ú�xâf1�§�©z[Mao34]![Mao36]![Mao45]Ú[Mao48]�"ù�

¥§[Mao45]´gJÑêÆ|Üß��2017c��§·uL�|Üg�9@�g,ý

¢��X�Ø©§l¥�±wÑ·�êÆóÆ*§©z[Mao34]Ú[Mao36]¥é�*

âf�@�*:��Jean de Climont?6��.�ÆÃþ5The Worldwide List of
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Alternative Theories and Critics6£2018�¤¤Â¹§�©z[Cli]"

²ï6´ëY6��«AÏ�¹§=!:!>þ�IÒ�E�þ��/"XJ

�E�þ�JÜ�0§K²ï6ò£���¢�þIÒ�ëY6§�Uì¥I�ó

Æ§²ï6äk)·¿Â§�A^u�x/Ò�²ï0�)·N"²ï6�JÑ�

©z[Mao46]§́ u·2018c7��8�)¾Ïm§ïÖ5�2S².�¯6Ú5�2

S².(Í²6�)�a×§uy¥�nØ¥�<N��²óÆ`T´�«²ï6§

�2015c·3[Mao38]¥½Â�ëY6é�¥I�<���A^¢~"

6.3. aqu�ä6�È©§Hilbert�mþëY6��È©$�´3[Mao42]-

[Mao43]![Mao49]Ú[Mao51]¥�ï�"ù�¥���Ä�¯K§́ �^uëY6þ

��f���Banach�m���f´Ä��º�Y´Ä½��Ï��^uëY6þ

I��±|Ü(�§=©z[Mao51]¥½Â�G-Ó��f"

åÏÑÃ½§��V�w�>"

— /.xØ 5́�óÊÄ6
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ã11.1 _%%�

ù�¥§_%X���U½g,Cz�³§���»/U1è0�Ô/�0��

¡§=fè!¥�ÚgrØE¶%%XÒ���///³%0�Ô/Ò0��¡§=

R^Ú�N§_��Ô3�/þ)�"�f3Ù�5´²6��5�D6¥§V)�

<�{U�A /́U1è§�f±grØE0§Ï�_%��³ /́fè¥�§X{
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¬�§=<A�{U�!/�?�§��¡A�U��§g·Øä/J¦?Ú§fÀ

jR!u¯ãr¶,��¡A��/��§Oþ{�!�N�Ô§Ï��kù�§<

aâU))ØE/��»��"

ù�§̈ f%¥Ek
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5��²61��ÊÙ¥�/<{/§/{U§U{�§�{g,0§=<�É/¥�

��§I�{/¥!�{U!�{�§���{g,1¯§/?���0?1g·�
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ã11.3 �Ô)¤ã

@o§��o�»M©�Ì/�)�§�)�§�)n§n)�Ô0�üz5
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Ò��»/�0íü/n0)Ñ�»�Ô"ù�¥§/�!�0Ú/n03Pf��»

M±Ñ�ãµ¥�¹ÂXeµ

£1¤/�)�0¥�/�0áu<n5@��Ô¥/Ã¥)k0�(J§́ <é

�»�ÐG�@��å:§Ï�/Ue�Ô)uk0§/�0́ <n5@�/k0�å

:§=�»�Ð��«·bG�§Ï�/<0?3/n)�Ô0�/�Ô0�¥"@o§

ù�/�0?3���o��G�Qºî�Æ¬)º`§g,��/�0�«1N§

Q, /́�)�0§ÙlÃ�kÐyÑ<a����»G�� /́�0§�±²dP

fé/�0�£�rº"éd§5��²61���Ù´ù�£��µ/���Ô§�

��,",ñ�ñ§Ù¥k�¶�ñ,ñ§Ù¥kÔ"�ñqñ§Ù¥k°¶Ù°$

ý§Ù¥k&0§¿g /́�0���«g,/Ô0Ly�£�Ø½!�p=²",,

��¥�a���½�/�§��,,¥qZyÑ�
¢Ô§_q©V¥Ñy�


°��í§QXýq£§§4<�&/�0��3§ùÓ�´3<�@���S<é

�»M�Ð�/��x§= /́���,0�/�ñ,ñ0�£�Ø½§¿�´�

�<�±a�½(½�/�Ô"Ó�§/�)�0¿�´3�Ã�ÔG�e�/)0

 /́Ù¥kÔ0�)§�´k:/�ñ,ñ0§=Ø(½½·b"éd§5��²6



420 111Ù u<£Ô

1��ÊÙ¥�/kÔ·¤§kU/)"Nñ�ñ§ÕáØU§±1Ø�§�±�

Ue10?�Ú£�/�0�G�§= /́kÔ·¤0��Ã�Ô"Ó�§/�0́

/kU/)0§Ï�U/ /́�)�0���Ô"ù�¥§/Nñ�ñ§ÕáØU§±

1Ø�§�±�Ue10?�Ú£�<a���»3/�0�G�§=3�JN·

¥U/�0ðÈ/$1§üzÑ�»�Ô"

£2¤/�)�0¥�/�0=¥I�óÆ¥�/Ò�*0½�4ã§́ ¯Ôüz

¥�/��0ü��¡�³å"@o§�»��o¬d·bG�üz¤Ò��Qº§

¥I�óÆ@�?Û��¯Ô�üzu¯Ô¥�Ò�ü«³å½/gñ0§́ ¯

Ô¥�Ò�3íÄ¯Ôüz§q¡�¯Ôüz�/�Äå0½/�0"éd§Pf3

5��²61o�Ù¥�/�X��Ä0¥�²ù«Ò�m�Ì� E§=�4ã¥

%¹�óÆg�´¯Ôüz�SÏ§1Ô�ÔÙ/U��§�k{ÖØv0�²

U��$15Æ /́�k{ÖØv0§�±�»üz¥��N½²ïuÐ"5��

²61o��Ù¥/�)�§�)�§�)n§n)�Ô0�¡;�X� /́�ÔK

Ò��§Àí±�Ú0§�3�²?Û��¯Ô¥�3��ü��¡§�¡��

�¡�Ò§̄ Ô´3Ò��í�p�-�!�^¥��«Ú�Ú�N"

£3¤/�)n0¥�/n0¿�êÆ¥�/n0§¥I�óÆ¥�/n0́ õê

��«��§=/n9n±þ�õê0§�)<agC§=<��)Ø´3/�0½

/�0´3/n0¥§́ �X/�Ô0��)Ñy�"ùL²§<aé�Ô��

)�U²db`n5@�§Ø�U��¢3y²"¥I�óÆ@�/<àU/�(

í0§�Ô��)ØUvk<��K"¥I�©z¥k�/��mU/0�D`§@

���Ñ)3�»?3·b=/�0�G

�§´��oe�¥��ß¸¿òÙC�

�r <ÒXv�·b�»§¦Ù�©�

�§�öþ,/¤U§ZXeá(�/§�

�KÕ3¥m§=ºUá/"�åiE<§

3�»¥/¤U/<½/nâ0��Û§=

ã11.3¥/n0éA�/"aq/§¥I�

�¥�/n��<0§=�©U�!(�U ã11.4 n��<

�Ú��U�´�»M¥/�!�0Ú/n0�!¥� §n U�©OÝ+X�

)�!�)�Ú�)n�L§"5¿§ã11.4¥n U��üS´U¥I�©zd

m���üS5K"ù�¥§��U��z�=´<m�Pf§Ï���@�Pf

De�[²;5��²6§́ � /U�0�3<m1r§�:
���Má§��

ÁÙ�����þ�Ì"



11! U<Ü� 421

@o§/Pf5��²6¥�-n)�Ô.́ N���«-).§q´²d�oå

»�-).Qº05��²618Ù¥�/� Øk§́ ¢_�"_���§́ ¢U/

�"��e�§̂ �Ø�0�x�� /́n)�Ô0�L§Ú�ª"ù�¥�/� 0

�/�0Ô�á5=/g,0§Ï�/�0JÃA2¡Ù��§ÏÙ%�X�Ôüz

�5K�±�±ð§�¡�/� Øk0¶/_�0¥�/_0i��©!�5!��

¥�/�0i)º"ù�§/n)�Ô0aqu)Ô�û�L§§=U/¥�3��

aq�)�ì§¡�/_�03@p))ØE/�ûX�»�Ô"3d��§�ÔU

5��²61�8Ù¥�/ÅÔ��§�E8Ù�0§=�Ô�,«a!êþ�õ�

þ´3±/á�8�0��ª/Ì� E0£8Ù�Ð��û±�±YÔ«�òY"

î�Æ¬w�¨f§nØÔnÆ¥/�»��¿`0�Ì��´Pf�/�)

�§�)�§�)n§n)�Ô0ù«È��üz5K§�ØL´ò·b�»/�)

�0�L§¥§/�0XÛ)/�0b`�3/�0¥u)
�g/Ø²�Ï0��»

��¿§U��¿ù«~<Un)��/��må:§¿b�3��¿��Ð�A

¦�Ð�»3�mþ��Þ!��X�¿§Ýeür�^!f�^Ú>^�^�©

ã11.5 ��¿M)�Ô

l!Ä�âf!�âf�-EÚUþ=z§=)/n0§?UØÓaOÔ�/�0|

Ü¤�f!©fÚUN§üzÑ)·�/��¯)0§2y/n)�Ô0�Ôn|Ü

L§"�´§î�Æ¬w�¨f§�»��¿`¥Ek��¯KÃ{g�Ù`§=

��¿¤�6�@�·b�»-�.lÛ5º�YE�U´Pf�/�)�0§Ï

�/�0´<@��»�å:"ù�:Ó�L²§�»��¿`9Ùû)��
M

Æ`§́ 3<�����S���»�Ô�üzL§§́ <é�»M�n)�

@�§ù3�½§ÝþE¤
<aÃ{é�»��¿c�G�?1@�§=��¿

�c��»G�´�o�f§́ ���»Ã����:�´¿÷<aØ��Ô��

m½¥N��Ñ
<a�@�Uå�¯K§�UØb`	[�vk�Y"

ù�§̈ f%¥éPf�/n)�Ô0Ú/�»��¿`0¥�/Ò�0�)�

�¦¾§̄ î�Æ¬µ/ww§-Ò�*.Ø´¥I�óÆ�Ä:í§�3-n)�Ô.

�!Ú-�»��¿`.¥Ð�ÑvkNyÑ5Qº0î�Æ¬é¨fU��ù�¯



422 111Ù u<£Ô

KL«7N§)º`UPf5��²6¥�óÆg�§�»3/�)�§�)�§�

)n§n)�Ô0M)¥d/�)�0Ñy/Ò�0�§¿�=´d/Ò�0=/�0

)Ñ/n0
¯"ù�¥�kü�/)0�%¿µ�´/Ò�0=/�)n0½ö/

��:´dÒ�)Ñ/U/<0=nâ§?/n)�Ô0¶�´3�»M)¥§/Ò

�00Bu/�0���z���!½?�¯Ô�)ÚCz�¥"��où�`Qº

î�Æ¬)º`§Ï�/�)n0��¿ /́Ò�0Ny3/n0¥z�Ü©��¤

¥§=U!/!<¥þk/Ò�0ü«³år¦ÙCz§éA/§ddüzÑ��Ô

¥�7,�3/Ò�0ü«³åíÄX¯Ô�Cz§±¢y5��²61o��Ù�

ÔM)¥�/�ÔKÒ��§Àí±�Ú0G�§±9¯Ô/�ö��Ä§fö�

�^0�Cz�Äå§=¯Ô���ü��¡¥�föo´3^Arö¥$Ä¿3

^A¥Åìr�§Ì� E±�Ã¡§U5��²61Ô�ÔÙ¥/U��§�k{

ÖØv0�5K$1"

@o§�»��¿`¥´ÄK\
¥I�óÆ¥�Ò�*Qº�Y´Ä½��î

�Æ¬w�¨f§�»��¿`¥§�,Ny
Pf��»d/�0�/n0�üzL

§§�¿vkR\¥I�óÆ¥�Ò�*§Ã{)º¯ÔCz¥��ÐÄå¯K"¥
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=L(v)ÚL(u)m��^¥�é¡�§KT��|��^��§(10.31)aq§�{
ẋv = LA

+
uv(u, v)− LA−uv(v, u),

ẋu = LA
+
vu(v, u)− LA−vu(u, v)◦

(11.1)

5¿§�§(11.1)´3XÚF	*ÿF¥�ü��p�^�v, u��f�§"ù
�¥§�v, u�G�9CzØ�6u<�*ÿ"~X§3cÚPà�¤���XÚ

¥§̂ xv, xu©OL«cÚPà�«+5�§KcÚPà�«+5�ØÏ<�*ÿ

UC§éA�G��§� {
ẋv = xv(−µ+ cxu),

ẋu = xu( λ − bxv)◦
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uv = cxv, A

−
uv = µ§A+

vu = λ,A−uv = bxu"ùp§−µ´c3vkPà��²þ
O�Ç§λ´Pà3vkc��²þO
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J
[
KL

2 [t]
]

=

∣∣∣∣∣∣
t2∫
t1

KL2 [t]dt

∣∣∣∣∣∣ , L(v, u) =

t2∫
t1

L(q, q̇, t)dt (11.3)

��>à�fA+
uv = A−uv = A+

vu = A−vu = 1B"ù�§d���^þ�n§�C

©δJ
[
KL

2 [t]
]

= 0§XÚKL
2 [t]3Lagrange |¥�Euler-Lagrange�§�

d

dt

∂KL2
∂q̇k

− ∂KL2
∂qk

= O, k = 1, 2, · · · , n◦ (11.4)
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äN �"¢Sþ§XJ�»��¿`´�(�§��¿u)�@��Ð �Ò´

�»¥%§�ù=´<aé�»M/�)�0¥/�0��«b`§́ Ä´�»M

��5¡8Ã{��¢y"î
î§î�Æ¬w�¨f§ÃÆ²;5�eÅÛ�

õ%²6¥k�é¶ó§=/Ú=´�§�=´Ú0���´<é�Ô@�¥�ù«

Û�5"ùp�/Ú0́ ��ÔÐy3<¡c�L�§́ <é�Ô@�D��/Ú0§

¿��Ô�5§Ï��Ô�5�/�0T´¯ÔØ�<ú	���A�"3ù�¡§

¥I�ó<é�Ô{K�@���Ù¦¬x½/�Æ0��§kX�«g¤NX�
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M*Ú@�*§=/�)�§�)�§�)n§n)�Ô0¥�/�0��<é�

Ô@�¥�/¶0�§±9¯Ô�)���'X"

2.1.�Ô{K. ¥I�ó<@�§�Ô{K´/�0§´/�03/�)�0�

/�0¥�)�/·b�»0§́ /�03/�)�§�)n§n)�Ô0§,�/�

ÔKÒ��§Àí±�Ú0"@o§�o´�ÆQºî�Æ¬)º`§�Æ´<a

uy�,
Ôþ�{K§́ 3,
Ôþ/�0�Ly§́ �Ô{K¥�Ü©½ÛÜ

�£NX"�ó�§�Ô{K´�Æ�ª48I���où�`Qºî�Æ¬w�

¨f§�Æ´3<å¤U9���S@��Ôý¢§́ �«ÛÜ@�§ål�«�

Ôý¢´��Ã��@�L§"ù�¥§� /́�Ô03êþþ¯õ§��¯Ô�k

Ñy§<��´é¯Ô�����@�§L§ªuÃ�¶�´<3@�Uåþ�Û

�§Ø�½Ua�¤k¯Ô"Ó�§<é�Ô�@�´3/n)�Ô0��§¿Ø�

¡/�0§é/�)�§�)n0¥�/�0Ú/�0�´3b`e�í�§́ <3é

¯Ôüz5Æ@�§(ØØ�½´¯Ô�/�0=´<é/�0�ÛÜ@�"

f�î�Æ¬ù��)º§̈ fé/�03<a@�¥�óÆ¿Âk
a×§̄

î�Æ¬µ/ww§@�o -́�.Qº0î�Æ¬)º`§Øò/�0À��Ô{K

	§éJ�/�0e��O(�½Â"/��o´ù�Qº0î�Æ¬`§<é�Ô

�@�lØm�ó§Ï��ó´<aLy�Ô5K�Ä:"��/§<@���¯

ÔI�éÙSºÚ	ò.½§̂ �ó�§å�Ä��/¶0±«OuÙ¦¯Ô",

§?Û�«�óÑI3A½�©z�µ!A½��¸|Ü�^�eâUO(/L

�¹Â"ÄK§�UéJ(½��c½�é{�O(¿g§$�¬3�½§ÝþE

¤�¿�Ø)"é<a�@�L§§Pf35��²6m�´ù�Øã�µ/���§

�~�¶¶�¶§�~¶"0¿g´<�±^�óLãÑ5�/�0�½Ø´[ð�

/�0§́ <agC�@�¶�± /̂¶0=�ó.½�¯Ô¿�¯Ô��§́ <a

gCé¯Ô�.½"�X§5��²61�Ùé<a@��ÔØã�/Ã¶U/�©§

k¶�Ô�10"ùp§/U/0�c´��/�Ô0§Ï��Ô3/�)�§�)�§

�)n§n)�Ô0�M)¥´Ã¶�§=´U/�0��53?1�û§́ <aé

�Ô�.½§̂ �ó�Ùå/¶0§±/¤<aé�Ô@��L��ª§?�¡�

Ô§å�/10i��û�^"

@o§<ATN�@��Ô{K½-�.Qºî�Æ¬)º`§Q,/�Ô0́

«1/�0��N§<q�U3Ùå¤U9���Sa��Ô§<3é/�0�@�

L§¥§Ò�Ud�ÔÐyÑ5�ÛÜA5/×�0"Pf35��²6¥=´æ^

�
Ô�A53�º/�0��5"~X§1oÙ¥�º�/�§À^�½ØJ"

�ñq�Ô�m"�Ùb§)Ùª§ÚÙ1§ÓÙ�"Öñq½�0=´<3^�»
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M/n)�Ô0¥/�Ô0�G�a×/�0§¿g /́�0Û¹3�Ô¥§�´J

Ø���^X���§q�Ô��¶§Âñbí§üØª,§%OX1]§·Ó

��§́ @�_Û§�Ã´3��,,¥�3"�X§5��²61lÙ¥±/Y0�

/�0§¡/Yõ|�ÔØ�§?¯<�¤�§�Aß�0§¿g´Y_��Ô§Ø

��Ô�ö¿ÌÄ $?6§à®3õê<ØU��$��?§Ù�5�Cu/�0

�§Ñ´3 /̂Ô0�A5'�/�0��5"

ù��5§/�0Q,´Û¹3�Ô¥§�Ôq?3ØÊ/$Ä�¥§/�0�

�5AT�)/Ä0§=5��²61��ÊÙ¥�/Nñ�ñ§ÕáØU§±1

Ø�0¥�/±1Ø�0�1�§=3<w5§/�0Ly��Ô3�JN·¥ð

ÈØ�E/�«$$G�"@o§íÄ-�.±1Ø���Äå´�oQºî�

Æ¬)º`§ùÒ 5́��²61o�Ù¥�/�ö��Ä§fö��^0"ù�¥

�/�0= /́±1Ø�0��Äå§=3/Ò�0½��ü�¡³åíÄ¯ÔC

z�uÐ¥§Xã11.10¥/¥�S!g!

¢!ÁoGCz§´/�0��¡3í

ÄX¯Ô�Ì�Cz§́ /f0��¡

3ÐyX/�0�õ^§Ï�5��²6

1n�8Ù¥®�º
/Rf�fr0§

/́fr0��¡F"�±¯ÔyG

/Rf0��¡�UCyG§=�/f

r0��Äå3íÄ¯ÔC�"ù«� ã11.10 oGÌ�ã

ÄåLy3U�þ§=´Pf31Ô�ÔÙ¥�/U��§�k�ÖØv0"ùp

�/U��0�/g,{K0§=g,{K´�~k{�±Ö¿Øv�§¢y/U/

À�Ô�F�0�ú²§±�±�Ôm�Ú���)"

2.2.|Üå|. 3Ô�´ëY©Ù�b�e§�Ôm®��Ä��^åko«§

=ÚåÚ>^å!rØåÚfØå§©ONy3��X!ÕàX�UN�¤�÷*

�»ÚÄ�âf�¤��*."ù�¥§Úîuy��kÚå��ÔéA§=?Û

ü��3�þm1,m2�ÔNmþ�3���m1m2¤�'§�§�m�ålr¤�'

�ÚåF�^§���éØ�Úå�D4x0=Ôn¢3§Ø�®òÙ8�Ô�m

��«�å�^"î�Æ¬w�¨f§�
ÆöQò�F1æp¬õ�b��/±

�0À�Úå�D40�§D�Ù3�»¥/vk�þ!ýé·�0Ú/þ!©Ù0

�A5§�qéØ��3yâØ��Æ.@Ó§��OÏd"òÚåw��«|

�A§òÚå)º��«�m��|�Aâl��þ£�
Úå��5§�)º


��o3<w5Úå´�«�å�^"@o§�F1ó<ú¥�-±�.�Pf
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M -̀kÔ·¤.¥�-Ô.́ Ä��Qº�Y´Ä½��î�Æ¬)º`§Pf

M`¥�/Ô0́ 3/�)�§�)�§�)n§n)�Ô0L§¥/¤�Ô�/�

Ô�0§́ �«Ôn¢3§?3M/�0��!¶æp¬õ��/±�0́ �«H

Ù�m�J�Ô§�F1<±Ù���U½þ��í��»¥�/�Ô�0"UP

f�M`§/±�0=B�3§�´3/n)�Ô0¥�)�§�Pf/kÔ·¤0

¥`�/Ô0Ø3Ó���g"

£1¤|ÜÚå|. Úî�kÚå½ÆL

²§�þÔNm�3Úå�^§=/n)�Ô0

���«g,5K"3î¼�mR3¥§�þ

�m1 u:x ��:P��þ�m2  u:y ã11.11 ÚîÚå

��:P ′m�Úå�^´�«�p�^§Xã11.11¤«"Ù¥§�:P, P ′m�å

lr = |x− y| = |y − x|§Úå

F1(y) = −Gm1m2

|y − x|2
Ixy, F2(x) = −Gm1m2

|x− y|2
Iyx◦ (11.5)

ù�¥§G = 6.673 × 10−8cm3/gs2 ��kÚå~ê§Ixy, Iyx©O�
−→xyÚ−→yx��þ

�ü �þ§=Ixy = (y − x)/|y − x|§Iyx = (x − y)/|x− y|"5¿§Úå³V1,V2

�ÚåF1,F2�'X�

F1 = −
(
∂V1(x)

∂x1

,
∂V1(x)

∂x2

,
∂V1(x)

∂x3

)
, F2 = −

(
∂V2(x)

∂x1

,
∂V2(x)

∂x2

,
∂V2(x)

∂x3

)
kÚå³

V1(x) = − Gm1

|x− y|
, V2(y) = − Gm2

|x− y|
◦ (11.6)

ù�§dÚå³(11.6)�:P�P ′�m�ÚåF1 = −F2�±w�´�:P
′3

�:P/¤�Úå|V1(x)¥ u:y ∈ R3?��^å§��±w�´�:P3�

:P ′/¤�Úå|V2(x)¥ u:x ∈ R3?��^å"�ó�§�:PÚP ′3�

mR3�g/¤��Úå³�V1(z)½V2(z), z ∈ R3�Úå|"î�Æ¬w�¨f§�

:PÚP ′�g/¤�Úå|V1§V29Ù�p�^�À�ã11.6¤«���|KL
2 [x]"

ù�§L(v) = V1§L(u) = V2�L(v, u) = F1§L(u, v) = F2"

��/§é?��ên ≥ 1§b�3�mR3¥kn��þ©O�m1,m2, · · · ,mn§

 ux1,x2, · · · ,xn ∈ R3��:P1, P2, · · · , Pn§���þ�M��:P ux ∈ R3"

@o§UÚî��kÚå½Æ§�:P1, P2, · · · , Pn�^u�:Pþ�Úå´õ�Qº
î�Æ¬)º`§XJrÚîÚåÀ��«ý¢�/�þ0§b��:P1, P2, · · · , Pn�
^u�:Pþ�Úå©O�Fx1x,Fx2x, · · · ,Fxnx§Kd�þ��5U\�K§�:P1,
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P2, · · · , Pn�^u�:Pþ�Úå�

F (x) = − (Fx1x + Fx2x + · · ·+ Fxnx)

= −
n∑
i=1

GMmi

|xi − x|2
Ixix = −GM

n∑
i=1

mi

|x− xi|3
(xi − x) ◦ (11.7)

ùp§é?¿�ê1 ≤ i ≤ n§Ixix = (xi − x)/|xi − x|�−→xxi��þ�ü �þ"ù

�§aquü��:��/§Úå³

V(x) = −G
n∑
i=1

mi

|x− xi|
◦ (11.8)

5¿§�:�.´3ÔN���!/GØå�^!��ÑØO½´�|©ÓÚ

���«Ä��."@o§XJ��ÔNPØ÷vù�^�KØUÄ���:"ù

�§́ ÄE�±3Úî�kÚå½ÆÄ:þ�ïÚå|Ü|Qº�Y´�½��î

�Æ¬)º`§ù�I�^�/�©È©0�g�§b�ρ(x′)´ÔNëY©Ù��þ

�Ý§éÔNP?1[©§¹kx′�ü�U(x′)§K3diamU(x′)→ 0�kU(x′)→ x′"

ù�§�±Cq/b�U(x′)� ux′?�þ�ρ(x′)d3x′��:"ùp§diamU(x′)L

«U(x′)��»§=U(x′)¥ü:m���ål§Kaqu(11.8)ª�í�§�þ�Ý

ëY©Ù�ÔNP/¤��ÚîÚå|§Ù?�:x ∈ P?�Úå³�

V(x) = −G
∫
P

ρ(x′)

|x′ − x|
d3x′◦ (11.9)

dÚå³(11.8)−(11.9)ª§n��þ�Ý©O�ρ1(x), ρ2(x), · · · , ρn(x)�ÔNP1,

P2, · · · , Pn�^u���þÔNPþ�ÚåF�À�P3P1, P2, · · · , Pn�gÚå|/
¤���|Ü|§=SmarandacheU|KL

n¥É��Úå"��oP1, P2, · · · , Pn�
Úå|/¤��|Ü|Qºî�Æ¬)º`§b���ãKn�º:8V (Kn) =

{v1, v2, · · · , vn}§½Â

L : vi → Vi(x) = −G
∫
Pi

ρi(x
′)

|x′ − x|
d3x′,

L : (vi, vj) → Fvivj = G

∫
Pi

∫
Pj

ρi(xi)ρi(xj)

|xi − xj|2
d3xjd

3xi, 1 ≤ i, j ≤ n

KKL
n¥�º:viéAuÔNPi/¤�Úå|§>(vi, vj)éAuPi, PjÚå|m�Ú

å"3KL
nù�Úå|Ü|¥§?�:x ∈ R3?�Úå³V(x)d

V(x) = −G
n∑
i=1

∫
Pi

ρi(x
′)

|x′ − x|
d3x′ (11.10)
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(½"AO/§�n → ∞�§(11.10)(½�Úå|Ü|KL
∞=´Úî�kÚå�Ñ

�Úå|"ù�§���þ�m��:3|Ü|KL
∞¥É��Úå�F(x) = mV(x)§

���þ�Ý�ρ(x)�ÔNP3|Ü|KL
∞¥É��Úå�

F(x) =

∫
P

ρ(x)V(x)d3x = −G
∫
P

ρ(x)

(
lim
n→∞

n∑
i=1

∫
Pi

ρi(x
′)

|x′ − x|
d3x′

)
d3x◦ (11.11)

£2¤OÏd"Úå|.ÚîòÚåÀ��«�þ§�±U/å0�5�©ÛÚå

A:§Bu¢SA^§�%éØ�å�D40�§�<éå�N���»Ì§o4

<aú3nØþq�k
j""@o§´Äé

?�«åÑ�±é�D40�Qº�Y´Ä½

��î�Æ¬)º`§é)¹¥�
~���

^åéN´é�D40�"~X§ã11.12¥§<

]úf��^å�þ§ù«åÏLAúÚ-¢

D4���þ§±-���å�¤$Ñ"ù

�¥§��å´/¥é��Úå§�éØ� ã11.12 ]úf

¥mD40�§=Úåf"�òÚî�kÚåw�´�«|�A§=?�:x ∈
R3kD�V(x)��Åå|R3(V)§�«î¼�mR3þ�SmarandacheAÛ�±éÐ

/)ûù�¦¾"5¿§ÚîÚå|¥��mtÕáu�mR3�3"OÏd"

�dÂ�éØL²§�mtØUÕáuÔn¢3�3§I^4-�î¼�mR4 =

{(t, x1, x2, x3)|t, xi ∈ R, 1 ≤ i ≤ 3}�xÔN$ÄG�"ùp§t��m§(x1, x2, x3)�

�m�I"OÏd"Úå|�¢�§3uòÚîÚå|¥�|�A=z���4-�

î¼�mR4þ�AÛ�A§=é:x ∈ R4D�Úå³V(x)���Úå|R4(V)"ù

�§du3?�:xþkD�V(x)§Úå|R4(V)éA�SmarandacheAÛØ2´²

��m´����m"

@o§N�3AÛþw���mR4(V)Qºî�Æ¬)º`§Äk§d½ÂÚ

å³V(x)�ã�Γ[x,V(x)] = {(x,V(x)|x ∈ R4}§=?�:xþ�3����U(x)Ó

�u4-�î¼�mR4§=���4-�6/M4"ù�§ÚåF(x)éAu6/M43

:x ∈ M4���þ"ù�§A^�é5�n§=£����*¯ÔuÐ5Æ�

�§ªA�3¤k��IX¥äk�Ó�Ly/ª§OÏd"b�ù����m

½SmarandacheAÛR4(V)´Ýþ�

ds2 = gµν(x)dxµdxν (11.12)

�iù�m"ùp§0 ≤ µ, ν ≤ 3, x0 = t, x1 = x1, x
2 = x2, x

3 = x3�(11.12)ª¥^


OÏd"¦Ú�½§=éþeI�Ó�ëêµ, ν¦Ú"Ó�§Ô�©Ù3Úå|
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¥�UþÄþÜþ�Tµν¶Ùg§3AÛÆ¥Ýþ��AÛN�§Ý��I¡�
Ç"��/§�ãl�p′p���=�∆α�éAl�∆s'�ýé�|∆α/∆s|¡�
l�p′p�²þÇKp′p"ù�§�p

′ → p�XJ²þÇ�4� lim
p′→p

Kp′p�3§K

¡�T�3:p ?�Ç§P�K(p)§=ÇK(p)��L«�3:p?��

§Ý��"ù�§diù�m¥���Cþ�ØC5§±RicciÜþRµν = Rα
µαν =

gαβRαµβνÚRicciÇIþR = gµνRµνéiùÝþ¤û½�AÛN l�A�î¼

�m§Ý?1Ýþ§OÏd"JÑ
Í¶�Úå|�§

Rµν −
1

2
gµνR + λgµν = κTµν ◦ (11.13)

ùp§κ = 8πG/c4 = 2.08× 10−48cm−1 · g−1 · s2§λ¡��»Ïf§λgµν´���þ§

´OÏd"�����·��»Ú\���§~�λ = 0§�Tµν = 0�éA�´

ý�Úå|"

�OÏd"Úå|¥�LagrangeþL =
√
−g (LG − 2κLF )§�^þ

J [L] =

∫ √
−g (LG − 2κLF ) d4x, (11.14)

�UþÄþÜþ

Tµν =
2√
−g

{
∂
√
−gLF
∂gµν

− ∂

∂xα

[
∂
√
−gLF
∂gµν,α

]}
◦

(11.15)

ùp§LG = R§LF = LF (gµν , gµν,α )�f,α = ∂/∂xα"ù�§�^þJ [L]þ�C©

δJ [L] =

∫ √
−g
(
Rµν −

1

2
gµνR− κTµν

)
δgµνd4x,

=���^þ�nδJ [L] = 0éAuÚåÏfλ = 0��OÏd"Úå|�§(11.13)"

@o§N��6<�*ÿ(J¦OÏd"Úå|�§(11.13)3ý�G�e�)

Qºî�Æ¬)º`§�§(11.13)´���� �©�§|§<é�»�*ÿL

²§3ºÝ�1·1c§=9.46× 1020km��S�:�Ó��:�^�e§3?¿�

�tÚ3ºÝ1·1c^�e§�»¥ØÓ�:ÚÓ��:ØÓ���þØ�3?Û

�O§´þ!ÚÓ�5�§¡��»Æb�§=b��»Ô�¥y¥é¡©Ù"ù

�§�±^¥�I(r, θ, φ) �x��¥:� �§�iùÝþ(11.12)L«�

d2s = B(r)dt2 − A(r)dr2 − r2dθ2 − r2 sin2 θdφ2, (11.16)

Ù¥�A(r), B(r)��½¼ê§�\OÏd"Úå|�§(11.13)¥)�

A(r) =
1

B(r)
=

1

1− 2Gm/r
, B(r) = 1− 2Gm

r
◦ (11.17)
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ù�§éAuý�G�e�¥é¡iùÝþ(11.12)�

ds2 =

(
1− 2mG

r

)
dt2 − dr2

1− 2mG/r
− r2dθ2 − r2 sin2 θdφ2

◦ (11.18)

��/§�»Æ¥�þ!ÚÓ�5b�éA�Ô�©Ù�m´��Ç�~

êK��m"�A/§K = 0, > 0½< 0©O¡�î¼!ý�½V�m"ù�§¥

é¡�/e�iùÝþ(11.12)�±L«�

ds2 = −c2dt2 + a2(t)

(
d2r

1−Kr2
+ r2

(
d2θ + sin2 θdφ2

))
, (11.15)

¡�Robertson-WalkerÝþ§Ù¥�a(t)´��½ºÝÏf§�\λ = 0�ý�G�

e�OÏd"Úå|�§(11.13)�±(½§���)¡�Friedmann�»½IO�

»�.§¿Àȧ(t) = 0, < 0½> 0©O¡�»?3·�!Â ½)äÏ§�©Oé·

��»!Â �»Ú)ä�»G�3b�^�e?1�x��["

ù�§¨f����¯K¯î�Æ¬µ/ww§OÏd"Úå|�ÚîÚå|

3n→∞��x�Úå|�/��"@o§��o��ïÄOÏd"Úå|º§p
¡�ÎÒÚ ��§ÑéE,Q�0î�Æ¬w�¨f§Úî�kÚå½Æ´éÚ

åÛÜLy�@�§3<a��~¹Ä��S§ÚîÚå|�OÏd"Úå|�O

�(J�Éé�§�±�ÑØO§ù�´��o<a3/¥½/¥��C��þ¹

Ä§X���u�<E¥(!&ÿì�E3¦^Úî�kÚå½ÆO�u��Ý�

�Ï§Ï�ÚîÚå�x�´�þÔNm�Úå�^§́ �«ÛÜ�^��Ô�

^"�ÚîÚå|�xÚå�ÛÜ1�ØÓ§OÏd"Úå|�x�´�Ôm�Ú

å�^§́ /�ÔÚå|0§Ù�53u�«
3�ÔÚå��^e§<3/¥þ

a��î¼²��m´�«ÛÜa�§3�ÔÚå�^e¿Øý¢/�3§�Ô3

�»$Ä¥�l�´<�Ua����m½SmardacheU�m"ù��5§<
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�vn�²§=/v�²�²£ST¤!v���B²£BL¤!v��ÿ²£GB¤0§ä

k$1íÉ!é�9>S	!�Ïþe�õU§Xã11.17¤«"

ã11.17 ��²ó«¿

ùp§²óþ�/íÉ0¿�<ú¤���¥�í½<NÉ�´¥�nØ¥

�x<N$1���;�â�§�©O1uó¥½ó	�/Eí0Ú/¥í0§aq

u3<N¥÷²ó$1�/Uþ0"éd§5�2S².(Í6E¥)¬�¥k/<É

íu�§�\u�§±Du¡§Ê98>§�±Éí§Ù�ö�E§Zö�¥§E3ó

¥§¥3ó	§E±Ø>0��ã¶/É0́ Eí¥í�Ô�Ny§E¥)¬�¥

k/E¥ö§°í�¶Éö§ í�§�É��í§É¶Óaè0�Øã"�´ù��
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²óþ�íÉ$1| X<NÅU§¦Ù¤���/<0�¦Ô"@o§/�o´

Ç Qº0î�Æ¬)º`§/Ç 0q¡/]Ç0§́ ²óþ�
¯a�:«Ü §é

Ùe-�UC²óþíÉ$1G�"~X§ã11.17¥�Ã�²��²þk2× 20�

Ç §v�Ò%²þk2× 27�Ç §v��ÿ²þk2× 44�Ç �"

£2¤��²óíÉ$1. <N��²ó¥z�^²óþ�íÉÑk�½�$1

5K"~X§ã11.17¥�Ã�²��²åu ��ýkà§÷ ��ýþ1§²L

1�!�Ý��m?\-��*WÚ-á�*W�m§÷<Nþ�	ýc�þ1�

pÜ§LpÜ�1��¶��1Ô¶H5â�ec1?\£�þ¶§�äu¡§2

e1ÏLî`§á��"

@o§<N��²óþ�íÉ�Nþ´

N�$1�Qºî�Æ¬)º`§<N�

�²ó¥�íÉ$1�ÌÃnÒ²l9r

Ã§Ãn�²lÃrÞ§vn�²lÞr

v§vnÒ²lvr9�r�§l¡²m

©Å²�D§�_²ª§2d_²ED\

¡²§Xã11.18¤«§=Ã�Ò¡²→ Ã
�²��²→ v�²�²→v�Ò�²→
Ã�Ò%²→Ã����²→v���B
²→v�Ò%²→ Ã�Ò%�²→ Ã��
n�²→v��ÿ²→v�Ò_²→Ã� ã11.18 ��²óíÉ$1

Ò¡²"5¿§ã11.18´�o²óíÉ$1ã§�)?óÚÒó§Ù¥?óåu�

¥¬Ò§�ue?«ó§�24�Ç §1uJÜ�¥�Ò¶Òó©Ùu<N��¥

�9Þ¡�¥§åu�r§�uM�§�28�Ç §1��Ü�¥��"?Ò�óé

<NÒ²!�²óíko@!o?��^"ù�§/<{�0§<N��²óþ�íÉ

�/�0/¤�U/m�����§±E©/$1X§±�±<N�/)0"

£3¤��²óíÉ²ï. <��/�0��Ô§<N��²óþ�íÉ$1´

3�/�0/10§́ /�Ò���¢�0½/Ò�0²ï�Ny"ù�§�±<N

3íÉ$1¥�Ò�²ï§=<N��í�Ò°£°!É!9!�¤m�²ï´<N

/)0���"��§<N�¾�o´	a/º!»!Û!�!H!»08Ö§�o´

NSÉ/U!ä!b!g!�!�!̄ 0Ô�K�K�<NÒ�²ï§�5�2S².�

¯6Ò�A��Ø�¥�2�/�äúÒ§�Uú�"�íþ1§· · · §�Ò7�§
�7Ò"0l§¥�æ /̂Ey�£0�{Nn<N�Ò�²ï§=d/"!ª!

¯!�0o�E²;¾åÏ!5�!Ü !²óÚ��'X§(½^�!�É!o»
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-½nÜ£��{"

¥��Ey�£¥§Fy�8�´�
é�ö�£§±¢y/£¾Í<0��

�"@o§¥�´N�é�ö?1�£Qºî�Æ¬w�¨f§¥��£î��l

/U��0¥�/�k�ÖØv0§=é<N¥��í�Ò°¥õ���~�§�

���Ö¿§±£Ò�²ïG�"�d§¥�kü«�{4<N£8ù«Ò�²

ï§�«´¥�§�«´�É"ù�¥§¥�±U,�Ô�Ì§ÄÔ!¶Ô�9§Ù

¢�3u�é¾w§nÜõ«�á��5§±é¾�N¢�/~�ÖÒ0½/~ÒÖ

�0§¦¾�N£8Ò�²ï¶�É´�{ÚÉ{�Ü¡§´3·^�"��/e

½´��¦��²óþ�íÉ£8Ò�²ï

��«�{§Xã11.19 ¤«§Ny35�2

S².(Í6Ê�����¥�2¯©Ë`�

/{�Õ¦�Ó�§Ã^¥�§�±��ÏÙ

²ó§NÙÉí§EÙ_^Ñ\�¬"· · ·§�
ªÙ�0§¿g´�2�4Ùf¬�É�Ô!

¥��ú³§�¦=^����e<N�*

Ç§¢yÕÏ²ó!NÚíÉ§¦íÉ3< ã11.19 �É

N²ó¥_^$1§̄ ©ËAN���§©Ë£� /̀ ö�_§5ö�^§²�_

^§�1Ã¯"_ö�§��ÃJ§JL�§��Ã¢§H���§±¿Ú�§�

�.°"0§¿g´í®��óíJ�§�_¶í®5�óí²Ú�^"ù�§U

²í�Ì1��§�X²í5���?�K�§�5³�_§̂ �{öÙk{§�

íd¢CJ"��§U²í����?�§Ú§��³�^§̂ Ö{LÙØv§�í

dJ=¢§/�k�ÖØv0=�£8<N�Ò�²ïG�"

q q

q q

q

qq q q

q

q

qq

q

q q

q

q
ST1

ST8

ST5

ST45

BL10

GB15
BL40

GB44

BL67

q q q
q
qqq qqq q q

KI27 LU1

SP6

LR1 SP1KI1

q

q

HT1

HT9

LR14
PC1

SP21

q q qq
q qPC9

LU11

BL1

qq q q

q

q qqSJ23

SJ20 SJ16

SJ1

qq q q

q

GB1

SI18

SI1

SI19

q
q
qq

q q qq qqq q

q
qqqq

q

�� qq qq
qqqq

q q q

q q

qq
q
q

qqq q
q q

qq qqqq

q

q qqq
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ã11.20 ��²óéA�²ï6GL2
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3.3.<N6��.. ¥�nØ@�§<Nþ��²ó�?Ò�óþ�íÉ$1

éA��<�/)0"î�Æ¬w�¨f§<N��²óþ�íÉ$1�±Ä���

�²ï6GL2
[t]§Xã11.20¤«§=±<N��²óþ�Ç �!:§±Ç m²ó

�>/¤��ãG§IÒN�L2 : v ∈ V (G) → L(v) + iL′(v)§L : (v, u) ∈ E(G) →
L(p) + iL′(p)"ùp§p�Ç v�u3²óþ��:§L(p), L′(p)©O�:p?��í

ÚÒ°þ"d¥�nØ§�íÚÒ°3<N��²óþ?�Ç v ∈ V (G)?g,�

lëY6Åð½Æ"

£1¤��²ó$Ä�§. 3<N��²óéA�²ï6GL2
[t]¥§é?�:v ∈

V (G)§>(v, u) ∈ E(G)§L(v)ÚL(v, u)´²óþ: pÚ�mt�¼ê§��²ó

þ?�:p�dî¼�mR3¥��Ix�x"ù�§��<3Úå|§AO´/¥Ú

å|¥�G��d<N��²ó/¤�²ï6GL2
[x, t] �x"ù�§b�<3Úå

|¥�Lagrangeþ�L(q, q̇, t)§KdLagrange|þ�6��§§<N��²ó3Ú

å|¥�Ä�1�d�§

∂GL
2

∂qi
− d

dt

∂GL
2

∂q̇i
= O, 1 ≤ i ≤ 3 (11.16)

�x"ùp§GL
2
�<N��²óéA�²ï6"AO/§r��<Ä�����

:P§KéAu�:3Úå|¥�Lagrange�§

∂L
∂qi
− d

dt

∂L
∂q̇i

= 0, 1 ≤ i ≤ 3◦ (11.17)

��/§XJ/<{/0§<�¹Ä

��Cq�/¥Úå|"ù�§î�Æ¬

w�¨f§À^¥�I(r, θ, φ)§K<N�

�²ó�§(11.16)�±{z���²óþ�

:p���~�©�§"Äk§Xã11.21 ¤

«§�IX{O, ex, ey, ez}¥ u:P ���
¥þr§dr3:P �ÛÜ�I{P ; er, eθ, eφ}¥
Ðm�dr = erdr + eθrdθ + eφr sin θdφ§Tª

ü>Ø±dtkṙ = erṙ + eθrθ̇ + eφr sin θφ̇¶Ù ã11.21 ¥�I¥��©�

g§O�L²§<N��²óþ?�:p?�íÚÒ°�ÄUT 2
p = T +

p + iT −p !³
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UV2
p = V−p + iV−p ÚLagrangeþL2

p = L+
p + iL−p¥�T +

p , T −p ,V+
p ,V−p ÚL+

p ,L−p©O�

T +
p =

1

2
m+
p ṙ2 =

1

2
m+
p

(
ṙ2 + r2θ̇2 + r2 sin2 θφ̇2

)
, V+ = m+

p gr,

T −p =
1

2
m−p ṙ2 =

1

2
m−p

(
ṙ2 + r2θ̇2 + r2 sin2 θφ̇2

)
, V−p = m−p gr,

L+
p = T +

p − V+
p =

1

2
m+
p

(
ṙ2 + r2θ̇2 + r2 sin2 θφ̇2

)
−m+

p gr,

L−p = T −p − V−p =
1

2
m−p

(
ṙ2 + r2θ̇2 + r2 sin2 θφ̇2

)
−m−p gr◦

ùp§m+
p ,m

−
p©O�:p?�íÚÒ°��þ"Kk

∂L+
p

∂ṙ
= m+

p ṙ,
∂L+

p

∂θ̇
= m+

p r
2θ̇,

∂L+
p

∂φ̇
= m+

p r
2 sin2 θφ̇,

∂L+
p

∂φ
= 0,

∂L−p
∂ṙ

= m−p ṙ,
∂L−p
∂θ̇

= m−p r
2θ̇,

∂L−p
∂φ̇

= m−p r
2 sin2 θφ̇,

∂L−p
∂φ

= 0,

∂L+
p

∂r
= m+

p rθ̇
2 +m+

p r sin2 θφ̇2 −m+
p g,

∂L+
p

∂θ
= m+

p r
2 sin θ cos θφ̇2,

∂L−p
∂r

= m−p rθ̇
2 +m−p r sin2 θφ̇2 −m−p g,

∂L−p
∂θ

= m−p r
2 sin θ cos θφ̇2,

�\(11.16)¥§K3/¥Úå�^e��²óþ?�:p��íÚÒ°$Ä�§�

(
m+
p + im−p

) (
r̈ − rθ̇2 − r sin2 θφ̇2 + g

)
= 0,(

m+
p + im−p

)(
r2 sin θ cos θφ̇2 − d

dt

(
r2θ̇
))

= 0,(
m+
p + im−p

) d
dt

(
r2 sin2 θφ̇

)
= 0

½?�Ú{z� 
r̈ − rθ̇2 − r sin2 θφ̇2 + g = 0,

r2 sin θ cos θφ̇2 − d

dt

(
r2θ̇
)

= 0,

d

dt

(
r2 sin2 θφ̇

)
= 0◦

(11.18)

5¿§�§(11.18)´<N��²óþ?�:3/¥Úå|��ÔÚå|�^

e�$Ä�§§=´3ÛÜÚå�^e�$Ä�§"

£2¤��²ó�É�[. <N��²ó$1´²ï6GL2
���~f"î�Æ

¬)º`§<N�/�0/10���3u��²ó¥�íÚÒ°�Ò�²ï"ù

�§¥��É´�«g,£8<NÒ�²ï��{"@o§¥��Éù«-�k{

ÖØv.´Ä�d²ï6GL2
½þ�x½�[Qº�Y´�½��î�Æ¬)º
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`§�~<N��²óþ?�:��íÚÒ°´Ò�²ï�"ù�§XJ3��²

óþ�,�:Ø²ï§�±^��3�A²óþ�Ç e\§N�²ó¥�íÉ$

1"��/§��k^X²ó�r�e´/Ö0¶��k_X²ó�r�e´

/�0½/�0"Ó�§�e�fA·Ý"5�2S².�¯6e�Ø�¥§�2�


)�e�+§©Ë£�`/¾k2�§ekf�§��Ùn§ÃLÙ�"L�KS

ú§Ø9K)	`§`K�l�"f�Ø�§���M§SÄÊõ§�)�¾0§¿

g´¾ k3L3p�©§éAk�efe��ØÓ§¾ 3L�A�fe§3p

A��e§þAe�¾ ¤3�½��Ý"�e���¬�úS9¶�e��fØ

=�Ø�¾ §�¬¦íÉ`¢§�¾�\�E¤�¦�Å§�<N�5���

³§Ê9õU®Ï§Uu)�î�;¾"ù�§b�3��²óþ,�:?�

º£½��¤þ�A§KT:þÒ�£½Òº¤þ�½´−A§I�OÖ£½~�¤

�þ�A− iAâU£8Ò�²ï"¥��É¥�ù«Ö��{�±��z§=36
�GL�?�:v ∈ V (G)þ½ÂÑ\$�O(v) = A− iA½ÑÑ$�O(v) = A− iA§
±N�!:v?��íÚÒ°þ§Xã11.22¤«"

s
r

r

r

r
>

s

sj

�

�r� r- -

v v
A− iA A− iA

O(v): Ñ\$� O(v): ÑÑ$�

ã11.22 6�Ñ\ÑÑ$�

ùp§Ñ\!ÑÑQ�±À��e§��±�x	��\<N"ù�§XJGL´d²

ï6GL2
¥s�!:vi ∈ V (G) , 1 ≤ i ≤ sþ�±Ñ\£ÑÑ¤$�O����ëY

6§Ñ\£ÑÑ¤þ©O�A1,A2, · · · ,As§K3nØþ§�I3!:vi ∈ V (G) , 1 ≤
i ≤ sþ�±ÑÑ£Ñ\¤$�O§ÑÑ£Ñ\¤þ©O�A1,A2, · · · ,As=�¦G

L£

8�²ï6GL2
"XJP¤IO$����gê�$

(
GL
)
§Kk$

(
GL
)
≤ s"

���- ���- ���- ���- ���- ���
?

������ ��������������

6

���

v1 v2

LU LI ST SP HT

SI

BLKIPCSJGB

LR

v3 v4 v1 v2

v3v4v1v2v3v4

ã11.23 ��²óíÉr�
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5¿§<N��²ó¥�íÉ$1�Ì�r�§́ ÃnÒ²l9rÃ§Ãn�

²lÃrÞ§vn�²lÞrv§vnÒ²lvr9�r�§l¡²m©Å²�D§

�_²ª§2d_²ED\¡²"ù�§��<�9Ü!ÃÜ!ÞÜÚvÜ´�

�²óm�p��½±=|§½Â!:v1 =<�9Ü, v2 =<�ÃÜ, v3 =<�ÞÜ

Úv4 =<�vÜ§K��²óíÉ3<Nþ�r�Xã11.23¤«"ò<N��²ó

þ�Ç À�!:§íÉr�À�>§ã11.20¥���²ó²3Ú\!:v1− v4�

éAu��ëÏãG§�d��²ó�íÉ©ÙÚ(�/ª�?�Ú(½ãG�(

�"�d§5¿Ã�Ò¡²£LU¤!Ã�Ò%²£HT¤!Ã�Ò%�²£PC¤!v�Ò

�²£SP¤!v�Ò%²£KI¤!v�Ò_²£LR¤!Ã�²��²£LI¤!Ã���

�²£SI¤!Ã��n�²£SJ¤!v�²�²£ST¤Úv��ÿ²£GB¤²ó�í

É$1éA�(ã�´´§v���B²£BL¤�íÉ$1éA�ã(�´���

þNXü^´"�d§<N��^²óm�íÉ$1éA�ãG(��ã11.24§Ù

¥�PkL«�Ý�k − 1�´"q q

q q

v1 v2q q q qv2 v3 v4 v1

qqqq q qq
q v3v4v1v2v3v4

- - - - -

?

�����

6
P19

C45

P14 P10P27P9P23

P14

P11 P20 P45 P21 P9

�
P44

ã11.24 ��²óíÉÑ$ã

@o§́ Ä�d��²óíÉÑ$ãG(½Ñ\!ÑÑ$�O�gê$(GL2
)±

¦GL£8��²ï6Qº�Y´�½��î�Æ¬)º`§�gÑ\ÑÑ$�Oé

A�T´�g�e§�dãG�(�(½$(GL2
)"~X§$(PL2

n ) = 1§$(CL2

n ) =

1�$(KL2

n ) = n−2§=én���ãKn, n ≥ 3�õ?1n−2gÑ\ÑÑ$�O=�

¦Knþ����²ï6¤�²ï6K
L2

n "��/§b�G´���ê≥ 3�ëÏã"

é?�º:v ∈ V (G)§[v]pL«G¥ë�:v�´�Ñ�fã"ù�§XJG
L´d$

�O�^��²ï6GL2
���ëY6��3º:v1, v2, · · · , vk0 ∈ V (G)¦�

G \
{[
v1
]
p
,
[
v2
]
p
, · · · ,

[
vk0
]
p

}
=

(
k1⋃
i=1

Cni

)⋃(
k2⋃
j=1

Pnj

)⋃(
k3⋃
l=1

K1

)
, (11.19)

=3ãG¥�Kº:v1, v2, · · · , vk09Ù'é�´��k1��!k2^´Úk3��áº

:�¿ã§Kk

$
(
GL2

)
≤ k0 + k1 + k2 ◦ (11.20)
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î�Æ¬w�¨f§d11.24��<N��²óíÉÑ$ã´ü��Ü�ã

l�¿ã"ù�§d(11.20)é��²óãGk$(GL2
) ≤ 4�(Ø§=nØþ§ÀJ

��²óþ�o�Ç �e�¦íÉÒ�Ø²ï=�²ï"¢�¥§�
�)��

�l5�2S².(Í6¥��Ú§é¾ ¤3²óÃvþ�Ç §=/ÃØL·!v

ØLH0©Oe�§�e: �U�u4����wÍ"

¨f��ÿv¥�£§���S%é¥����k
ü½§f
î�Æ¬�)

º��,�×µ/ww§r<N$1w���²ï6GL2
k: Û§sUw�·�<

´Nouyù«éA'X�íº0î�Æ¬w�¨§¥��´¥I�<3/U<Ü

�0g��Úe�/�0/10��Ô§́ ¥I�<�Ï/<{/0!/ à}zú0

Ú�{Ù¦ÄÔ/�0��Ô"=BXd§<N��²óÚÛ²ló´N�uy�

E´���k<`´¥I�</±Û�]0²c\È§Øäo(��Ô¶�k<`�

[?õ\½�USÀ���²óþ�íÉ$1§vkÊH@���Y§Ï�=B´

3y��Æ¤ìe�*ÿØ���²óÚÛ²lóþ�íÉr�§qØ´�«/Ô

n¢30�q3ý¢/K�</)0§ùq£�<a@�¥���Ä�¯K§=/´

Ø´�k@
U�<a��¯Ôâ´Ôn¢3º0�Yq�qØ´ù��ÄK§q

N�)ºþfÅ�¥�ÛCþ§N�n)Úå|!>^|��^�AQ��d§¥

uÊZõc�©²¤L²§<N��²ó�Û²ló´�«Ôn¢3§�´I��

�<�Ñ?�Ú��Æ)º§Ï�3�Ô|Üg���Úe§<N��²óØL´

ã11.24¤«�ê|G| = 309 − 12 = 297���²ï6GL2
"î
î§î�Æ¬¯¨

fµ/\@�OÏd"Úå�ÚîÚå�m´�o'XQº0̈ f£�`µ/ÚîÚå

´�«ý¢�å�OÏd"Úå´�m��A§Ø´�«ý¢�å"0î�Æ¬

w�¨f:/ù´éÚå��«Ø)§JØ¤Úî�OÏd"ü<¥k��<�nØ

´��º�,Ø´�ÚîÚå´Uå�^Ú\�§�þfÅ�¥�&ED4��ä

k�å�^5�§�l����þ$�5K§Ðn)¶OÏd"Úå�¢�´3)

ºÚîÚå¥��å�^§=�Ô3ÚîÚå��^e§�mØ´<3/¥L¡a

��²��m´��m§ù«��A´ÚîÚå���§Òë1��Ø~	�

ü<�ÚånØÑ´3�º�Ôm�Ó�«�^�A"0̈ fEk
Ø)µ/ùüö

��å��o@o�Qº0î�Æ¬)º`§ù�ö=´Ly/ªØÓ®�Úî

Úå´ü�ÔNm��^å§́ �«ÛÜnØ¶OÏd"Úå´ÔNên→∞��
/§́ 3�Ô�^eÚå��NnØ"¥�ÚÜ��'X�daq§=¥�´'u

<N$1��NnØÜ�´ÛÜnØ"3A^þ§��´ÛÜnØÐ^!��¯

�J��d�*¶�NnØE,!��ú��ÎÜ/�0§ù�¥I�<é<�g,

�'X§=/U<Ü�0�@�Ú<©�¸�·A"
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14!à�©²

<@��Ô�m�´�g,Ú��)§�/�0k�§�ï<a©²"ù�

¥§/©²0¥�/²0´cJ§́ /²x!w«0�¿g¶/©0´��§́ Ô��

�§Ù/ªLy´©z§=�<ad�Æ!Eâ�Ãã·Ag,§d�¬1�5�

N!<�1�§±���Ý/÷v<�)�I�§�g,Ú��)�©zNy"@
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¥§kUl%ã¥m��4ã´¥IóÆ

é/U�0§=/Ò�0²ï´�Ô�/�0 ã11.32 kUl%ã

/10�@�"ã11.32¥�� ´þHe�§�ÀmÜ§¿g´_�þ23H§%

Òe�3�§À�FÑØl§Ü�Fá�u¶À�áSX´Ø�§ÜHá¢ºxØ

ò§Ü�õpìØ÷§ÀHõ�LØç"ùl«g,y�m��3XÒ�³åm�

�p�^Ú=z"@o§N�d%�Ä��[ù«U\�^Qºî�Æ¬)º`§ù

�§Iò��%�£S%¤�u,��%�£	%¤¥*	¯ÔCz§Xã11.33£a¤
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15! ¥u�Æ 455

¤«�8~%£Sç	�¤,´��¯ÔS|3	|�^e��³Cz"ùp§��

SÒ %¶ %� %|CLi
6 , 1 ≤ i ≤ 32 SÒ %� %� %|CLi

6 , 33 ≤ i ≤ 64

1 _% UU (+ + ++++) 33 ò% Uì (−−++++)

2 %% // (−−−−−−) 34 �F% XU (+ + ++−−)
3 ô% YX (+−−−+−) 35 A% »/ (−−−+−+)

4 �% ìY (−+−−−+) 36 ²¡% /» (+−+−−−)
5 I% YU (+ + +−+−) 37 [<% º» (+−+−++)

6 z% UY (−+−+++) 38 J% »L (+ +−+−+)

7 �% /Y (−+−−−−) 39 ¶% Yì (−−+−+−)
8 '% Y/ (−−−−+−) 40 )% XY (−+−+−−)
9 �O% ºU (+ + +−++) 41 �% ìL (+ +−−−+)

10 Á% UL (+ +−+++) 42 Ã% ºX (+−−−++)

11 �% /U (+ + +−−−) 43 §% LU (+ + +++−)
12 Ä% U/ (−−−+++) 44 �% Uº (−+++++)

13 Ó<% U» (+−++++) 45 Ô% L/ (−−−++−)
14 �k% »U (+ + ++−+) 46 ,% /º (−++−−−)
15 ^% /ì (−−+−−−) 47 (% LY (−+−++−)
16 þ% X/ (−−−+−−) 48 ³% Yº (−++−+−)
17 �% LX (+−−++−) 49 �% L» (+−+++−)
18 �% ìº (−++−−+) 50 »% »º (−+++−+)

19 �% /L (+ +−−−−) 51 �% XX (+−−+−−)
20 *% º/ (−−−−++) 52 ÷% ìì (−−+−−+)

21 ¶ÿ% »X (+−−+−+) 53 ì% ºì (−−+−++)

22 �% ì» (+−+−−+) 54 8~% XL (+ +−+−−)
23 �% ì/ (−−−−−+) 55 ´% X» (+−++−−)
24 E% /X (+−−−−−) 56 À% »ì (−−++−+)

25 Ã$% UX (+−−+++) 57 ò% ºº (−++−++)

26 �O% Uì (+ + +−−+) 58 ç% LL (+ +−++−)
27  % ìX (+−−−−+) 59 �% ºY (−+−−++)

28 �L% Lº (−++++−) 60 !% YL (+ +−−+−)
29 Su% YY (−+−−+−) 61 ¥�% ºL (+ +−−++)

30 l% »» (+−++−+) 62 �L% Xì (−−++−−)
31 o% Lì (−−+++−) 63 QL% Y» (+−+−+−)
32 ð% Xº (−+++−−) 64 �L% »Y (−+−+−+)

L11.1 8�o%��%|

/̂Ê0§Ò� /̂80UT�le�þ� �¡¢§Xã11.33£a¤¥�Ê�!8Ê

��"�l�ü%aq§òS	%¥�Ò�!��À�|A−ÚA+§K8��3%
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�¥UÐ�→��→ n�→o�→Ê�→þ�→Ð�/ E$Ä§8�|ù«Ì
�$ÄéA��ëY6CL

6½Ò�|Ì�(A+,A+,A−,A+,A−,A−)§Xã11.33£b¤

¤«§P�(+,+,−,+,−,−)"ù�§�k8× 8 = 64�%�Ú%|�L11.1"

¥I�ó<@�§3Ò�|�^e§?�¯ÔT�/�0/10���dù8

�o�%|½ëY6CLi
6 , 1 ≤ i ≤ 64�x"PImS =

{
CLi

6 , 1 ≤ i ≤ 64
}
§p ∈ S6��

���§C�± : − → +�+→ −§K´�8ÜImS3C�p,±�^eØC§=

ImpS = ImS, Im±S = ImS◦ (11.23)

ùp§%SCL1
6 → CL2

6 → CL3
6 → · · · → CL63

6 → CL64
6 Ny� /́n0��3Ò

�|�^eXÛ//)0�Ô§�f35S%D6¥´ù��º�µ/kU/§,�

�Ô)è"JU/�mö��Ô§�É�±5ô6"5ô6ö§J�§Ô�©)�"Ô

)7�§�É�±5�6"5�6ö§��§Ô���"Ô�Ø�Ø��§�É�±

5I6"5I6ö§Ø ���"Ø 7kz§�É�±5z6"z7k¯å§�É�

±5�6"5�6ö§¯�"· · ·§kLÔö7L§�É�±5QL6"ÔØ�¡�§�
É�±5�L6ªè0§±�º¯ÔÌ� ECz�5Æ"

5.2.Ô�Cz. ¥I�óÆ@�§¯Ô��Cz´¯ÔSÒ�|m�^§=¯

Ô�Ò|rd��P!�|rdP��§�XÒ|r2dP��!�|rd��

P§· · ·§ù�±E©/Ì�Cz�(J"XJ^¼êf−(t)Úf+(t)©OL«Ò|!

�|3��t�|r§Ò�|ù«��mtCz�L§�L«�

· · ·min f− → max f− → min f− → max f− → min f− · · · ,

· · ·max f+ → min f+ → max f+ → min f+ → max f+ · · · (11.24)

�3?¿��tkf+(t) + f−(t) = c���~þ"

ù�=k§X3��t−¼êf−����Kf+�

�"��§3��t+¼êf−����Kf+��"

ù«d�*��Cz'X§=5��²61o�

Ù¥�/�ö��Ä§fö��^0§�^��2-

�|{f+, f−}�x"éA/§?�¯ÔT�ù«Ì
� E/CzL§�^��4�C�x§�C

þ�?�:I½��¼êé{f−(p), f+(p)}" �
ó�§3Ò�|�^e§?�¯ÔT�Cz�L ã11.34 Ô�þ�²ï6

§�^��2-�|{C,L2}�x"ùp§C´��{ü4�½�C[t], t ∈ R§þ¡k
Ø�ê�:§�é?�:p ∈ CkL2 : p → {f−(p), f+(p)}"�,§�{üå�§�
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�±3�Cþ�n�:�x2-�|{C,L}�Cz"ù�§4�C´���Cn§é
A�2-�|{C,L2}´²ï6CL2

n §Xã11.34¤«"@o§34�Cþ�õ��:

Ü·Qºî�Æ¬)º`§̄ Ô¥�Ò�|�^äk¥%¶é¡5§:ên����

�§̄ ÔCzL§Ò�x��[��I��*ÿ: ÚêâÒ�õ§��´÷XÒ

�|�¥%¶é¡Ù:"

@o§��o5´²6¥z�Ì%�Ñ´^8��Ø´Ê�½Ô��Qºî

�Æ¬w�¨f§?Û��¯Ô�CzL§��Ñ/©�©!w!̂ !,!¤ÚP�

8��ã"~X§�»²d/�)�§�)�§�)n§n)�Ô0M§�©�·

b!M!�Þ!²!º¸Ú� �8��ã§éAu5´²6_%�/U1è0µ

ÐÊ´Õ /̂d90§éA�»·bÐ©¶Ê�´3X/y90§éA�»/�y¶

Ên´__/Q90§éA�»�Þ¶Êo´Ý³/�90§éA�»²*Ü¶ÊÊ

´3X/�90§éA�»*Ü4�¶Ê8´k¥/}90§éA�»� §¿m©e

�ÓÌ�§=�Ô/d~;�«20�üz�Ì/8�Ó£0�5K"

ù�§��¯ÔT��³Cz{C,L2}�dN�ι : T → ImS§¿d²ï6CL2

6 r

³ÚÒ�|���|m��^�Ñ¯ÔT�³Cz��[§�)µ1©²ï6CL2

6 �r

³´v0 → v1 → v2 → v3 → v4 → v5 → v0¶2©S|�	|�l/Ê10�)��'
X§=7)Y!Y)7!7)»!»)è!è)7Ú7�7!7�è!è�Y!Y�

»!»�7�'X"~X§CL5
6 I%(+ + +−+−)S|_%á7§	|u%áY§7

)Y�/|��A0¶CL34
6 �F%(+ + + + −−)S|_%á7§	|�%á7§7

�7I�/|�0Å�¶3©�|m�l/�Ò���¢�0§Ò|3�|e�³^|§
Ò|3�|þ�³k{¶4©S%|¥�Ð�!��!n��	%|¥�o�!Ê�!
þ���A'X§�l/Ó5�½!É5�á0§�Ò���³^|§üÒ½ü��

³É{¶5©%|¥�Ð�!n�ÚÊ��� §��!o�Ú8��Ò "��Ø
� !Ò�ØÒ ¡�/�0"��§K¡� �/��0"%|¥���!Ê�% 

¡�/¥0 §��Ø¥ ��fè��§Ò�Ø¥��R^��"~X§CL63
6 QL

%(−+−+−+)´Q¥��!þe�A�%�¶6©d��%|#|Ü���
�
'%|"��/§�Êon��	%§on���S%|Ü¡�p%"~X§CL31

6 o

%(− − + + +−)�p%�CL23
6 �%(− + + + ++)¶ò��%|¥�Ä�dÒC�

½�CÒ���%|¡�C%�"~X§CL15
6 ^%(−−+−−−)8Ê�Ä�§C%

�CL39
6 ¶%(−−+−+−)�"

î�Æ¬w�¨f§¥I�ó<@�§rº¯ÔCz�³Äk�(½¯Ô3Ò

�|�^eáuImS¥�=��%|§2(½¯Ô�e=���|�Ä�§?d

�|�Ò�Cz�ä¯Ô��³Cz"̈ f¯î�Æ¬µ/XJ(½Ø
%|½�|
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No�Qº0î�Æ¬w�¨f§5´²6��¥u�Æ�/µ0§d/U�0�Ò�

²ï�ï
8�o«%�½²ï6CL2

6 �[¯Ô�N�³§Ø%3u(½¯Ô�l

8�o%¥�=�%±9=��´Ä�§ù´¥I�ó<XÚ@�¯Ô��{"3

<åØU9�G�e§ØUO(�Ñ¯ÔéA�%|½�|§=�3Ø��¯�K

�¯ÔCz§ù�§IµØ<�Ì*g���[¯Ô�/�0/10��³üz"

~X§�f35X`D6¥�º�/�ûê{0�Ê��ðú¥�o�Ê��¿©¤

üæ§�[�4!ü¤!nâÚo�§o�o�/êðúxÑ%�§±9�<3dÄ

:þ�Ñ�Ù¦(½%��{�§¢�´3�[/U�0(½%�§2��|� 

�!r³!p%!C%��³�ýÿ¯�Cz§¿�´3â¦þU§´3µï<

�Ì*¿£Ïé��¯Ô�uÐ5Æ§�Ì��´<�8U�¥/�*¯ÔØ±<

�¿��=£0�Fy'X"̈ fEk
Ø)§̄ î�Æ¬µ/ww§ùØ´k:�

´3�·íº0�¨f3ù�¯KþEk
¹·I�m�§î�Æ¬¯¨µ/\ú�

-�·.́ �@Âc�´�Âcº0̈ f£�`µ/�,´�@Âc§́ -Ð¢.��ó

c�0î�Æ¬q¯¨µ/-�·.XJ´�@Âc§�f��o� -̀Ø�·§Ã±�

�f.Qº���§�f�¥�-�f.́ k��<�ÊÏz6�0̈ f�uØ²x

/¯µ/´Ø´�f���Æ�£"y§<Ñ'�y|º0î�Æ¬)º`µ/�,Ø

´��f)¹3à�©²��§T´Ãfz[g�¹�§�´é<�g,Fy'X

g���\���§Ø�U±Ð¢��ª�ä��<k�!Ã�½´Ä3�-�.

-1."0̈ fEk
Ø²x/�¯µ/ww§@s@�-�·.́ �Â�´@ÂQº0î

�Æ¬w�¨§/�·0�c3�f���½´��Âc§́ ��n)U�!�/�0

/10�cJ�8U<�n)�/Ð¢0§Ï��f3��¥©ªr/?�0�

�</á�0���"fî�Æ¬ù�)º§̈ fé5´²6k
@�
§̄ î�Æ

¬µ/ww§ù�(½�%�Ú�|Ð��U�Ñ¯Ô�³r�½VÇ§Ø´�«(

½5�(ØQ�0�¨fUJÑù��¯K§î�Æ¬p,/`µ/´�§́ <�@�

Û�5¦,§���lk¦KÔ!Ã¦ØÔ�ùp�-¦.T´<é¯Ôn)þk¦

¯I�º¦§���(J��U´�U5"0î
î§î�Æ¬UY`µ/^VÇ�x

¯Ô�³=B´38U��Æ¥�Øy�§XþfåÆé�*âf1���x¥§

�¥|φ〉!〈ψ|��Ø�´VÇ¼êí���ØÓ�´þfåÆ^
Ã¡õ�Ä¥
5´²6¥=^
64�Ô�"0̈ ff��,�×µ/´Ü§þfåÆé�*âf1�

��x�´^VÇ§�é¯Ô�³�@�þ5´²6'þfåÆ@5000õcQ§ù

�(´¥I<3�Æþ�k�kú�0

î�Æ¬w�¨f§5´²6́ ¥I�ó<é¯Ô/�0½�Æ�@�"3ù�

:þ§�±ÛÜ@���Æ@��ØÓ§5´²6�[�´)·�L§§́ é¯Ô/d
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Ñ)�«20½)·±Ï¥/�0�@�§ù«@��A¤��ÆuÐ�Ì6§�<

a©²3CAzc�üz¥§<5¥�/�WÌÂ0�1§¥I�ó<ù«g�¿

���Æ.ÊH�Â§�´ÛÜ@��/�0½�Æ3A^þ��E§Ï��Æ

éÔ/�0�ÛÜ@�3�½§Ýþ´÷v<�3�e½úc�h�§E¤ég,

�Lu�6§ùÓ<�g,�N�)�ng½�/�0/10¿Ø��"

16!5º�µØ

6.1.µd��I[½¬x�Æ¤Ò�Ø%3uµ�IO"�Æ�©�uÐ´u

��ÛÜ�Æ¤J§EÒ
Ü�ó�©²�nzõc��8Uâuy�g,3eÃ

õ.JK§K�X<auÐ¶�dÜ��ÆuÐØÓ§¥I���ÆkXgCm

²�AÚ§ù¦/U<Ü�0§d��¯Ô��)·±Ïrº¯Ô�Cz5Æ§Ø´

��ÛÜ�Æ¤J§�)Ø
ó��·�Ø¬�<a)��5�Å"=I�Æ¤[

o�ÙUÜ��Æ��8?Í�õò�5¥I�ÆEâ¤6XÚ/Øã
¥I��

�Æ¤9Ùé.©²��z§�)óÆ!êÆ!Ôn!zÆ!U©!/n!)Ô!

àÆÚ�Æ�Ãõ+�§¤1wÍ��´�ê�¤Ò4<Ê8§ÿØv±wy¥

u¬xé<a©²��z§X5´²6̂ 8�o%��[Ô�§̂ 8��[��¯

Ô�)·±Ï¥�8��!�é¯Ô�L§@��XÚ�ÆKØ�Ü��Æ�É

½«@"ÄÙ�Ïk�§�´ù«é¯Ô�N@���)·±Ï�{8\�Æ¥�

=���8ÑØÜ·¶�´�
3ÆÜ��¥I<��õòÙÀ�ÓÔ5K§Ø«

@´�Æ§�)��²ó�<NÊ98>�éA9$1�"¢Sþ§¥u�Æ�Ñ

±5´²6�Ä:§X¥�nØ!U©Æ§�)ïÓÙÛ!ºY�"

6.2.¥I�<±/Ò�0²ï�U�§±/U<Ü�0Ú/Ê10m��)!��

¦)§±5´²6@���¯Ô§�ä¯Ôª³§́ �«È�����Æ§Ny35´

²6!5��²6Ú5�2S²6�©z²;¥§�©z[Fur1]-[Fur3]![Lin]![Luj1]-

[Luj2]![Zha]Ú[Zhu]�"ù�¥§Pf�M`/�)�§�)�§�)n§n)

�Ô0Ú<){K/<{/§/{U§U{�§�{g,0�©Û½/×0�º<

A[Luj1]§é�»�NM¥��!�Ún�ë×��¡PfM`¥%¹�»�

�¿`��«AÏ�/"

6.3. ¥���²óÆ`�¢�§́ ò<N$1éAu��²óÚ?Ò�ó§�

�k362�!:�²ï6§Ù>þ�6�<N²óþ$1�íÉ§�©z[Mao46]"

ù�§ëY6�,´í2�ä6!G-6��Ô[Mao38]§§���A^¢~´<N�

�²óÚ?Ò�ó"aq/§ovÄÔ§Xê!Ú!�!���N$1��±d��
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²óÚ?Ò�ó�¤�²ï6�x"

6.4. ïÄ5´²6�<©�üa§�aïÄ´n§'5%`!�`9Ùm�C

z�n¶�aïÄÓÔ§d%�%¹�U�ýÿ¯Ôr³"ùüa¢SþÑ´3©

Û%��¯ÔuÐ�'X"�fò5´²6�º�V[��Ü��²;§@�/Ø�

·§Ã±��f0§�©z[Fur1]§́ ±�¡¯ÔuÐ5Æ�Oé�fJÑ/�Ô�

�0��¦"dd§5´²6��AÀ�¥I�<@�¯Ôn��«�Æ�{"

��zàz�è§~M k���"

— /.¸�59£6
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11!^�ý¢

�Æ´<aé�*¯Ô9ÙCz5Æïá3�u�Ä:þ��£NX§´3

é<�a�Ú¯ÔA�k�b�Ä:þ�ï�§�)µ1©¯Ôk��<a£O�A
�¶2©¯ÔA�´¯Ô��kA5§ØÏ*	<½*ÿ�m�ØÓUC¶3©¯Ô
A��±æ^�«ÊH�É��ª£ã"ù
b��m�§́ @�¯ÔA�Õáu

<�3§ØÏ<�*	1�UC"XJ,�¯ÔA��Ñ<�a�Uå½ØU�

<O(£ã§KT�A�ØU�<��@

�"�A/§<�Ã{@�½´Ã{O(@

�T¯Ô"~X§þfåÆ¥°ÜË�ÿØ

O�n§=<ØUÓ�O(ÿþ���*

âf�ÄþÚ �L²§<ØUO(@�

�*âf1��U/ÏuÙ3,?Ñy

�VÇéÙ?1q,@�§Xã12.1¥Å½

�c�)kU\�§Ï��Æ´<é¯Ô

¥y5Æ½/�0�@�<�/8�0§= ã12.1 Å½�cU\�

ú!�!&!�!�!¿3é¯Ôa�þkÛ�§́ <�@�Û�5¦,"

��/§�Æ@���ª�ã12.2"

�ÆÄ� @��. �ÆnØ ¢�Øy y�)ºy�*	 - - - - -

6

�.U?!�õnØ

ã12.2 �Æ@��ª

ùp§*	´@�¯ÔA��Ä:§́ <�k8�/a�¯Ô§¼�¯ÔL�A�

½²�¯¢"3dÄ:þ§é¯ÔL��Ï?1©Û§JÑïÄ¯K!©Û�.§k

Oy!k8�/?1êâÂ8!Ä�!©ÛÚØy§�Ñy��ÐÚ)º½�Y§2

�£�.½¢�u�§±rº¯Ô1�"ùp§�ÆÄ��Ø%3uly�¥rº

��§/¤�ÆVg½¯ÔA�/¶0¶@��.´��[¯Ô1�JÑ�g�

�.§�)êÆ�.¶¢�´d�Æ¢�énØ?1�y§Øy´$^Vg!�ä

Úín�Ü6g���¯ÔA��ÏJ'X§/¤é¯Ô@��(Ø"

@o§��o`�Æ´�«^�ý¢Qºî�Æ¬)º`§�Æ´<é¯Ô/

¤��£§́ <3A½^�e§�)*ÿóä!�m!|¤!�¸§±9¯ÔA��b

��^�edÄ�!b`/¤nØ§23Ó��^�eé¯Ô1�u�/¤�XÚ

�£"ù
^�k
´<��½�§Ly�·K/ª§=/XJ· · · K· · ·0½´�²
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^�§X/3ý�G�ek· · ·�(Ø0�¶k
KÛ¹3(Ø¥§Ï�<é¯Ô�*
	�õ´3/¥þ?1�§ÉÚå!/^½�¸�^�"̈ fk
Ø)/¯î�Æ

¬µ/Øéj§ww�1 + 1 = 2J��´^�¤áíº0î�Æ¬�X`µ/1 + 1 = 2�

¤á^�´Û¹ª�§=b�$�´3�¹êi1Ú2�1 + 1 = 2���ê�§X¢

ê�Rþ?1§�XJ$�´3Z2þK1 + 1 = 0¶3Ü6$�þK1 + 1 = 1§ÑØ

´1 + 1 = 2"ù�:~�<�¤�Ñ@�´1 + 1 = 2§=��,/@�´3Rþ
$��Ñ
^�"0¨f:
:Þµ/�5´ù�B��=BXd§rN�Æ´^

�ý¢qk�o¿ÂQº0î�Æ¬)º`§<é�Ô{K�@�´²d,
/Ô0

þNy�5Æ?1@�§�ï��Æ�£NX§=<a��ÆØ´�Ô{K´é

/�0�ÛÜ@�½^�ý¢"ùp§�Ñ�Æ�Û�5½^�¤á¿�´�~�

�Æ�õ^´�2<�3<�g,�¤���XÚ¥w��Æ§3<�g,Ú�

�)^�e#u��Æ�A^^�§ù´3± �<�¤�À���¯�"

1.1.�Æ^�. �Æ©�g,�Æ!�¬�Æ!g��Æ!/ª�ÆÚ���Æ

�Ê�a"ù�¥§g,�Æ´ïÄg,.�Ô�(�!/�!5�Ú$Ä5Æ�

�Æ§Ù¦�Æ±g,�Æ�Ä:½´�)"3d§±g,�Æ¥�êÆ!ÔnÆ!

zÆÚ)ÔÆ¥�
¤J�~§©Û�Æ(Ø���5^�"

£1¤êÆ. êÆ´�*¯Ô91�Ä���Ô§́ 3�lÜ6��Ä:þ�Î

ÒXÚ"?Û��êÆ(ØÑ´3A½�êÆXÚ¥�Ñ�"î�Æ¬)º`§�

�½Â
$��ê�/ÎÒXÚA¡�´��êÆXÚ§XJA¥�?ü���$
�(JEáuA"~X§¢êR!EêC!+!�!�!�þ�m§±93dÄ:þ�
ï��È©!AÛ!�¼XÚ�"��/§êÆý¢´3�½ÎÒXÚ¥½´�½

^�eÜ6ín�(J§́ �«ÎÒý¢§Ù¤á^�kü«Ly/ªµ�«^�

´3��g²�êÆXÚ¥"~X§/n

�/�n�S�Ú�180o0�¤á^�´

3/î¼AÛ0�$�´3¢êR¥
ØU´Ù¦AÛXÚ§Ï�3ý�AÛ

¥§n�/�n�S�Ú�u180o3V

AÛ¥§n�/n�S�Ú�u180o§ ã12.3 �în�/

©O�ã12.3£a¤Úã12.3£b¤¶,�«^�´3��®�êÆXÚ¥§Ó�O\


�	^�"~X§+Ø¥�Lagrange½n/ék�+G�?�f+H ≺ Gk|G| =
|H||G : H|0�¤á^�´/G´��+�|G| < ∞0§=+¥���êk�"ù
p§|G : H|L«f+H3G¥��8�ê§=|G|/|H|"
5¿§êÆ´�*¯Ô,
AO1�½�/�ÎÒÄ�§́ <n5g���Ô§
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Ø�½éA¯Ôý¢´ÎÒý¢"��/§<�æ^��êÆXÚA�x,�¯
ÔT�1��§¢�´®b�¯ÔT�1��lA¥�êÆ5K"ù�,´�«<�
�n�b�§�.�x.d/�Ô�ê0�äóaq§́ 3^¯Ô,�A½A�V)

ù�¯Ô§7,��êÆU
�x�¯Ô1�§=êÆý¢�ug,ý¢"î�Æ¬

w�¨f§1 + 1 = 2´rü�Ø��Ô¬�3�åOê�(J§¿Ø·^ü���

8ÜAÚB�3�å���Oê�/"ù�§|A∪B| = |A|+ |B|− |A∩B|§|A∪B| =
|A| + |B|��=�|A ∩ B| = 0½A ∩ B = ∅��/"@o§��o´1 + 1 = 2Ø

´1+1 = 3Qºî�Æ¬)º`§1+1 = 2éAuêê´����/ê§ù�k
g

,êZ+ = {1, 2, 3 · · · }§?�Úÿ2k�êZ§¢êRÚEêC"êê�§1+1éA1�

¡ê�@�ê2§2 + 1éA2�¡@�ê3, · · ·"ù�§k1 + 1 = 2, 2 + 1 = 3, · · ·§
ùÒ´��oêÆ¥´1 + 1 = 2Ø´1 + 1 = 3§Ï�1�¡�ê´2Ø´3"g,

.¥�(�31 + 1 = 3�)Ôy�§=�ú�1I��±)Ñ��f�§3g,ê

XZ+¥�À��«��mCz�Oê(J§XÜÅ@ê¯KÒáuùa¯K"

£2¤ÔnÆ. ÔnÆ´ég,.¥Ô���$Ä5ÆÚÔ�(�@����

�Æ§́ l*ÿ�©Ûg,.¥�«ÄuÔ��Uþ�y�¥éÑÙ¥��ªÚn

Ø§�)Ôny�!Ô�(�!�^Ú$Ä5Æ�"5¿§ÔnÆ´3g,y�¥@

�g,5K§¿±ù
5K�ºg,¥%¹�ÏJ'X"~X§²;åÆé�
U

©y��¤õ)º§âfÔn(½���&ÿ�Ä�âf±)º�»å�"

ÔnÆ���A:3u´éÔ/�0�&¢�@�§���Ôn½Æ7,É<

�*ÿ^�!ëìXÚ@�Uå���§́ �«^�¤á"ùp§~Þ�
²;Ôn

½Æ�¤á^�Xeµ1©Úîn�½Æ´÷*ÔN3$�$ÄÚ.5ëìXe�Ô
n½Æ§Ø·^u�*âf"ù�¥§Úî1�½Æ�^�´ØÉ	å�^§1�½

Æ�^�´É�	å�^§1n½Æ�^�´å�D40f����50f¶2©Å
�U´ÔNÄUÚ³U�Ú§ÙÅð�^

�´ÔN?3���Åå|¥"ù�§Ô

N�³UÚÄU¬u)Cz�oÅ�U

�±ØC¶3©>^|¥¥Õ½Æ�^�´
ý�¥�·>|�>Öq1, q2´:>Ö§>

^aA�^�´^ÏþBL�N£´§X ã12.4 >6�^Ïþ

ã12.4¤«"ù�§�N£´¥�]�aA>Ä³Ei�BLT£´�^ÏþΦé�

m�CzÇ¤�',3ISü �eL«�

Ei = −dΦ

dt
(12.1)

¡��{.1>^aA½Æ¶4©9åÆn�½Æ´�x9UDÂ�½Æ"9åÆ1
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�½Æ�^�´	.é��µ4XÚD49þ��/§�Ü©¦XÚSUO\§�

Ü©^uXÚé	.�õ§=9U3XÚS	�D4�=�5Æ¶9åÆ1�½Æ

Ú1n½Æ¤á�^�þ´3��µ4�5XÚS§�9DÂ�Ud9?DÂ�e

?§Ø�_��o´O\§3XÚ½²ï�������¶5©1>�A½Æ�^
�´1ì�7á�"ù�§�\�1�ªÇν�u7á��4�ªÇν0�§7á�þ

�>fe¬ºÑUþ�~ν �1f§u)1>�A§�\�1�ªÇν��§>f�Ð
ÄU��§kOÏd"1>�A�§

~ν = eµ+
1

3
mev

2
e ◦ (12.2)

ùp§~ = 6.63 × 10−34�ÊK�~ê§eµ�>føl7áL²�ºÑõ§me =

0.511MeV�>f�þ§ve�>fºÑ�Ý¶6© OÏd"�U�§E = mc2�^�

´3�éØåÆ¥§=²;åÆ¥ÔN�UþÚ�þü�ØÓA�3�éØåÆ¥

´Ó��A5�ØÓLy§Ýþþ=���Ïfc2=1��²�"

£3¤zÆ. zÆ´3©f!�f�gþïÄÔ��|¤!5�!(�§±93�

½^�eÔ�Cz�5Æ"��/§Ô�Cz©�ÔnCzÚzÆCzü«"ù�

¥§ÔnCz�Ô�3/�½G�þu)
Cz§�vk)¤#�Ô�¶zÆCz

�ÔnCzéA§�3�½^�e©fmu)�f½>f�=�!=£½|§)

¤#�©f¿�kUþCz�L§"

zÆ�Ø%´3�fÅð�Ä:þ§uyÔ�|^�Ú|5Æ§?3©

f!�f�¡n)Ô�)¤�/�0"�
~��zÆ�A�§Xeµ 1©-�§X
y2Mg + O2 → 2MgO§c3Fe + 2O2 → Fe3O4§�í2H2 + O2 → 2H2O§ù

�4P +5O2 → 2P2O5§1®S+O2 → SO2§%C+O2 → CO2§2C+O2 → 2CO§�

�z%2CO+O2 → 2CO2§̀ �CH4 +2O2 → CO2 +2H2O§Ë°C2H5OH+3O2 →
2CO2+3H2O�¶2©®z�A§X2Na+Cl2 → 2ClNa§2Fe+3Cl2 → 2FeCl3§Cu+

Cl2 → CuCl2�¶3©1z�A§X2Na + S → Na2S§Fe + S → FeS§2Cu + S →
Cu2S§O2 + S → SO2�¶4©�z�A§X3Mg +N2 →Mg3N2§N2 +O2 → 2NO,

2NO + O2 → 2NO2§3NO2 + H2O →
2HNO3 +NO �¶5©cz�A§X3Fe+

2O2 → FE3O4§3Fe+ 4H2O → Fe3O4 +

4H2§Fe+H2SO4 → FeSO4 +H2§Fe+

2HCl → FeCl2 + H2�¶ 6©?z�A,

4Na+O2 → Na2O§2Na+O2 → Na2O2, ã12.5 `�-�

2Na+Cl2 → 2NaCl§2Na+S → Na2S§Na2O+H2O → 2NaOH§Na2O+CO2 →
Na2CO3§Na2O + 2HCl → 2NaCl + H2O�¶ 7©`��A§Xã12.5¥�`�
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-�CH4 + 2O2 → CO2 + 2H2O§±9CH4 + Cl2 → CH3Cl + HCl§CH4 →
C+2H2�¶8©¯L�A§XH2C = CH2+3O2 → 2CO2+2H2O§H2C = CH2+H2 →
CH3CH3§H2C = CH2+HCl→ CH3CH3Cl§H2C = CH2+H2O → CH3CH2OH§

àÜ�AnH2C → −[ CH2 − CH2 −]n�¶ 9©¯#�A§XHC ≡ CH + 5O2 →
4CO2 + 2H2O§HC ≡ CH + H2 → H2C = CH2§HC ≡ CH + HCl → CH2 =

CHCl§àÜ�AnHC ≡ CH → −[ CH−CH −]n�¶10©��A§X2C6H6 + 15O2 →
12CO2 + 6H2O§C7H8 + 9O2 → 7CO2 + 4H2O �"

g,.¥�Ô�Ñ?3½G�§Ø¬gu/u)zÆ�A§Ô�m�zÆ

�AI��½�	.^�âUu)"~X§-��A¥�k�-Ô�§X7�!ð

h!Ë°±9Ö7!�Ü!���§kÏ-Ô�§X�í�§��k»§X»

¢§»s�"ù�§-�´©f�©f3�½�	.^�e�)�"±%-��

~§C + O2 → CO2§2C + O2 → 2CO´���%©f����©f3¿©-�

�/e)¤����z%©f§Ø¿©-��)¤ü���z%©f§�¢S-�

ÔÃ�´X%§�¹kÙ¦Ô�"ù�§-��Ø��z%!��z%	�kÙ¦

Ô�)"~X§7á´�«zÜÔ§Ì�d%!�!����|¤§��±n��

½±0!�!|!Y�©f/ª�3"3200oC�m-�§Ì�)¤��z%!Y�

í!`�!¯�Ú�«´-íN¶3200 − 280oC-�§�)�þYðÚ��z%¶

3280− 500oC-�§�)�-�í9�â¶3500oCþ-��)�Ì�´%"

£4¤)ÔÆ. )Ôäk/·ö

)�0§=�)��¸�·A�A

:§±=�@
é�¸Ø·A�)

Ô")ÔÆ´ïÄ)Ô§�)�Ô!

ÄÔÚ�)Ô�(�!õU!u)

ÚuÐ5Æ��Æ"ù�¥§ØÓ

�[�|Ü(�´)Ô·AÙ)� ã12.6 �Ô)�^�

�¸��Ô")Ô�¤3[�¥�zÜÔÌ���x�ÚØ�§Ù¥��x�´)

·¹Ä�Ì�«úö§Ø�´¢D&E���ö§́ )·¥��p©fÔ�")

Ô�¤��¥§�þ��C!H!O!N�§�þ�kFe!Mn!Zn!Cu!B!Mo�")

Ô�Ä�A�´#���§=)ÔNSÓ	.Øä?1�Ô�ÚUþ��y�"

@o§)Ôk@
Ä��)�^�Qºî�Æ¬)º`§�Ô!ÄÔÚ�)Ô

äkØÓ�)�^�"=B´Ó�a)Ô§Ù)�^��Ø�½�Ó"~X§1©�
Ô�)�^�§�)1!Y!§�Ý!�íÚè1�"ùp§1ÚY´�Ô)�¥Ä

:5Ï�§·¨�§ÝÚ�Ý´�Ô)���¸^�§�í´�Ô1Ü�^§áÂ
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��z%§º��í§?1�á�¥0§è1´�Ôá��©��¶2©ÄÔ�)
�^�§�)·¨�§Ý!�í!Y! ÔÚ�½�)��m"ù�¥§�í´ÄÔ
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�)¹Ø^§�~]�3IIa!IIIaY¥��"Ó�§<ØUØ^IVa!VaY§�

[ÿ!¾ÓÚ�)Ô�3IVa!VaY¥�¹¶3©ÄÔN¥k�
ÕA��¼Å�
é|¾ÓUå½���¸�<NØ1"~X§��NS���¾Ó¥k61«´<�

�¾¾Ó"Ó�§��3�1L§¥U��100oC±þ§%9ªÇCz200g/¦§þ

´<N¤Ø�'[�"

1.2.�Æ{K. �ÆQ,´é¯Ô5Æ�^�ý¢§3<�g,Ú��)ù�

��XÚKL
2¥§3�Æ�<aO?4��Ó�§7L�Ä�ÆA^�^�§±¢y

<a��/�01¯§Ï�<a¹Äég,��6´�«ò��\È�A§g,é

<a���^�UØ´u)3�e´3<af���"ù�§�ÆA^���Ä

�{K´ÙÚ��<a¹ÄØ��½�6g,$1§=

ð�{K. g,ØÏ<a¹ÄN�½UC$15K"
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K§=<�g,Ú��)½�/�01¯�¢�3u�/ð�01¯Ø´�l<é

,
½,aÔþ�/�0½5Æ�^�ý¢½�Æ"ð�{K%¹Xü�¹Â§�

´g,Ø¬Ï<a�I�N�$1±·A<a§Ï�/U/À�Ô�F�0§��
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<Õ3��XÚKL
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»§C + O2 → CO2½2C + O2 → 2CO�)
<a©²§�ù
ä�!ä{-��

�)���z%Ú-�í3Ô´3<�Ý��¥§ég,Ã�6íº�Y´Ä½��

î�Æ¬)º`§��z%�g,�B´²dÉÚ�Ô�1Ü�^!Y�Úè1�

g,Å��B§�BUåk�"3<a�à�©²��§��z%Ì�5uÄÔ!

�Ô��á!�N�@DC�!ì�g,»�Ú<�)»È �"ù�¥§/ÄÔ!

�Ô��á!�N�@DC�!ì�g,»�0áug,�/�01¯§/<�)

»È 0́ <��«Ì*1�§Ø�½´3�/�01¯§�Ù�)���z%þ$

�§ÿ3g,��BUåRair < Rhuman��S"@�§<�Ø'5ð�{K§@�

g,U�N<a���¢ïÔ§Ø¬ég,$1/¤��Û�§�ó�©²Lu�
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æ�)�§±9@
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Qºî�Æ¬)º`§�Æ´�Ô{K/�0��«ÛÜ@�½^�ý¢L²§�Æ
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)»�Ó��)��z%Ú��z%�§þI<�ÌÄéÙ�Ô?1g,Ã�6?
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ºx3u§���3���~=´���

Ø@�LÄû"~X§�F1.�x.d

/�Ô�ê0�Øã§=´3±�Ô/ê0�

A��º�Ô§¿�¯Ôý¢§�Û¹.� ã12.8 �Æ´<��Ô

x.d`�/ê0�´knê§4¦��<FÅdÞÑ
ü ��/�é���
√

2�

�knê��~§=/�Ô�ê0́ ���Ø�@�"

ù��5§Q,<é¯Ô�@�½�Æ´ÛÜ@�§��N@��'k@
"

:Ú`:Qº<é¯Ô�ÛÜ@�§":´§=´¯Ôý¢��«^�ý¢§̀ :

´3<å¤U9���S�±y¢½y�"��dÓ�§y¢½y����É<@

�Û�5���§=B´��é¯Ôy¢�@�§��mÚ@�Ãã�?Ð<��

U�uyÙØ´¯Ôý¢=´^�ý¢§$�´���Ø�@�"~X§ÚîÚ

å´é�þÔNm�3Úå��«ÛÜ@�§OÏd"Úå¢�´ÚîÚå¥�þ

ÔNên→∞�Úå|�/§́ �«�N@�§�y¢^�E´3<å¤U9e�

ÛÜu�§́ <3é¯Ô@�¥dAÏ����@�5Æ"@o§́ Ä�3�«�

±)º�ÔCz5Æ��knØQº�Y´Ä½��î�Æ¬)º`§�ÔCz�
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5Æ= /́�0§�Ì/���§�~�0§óÆþÒØ�Ukù��«@�¯Ô�

�knØ"

�ÆþJ¦�knØ£Theory of Everything¤�¢�¿�´J¦�Æ�/~

�0§´ò�
wqØÓ�g,y�3���2��Ú�nØe?1@�§÷

vµ1©®k½Æ´Ú�nØ�AÏ�/�/ª½Lã�{'¶2©Ú�nØ�²¢�
u�¶3©Ú�nØ�JÑ�ýó¿²L¢�u�§ù¢Sþ´<é¯Ôý¢@��
�«ì?L§§3�ÆuÐ¤þ¿Ø¾�"~X§ÚîåÆéÔN$Ä�·��Ú

�§ð�d�>^nØé>!̂ Ú1�Ú��§Ï�ù��Burº¯Ôý¢"�

,§�Æ¥�ù«�knØ3��þE´�«ÛÜ�Ú�nØ§¿��knØ"

2.1.Ú�|Ø. Ú�|Ø´dOÏd"Ì��§3|ØÄ:þÚ�Ä�å�^

|��«g�"��/§�»¥Ñy�y��±{z¤o«Ä�å§=Úå!>^

å!rØåÚfØå��^"ù�¥§ÚåÚ>^å´�«�§å§�^ål30

�+∞�m��^rÝ�ål�O\~�¶rØå�fØå´�«á§å§�^
��é��K�å�ål�O\:�~�§

���½ål��^ågÄ��"@o§́ Ä�

±�ï�«Ú�|Ø�xùo«å�^)º�

�Ôny�Qºù=´OÏd"���Ú�|

Ø§=b�/g,.A�÷v{ü5�K0§̂

|�{ü��úÚ�o«Ä��^å¥�/E

,50±@��»¥�g,y�"���8F§

ù�ó�=�¤
Úå�>^å!>^å�r ã12.9 o«Ä��^å

Øå!fØå�Ú�§�ÿ��¤Úå�rØå!fØå�Ú�§E3Ï o«Ä

��^åÚ���´þ�r"

£1¤å|AÛ. å|AÛ´dOÏd"mM��xÔ�|3å�^e��

�m½iùAÛ��«g�"ÚîÚå´ü��þÔNm�Úå�^§�ÔNê

þn → ∞�§ u�mR3 × R þ?�:þ����þÔNÉ��Úå�^´Ù¦
ÔN�Úå�^§Ù��Lã´�m��A§=OÏd"Úå|"ù�§��g

,�¯K´§>^å!rØåÚfØå�^´Ä��±aq/=z�AÛLyQº

î�Æ¬)º`§�YXJ´�½�§ùo«Ä�å�ÛÜ�^LyÒ�aquÚ

å�^§3R3 × R þ��Ýþ�

ds2 = gµνdx
µdxν , µ, ν = 0, 1, 2, 3 (12.3)

�iù�mM4þ�x§�ÏÚå!>^å!rØåÚfØå�^þ��É§ù«�

{��v¤õ"ù�¥§Úå!>^å´�§å§rØå!fØå´á§å§=�ål
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rØå�fØåØë��^§CålÚå�^��ÑØO§�«g,��{´b½

o«Ä�å�^Õá�3u�g���¥§=Úå��R3×R!>^å��R×R!
rØå�fØå��R4 × RÚR2 × R§�^���m�Ýt ∈ R§=3��Ýþ�

ds2 = gµνdx
µdxν + ds2

Ω, µ, ν = 0, 1, 2, 3 (12.4)

�iù�mþ�xo«Ä�å�^�AÛ5�"ùp§�ªmà1��L«Úå!>

^åÚå�����A§Ω´UNBrØåÚfØå��mÕá�^��m§ds2
Ω�

rØåÚfØåÚå�����A§÷vdimΩ ≥ 4 + 2 = 6"��/§�dimΩ =

6=4 + 6 = 10-��m=�NBÚå!>^å!rØåÚfØå�^Õá�^"f�

ùp§̈ fk
¯ç/`µ/ww§ù«�{��4<¯Û
��<a)¹34-��

�¥§No)º@õÑ5�8��ÝQº0î�Æ¬w�¨f§3Pf/�)�§�

)�§�)n§n)�Ô0�ML§¥´Äu)L�m�ÝCz¿Ø�¡§��

±�½�´§3þ2�
�Ã=Ñy�Ô�þ2M`¥§�m�Ýq�u)LC

z"ù�§̂ (12.4)�x�»M�Ð��mÝþ7Lé��¿��m�Ý�Cz§

=�m�Ýd4 + dimΩ → 4�L§�Ñk

�b�âØ�<�a�gñ"�d§<�b

���¿�n�����Ý3:ì�*Ü

�ò�§/¤8U<�a���mR3"Ó

�§,	Ô����K:ì/ò� �§

���Ñ<�a���§�3n�÷*�»

¥�å�^�lÚå�^5K§Ô��*�

»S�n«å�l>^å!rØåÚfØå ã12.10 ò�m�.

�^5K§÷v�m�;�5�¦§=<aa���mR3 ×R¥���:Ø´��
:´��;��mΩ§Xã12.10 ¤«"î�Æ¬o(`§ù´��C�»´/X

n5ßÿ"�,§<Ï@�Û�Ã{�yz�a�:þ´Äý�´��;��mΩ§

�(�òÄ�å�^|Ú�u��AÛ�mR4 × Ω"AO/§�¤
±eó�µ

Kaluza-KleinnØ. OÏd"�2Â�éØ´3î¼�mR3þO\���m

�ÝR��R4þ�ÚåAÛM4"ùp§�m�ÝRR�uR3"@o§3R4þ2O\

���ÝR���OÏd"Úå|(4 + 1)-AÛM5�¹�oQºù´(4 + 1)-��m

þ�OÏd"Úå|�§§q¡�Kaluza-KleinnØ"î�Æ¬w�¨f§ù�§Ú

åAÛM5þ���½Ýþ�

ds2 = gµνdx
µdxν , µ, ν = 0, 1, 2, 3, 4 (12.5)
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���M4þ�OÏd"Úå|�
·��t§=Ø2�¦3¤k�IX¥ØC

´U�3âÔ]C�eØC"3ù«�/e§OÏd"Úå|�§�/ªu)
C

z§õÑ
£ã/>^å0����lð�d��§"@o§AN�w�ù�õÑ5

�1Ê��ÝQº^KaluzagC�)º§/1Ê�3R3�z�:þò ¤����

~����§X�	úØ�§��30§ùÒ´ò�m�5§=ã12.10¥NX

3���:þ�¥NΩ���S1 ��/"ù�§1Ê��Ý�CzA´ÕáuÙ¦

�Ý�±ÏCzx4(t) = x4(t + 2kπ), t ∈ R, k ∈ Z§�é�êµ, ν = 0, 1, 2, 3½4÷v

^�d4gµν = 0§éA�5-��mÝþ�L«�

ds2 = e2αφgµνdx
µdxν + e2βφ

(
dx4 +Aµdxµ

)2

◦
(12.6)

ù�¥§Aµ�³�þ|÷vd4Aµ = 0§φ�Iþ|÷vd4φ = 0"

unØ. Kaluza-KleinnØ35-��mþÚ�OÏd"Úå|�§Úð�d�

�§�¤õ§4<�w�
3R4Ä:þO\�	�ÝÚ�Úå!>^å!rØåÚ

fØå�F"§=3(12.4)¥�dimΩ = 6§̂ (3 + 7)-��mÚ�Úå!>^å!r

ØåÚfØå�^"ù�¥���Ä�¯K´/��Ä�âf´���:íº0î

�Æ¬)º`§3Å���f�.¥�(´r�fØ�>fb�����»¿©�

�3-�¥N"�ù�:®3þfåÆ½|Ø¥?1
â»"~X§þfåÆ¥^Ä

�âf3�mR3¥:þÑy�VÇ�xâf1�§¢Sþ®�»
Ä�âf´��

¿©��3-�¥N�b�§Ï�XJÄ�âf´�»¿©��3-�¥N§qNo�

UÑy3�mR3���:þQ�ù3Ü6

þ�Ä�âf�Vg¿Ø��§�U)º

�´Ä�âf��A¤�§ù«|�A

¿�´���:¤U�)"

@o§Ä�âf�|�A´No�)�

Qºî�Æ¬w�¨f§�Ô�dÄ�âf

�¤ØÓ§unØ@�g,Ô��¤�Ä

�ü�´���é����u§Ä�âf ã12.11 u�|�A

´ù���u�ØÓ��	w1��)�|�A§Xã12.11¤«"ù�¥§u�±

ã12.12 u�(Ü�©�$�

´mu§��±´4u"muwå5�´���ã§4uwå5XÓ´��4�§
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Xã12.12¤«§ü�mu3à:(Ü�±E´��mu§mu3�:©�¤ü�m

u¶��mu3à:(Ü�±´��4u§4u3�:©�¤��mu�"AO/§

mu�à:�À��>Ö�âf"XJmuüà�´�âf§�à´�âf§Kü

à(Ü3�å�«/¤1f"aq/§34uþ�:©�§�à��âf§�à�

�âf"dd§u�©��(Üg,éAuâf�$Ä1�"

ù�§aquOÏd"^�m��Ç�xÚå�A§unØ^p���

mM10Ú�Úå!>^å!rØåÚfØå�^§�EÑõ«;�z��mΩ�<

33-��m¥�a���"�ØÓ�ò�ª�±/¤Ãê�;��mΩ§Ã/¥

<�O\
¯K�E,5"�?�Ú§<�d¢�*ÿO\o«Ä�å�^�AÛ

�mA÷v�é¡§=ÀÚfÚ¤�f�m�é¡5"ù�§3(3 + 7)-��m¥�

�Ê«unØ§=I.!IIA.!IIB.!,zO(32) .Ú,zE8×E8 .§�Ñ
Ê«

ØÓ��»�."ù�¥§I.�unØ�

¹/mu0Ú/4u0§IIA.�unØ�

�¹/4u0�Ê��mSØ»��¡Å

ð¶IIB5�unØ��¹/4u0§Ê�

�mS»��¡Åð�;z�n��m�

Ø»��¡Åð§ü«,�unØO(32).

ÚE8 ×E8.¥§/4u0©O3�^Úm^

��m�Ä�"310-��m�Ä:þ2O ã12.13 M-nØ

\���Ý§=311-���¥�±y²ùÊ«ØÓ�unØ3��þ´�d�§ù

Ò´E.Wtten�<JÑ�M -nØ"

@o§M-nØ´Ä3AÛþÚ�
Úå!>^å!rØåÚfØå�^Qºî

�Æ¬)º`§M-nØ3/ªþÚ�
Úå!>^å!rØåÚfØå�^§�ù

�ó�å�¤o«Ä�å�^�Ú������"Äk§unØÚM-nØ¥å|A

Ûz�¢�§́ ^p��m��Ý©���Úå!>^å!rØåÚfØå�^§́

�«êÆ/ªþ��NnØ§®�å��^5Æ3/ªþ�À�ÙAÏ�/§�¿

��{'¶Ùg§<�Ã{éunØÚM-nØ?1�y§=unØÚM-nØ=UÀ

�/ªþ�(§́ Ä�ý¢��»��Ã{��u�§ù´unØÚM-nØ��·

"�¶1n§unØÚM-nØJØÑýó§=B3(3 + 7)½(3 + 7 + 1)-��mþJ

Ñýó�Ã{�y"ù�§unØÚM-nØ=UÀ�´<a@��Ô��«/ªn

Ø½�Æ"

£2¤5�|Ø. 5�|Ø´3ÛÜé¡�^eÚ��*âf|��«g�"þ

¡�?ØL²§unØÚM-nØ�,d�	�Ý�x
>^å!rØå�fØå�



12! �knØ 475

^§òo«Ä�å�^/ªþÚ�3(3 + 7)½(3 + 8)-��mM10,M11þ§�¿�U

�«o«Ä�å�^���"þf|Ø¥§âf´|3��:þ�-u|�§ØÓ

âféAØÓ�þf|"5¿§âf�þf|�φ�ù«éAI�µï/ªÏ�§=

�xÓ�âf�ü�ØÓþf|φ, φ′m�½�3��C�Λ : φ→ φ′§Ï�|φ, φ′�

x�´Ó��âf�§=´<�Ly/ªþ�ØÓ§=�l�é5�n"AO/§C

�Λ�±=�^3|φ���Û�Ø´��þ��φ′"ù��C�Λ¡�5�C�"

@o§�o´5�|Qºî�Æ¬)º`§��5�|´�3|φ�z���:½,

�«���:þ�15�C�Λ¦�φΛ = φØC½éA�LagrangeþLΛ = LØC
��«|φ"~X§éAu�þm ÚLagrange þ�L = ∂µφ

†∂µφ −m2φ†φ�EIþ

|φ§küa5�C�µ

1©�NC�µ φ→ φ′ = eiγφ§γ ∈ R�¢ê§ò|φ�� UC��~êγ¶
2©½�C�µ φ→ φ′ = eiγ(x)φ§x ∈ U ⊂ R3"

ùp§φ†�φ�E�Ý"ù�§11a5�C�3u¦LagrangeþØC¶12a5�C

�KéLagrangeþ�/ªk�½��^�§=�^uφ� �©�fA�∂µ → ∂µ+

iqAµ"ùp§q´·�½Â�~ê§Aµ´,«|§÷v5�ØC5UAµ → Aµ− 1
q
∂µγ"

5¿§5�C��±´��þ�§��±´Û�þ�"��þ�5�C���IX

C�§Û�þ�KØ�½´�IXC�§ù´5�C��OÏd"2Â�éØ¥/�

IC�0�ØÓ"aq/§�k¥þ|!̂ þ|þ�5�C��"

@o§��o`5�|�«
å�^��Qºî�Æ¬)º`§âf�Óuþ

f|��§�*âf�Ä��^|Ñ´5�|"éA/§Akoa5�ÀÚf½x

0fD4å�^§=Úå|!>^|!r�^|Úf�^|�^D4x0f©O�

Úåfg!1fγ!�fgk, 1 ≤ k ≤ 8Ú¥mÀfW+,W−, Z§éx0f5�|��x

=´oaÄ�å�^��x"ù�¥§¤�f!W+,W−ÀÚfÚZÀÚfäk�þ§

1f!�f��þ�0"Ó�´5�|§��o¤�f!W+,W−ÀÚfÚZÀÚ

f�þØ�01f!�f��þ�0ºî�Æ¬)º`§�÷v5�|�Û�5�

ØC5§I��½5�ÀÚf��þ�""���o¤�f!W+,W−ÀÚfÚZÀ

Úf�þØ�01f!�f��þ�0Q§£�ù�¯KI�5�|þ��«gu

é¡»"Å�§=�ÔnXÚ¤�Å�g,½Æäk,«é¡5§ÔnXÚ��

¿Øäkù«é¡5�§XÚ¬gu/é¡»"§��äkù«é¡5�XÚ�ª

¬C�Ø2LyÑù«é¡5"3gué¡»"¥§F�dâf´�«HÙu�»

��þâf§ë�5�ÀÚf�gué¡»"§¦���þ�0�5�ÀÚf�þ

Ø2�0¼��0�þ"5¿§d5�|�xÄ�âfÚå�^�¢�3u/5�

|⇔Ä�âf0Ú/å�^⇔5�|0��d'X"ù�§Ú�Úå!>^å!rØ
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å�fØå�^�¢�3u�ï�Nùo«å�^�5�|"Ó�§dÚ�5�|

¥Ñy���5�|ýó#�Ä�âf§�d¢�&¢uy§ù´âfÔn¥dn

Ø��uy#âf�¤õ�~"

Ú�>^å�fØå�^�ó�§=>fnØ�¤uþV8�c�§ÙÚ�

|¥�Lagrangeþ�

LIV B =
g√
2

(
Jµ
−
W+
µ + Jµ

+

W−
µ

) g

cos θw
JNCµ Zµ

◦ (12.7)

ù�¥§

Jµ
+

=
∑
l

νlγ
µ

(
I − γ5

2

)
l +
∑
q

qγµ
(
I − γ5

2

)
q′,

Jµ
−

=
∑
l

lγµ
(
I − γ5

2

)
νl +

∑
q

q′γµ
(
I − γ5

2

)
q,

JNCµ =
∑
f

gfLfγµ

(
I − γ5

2

)
f +

∑
f 6=ν

gfRfγµ

(
I − γ5

2

)
f◦

ÎÒlÚq©O�L�f!§�¶f�¤�f§Ï�F�d|�p�^¼��þ¶ν�

¥�f§gfLÚg
f
R©O��!mÃâf�ÍÜ~ê§g�ÍÜ~ê§θw�f�^=Ä

�"

>fnØ�¤õ?�Úÿ2r¤Ú�>^å!rØåÚfØån«å�^§ù

Ò´þVÔ�c��¤�GSWnØ§ÙÚ�|¡�IOâf�.£Standard Mod-

el¤§Lagrangeþ�

LGSW = −1

4
BµνB

µν − 1

4
W i
µνW

iµν +
∑
e→µ,τ

i
(
Leγ

µDµLe +Reγ
µDµRe

)
+

3∑
i=1

i
(
Liγ

µDµLi +Ruiγ
µDµRui +Rdiγ

µRdi

)
+ (Dµφ)† (Dµφ)−m2φ†φ− λ

(
φ†φ
)2

+
∑
e→µ,τ

g1

(
LeφRe +Reφ

†Le
)

−
∑

u→c,t;d→s,b

(
gdLuφRd + guLuφcRu + h.c

)
◦

(12.8)

ùp§1�Ú1�1¥���g�gd5�|Bµ!W
i
µ!�f|Ú§�|§1n!1

o1¥���g�gdF�d|9Ù��f!§��ÍÜ§h.cL«)Ò¥c¡�

�Hermitian�Ý"

âfIO�.E´�����nØ§Ù¥¹k�õ��Nëê§äk�½�?

¿5§�ýó�¥mÀÚfW+,W−, ZÚF�dâfk�31983cÚ2012cdî³
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ØfïÄ¥%\Ùé�§L²ù��.´���¢��Î��.",§âfIO

�.¥Ø�)Úå§EØ´o«Ä�å�^�Ú�nØ"Ó�§�
ýó�E��

�y¢"~X§âfIO�.ýó�fØ´��½âf§�?1PC�¢�(J

¿Ø��§ØU)º3Ø�C½ØàC¥��o¬�)�þ�¥f!¥�fÚ1f

�§2g<y
âfIO�.½GSWnØ=´��ÛÜ�NnØ"

2.2.å�^6��..�»¥�y�Q,�±{z¤Úå!>^å!rØåÚf

Øå�o«Ä�å�^§�»�Ô�1�9Cz7,�d��ëY6?1�["o

«Ä�å�^¥§ÚåFg�^u�þÔNm§>^åFe�^u>Öâfm§rØåFs

�^urf£f!0f¤m§fØåFw �^u§���f!�f��fm"Uå�

�^åly©§o«Ä��^åÌ�Ñy3µ1©ÚåFg§å§r ≥ 10−10m�¶2©>
^åFe§å§10−10m ≤ r ≤ 10−8m¶3©rØåFs§å§10−18m ≤ r ≤ 10−15m¶4©f
ØåFw§å§r ≤ 10−18m"ù�§dÔ��¤nØ§�»�Ôg,/¤��ëY

6GL[AEP ]Xeµ

ãG[AEP ]�º:8V (G[AEP ]) = {§�!�f}§>8E(G[AEP ]) = {(§
�,§�)§(§�,�f)§(�f,�f)}§=§��§�!§���f½´�f��f
mUu)Úå�^!>^å�^!rØå�^½fØå�^�âfm�¤G[AEP ]�

>"éA/§G[AEP ]þ�º:IÒL : v ∈ V (G[AEP ])→ v§>IÒ�

L : (v, u) ∈ E(V (G[AEP ]))→


Fg, rvu ≥ 10−10m;

Fe, 10−10m ≤ rvu ≤ 10−8m;

Fs, 10−18m ≤ r ≤ 10−15m;

Fw, rvu ≤ 10−18m◦

(12.9)

�
 �	
�
 �	
�
 �	

�
 �	KL
m1

KL
m2

KL
mi

KL
k i

i
+

−

JJ



rr r
r r
q1

q2q3

q q

qr r
r
q

x

y z

� � �

>^å rØå fØåÚå

p p p
p p p

ã12.14 6�GL[AEP ]�g(�

ù�¥§rvu�Ä�âfv, um�ål§q�§�§q�q��§�§x, y, z ∈ {e±, νe, µ±, νµ,
τ±, ντ}��f"

î�Æ¬w�¨f§dÔ��¤nØ§�±dã12.14��5/(½GL[AEP ]�
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�g(�Xeµ 1©3å§r ≥ 10−10mºÝþ±Úå�Ì�"ù�§?ü��þÔ

Nm�3Úå§=GL[AEP ]¥�K¤k�f������ãKL
k̂
"ùp§̂k��»¥

rf�êþ¶ 2©3å§10−10m ≤ r ≤ 10−8m§=3 1©¥Úå|¥��f�©fº
Ýþ§±>^å�Ì�"ù�§>ÖâfmU/Ó5�½!É5�á0�KÛÜ�

¤GL[AEP ]¥���±�fØ¥��f�%§>f���(ãSL1,l"ùp§l��f

¥�>f�ê¶3©3å§10−18m ≤ r ≤ 10−15m§= 1©¥Úå|¥��fØ�rfº
Ýþ§ÛÜ�¤GL[AEP ]¥�����fãKL

3½K
L
2"ùp§K

L
3!K

L
2©O�§��

¤�f½0f¶4©3å§r ≤ 10−18m§=3 1©¥Úå|�§���fºÝþ§βP
C¥�f�^n→ p + e− + νe§p→ n + e+ + νe§e

− + p→ n + νe§=�f��f

Ø¥��f!¥f'é§ÛÜ�¤GL[AEP ]¥����(ãSL1,s"ùp§s´���

�f½¥f'é��fêþ"�fx, y, zm´Ä'é3u§�´Ä?3�gPC¥"

~X§>fe−��¥�fνe!�>fe
+�¥�fνe©O?3¥f!�f�gPC¥§

=§��mk>�ë"

@o§N��xo«Ä�å��^|Qºî�Æ¬w�¨f§3å§r ≥ 10−10m�

ºÝþÌ�´Úå"ù�§|�§�OÏd"Úå|�§

Rµν −
1

2
gµνR + λgµν = κTµν ; (12.10)

3å§r < 10−10m�ºÝþ§¬Ñy>^å!rØå�fØå§�±3	|�Úå|§

S|©O�>^|!rØå|!fØå|§aqu5´²6%�¥�þ%�e!�/e

�xÄ�å�^|"ù�§Ä�å�^éA�âf$ÄdüÜ©EÜµ�´âf3©

f�¤���þÔN§X(N�UN3Úå�^e�$Ä§=GL[AEP ]�:�ÓÚ

$Ä¶�´âf§�)>Öâf!rf��f§=(ãSL1,l!��fãK
L
3!K

L
2ÚK

L
13

S|¥�$Ä"âf|φ�lKlein-Gordon�§§=(
1

c2

∂2

∂t2
−∇2

)
φ+

(mc
~

)2

φ = 0◦ (12.11)

ùp§~, cÚm©O�ÊK�~ê§1�Úâf�þ§∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2"ù�§�

�U¦Ñâf|UþÜþTµν§?¦)OÏd"Úå|�§(12.10)=�(½3Ú

å|�^e�âf|φ"

~X§>Öâf$ÄÉ>^|�^"Ó�§>^|�ÉÚå|ù�	|��^"

ù�§b�>Öâf��þ�m§>Ö�q§K>^|E(r) = q/r2§3¥é¡b�e§

Ýþ/ª�

d2s = B(r)dt2 − A(r)dr2 − r2dθ2 − r2 sin2 θdφ2
◦ (12.12)
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éA/§d½Â>^|�UþÜþ

Tµν = −
(
gσνFµλF

σλ +
E2

2
gµν

)

=
E(r)

c2


B 0 0 0

0 −A 0 0

0 0 r2 0

0 0 0 r2 sin2 θ

 6= 04×0◦

ùp§

F µν =
E(r)

c2


0 −1 0 0

1 0 0 0

0 0 0 0

0 0 0 0

 , Fµν =
E(r)

c2


0 1 0 0

−1 0 0 0

0 0 0 0

0 0 0 0

 ◦
ù�§�?�Ú¦�Úå|�§Rµν = −8πGTµν�)�

ds2 = (1 +
4Gπq2

c4r2
− 2Gm

c2r
)dt2 − dr2

1 + 4Gπq2

c4r2 − 2Gm
c2r

− r2dθ2 − r2 sin2 θdφ2
◦ (12.13)

2.3.êÆ�»ß�. êÆ�»ß�´��^êÆ@��»�Ô�ß�§d{I

�M.Tegmark32003cJÑ§äó<a	Ü�g,ý¢´�«êÆ(�§=�»Ø

=U
�êÆ�x§�»��Ò´�«êÆ(�"ù´��-�õê<,¯�ß

�§Ï�âd�±æ^êÆ�x�Ô�G�Ú1�"Ó�/§êÆ�»ß��Ù

`´�«ß�§�ØX`§´�«@��Ô�g�§�êÆ|Üzß�aq"î�

Æ¬¯¨fµ/\�P�êÆ|Üzß�íº0¨f£�`µ/´Ø´äó?Û��

êÆ�ÆÑ�±|Üz½´|Üï�@�ß�º0î�Æ¬:
:Þ/�(§ù

�ß�q¡�CCß�§´Äu|Ü@��»�Ô��«g��ù�¥�-êÆ�

Æ.Øü´�êÆ§��)?���dêÆ½þ�x�Æ�§XnØÔn!nØ

zÆ�"0¨ff�`µ/@ù��5§êÆ|Üzß��´�é�@��Ô§Ø´

�êÆ�»ß���
íº0î�Æ¬£�`µ/L¡w´ù����du<@��

Û�5§êÆ|Üzß��ÎÜ<a@��Ô5Æ"0¨f¯î�Æ¬µ/@´Ä¿

�X�»�Ô1��^6�GL[AEP ]?1�xºXJ´ù�§��E,
j�6

�GL[AEP ]¥Ø´�kNõ[!Ø�ÙB�0î�Æ¬)º`§<@��Ô�¢�

´(½6�GL[AEP ]"�,§6�GL[AEP ]�I�?�Ú{zÚ²ß§�Ï<3@

�þ�Û�5§�ïGL[AEP ]´��Ã��ì?L§§��<ªÙ�)E¬�3@

�Ø��Ä�½A5§§�´<@��Ô���n��."



480 112Ù �ÆóÆ

¨féêÆ�»ß���^Ek
¹·§éî�Æ¬`µ/êÆ�»ß��Pf

5��²6¥�-���§�~�.3Ü6þØ��§ù�ß�AT´�Ø�j�0î

�Æ¬¯¨fµ/�dêÆ�x��¯Ô´Ä¿�X<�±âdrºù�¯Ô�1

�Qº0̈ f£�`µ/�,�·@����dêÆ�x�¯Ô1��½�±�<a

rº�0î�Æ¬w�¨f§ù«*:´�Ø��Ï�êÆ�)(½5êÆÚ�(½

5êÆü�Ü©"Ó�§êÆ@��Ñ´é¯Ô,�1�A���x§́ �«3�

lÜ6���Kþ�/ªüÌXÚ§¿Ø�½´���§ù«/ªXÚ¥Ó��3

ØUy¢½y��·K��Û¹3¯Ô1�¥§�3�þ¯Ô1�ÿØU�êÆ�

[§�ØU�<a¤rº"~X§þfåÆ^�U5�x�*âf´Ä¿�X<a

�±rº�*âfQº�,Ø´�Ï�<é�*âf�*ÿL²§�*âf1��

éu<�*ÿk��ÿØO�n§=<é�*âf�ÿþØUÓ�(½���*â

f� �ÚÄþ"ù�§êÆéâf1���x½�[¿Ø�Óuâf"ù3�½

§ÝþL²§Pf5��²6¥�/���§�~�0�êÆ�»ß�¿Øgñ§c

öéA�´@�(J§�öéA�´@�g�§Id@�I�3�lÜ6���K

Ä:þÿ2êÆ§XMá/êÆ|ÜÆ0�ÿ2<�@�Uå"

13!�Æª(

�Æª(ù�{KéA�Ì�´�knØ§@�<a��EÑ�«�knØ�

º¤k*	��g,y�Ø2I�@���¯Ô"~X§¥I���Ò�!Ê1

Úl%Æ`§�F1�CÄ��dA�ún/Ú�¤knØ0§� �|Aò¤kg

,y�8B��f��f�m�-E§ÚîJÑåÆn�½Æ!�kÚå½Æ¢y

éUN$15Æ�)º§ð�d�d>^

|Ú�>!̂ Ú1n�+�§OÏd"òÚ

å8��m��A§é1�>!�þ�U

þ§¿ªÙ��)�åuÚå�>^å�

Ú��§Ã�Ø´3â¦�ï�«�kn

Ø§Ï��knØ�Ñy=´�Æª(�

�"Ó�§<�é�«g,y��/J0d

�knØÄÙ/Ï0§Ì0�»$1§Ø2 ã12.14 ��¤��»Ì0

���<�/)k0�N§Ï�<�±/�)ØP0¶Ø2���<�/²¡0

"y��§Ï�<�±/�º�º!����0§�±fÿ�»�Ô÷v<��«I

¦"ù´�Ìõo{w�ãx§Xã12.13¤«§�%´�«±<��»Ì0/°<
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°�0ª���§�¥I�<é/U�0Ú/<�0�@���¶§Ï�/�03

/n)�Ô0¥)/<0�Ó�§�D�<�/�)ØP0§�3�g,�'XþI

�/<{/01"@o§�Æ´Äý�¬ª(Qº�,Ø¬�î�Æ¬)º`§n

Ø�Ú�3�½§Ýþ¬¦QknØ{'!5�§��dÓ�§<�uy��¯Ô

�3Oõ§Ï��Æ´<3Ùå¤U9^�eéÔ/�0½5Æ�ì?@�§Ø�

<agCÏÙý5Ø2@���¯Ô"ÄK§�Æ[�Ø¬kª("Ó�§Ï<a

ý5ª(��Æ�½Ø´�knØ§Ï��k<a��¯Ô��3"

@o§�Æ´Ä¬ª(Qºî�Æ¬)º`§<aé�»�Ô�@�´��Ã

�L§§�Æ3�Nþ[�Ø¬ª(§�Æ�ª(Ñy3�Æ�ÛÜª("ù«Û

Üª(Ì��)n«�/µ�´�«nØ�,�«nØÚ���ª(¶�´�«@

��{ØU2*Ð<a@�Uå��ª(¶n´�«�Æ�/<�g,Ú��)0

�g���§I�<aÌÄ�ï�ª("

3.1.@�nØª(. �«nØ´é��¯Ô½¯Ô�A�§3,��mã²d

Ä�→b`→Vg→�ä→ín→nØ�g�L§/¤�@��rº¯Ô���
Ü6NX"nØ5u¢�§́ n5�@�(J§Ù�ª8�´��<�@��r

º¯Ô"��/§�«nØI�²d¢�→ @£→ 2¢�→ 2@£ù«Ì� E
±�Ã¡§Øä�õ!Øä?�QknØ!Ú^ªþ,�@�L§"ù�¥§/¢�0

´nØ�)��§/@£0́ <é¯ÔÄ�@��(J§/2¢�0́ nØ²d¢�

�u�§/2@£0́ énØ�?��,u§±�õ<é¯Ô�@�"

£1¤nØ?�. �«nØØ�����;.A�´Øv±���x¯Ô�1

�§=nØ�¢�m�3gñ§gñÑy��Ï3unØï�L§¥�3Ø�(�

1�§�UÑy3µ1©Ä��ã§XÄ��{Ø�(§k���O�Ï�Ä��Ó
��Ï��¶2©b`�ã§Xb��.�¯Ô1�Ø����§<�O\½~�

¯Ô1�A��¶3©�ä�ín�ã§Xé¯Ô1��ä��Ø§^�«�Ø�b
�?1�äín½´ínL§ØÎÜÜ6�"ù�§

²d¢�u�=�uynØ�¢��Ø��§I�

é=knØ?1?�§/¤#�nØ±��¢�"

nØþ§�,¢��±u�nØ�(�Ä§�

<´�änØ�¢�´Ä�Î�ÌN§É�u��

m!�{Úu�Ãã±9<@�Uå��å"~X§

ã12.15¥¤«�//%`0��o�3
üZõc ã12.15 /%`�.

â�xxZ�/F%`0¤��§Ï�<3/¥þ*ÿ§��lÀ>,å!Ü>ü

á§���O��3��Ñy!'�üá§<�aú´1(�X/¥="d�é5�
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n§<3/¥þ�*ÿ�Ò´±/¥��:?1*ÿ§��//%`0´�«7,

�@�(J"Ó�§<3@�%nþ�Wu�É//%`0§Ï�//%`0L²/

¥´�»�¥%§L²<a´�»�Ô�Ì0"�ù´�«�Ø��ú§��/F

%`0��
//%`0§//%`0=´�«�ØnØ§<a�7,���»Ì0�

/ "=B�
8U§<��ÿØU�ä�»´Ä�3¥%§=´3�»��¿`

e§@���¿�Ð��:��»¥%§�ùØL´��<aÃ{u��b�"

£2¤nØ��. ?Û�«nØ§XJ®���x
éA�¯Ô1�K¡�´�

��"ù�§�éT¯Ô�nØ7,ª(ÃI2uÐ#�nØ§Ï�<a®��

�rºùa¯Ô"@o§ù«���nØ3�

Æ¥´Ä�3Qºî�Æ¬w�¨f§�Æ¥

Ï®��ª(�nØ�þ�3§Ì�8¥3

/<{/0§=/¥þ@
<aå¤U9�¯Ô

@�"~X§�é</)0mÐ/Ê�0-�§X

ã12.16¤«���-�§±9ÄÔr��à�

Ô�«Æ!à�Ô-�Æ!T:Æ!¢DÆ!Ë ã12.16 ��-�

�Æ�"�dÓ�§3/<{/0�åe§<aé/	UN§±9/	´Ä�3)Ô

�nØK´Ø���§I?�Ú*�@���§�ï�ÆNX"

£3¤nØÚ�. SmarandacheU�m½XÚ´òm�üüØÓ��m½X

ÚS1, S2, · · · , Sm¿3�åS1 ∪ S2 ∪ · · · ∪ Sm¤���XÚS̃½IÒãGL[S̃]�¢�§

3ud�NXÚS̃½IÒãGL[S̃]@�ÛÜ�m½XÚS1, S2, · · · , Sm�1�§´Õ
3���p�À�*ÿS1, S2, · · · , Sm�1�§ù´�ÆuÐ����ª§=Õ3�
�ÊHµeÚ�ØÓ�nØ§@�¯Ô1�§¢ydÛÜ@�¯Ôý¢"ù�§Î

�nØ��#nØ���A~½ÛÜ§�#nØ¤��§ù«~f3�ÆuÐ¤þ

ÞØ�Þ"~X§1©Úîn�åÆ½ÆÚ�kÚå½Æ§±/å�^0Ú�
UNÚ
/þÔN$Ä§̂ åÆ�n)º��g,y�§ò�F1æp¬õ��<@��U

N$Ä!/¡$Ä�lü«ØÓ�5ÆÚ��å�^§¢y
/Uþ0Ú//þ0Ô

N$Ä�Ú�¶2©ð�d��>^|�§§=

divH = 0 a©

rotE = −1

c

∂H

∂t
b©

divE = 4πρ c©

rotH =
1

c

∂E

∂t
+

4π

c
J d©

(12.14)

Ú�
>|!̂ |¥�pd½Æ a©!{.1½Æ b©!¥Ô½Æ c©ÚS�½Æ d©"ù
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p§ρ´>Ö�Ý§J�>6�Ý§E�>|rÝ§H�^|rÝ¶pd½Æ a©�Ôn
¹Â´ÏL?�4¡�^Ïþ�0¶{.1½Æ b©��§(12.1)¶¥Õ½Æ c©�Ú
î�kÚå½Æaq§=ý�¥>Öq1, q2m�

^å���§�>Ö�¦Èq1q2 ¤�'§�

>Öm�ål¤�'¶S�½Æ´3ã12.17¤

«�mÃÚ^½Ke§>´þ�>6I�3�

>´R�²¡þ�)�^|rÝH�'X§=

�È©
∫
l
H · dl = I§Ù¥�divÚrot�R3 =

{(x, y, z), x, y, z ∈ R}¥�þ©Û�ÑÝ�^
Ý§½Â�

ã12.17 mÃÚ^½K

divH =
∂Hx

∂x
+
∂Hy

∂y
+
∂Hz

∂z
,

rotH = (rotHx, rotHy, rotHz)◦

ù�¥§

rotHx =
∂Hz

∂y
− ∂Hy

∂z
, rotHy =

∂Hx

∂z
− ∂Hz

∂x
, rotHx =

∂Hy

∂x
− ∂Hx

∂y
;

3©OÏd"3/��0µeR4¥Ú�
ÚîåÆ¥Õá�3��mRÚ�mR3§=

�mÚ�mØ´Õá´�é�§¿3cÂ�éØed�U�§E = mc2Ú�
�

þmÚUþE§=�þ´$ÄÔNUþ�Ny§ª(
ÚîåÆ¥�ýé��*Ú

�þ!Uþ´�xÔ��ü�ÕáA�*:�"5¿§�»�Ô3�p�^^�e

�¤6�GL[AEP ]§�ÆnØÚ��ª48I´�EÑGL[AEP ]§ù�,�U´�

�Ã��ì?L§"

3.2.@�g�ª(. �Æ´é¯Ô¥y

5Æ�ÛÜ@�"@o§�Æ´N�é¯Ô

¥y5Æ@��Qºî�Æ¬w�¨f§́

<�g�£idea¤½b £̀hypothesis¤3Ú

�<é¯Ô�@�§=²dé¯Ô�a�§

b�¥yÑ�¯ÔA�ÎÜ,«®��!Ä

��5K§̂ ®�5K�[¯ÔA�§�x ã12.18 _<@���

¯Ô1�"3¯Ô�XÚ@�¥§¯ÔT1�´ÙÄ�S1, S2, · · · , Sm1��nÜ§
¢K´SmarandacheU�mS̃½IÒãGL[S]§=dÄ�Si �,«A�χij(Si)é¯

ÔT��NG��1�GL[S]?1@�§́ <@���¯Ô��õê�/"~X§_
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<¹�@Kûó¥§8�_<¹��´���N�,��Ü §=��ß¸!&f!

�ù!Üf!�ïÚ�n§Xã12.18¤«"ù�§8�_<a��(J�Z��O§

©O������Îf!�ã-f!��ÙÔ!�rÆ÷!�×p½�ã+f§Ï�

dé¯ÔT�ÛÜa�rº¯ÔT��N1��Ò´���©(J�¯�"

@o§3�o^�e�±@��«g�½b��¤
é¯ÔT�@�Qºî�

Æ¬)º`§A�÷v±eü�^�µ1©Ä�S1, S2, · · · , Smþ®rº¶2©é?��
ê1 ≤ i ≤ m§Ä�Si�¤kA�χij(Si), 1 ≤ ij ≤ sþ®rº"3ù«�/e§<a

®rº
¯ÔT�¤¥¤kÄ��1�§�À�rº
¯ÔT�1�"��§Qkg

�½b�ÏØU��<arº¯ÔTª(§I�M#�«#�g�½b���=

k�g�½b�@�¯ÔT§ù´@�¯ÔT���L§"

5¿§JÑ@�g�½b��ÌN´<§´<3é¯ÔT?1@�§��<

�)·´k��§@�Uå�M#Uå�´k��§�Û¹�õ@�g�½b�´

�â<é¯ÔT�®ka�(JJÑ§�X_<¹�ûó%¹�óÆg�§<3

@���¯Ô�§aqu_<¹�ûó¥�_<§́ dÛÜ@�ÅìLÞ��N@

�"ù�§<JÑ�@�g�½b��õ�é�´¯ÔT�ÛÜA�§4´���

«@�g��ª(§Ì�Ly3µ1©Qk@�g�²¢�u��¯ÔT1�Ø��§
´�Ø�§I�JÑ#�@�g�½b�¶2©Qkg�½b����x
¯ÔT�
1�¶3©Qkg�½b�Ü©�x
¯ÔT�1�§UM#JÑ#�g�½b��
x¯ÔT���1�¶4©Qkg�½b�Ü©�x
¯ÔT�1�§�JØÑ#�g
�½b��x¯ÔT���1�"

ù�¥§þ¡11¥�/´�ÆuÐ¥~���/§Ï�@�g�½b�´<

aJÑ�@�ng§/�}D¤õ�10§�(@�´3Ãêg�Ø@�Ä:þ�)

�(J¶12¥�/´é¯ÔT@�¥�n���«�/§�3�ÆuÐ�8U®Ø

~�§Ï�@
vk�<a��@��¯Ô½´<aÿÃ{��a��¯Ô§½´

a�(J�¤�´��E,XÚ§ÿØv±��éÙ�x¶13«�/´3é¯Ô

@�¥��«�~�ª§=�õê@��/3²dØäU?!ØäM#�/e�Ú

Ú/ªCu¯Ôý¢§rºÙ1�"ùp§�I�©Û�´14«�/§=<JØÑ

#�g�½b��x¯ÔT���1�§Ï�ù´�ÆuÐ�´¶§�½§Ýþ¬

4<�Ø/@��Æª("@o§�o�¹e¬Ñy<JØÑ#�g�½b��x

¯ÔT���1�Qºî�Æ¬)º`§éu?Û�<a��Ôó§ù«�/�½

¬Ñy§Ï�<�)·k�§@�Uåk��Ôq?3Ø�/Cz¥"Ó�§�

�¯Ô�uÐ�3d��P�L§§<é¯Ô�@��Ø~	"���<���½

c��§¬Ñyý5��U§Ly3µ1©g�Ø2¹�§é��¯ÔØ2ÐÛ¶2©W
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�Ù¤¶3©ÉQkg��ª��§JØÑ#�g�½b��§E¤�<@�g��
ª(§ù«�/Ó�¬K�Ù�<½3f�M#"ù3�½§Ýþ§)º
��o

5�Æ{I<6,��]�>v<J.Horgan��5�Æ�ª(6�Ö�É�Æ§Ï�

¦�Ñ/�Æª(0�(Ø´uéóÆ!ÔnÆ!�»Æ!)ÔÆ!�¬Æ! ²

�Æ�+��
Í¶Æö�<�æ�§́ d�<�a��Ñ��Æª(§́ ±�

<@�g��ª(�Ñ��«± V��(Ø"

3.3.<aÌÄª(.<aé�Æ�ÌÄª(¿�´�Æ�ª(§´é�Æ¥,


+�½,
���±��½ª(§=�Æ3@��Ô�Ó��Ik/Ý0½IO§

ù�IO=´k|ur?/<�g,Ú��)0"3<�g,ù���XÚKL
2¥§

g,é<a��^äk=�5§=g,é<a�^�Ó�<a=�±a��§/ºN
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�A0½/]�Å|0��5Ú�e��¬uÐ�ª¥cÙ�§=I�·Ý��

½òÙª(§Ì��)±enaµ
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5�0½@��é5§=*ÿ1��*ÿ<�¤����XÚKL
2§ùÒ´OÏd"
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½§Ýþ<y
/�å5�0ù�ÃÆ¥�@�*"ù�¯~2gL²§�Æ�m

�´�±�pr?!�ÓuÐ�§Ï�m�é�Ô@�¥�@
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4.3.�Æ�Ã%7. �Æ�m�Q,�±�pr?!�ÓuÐ§@o§��o�


<�ï�Æ=�m�§@��Æ�ª:´ ÆQºî�Æ¬w�¨f§/��Ã

%0§�Ô´�/�0üz�(J§=B´U/§¥yÑ�� /́U/Ø;§±�Ô�

F�0§=U/½/�0Ãh§Ø�¿��u=«/Ô0½/Ã%0"éA/§�Æ�

�Ô/�0�ÛÜLy§�,Ø�3´ÄU4<7%�¯K§Ï�%�3<��þ§

´ÄU
7%�ûu<��Æ½/�0"ù�§�
<�ï�Æ=�m�¿@�

�Æ�ª:´ Æ��Ï§¿�´m��«
�Ô{K´3u<�)·k�§é

�Ô@��Uå�k�§=?Û��<Ñ�3Ù�Æ)ãª(�¯K"3ù«�/

e§�Æ@��Û�5Ø�U�ºÙ%¥é��¯Ô�¦¾§Ø�U4Ù%7"@

o§�o��¯�±4<%7Qºî

�Æ¬)º`§3<aw5§ 1©�Ô
�/)0=IÔ�÷v§Xk�Y!�

í!��!1Ü�^�Ô�=��±Ù

)�¶2©ÄÔ�/)0±«x�X�Ø
%"Ø÷vÔ�I¦	§ÄÔ�° I

¦´��Ô�I¦�N�¬"~X§Ä

Ôm��Ì~u)3� §Xã12.26¤ ã12.26 �fÓ 

«½´��¼x+E§�±«+�¬��S¶3©</)0Kkü��¡§�´Ô�I
¦§)û<��! !4!1¯K§���ÄÔI¦aq¶�´° J¦§Õá?1!

gdLy�ilu÷v<)n�Ô�±	§ù´<�ÄÔ���«O"éd§5��

²61��Ù¥´ù��º�§=/ÊÚ-<8_¶ÊÑ-<�:¶Ê�-<�W¶

¶V�§-<%u´¶J��À§-<1�"́ ±�<�JØ�8§��*�d0"

ù�¥§ÊÚ!ÊÑ!Ê�!¶V�½´J��À3�½§Ýþ�±÷v<�<

�° I¦§LÝJ¦=´ÃÆ¥�/�!�!°0§4<8_!�:!�W!%u´

½´1�§=�´3�/�0§IÆS�<�/�JØ�80"

�´§<mqkõ�<U
±�<�OK�ågC1¯Qºî�Æ¬w�¨

f§é�õê<ó§</)0�X%7�LyE3Ô�½° ü��¡§=���

<�Ô�I¦ÿØv±÷vÙ½[</)0�I¦�§7±Ô�J¦�Ù%7¶�

�§���<�Ô�I¦v±÷vÙ½[</)0�I¦�§7±° I¦�Ù%7§
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�)µ1©±<m�W�%7¶2©±�¦<*4��%7¶3©±�Æ�%7¶4©±
m�&��%7�"ù�¥§�Æ�m�3u@�¯Ô¥yÑ�5Æ§���<M

#g� &½´�Æ�Û�5Ø2U¦Ù%7��ÿ§7,¬Ï¦Ù¦¦Ù%7�

�{"ù�§J¦Ô��É!±<m�W!�¦<*4�!m�&��¥���½

õ�þ�U¤��À�§m�&�§AO´m�¥�/ M`03�½§Ýþ�

±ÒÙ%¥ég,¥��
¦¯)¾§¢y%7"ùÒ´�
<��o¬±ÚîÚ

OÏd"�~§@�/�Æ�ª:´ Æ0½/�Æ�ª:´ÃÆ0¿=&Ám�

��Ï§¢K´ÙéÚî½OÏd"�ÆóÆ�ØÖ§Ï�ùè<Ñ@��Æ�m

�Ø´û,éá´�«�pK�!�pr?�Fy'X"

15!�Æ<)

�Æ´<é¯Ô5Æ@���Ô§Eâ´A^�ÆÑÖu<a�¬§Jp<

/)0�Uå§±·Ag,¿´L�¬)¹¥�Ãã!ó²ÚEU"�öÜ���§

=�ÆEâ�m�3uJp�¬)�å§�J�¬)¹§\¯<a©²�?§"ù

�¥§�¬I¦´�ÆEâuÐ��Äå§é�ÆEâ�uÐäk��!ÀJÚN

��^"Ó�§�ÆEâ�?Úr?)�å���C�§r?)����|Ü�M

#§K��¬Ä:(��U?§íÄ�¬�

uÐ"~X§±�ðÄå!YØ!>åÚ�f

U�Äå°Äu²��ðÅ!YØÅ!S-

Å�Uõ
���!æ¶�!�7�Ú$Ñ

uÐ§±9ð�!»�!ÓEÚ�Å��Ï

óä�)¶±ÅìO�
ÃóNÄ§Jp


NÄ)�Ç§�$Ñ�Ú<�Ñ1Jø
B

$§<óÜ¤á�!ÊUEâ!>fO�Å! ã12.27 �EUC<)

pé�Ú<ó�U��ÆEâ�uÐ§±9Åì<3)�)¹¥�2�A^?�Ú

ü$
<�NÄrÝ!�x5§Jp
)¹B$§?�ÚÚw�ÆEâé<a�¬

uÐ�r?�^§¦<�Ô�Ú° I¦��
4�÷v"�dÓ�§g,é<a

¹Ä���^½/�!ÒG!öY!Y�6!4àUí��3ù
cªu"@o§�

ÆEâÑÖu<a�ª48I´�o§´íÄ<a¤��»Ì0íº�,Ø´�î

�Æ¬w�¨f§<aég,�&¢[�3´þ§�ÆØL´é�Ô{K�ÛÜ@

�§gXi�*µ"3ù«�/e§<aØ�U¤��»Ì0�U�g,Ú��

)"ù�9�</)0���Ä�¯K§=<a�ª48I´�oºî�Æ¬)º
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`§<a�ª48Ik�§�´<a�/)0½«xòY¶�´¢y<�° I¦§

=J¦%n�÷v½34"3<aù«ª48Ie§�ÆA�N�uÐâ´ÑÖu

<�g,Ú��)Qº�YI±<�g,Ú��)ù���XÚ�<a�ÆEâ�

Ä:§=±¢y<a�«xòYÚ° I¦�8I§±�g,/Ú��)0�OK§

uÐ@
U
r¦/<�g,Ú��)0�´@«=÷v<ag·I���Æ½

Eâ"ù�§QI�?�Ú@���¯Ô§Ó�I�\r<�g·�å"

5.1.�ÆüJ(¸. �Æ´<éÔ/�0�ÛÜ@�§Ùm�´�ï�Ô|¤�

6�GL[AEP ]§35�þ7½/Ã%0§�EâKØ,§Ï�Eâ���ÆÑÖu<

a�¬�Ãã!ó²ÚEU§́ ´L<a)¹��Ô§�/��Ã%0ØÓ§Eâ½

�ÆEâ�½/k%0§ù�¥�/%0Ò´</%0"ù�§�ÆÑÖu<�Ô�

�° I¦�/Ý03u�±<�g,�¤���XÚKL
2¥�!:Åð§=<a¹

ÄE¤�¢ïÔég,Ã�6½´<aé¢ïÔ3�§Ø�6g,§Ï�3<�g

,ù���XÚ¥§�Æ´<3å¤U9^�eé�Ô{K�@�§@��5Æþ

�ÛÜ5K½^�¤á§¿Ø�¡<a¹Ä�¢ïÔég,E¤��6§Ý"ùÒ

´�ÆüJ�(¸§��¡§�ÆA^�±´L<a�)¹¶,��¡§3/]�Å

|0�K�e§���Æ¤Jé´u�§�ÙkÃu<a�¬��¡�Ñ½wØ

�Ùk³��¡§�ÆA^XØ\±�åE^§ò�»<�g,²dê�·c/¤

���XÚKL
2¥�!:Åð§g,N!£8K

L
2¥�!:Åð���7,´�¸

Cz§ò��K�<a)�^��UC$�«�"�d§I3<�g,Ú��)�

^�e§u��ÆEâé<�g,�V>K�§?Ú��ÆEâ�uÐ"

£1¤�ÆEâÃ?. �ÆEâ�?Ú4�/´L
<a�Ô�I¦§�)<

��! !4!1"Ó�§��<�)¹¥�° �É�¯W"ùp§±ÔnÆ!

zÆÚ)ÔÆ�~§~Þ�ÆEâ?Ú�<a�5�Ã?µ1©ÔnÆéÔ�d÷*
��*�¡���n)r?
<a�¬uÐ§X�ðÅ!>6nØ9Ù3$Ñ!Ï

Õ¥�A^§ØU!-1!O�ÅEâ!�äEâ�r?
<aó��·ÚEâ?

Ú"�±`§XJvkÔnÆéÔ�(����n)§ÒØ¬kÙ¦�Æ��)§

�Ø¬k<a8U�y�)¹¶ 2©zÆkÃu<a�¬3uÙ´��X<a�¬
�uÐ§)ûN�ÏLzÆ�A�)#Ô�§±·A<aF~)¹¤I"vkz

ÆÒØ¬k<a�y�)¹"~X§U´�5�ó�z)��Ä:§�)Um

u!)�§Xu(!�h!U,í�mæ!;�Ú>å)���Þ´zÆ�A�

§C + O2 → CO2§2C + 2O → 2CO§3dÄ:þâkA�¬I¦�ó�)�§X

z�3uJpà�¬�þ±÷v<a)�I�§zÆà�àkk³&Á±r?à�

Ô)�§��£�;¾±ò�Æ·§���Ü¤n�ÊH¦^uy�ó�Ú�¤¬
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Æ!zÆÚ)ÔÆ�~§~Þ�ÆEâ�³?µ1©ÔnÆ3íÄ<a�¬?Ú�Ó
�§é<a)��¸��5�
Ø7���³"~X§ÔnÆíÄ
ÊUó�uÐ
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9�¿í¡§ÃØ´�3¦^�´®²�¢§þ3�¥¤2§�½§Ýþ6Ï
�

»��~$=§é<a?�Ú&ÿ���¤
�½%�§Ï��Ù¥?Û��Ø(

½¤2Ô�EÂÑ¬��&ÿì¤�"Ó�§=

B´3<��F~)¹¥��uyÔn¤JA

^�5��
�³"~X§ÏÕ��!��§X

ÃÅ!Ã�>�!>À�!�ÅÏÕÕ�3�

�<aB|�Ó�§IØ���¥u�>^&

Ò§ù3�½§Ýþ¬éã12.28¤«�M>Å

$1�)Z6§é<NE¤Ø|K�¶ 2©zÆ
ó�3dzÆ�AEÑ#Ô�§±÷v<aÔ

�I¦�Ó�§@
é<awqÃÃ�zÆ� ã12.28 <M>Å

A¢3Ô§ÃØ´í�!���´���Ñ�<�¢ï3g,¥§Úu�X��¸

¯K"~X§�¸À/!] &!��B�^!à�í3�§���
�·;¾§X

Jw��1"��o¬Ñyù
��ÆEâE4<a�m�Ø���¯�Qº�Ï
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~X§���±�o<3�UØ���§�3á�mS�g,éÙ��Ã{ü)"

2'X§<��8�Ø�Ùà�3 Ôó¥�È\±9Ùé)ÔN�K�Å�§Ô

«õ�5É�]Ô¶3©)ÔÆ3��<aÃõÃ?�Ó�§�Ñy
Nõé</)0
�K¡K�"~X§ÄÏó§3Jpà�Ô|Á³5�Ó�§¦�±ù
³Á� 

�ÃÁ�;É
¤«" ^=ÄÏ Ô�U¦�=ÄÏ�\<N[�§�)¾�¾

Ó§E¤<�k³½�k�A§�)Jw�K¡�A¶��Eâég,!�¬ÚÔ

n�K�§��Eâ~�¢DCÉ§�¦Ù�¼å$e½Ù¦õUÔ�§�«�·

;¾Ò�U¤«��)Ô«+§�½§ÝþO\
;¾D/ºx�¶ÄÏ?6�,

Å�½�Ø
"�ÄÏ§�Ó�k�UK�Ù¦ÄÏ�~ó�§���?6NØ2

·AuQk�)��¸�"

@o§<aAN�âUrÑ�ÆüJ�(¸Qºî�Æ¬)º`§rÑ�ÆüJ

(¸�Ø%3ud<�g,��XÚKL
2¥u����ÆEâ¤JØüX/wÙ

´Äk|u<agC"5¿§g,é<a��^´�«=��^§<a¹Äég,

��^´�«\È�A½ò´Ly"3ù«�/e§<�AN�n)U<Ü�|�

§£11.1¤¥�Åð'X?rÑ�ÆüJ�(¸Qºî�Æ¬w�¨f§ù��!:

�^A´é{¤�¦Ú§=3�§(11.1)¥b�L(v, u) = (L1(t), L2(t), · · · , Ln(t))�

��t<a¹Äén�g,¯��K��þ§RP [t] = (R1[t],R2[t], · · · ,Rn[t])�éA

�g,�B�þ§K

A+
vu : L(v, u) →

t∫
t=0

L(v, u)[s]ds =

t∫
t=0

(L1(s), L2(s), · · · , Ln(s)) ds (12.15)

´<a¹Äég,��6�þ§Ø�ª

t∫
t=0

(
L(v, u)[s]−RP [s]

)
ds ≤ N P

max (12.16)

K´<a¹Ä�g,NN^�"ù�¥§é?¿�ê1 ≤ i ≤ n§Li(t)ÚRi(t)©O

´KL
2¥d�ÆEâÚ��<a¹Äé1ig,¯���6þÚg,�Bþ§t´±Y

<a¹Ä�±Y�6�m§�þN P
max = (Nmax

1 ,Nmax
2 , · · · ,Nmax

n )´<a)�NN�

g,¯����þ"5¿§<a¹ÄNN^�(12.16)´���þØ�ª§Ù¹Â´

é?��ê1 ≤ i ≤ nþkØ�ª

t∫
t=0

(Li[s]−Ri[s]) ds ≤ Nmax
i ◦ (12.17)
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5.2.�Æ���å.��/§<�l�Æm�þw§ÊH@��ÆïÄ�&¢Ø

�3B«§=�Æ�±é�»¥�?Û¯ÔmÐïÄ�&¢§�¢KØ,§Ï�l

�o<�g,��XÚKL
2�Ú��)u��Æ9ÙA^§�ÆïÄ�&¢±9A

^���7,�3�å^�"AO´§�ÆØUl¯½A^u@
k³u<agC

½´�³g,�¯�§ùA�´<a�ÆuÐ���.�"

£1¤g,��. �Æ��7,É�ug,é<@�Uå��å§=g,��"

î�Æ¬)º`§ùÌ�Lyu/�03/n)�Ô0¥é<@�Uå��åE¤�

Æ����å"~X§XJ�»��¿`´�(�§K?�«<E�1ì��ÝØ

�U��1�"ù�§du�»��¿®L�
138.2·1c§�1ì=B´±1�

�1�I�138.2·c"ù�§b��»*Ð�Ý�1��'��α§K3138.2·1

c��»q*Ð138.2α1c§<E�1ìI2�138.2α1c§138.2α1c�qI�

�1138.2α21c§· · ·§/¤���'?ê138.2, 138.2α, 138.2α2, · · ·"�d§<E�
1ìI��1

138.2×
∞∑
i=1

αi = 138.2×
(
1 + α + α2 + · · ·+ αk + · · ·

)
(12.18)

1cU���»�>."�(12.18)´��Ã¡?ê§O�(J´��k�êíºd?

ê(12.18)�Âñ^�§XJ|α| < 1§=�»*Ð�Ý�u1�§KÃ¡?ê(12.18)Â

ñ�138.2/(1− α)§<E�1ì±1��13k���m£b��1Uþø�¿v

�<�Æ·÷v&¢I�¤U
���»>.§�Ø3�´§�»*Ð�Ý=´M

Ç~ê§²ÿ��74.20± 3.6km/s§���70.06m/s§�1��'�α ≥ 2.335 > 1§

=?ê(12.18)´��uÑ?ê"ù�§<E�1ì=B´±1��1�ØU��>

.�A�»ºm§Ø��»?\� Ï§�@�<a´ÄE�3ÿØ�8<�¡"

î�Æ¬w�¨f§g,��<E�1ì��Ý�u�»*Ð�Ý�Ó�§¿

�X<aØ�U��»¥�þ�¯Ô¡é¡½?1¢/�y§ù�´Pf35��

²6¥�º/<{/§/{U§U{�§�{g,0��Ï§=</)0A3<å¤U

9���S�{/þ�Ô�/)0§¿É/¥��å"¢Sþ§=B´3/¥þ§<

�/8�0.½���
<é/¥9C/��¥¯Ô�a���§=<é�Ô@�

���½�Æg,É�u<´/¥<"

£2¤<)��. �Æ��É�u<�g,�Ú��)§=<a�¢yª48I

ÌÄ��½ª(,
�Æ9ÙA^+�"î�Æ¬)º`§<�g,Ú��)�

¦�Æ9ÙÚ��<a¹Ä÷vü�^�µ�´�Æ9ÙA^E4u<a¶�´�

Æ9ÙA^Ø�6g,§=�Æ9ÙA^´3Ø�6g,�^�eE4u<a"ù

ü�^�wq{ü§�=B�
8U§�ÆÚ��<a¹Ä¥�þ��¿Ø÷v^
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��¦§AOÑy3<óÜ¤á�9�þ�ó�L§¥"��/§3A½^�Ce<
óÜ¤á�½ó�L§�zÆ�A�ª�

A1 + A2 + · · ·+ Ak → B1 +B2 + · · ·+Bl◦ (12.19)

ù�¥§ÎÒAiL«ë�zÆ�A�©f§BjL«zÆ�A�Ñ�©f§1 ≤ i ≤
k, 1 ≤ j ≤ l�k ≥ 1, l ≥ 1"î�Æ¬w�¨f§g,�3�Ô�²Lê�·c�ü

z§þ´±�«½�G��3"ù�§(12.19)�ª´©fA1, A2, · · · , Akm�zÆ
�A§��±L«A½^�e�zÆ©)§=k = 1��/"ùp§kü�I�AO5

¿�¯�§= 1©A1, A2, · · · , Ak´k�ë�zÆ�A�X©f§=3¢�¿^�e�±
T�/¢y§¢�¥�zÜÔØü´¹k©fA1, A2, · · · , Ak§�����kÙ¦z
ÜÔ½,�"aq�/Ó�Ñy3k = 1zÆ©)��/¶2©�ÑÔB1, B2, · · · , Bl¿

�ÑkÃu<a"b�B1, B2, · · · , Bl0kÃBl0+1, Bl0+2, · · · , BlÃÃu<a§K�

ÑÔBl0+1, Bl0+2, · · · , Bl=´á�Ü¤½ó�L§¥�¢ïÔ"±��</�~§z

</1ë��¬IÑ^100-200ëY§E¤80%-90%�¢Y§¹kó�9Ù©)Ô!n

��!saÀ/Ô!h�!¹�zÜÔ!¤xJ!1�1�?!1zw!�X!1

�Ô!`�!é��`�!¯�U�õ«k³Ô�"@o§´Ä�±ò</¢Y�

�ü\ôàQº�,ØU�î�Æ¬)º`§ò</¢Y��ü\ôà�1�=

´3÷v^���Ó��6g,§E¤ôàY�É�À/§~!]�Y)Ô¬Å

ì��§K�)��¸¿�9<a)�"�d§I�<aé</¢Y�ó�¢ï
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Abstract. Holding on a thing is essentially to recognize the cause and effect in

its evolution. The combinatorial notion implied in words of the sophist in the fa-

ble of the blind men with an elephant, is a philosophic notion recognizing things

with only the local knowing. Under this notion, this book surveys the quantitative

knowing of things, starts with the universal questions raised by children, explains

the understanding of things including the reference frame, relativity, system with

synchronization, non-harmonious system with non-solvable equations, complex net-

work, etc., and the role of science under the harmonious coexistence of humans with

the nature, which is a systematic review on mathematical science and philosophy,

suitable for researchers in mathematics, systems, physics and science’s philosophy.


