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About Very Perfect Numbers' 

A natural number n is named very perfect if cr( cr(n))=2n (see [I]). 
Theorem. The square of an odd prime number can't be very perfect 

number. 
Proof. Let be n=p', where p is an odd prime number, t en 

cr(n)= I-p-p'. cr( cr(n)) = cr(l-p-p') = 2p'. We decompose cren) in canonical 
form,fromwherel--p-p:= p,ap,G, ... pa,. Becausep(pd)-lis 
odd, in the canonicai decompose must be only �~�d�d� primes. 

0.---1 1 �a�~� a , Ct. p;. - P; - 1 _ ') , 
cr(a(n»= (l-p-... - pr. .. \l-p- ... - p.)= , , �-�~�p�.� 

l ' • K P - 1 P. - I 
Because pa, - - I pCt,-1 _ l ' . " 

>') , ') P. - 1 _ .... , p - 1 >"" 

one gets that 2p: ca'n't be deeomposelin more than two factors, so each 
one> 2. therefore k �~� 2. 

Case 1. For k = 1 we find cr(n) = 1 �~�p� �~�p�:� = �p�~� ,from where one 
gets �p�~�-�;�=� p:(l-p-p') and . p,a-: - 1 " 

cr(cr(n))= . . = 2p-, 

p:(l-p-p:)-l =2p\p-ll, from �w�h�e�?�~� p!l = p (pp;-2p-p,). The right 
side is divisible by p, thus Pj - 1 is a p multiple. Because Pl' > 2 it results 
Pi �~� p-l and 

'1 ") a. 
�p�~� �~� (p-l )' > p-+p+ 1 = Pi 

thus a,= 1 and cr(n)=p--p-I =P:, cr( cr(n)) = cr(p) = 1 -,- Pi . Ifn is very perfect 
then 1 �~�P�i� = 2p' or p:..l.p+ 2 =2p:. The solutions of the equation are p = -1 
and p = 2 which is a contradiction. 

Case2. For k=2 we have cr(n)=p'-p-l = 

Because 

it results 

a, a, 
Pi 'p,". 
�~�"�:�,� 1 

, 1 

P?-, ,-I pCL,-I_ I 
---"--'---,;- = P an d ' = 2 P 

PI ' 1 P, ' 1 
(or inverse), 
thus 
then 

Pia"l, 1 = p(PI,l), p(t, 1 = 2p(p"l), 
a.· I a.-I a.-I a.-I , 

PI P:- , Pi ' Pc' -r! = 2p-(PI,l)(p:,l), 
---

'Together with Mihaly Bencze and Florin Popovici 
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thus cr(n) = pI+p+ 1 = p~l-Ipr;o-I 
and p p, (pC + P + I) = 2p~(p -l)(p,-l) + p~J'1 + p~'1 - 1 

I - I - ( a. 1 ) (a.-I ) 
orpIP2p(p+I)+PIP~-I=2p2(pl-I)(p2-I)-t- PI,'-I + p~- -1 = 
2P2(P1- 1) (p,-I) + p(PI-I) -+- 2p(p,-I) accordingly p divides PIP,-I, thus 
PIP2>P+ I and P~P~~(p+I)2>'p2+p+I=P~ pC; Hence: -
njl If ((i = 1 and n = 2p\ thcn cr(n) = p2+ P + 1 = PjP~ 

2 1 pU,+I_ I 
and ~: ~ I = P and ~2 _ 1 = 2p, 

thus PI + 1 = P wich is a contradiction. 

n) If ((2 = 1 and n = 2p2, then cr(n) = p2+p+ 1= 

a.·1 I ' P' - p- - I 
and I = P and ~ = 2p 

PI - I p~ - 1 ' 

thus p, + 1 = 2p, p, = 2p - I and cr(n) = p~+p+ 1 = p~l (2p+ 1), 
from where 4cr(n~(2p-1 )(2p+ 3)+ 7= 4P12p-I), accordingly 7 is divisible 
by 2p- 1 and thus p is divisible by 4 which is a contradiction, 

Reference: 
I Suryanarayama, Elcmente der Mathematik, 1969. 

["Octogon", Bra~ov, Vol. 5, No.2, 53-4, October 1997.] 
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Inequalities For The Integer Part 
Function' 

In this paper we prove some inequalities for the integer part func­
tion and we give some applications in the number theory. 

Theorem 1. For any x, y > 0 we have the inequality 
(1) [5x] + [5y] 2': [3x+y] -,- [3y-x], where [.J means the integer part 

fUllction. 
Proof. We use the notations Xl = [X], y, = [y], u = {X}, V = {y}, xi,y! 

EN and u,v E [0,1). We can write Lhe inequality (1) as 
XI -'-YI +[Su]+[SvJ 2': [3u+v]+[3v+u]. We distinguish the following 

cases: 
a) Let u 2': v. Ifu::::; 2v, then Sv 2': 3v+u and [Sv] 2': [3v+u), analogously 

Su 2': 3u+v and [Su] 2': [3u+v], from where by addition we obtain (1). If 
u>2v and Su=a-'-b, Sv=c+d, a,cEN, 0::::; b < 1,0::::; d < 1, then we have to 
prove the following inequality 

a + c + x/ y; 2': [ 3a+c+ ;b+d] + [3cT a+ ~d+b] (2). 

But, considering that 1 > u > 2v, we get S > Su > 10v, from where 
S > a+b > 2c+ 2d, thus a+b < S and a::::; 4. If a < 2c, then a::::; 2c - 1 and a 
+ I - 2c::::; 0, thus a+b-2c < 0; contradiction with a+b-2c>2d, thus 42':a, 
a2':2c and 3b+d<4, 3d+b<4. From 4 2': a 2': 2c we have the cases from the 
table and in each of the nine cases is verified the inequality (2). 

a 444332210 

c 210011000 
Application I. For any m, n E N, (Sm)!(Sn)! is divisible by 

m!n!(3m+n)!(3a+m)!. 
Proof. If p is a prime number, the power exponent of p in decompo­

sition of m! is [m.] + [m, 1 + It is sufficient to prove that p p:J ... 

[5P~+ern]2': [~]+U]+p~+~pn;m] 
for any rEN, r 2': 2.If m = rm

l 
+x, n = m

l 
+y, where 0 ::::;x <r, 0::::; y < r, m, 

nEZ, is sufficient to prove that 
[5r~l+ H1]2': PX;y]+[3Y;X], but this inequality verifies the 

theorem~. 
Remark. If x, y > 0 , then we have the inequatity 
[Sx]+[Sy] 2': [x]+(y]+[3x+y]+[3y+x]. 

I Together with Mihaly Beneze and Florin Popovici. 
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Theorem 2. (SziiardAndnis). Ifx, y, z ~ 0, then we have the inequal­
ity [3x]+[3y]+[3z] ~ [x]+(y]+[z]+[x+y]+[y+z]+[z+x]. 

Application 2. For any a,b,c E N, (3a)!(3b)!(3c)! is divisible by 
a!b~c!(a+b )!(b+c )!( c+a)!. 

Proof. Let k!,k~,k3 be the biggest power fOf which plSi (3a)!, pIS 
I (3b)!, pK, I (3c)! respectively, and fj (i E { 1,2,34,5, 6}) the biggest 
power for which pT'j a!, pr, I b!, pT, I c!, pT. I (a+b)!, pT'1 (b+c)!, pT, i 
(c+a)! respectively, then 

~~r;~ W'] + [~1] +} ([3pb]+[Jp~ +) + (f.~ + [!f] +) 
~/j ([ ;]+ [~,] + .)+([ ~]+ [~+.-) + ([ ~]+ [~,] +.-) 

+([~]+ [1] +-)+([blf]+[~]:·-)+([C;~+[C;,~ +.-) . 

We have to prove that k. +k, +k, ~ I f. , but this inequality reduces 
to theorem 2. ' - . i=l I 

Theorem 3. If x, y, z ~, then we have the inequality 
[2x]+[2y]+[2z] ~ [x]+[y]+[z]+[x+y+z]. 
Application 3. If a,b,c E N, then a!b!c!(a+b+c)! is divisible by 

(2a)!(2b)!(2c)!. 
Theorem 4. lfx, Y ~ 0 and n, kEN so that n ~ k ~ 0, then we have the 

inequality [nx] + [ny] ~ k[x] +k[y] + (n - k)[x +y]. 
Application 4. Ifa, b, n, kEN and n ~k, then (na)!(nb)! is divisible 

by (a!)k(b!)k(a+b)!)n.k. 
Theorem 5. Ifxk ~ 0 (k = 1,2, .. , n), then we have the inequality 

2kt [2xJ ~ 2 ~I[~] + [XI+X~] + [X~+X,] + ... + [~n+XI]· 
Application 5. If ak E N (k = 1,2, ... , n), then I} «(2~)!r is divis-

·bl b n k-l 
ley kI~V~!)~ (al+a~)!(a~+a3)! ... (an+al)!· 

Theorem 6. Ifxk~O (k = 1,2, ... , n), then we have the inequality 

m t [2xJ+ n f [2xp]~ m t [xk] + n f [x~+ t f [Xk+X~. 
k=1 p=1 k=l p=1 k=lp=l 

Application 6. If a
k 

E N (k = 1,2, ... , n), then 
n m n m n m 
Il (2~!)m Il (2a !)n is divisible by Il (ak!r Il (a !)" Il Il «a +a )!). 
k=l p=1 P k=1 p=l p k=l p=1 k P 
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Theorem 7. Ifx,y ~ 1, then we have the inequality 

Proof. By the concavity of the square root function 

~ ~2X+2V 1 ~ 1 ~ 11 ~l il ~; 
"x ... )' :::: .,. ~ -:;- v ~ X T -:;- v 2)' Z I -:;- -v 2 x i + ! ,....; 2)' :' 

- - - L- -.J:"'- _ 

it follows that [~]~ [~ ~] + [~.J2i l 
[ ] 11 1 [ ] 

Therefore it is sufficient to show that ..Ji + IT ~ J ~ ~ 
for x~1. The identity [x I ] + c [ x + +-J has a straightforward proof. 

We use it to replace ?& with [~]- II ~~ + ~ 1 . 
. - . L2 2J 

This yields [...;;-] ;> r ~..,f27 + ~ 1 for x~ 1. This last inequal-

ity followed by notice that x L:4 implies 2 (2 - .J2)J;) 1 or 

[~]) r.!....J27 + .!...l and 1$ x < 4 implies ~J2; + ~(2 . 
L2 2J 2 2 

Application 7. Ifa,b EN, then a!b!l .J a 2 + b2 !j is divisible by 

laJ2j ! lbJ2j ! 

["Octogon", Bra~ov, Vol. 5, No.2, 60-2,1997.] 
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About Bernoulli's Numbers! 

Many methods to compute the sum ofthe same powers of the first n 
natural numbers (see ([4]) are well-known. 

In this paper we present a simple proof of the method from [3]. 
The Bernoulli's numbers are defined by 

(I) B- 1 le'o B C I B C /1- I B \ 
II = --J-~ 11 .... 1 0 + ,,+1 1+ ... + 11.;.1 II-I) 

n + 
where Bo = I. It is known that B

n
, 1= 0 ifn ~ 1. By calculation we find that 

(2) BI = -112, B2 = l/6, B4 = -1/30, B6 = 1142, B8= -l/30, BIO = 5/66, 
BI2 = -691/2730, BI4 = 7/6, BI6 = - 3617/510, BI8 = 438671798, 
B20 = -17461 \1330, B22 = 8545131138, B24 = -23636409112730 ete. 

Let S n = Ik + 2k + ... + nk sum of the first II natural numbers which 
have the same power. 

Theorem. 

(3) s* - 1 (k+1 1 C I k C 2 B k-I C* B ) 
. n - -- n + - k+ln + k+1 ,n + ... + k+1 nn 

k + 1 2 -
Proof. (I) can be written as: 

(4) ~ C B = 0 n ~ I. 
~ n+1 I , 

If then P(n+ I) - Pen) = 

k k+ I-I 
="C'.B( "C J k+I-,-j) ~ k+1 I ~ k+l_l n 

,~O J~I 

Let Al be the eoeficients of nkol , where t E {O, I, ... , k}. 

A =","C ' CI"oIB =CI-I(","C I BI 
f L .4:-1 k~1 I I .4:-1 L.. /·1 ') 

I 0 I - 0 

Ift~ I,then AI=O.onlyAo = C;+I' Onbehalfofthese 
P(n + 1) - P(n) = (Link. Using this 

11-1 1 11-1 1 I ik = -I (P(i + 1)- P(i))= -P(n), 
,~O k + 1 ,~O k + 1 

- --

'Together with Mihaly Bencze 
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because P(O) = O. Then s.: = ~}' (n )+ n' From here one gets (3). 
Note. From the previous result we ean also find the formula 

.".: = ~}' (17 T l.JJsing the previsious, we find thc nc~t equalities: 

s.: = 17, S.: = ~ n (11 T I), s.: = ~ I) (n - I X2 17 + I ), S ,; = i-17: (/1 + I r . 
s .: 

s 

_1_11 (I) + I X2 I) T I )(3 n ' + 3 n - 1) 
30 

_1_ 17 : (17 T I r (2 17 : _ 2 17 - I ) 
12 

_1_ n (n + 1 X2 n T 1)(3 n' + 611' - 3 n + 1 ) 
42 
_1_17 : (17 + 1 )' (3 n' + 6 n ' - n: - 4 n + 2) 
')4 

1 ( 1 X~ 1)(- 6 15 ' - , 15' 2 -n n+ ":'11+ )n + n-+)n - n-n 
90 

+9n-3) S.: = 

-; 9 ... 
S :'j 

_1_(2n'" + 10 n'.,. 15 n 
20 

, '3' ) 14 11 .,. 10 11 - n' 

= _1- (6 n ' I .,. 33 I) '" + 55 n 9 - 66 17' + 66 n 5 - 33 n' + 5" ) 
66 

= _1_ (211" + 12 nil + 22 n ,,1 - 33 n 8 + 44 n' - 33 n' ... 10 n 2 ) 

24 

S,:: = 27~0 (210 n" + 1365 nil .,. 3630 nil - 4935 n' + 115 17' + 9640 17" 

+ 1960 11 6 
- 5899 n' + 35 n' + 4550 n' ... 1382 n~ - 691 n ) ctc. 

Problems. 
1 ). Using the mathematical induction on the base of (1), we prove 

that B~n I = 0, if n ~ 1. 
2). Prove that skis divisible by n(n + 1). 
3). Prove that ~~k+lis divisible by n~(n + 1 )~. 
4). Determine those natural numbers n, k for which S,~kis divis-

ible n(n + 1)(2n+ 1). 910 11 12 

5). Detach in parts the sums S",SIf s" ,s". 
6). Using (2), (3), compute the sums S!3 , ... , S~I . 

References: 
[I] M. Kraitchik, Recherches sur la theorie des nombres, Paris, 1924. 
[2] Mihaly Bencze, Osszegekrol, A Matematika Tanitasa, 111983. 
[3] Z. I. Borevici, I. R. Safarevici, Teoria Numcrelor, Ed. Stiintifica 

~i Enciclopedica, Bucure~ti, Romania, 1985. 
[4]. Sandor 16zsef: Veges osszegckrol, Matematikai Lapok, Cluj­

Napoca. 911987. Romania. 
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[5] Mihaly Bencze: A Bernoulli szamok egyik alkalmazasa, 
Matematikai Lapok, Kolozsvar 7/1989, pp. 237-238, Romania. 

["Octogon", Bra~ov, Vol. 7, No.1, 151-3, 1999.] 
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The Solution OfOQ.I02 1 

In the "Octogon" Vo1.5, No.2, Zoltan Blazik, in the open problem 
OQ.I02, asked if there exists a polynomial P(x,y) of at most second de­
gree such that on the set {I ,2,3}x {I ,2,3} it takes the values I, 2, 3, 4, 5, 6, 
7, 8, 10 , each of them exactly once. We show that doesn't exist such a 
polynom. Let P(x,y)=Axc+Bxy+CyC4-Dx+Ey+F be a such polynom. It 
results that P( I, I )-2P(l ,2)+ P(l,3 )-2P(2, I )+4P(2,2)-2P(2,3)+ P(3, 1)­
-2P(3,2)+P(3,3)=0. In this sum there are only integer numbers, and each 
coefficient divided by 3 give one remainder. From this one gets that 

O=P(I, I )-2P( I ,2)+P( I ,3)-2P(2, I )HP(2,2)-2P(2,3)+P(3, 1)-
2P(3,2)+P(3, 3) '" P(l,I) +P(l,2) 4-P(l,3)-"-P(2,1)+P(2,2)+P(2,3)+P(3, 
1)+P(3,2)+P(3,3)= I +2+3-7-4-"-5+6+7+8+ 1O=46(mod3) and this is a con­
tradiction. 
Next we propose the following open question: 
Is there a polynomial P(X

I
,X1, ... ,xn

) of at most degree n such that on the set 
{1,2, ... ,n,n+ I }x{l ,2, ... ,n,n+ I }x ... x {I ,2, ... ,n,n+ I} (the braces are repeated 
n times) it takes the values 1,2,3, ... ,n, ... ,(n+ l)c -2,(n+ 1)1 -I,(n-"-I r + I ex­
actly once? 

["Oct0gon", Vo1.6, No.1, 81,1998.] 
'Togcthcr with Mihaly I3cnc/.c and florin Popovici 
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CONJECTURES ON PRIMES' SUMMATION 

A) Any odd integer n can be expressed as a combination of three 
primes as follows: 

I ) As a sum oftwo primes minus another prime: 
n = p+q-r, where p, q, r are all prime numbers. 

Do not include the trivial solution: p = p+q-q when p, q are prime. 
For example: 1 = 3+5-7 = 5+7-11 = 7+11-17 = 11+l3-23 = ... ; 

3 = 5+5-7 = 7+ 19-23 = 17+23-37 = ... ; 
5 = 3+ l3-11 = ... ; 

7 = 11 + 13-17 = ... ; 
9=5+7-3= ... ; 
11 =7+17-13= .... 

a) Is this conjecture equivalent to Goldbach's Conjecture (any odd inte­
ger >=9 is the sum of three primes)? 
b) {s the conjecture true when all three prime numbers are different? 
c) In how many ways can each odd integer be expressed as above? 

2) As a prime minus another prime and minus again another prime: 
n = p-q-r, where p, q, r are all prime numbers. 

For example: I = 13-5-7 = 17-5-11 = 19-5-13 = .. , ; 
3= 13-3-7=23-7-l3= ... ; 
5=13-3-5= ... ; 
7=17-3-7= ... ; 
9 = 17-3-5 = ... ; 
11 = 19-3-5 = ... . 

a) Is this conjecture equivalent to Goldbach's Conjecture? 
b )Is the conjecture true when all three prime numbers are different? 
c) In how many ways can each odd integer be expressed as above? 

primes as follows: 

3) n = p+q~r rl-u, where p, q, r, t, u are all prime numbers. and 
t*u. 
For example: I = 3-3-r3~ 5-13 ~ 3-,- 5~ 5-,-J 7-29 ~ ... ; 
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3 = 3-+-5+ II + 13-29 = ... ; 

5 = 3-+-7-d 1+ 13-29 = ... ; 
7 = 5+7+11-+-13-29= ... ; 
9 = 5+7+11+13-29 = ... ; 
11 =5+7-+-11+17-29= ... . 

a) Is the conjecture true when all five prime numbers arc di rt~"-c',,t") 
b) In how many ways can each odd integer be expressed as above? 

4) n = p+g+r-t-u, where p, g, r, t, u are all prime numbers. and t. u '* p, 
g,r. 
For example: 1 = 3+7+ 17-13-13 = 3-+-7+23-13-19 = ... ; 

3 = 5-+-7':"17-13-13 = ... ; 
5 = 7+7-+-17-13-13 = ... ; 
7 = 5+11+17-13-13 = ... ; 
9= 7+11+17-13-13 = ... ; 
11 = 7+ 11 + 19-13-13 = ... . 

a) Is the conjecture true when all five prime numbers are different? 
b) In how many ways can each odd integer be expressed as above? 

5) n = p+g-r-t-u, where p, g, r, t, u are all prime numbers, and r,Lu'*p,q. 
For example: 1 = 11+-13-3-3-17 = ... ; 

3 = 13+13-3-3-17= ... ; 
5 = 3+29-5-5-17 = ... : 
7 = 3+31-5-5-17 = ... ; 
9=3+37-7-7-17= ... ; 
11=5+37-7-7-17= .. .. 

a) Is the conjecture true when all five prime numbers are different? 
b) In how many ways ean each odd integer be expressed as above'? 

6) n = p-g-r-t-u, where p, g. r, 1. u are all prime numbers. and q.r.t.u,*p. 
For example: 1 = 13-3-3-3-3 = ... ; 

3 = 17-3-3-3-5 = ... ; 
5 = 19-3-3-3-5 = ... ; 

7 = 23-3-3-5-5 = ... ; 
9 = 29-3-5-5-7 = ... ; 
11 = 31-3-5-5-7 = .. .. 

a) Is the conjecture true when all five prime numbers are differenf) 
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b) In how many ways can each odd integer be expressed as above? 

GENERAL CONJECTURE: 
Let k ;::: 3, and 1 < S < k, be integers. Then: 
i) If k is odd, any odd integer can be expressed as a sum of k-s 

primes (first set) minus a sum ofs primes (second set) 
[such that the primes of the first set is different from the primes of the 
second set]. 
a) Is the conjecture true when all k prime numbers are different? 
b) In how many ways can each odd integer be expressed as above? 

ii) If k is even, any even integer can be expressed as a sum of k-s 
primes (first set) minus a sum ofs primes (second set) 
[such that the primes of the first set is different from the primes of the 
seeond set]. 
a) Is the conjecture true when all k prime numbers are different? 
b) In how many ways can each even integer be expressed as above? 

. Reference: 
[I] Smarandache, Florentin, "Collected Papers", Vol. II, Kishinev 

University Press, Kishinev, article <Prime Conjecture>, p. 190, 1997. 

["Math Power". Pima Community College, Tucson,AZ, USA, Vol.5. 
No.9. 2-4, September 1999; 

"Octogon", Bra~ov. Vo1.8, No.1, 189-91. 2000.] 
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CONJECTURES WHICH GENERALIZE 
ANDRICA'S CONJECTURE 

Five conjectures on paires of consecutive primes are listed below 
with examples in cach case. 

x x 1 
1) The equation Pn+l - Pn = , ( 1 ) 

where Pn is the n-th prime, has a unique solution situated in between 0.5 
and I. Checking the first 168 prime numbers (less than 1000), one gets 
that: 

- the maximum occurs of course for n= 1, i.e. 
3'- 2' = 1 when x= 1. 
- the minimum occurs for n=31, i.e. 
127'-113'= 1 whenx=0.567148 ... =a. 

" 

Thus, Andrica's Conjecture 

is generalized to 

B - (J _ a <1 h < 2) 11 - Pn+\ p" ,were a ao' 
It is remarkable that the minimum x doesn't occur for 
11 x _ 7x = 1 

as in Andrica's Conjecture the maximum value, but in (2). 

(2) 

( 3 ) 

Also, the function Bn in (3) is falling asymptotically as An in (2). 
Look at these prime exponential equations solved with a TI-92 Graphing 
Calculator (approximately: the bigger the prime number gap is, the smaller 
solution x for the equation (1 ); 
for the same gap between two consecutive primes, the larger the primes, 
the bigger x): 

3x 
- 2x = 1, has the solution x = 1.000000. 

5' - 3' = I, has the solution x :::: 0.727160. 
7' - 5' = 1, has the solution x :::: 0.763203. 
11' - 7' = 1, has the solution x :::: 0.599669. 
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I)' - 11' = 1, has the solution x:::: 0.807162. 
17' - 13' = 1, has the solution x:::: 0.647855. 
19' - 17' = 1, has the solution x :::: 0.826203. 
29' - 23' = 1, has the solution x :::: 0.604284. 
37' - 31' = I. has the solution x :::: 0.624992. 
97x 

- 89x = I, has the solution x :::: 0.638942. 
127' - 113' = 1, has the solution x :::: 0.567148. 
149' - 139' = I, has the solution x :::: 0.629722. 
191' - 18 P = 1, has the solution x :::: 0.643672. 
223' - 211' = I, has the solution x :::: 0.625357. 
307x 

- 293' = I, has the solution x :::: 0.62087l. 
331 x - 317' = 1, has the solution x :::: 0.624822. 
497x 

- 467x = I, has the solution x :::: 0.663219. 
521 x - 509' = 1, has the solution x :::: 0.666917. 
541' - 523' = L has the solution x:::: 0.616550. 
751' - 743' = 1, has the solution x:::: 0.732706. 
787' - 773x = I, has the solution x:::: 0.664972. 
85)' - 839' = I, has the solution x :::: 0.668274. 
877' - 863 x = I, has the solution x :::: 0.669397. 
907' - 887' = 1, has the solution x :::: 0.627848. 
967x 

- 953' = I, has the solution x :::: 0.673292. 
997' - 991' = 1, has the solution x:::: 0.776959. 
If x > ao' the difference of x-powers of consecutive primes is nor­

mally grater than 1. Checking more versions: 
3°99 2099 :::: 0.981037. 
11 099 7U99 :::: 3.874270. 
1 106

<) TJ60 :::: 1.001270. 
11°.59 r 59 :::: 0.963334. 
1 1055 7°55 :::: 0.822980. 
1 10 .50 7°50 :::: 0.670873. 

389099 383°99 :::: 5.596550. 

1 1 U <99 70.599 :::: 0.997426. 
171)599 13°599 :::: 0.810218. 
37°599 31 0599 :::: 0.874526. 
1270 ;99 113°599 :::: 1.230100. 
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991 O.5~9 :::: 0.225749. 

11305 :::: 0.639282. 

C Ilk Ilk 
3) n Pn+1 - Pn < 2 I k, where Pn is the n-th prime, 

and k ~ 2 is an integer. 
111/~ 71/~ 

1114 
111'5 

12715 

31/~ 

3 1/3 

5 1/3 

7 113 

11]1, ~ _ 

13 1/3 

17 1'3 

37]1' 
127 1/ ] 

4) D n 

"'71 '4 
I 

7 115 

113 1/5 

21/~ 

2113 

31/3 
51!3 

7113 

111/3 

13 11 

31 I] 

113 13 

:::: 0.670873. 
:::: 0.1945837251. 
:::: 0.1396211046. 
:::: 0.060837. 
:::: 0.317837. 
:::: 0.1823285204. 
:::: 0.2677263764. 
:::: 0.2029552361. 
:::: 0.3110489078. 
:::: 0.1273545972. 
:::: 0.2199469029. 
:::: 0.1908411993. 
:::: 0.191938. 

(4) 
where a < all and n big enough, n = n(a), holds for infinitely many con­
secutive primes. 

a) Is this still available for a < I ? 
b ) Is there any rank nn depending on a and n such that ( 4 ) is 

verified for all n ~ nr: ? 
A few examples: 
5'H 3° X :::: 1.21567. 
7"x 50S :::: 1.11938. 
11 U8 7°8 :::: 2.06621. 
127°S 1130 S :::: 4.29973. 
307° 8 293°8 ::::: 3.57934. 
997"s 991"8 :::: 1.20716. 

5) P
n 

/P
n 

:S 5/3, (5) 

the maximum occurs at n~2. 
{The ratio of two consecutive primes is limited, whik the 
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difference Pc: - Pn can be as big as we want!} 
However. liP

n 
- liP

n 
: :s: 1/6, and the maximum occurs at nc=l. 

Reference: 
[I] Sioane, N. 1. A., Sequence AOOI223!M0296 in <An On-Line 

Version of the Encyclopedia of Integer Sequences>. 

["Octogon", Bra~ov, Vo!.7, No.1, 173-6, 1999.] 
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A Generalization Of The Leibniz Theorem' 

In this paper we show a generalization ofLeibniz's theorem and an 
application of this. 

Leibniz's theorem. Let M be an arbitrary point in the plane of the 
ABC triangle, then MN+MB~+MC~ = l/3(a~+b~+c~)+3MG~, where G is 
the centroid ofthe triarigle. We generalize this theorem: 

Theorem. LetA"A~ .... ,A. be arbitrary points in the space and G the 
centroid of this points system; then for an arbitrary M point of the space 
is valid the following equation 

~ MA2=~ ~ AA 2 +n.MG 2. 
~ I L..J I} 

,=1 n ISi<}Sn 

Proof. First, we interpret the centroid of the n points system in a 
recurrent way. Ifn =2, then is the midpoint of the segment. Ifn = 3, then it 
is the centroid of the triangle. Suppose that we found the centroid of the 
n-l points created system. Now we join each of the n points with the 
centroid of the n-I points created system; so we obtain n bisectors of the 
sides. It is easy to show that these n medians are concurrent segments. In 
this way we obtain the centroid of the n points created system. Denote G, 
the centroid of the Ak,k = I ,2, ... ,i-1 ,i+ I, ... ,n points created system. It can 
be showed that (n-I )AjG=GG,. Now by induction we prove the theorem. 

, ,I 2 , 
Ifn=2 the MA, + MA, = -AlA, + 2MG or . 2 -

MG ' == .!.. (2 (Uf t' + AU ;), where G is the midpoint of the A,A" 
segment. The at:ove formula is the side bisector's formula in the MA,A" 
triangle. The proof can be done by Stewart's theorem, cosines theorem, 
generalized theorem of Pythagoras or can be done vectorially. Suppose 
that the assertion of the theorem is true for n = k. If A "A

2
, ••• ,Ak are 

arbitrary points in the space, Go is the centroid of this points system, then 
we have the following relation ~ MA 2 =.!. ~ A A2 k. MG 2 

L.. ' k L.. ' J+ o· 
1=1 I'S/-<}'!>.t 

Now we prove for n=k+ I. Let Ak+, ~ {A"A2, ••• ,Ak' GJ an arbitrary 
point in the space and let G be the centroid of the A

1
,A

2
,···,Ak,Ak I' points 

system. Taking into account that G is on the Ak..-1G,. segment and 

'Together with Mihaly Bcncze and Florin Popoviei 
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k'Ak lG=GG", we apply Stewart's theorem to the M,G".G,Ak i points, 
from where 

,\1.{+1 ·GGo +AIG; ·GAk+1 -MG
1

.Ak+Po =cq, ·G~+I . Ak+Po' 

and 

k 
According to the previous observation A k • I G = ~ A k .! G " 

GC =_l_A C. 
n k+l k·! " 

Using thesc, the above relation becomes 

MA~+! +k·MG,~ = k:l Ak_P; +(k+l)MG
2

• 

From here k 1 
k.MG 2 =" MAl __ " AA2 

() ~ I k L.. I J. 
1=1 !:$;/<;5k 

From the supposition of the induction with M=Ak! as substitution 

wc get ~ A A 2 =.!-. '" A A 2 + k . A C 2 
L.. " k L.. ' ) k ·1 0 and thus 
I-l l<t<]''Sk 

k 2 J ~ 2 I " 2 --Ak.IG O = --L. A,A k.! - L. A,A,. 
k+1 k+I'=1 k(k+J)I<(<;<k 

SUbstitutingGis in the above relation we obtain that 

IM42=.!.- 1 J I AA2+_I_IAA2 
1=1 I k k(k + 1) ISI<JSk 1 J k + 1 1=1 1 hI 

+(k+l)AIC:' =_1_ IA,A:+(k+I)MG 1
• 

k + 11';;1</,;;k+l 

With this we proved that our assertion is true for n = k+ 1. 
According to the induction it is true for every n ~ 2 natural numbers. 

1. Application. If the AI' A
2
, ••• , An points are on the spherc with the 

center 0 and radius R, then using in the theorem the substitution M=O 
we get the identity DC 2 = R2 __ 1_ '" A A2 

2 L.... I / 

1 n l'SJ-<.I~11 
In case of a triangk DC 2 = R 2 __ (a 2 + b 2 + C 2) • 

9 
In casc of a tetrahedron OC

2 
= R2 - J....(a 2 + b2 + c 2 + d 2 + e2 + /2) 

16 

2.Application. If the A;. A
2
, ••• , An points are on the sphere with the 
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center 0 and radius R, then I A,A: $ n 2 R 2. 

1:S/<J:sn 

Equality holds if and only if G=O. In case of a triangle a2+b2+c2 ~ 
9R2, in case ofa tetrahedron a2+b2+c2+d2+e2+f ~ 16R2. 

3. Application. Using the arithmetic and harmonic mean inequal­
ity, from the previous ~plication results the following inequality re­
sults: L -1-, 2': {n - 1/ . 

,<<<}<.A,A} 4R 
In case of a triangle _1_ + ~ + ~ > _1_ in case of a tetrahedron 

a 2 b 2 c 2 -R" 
1 1 1 1 1 1 9 
-, +-, +-, +-, +-, +-, ~ --,. 
a- b- C" d- e- t- 4R-

4. Application. Considering the Cauchy-Buniakowski-Schwarz in­
equality from the application 2 we obtain the following inequality 

i<~I'n A,A, 5 nR ~n(n2-1) 
In case of a triangle a+b+c ~3fjR, in case of a tetrahedron 

a+b+c+d+e+ f$4/6R. 
5. Application. Using the arithmetic and harmonic mean inequal­

ity, from the previous application we get the following inequality 
L _1_ > {n - 1 ).J n (n - 1) 

"" ,<n A,A, - 2 R:;r= . 
. 1 1 1 ..J3 In case of a trIangle - + - + - ~ --, in case of a tetrahedron 

abc R 

~ + ~ + .!.... + ..!... + .!.... + ~ ~ 2... {3. 
abc d e t R 1)"2 

6. Application. Considering application 3, we obtain the following 
inequality: n' (n - 1 )' < ( " 4 A' I[ " _1_1 < 

4 -I L.." ') L.. ,1-
\.1<0<'<0 1<0<I<"A,A 1 ) 

(Ai + III )' /1' (n - I)' /1 (/1 - I) 
16 AI . III if --2- ,s ewn, 

(.H + III )' n' (n - I)' - 4 (,\/ - III )' n (n - I) 
16 AI .m If --2- IS odd, 

where m = min {A, A ~ } and M = max {A, A ~} In case ofa triangle 

( , , ,)I, , ,) 2 At ' + 5 ,\1 . m + 2 m ' 
9:<> a + b + C /l..a + b + c :<> ---------

M ·m 
in case of a tetrahedron 
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36 <. (a ' . b' , d' , r'V 'b-' 'd" 'f ')< 9(M + m)' ~ . t C + j e j ~a t -+ c -+ -+ e + _ --~~-. 
. M'm 

7. Application. Let AI' A
2
, ••• , An be the vertexes of the polygon 

inscribed in the sphere with the center 0 and radius R. First we interpret 
the orthocenters of the A IA2 

... An inscribable polygon. For three arbitrary 
vertexes, one orthocenter corresponds. Now we take four vertexes. In the 
obtained four orthocenters of the triangles we construct the circles with 
radius R, which has one common point. This will be the orthocenter of 
the inscribable quadrilateral. We continue in the same way. The circles 
with radius R that we construct in the orthocenters of the n-l sides 
inscribable polygons have one common point. This will be the ortho­
center of the n sides, inscribeable polygon. It can be shown that 0, H, G 
are collinears and n·OG=OH. From the first application 

OH 2 = n"R2 - I A A2 and GH'=(n_I)R'_(I_~)2 LA,A:. 
ISI< /'511 I I n i'S/</'Sn 

In case of a triangle 0IF=9R2- (a2+b2+c2) and GH' = 4R' - i(a' + b' + c') 
. 9 

8. Application. In.the case of an AjA, ... A inscribable polygon 
LA, A; = n 2 R' if and only if O=H=G. I; case of a triangle this is 

10::: I >< 15, n 

equivalent with an equilateral triangle. 
9. Application. Now we compute the length of the midpoints cre­

ated by the ApA2, ... ,An spaee points system. Let S= { I ,2, ... ,i-l, i+ I , ... ,n} 
and Go be the centroid of the A

k
, k E S, points system. By substituting 

M=A, in the theorem, for the length of the midP9ints we obtain the fol­
lowing relation A, G: = _1- LA, A} - 1 , LA" A} . 

n - 1 kES (11 - I) II,I'E."'· 11-;.\" 

1 O. Application. In case of a triangle 
and its permutations. From here 

, , , 3(, , ') m~ + m: + m~ = - a~ + b~ + c~ 
" " , 4 

., ., ., 27 .., 
m',+m:+m'~-R-,m +m.+m 

, !' ~ 4 II (J l 

m: 

9 
~ -R. 

2 

2 (b : + c' )- a : 

4 

12. Application. Denote mar the kngth of the segments which join 
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midpoint of the a and f skew sides of the tetrahedron (bimedian). In the 
interpretation of the application 

9m~.f =~(b2 +c2 +d2 +e2 _a2 - f2) 

and its permutations. From here 

7 7 7 I (L 7) m;j+mbd+m:e=- a-. , . 4 

1 + 2 + 2 < 4R2 ma,f mh .d m,.e - , 

References: 
1. Haj6s Gy., Bevezetes a geometriaba, Tank6nyvkiad6, Bp. 1966. 
2. Kazarinoff N.D., Geometriai egyenI6t1ensegek, Gondolat, 1980. 
3. Stoica Gh., Egy ismert maximum feladatr61, Matematikai Lapok, 

Kolozsvar, 911987, pp. 330-332. 
4. Caius Jacob, Lagrange egyik kepleter61 es ennek kiteIjesztestr61, 

Matematikai Lapok, Kolozsvar, 211987, pp. 50-56. 
5. Sandor 16zsef, Geometriai egyenl6tlensegek, Kolozsvar, 1988. 

("Octogon", Vo1.6, No.1. 67-70,1998.] 
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A Solution of OQ. 1281 

In "Octogon", vol. 6, Nr. 1, April 1998, Mihaly Bencze proposed the 
following open question: 

"Let AI A~ ... An be a convex polygon and {BI} = AlA] n A~An' 

{B~} =A~A4 nA,AJ' ... , {BJ =A, An_, nA~An' Prove that 

tion. 

114 

AIBI . A2B2 ..... An_IBn_j = 1". 
B jA 2 B2 A 3 BnAj 

Let: 

XI = m(A~A,B), x~ = (AIA~BI)' x] = m(A,A) A~), 
x4 = m(A~A]B), ... , Xk'l= m(Ak<l A.Bk)' 
Xk~ = m(AkAk'IBk), .. -, x~n_1 = m(AI AnBn)' 
x~n = m(AnAIB) andAkAk'l = ak (k = 1,2, ... , n). 

Using the sinus theorem in the triangle A.BkAk')' we obtain: 

A k B k sin x k + 1 

(1) 
sin x k 

Using again the sinus theorem in the triangle AkAk IAk'~' we obtain: 

(2) 
AkAk+1 ak SIn xk +3 = ------''-'-''-

SInXk 

From (1) and (2), by multiplication, we obtain the proposed rela-

["Octogon", Vol. 7, No.1, 183-4, 1999.] 

Together with Marian Dinca, Mihaly Benczc, and Szilard Andras. 
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NEGARI ALE POSTULATULUI V 
AL LUI EUCLID 

Postulatul V allui Euclid se enunta sub forma: daca 0 dreapta, care 
intersecteaza doua drepte, formeaza unghiuri interioare de aceea~i parte 
mai mici decat doua unghiuri drepte, aceste drepte, prelungite la infinit, 
se intalnesc in parte a unde unghiurile interioare sunt mai mici decal doua 
unghiuri drepte. 

insa el este mai cunoscut sub forma: printr'un punct exterior unei 
drepte se poate duce 0 paralela ~i numai una la acea dreapta. 

in acest articol vom prezenta cele doua negari clasice (Lobacevski­
Bolyai-Gauss ~i Riemann), plus alta negare partiala (combinand, totu~i, 
negarile anterioare). 

Postulatul V al lui Euclid (315? - 255? i.e.) este recunoscut, de 
toata lumea, consistent (logic) in sine, dar ~i impreuna cu celelalte patru 
postulate formeaza un sistem axiomatic consistent. 

intrebarea, care s-a pus din antichitate, era daca al cincilea postulat 
este dependent de celelalte patru? Pentru ca un sistem axiometic, in viziune 
clasica, trebuie sa fie: 

1) consistent (axiomele sa nu fie contradictorii intre ele: adica unele 
sa afirme ceva, iar celelalte opusul); 

* 2) independent (0 axioma sa nu fie 0 eonseeinta rezultata din 
celelalte axiome prin apliearea unor reguli, teoreme, Ierne, metode valabile 
in acel sistem; 
daca 0 axioma se dovede~te a fi dependentii (rezultatii din) de altele, se 
elimina din sistem; 
sistemul trebuie sa fie minimal); 

3) complet (axiomele sa dezvolte intreaga teorie, nu doar 
partialitiiti). 

Deci, geometrii au crezut ca postulatul (= axioma) V se deduce din 
primele patru postulate ale lui Euclid. jnsu~i Euclid a incitat la aceste 
cercetiiri. Deci, ca sistemul propus de Euclid, care a pus bazele geometriei, 
n' ar fi independent. 

in aeel caz, postulatul V ar fi putut sa fie eliminat, larii a altera deloc 
dezvoltarea geometriei. 

Au fost numeroase incerciiri de-a "demonstra" aceasta "dependentii", 
desigur nereu~ite. A~dar, postulatul 5 are importantii istorica fiindca multi 
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s'au ocupat de el. 
Atunci, s'a trecut la negarea postulatului 5, ~i constituirea unui 

sistem axiomatic din prime Ie patru postulatc euclidiene ncschimbatc plus 
negatia postulatului 5. S'a observat ca se obtin geometrii total dfifcrite, 
bizare, eurioase, aparent rupte de practica. 

a) Lobacevski (1793-1856), rus, primul a negat astfel: 
"Printr'un punct exterior unei drepte se pot duce 0 infinitate de paralele 
la acca drcapta", 
care s'a numit Geometrie Lobacevskiana sau hiperbolica. 

Dupa el, independent, au Iacut acela~i lucru: Bolyai (1802-1860), 
ungur din Transilvania, ~i Gauss (1777-1855), neamt. Dar Lobacevski a 
publicat primul. 

Beltrami (1835-1900), italian, a gas it ~i un model (= constructie 
geometriea ~i conventii in definirea notiunilor de spatiu, dreapta, 
paralelism) la aceasta geometrie hiperbolica, marcand un progres ~i dand 
o importanta ei. Analog Pointcan': (1854-1912), francez. 

b) Riemann (1826-1866), neamt, a urmat cu 0 altfel de negatie: 
"Pfintr'un punct exterior unei drepte nu se poate duce nici 0 paralela la 
acea dreapta", 
care s'a numit Geometrie Riemanniana sau eliptica. 

c) Smarandache (n. 1954) a negat partial postulatul V: 
"Exista drcpte ~i puncte exterioare lor astfel incat prin acele punctc 
extcrioare se puteau duce la acele drepte: 

I) numai 0 singurii paralela - intr'o anumita zona a spatiului 
geometric [deci, aici functiona Geometria EucIidiana]; 

2) mai multe paralele. dar in numiir finit - in alta zona a spatiului; 
3) un numiir infinit de paralele, dar numarabile - in alta zona a 

spatiului; 
4) un numar infinit de paralele, dar nenumiirabile - in alta zona a 

spatiului [deci. aici function a Geomctria Lobacevski]; 
5) nici 0 paralela - in alta zona a spatiului [deci, aici funqiona 

Geometria Riemann]. 
Adica, intregul spaliu era impartit in cinci regiuni (zone). iar fiecare 

zona functiona difcrit. Eram clev, idcea mi-a venit in 1969. De ce? Fiindea 
am observat ea in practica spatiile nu sunt pure, omogene, ci un melanj. 
A~a am unit cele trei geometrii kgate de postulatul V, ~i Ic-am chiar 
extins (cu alte 2 zone alaturate). 
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Problema era: cum conectezi un punct dintr'o zona, cu un punct 
din alta zona diferita (trecerea peste "frontiere")? 

in "Bulletin of Pure and Applied Science" (Delhi, India), apoi in 
prestigioasa revista germana care recenzeaza articole de matematica 
"Zentralblatt flir Mathematik" (Berlin) exista patru variante de Geometrii 
Neeuclidiene Smarandache [unnand traditia: Geometria lui Euclid (cea 
clasica, traditionala), Geometria Lobacevski, Geometria Riemann, 
Geometrii Smarandache]. E bine sa lasam ~i noi, romiinii, unne prin ~tiin!e 
~i arte - ca sa nu ne mai desconsidere atata occidentalii. Ma obsedeaza 
acest lucru ... Eu caut sa citez mereu romiini in tot ce fac - pentru promovare. 

Referinte: 
[1] Ashbacher, Charles, "Smarandache Geometries", <Smarandache 

Notions Journal>, Vol. 8, No. 1-2-3, Fall 1997, pp. 212-215. 
[2] Brown, Jerry L., "The Smarandache Counter-Projective Geom­

etry", <Abstracts. of Papers Presented to the American Mathematical Soci­
ety Meetings>, ViJt. 17, No.3, Issue 105, 595, 1996. 

[3] Chimienti, Sandy P., Bencze, Mihaly, "Smarandache Anti-Ge­
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One Application Of Wallis Theorem l 

Theorem 1. (Wallis, 1616-1703) 
nl2 Jf/2 f sin 'n+' xdx = f cos 'n+i xdx 2.4. (2 n ) 

lL(2n+l) 

Proof. Using integration by parts, we obtain 
It,' 2 It 12 

In= fSin2n+lxdx = fsin2nxsinxdx =-cosx.sin2nxl~2+ 

~Il 0 0 from where 2n 
+ 2n fsin In-I x(l- sin 1 x}:u- = 2nl n-I - 2nln In = 2n + lin-I' 

By multiplication we obtain the statement. We prove in the same 

way f~~~;r:m 2. 'r sin 'n xdx = • y cos ~. xdx =.:...1 :..::.3~ .. .:... .. ~(2=.;.:...n_-~I..L) lr 
o 0 2.4 ... (2 n) . 2 . 

Proof. Same as the first theorem. 
Theorem 3. If f (x ) = fa" x ", then 

." • 12 , .. r I 3 (2 k _ I) f f(sin x)dx = f f(eos x)dx = !!..a o +!!.. I au ..... ( ). 
o 0 ~ 2 2k~' 2.4 .... 2k 
Proof. In the f (x ) = I a" x 2' function we substitute x by sill x 

and then integrate from 0 t6 nl2, and we use the second theorem. 
Theorem 4. If g (x ) = ..fax 11 +, then 

~ 2k·..! ~ 

H ! 2. H • ~ k ~ 0 r 2.4 ..... (2 k ) 
f g(sln x}dx = f g(co: x}dx = a, + t;, a,,+'1.3 ..... (2k + 1) 

Theorem 5. If h (x ) = I a I x I . then 

Hf"h(' \.J_ H
f
'2h( \.J_ lr '0 u ~(lr 1.3 .... ~2k -I) 2.4 .... ~2k) \ 

SlnXJ<U= eosxJ<U=-a,,+a,+~ -a21 ') +a21 +, ~, )" 
U ./ 2 hi 2 2.4 .... ~2k 1." .... ~2k + I 
." Application 1. • " 

. x I f Sin (sin x}dx = f Sin (cos x}dx = L (- I Y , '( )' ' 
o 0 <00 1·3-",2k+1 

Proof. We use that 
Application 2. 

:z. 2 A. ~ 1 

sin x = I (- I Y (x ) . 
,~O 2 k + I ! 

x , lr x (_ I Y f cos (cos x) = - L . ( ,)' , 
o 2 I." 4 k. f' 'cos (SIO x}dx = 

" 
x r: I; 

cos x = I (- 1 Y -(~. ) " 
i. =u _ k Proof. We use that 

Application 3. 
fr

l
•• frl-:!, ::co 1 
f sh (Sin x)dx = J sh (cos x)it = I ' , ( r 

,/1-3·.2k+l-
:c \_ ~A-. i 

Proof. We use that ,h x = ~/ (2~ + I) / 

:Together with Mihaly Bcnczc. 
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APPlication4·'f
IZ 

h ( . \,,- _ "fl' h ( \,, __ !!.... ~ I 
C Sin X JU-' - C COS x JU-' - ~ t ( ')' 

o 0 2ko04 k. 
x 2k 

Proof. We usc that ch X= I-x- . 
Application 5. to() (2k) ! 

x I ;r 2 

I2=- . 
Hk 6 

Proof. In the arcsin 
_ f- 1.3 ..... (2k-I)X 2

k+1 

X - X + ~ (X ) expres 
td 2.4 ..... 2k 2k+1 -

sion we substitute x by sin x, and use theorem 4. It results that 
< 1 x X! ! x 

Jr ' / 8 = I ( )'. Because L ! I k 2 = L ( )' + - L ! I k 2 
',0 2k + 1 *01 bO 2k+! 4 *01 

we get f ! I k' = ;r I 6 . 
k =1 

'2 Application 6. 12 
fC, fC '" B J sinx ctg{sinx}dt= J cosx ctg{cosx}dt= Jr - JrI( ,~ 
o 0 2 2 k=1 k., 

where Bk is the k-th Bernoulli type number (see[l]). 

Proof. We use that xctg x = I - f. ~ x" 
Application 7. bl (2k) I 

,./2 , 

I arctg (sin x}iT = r· arctg (cos x}iT = 

~) I + :t (- I) 2.4 ..... (2 k ) , 
'01 1.3 ..... (2k-I)(2k+IY 

x 2'(: ... 1 

Proof. We use that arctg x= L(-I} _x_ 
Application 8. to() 2k + I 

,12 ,I, x 24 (2k) ! I argth{sinx)dx = f argth{cosx}dT = I + L ... (. ) ( \2 
'J 0 '011.3···· 2k-1 2k+I, 

Proof. We use that r X2k+1 

Application 9. argth x = L-- . 
k~ 2k+1 

;r,2 1f/2 x I 
f ar~~sinx)dx= f args~cosx)dx= IHY -( )2· 
o 0 kdJ 2k+1 

Proof. We use that h *" IV. IJ. ... (2k-I~r+l args X= L.)- , 
Hi 24····(2kX2k+I) 

Application 10. 
,12. _ ,</2 _ ~ 2'<-1(4' -I)B. 
ftg(Slnx)dx- ftg(cosx)dx-I 2' ~ f· 
o 0 " 13 .. 2k - I k 

Proof. We use that x ik(4' -I)B 
tg X= L k X,·-I 

H (2k)! 
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Application 11. 

KI' . sin x dx = KI' . cos x dx = ~ + 1f x (2 ":' - I ~B, 
o Sin (Sin x) 0 Sin (cos x) 2 f=, 2"'(k')" 

Proof. We use that x .f (2" , - I )B " 
--=1+2L.,- -'x' 
sin x , ~ , (2 k) , 

Application 12. 
fr!2· Jr '2 ( 2/..-1 \n 

J smx d.x= J COSX dt=~+Jr!2 ,-IF' 
o sh(sinx) 0 sh(cosx) 2 '"' 2"(k!j 

Proof. We use that _x_ = 1 + 2::t (-1 j (2
2k

·' -1 )BkX2t 
sh x k~' (2k) ! 

Application 13. 
It 12 1(! 2 

f sec (sin x)cix = f sec (cos x)cix 7f .f E, 
= 2+ Jr 7-:, 2H"(k!Y 

where Ek is the k -th Euler type number (see([ I D. 
~ E 

Proof. We use that sec x = I + I --' -x'k 
'"1 (2 k) ! 

Application 14. 
,,/2 ,,/2 r E 
f sech{sinx}ix= f sech(cosx}ix=!::+JrL(-lj u"( ,y 
o 0 2 *=1 2 k. 

Proof. We use that 
r E", 

ser:h x=l+ ~J-Ir -( ) ,.e 
*"1 2k. 
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LINGUISTIC PARADOXES AND TAUTOLOGIES 

Abstract. 
Classes of linguistic paradoxes are introduced with examples and 

explanations. They are part of the author's work on the Paradoxist Phi­
losophy based on mathematical logic. 

The general cases exposed below are modeled on the English lan­
guage structure in a rigid way. In order to find nice particular examples of 
such paradoxes one grammatically adjusts the sentences. 

Let <N>, <V>, <A> be some noun, verb, and attribute respectively, 
and <Non-N>, <Non-V>, <Non-A> respectively their antonyms. For ex­
ample, if <A> is <small> then <Non-A> is <big> or <large>, etc. 

Also let <N'>, <N .. >, etc. represent synonyms of <N> or just <N>, 
and so <V'>, <V" >, etc. 

. or <A'>, <A" >, etc. 
Let <NV> represent a noun-ed verb, and <NV'> a synonym, etc. 

Then, one defines the following classes oflinguistic paradoxes and semi­
paradoxes: 

I. All is <A>, the <Non-A> too. 
Examples: 

All is possible, the impossible too. 
All is real, the unreal too. 
All is justice, the injustice too. 
All life is complex, the simple life too. 
All people are actors, the non-actors too. 
All can be happy, even the unhappy. 
It's so near, but yet so far away. 
All is weird, the natural too. 
All is joyful, the sorrow too. 
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2. <Non-N> is a better <N>. 
<Non-A> is a better <A>. 
<Non-V> isa better <V>. 

Examples: 
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Not to speak is sometimes a better speech. 
Not to complain is a bettcr complain. 
Unattractivc is somctimes better than attractivc. 
Slow is sometimes bctter than fast. 
No government is a better government. 
A non-ruler is a better rulcr. 
No news is good news. 
Not to stare is sometimcs better to look. 
Not to love is a better love. 
Not to move is sometimes a better move. 
Impoliteness is a better politeness. 
Not to hear is better than not listening. 
No reaction is sometimes the best reaction. 
Not to show kindness is a better kindness [welfare]. 
She is better than herself. 
No fight is a better fight [i.e. to fight by non-violent means]. 

3. Only <N> is truly a <Non-N>. 
Only <A> is truly a <Non-A>. 
Examples: 

Only a rumor is truly a gossip. 
Only a fiction is truly a fact. 
Only normal is truly not normal. 
Nobody is truly a 'somebody'. 
Only fiction is truly real. 
The friend is the most dangerous hidden enemy. 
Only you are truly not you [=you act strangely]. 
Only mercy can be truly merciless. 
If you spit at the sky, it will fall in your face. 
Only gentleness is truly wild. 

4. This is so <A>, that it looks <Non-A>. 
Examples: 

This is so truc, that it looks false! 
This is so ripe, that it looks spoilt. 
This is so friendly, that it looks hostile. 
He seemed so trustworthy, that he looks untrustworthy. 
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This is so fake, it looks real! 
This is so proper, that it looks improper. 
This is so beautiful, that it looks unreal. 
This is so simple, that it looks difficult. 
The story was so real, that it looked fiction. 
Can't see the trees for the forest. 

5. There is some <N> which is <A> and <Non-A> at the same time. 
Examples: 

There are events which are good and bad at the same time. 
There are laws which are good and bad at the same time. 
There are some news which are real and wrong at the same time. 
There are some insects which are helpful and dangerous at the same time. 
[like the spider] 
There are men who arc handsome and ugly at the same time. 
There are classes that are fun and boring at the same time. 
There are some ministers which are believers and mis-believers at the 
same time. 
There are moments that are sweet and sour. 
There are games which are challenged and not competitive at the same 
time. 
Food which are simultaneously hot and cold. 
The game was exciting, yet boring [because we were losing]. 
People are smart and foolish at the same time [i.e., smart at something, 
and foolish at other thing]. 

6. There is some <N> which <V> and really <Non-V> at the same 
time. 

Examples: 
There are people who trick and do not really trick at the same time. 
There are some children who play and don't play at the same time. Some 
of life's experiences are punishments and rewards at the same time. 
Exercise is exhausting but also invigorating. 
There arc children who listen and do not really listen at the same time. 
There are teachers who teach and don't teach at the same time. 
There are students who spell and misspell at the same time. 
Nice and rough men concomitantly. 
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Politicians who lie and tell the truth all the time! 

7. To <V>, even when <Non-V>. 
Examples: 

I\. sage thinks even when he doesn't think. 
I exist whm I don't exist. 
I\. clown is funny even when he isn't being funny. 
To die of thirst sunounded by water. [saltwater] 
To be a poet and not know it. 
I\. mother worries even when she doesn't wony. 
T:, 'h!~~'lC\'c' ("'yep ,,-hen "All ~0n't h(,li(,,\'C' 

Is matching even when not-matching. 
I sleep even when I am awake. 
I\.lways running around. 
To dream, even when not sleeping. 

8. This <N> is enough <Non-N>. 
Examples: 

This silence is enough noise. 
This vacation Ii·om work is hard work. rwhen you come back!] 
The superiority brings enough inferiority. [=listlessness] 
This day is my night. 
This diary is cnough non-diary. 
This ,kcp is enough awakc. 
This sweet truthfulness is enough sarcasm. 
This table of four is enough for six people. 
I had enough. 
This job is enough recreation. [when enjoying the job] 

9. <Non-V> sometimes means <v>. 
l-.xamplcs: 

Not to speak sometimes means to speak. 
Not to touch sometimes means to touch. 
Thc prCSCf\e peace sometimcs means going to \\·ar. 
Tn destroy lif"c (as in \"iruscs) somctimcs mcans to prcserve lif"c. Not to 
listen sometimes means to listen. 
Two f"cet forward sometimes mcans standing still. 
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Not to litter sometimes means to litter. 
Speeding is sometimes not speeding [in case of emergency]. 
Not to show anger is sometimes to show anger. 

10. <N> without <N>. 
Examples: 

Hell without hell. 
The style without style. 
The rule applied: there were no rule! 
Our culture is our lack of culture. 
Live without living. 
Some people are so afraid of death, that they do not live. 
Work without work. 
Can't live with them, can't live without them. 
Death without death. [for a Christian dying is going on to eternal life] 
Guilt without guilt. [sometimes is guilty but doesn't feel guilty] 

11. a) <N> inside/within the <Non-N>. 
Examples: 

Movement inside the immobility. 
Silence within the noise. 
Slavery within the freedom. 
Loneliness within a crowd. 
A circle within a circle. 
The wrestling ring inside a squared section. 
To find wealth in poverty [i.e., happiness and love]. 

b) <Non-N> in the <N>. 
Examples: 

Immobility inside the movement. 
Noise inside the silence. 
The eye of the storm. 
Government. Bureaucracies. 
Inequality inside the equality. 
Single inside the marriage. 
Anger inside the happiness. 
Wannth in the cold. 
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Cold in the heat. 
Laughing without being happy. 
Has not gotten anywhere. 
Poverty in wealth. [no poverty or love in a wealth family] 

12. The <A> of the <Non-A>. 
Examples: 

The shadow of the light. 
Music of silence. 
Relaxing of exercise effect. 
The restrictions of the free. 
Life through death. 
The sound/loudness of the silence. 
I can see the light of the tunnel. 
The slave of freedom. [someone who couldn't give up his freedom, even 
in marriage] 

13. <V> what one <Non-V>. 
Examples: 

To see what one can't see. 
To heat What one can't hear. 
To tash \vhat one can't taste. 
To acc'-'ili what on can't understand. 
To say what one can't say. [to tell a secret] 
To wait I Hiently when one doesn't know how to wait. 
To breath what one can't breath. 
To feel what one can't feel. 
To appreciate what one dis-appreciates. 
To believe what one can't believe. [faith] 
To smell what one can't smell. 

14. Let's <V> by <Non-V>. 
Examples: 

Let s strike by not striking. [=Japanese strike] 
Let's talk by not talking: [means to think]. 
To vote by not voting at all. 
To help someone by not helping. [using experience as a teacher] 
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Let's justify by not justifying. 
Let's win by not winning. 
Let's strip by not stripping. [to make bare or clear] 
Let's fight by not fighting. [Ghandi's Motto] 

15. <N> of the <Non-N>. 
Examples: 

The benefits we get from non-benefits. 
The smoke we got from non-smokers. 
The easy work we get from hard work. 
The service we get from non-service. 
The good that comes from bad. 
The pleasure we get from the pain. 

16. <Non-A> is <A>. 
Examples: 

The bad is good. [because makes you try harder] 
The good is bad. [because doesn't leave any room for improvement] 
Work is a blessing. 
The poor is spiritually rich. 
Sometimes ugly is beauty. [because beauty is in the eyes of the beholden] 
You have to kiss a lot of frogs before you find a prince. 
Hurt is healing. 
"There is no absolute" is an absolute. 
Not to commit any error is an error. 

l7.A<Non-N> <N>. 
Examples: 

A positive negative. [which means: a failure enforces you to do better] 
A sad happiness. 
An impossible possibility. 
Genuine imitation leather. 
A lo~ whisper. 
A beautiful disaster. [which means beauty can be found anywhere] A bit­
ter sweet. 
A harsh gentleness. [a gentleness that is very firm with you] 
A guiltless sinner. [someone who doesn't regret sinning] 
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18. Everything has an <A> and a <Non-A>. 
Examples: 

Everything has a sense and a non-sense. 
Everything has a truthful side and a wrong side. 
Everything has a beginning and an ending. 
Everything has a birth and a death. 
Everything has its time and a non-time. 
Everything has an appearance and a non-appearance. 
Everything around you resolves and also dissolves. 
Everybody has a good side and a bad side. 
Everyone has a right and a wrong. 

19. <V> what <Non-V>. 
Examples: 

To be what you are not. 
One needs what one doesn't need. 
Expect the unexpected! 
Culture exists by its non-existence. 
No matter how rich we are, we never make enough money. 
One purchases what one doesn't purchase. 
To work when we are not working. 
To die might mean to live for ever. [= for an artist] 
One wants because one doesn't want. [sometimes one wants something 
only because someone else likes it] 

Linguistic Tautologies: 

A tautology is a redundacy, a pleonasm, a needless repetition of an idea. 
according to the "Webster's New World Dictionary", Third College Edi­
tion, 1988. 
However, the following classes of tautologies - using repetition - go to a 
deeper meaning, and even changes the sense. A double assertation re­
verses to a negation. 
One also may play with the synonyms. 

20. Mirror semi-paradox: 
<N> of the <N'>. 
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<N> ofthe <N'> of the <N" > ... 
Examples: 

Best of the best. 
Worst of the worst of the worst. 
Mother of the mother of the mother ... [the maternal grand grandmother] 
Follower of the followers. 
The rows of the rows. [lots of rows] 

21. This is not an <N>, this is an <N'>. 
Examples: 

This is not a teacher, this is a professor. 
This is not a car, this is a Wolswagen. 
This is not a truck, this is a Chevy. 
This is not noise, this is music. 
This is not music, this is noise. 
This is not a cedar tree, this is a <gad>. [gad = Navaho name for cedar tree] 
This is not me, this is I. 
This is not a sword, this is a saber. 
This is not a problem, this is an exercise. [= easier] 
Practice makes you practice. 
This is not a girl, this is Katie. 
This is not a horse, this is a pony. 

22. <N> is not enough <N'>. 
<A> is not enough <A'>. 
Examples: 

Sufficient is not enough sufficient [which means: to do more than "suffi­
cient"]. 
Punishment is not enough punishment. 
Health is not enough wealth. 
Clean is not enough clean. 
Studying is not enough studying. [which means to do more than just 
getting by, i.c. to do research] 
Extravagant is not enough extravagant. 
Time is not enough timc. 
The more you have, the morc you want. 
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Attention is not enough attention. [some people need action t()o] 

23. More <A> than <A'>. 
Examples: 

Better than better. [=perfeetion] 
Worst than worst. [=evil] 
Sweeter than sweeter. [=honey] 
More life than life. [=spirituality] 
More depressed than depressed. 
F oster than foster. 
More beautiful than pretty. 
More ugly than ugly. [really ugly] 
Smarter than smart. [like a genius] 

24. How <A> is an <A'> <N>? 
Examples: 

How democratic is a so called democratic society. 
How republican is a so called republic an society? 
How civilized is a so called civilized person? 
How free is a free country? 
How commanding is a so called commanding officer? 
How Pop Culture is a so called Pop Culture? 
How strong is a strong man? 
How lone is a lone ranger? [not very, he has tanto] 

25. No <A> is really <A'>. 
Examples: 

No friend is really a friend. [s/he betrays you when you don t even ex­
pect!] 
No luck is really a luck. 
No original is really original. 
No husband is really a husband. [you learn to depend on yourself] No 
tomboy is really a ~omboy. [girl considered boyish] 
No work is really less work. 
No true Marxist is really a true Marxist. [they contradict their own 
beliefs] 
No magic is really magic [all is only a trick]. 
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26. I would rather prefer <A>, than <A'>. 
Examples: 

I would rather prefer pretty, than prettier. 
I want that, not that. 
I would rather prefer this, than this. 
I would rather be old, than old. 
I would rather prefer great than big. 
I would rather be crazy than crazy. [crazy like foolish, than crazy like 
insane] 

27. More <A> than <A'>. 
Examples: 

Prettier than pretty. 
More real than real. 
More advantage than advantage. 
More help than help. 
More smiles than smiles. [she didn't psychically smile, but there were 
smlles written over her face] 
He earns more than himself. 
More suspicious than suspected. 
More cries than cries. 
More meters than kilometers. 
Make everyday a rainbow day. 

28. <Y> those who <V'> you. 
Examples: 

Ignore those who ignore you. 
Criticize those who criticize you. 
Defend those who defend you. 

29. <Y>, because <Y'>. 
Examples: 

I want because I want. 
I think because I think. 
I hear because I listen. 
I see because I look. 
I nced because I need. 
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I know because I know. 
I live because I live. 

I believe what is unbelievable. [faith] 
I am happy because I am happy. [there is no reason for my happiness] 

30. <Y> the <NY'>. 
Examples: 

I hate the haters. [therefore I hate myself!] 
I envy the enviers. [therefore r envy myself] 
r am strange to strangers. 
I cheat the eheaiers. [therefore I cheat myself] 
I lie to liars. [therefore I lie to myself] 
I kick the kickers. [therefore I kick myself] 
I love the lovers. 

Exercises for readers: 

Try to c~struct a general scheme - using <N>, <Y>, <A>, etc. nota­
tions as above-:,and then give particular cases for each of the following 
paradoxes or semi-paradoxes: 

- Dream the impossible dream. 
- It is not a question of what we are, but more of who we are. 
- Only a small dream/output is really a big dream/output. 
- One vote is enough to make a difference; and yet one vote isn't often 
enough to make a difference. 
- Good times come and good times go, but memories last for lifetime. 
- The dark and light of infinity. 
- The sense wc get from non-sensc. 
- Think before you think. 
- Sometimes less is more. 
- Enjoy life today, tomorrow may never come. 
- Make it happen, by making it happen. 
- Less is more. 
- My shoes are cleaner than my fect. 
- No matter how hard it scems, it will get easier. 
- See the things as they are not. [see their hidden spot] 
- Quitters never win, and winners never quit. 
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- My needs exist for needs. 
- Bad things happen for a good reason. 

Look at this Funny Law example: 
A Paradoxist Government: 
Suppose you have two cows. Then the government kills them and milks 
you! 

A poem: 

Sometimes in life we see but do not have sight 
or don't see what we should see 
we hear but do not listen 
we speak but do not communicate 
we live but do not know how to live 
we love but do not love 

And then we die but we've already have been dead 

The list of such invented linguistic paradoxes can be indefmitely 
extended. It is specific to each language, and it is based on language 
expressions and types of sentence and phrase constructions and struc­
tures. 

One can also play with antonymic/synonymic adverbs, preposi­
tions, etc. to construct other categories of linguistic paradoxes. 
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FUNNY PROBLEMS 

In this paper we present original or collected recreational math­
ematical problems. 

1) Prove that 2 = 1. 

Solution: 
2 pints = 1 quart. 

2) A man weights the following weights on the following dates. 
How is it possible? 

611170 
613170 
615170 
617170 
619170 

Solution: 

1501bs. 
Olbs. 

251bs. 
o Ibs. 

1451bs. 

Man is astronaut who went to Moon and back. 
Outerspace weightlessness: 0 Ibs. 
l of his Earth Gravity, or Gravity of Moon: 251bs. 
6 

3) If you have a couple of three's and divided them in half, why do 
you end up with 4 pieces? 

Solution: 
~ 

4) How 70> 3 = LOVE? 

Solution: 
Move the characters up or dow, or reverse them. 

5) IO - I = o. 

Solution: 
If you have a stick (l) and egg (0) and you give away the stick 

(l), you still have the egg (0) left. 
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7) Twelve minus one is egual to two. 

Solution: 
12 - 1 = 2 (take di git lout from 12). 

8)7+7 = [-1 

Soflltion: 
Take the four sticks from the Ts, rearrange them to form a rect-

angle. 

9) 3 x 2578 = hEll 

Solution: 
Read your calculator upside down: 7734 

(the product of the first two numbers) becomes hEll (aproximatively). 

10) An earthworm is cut down the middle. How many halves are 
there? 

Solution: 
One, 

because the other half can still be one whole earthworm ! 
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II) From two false hypotheses get a true statement. 

Examples: 

a) Grass is edible. False 
Edible things are green. False 
Therefore, grass is green. True 

b) All dogs are poodles. 
Spot is a dog. 
Thus, spot is a poodle. 

12) How can you add 3 with 3 and get 8 ? 

Solution: 

E3=8 
13) If 10 trees fall down, and no one is around to hear them falling, 
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how many of the trees fall ? 

Solution: 
Ten. 

14) When algebraically I = 0 ? 

Solution: 
In a null ring, wich is a set with one element only, and one binary 

operation. Ifwe take for "+" and for "." in the same time this operation, we 
get a commutative, unitary ring. 
In this case the unitary element for "." (wich normally is noted by "I") 
and the null element for "+" (wich normally is noted by "0") coincide. 

15) When is it possible to hace : I + 1 = 10 ? 

Solution: 
In base 2. 

16) Another logic: 
How can we have ten divided by two egual to zero? 

Answer: 
Ten cookies divided by two kids are eaten and nothing is 

remained! 

17) You are lost and walking down a road. You want to get to town 
and know the road leads to town but don't know wich direction. You 
meet two twin boys. You know one boy always tells the truth and one 
always lies. The boys know the direction to town. You cannot tell the 
boys apart and can only ask one question to one boy to find out the 
direction to town. What question would you ask? 

Solution: 
Ask either boy what the other boy would say is the direction to 

town. This would be a lie because if you were asking the dishonest boy, 
he would tell you a lie. If you were asking the honest boy he would tell 
you the truth about what the dishonest boy would say (wich would be a 
lie) so he would give you the wrong direction. Town wold be in the 
opposite direction. 
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18) Why are manhole covers round? 
You know, the manholes on the streets, is there a reason why they 

made them round or could thcy be square or triangular? 

Solution: 
Manhole covers are round because a circle cannot fall inside of 

itself. If they were square, triangular or some other shape they could be 
dropped into the hole, wich would be dangerous to traffic. 

19) You have eleven lines. How can you move five lines and still 
have nine? 

1 I 1 I 1 1 1 I 1 II 

Solution: 

to form: 
!\II !\! E 

1 1 1 I 1 
<-move---> 

20) You have a cannon and two identical cannon balls. You take 
the cannon to a large open location that is perfectly flat and you adjust 
the cannon barrel so that it is perfectly level. You load one of the cannon 
balls into the cannon and you hold the other cannon ball at the same 
height as the barrel. You fire the cannon and drop the other cannon ball at 
the same time. Wich cannon ball will hit the ground first? 

Solution: 
Both cannon balls should hit the ground at the same time, since 

gravity acts equally on two objects having the same mass. The cannon 
barrel was leveled and the cannon ball would begin to fall as it moved 
forward out of the barrel at the same rate as the cannon ball that dropped 
by hand. They would hit at the same time but the cannon ball fired from 
the cannon would hit the ground far away. 

21) I am invisible but can be mesured. I affect everyone and every­
thing that is anything. I span the universe and change from place to place. 
What am I? 
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Solution: 
I am "gravity". 

22) The Moon rotates at a rate of one rotation to every 27.3 Earth 
days and revolves around the Earth at a rate of one revolution to every 
27.3 Earth days. This seems to be a strange coincidence. How does it 
relate to our perception of the Moon as veiwed from Earth? 

Solution: 
People on Earth only see one side of the Moon because the same 

side is always facing us. If you lived on the far side of the Moon you 
would never see Earth. Man first saw the far or "dark side of the Moon" in 
the 1960's. 

23) A semantic puzzle: 

GEOMETRY IS THE MEASUREMENT OF THE WORLD, THE 
GEO, THE SAME GEO WE PICTURE OR GRAPH IN GEOGRAPHY. 
THESE ARE EASY AND SENSIBLE. THE ONE I COULD NEVER MAKE 
HEADS OR TAILS OF, THOUGH IS 

TRI ... GON (0) ... METRY 

METRY IS MEASURE AND TRI IS THREE. BUT WHAT THE 
HECK'S A GON-(O) THAT ONE HAS TO HAVE THREE OF IT TO 
METRY? 

EXPONENTIAL SILLINESS ... 

24) What is a hungry man's multiplication factor? 

Solution: 
8x 8. 

25) Spell out the number NINE! 

Solution: 
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I I II I I I i I ! 
(cleven bars!) 

26) There are two 24 x 24 corrals. In each corral there are 6 steers. 
The fanner expects to produce a calf from each steer. How many calves 
will be produced? 

Solution: 
Zero! (Stecrs can't produce calvcs.) 

27) How would a mathematician measure the intensity of an 
earthquake on a meter as in the movie Annageddon? 

Solution: 
It is impossible to have an earthquake on a meteor! 

28) 15 Hunters Went Bear Hunting. One Killed 2 Bears. How Many 
Bears I lave One Killed? 

Solution: 
Two. ("Onc" is the name of one ofthc hunters.) 

29) w 12 = u. Find a logic for this equality. 

Solution: 
Doublc "u" divided by 2 is "u". 
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HOW TO CREATE A PROGRAM ON T.I.-92 
CALCULATORS 

Here it is a program created on T.I.-92 Graphing Calculator to sim­
plify a given fraction. The program has two inputs: N (the numerator) and 
D (the denominator) of the initial fraction, and two outputs: a (the nu­
merator) and b (the denominator) of the simplified fraction. Also, the 
program tells you if a fraction is undefined. 

The steps are the following: 
- pressAPPS (applications); 
- move the menu bar down and select 7: Program Editor:; 
- press!Enter~; ~ 
- move the new menu bar down and select 3:: New (new program); 
- pressEn~; 
- move this other menu bar down (using {?) to: ~iable Jand 

type your program's name, sayFRACT(fraction); 
- press Enter twice; 
the first two lines of your program and the last line of the program 

are displayed on the screen ; type n,d. on the first line in between the 
empty parentheses of the title, i.e.! FRA<2T (n,d), 

where n,d are parameters of the program 
(n is the numerator, d is the denominator); 
- press:F2 and select 9: © (which meens comment: 
it is ignored by the calculator, but is useful to someone reading the 

program); 
type:~This progr~_sil!!Qlifie~ a fract~o.!l~c 
- press Enter-to move down to the next line; 
- press Eland select 2::0isp (display); 
- press:.Enter~; hence:D~will be pasted up in the program; 
- type on the same line ~~-'-',_~_2~~",_4, where N is the numerator 

and D the denominator of the fraction; 
- press;gnt(!f~for moving again to the next line; 
- press Eband select 2: Jr~ .~t!t~!t ; 
press:Enterand select 2: lC~thcii .-:: else~.-endl~, 
press Eoiq again; 
on the screen you will get three new lines (related to IF instruction); 
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type, after If,:d_= 6 
- pressF3_and select 2: D~se,; 
press En!er; 
- type "undefined fraction"; 
- use the -J, arrow to move to the next line after Else 
- typen7(gccnn,d») ~ a; 
you g~t ~ fromY crv1A'rH~, then select I : Number , then select 
c:'gcaT; ~ is the greatest common divisor; 
you gei~, wich means store, from 'Sfb~ ~ ; 

=='-c'------c~-

- similar thing; type on the next line: d/(gcd (n,d» ~ b. 
- pres~Entci; ~---~~-~ -, 

- pressJl', select 2:'DISP, press:Enter; 
type ::Sil1}Q1ified fr~ction is'J; ---
- on the next line: press}'Y, select 2:iDisp " press Enter;; 
- type 'a,'');~b - --~. 

- type; 2nd
• [Quit~ to exit the program. 

* 
The program will look on the screen in the following way: 

: fract (n,d) 
:Prgm 
:© This program simplifies a fraction. 
: Disp "N=", "D=", d 
: Ifd=o Then 
: Disp "Undefined fraction" 
: Else 
: n/(gcd (n,d») ~a 
: d1(gcd(n,d»~b 
: Disp "Simplified fraction is" 
: Disp a, "t', b 
: Endlf 
: EndPrgm 

* 
Now, to call the program, in the home page, type : 
FRACT (8,0) and press Enter:. 
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The answer, you'll get, is: Undefined fraction ,because~ is 
o 

- ,-- - ----.-.-~ 

undefined. Press.2nJtQlIit to exit the Prgl1l 10j 's page. 
Try again by typing, for example: 
-~~-.--~--~ ------
~FRACT (42,54)! and pressy:n~!:. 
The new answer on the screen is : 

~ ~----------

N= 
.42 
! D= 
154 

Simplified fraction is 
7 

, / 

~-~ 
i.e. 42 = L. 

54 9 

145 



FLORENTIN SMARANDACHE 

A PROGRAM (AN IN-OUT MACHINE) ON T.I.-83 
CALCULATORS 

This program takes an input number, performs some rule on it, and 
shows the output number that results. 

Steps to Follow Comments 
I. Press PRGM, highlight NEW, and press This is how you start to write a new program. 
ENTER. 
2. TvDC INOUT and Dress ENTER. INOUT will be the name of the program. 
3. Press PRGM, highlight I/O, highlight Disp is used for showing something on the 
Disp, and press ENTER. screen. 
4. Press 2nd ALPHA. The blinking A means you are using the 

letters above the kevs. 
5. Type "INPUT NUMBER", and press The blank spaccr is thc "U" symbol. 
ENTER. 
6. Press PRGM, highlight 1/0, highlight Input is used for gctting a valuc from thc 
Input, and prcss ENTER. program user and storing it. 
7. PrcssALPHA, and type I, and prcss The input number is stored in a bin labelcd 
ENTER. with thc Icttcr I. 
R. Press 2nd ALPHA, and type "APPLY This line will act as a marker for the rule 
RULE:", and prcss ENTER. which follows. 

9. Press ALPHA, and type I. You start your rule with the value given 
as the input. 

10. Press each ofthc following keys: + 4 The rule is to add 4 to the input value and store 
STO-t ALPHA 0 and press ENTER. (-t) the result in a bin labeled with the letter O. 
II. Press PRGM, highlight I/O, highlight 
Disp, and press ENTER. 
12. Press 2nd ALPHA, type "OUTPUT 
!l;UMBER" and nress ENTER. 
13. Press PRGM. highlight 10. highlight The value that is stored in the bin labeled 
Disp, press ENTER, pressALPHA. type 0, with the 0 is shown on the screen. 
and Dress ENTER. 
14. PressQLIT This will get you out of the programming 

area and back to the home screen. 
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To use the program: 
Press PRGM, highiight EXEC, highlight the program number, and 

press ENTER. The screen wii! show the name of the program. If this is 
correct, press ENTER. Type a number as an input value, and you will get 
the corresponding output vaiue. The program will execute again by press­
ingENTER. 

To end the program, press QUIT. 
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NOTES ON USING T.I.-82 CALCULATORS 
TO FIND SUMS 

Definition: The set of integers is denoted Z. (After the Gennan word 
for number, Zahf). 

Definition: A sequence is the range of a function whose domain is 
a subset of Z. 

Example: Defme fen) = 2n + I for n in the set {I,2,3,4,5, ... }. To 
detennine the sequence produced by f just plug some of the first few 
values of the domain. 

f(I) = 3, f(2) = 5, f(3) = 7, f(4) = 9, .... Sofproduces all of the odd 
integers beginning with 3. 

We say that the sequence is the set {3, 5, 7, 9, .. }. 
A common kind of question that you have probably seen in your 

pas~ math classes and on many kinds of standardized tests is "find the 
next tenn in the sequence ... ". 

For example find the next tenn in the sequence { - 1,2,5,8, _, ... } 
Find the number was easy. A little harder is coming up with a for­

mula for that sequence, give that a whirl, clearly state what the domain is. 
Wc will use the calculator to produce the numbers in a sequence. 

Then we can do things like add up all of those numbers. Here's how it 
works: 

The sequence above could be written f (n) = 3n - 4. Suppose we 
want to produce all of the values in the sequence for n = 1 to 50. That 
sequence would be { - 1,2, ... , 146}. To get at! of these numbers in your 
calculator carry out the following steps: 

LIST 
2nd STAT 

You will now see this OPS MATIl 
1: SortA( 
2: Sort D( 
3: dim 
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4: Fill ( 
5: seq( 

Select 5: (press the 5 key) 
You will now ",ee seq( on the screen. Enh.r the following: 

the formule the "'step" or 
·~.eq(3X-l,X,1,50,1). increment for x 

t t+ ~ 
\ \ 

- / '\ "- d· 1 f specifies the ~ \ en mg value or x 

variable starting value for x 

Now press ENTER. The sequence should appear on your screen. 
You won't be able to see any of the numbers past '14', unfortunately, but 
they are in the catculator. To get better access to the numbers in the 
sequence we need to put them in a better place. 

Ll 
Re-enter seq(3x - 1, x, 1,50, I), press STO ~ and then )nd_1. 
You should see this on your calculator: 

seq (3z - I, x, 1,50, I) ~ Lt... Now press ENTER 

The entire sequence is stored safely in Ll, (List I). To view Ll do the 
following: 

. _ STATj Then, in the menu that appears on the screen, select I: Edit 
You should see this Ll L2 L3 

-I 
2 
5 

(There might be some numbers in L2 or L3 from previous work you 
have done.) 

Finding Sums of the terms in a sequence. 

Suppose we want to find the sum of all the numbers in List I: 
S= -1-+-2+5+ ... + 149. 

Symbolil:ally WI: wrik this as S ~ ~ (3n - 4). (The symbol ~ is the 
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capital Greek letter sigma.) 

To do this on the calculator, do the following: 
LIST 

~~ .sIf>.T In the resulting menu, use the ~key to select MATH. 
From that menu select 5: sum. You w~1 now see sum at the top of 

the screen; put L i after it - sum LI - and press I:l'HER_. The answer should 
be 3625. 
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THE A.M.A.T.Y.C. COMPETITION 

The American Mathematical Association of Two-Year Colleges or­
ganizes each year a mathematical competition. 

The Student Mathematical League was founded in 1970 by Na,;sau 
Community College in New York. In 1981 the AMATYC assumed spon­
sorship of it. 

Now the competition involves more than 120 colleges in more 
than 20 states, involving more than 3000 students. 

Each U.S. or Canada College may enter a team of 5 students. 
They are 3 year's rounds: 

Round One: November 7 - November 22, 1997 ; 
Round Two: Ianuary 30 - February 16, 1998 ; 
Round Three: March 27 - April II, 1998 . 

Each exam contains 20 multi-choice questions, up to College Al­
gebra level. 

For the first time at UNM - Gallup the AMATYC Competition has 
been introduced in the Fall 1997 by Dr. Florentin Smarandache, a new 
hired tenure track assistant professor of mathematics, who is the modera­
tor in charge of grading the three exams and sending the results to the 
director Glenn Smith (Santa Fe Community College, Gainesville, Florida) 
and to Mrs. Sharon MacKendirek (NMSU-Grants, coordinator for the State 
of New Mexico). Dr. Smarandache is known for a few notions in Numbers 
Theory that bear his name: Smarandache type Functions Smarandaehe 
type Sequences, and he is the author of 30 books of proposed problems 
and articles of mathematics, of poetry, drames, novels, essays, philoso­
phy. 

The other two full-time mathematics instructors, Dr. Mark Wilson 
(Math & Science Department Chair) and Dr. Val Shirley help as well in 
mobilizing the students. 

This university year the UNM-Gallup student It:am participating 
for the first time) occuped the first place in the state of New Mexico, and 
eleventh place in the South west region. 

The best results were obtained by the following students: LUKE 
W.BULTHNIS. BRAN COX, DAVID YAZZIE, BEN GORDON, BRIAN 
WEEKS, MARKOS CHAVEZ, IIEATHER ESCUDERO, MIKE 
SHIRLEY. 
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The first five of them will be awarded. 
Luke W. Bulthnis got the nineth place, individual standing, in the 

Southwest region. 

Fall 1997 
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"CAIETUL DE INFORMARE MATEMATICA." 
LA 20 DE ANI 

Si iatii cii timpultrece ... 
Mi-amintesc zilcle cand luam intiiia datii contact cu rcvista Liceului 

"N. Grigorescu" din Ciimpina, pc ciind cram in tarii, student la Faeultatea 
din Craiova, in i979. 

Pe urmii, proaspiit incii absolvent, ~i analist-programator la 
Intreprinderea de Utilaj Greu, apoi profesor la Biilce~ti ~i'n Maroc (Lyece 
Sidi EI Hassan Lyoussi), tineam legiitura eu remarcabilul animator al 
revistei, profesorul Gane Policarp. 

Dupii tiieerea lagarului turcese, 1988-1990, odatii eu emigrarea in 
Ameriea ~i desehiderea Romiiniei eiitre lume, am putut relua corespondenta 
cu amabilul editor, I-am ~i sunat la telefon de eiiteva ori, dar niciodatii nu 
I-am intiilnit personal, de$i mi-o dorisem. in seurtele peripluri prin tarii, 
eiind traseul meu treeea prin Oltenia ca sa-mi viid rude Ie $i prietenii din 
eopiliirie ~i adoleseenta, imi lipsea timpul necesar sa m'abat $i pc Valea 
Prahovei ... 

Am avut pliicerea sii eolaborez la CIM eu probleme ~i note 
matematice, ~i mai ales s'o depun (revista) in douii biblioteci amerieane: 
de la Arizona State University (Tempe) ~i University of Texas (Austin), 
aliituri de alte publicatii romiine~ti pe care Ie-am donat (literatura, 
matematieii) - pentru a imbogiiti fondul de earte romiineaseii in striiiniitate. 
Autorii, interesati in riispandirea publieatiilor lor, mi Ie pot expedia pe 
adresa Universitiitii New Mexico. 

Mare mi-a fost bueuria eand, dupii trimiterea "Caietului" eiitre 
editorul David E. Zitarelli, de la Pennsylvania State University, responsabil 
cu recenzarea articolelor de istorie matematicii, sii citesc in revista 
internationalii llISTORIA MATHEMATlCA, Vol. 24, No. I, p. 464, din 
noiembrie 1997, cii articolele "Aniversiiri in 1995" ~i "100 ani de la 
infiintarea «Gazetei matematice»" semnate de Gane Policarp in CIM, Nr. 
34, 1995, au fost reeenzate de I. Erdelyi (din Philadelphia). 

Am ata~at copia paginii respective ~i am cxpediat-o la Campina. 
A~tept in continuare sii primcsc noi numcrc ale "Caictului de 

Informare Matematica". 
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ENSEIGNEMENT ET RECHERCHE 
SCIENTIFIQUE 

(DANS LES MATHEMATIQUES) 

De nos jours on met un accent puissant sur la correlation de 
I' cnseignement avec la recherche et la production. Entre ces deux 
domaines il y a d'ailleurs une liaison etroite ("osmose") une union 
dialectique, mais chacun d'eux main tenant sa personalite. 

L' enseignement doit se developper en concordance avec les besoins 
et les exigences de la revolution technique-scientifique. 

L'integration de l'enseignement avec la recherche et la production 
signifie l'introduction des facultes au milieu de la production et de la 
recherche (de la projection), et aussi l'introduction de la production et de 
la recherche dans les unites scolaires; ainsi, on tient compte que les projets 
de diplome des cleves et des etudiants soient utilises immediatement 
dans la production; c' est a I' ecole que revient la tache de preparer et de 
former les futurs spCcialistes dans toutes les branches de production. 

Aux conditions dans lesquelles nous assistons a une explosion 
informatinnelle dans tous les domaines d'activite, on remarque un effort 
soutenu de la part de l'enseignement pour s'adapter aux exigences 
augmentant sans cesse de la societe, pour tenir Ie pas avec les nouvelles 
conquetes de la science et de la technique. Et dans Ie cadre de ces 
conquetes scientifiques les mathematiques occupent une place centrale 
"reine des sciences", comme les a surnommees Gauss. 

Les mathematiques donnent, a ceux qui les etudient, la precision 
des formules et des expressions, une discipline intellectuelle, discretion, 
modestie, desinteret, mesure, abnegation, sensibilite artistique. A notre 
epoque, celles-ci ont beaucoup evolue, se transformant d'une science des 
nombres et des quantites (comme on les appelait dans I' Antiquite) dans 
une science des structures essentielles. Des nouvelles branches des 
mathematiques ont fait leur apparition (beaucoup d'entre elles grace a 
son interpenetration avec les autres "sciences") et meme des branches 
comme: linguistique mathematique. poetique mathematique (dans ceUe 
derniere discipline ayant une contribution remarquable Ie professer 
universitaire dr. Solomn Marcus a I'Universite de Bucarest). (La 
linguistique mathematique, ayant pour point de depart les modeles 
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logiques de la langue naturelle et developpant une grammaire algebrique, 
etudie d'une maniere simplifiee les phenomenes des langues nature lies). 

"( ... ) les mathematiques n' ont pas de !imites, come l' espace qu' elles 
trouvent trop reduit pour leurs aspirations; les possibilites des 
mathematiques sont aussi illimitees que celles des mondes qui ne cessent 
plus d'augmenter de l'astronomie ; les mathematiques ne porraient etre 
restreintes a des limites precises ou reduites a des definitions valables, 
eternellement, comme la conscience, la vie, qui semble sommeiller en 
chaque nonade, chaque atome de matiere, chaque feuille, chaque bouton 
de fleur et en chaque cellule et qui est toujours prete a faire explosions 
sous les nouvelles formes de l'existence animale et vegetale" (James­
Joseph Sylvester, mathematicien anglais). 

On observe la penetration de plus en plus pregnante des 
mathematiques dans les autres science. Nous disons qu'il s'agit de "leur 
mathematisation. routes ces sciences ne pouvaient progresser si elles 
n'etaient pas mathematisees. Ainsi, toute une serie de decouvertes 
n' auraient pas eu lieu si l' on n' avait pas connu certains procectes 
mathematiques, si les mathematiques n'avaient pas possede une certaine 
quantite de connaissance (par exemple, Einstein n' aurait pas decouvert 
la theorie de la relativite si l' on n' avait pas decouvert avant lui Ie calcul 
tensoriel). D'autres decouvertes ont ete faites tout d'abord par des calculs 
mathematiques et ulterieurement prouvees experimentalement (Ie 
physicien Maxwell a generalise la conception du champ de forces 
electromagnetiques, en precisant que meme s'il s'agit d'une champ 
electrique, celui-ci se propage a la distance par des ondes avec la vitesse 
de la lumiere). 

Les mathematiques se meltent aussi, toujours, a la disposition de la 
technique, en resolvant certains problemes qui surgissent dans les 
processus de production. 

L' abstractisation tres grande des mathematiques n' empeche pas son 
applicabilite immediate dans la practique et il en serait a remarquer 
quelques exemples: 

- Ie geometre romain Gh. Titeica a fait des decouvertes en matiere 
de geometrie difTerentielle, mais il a constate a peine 20 ans plus tard 
qu'elle pouvaient etre appliquees dans la theorie de la relativite 
generalisee; 

- Cayley a decouvert les matrices, decouverte appliquee 87 ans 
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plus tard par lleisenberg a la mecanique des quanta; 
- Ie mathematicien anglais George Boole decouvre vers Ie milieu 

du XIX-e sieclc l'algebre qui porte son nome; pendant longtemps elle a 
etc envisagee comme une "curiosiU:" mathematique; c'est a peine 100 
ans plus tard qu'on a trouve sa place bien meritee dans Ie logiciel des 
calculateurs electroniques. 

Une interessante correlation existe entre les mathematiques, et les 
arts: musique, peinture, sculpture, architecture, et poesie. 

L' art est I' expression pure du "sentiment", tardis que les 
mathematiques sont l'expression cristalline de la "raison" pure. L'art, en 
partant du sentiment, est plus ehaud, plus humain, les mathematiques en 
partant de la raison, sont plus froides, mais brillantes. Une interessante 
correlation entre l'art (iitterature, en special) et les mathematiques essaie 
de faire Solomon Marcus, a la Faeulte de Mathematiques et a celIe de 
Philologie. Mais il montrait la superiorite du language artistique par 
rapport a eelui scientifique: tandis que Ie langage scientifique a un sens 
unique, celui litteraire a une infinite. Et, d'ailleurs, dans la science est 
eliIhine Ie langage ambigu. 

En rappelant ce "point lumineux ou la geometric rencontre la 
poesie", comme disait Ie mathematicien et Ie poete Dan Barbilian alias 
Ion Barbu, notons aussi I'idee suivante: "La poesie de l'avenir, la poi:sie 
sublime par excellence, sera empruntee de la science." (Pierre-Jules-Cesar 
Janssen). 

En pari ant de la recherche en general, il faut mentionner aussi les 
risques que l'homme de science peut courir: 

- il pcut trouver des resultats deja eonnus (mais eela ne doit pas etre 
desillusion, mais aussi satisfaction); 

- ses recherses pcuvent ne mener a aucun resultat, ou peuvent mener 
a des resultats suggestifs (il faut avoir la patience, il faut pcrseverer); 

- il pcut commetre des erreurs dans ses demonstrations (deductions) 
- (presque tous les mathematieiens ont commis des erreurs). 

Ccs risques sont dus an fait que dans Ie travait de recherche la 
decouverte n' est pas une illumination subite sans travail cerebral, sans 
beaucoup, beaucoup de travail. 
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THERE IS NO SPEED BARRIER 
IN THE UNIVERSE 

In this short paper one promotes the hypothesis that: There is no 
speed barrier in the universe, and one asks if it's possible to have an 
infinite speed? 

What's new in science (physics)? According to reseaschers from the 
University of Innsbruck in Austria (December 1997): 

- photon is a bit of light, the quantum of electromagnetic radiation 
(quantum is the smallest amount of energy that a system can gain or lose); 

- polarization refers to the direction and characteristics of the light 
wave vibration; 

- if one uses the entanglement phenomenon, in order to transfer the 
polarization between two photons, then: whatever happens to one is the 
opposite of what happens to the other; hence, their polarizations are 
opposite of each other; 

- in quantum mechanics, objects such as subatomic particles do not 
have specific, fixed characteristic at any given instant in time until they 
are measured - suppose a certain physical process produces a pair of 
entangled particles A and B (having opposite or complementary charac­
teristics), which fly off into space in the opposite direction and, when 
they are billions of miles apart, one measures particle A; because B is the 
opposite , the act of measuring A instantaneously tells B what to be; 
therefore those instructions would somehow have to travel between A 
and B faster than the speed of light; hence, one can extend the Einstein­
Podolsky-Roscn paradox and Bell's inequality and assert that thc light 
speed is not a speed barrier in the universe. We even promote the scien­
tific hypothesis that: THERE IS NO SPEED BARRIER IN TIlE 
UNIVERSE, which would theoretically be proved by increasing, in the 
previous example, the distance betwccn particles A and B as much as the 
universe allows it, and thcn measuring particle A. 

Now an Open Question: If the space is infinite, is the maximum 
speed infinite? We say yes. 
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[Early versions presented at the University of Blum en au, Brazil, in 
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