


This base is important for partitions: a generalized base may be any
infinite integer set (of primes, squares, cubes, any m—powers, Fibonac-
ci/Lucas numbers, Bernouly numbers, Smarandache numbers, etc.) whose
partitions are studied.

A particular case is when the base verifies: 2g; > gi41 for any ¢, and
go = 1, since all the coefficients of a written number in this base will be 0
or 1.

Remark: another particular case: if one takes ¢; = p'~%, i=1,2,3,...,
p an integer > 2, one gets the representation of a number in the numerical
base p (p may be 10 (decimal), 2 (binary), 16 (hexadecimal), etc.).

References: [33, 37]

Definition 16. A Concatenated Natural Sequence:

1,22,333,4444, 55555, 666666, 7777777, 88888888, 999999999,
10101010101010101010,1111111111111111311111,

121212121212121212121212,13131313131313131313131313,
1414141414141414141414141414,151515151515151515151515151515, ...

Definition 17. A Concatenated Prime Sequence:

2,23,235,2357,235711,23571113,2357111317,235711131719,
23571113171923, ...

Back concatenated prime sequence:

2,32,532,7532,117532,13117532,1713117532, 191713117532,
2319171311753, ...

Conjecture: there are infinitely many primes among the numbers of
the first sequence.

Definition 18. A Concatenated Odd Sequence:
1,13,135,1357,13579,1357911,135791113, 13579111315, 1357911131517
Back concatenated odd sequence:
1,31,531,7531,97531,1197531,131197531, 15131197531, 1715131197531

Conjecture: there are infinitely many primes among these numbers.
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Definition 19. A Concatenated Even Sequence:
2,24,246, 2468,246810, 24681012, 2468101214, 2468101214186, ...
Back concatenated even sequence:
2,42,642,8642,108642,12108642, 1412108642, 161412108642, ...

Definition 20. A Concatenated S—sequence {generalization):
Let s;,52, ..., 5n, ... be an infinite integer sequence (noted by S). Then:

81,8:1892,818283,...818283...8, ...

is called Concatenated S—sequence, and

§1,5281,538281,...89...838981, ...

1s called Back concatenated S—sequence.

Problem 12. How many terms of the Concatenated S—Sequence be-
long to the initial S—sequence? Or, how many terms of the Concatenated
S—Sequence verify the relation of other given sequence?

Look now at some other examples, where S is the sequeuce of squares,
cubes, Fibonacci, respectively.

Definition 21. A Concatenated Square Sequence:

1,14, 149, 14916, 1491625, 149162536, 14916253649, 1491625364964, ...
Back concatenated square sequence:

1,41,941,16941,2516941, 362516941, 49362516941, 6449362516941, ...

How many of them are prefect squares?

Definition 22. A Concatenated Cubic Sequence:
1, 18,1827, 182764, 182764125, 182764125216, 182764125216343, ...
Back concatenated cubic sequence:

1,81, 2781, 642781, 125642781, 216125642781, 343216125642781, ...
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How many of them are prefect cubes?

Definition 23. A Concatenated Fibonacci Sequence:

1,11,112,1123,11235,112358,11235813, 1123581321, 112358132134, ...
Back concatenated Fibonacci sequence:

1,11,211,3211,53211,853211,13853211, 2113853211, 342113853211, ...

Does any of these numbers is a Fibonacci number?

Definition 24. A Power Function: SP(n) is the smallest number
m, such that m™ is divisible by n.
Remarks: If p is prime, then SP(p) = p. If r is a square free, then

3
SP(r)=r. Ifn= 1II p{ andall s; <p; then SP(n) =n. If n = p°,
i=1
where p is prime, then:
p, f1<s<p
p’, ifp+1<s<2p?
SP(n)y=<{ p?, fp*+1<s<3p®
P, f(-1)pt+1<s<tp
Reference: [83]

Definition 25. A Reverse Sequence:
1,21,321,4321,54321, 654321, 7654321, 87654321, 987654321,
10987654321,1110987654321, 121110987654321, ...
Definition 26. A Multiplicative Sequence:
2,3,6,12,18,24, 36,48,54, ...

General definition: if my, my, are the first two terms of the sequence, then
mg, for k£ > 3, is the smallest number equal to the product of two previous
distinct terms. All terms of rank > 3 are divisible by m;, and m». In our
case the first two terms are 2, respectively 3.
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Definition 27. A Wrong Sequence: A number n = djaz...az con-
sisted of at least two digits, with the property: the sequence a;,ag, ..., ag,
bis1,0e42, ... (Where bpy, is the product of the previous k terms, for any
i > 1) contains n as its term.

The author conjectured that no number is wrong. Therefore, this se-
quence is empty.

Definition 28. Impotent Numbers:
2,3.4,5,7,9,11,12,17, 19, 23, 25, 29, 31, 37, 41, 43, 47,49, 53, 59, 61, ...

A number n those proper divisors product is less than n. This sequence
contains terms with the forms of p and p?, where p is a prime.

Definition 29. A Random Sieve:
1,5.6,7,11,13,17,19,23, 25,, 29,31, 35, 37,41, 43,47,53,59, ...

General definition:

- choose at random a positive number u;;

- delete all the multiples of all its divisors, except this number;

- choose another number u; being greater than n; among the remaining;
- delete all the muitiples of all its divisors, except this second number;

.. and so on.

The remaining numbers are all coprime two by two.

The obtained sequence ug, £ > 1, is less dense than the prime number
sequence, but it tends to the prime number sequence and also tends to
infinity. This sequence may be important in this way. In our case u; =
6,u2 = 19, uz = 35,

Definition 30. A Cubic Base:
0,1,2,3,4,5,6,7,10,1%, 12,13, 14,15, 16,17, 20,21, 22,23, 24, 25, 26, 27,
30, 31, 32, 100, 101, 102, 103, 104, 105, 106, 107,110,111,112, 113, 114, 115,
116,117,120,121,122,123,...

Smarandache defined over the set of natural numbers the following
infinite base: for k > 1 s; = k3. He proved that every positive integer A
may be written in a unique way in the cubic base as:
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def n
A= (@G, G1d0)cs = X aisi,

with 0 <a; <7,0<ae2<3,0<0e3<2,and0<q; <1, fori>4, and,
of course, a, = 1, in the following way:
-ifen, L A< cepy1, then A=c, + 11
-if ey <1 < Cmy1, then ry = ¢y + 19, m < n;
and so on until one obtains a remainder r; = 0.

Therefore, any number may be written as a sum of cubes (1, being
obvious, is not counted as a cube) +e, where e = 0,1,..., 7.

If we note the superior cubic part of A (i.e. the largest cube less than
or equal to A) by ¢(A), then A is written in the cube base as:

A=c(A)+c(A—-c(A) +c(A—c(A) = c(A—c(A))) + ...

This base is important for partitions with cubes.

Definition 31. A Triangular Base:
1,2,10,11,12,100,101,102, 110, 1000, 1001, 1002, 1010, 1011, 10000,

10001, 10002, 10010, 10011, 10012, 100000, 100001, 100002, 100010,
100011, 100012, 100100, 1000000, 1000001, 1000002, 1000010, 1000011,
1000012,1000100, ...
Numbers, written in the triangular base, are defined as follows: {(n) =

nn+ 1 ,forn > 1.

Definition 32. A Double Factorial Base:
1,10, 100, 101, 110, 200, 201, 1000, 1001, 1010,1100,1101, 1110, 1200,

10000, 10001, 10010, 10100, 10101, 10110, 10200, 10201, 11000, 11001,
11010,11100,11101,11110,11200,11201, 12000, ...
Numbers, written in the double factorial base, are defined as follows:

df(n) = nll.

Definition 33. A General Base: Let 1 = b; < by <b3 < ...<b, <
... be a strictly increasing integer sequence. Then any positive integer can
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by written in a unique way in this infinite base (in the same way as the
previous particular bases). If we note the superior square part of A (i.e.,
the largest bk less than or equal to A) by 5(A), then A is written in the
general base as:

A = b(A) +b(A — b(A)) + b(A — b(A) — b(A — b(A))) + ...

This base may be important for partitions with increasing sequences.
Reference: {70}

Definition 34. A Non-Multiplicative Sequence (General defi-
nition): Let my, mo, ..., m; be the first £ > 2 terms of the sequence. Then
m;, for i > k + 1, is the smallest number not equal to the product of &
previous distinct terms.

Definition 35. A Non-Arithmetic Progression:
1,2,4,5,10,11,13, 14,28, 29,31, 32,37,38, 40,41, ...
General definition: if m;, my are the first two terms of the sequence,
then my, for k > 3, is the smallest number, such that no 3-term arithmetic
progression is in the sequence. In our case the first two terms are 1 and 2.

Generalization: the same initial conditions, but with no i—term arithmetic
progression in the sequence (for a given i > 3).

Definition 36. A Cubic Product Sequence:
2,9,217, 13825, 1728001, 373248001, 128024064001, 65548320768001, ...

C,n = 1+ 5155...5,,, where ¢; is the k—th cubic number.
Problem 13. How many of them are prime?

Definition 37. A Factorial Product Sequence:
2,3,13,289,34561,24883201, 125411328001, 5056584744960001, ...

Fn =14 fifs...fn, where fi is the k—th factorial number.

Problem 14. How many of them are prime?
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Definition 38. An U— Product Sequence (generalization): Let
u,, n > 1, be a positive integer sequence. Then we define a sequence, as
follows: U, = 1 4+ ujus...uy,.

Reference: [70]

Definition 39. A S, function (numbers):
1,2,3,2,5,6,7,4,3,10,11,6,13, 14,15, 4,17,6,19,10, 21, 22, 23, 12,
5,26,9,14,29,30,31,8,33,...

Sy(n) is the smallest integer m, such that m? is divisible by n.

Definition 40. A S; function (numbers):
1,2,3,2,5,6,7,2,3,10,11,6,13,14,15,4,17,6,19, 10,21, 22, 23,6,
5,26,3,14,29,30,31,4,33, ...

S3(n) is the smallest integer m, such that m? is divisible by n.

Definition 41. An Anti-Symmetric Sequence:
11,1212,123123, 12341234, 1234512345, 123456123456,

12345671234567, 1234567812345678, 123456789123456789,
1234567891012345678910,12345678910111234567891011,
123456789101112123456789101112, ...

Definition 42. Recurrence Type Sequences:
A.1,2,526,677,701,842,866,1517,458330,458333, 458354, ...

SS;(n) is the smallest number, strictly greater than the previous one,
which is the squares sum of two previvus distinct terms of the sequence;
in our particular case the first two terms are 1 and 2.
Recurrence definition:
1) number a belongs to 5Ss;
2) If b, ¢ belong to SS3, then b? + ¢? belonugs to SSs, too;
3) only numbers, obtained by rules 1) and /or 2), applied a finite number
of times, belong to S$S5,.
Sequence SS; is increasingly ordered. Rule 1) may be changed by: the
given numbers aj, as, ..., ar, where k£ > 2, belong to 5§5,.
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B. 1,1,2,4,5,6,16,17,18,20, 21,22, 25, 26, 27, 29, 30, 31, 36, 37, 38,

40,41,42,43,45,46, ...

S51(n) is the smallest number, strictly greater than the previous one {for
n > 3), which is the squares sum of one or more previous distinct terms
of the sequence; in our particular case the first term is 1.
Recurrence definition:
1) number a belongs to SS;;
2) I by, by, ..., b belong to SS;, where k > 1, then b2 + b2+ ...+ b? belongs
to S5, too;
3) only numbers, obtained by rules 1) and /or 2), applied a finite number
of times, belong to SS;.
The sequence S5, is increasingly ordered. Rule 1) may be changed by
the given numbers a;, a3, ..., ax, where k > 1, belong to SS;.

C.1,2,3,4,6,7,8,9,11,12,14,15,16,18,19,21, ...

NS§S3(r) is the smallest number, strictly greater than the previous one,
which is not the squares sum of two previous distinct terms of the sequence;
in our particular case the first two terms are 1 and 2.
Recurrence definition:
1) numbers a < b belong to ¥ SS,;
2) If b, c belong to NSS,, then b2+ c? does not belong to NSS,; any other
numbers belong to NSS,;
3) only numbers, obtained by rules 1) and /or 2) applied a finite number
of times, belong to NSS;.
The sequence NSS; is increasingly ordered. Rule 1) may be changed
by the given numbers a,, az, ..., az, where & > 2, belong to NSS,.

D. 1,2,3,6,7.8,11,12,15,16,17, 18,19, 20, 21,22, 23, 24, 25, 26, 27, 28,

29,30,31,32,33,34, 38,39,42,43,44,47, ...

NS551(n) is the smallest number, strictly greater than the previous distinct

terms of the sequence; in our particular case the first term is 1.
Recurrence definition:

1) number a belongs to NSS;;

2) If by, b3, ..., b belong to NSSy, where k > 1, then b2 + 62 + ... + b2 do

not belong to NSSy;
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3) only numbers, obtained by rules 1) and /or 2), applied a finite number
of times, belong to NSS;.
Sequence NSS; is increasingly ordered. Rule 1) may be changed by
the given numbers ai, ay, ..., ar, where k > 1, belong to NSS;.

E. 1,2,9,730,737,389017001, 389017008, 389017729, ...

CS,(n) is the smallest number, strictly greater than the previous one,
which is the cubes sum of two previous distinct terms of the sequence; in
our particular case the first two terms are 1 and 2.
Recurrence definition:
1) numbers a < b belongs to C'So;
2) If ¢, d belong to CSa, then ¢® + d° belongs to ¢Ss, too;
3) only numbers, obtained by rules 1) and /or 2), applied a finite number
of times, belong to CS,.
Sequence CSy is increasingly ordered. Rule 1) may be changed by the
given numbers ay, as, ..., ax, where k > 2, belong to CS,.

F. 1,1,2,8,9,10,512,513,514, 520, 521, 522,729,730, 731,
737,738,739,1241, ...

CS)(n) is the smallest number, strictly greater than the previous one (for
n > 3), which is the cubes sum of one or more previous distinct terms of
the sequence; in our particular case the first term is 1.
Recurrence definition:
1) numbers a < b belongs to CSy;
2) If by, bs, ..., by belong to CS1, where k > 1, then b2 4+63+ ...+ b3 belongs
to CSy;
3) only numbers, obtained by rules 1) and /or 2), applied a finite number
of times, belong to CS;.
Sequence CS) is increasingly ordered. Rule 1) may be changed by the
given numbers ay, @z, ..., ak, where k > 1, belong to CS;.

G. 1,2,3,4,5,6,7,8,10,11,12,13, 14, 15, 16,17, 18, 19, 20,
21,22,23,24,25,26,27,29, 30,31, 32, 33, 34,36,37,38, ...

NCS:(n) is the smallest number, strictly greater than the previous one,
which is not the cubes sum of two previous distinct terms of the sequence;
in our particular case the first two terms are 1 and 2.

Recurrence definition:
1) numbers a < b belongs to NC\Ss;
2) If c,d belong to NCS;, then ¢® + d3 does not belong to NCS3; any
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other numbers do belong to NCSs;
3) only numbers, obtained by rules 1) and for 2}, applied a finite number
of times, belong to CS-.
Sequence NCS; is increasingly ordered. Rule 1) may be changed by
the given numbers a,, ay, ..., ag, where k > 2, belong to NCS,.

H.1,2,3,4,5,6,7,10,11,12,13,14,15,16,17,18,19, 20,21, 22,
23, 24, 25,26,27,30,31,32,33, 34,37,38.39, ...

NCSi(n) is the smallest number, strictly greater than the previous one,
which is not the cubes sum of one or more previous distinct terms of the
sequence; in our particular case the first term is 1.
Recurrence definition:
1) number a belongs to NCS;;
2) if by, by, ..., bx belong to NCS;, where k > 1, then b2 + 53 + ...+ 83 do
not belong to NCS;
3) only numbers, obtained by rules 1} and /for 2}, applied a finite number
of times, belong to NCS;.
Sequence NCS; is increasingly ordered. Rule 1) may be changed by:
the given numbers a,, as, ..., a;, where k£ > 1, belong to NCS;.
I. A General-Recurrence (Positive) Type Sequence:
General Positive recurrence definition:
Let & > j be natural numbers, and a;,ay, ...,ar - given elements, and
R — a j—relationship (relation among j elements). Then:
1) elements aj, a3, ..., ax belong to SGPR;
2) if my,my, ..., m; belong to SGPR, then R(m;,m, ..., m;) belongs to
SGPR, too;
3) only numbers, obtained by rules 1) and /or 2), applied a finite number
of times, belong to SGPR.
Sequence SGPR is increasingly ordered.
Method of constructing the Smarandache (positive) general recurrence
sequence:
- level 1: the given elements a;, a3, ..., ag belong to SGPR;
- level 2: apply the relationship R for all combinations of j—elements
among a,, as, ..., a¢; the results belong to SGRP, too; order all the elements
of levels 1 and 2 together;

: le;'el’i + 1: if by, be, ..., by are all the elements of levels 1, 2, ..., i ~ 1,

and ¢y, ¢g, ..., ¢, are all the elements of levels i, then apply the relationship
R for all combinations of j—elements among by, bs, ...,bm, €1, ¢3, ..., 4, sO
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that at least one element is from level ¢; the results belong to SGRP, too;
order all elements of levels i and i + 1 together;
and so on ...
J. A General-Recurrence (Negative) Type Sequence:
" General Negative recurrence definition:
Let k& > j be natural numbers, and a3, as, ..., ar — given elements, and
R - a j—relationship (relation among j elements). Then:
1) elements a1, az, ..., ax belong to SGNR;
2) if my, my,...,m; belong to SGNR, then R(mi,m;,...,mj) does not
belong to SGN R;
3) only numbers, obtained by rules 1) and /or 2), applied a finite number
of times, belong to SGNR.
Sequence SGN R is increasingly ordered.
Method of constructing the Smarandache (negative) general recurrence
sequence:
- level 1: the given elements ay, as, ..., a; belong to SGNR;
- level 2: apply the relationship R for all combinations of j elements a-
mong dai, az, ..., ax; none of the results belong to SGRP, too; the smallest
element, strictly greater than all a;, as, ..., a;, and different from the pre-
vious results, belongs to SGNR; order all the elements of levels 1 and 2
together;

- level i+ 1: if by, bo, ..., b, are all the elements of levels 1, 2, ..., i—1, and
€1,€2, ..., ¢n are all elements of level i, then apply the relationship R for
all combinations of j—elements among by, b, ..., by, €1, Ca, ..., ¢y, s0 that at
least one element is from the level i; none of the results belong to SGNR;
the smallest element, strictly greater than all the previous elements, and
different from the previous results, belongs to SGNR; order all the ele-
ments of levels ¢ and i + 1 together;

and so on ...

Problem 15. Partition Type Sequences:
A.1,1,1,2,2,2,2,3,4,4, ...

How many times is n written as a sum of non-null squares, disregarding
the terms order? For example:

9 = 12412 +12 412 +1%2 +1241241%412
12412 412412 412422
32,

nuwan
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therefore ns(9) = 4.

B.1,1,1,1,1,1,1,2,2,2,2,2,2,2,2,3,3,3,3,3,3,3,3,
4,4,4,5,5,5,5,5,6,6...

How many times is n written as a sum of non-null cubes, disregarding the
terms order? For example:

9 B34 134134 134134+ 134 13418
13428

o

therefore ne(9) = 2.
C. A General-Partition Type Sequence
How many times can n be written in the form of

n = R(f(n1), f(n2), ... f(ns))

for some k and n;, ng, ..., n; between 1 and n?

Particular cases: when f(z) = 22, or z3, or z!, or %, etc. and relation
R is the obvious addition of numbers, or multiplication, etc.

Reference: [70}.

Definition 43. A Non-Geometric Progression:
1,2,3,5,6,7,8,10,11,13, 14, 15,16, 17,19,21, 22, 23, 24, 26, 27, 29, 30,
31, 33,34,35,37,38,39,40,41,42,43, 45,46, 47, 48,50, 51, 53, ...

General definition: if my, m2 are the first two terms of the sequence, then
mg, for £ > 3, is the smallest number, such that no 3-term geometric
progression is in the sequence. In our case the first two terms are 1,
respectively 2.

Generalization: if'my,my, ..., m;_1 are the first i~ 1 terms of the sequence,
i > 3, then m;, for k > u, is the smallest number, such that no i—term
geometric progression is in the sequence.

Definition 44. A Unary Sequence:
11,111,11111,1111111,3113111212311,1111311311111,11111311111111111,

11111111111111121,1321111111112111111,13111111113111111111110, ..
u(n) = 11...1, p, digits of “1”, where p, is the n—th prime.
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Is there an infinite number of primes belonging to the sequence?

Definition 45. Let Vi, V5, ..., V,;, be an n—sided polygon, n > 3, and
S be a given set of m elements, m > n. In each vertex V;, 1 < i < n,
of the polygon one puts at most one element of S, and on each side s;,
1 <1 < n, of the polygon one puts e; > 0 elements from S.

Let R be a given relationship of two or more elements of S. All el-
ements of S should be put on the polygon’s sides and vertices so that
the repationship R on each side gives the same result. What connections
can be found existing among the number of the sides of the polygon, set
S (what elements and how many), and the relation R in order for this
problem to have solution(s)?

Definition 46.

I) Smarandache Polyhedrons (With Edge Points): similar definition
generalized in the 3-dimensional space: the points are put on the vertices,
and edges only of the polyhedron (not on inside faces).

II) Smarandache Polyhedrons (With Face Points): similar definition
generalized in the 3-dimensional space: the points are put on the vertices,
and inside faces of the polyhedron (not on the edges).

IIT) Smarandache Polyhedrons (With Edge/Face Points): similar def-
inition generalized in the 3-dimensional space: the points are put on the
vertices, on edges, and on inside faces of the polyhedron.

IV) Smarandache Polyhedrons (With Edge Points): similar definition
generalized in the 3-dimensional space: the points are put on the edges,
and inside faces only of the polyhedron (not in verteces).

What connections can be found existing among the number of ver-
tices/faces/edges of the polyhedrons, set S (what elements and how many),
and the relation R in order for this problem to have solution(s)?

Examples: 1

a) For an equilateral triangle, the set Ns = {1,2, 3,4, 5,6}, the addition,
and on each side to have three elements exactly, and in each vertex an
element, one gets:

the sum of each of the three sides is 9 [the minimum elements 1,2,3 are
put in the vertices];
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1

2 4 3

the sum of each of the three sides is 12 [the maximal elements 6,5,4 are
put in the vertices].

There are no other possible combinations to keep (the sum constant).

Therefore: The Triangular Index SGI(3) = (9,12;2), means: the min-
imum value, the maximum value, the total number of combinations, re-
spectively.

b) For a square, the set N2 = {1,2,3,4,5,6,...,12}, the addition, and
on each side to have four elements exactly, and in each vertex an element.
What is the Square Index SGI(4)?

c) For a regular pentagon, the set N2 = {1,2,3,4,5,6,...,20}, the
addition, and on each side to have five elements exactly, and in each vertex
an element. What is the Pentagonal Index SGI(5)?

d) For a regular hexagon, the set N3 = {1,2,3,4,5,6,...,30}, the
addition, and on each side to have six elements exactly, and in each vertex
an element. What is the Hexagonal Index SGI(6)?

e) Generally speaking: For a n—sided regular polygon. the set Mj2_,
= {1,2,3,4,5,6,...,n% — n}, the addition, and on each side to have n
elements exactly. What is the n—Sided Regular Polygonal Index SGI(n)?

Examples: II

a) For a regular tetrahedron (4 vertices, 4 triangular faces, 6 edges),
the set Mg = {1,2,3,4,5,86, ..., 18}, the addition, and on each edge to have
three elements exactly {in each vertex one element) — to get the same sum.

b) For a regular hexahedron (8 vertices, 6 square faces, 12 edges), the
set N3z = {1,2,3,...,32}, the addition, and on each edge to have four
elements exactly (in each vertex one element) — to get the same sum.

c) For a regular octahedron (6 vertices, 8 triangular faces, 12 edges),
the set Vs = {1,2,3, ..., 18}, the addition, and on each edge to have three
elements exactly (in each vertex one element) — to get the same sum.

d) For a regular dodecahedron (14 vertices, 12 square faces, 24 edges),
the set Me2 = {1,2,3,...,62}, the addition, and on each edge to have four
elements exactly (in each vertex one element) ~ to get the same sum.

Compute the Polyhedron Index SHI(v,e, f) = (m,M; nc) in each
case, where v is the number of the polyhedron verteces, e is the number
of edges, f is the number of faces, m is the minimum sum value and M is
the maximum sum value, nc is the total number of combinations.

€) Or other versions for the previous particular polyhedrons:

- putting elements on the inside faces and vertices only (not on the edges);
- or putting elements on the inside faces, edges and vertices, too;
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- or putting elements on the inside faces and edges only (not on the ver-
tices).
References: {13, 15, 16, 38, 40, 42, 44, 52, 69, 92].

Definition 47. An Add-on Sequence:

Let G = {g1,92,---, 9k, ...} be an ordered set of positive integers with
a given property G. Then the corresponding Smarandache G Add-On
Sequence is defined through

SG={a;i|ar=g1,0c = ap_1 10800 £ g k> 1}.

This definition is a generalization of Definitions 17, 18 and 19.

Definition 48. Concatenation Type Sequences
Let s1, 82, ..., Sn, ... be an infinite integer sequence (noted by S). Then
the concatenation is defined as

S1,8182,8518283, ...

Problem 16. How many terms of this concatenated S—sequence be-
long to the initial s—sequence.

Definition 49. Partition Type Sequences
Let f be an arithmetic function, and R a k—relation among numbers.
How many times can n be expressed in the form of;

n= R(f(nl);f(n2)’ ""f(nk))’

for some k and nj,no,...,ng, so that ny +ny + ...+ np = n?

Problem 17. How many times can n be expressed as a sum of non-null
squares (or cubes, or m—powers)?

Definition 50. Construction of Elements of the

Square-Partial-Digital Subsequence

The Square-partial-digital subsequence (SSPDS) is the sequence of
square integers which admit a partition for which each segment is a square
integer. An example is 5062 = 256036, which has partition 256 / 0 /
36. C. Ashbacher showed that SSPDS is infinite by exhibiting two infi-

nite families of elements. We will extend his results by showing how to
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construct infinite families of elements of a SSPDS containing the desired
patterns of digits.

Problem 18. 441 belongs to the SSPDS, and its square 4412 = 194481
also belongs to the SSPDS. Can another example of integers m, m?, m*
all belonging to SSPDS be found?

Problem 19. It is relatively easy to find two consequtive squares in
SSPDS, e.g., 122 = 144 and 13% = 169. Does the SSPDS contain three or
more consequtive squares as well? What is the maximum length?

Problem 20. How many primes are there in the expression: z¥ + y*,
where ged(z,y) = 17 K. Kashihara announced that there are only finitely
many numbers of the above form, which are products of factorials. F. Luca
proved the following conjecture: 7

Let a,b, and ¢ be three integers with ab # 0. Then the equation
az¥ 4+ by = c2®, with z,y.2 > 2, and ged(z,y) = 1, has finitely many
solutions (z,y, z, n).

Problem 21. J. Castillo asked in [21] how many primes are there in
the expression: z7? + z3° + ... + z5', where n > 1,2;.22,...,2, > 1, and
ged(z1,22,...,2,) = 17

This is a generalization of Problem 43 called "Smarandache expression”
in [21]. F. Luca announced a lower bound for the size of the largest prime
divisor of an expression of type az¥ + by, where ab # 0, z,y > 2, and
ged(z,y) = 1. :

The following three problems are proved by Henry Ibstedt in [41]

Theorem 31. Subtraction Periodic Sequences

Let ¢ be a positive integer. Start with the positive integer N and let N’
be its digital reverse. Put Ny = |{N’ —¢{, and let N{ be its digital reverse.
Put N; = | N’ —¢|, and let V] be its digital reverse. And so on. We shall
obtain eventually a repetition. For example, with ¢ = 1 and N = 52 we
obtain the sequence:

52,24,41,13,30,02,19,90,08,79,96, 68,85,57, 74,46, 63, 35, 52, ...
Here a repetition occurs after 18 steps, and the length of the repeating

cycle is 18.
First example: ¢ =1, 10 < N < 999.
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Every other member of this interval is an entry point into one of five
cyclic periodic sequences (four of these are of the length of 18, and one
of the length of 9). When N is of the form of 11k or 11k — 1, then the
iteration process results in 0.

Second example: 1 < ¢ <9, 100 < N <999. For ¢ = 1,2 or 5 all
iterations result in the invariant (0 sometimes, after, a large number of
iterations. For the other values of ¢ there are only eight different possible
values for the length of the loops, namely 11,22,33,50,100,167,189,200. For
¢="Tand N = 109 we have an example of the longest loop obtained: it
has 200 elements, and the loop closes after 286 iterations. (H. Ibstedt)

Theorem 32. Multiplication Periodic Sequences

Let ¢ > 1 be a positive integer. Start with the positive integer N,
multiply each digit z of N by ¢ and replace that digit by the last digit of
cz to give N;. And so on. We shall obtain eventually a repetition. For
example, with ¢ = 7 and N = 68 we obtain the sequence:

68, 26,42, 8468, ...

Integers which digits are all equal to 5 are invariant under the given oper-
ation after one iteration.

If ¢ = 2, there are four term loops, starting with the first or second
term. If ¢ = 3, there are four term loops, starting with the first term. If
¢ = 4, there are four term loops, starting with the first or second term. If
¢ = 4 or 5, the sequence is invariant after one iteration. If ¢ = 7, there
are four term loops, starting with the first term. If ¢ = 8, there are four
term loops, starting with the second term. If ¢ = 9, there are two loops,
starting with the first term.

Theorem 33. Mixed Composition Periodic Sequences

Let N be a two-digit number. Add the digits, and if the sum is greater
than 10 add them again. Also take the absolute value of their difference.
These are the first and second digits of N;. Now repeat this. For example,
with N = 75 we obtain the sequence:

75,32,51,64,12,31,42,62,84, 34,71, 86, 52,73, 14, 53, 82, 16, 75, ...

There are no invariants in this case. Four numbers: 36, 90, 93, and 99
produce two-element loops. The longest loops have 18 elements. There
are also loops of 4, 6, and 12 elements. (H. Ibstedt)

There will always be a periodic (invariant) sequence whenever we have
a function f : S — S, where S is a finite set, and we repeat the function
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f more times than card(S). Thus the General periodic sequence is defined
as:
a; = f(s), where s is an element of S;

az = fla1) = f(f(s)); a3 = f(az) = f(f(a1)) = F(f(F(s)))
Definition 51. Erdos-Smarandache Numbers:
2,3,5,6,7,10,11,13,14,15,17, 19, 20, 21, 22, 23, 26, 28, 29, 30,

31,33,34,35, ...

Solutions of the diophantine equation P(n) = S(n), where P(n) is the
largest prime factor which divides n, and S(n} is the Smarandache func-
tion.

References: (36, 68]

Problem 22. A Square Product Sequence:
2,5,27,577,14401,518401, 25401601, 1625702401, 131681894401,
13168189440001, 1593350922240001, ...

Sp = 1 + 8159...5,, where s; is the k—th square number. How many of
thein are prime?

Problem 23. A Cubic Product Sequence:
2,9,217, 13825, 1728001, 373248001, 128024064001, 65548320768001, ...

Cpn = 14¢162...C,, Where c; is the k—th cubic number. How many of them
are prime?

Problem 24. A Factorial Product Sequence:
2,3,13,289, 34561, 24883201, 125411328001, 5056584744960001, ...

F, = 1+ fifa...fn, where f; is the k—th factorial number. How many of
them are prime?

Problem 25. How many solutions have the equalities:

S(n+1)+S(n+2)=S(n+3)+S(n+4)?
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M. Bencze found the solutions n = 5, 6, 27;
Sn+1)—-S(n+2)=S(n+3)—S(n+4)?
M. Bencze found the solutions n = 0, 1, 48;
Sn+1)+S(n+2)+S(n+3)=S(n+4)+S(n+5)+S(n+6)?

M. Bencze found the solution n = 4.

Problem 25. Continued Fractions
If we consider the consecutive sequence

1,12,123,1234,12345, ...

we form a simple continued fraction

1+ 1
12 +
23+

T
1234 + g5

If we consider the reverse sequence

1,21,321,4321,54321, ...
to the previous one we get a general continued fraction

1

124
23+

£5)1
1234 + pgii—

Calculate each of the above continued fractions. The previous example
is convergent (Dodge [31]) but what about the second?
Reference: [22, 23, 31, 87]

Problem 27. Palindromic Numbers and Iterations: A number
is called palindromic if it reads the same forwards and backwards. For
example: 121, 34566543, 1111. The Pseudo-Smarandache function Z(n)
is defined for any n > 1 as the smallest integer m, such that n divides
evenly 1 + 2 + ... + m. There are some palindromic numbers n such that
Z(n) is also palindromic Z(909) = 404, 2(2222) = 1111. Let Z*(n) =
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Z(Z(Z(...(n)...))), where function Z is executed k times. Z°(n) is, by
convention, n.

Unsolved problem: What is the largest value of m, such that for
some n, Z%(n)s is a palindrome for ali k = 0,1,2,.

ConJecture (Ashbacher): There is no largest value of m, such that
for some n, Z%(n)s is a palindrome for all k = 0,1,2,...,m?

Reference: [43]

Problem 28. Some upper bounds for the Smarandache func-
tion average: Let S = 1.(S(1) + S(2) + ... + S(n)) be the Smarandache
function average. S. Tabirca and T. Tabirca proved that

= _3 12
<Zn+-+= 5;
S_8n+4+n,forn>o,

= .21 1 2

< pe—-=

.S'_.72n-§-12 = , forn>23

They conjectured that S = m, for n > 1.
The following three theorems are proved by F. Smarandache in {75].

Theorem 34. On Concurrent Lines: If a polygon with n sides
{n > 4) is circumscribed to a circle, then there are at least three concurrent
lines among the polygon’s diagonals and the lines which join tangential
points of two non-adjacent sides.

Theorem 35. On Cevians Theorem: Let AA’, BB',CC' be three
concurrent cevians (lines), in the point P, in the triangle ABC. Then

PA PB PC_ .
ATPFTPC =

and

PA PB PC _ BA CB AC>8
PA""PB''PC' ~ BA'' CB' AC'= "
Theorem 36. On Podaire Theorem: Let AA’, BB',CC’ be the

altitudes of the triangle ABC. Note AB = ¢,BC = a,CA = b, and
A'B' =¢,B'C'=a',C'A' = V. Then

dV¥ +¥cd+dd' < :i-(a2 + b2 + ¢%).
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Problem 29. Let p be a positive prime and s > 2 be an integer. Then

Z(p’) = p°* — 1, if p is even; or Z(p*) = p*"1 — 1, if p is odd. The
solution set of the diophantine equation Z(z) = 8 is {9,12,18,36}. For
any positive integer n the diophantine equation Z(z) = n has solutions.
Unsolved Problem 1: The diophantine equation Z(z) = Z(z + 1) has
no solutions.
Unsolved Problem 2: For any given positive number r there exists an
integer s, such that the absolute value of Z(s) — Z(s + 1) is greater than
r.

Reference: [43]

Definition 52. Smarandache similar triangles: Let us denote by
T(a, b, c) the triangle ABC with side lengths of a, b, c. Then the two similar
triangles T'(a, b, ¢) and T'(a’, ¥’, ) are said to be Smarandache similar ones
if S(a) = S(a’), S(b) = S(b'), S(c) = S(¢').

Reference: [65]

Definition 53. Smarandache Related Triangles: Unsolved prob-
lems 1), 2), 4) are solved by Charles Ashbacher in [5]. Being given a
triangle T(a, b, ¢), we say that a triangle T'(a’, ¥, ¢’} is Smarandache relat-
ed to T if S(a) = S(a’), S(b) = S(b'), S(¢) = S(¢'). Note that triangles T
and 77 may or may not be similar.

The following four problems are interested and Problems 1), 2), 4) are
solved by Charles Ashbacher in [5)].

Problem 1: Are there two distinct dissimilar Phytagorean triangles that
are Smarandache related, i.e., both T(a,b,¢) and T(a',¥, ¢’') are Phy-
tagorean, so that S(a) = S(a’), S(b) = S(b'), S(c) = S(¢'), but not being
similar.

Problem 2: Are there two distinct and dissimilar 60°—triangles or 120°—
triangles that are Smarandache related?

Problem 3: Let triangle T'(a, b, c) be given. Is it possible to give either an
exact formula or an upper bound for the total number of triangles (without
actually determining all of them) that are Smarandache related to T'?
Problem 4: Consider other ways of relating two triangles in the Smaran-
dache number sense. For example, are three two triples of natural num-
bers (a,b,¢) and (a’,¥,¢'), such that a + b+ ¢ = a’ + ¥ + ¢/ = 180° and
S(a) = S(a’), S(b) = S(¥'), S(c) = S(¢'). If such distinct triples exist, the
two triangles would be Smarandache related via their angles. Of course,
in this relationship the side lengths of the triangles may not be natural
numbers.

Reference: [63]
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The following four definitions are introduced in F. Smarandache’s paper
“Paradoxist Mathematics” (see pages 5-28 from [82]).

Definition 54. Paradoxist Geometry: A new type of geometry
was constructed by F. Smarandache (see [57]) in 1969 simultaneously in a
partially Euclidean and partially non-Euclidean space by replacing the Eu-
clid’s fifth postulate (axiom of parallels) with the following five-statement
propositions:

a) there are at least one straight line and one point exterior to it in the
space, for which only one line passes through the point and does not in-
tersect the initial line [1 parallel];

b) there are at least one straight line and one point exterior to it in the
space, for which only a finite number of lines l,la, ..., li (k > 2) pass
through the point and do not intersect the initial line [2 or more (in a
finite number) parallels};

¢) there are at least one straight line and one point exterior to it in the
space, for which any line that passes through the point intersects the ini-
tial line [0 paraliel];

d) there are at least one straight line and one point exterior to it in the
space, for which an infinite number of lines that pass through the point
(but not all of them) do not intersect the initial line {an infinite number
of parallels, but not all lines passing through;

e) there are at least one straight line and one point exterior to it in the
space, for which any line that passes through the point does not intersect
the initial line [an infinite number of parallels, all lines passing throught
the point].

Definition 55. Non-Geometry: A curious geometry was construct-
ed by F. Smarandache (see {26]) in 1969 with the following “axioms”:
1. It is not always possible to draw a line from an arbitrary point to an-
other arbitrary point.
2. It is not always possible to extend by continuity a finite line to an
infinite line.
3. It is not always possible to draw a circle from an arbitrary point and of
an arbitrary interval.
4. Not all the right angles are congruent.
5. If a line, cutting two other lines, forms the interior angles of the same
side of it strictly less than two right angles, then not always the two lines
extended towards infinity cut each other in the side where the angles are
strictly less than two right angles.
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Definition 56. Counter-Projective Geometry This type of geom-
etry has been constructed by F. Smarandache (see [17]) in 1969.

Let P, L be two sets, and r a relation included in P x L. The elements
of P are called points, and those of L lines. When (p,[) belongs to r,
we say that line { contains point p. For these, one imposses the following
counter-axioms:
1) There exist either at least two lines, or no line, that contains two given
distinct points.
2) Let p1, p2, p3 be three non-collinear points, and g1, g2 two distinct points.
Suppose that {pi,q1,p3} and {p2, g2, ps} and collinear triples. Then the
line containing p;,ps, and the line containing g¢;,¢2 are not intersecting
each other.
3) Every line contains at most two distinct points.

Definition 57. Anti-Geometry

It is possible to deformalize entirely Hilbert’s groups of axioms of the
Euclidean Geometry, and to construct a model, such that none of its fixed
axioms holds. Let us consider the following things:
- a set of <points>: A, B,C, ...
- a set of <lines>: h k1, ...
- a set of <planes>: a, 3, ¥, ... and
- a set of relationships among these elements: “are situated”, “between”,
“parallel”, “congruent”, “continuous”, etc. Then, we can deny all Hilbert’s
twenty axioms [see David Hilbert, “Foundations of Geometry”, translat-
ed by J.Townsend, 1950; and Roberto Bolona, “Non-Euclidean Geome-
try”,1938). There exist cases, within a geometric model, whem the same
axiom is verified by certain points/lines/planes and denied by others.

GROUP I. ANTI-AXIOMS OF CONNECTION:

I.1. Two distinct points of A and B do not always completely deter-
mine a line.

Let us consider the following model MD:
Get an ordinary plane é, but with an infinite hole in being of the following
shape:
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semi-plane delta 1 . . curve f1 (frontier)

t semi-plane delta 2 . . curve f2 (frontier)

Q

Plane é is a reunion of two disjoint planar semi-planes; f1 lies in MD,
but 2 does not; P, Q are two extreme points on f that belong to MD.

One defines a LINE [ as a geodesic curve if two points A, B that belong
to MD lie also in /. If a line passes two times through the same point, then
it 1s called a double point (KNOT).

One defines a PLANE a as a surface, such that for any two points
A, B that hein a and belong to MD there is a geodesic curve which passes
through A, B and lies also in a.

Now, let us have two strings of the same length: one ties P and Q with
the first string s;, so that curve s; is folded in two or more different planes
and s; is the plane 6. Next, do the same with string s2, tie Q with P,
but over plane é, and so that s, has a different form from s,; and a third
string s3, from P to Q, much longer than s;. Then, s, s2, s3 belong to
MD.

Let I,J, K be three isolated points — as some islands, i.e. not joined
with any other point of MD, exterior to plane é.

Unsolved problem: Of course, this model is not perfect, and it is far
from the best. Readers are asked to improve it, or to make up a new one
that is better.

Let A, B be two distinct pointsin é;_z,. P and Q are two points on s;,
but they do not completely determine a line, referring to the first axiom
of Hilbert, because A — P — 51 — Q are different from B— P - s, — Q.

1.2. There is at least one line / and at least two distinct points A and
B of |, such that A and B do not completely determine line {.
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Line A — P — 51 — @ is not completely determined by P and @ in
the previous construction, because B — P — s; — @ is another line passing
through P and Q.

1.3. Three points A, B, C not situated in the same line do not always
completely determine a plane a.

Let A, B be two distinct points in 6;_g,, such that A, B, P are not co-
linear. There are many planes containing these three points: §; extended
with any surface s containing s, but not cutting s; in between P and Q,
for example.

I.4. There is at least one plane, @, and at least three points A, B,C in
it not lying in the same line, such that A, B, C do not completely determine
the plane c. (See the previous example.)

L5. If two points A, B of a line [ lie in a plane a, it does not mean
that every point of { lies in a.

Let A be a point in é;_y,, and B - another point on s; between P and
Q. Let o be the following plane: é; extended with a surface s containing
s1, but not cutting s, between P and @, and tangent to é; on a line QC,
where C is a point in 83_y,. Let D be a point in é2_f,, not lying on the
line QC. Now, A, B, D are lying on the same line A — P — 5, — Q — D,
A, B are in plane a, but D is not.

1.6. If two planes o, 8 have a point A in common, does not mean that
they have at least one second point in common.

Construct the following plane a: a closed surface containing s; and so,
and intersecting 6, in one point only, P. Then a and é; have a single point
In common.

I.7. There exist lines, where only one point lies, or planes, where only
two points lie, or space where only three points lie.

Hilbert’s 1.7 axiom may be contradicted if the model has discontinuities.
Let us consider the isolated points area.

Point I may be regarded as a line, because it is not possible to add any
new point to I to form a line.

One constructs a surface that intersects the model only in points I and

J.

GROUP 1II. ANTI-AXIOMS OF ORDER

I1.1 If A, B, C are points of a line and B lies between A and C, it does
not mean that B always lies between C and A, as well.

Let T lies in sy, and V lies in s2, both of them closer to @, but different
from it. Then: P,V,T are points on line P —s; — Q — 5o — P, i.e. the
closed curve that starts from point P and lies in s; and passes through
point @ and lies back to s; and ends in P), and T lies between P and V
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- because PT and TV are both geodesic curves, but 7 does not lie between
V and P

- because from V the line goes to P and then to T, therefore, P lies
between V and T.

By definition: segment AB is a system of points lying upon a line
between A and B the extremes are included.

Warning: AB may be different from BA; for example: the segment PQ
formed by the system of points starting with P, ending with @, and lying
in 51, is different from the segment QP formed by the system of points
starting with @, ending with P, but belonging to s;.

Moreover, AB may sometimes be different from AB; for example: the
segment PQ) formed by the system of points starting with P, ending with
@, and lying in sy, is different from the segment PQ formed by the system
of points starting with P, ending with @, but belonging to s».

I1.2. If A and C are two points of a line, then: there does not always
exist a point B lying between A and C, or there does not always exist a
point D such that C lies between A and D.

For example: let F be a point on fi, F being different from P, and G a
point in &;, G does not belong to fi; draw the line [ which passes through
G and F; then: there exists a point B lying between G and F
~ because GF is an obvious segment, but there is no point D, such that
F lies between G and D;

- because GF is right bounded in F (G F may not be extended to the other
side of F, because otherwise the line will not remain a geodesic curve one
anymore).

I1.3. There exist at least three points situated on a line, so that: one
point lies between the other two, and another point lies between the other
two, as well.

For example: let R, T be two distinct points, different from P and Q,
situated on line P —s; — @ — s, — P, such that the lengths of PR, RT, TP
are all equal; then: R lies between P and T, and T lies between R and P,
and P lies between T and R, as well.

IL.4. Four points A4, B, C, D of a line cannot always be arranged: so
that B lies between A and C and also A between D, and such that C lies
between A and D and also between B and D.

For example: let T and R are two dictinct points, different from P and
Q, situated on line P — 57 — @ — s — P, so that the lengths of PR, RQ,
QT and TP are all equal, therefore, R belongs to s;, and T belongs to s»;
then P, R, Q, T are situated on the same line:

so that R lies between P and Q, but not between P and T
— because the geodesic curve PT does not pass through R,
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and so that @ does not lie between P and T
- because the geodesic curve PT does not pass through Q,
but lies between R and T

- let A and B be two points in §5_ 721 such that A, Q , B are colinear,
and let C, D be two points on sy, s, respectively, all of the four points
being different from P and Q; then A, B, C, D are points situated on the
same line as A—~Q — s, —P—s,— B, which is the same A—Q—s,—P—s,—B,
therefore, we may have two different orders of these four points in the same
time: A, C, D, B and A, D, C, B.

IL5. Let A, B, C be three points not lying in the same line, and let
I be a line lying in the same plane ABC, not passing through any of the
points A, B, C. Then, if line ! passes through a point of segment AB,
it does not mean that line [ will always pass either through a point of
segment BC, or through a point of segment AC.

For example: let AB be a segment passing through P in the semi-plane
61, and let C be a point lying in 61, too, on the left side of line AB; thus A,
B, C do not lie on the same line; now consider line Q —s;— P —5; — Q-D,
where D is a point, lying in semi-plane &; but not on f,: therefore, this line
passes through point P of the segment AB, but it passes neuther through
a point of the segment BC, nor through a point of the segment AC.

GROUP III. ANTI-AXIOM OF PARALLELS.

In a plane o through a point A, lying outside of line I, either no line,
or only one line, or a finite number of lines can be drawn (At least two of
these situations should occur.) The line(s) is (are) called parallel(s) to {
through the given point a.

For example:

- let lp be the line N — P — s; — Q — R, where N is a point lying in 6,
not on fi, and R is a similar point lying in 6, not on fo, and let A be a
point lying on s, then: no parallel to Iy can be drawn through A (since
any line passing through A, hence, through s,, will intersect s, hence, {;
in P and Q);

- if line I; lies in 6y, so that I; does not intersect frontier f;, then:
through any point lying on the left side of /; one and only one parallel will
pass;

- let B be a point lying in f;, different from P, and another point C
lying in 61, not on fi;let A be a point lying in 6; outside of BC; then: an
infinite number of parallels to line BC can be drawn through point A.

Theorem: There are at least two lines ;, {5 of a plane, which do not
meet a third line I3 of the same plane, but they meet each other, (ie. if 4
is parallel to I3, and all of them are in the same plane it is not necessary
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that {; is parallel to l3).

For example: consider three points A, B,C lying in f;, and different
from P, and D a point in 6; not on f;; draw lines AD, BE and CE, so
that E is a point in é; not or f; and both BE and CE do not intersect
AD; then: BE is parallel to AD, CE is also parallel to AD, but BE is
not parallel to CE because point E belongs to both of them.]

GROUP IV. ANTI-AXIOMS OF CONGRUENCE

IV.1. If A, B are two points on a line [, and A’ is a point upon the
same or another line ¥, then: upon a given side of A’ on the line I’, we
cannot always find only one point B’ so that segment AB is congruent to
segment A'B’.

For example:

- let AB be a segment lying in §; and having no point in common with
f1, and let us construct line C — P — s; — Q — s — P (noted by ! which
is the same with C — P — s3 = Q@ — 57, — P, where C is a point lying in
8, neither in fi, nor on AB; take a point A’ on I, between C and P, so
that A’'P is smaller than AB; now, there exist two distinct points B’ on
s9, such that A’B1’ is congruent to AB, with A’'B1 different from A’'B2;

- but if we consider a line I lying in §; and limited by the frontier f;
on the right side (the limit point being noted by N), and take a point A’
on I, close to M, such that A’M is less than A'B’, then: there is no point
B’ on the right side of I/, so that A’B’ is congruent to AB.

A seginent may not be congruent to itself! For example: let A be a
point on s;, closer to P also; A and B are lying on the same line A - Q -
B— P— A, which is the same as line A— P— B—@— A, but AB measured
on the first representation of the line is strictly greater than AB measured
on the second representation of their line.

IV.2. If a segment AB is congruent to the segment A’B’ and also to
the segment A” B”, then segment A’B’ is not always congruent to A" B”.

For example: let AB be a segment lying in é;y,, and consider the line
C—P—~5s;—-Q—sy—P— D, where C, D are two distinct points in ;..5_1,
such that C, P, D are colinear. Suppose that segment AB is congruent
to segment CD (i.e. C— P — 8 — Q — s — P — D). Get also an obvious
segment A'B’ in §;_y,, different from the preceding ones, but congruent
to AB. Then, segment A'B’ is not congruent to segment CD (considered
as C — P — D, i.e. not passing through Q.)

IV.3. If AB, BC are two segments of the same line I, which have no
points in common aside from point B, and A'B’, B’C’ are two segments of
the same line or of another line /, having no point in common aside from
B', so that AB is congruent to A’B’ and BC is congruent to B'C’, then
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segment AC is not always congruent to A'C’.

For example: let [ be a line lying in 6;, not on f;, and let A, B, C be
three distinct points on I, such that AC is greater than s;; let I’ be the
following line: A’ — P — sy — Q — s5 — P, where A’ lies in §1, not on fi,
and get B’ on s; so that A’B’ is congruent to AB, get C’ on s, so that
BC is congruent to B’C’ (points A, B, C are thus chosen); then: segment
A'C’ which is firstly seen as A’ — P — B’ — Q — C’ is not congruent to AC,
because A’C’ is the geodesic curve A’ — P — C’ (the shortest way from A’
to C’ does not pass through B’) which is strictly less than AC.

Definitions: Let £, k be two lines having a point O in common. Then
system (h.O, k) is called the angle of lines & and k in point O. (Since some
of our lines are curves, we take the angle of the tangents to the curves in
their common point.)

The angle, formed by lines h and k situated in the same plane, noted
by Z(h, k), is equal to the arithmetic mean of the angles formed by A and
k in all their common points.

IV.4. L